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Abstract

This paper provides an extension of the notion of consistent progressive utilities U to
consistent progressive utilities of investment and consumption (U, V). It discusses the
notion of market consistency in this forward framework, compared to the classic backward
setting with a given terminal utility, and whose value function is an example of such con-
sistent forward utility. To ensure the consistency with the market model or a given set of
test processes, we establish a stochastic partial differential equation (SPDE) of Hamilton-
Jacobi-Bellman (HJB)-type that U has to satisfy. This SPDE highlights the link between
the utility of wealth U and the utility of consumption V, and between the drift and the
volatility characteristics of the utility U. By associating with the HJB-SPDE two SDEs,
we discuss the existence and the uniqueness of a concave solution. Finally, we provide
explicit regularity conditions and characterize the consistent pairs of consistent utilities of

investment and consumption. Some examples, such as power utilities, illustrate the theory.

Keywords: Market-consistent progressive utility of investment and consumption,

Forward /backward stochastic partial differential equation (SPDE) .

MSC 2010: 60H15, 91B16, 91B70, 91G10.

1 Introduction

In the economic modeling, the consumption rate is usually a key process. Numerous
economic issues involve the optimization of the utility of the consumption rate, with-

out a utility of terminal wealth. It is the case for example in the CIR factor model of
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Cox Ingersoll Ross (1985) [5, 4] or in endowment equilibrium models of Bjork (2012)
[3], among many others. The value function naturally brings to light the wealth process
in the optimization framework. Besides, among these economic literature involving the
optimization of the utility of the consumption, many papers focus on long term issues.
In such frameworks with long horizon, economists agree on the necessity of a sequential
decision scheme that allows to revise the first decisions and preferences in the light of new
knowledge and direct experiences. The utility criterion must be adaptive and adjusted
to the information flow. Indeed, in a dynamic and stochastic environment, the standard
notion of utility function is not flexible enough to help us to make good choices in the
long run. Musiela and Zariphopoulou (2007,2010) |22, 23] were the first to suggest to use
instead of the classic criterion the concept of progressive dynamic utility, that gives an
adaptive way to model possible changes over the time of individual preferences of an agent.
Obviously the dynamic utility must be consistent with respect to a given investment uni-
verse. In the general setting, the questions of the existence and the characterization of
consistent dynamic utility has been studied from a PDE point of view in El Karoui and
Mrad (2013,2014) [13, 15].

The present paper extends the notion of market-consistent progressive utility with con-
sumption. In this forward setting, the progressive utilities are calibrated to a given learn-
ing set. The progressive utilities of investment and consumption were considered at first
by Berrier and Tehranchi (2011) [2|. In this work, the authors establish first order con-
sistency conditions and give an explicit characterization of consistent stochastic utilities
of investment and consumption only in the restrictive case of smoothness in time of the
utility of investment (without volatility vector for the utility process). Here we extend this
characterization in a general semimartingale setting for the utility process, and show how
the utility of investment and the utility of consumption must be linked in order to ensure
the consistency. This link is explicitly given by the SPDE satisfied by U. In particular,
the presence of consumption induces a non-linearity in this SPDE.

The present paper puts in light the intuition of the methodology developed in [13] and
proposes differential regularity conditions on utilities characteristics ensuring the exis-
tence of consistent utilities and extremal policies (similar to the optimal processes of the
backward approach). It provides a thorough study of the similarities and the differences
between progressive utilities and the value function of a backward standard utility opti-
mization problem. Although the value function of the backward setting is an example of
a consistent progressive utility satisfying the same HJB-SPDE (cf. Mania and Tevzadze
(2010) [21] for the case without consumption), the way the standard optimization problem
is posed is very different from the progressive utility problem. In the standard approach,
the optimal processes are computed through a backward analysis, emphasizing their de-
pendency on the horizon of the optimization problem, and leading to inter-temporality
issues. The progressive approach relies on a calibration viewpoint, given a set of test

processes. The problem is posed forward, leading to time-coherent extremal processes
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and putting emphasis on their monotonicity with respect to their initial values.

The paper is organized as follows, with a concern for finding a workable accommoda-
tion between intuition and technical results. Section 2 defines the investment universe and
recalls the framework of the standard backward optimization problem with consumption,
underlining the main properties of the value function, such as the market consistency.
Those properties emphasize the proximity with the forward viewpoint, although differ-
ences exist in the interpretation and in the mathematical treatment. In particular, the
time-coherence issue of the backward framework is addressed. Guided by the insights of
the backward approach in Section 2, Section 3 studies progressive utilities of investment
and consumption, consistent with a learning set of portfolios with consumptions. From
this consistency property we derive formally a SPDE of Hamilton-Jacobi Bellman (HJB)
type satisfied by the utility of wealth U. The presence of a consumption process impacts
this SPDE in a non-linear way, the non-linear factor involving the utility of consumption
V. Besides, the SPDE highlights the link between the drift and the volatility charac-
teristics of the utility U. In order to awaken the reader’s intuition without too much
technicalities, all the results of Section 3 are computed formally, avoiding the technical
regularity assumptions, that are postponed in the next section. Section 4 provides explicit
regularity assumptions under which the HJB-SPDE is studied, leading to existence results
of such consistent progressive utility, and to a closed formula in term of the inverse flow of
the extremal processes. This forward/backward analysis is illustrated on the example of
power consistent utility, where the SPDE can be reduced to a forward backward SDE. To
achieve the study, precise assumptions are given on the solution of the forward SPDE to
guarantee the strong existence of the monotonic extremal processes; the key point consists

in decomposing the marginal utility SPDE in terms of these two extremal SDEs.

2 Backward standard utility optimization problem

of consumption and terminal wealth

2.1 Dynamic investment opportunity set with consumption.

Throughout the paper, we consider an incomplete [t6 market, defined on a filtered prob-
ability space (€2, (F),P) driven by a n-standard Brownian motion W. As with every
vector, W is a column vector, and the prime denotes transposition. A process is by defi-
nition a stochastic process that is progressively measurable with respect to F = (F3).

As usual, the market is characterized by the short rate (r;), the n-dimensional risk pre-
mium vector (1), and by the d x n volatility matrix (o) of the risky assets. We assume
that fOT(\rt\ + [|[ne||?)dt < oo, for any T' > 0, a.s. The agent may invest in this financial
market a fraction 7; of his wealth X; in the risky assets and is allowed to consume a part
of his non-negative wealth at the progressive rate ¢; = p Xy > 0.

To be short, we give the mathematical definition of the class of admissible strategies
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in terms of (k, pt) where Ky = oym, ¢ = peX¢. The incompleteness of the market is
expressed by restrictions on the risky portfolios x; constrained to live in a given progressive
vector space R;. For example, if the incompleteness follows only from the fact that the
number of assets is less than the dimension n of the Brownian motion, then typically
R: = o4(R™). For instance, if the investor only invests in a risky asset with volatility
(Ft), then R, = R;.R. For an It6 market, good references are Karatzas et al. (1987) [3]
or Karatzas and Shreve (2001) [10], Skiadas (2008) [25].

To avoid technicalities, we assume throughout the paper that all the processes satisfy
the necessary measurability and integrability conditions such that the following formal
manipulations and statements are meaningful. The following short notations will be used

R is the orthogonal

extensively. Let R be a vector subspace of R™. For any x € R", z
projection of the vector z onto R and x is the orthogonal projection onto R+. We are

following the presentation in [25].

Definition 2.1 (Admissible consumption plan).
(i) The self-financing dynamics of a positive wealth process with risky portfolio k and

relative consumption rate p > 0 is given by
de,p = Xf’p[(rt — pt) dt + Ht.(th + Utdt)] dt, X(I]%p = Xy (21)

with fOT(pt + ||k¢]|?)dt < o0, for any T > 0 a.s.

A consumption plan c is financed by (Xo, ki, pt) if ¢t = peX;F.

(i) Let (Ry) be a given progressive family of vector spaces. By assumption, the admissible
investment strategies k are living in the vector spaces (R;) a.s.. Then, the consumption
plan is called admissible.

(ii) The set of the wealth processes financing admissible consumption plan (K¢, py) (called
admissible wealth processes) is a conver cone denoted by Z°¢. When the portfolios are

starting at a stopping time T from the initial wealth § € F, the set is denoted 2 °(7,§).

The existence of a multivariate risk premium 7 (without additional integrability assump-
tion) is a weak form of absence of arbitrage opportunity. Since from (2.1), the impact
of the risk premium on the wealth dynamics only appears through the term r;.n; for
Kt € Ry, there is a "minimal" risk premium (), the projection of 7; on the space R
(Ke.me = Ke.nft), to which we refer in the sequel.

In the following definition, we are interested in the class of the so-called state price density
processes Y (taking into account the discount factor) that plays the role of the "orthog-
onal cone" % of the cone of admissible wealth processes Z°¢ in the "martingale" sense.
The main point is that " does not depend on the presence of the consumption process,

and is uniquely characterized by the admissible financial market.

Definition 2.2 (State price density process).
(i) a) A non-negative Ité6 semimartingale Y is called an admissible state price density

process if for any admissible (wealth, consumption)-processes (X"P, c) with ¢ = pX™P,
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¢
the process My = XYY +/ YYcsds is a local martingale. (2.2)
0
b) It follows that the differential decomposition of YV does not depend on ¢ and
AYY =Y/ [-rdt + (v — ). dWi], w e R, Yy =Yo. (2.3)

(ii) We denote by % the convex family of all state density processes YV where v € Rt
and by % (1,1) the subfamily of the processes starting from ¢ € F; at time 7.

Observe that any process Y}”(y), starting from y at time 0, is the product of
¢ t ¢
Y = yexp( = [y reds — fyn¥.dWs — 5 [y |Inf[[*ds),

by the exponential local martingale L} = exp(f(f vs.dWs — %fot |lvs|[2ds), (L§ = 1).

2.2 Value function of backward standard utility optimiza-

tion problem

In this subsection, we recall fundamental results of the theory of consumption-portfolio
choice of a risk adverse agent, where as in the seminal Merton’s work, the investor opti-
mizes time-additive expected utility, expressed in a backward formulation. We follow the
presentation of Kramkov and Schachermayer [19] for the pure investment problem, and

Karatzas and Zitkovi¢ [11] for the consumption-portfolio problem.
2.2.1 Standard consumption-portfolio optimization problem

We recall that an wtility function u is a strictly concave, strictly increasing, and non-
negative function defined on R™, with continuous marginal utility u,, satisfying the Inada
conditions xl'l_g.lo uz(z) = 0 and ig% uz(z) = 0o. The risk aversion coefficient is measured
by the ratio —uy.(x)/u.(x). The asymptotic elasticity AE(u) = lim sup zu,(x)/u(x) is
a key parameter in the optimization problem. Throughout the papg;,) OVie adopt the con-

vention of small letters for deterministic utilities and capital letters for stochastic utilities.

The usual problem of optimizing expected utility of consumption and terminal wealth
on a given horizon T}, is based on two deterministic utility functions u(.) and v(¢,.) and
the class of admissible wealth processes 2°¢. It is formulated as the following optimization

program, with admissible consumption plan ¢; = p X;™”,

Ty

Ur) = sup E(u(xg’:;f) n / v(t,ct)dt). (2.4)
(k,p)EZ () 0

The standard approach for studying the optimization problem (2.5) relies in the use of

duality relationships in the spaces of convex functions and semimartingales, together with

analysis tools. It requires the assumptions that the asymptotic elasticity of u is strictly less
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than one and that the value function U(x) is finite for at least one x (that is guaranteed
for instance as soon as the utility function u(z) < C(1 + %) with « in (0, 1)).
(i) In the problem without consumption (v = 0), Kramkov and Schachermayer |18,
| prove that the value function U is also a utility function with AE(U) < AE(u),
together with the existence of an unique family of optimal processes denoted X* (z).
These results are extended to the framework with consumption, (v # 0) by Karatzas
and Shreve (2001) [10] and Karatzas and Zitkovi¢ [11]. The pair of optimal processes
is then denoted (X* (x),c*"(z)). [I1] considers random utilities satisfying asymptotic
elasticity condition, and whose second derivative U, (t, z) are assumed to be bounded by
above (respectively by below) by a nonrandom function Ks(z) (respectively Kj(x)) such

that lim sup I%g; < 0.

T 00
(ii) Under the same assumptions, the problem can be generalized to a random initial

condition (7,&) where 7 is a stopping time smaller than Ty and £ > 0 is a F,-random
variable. Recall that 27¢(7, &) denotes the set of admissible strategies starting from (7, §).
The corresponding value system (that is a family of random variables indexed by (7,&))
is defined by its terminal value U(Ty,&r) = w(Ty,&r) and by

U(T,€) = esssup E(u(X;}f(T, €)) + /TH v(s,cs)ds|]:T>, a.s. (2.5)
(k,p)EZ¢(7,6) T

As it is usual in stochastic control problems, when the class of admissible strategies is

stable by concatenation in time, (El Karoui [12] recently republished in [10]), the dy-

namic programming principle, also called time-coherence property, consists in considering

a random horizon ¥ shorter than T}, and the stochastic utility system I/ in place of u as

criterion at 1. It reads as follows: for any pair 7 < < Ty of stopping times,

9

U, &) = esssup EUW, X5 (,€)) +/ v(s, cs)ds|Fr) a.s. (2.6)
(k,p)EZ¢(7,8) T

Using regularization results of Dellacherie and Lenglart [6], the previous utility family can

be aggregated into a progressive stochastic utility process, still denoted U(¢,x). Then,

the previous optimality results can be expressed in terms of processes, which will make it

possible to use stochastic calculus.

Proposition 2.3 (Market consistency).
(i)  For any admissible consumption plan (k,p,c) with cs = psXs*, and any initial

condition (1,£), on [1,TH], the preference process Z™P is a supermartingale, where

250 (7,€) = UL, X[ (r,€)) + / o(s, ¢)ds. (2.7)

Under the asymptotic elasticity condition onu and v and under reqularity and integrability
conditions on the optimization space Z ¢, there exists an optimal strategy
(k5 (7,8), e (1,6), X1 (1,€)), such that the optimal preference process Zt*’H(T, €)is a
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martingale

zﬂ@o:umXﬁ%ﬁ»+/vw¢Wmmw. (2.8)

(i1) From the mazimum principle, the optimal marginal utility processes Uy (t, Xt*’H(T, g))
and v.(t, C:’H(T, €)) coincide.

(iii) The optimal wealth processes are time-coherent, since

fort >7, X7 (r,€) = XM(0, Xo) when & = X3 (0, X).

Such concave random field system (U, v) is said to belong to the family of market consistent

dynamics utility system (with terminal condition), defined in the next section.

2.2.2 The standard state price density conjugate problem

As usual, the dual problem highlights some different aspects of the optimization prob-
lem. It is based on the Fenchel-Legendre convex conjugate transformation u(y) of a
utility function u, where the system (u,@) satisfies (a(y) = sup,~¢ (u(z) — yz),u(z) =
infy~o (@(y) + yz)). In particular, @(y) > u(z) — yz and the maximum is attained at
u'(z) =y.

The same transformation can be applied to the stochastic value system (U(t,z),v(t,c))

with concave dependency in z and ¢, to define the conjugate random field system (U(t, y), 0(t, z)),

Ult,y) = UGU (L) — yUs (), Uyt = U,
(S)

o(t,2) = v(t,v 7t 2)) —cv 7t 2), voil=—0,.

From Proposition 2.3 and in particular the characterization of the optimal processes,

the conjugate system (U(t,y),0(t,2)) is also associated with an optimization problem

consistent with the family of the state price density Y:

Ty

U(T, 1) = ess infyueg(.,-’w)]E(a(TH, Yr,) + /

T

17(5,YS”)ds]]-“T>, a.s. (2.9)

The main advantage of the conjugate optimization problem relies on the fact that the
dual formulation (2.9) does not involve the consumption process and the optimization is

done on a single control parameter.

Proposition 2.4 (Market dual consistency).

(i) For any admissible dual process v € R+, and any initial condition (1,1), on [r, Tx],
¢

The process ZV(,v) = U(t, Y (,1)) -l—/ 0(s, Yy (7,v))ds is a submartingale. (2.10)

T

(ii) Under the asymptotic elasticity condition, starting from (T,1), there exists an optimal
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process v € RE, generating an optimal state price process Y1 (r,4)), such that

_ _ t
on [T, TH], the process Z:’H = U(t, Yt*’H(T,¢)) + / o(t, Y (7,40))ds is a martingale.
. (2.11)
(i) Assume (£,) to be linked by Uy (1,§) = 1. Then, the optimal processes are linked by

Y () = U (X0 (7,€)) = veley T (7, €)). (2.12)

The proof relies on the properties of the primal optimal process.

Proof. As a consequence of the market consistency in the primal problem for which Z*#

is a martingale, for any admissible state price density Y, the process
H H H !
ZPT—HPY =U X)) - Y XS +/ (v(s, )y =YVt )ds (2.13)
0

is a submartingale and a martingale if H;"” = Y} Xt*’H + f: YS”C:’Hds is a martingale.
By the definition of the conjugate utility, this submartingale is dominated by the process
Z! = UL, Y (T,0)) + f: (s, Y (7,10))ds; it is easy to deduce that the process ZV itself
is a submartingale.

Assume that Uy (7,€) = ¢ and define Y, (7,4) = U (X (7,€)) = ve(cP™ (7,€)). Fol-
lowing Karatzas-Lehoczky-Shreve(2004)[9], by the properties of the optimal processes
(X*H ) there exists a process v* € R+ such that Yt*’H(T,l/J) = Y;'/*’H(T, ), and
H*Y"(1,€) is a martingale. The process Z:’H(T, &) — H:’V* (1,€) is a martingale which is
exactly the process Zt” “H_ Then, the process (Z/N{ (t,y)) is the value function of an opti-
mization problem consistent with the set of admissible processes ), and objective criterion

associated with (@, ). O

2.2.3 Regularity and time-coherence issues

REGULARITY. Although the backward primal and dual optimization problems provide
a tractable framework to prove the existence of optimal processes, in which comparison
arguments are used to justify martingale properties, it is nevertheless very complicated
to show the regularity of the value functions. Obtaining closed formula and explicit con-
struction for these value functions and their optimal strategies is a difficult task, except
for a few cases like exponential or power utilities.

In the Markovian case, the supermartingale (martingale) properties induced by the mar-
ket consistency are used to associate a well-known HJB-PDE, with terminal condition,
whose resolution uses the viscosity solution point of view to compensate for the lack of
regularity. In the same spirit, Mania and Tevzadze (2010) [21]|, assuming strong differ-
ential regularity on the stochastic utility considered as a semimartingale field, make the
links with a backward "SPDE" of HJB-type. The main difficulty is to find conditions on

u and v such that these random fields regularity is satisfied.
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TIME-COHERENCE ISSUE. Optimal processes are highly dependent on the horizon Ty,
which leads to inter-temporal issues, as mentioned in Tehranchi et al. [24].

a) Infinite horizon. One may then argue that it suffices to take Ty = oo to be time-
coherent, and consider for example a time separable utility v(¢,z) = e P*v(x) with an
infinite horizon, as it is usually formulated in the economic literature. This is equivalent
(in expectation) to consider the utility v and an independent random horizon 75 expo-
nentially distributed with parameter 8. Then the dependency in T is transposed into a
dependency in f.

b) Intertemporal Incoherence. To illustrate the time-coherence issue, let us consider an
intermediate horizon T between 0 and Ty and the following two scenarios.

— In the first one, the investor determines his optimal strategy, denoted (X: ’H, c H

directly for the horizon Ty and the utility functions (u,v).

— In the second one, the investor (starting from the same wealth) first determines his
optimal strategy (X':’T, EI’T) for the horizon T and the utility functions (@, v); his
wealth X;’T is then reinvested at time 7', optimally between the dates (7', Ty) using
now the same utility system than the first investor (u,v), leading to an optimal

strategy given by (X:H(T, X%, é:’H(T, X%)). But, by the dynamic programming
principle and the uniqueness of the optimal process, on [T, Tf] these optimal pro-

cesses are exactly the processes (Xt*’H(T, X5, C:’H(T, X%)).

This shows that the time-coherence implies that the agent should have used as intermedi-
ate utility for the horizon T the stochastic utility (U (T, x),v), which takes into account

the information available up to time 7.

To summarize Under the asymptotic elasticity assumption on the two utility func-
tions (u,v), the value function U(t, z) of the backward primal program is a 2 “-consistent
dynamic utility and the value function of backward dual program u (t,y) is a # -consistent
dynamic conjugate utility. This backward point of view is well adapted to comparison
problems for instance, but induces strongly horizon-dependent strategies.

This time-coherence issue of standard (backward) utility optimization problem was the
first motivation to consider consistent progressive utilities in the financial literature as in
Musiela and Zariphopolou (2007) [22, 23], or Berrier and Tehranchi [2] which were the
first to consider progressive utilities of investment and consumption.

In the economic literature, Lecocq and Hourcade |7] have already argued in favor of a util-
ity criterion that may be adjusted along time. Indeed, how a deterministic utility function
(fixed at time 0) may be supposed to model the preferences an investor in a distant fu-
ture? It is obviously more accurate to consider a decision criterion that is adapted to the
financial /economic information flow and thus allows to revise the preferences according
to the financial market evolution, to possible future crises. The problem becomes then:
what is the "optimal rule" for the revision of the preferences?

In the light of all this discussion on the backward framework, and inspired by the in-

)te[O,TH]’

January 26, 2017

9/30



teresting properties of the value function of a backward optimization problem, the next
section introduces the notion of a progressive (also called forward) utility system, consis-
tent with a learning set of portfolios with consumption, with a specific care on the issues

of regularity and time-coherence that have been raised by the backward setting.

3 Progressive utility system consistent with a given

learning set

3.1 Progressive utility system

Progressive utilities are an alternative way to address the market consistency and the time-
coherence issue. A subcone of the market strategies 2°¢, describing the financial landscape
in Subsection 2.1, is considered in the forward setting as a (portfolio, consumption) family
of test processes. Indeed, the time-coherence is obtained from a dynamic decision criterion
adjusted progressively over the time in reference to this set 2 ¢ of test processes. Thus
the role played by the utility criteria and the market constraints are deeply different from
before, since now the problem is no more an optimization problem but a kind of calibration
problem. As in statistical learning, the utility criteria are dynamically adjusted given the
family of test processes, also called the learning set. More precisely we will consider in
the sequel two different admissible learning sets, that are variants of the learning set
without consumption. In a simple extension (called in the sequel "first test problem with
fixed p"), the test processes are associated with any admissible portfolio strategy and a
given relative consumption rate process p;. The tests set is denoted 2. The second
extension (called in the sequel "second test problem with consumption") is the case where
the relative consumption rate p is no more given but also a control parameter. It is the
classic situation studied in the backward consumption-portfolio problems considered in

the previous section. The set of test processes is then denoted 2°¢.

3.1.1 Consistent progressive utility system

We start with progressive utilities (U, V'), defined as a family of stochastic utility processes
such that for any ¢, (U(t,x), V (t,c)) are some utility functions as defined in [11], adjusted
to a learning set in the sense given in Section 2.2, Definition 2.3.

Using the same notation, the learning set is the cone 2~ (denoting indifferently .2°¢ or 277)
and its "orthogonal" is the set of state price density processes % which does not depend on
the consumption. The satisfaction associated with a test process X" € 2" (¢ = pX"F) is
measured with the help of the utility system (U(t,x),V (¢t,c)) and the preference criterion
ZPP = U(t, XP) + [¢ V(s,cs)ds. Since 2 is a learning set, there is no satisfaction to
invest in the set .27, in other words in mean the future is less preferable than the present.

From the mathematical point of view, it is equivalent to the supermartingale property of
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the dynamic preference process (Z,”). Moreover, to ensure that the system of stochastic
utilities (U (¢, x), V (t,c)) is the best choice, we make the additional assumption that the
previous supermartingale constraint is binded by some extremal process (k¢ p¢) whose

performance criterion Z¢ is a martingale.

Definition 3.1 (Consistent progressive utility system).

Let (U, V) be a progressive utility system with learning set Z .

(i) The utility system (U, V) is said to be 2 -consistent, if for any admissible test process
XmP e 4 the preference process

t
Z7P =U(t, X[") —|—/ V (s, cs)ds is a non-negative supermartingale. (3.1)
0

(ii) The consistent utility system (U, V) is said to be 2 -strongly consistent if there ezists

an extremal system in 2, (X k¢, c°), (¢ = p°X°®), binding the constraint, that is

t
the extremal preference process Z; = U(t, X}) +/ V(s,cf)ds is a martingale. (3.2)
0

When there is no ambiguity, we refer to this last property as the strongly consistency.

The value function system (U(t,x),v(t,c)) of the classic consumption optimization prob-
lem developed in the first section (see in particular Proposition 2.3) is an example of

strongly consistent system (with respect to 2°¢), defined from its terminal condition

U(TH,z) = u(z). Conversely, given 2 ¢, and given an initial utility system (U (0, z), V (0, ¢)),

a strongly consistent system (U, V) is the value function system of some investment-
consumption problem, with stochastic terminal condition U (T, x) for any time horizon
Tyr. In the forward approach, the utility process U considered as value function is the
same for any time horizon Tp.

The two problems differ by their boundary conditions, backward in the classic case (cf.
Section 2) and forward in the present case. Furthermore, although the 2 ¢-consistent con-
straints are the same, this point induces major differences in the interpretation and in the

mathematical treatment of their characterization, apart from the issue of time-coherence.

3.1.2 Differential point of view for Itd consistent utility system

In the standard (backward) framework, the initial value of the value function ¢ is usually
not explicit and is computed through a backward analysis, starting from its given terminal
utility (possibly random) u(x) at Ty. From a "practical" point of view, the Markov prop-
erty is strategic for the resolution of the backward framework. For consistent progressive
utilities, the initial value is given and the problem is solved forward, without any reference
time-horizon T; the emphasis is placed on the monotonicity of extremal processes with
respect to the initial condition.

In the forward case, in the absence of Markov property, stochastic calculus can be used

to characterize 2 -consistent forward utility system, via a stochastic generalization of
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the deterministic backward HJB-PDE. Such random HJB generalization may be found
in Musiela and Zariphopoulo [22, 23] and Berrier and Tehranchi [2] who have restricted
themselves to the case of decreasing in time forward utility U. In the problem without
consumption, El Karoui and Mrad [!3] obtained a non linear HIJB-SPDE under the more
general assumption that the utility random field U is a "regular" 1t6 random field with

differential decomposition,
AU (t,x) = B(t, z)dt + y(t, z).dWr, (3.3)

where (¢, z) is the drift random field and ~(¢, ) is the multivariate diffusion random field.
The decreasing case ([22], [2]) corresponds to (¢,z) = 0 and 5(t,x) = O, U(t,x) < 0.

In a backward problem (U, v), it is not easy to find sufficiently general conditions on the
data (u,v) and the class 27 for U to be a regular It6 random field. For this reason, Mania
and Tevzadze (2010) [21] introduced the regularity of the random field ¢ as an additional
assumption to develop a quite similar stochastic calculus for the value function. This
point is not an issue for forward utility, in return it is not easy to read directly on its local
characteristics (3,) that the process U(t,z) = U(0,z) + fg B(s,x)ds + fg (s, x).dWs is
a utility random field (increasing and concave), in absence of general comparison results
for stochastic integrals. An exception is given by the solution of stochastic differential
equation (SDE) whose monotonicity with respect to the initial condition is obtained under
regularity assumption on the coefficients, as we will see below ([13], [20]).

In the following, we reformulate in this new framework the theoretical results of [13]
concerning a learning set without consumption, in order to specify the consequence of the

additional consumption optimization.

3.2 Ito6-Ventzel’s formula and applications

To express the supermartingale property implied by the consistency condition in terms
of local characteristics, we need the differential decomposition of any compound process
U(t, X;”"), where U is now a dynamic random field. Obviously, if U(t,z) were a de-
terministic regular function, we could use the Itd6 formula. The right tool in this more
stochastic context is the so-called Ito-Ventzel’s formula given in the reference book [20]

of Kunita.

3.2.1 It6-Ventzel’s formula

Let us consider a "regular" random field (G (¢, z)) with local characteristics ¢(¢,x) and
Y(t, ). As for Ito’s formula, we need the local characteristics of the first (second) differen-
tials of the progressive random field G assumed to be at least of class C2. Formally, they
are obtained by differentiating the local characteristics of G, but as in the deterministic
case, additional assumptions of Sobolev type (defined in Subsection 4.1.1) are necessary

to justify to differentiate the stochastic integrals. All these questions yield to technical
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assumptions detailed in [13] and briefly recalled in Section 4.1. The reader who wants to
skip technicalities can read here the notion of "regular" random field as meaning "we can
apply It6-Ventzel’s formula".

The Ito- Ventzel formula gives the decomposition of the compound random field G(¢, X})
for any It6 semimartingale X as the sum of three terms: the first one is the "differential
in t" of G, the second one is the classic It6’s formula (without differentiation in time) and
the third one is the infinitesimal covariation between the martingale part of G, and the

martingale part of X, all these terms being taken in X;.

dG(t, Xy) = (o(t, Xy)dt +(t, X;).dWy) (3.4)
+ (Gw(t,Xt)dXt -+ %sz(t,Xt)d < X,X > ) + ( < wm(t,Xt)th,dXt > )

When G has only finite variation, the formula is reduced to a classic It6 formula, since in
this case ¥(t,x) =0, ¢(t, Xy) = O.G(t, Xy).

A typical example of Itd6 semimartingale X is the solution of "regular" stochastic
differential equation X (¢,xz) = X;(x), with stochastic coefficients (o(t,x), u(t, x)) whose

regularity is studied in Subsection 4.1.1.
dXt(I') = M(t, Xt)dt + O'(t, ‘th).dVVt7 Xo = Z. (35)

The associated elliptic generatoris — L{¥ = Ly, = 3lo(t, 2)||20pe + p(t, 2)0s.
The local characteristics of the random field X (¢, z) = X;(z) are BX(t, ) = u(t, X (¢, z))
and yX(t,x) = o(t, X (t,z)). Then, the It6-Ventzel formula reads as

dG(t,Xt) = (Gx(t,Xt>O'(t,Xt)—|—¢(t,Xt)).th (36)
+ (ot Xe) +u(t, Xy).o(t, Xy)) dt + L7*G(t, X;)dt.

3.2.2 SDE and SPDE for regular solution and its inverse

It is well known that any "regular" solution of SDE(u, o) (see the regularity class S™9
defined in Subsection 4.1.1) is monotonic with respect to its initial condition, since its

derivative DX;(x) = 0, X (¢, x) is solution of the linear equation
dDXy(z) = DXy(x) (pa(t, X¢)dt + 04(t, X;).dWy), DXo=1. (3.7)

The first application concerns the dynamics of the inverse flow X ~1(¢, z) = £¢X(t, z) of the
monotonic solution of the SDE(u,0). We refer to Theorem 4.2 and Proposition 4.3 for

technical results on the theory of stochastic flows and SDEs.

Theorem 3.2 (SPDE point of view). Let (X (t,z)) be the monotonic solution of a "reg-

ular" SDE(u, o), with adjoint operator in divergence form,

~ ~ 1
L4 = T = 50:(l0(t,2)|%0.) — p(t, 2)0-.
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(i) The inverse flow (t,z) = X ~L(t, 2) is "regular” and solution of the SPDE
d(t,2) = —E.(t, 2)o(t, 2).dW, + LTE(€)dt,  €(0,2) = 2. (3.8)

This SPDE is denoted SPDE(LJ!).

t,z
(ii) LetY be a "reqular” solution of the SDE(uY ,o¥) and ¢ any C?-function. Then the
compound random field H(t,z) := Y (t,p(&(t, 2))) with initial condition H(0,z) = ¢(z)
evolves as
dH(t,z) = (oY (t, H(t, 2)) — H.(t, 2)0 (L, 2)).dW; (3.9)
(Y (8 Ht,2)) — Ho(t,2)0X (¢, 2).0) (8, H(t, 2)) + L (H)(t, 2))dt.

H appears as a solution of a mizture of SDE and SPDE problems.
Proof. (i) We are looking for a "regular" random field G(¢, z) such that G(¢, X;(z)) = =.
Since G(t, X¢(z)) is deterministic, by equations (3.4) and (3.6)
Go(t,x)o(t,x) +(t,x) =0, a.s. and VG (t,2) = —0,(G.(t,2)o(t,x))

and —0(Ga(t, 2)o(t,2)).0(t,z) + 3]lo(t, 2)*Gaa(t, 2) = —50:(lo(t, )P G (t, 2)).
The drift condition together with the v constraint yields to
6(t,2) = —vu(t,2).0(t,x) — LGt 2) = 10, (o (t, 2) [2Ca(t, 2)) — ult, 2) Gt )
This last term is exactly the adjoint operator Et),(z applied to G.

(ii) We are looking for a "regular" random field H (¢, z) such that H (¢, X;(x)) = Yi(¢(x)).
By Ito-Ventzel’s formula, and the v constraint, H, (¢, 2)o™ (t,2)+y" (¢, 2) = oY (t, H(t, 2)),
and Y (t,2) = =0, (H,(t, 2)oX(t, 2)) + U;/(t, H(t,2)H,(t,z)).

The drift constraint is (87 (¢, 2) + 77 (¢, 2).0(t, 2)) dt + LT G(t,z) = p¥ (t, H(t, z)).

The same transformation than for the inverse flow yields to

BH(t,2) = u¥ (8, H(t, 2)) = Ha(t,2)o™ (8, 2).0y (¢, H(t, 2)) + L% (H)(t, 2)
which is the expected result. ]

3.3 Local characteristics of consistent forward utility with
consumption
3.3.1 Consistency constraints for two different sets of test processes

We are concerned with two different learning problems associated with two family of test
portfolios with different consumption constraints, 2Z# and 2°¢, denoted by the generic

notation 2°. For both learning problems, as in Definition 3.1, the consistency condition
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is, for any admissible test process X** € 2"
t
ZPP =U(t, X)) + / V (s, psX5P)ds is a non-negative supermartingale. (3.10)
0

The main difference with the problem considered in |13] is in the performance function,
that includes a past depending criterion, namely fot V (s, psXsP)ds.
The problem is to transform the global supermartingale property into a local condition
on the characteristics (5,~) of the forward utility U by using It6-Ventzel’s formula, which
requires additional regularity assumption on the utilities random fields U and V, and
their characteristics, that we will make explicit in Subsection 4.1.1.

Recall that a test process is a solution X" of a linear SDE dX;** = X["’[(ry—p¢) dt +
ke.(dWy + nft dt)]. The differential decomposition of the performance criterion (3.10) is
given by

dzir = (Up(t, X7 X[ ke 4 (8, X{F)) AWy
+ (B, X)) 4+ U (t, X)X (re — pe) + V(8 pe X)) dt (3.11)
1
+  (Uat, X)X P Remf + iUm(t,Xf’p)HXf’p ke||® + XPP kv (t, X0F) ) dt.
The third line is proportional to a quadratic form Q(t,x, k) in X;"’k; whose minimum is

—||zk§(z)]|?, where xx§(z) is described below:

UI t7$ e
Oty 1) = lowl? + 2220 g (o 4+ Ty o a2
Uzalt, ) Ualt, ) (3.12)
o (2) = ai(w) = LD (g 2o (6T)
Uza(t, ) Us(t, @)
Remark The positive ratio —% is the classic relative risk tolerance coefficient,

which is constant for the well-known power utilities (see Paragraph 4.2.2). Recall that
Uz (t,z) < 0. More interestingly is that the diffusion process fy(t,af) of the progressive
utility introduces a "utility risk premium" given by the ratio ¥ i g Ig measured in terms
of the marginal utility. Here, 7X(¢, ) is the projection on R; of the diffusion coefficient
of the marginal utility Ux. Another important point is that the extremal investment
strategy zk{(z) does not depend on the consumption context.

It is then easy to give sufficient conditions on the U-characteristics (8,7) in order to

satisfy the 2 -consistency condition.

Proposition 3.3 (Two test problems). Let (U, V) be a "reqular utility" system and (3, )
the local characteristics of U. The extremal diffusion coefficient is defined by

of(t,z) = zkf(x) = — [l]];z(ft,@) (77 + g 3)

a) First test problem with fixed p. The utility system (U, V) is consistent with the family
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of test processes ZP = {X"P |k € R,p given} if
1
BP(t,x) = —Uz(t, z)x(re — pt) + iUm(t’ z)||lot(t, )| — V (¢, pex). (3.13)

b) Second test problem with consumption. The utility system (U, V) is consistent with
the family of test processes ¢ = {X"P |k € R, any processp > 0} if

BE(t,x) = =Ug(t, x)zr: + %Um(t, z)||oé(t, z)||> = V(t, Uy(t,z)) (3.14)

where V (t,z) = sup,~o(V (t, p)—2p) is the Fenchel transform of V.. Moreover, the extremal
consumption, p¢(t,z)x is giwen by p¢(t,z)x = V. 1 (t, Uy(t,z)) = =Vo(t, Us(t, z)).

Proof. We proceed by verification.

a) From the decomposition (3.11) of Z%, the drift of dZ;"” is given by a process
Bt X[, ks, pr) where §(t, 2, 1, p) = B(t, 2)+ Uy (t, 2)(ry— p)+V (t, py)— Q(t, 7, ). The
supermartingale property is satisfied by a non-positive drift. Since Q(¢,z,k) > Q°(t, x)
when the random field § satisfies the relation (3.13), the function ¢(t, x, K, p) is negative
for any x, and the consistency relation for the first problem (with fixed p) holds true.
Verifying the strong consistency consists in showing the existence of an extremal process
X¢, solution of the SDE with volatility function x¢(¢, z),

AX[? = X[ ((re = pr) di + (8 X[7). (W + o db)]

and then in proving that the process Z%? is a "true martingale". We come back to this
point in the next section.

b) The same arguments can be used to justify the equation (3.14), where now we are also
concerned with finding bounds for ¢(¢,x, K, p) that are valid for any p > 0. Since the
dependence in & is the same, we only have to control the term V (¢, px) — Uy (t, x)zp. The
minimal bound is given by the Fenchel-Legendre conjugate V of the concave function V
at U, (t,z). Then, if B(t, ) satisfies the equality (3.14), the drift of Z;*” is non-increasing
and the consistency relation for the second problem holds true. The same remark on the
extremal process holds true, with xp being replaced by p(t, z)z = V,1(t, U,(t, z)) since

V(t,Up(t,z)) = V(t, p°(t,z)x) — xp°(t, 2)Us(t, ). O

In the sequel, we will mainly consider the second test problem with consumption, as it
is related to the standard backward optimization problem. Similar results can be proved
for the first test problem with fixed p.

3.3.2 Marginal utility of consistent forward utility, extremal coefficients

The interpretation of the HJB-consistency constraints (Equations (3.13) and (3.14)) is not
easy to do. In the analysis of the backward optimisation problem (corresponding to the

second test problem), Proposition 2.4 equation (2.12) indicates that the marginal utility
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U, (t,x) is a key tool in the study of optimal processes. This suggests to also study the
properties of forward marginal utility Ux under the consistency constraint.

The local characteristics of the marginal utility Uy are given by (8. (¢, x),v.(t,x)).To
facilitate the calculation and the analogy with formula (3.9), we put F(t,x) = U(t, x)
and S, (t,xz) = BF(t,x). For the moment, we make only algebraic calculation, in order to
write B and 4f" as the drift and the volatility coefficients of a compound process.

The constraint (3.14) becomes

BE(t,x) =10, (Fu(t, z)||lzke(t, 2)||?) — Ou(F(t, x)ary) — du(V (t, F(t,z)))

V(tx) =Rt ) + v () (3.15)

(i) The first term of the consistency constraint on S (t,z) suggests to introduce the

adjoint operator Efz associated with the extremal coefficients

L5, =30:(0°(t,2)20:) — pe(t,2)0e,  xp°(t, ) = =V, (t, F(t, )
ue(t,x) =mrw+ xkf(x)nf — xpc(t,x) (3.16)
x R , T
o(t2) = ari(@) = — gm0 + i)

Then, since r¢F,(t,z) — 0, (F(t, z)xry) = —r F(t, z), we see that:

Fo(t,x)pc(t,x) — 0 (F(t, x)xry) — 0x(V (L, F(t,z))) = Fp(t,x)k§(x).nk — reF(t, ).

The term B (t,2) becomes B (t,x) = ff@F(t,x) + Fo(t,x)(zr®(t, z).nf) — reF(t, x).
(ii) To remain close to formula (3.9) in terms of diffusion random fields, the idea is to
use that

VIRt x) = 7 (8 2) = —(Fa(t, 2)0(t, @) + F(t2)f%).

Then, the missing volatility oY (¢, z) has to satisfy o¥ (t, F(t,x)) = v+ (t, ) — F(t,z)nk,
and so

o (t,y) = v (t, F(t,y)) — ynF. (3.17)

To recover the drift constraint in (3.9), the main property is that o€(¢, ZL’).O‘;/ (t, F(t,x)) =
—nR.0¢(t, x). Moreover the equality will be exact if uy(t, y) = —ry.

We summarize this important result in the following theorem.
Theorem 3.4. Let (U, V) be a "reqular utility" system, with local characteristic ([3,7).
The HJB-constraint

B(t,z) = —U(t,z)xr, + %Um(t,x)||:mif(:z)||2 - V(t, U, (t,x)) (3.18)

is equivalent to the following property of the marginal utility F(t,z) = U(t,z) with

characteristics (By, Yz )

Bu(toz) = ¥ (8, Up(t, ) — Upa(t, 2)0% (1, 2).0% (8, U(t, ) + L7 (U,)

(3.19)
Ye(t,x) = —Upp(t, z)of(z) + oY (t,Us(t, 7))
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with

x Rt e e €
of(t,x) =-— ((]];E(Etag) (nf + WU’zEf‘/xg), pi(z) = rx + of (z).nf — zp(t, x).

(3.20)
oV (ty) =7 U (Ey) ™ 1 (ty) = —rw.

Then, the marginal utility F'(t,z) = U,(t, z) has the characteristics of a compound random
field generated by the two SDEs, SDE(1u¢,0¢) and SDE(uY oY) (see (3.9)).

In particular, if there exists monotonic solutions X¢ and Y¢ of these regular SDFEs, then
Un(tsa) = Yot un(X) (), Vltyo) = Unlt, (wp*(t,2) (). (321)

Observe that the coefficient oY (t,y) = v (t, F~*(t,y)) — yn® depends on F~ = —U,,
which makes naturally appear the link with the dual utility U of U. This point will be

developed in the sequel.

4 Forward and backward SPDEs interpretation and
resolution

Until now, in order to simplify our approach and to guide the intuition, we have de-
liberately avoided the technical regularity assumptions required to establish our results.
This section makes these assumptions explicit and gives a precise framework to apply
[t6-Ventzel’s formula, to differentiate regular random fields and SDEs solutions. We also
state assumptions under which a SDEs admits a local, strong (non-explosive) and regular
solution, as well as necessary assumptions under which the inverse of a SDE solution is

regular and also a semimartingale (this result being not true in general).

4.1 The different classes of regularity

We specify here the regularity conditions required in the previous section. For that
purpose, let us discuss the regularity of an It6 semimartingale random field G(¢,z) =
G(0,z) + fot o(s,x)ds+ fot (s, z).dW;s in connection with the regularity of its local char-

acteristics (¢,1)) and conversely.

4.1.1 The spaces of regular processes

Let (¢,) be continuous R*-valued progressive random fields and let m be a non-negative
integer, and ¢ a number in (0,1]. We need to control the asymptotic behavior in 0 and
oo of ¢ and v, and the regularity of their Holder derivatives (when they exist). More
precisely, let ¢ € C"™9(]0, +o00[) be (m, §)-times' continuously differentiable in 2 for any

t, a.s.

IThat is ¢ is m-times continuously differentiable with ¢(™) being §-Holder
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For any subset K CJ0, +o0[, we define the family of random (Holder) K-semi-norms

t
16l (8, @) = sup, e LA 57 o sup, e |40t 7, w))|

om _am 4.1
||¢||m5:K(t7w) — ||¢||mK(tuW) + sup || T 1/}(t,x,OJ) 8§ ¢(t,y, )H ) ( )
’ z,yeK |I - y|

When K is all the domain ]0, +o00[, we simply write ||| (¢, w), or ||.||m,s(t, w).
Calligraphic notation recalls that these semi-norms are random.

a) ICZ:;S (resp. K;Zf) denotes the set of all C™°-random fields such that for any compact
K CJ0,4o0[, and any T, fo | @/ m,s: K (£, w)dt < 00, (resp. fo ||1/1||m5K(t,w)dt < 00 ).

b) When these different norms are well-defined on the whole space ]0, +00[, we use the

m,8 7=m,0

notations K, K" or K0 Ky

4.1.2 Differentiability of 1t6 random fields and SDEs Solutions

We discuss the regularity of an It6 semimartingale random field

t t
G(t,z) = G(0,x) +/0 (;S(s,x)ds—{—/o P(s, x).dWs (4.2)

in connection with the regularity of its local characteristics (¢,%). An Ité random field
G is said to be a Km’6—semimartingale whenever G(0, ) is of class C™°, BY(t,x) =
and M (t, z) fo s, x).dWy is of class IC,OC . As in Kunita

[20], we are concerned with the regularity of G (the regularity of its local characteristics

fo s,x)ds is of class ]Cloc ,
(¢,1) being given) and conversely with the regularity of (¢,1) (the regularity of G being
given). Those results are useful to differentiate term by term the dynamics of an Ito

random field (as in Theorem 3.4) and to apply It6-Ventzel’s formula.

Theorem 4.1 (Differential Rules). Let § € (0,1] and G be an Ité semz’martmgale random
field with local characteristics (¢,v), G(t,x) = G(0,x) + f(f b(s,x)ds + fo ).dW

(i) IfGisa K?gf—semimartingale for some m > 0, its local characteristics (gi),i/)) are of

—-m,e
class KF X Koo for any e < 8, and conversely.

(ii) For m > 1, the derivative random field Gx is an Ité random field with local charac-
teristics (¢, V), and for m > 2 the Ito-Ventzel formula is applicable
(iil) Moreover, if G is a lCll(;i N C%-semimartingale, for any Ité process X, G(., X)) is a

continuous Ité6 semimartingale satisfying the Ito-Ventzel formula (3.4).

As previously mentioned, we also need results on the existence and the regularity of one
dimensional random fields which are also solutions of stochastic differential equations
(SDE). Such random fields are called stochastic flows and are the main subject (in the
multidimensional case) of Kunita’s book [20].

The question is now to make assumptions on the coefficients in place of local character-

istics. The following result justifies (3.7) and Theorem 3.2.
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Theorem 4.2 (Flows property of SDE). We consider a SDE(u, o),
ClXt = /,L(t, Xt)dt + O'(t, Xt).th, X() = X. (43)

Letm > 1,0 € (0,1] and € < 0.

(i) Assume uniformly Lipschitz coefficients, that is (u,0) € lC%l xf%l. Then, it admits a

unique strong solution X which is strictly monotonic satisfying X (0) =0 and X (400) :=
lim X(z)= +oc.

z—+00

(ii) Assume p € Krbn’é and o € K;,n’é,

a) Then the solution X = (X¢(x),z > 0) is a K¢ semimartingale the derivatives X« and
1/Xx are K;Z;l’s-semimartmgales. Its inverse X1 is also of class C™.

b) The local characteristics of X, M (t,z) = u(t, X¢(x)) and 6X(t, ) = o(t, X¢(z)) have

only local properties and belong to IC;Z&E X E?;’f.

When the coefficients are only locally Lipschitz, the solution can explode at the explosion
time 7(x) = inf{t; | Xy (z)| = oo}.

Proposition 4.3 (Flows property of SDE with explosion). Assume that the coefficients
—0,1
X Kloe-

(1) Then, for any initial condition x, the SDE(p, o) (4.3) has a unique mazimal monotonic

are only locally Lipschitz, (u,0) € ICﬁi
solution (Xy(x)) up to the explosion time 7(x). (X(x)) is a global solution if and only if
the explosion time T(x) is equal to oo for all x > 0 a.s..

In the sequel, we assume at least that m > 1,6 € (0,1] and € < 6.

(i) If (p,0) € IClTZf X Efgf, Xi(.) is of class K™ on {r(xz) > t}, and for any semi-
martingale Y, Ito-Ventzel’s formula (3.4) holds true for the compound process X (Y).
(iii) When m > 3 and X non-explosive, the inverse X1 of X is a true semimartingale

in the class ICZTZJQ’g and m-times continuously differentiable on x.

In view of this result we give the definition of the class S™°® of SDEs used in the sequel:
Class 8™ : A SDE(u, o) with (u,0) € K?Zj X E;Zf whose local solution is non explosive
is said to be of class ™9,

This technical result shows clearly the interest of using Holder property: the solution is
fractionally less regular than the coefficients (going from § to € < ¢§). Otherwise, if we
are only interested with processes of class K™ (m integer) without worrying about the

Holder’s dimension, then we will lose a whole order in the regularity: instead of a solution

m—1

of class K%, we will only obtain a solution of class K}

Remark 4.1. Under the regularity assumption X € S™° m > 2, § €]0,1], the inverse
flow X71(t,2) of X is strictly monotonic and is a semimartingale of class ICITZC_M nem.

Note the loss of reqularity from m to m — 2.
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4.2 Examples of consistent utilities

As in many concave problems, the conjugate problem gives some useful complementary
information as we have seen in the backward framework. The forward point of view is

also interesting to make explicit.

4.2.1 Conjugate consistent progressive utility with consumption.

Sometimes, as in the backward case with consumption, it is easier to consider the dual
problem and the associated SPDE. The consistency constraint with respect to the %/-
test set is given by the following definitions, by analogy with the backward case (cf.
Proposition 2.4)

(i) (U,V) is & -consistent if for any admissible state price density process Y” € &
U(t, YY) + fg V(s,YY)ds is a submartingale.

(ii) Eatremal price density process. An admissible process Y€ is extremal if U(t, Ye) +
fg XN/(S,Yse)ds is a martingale. The existence of such extremal process guarantees the
strong consistency of the conjugate utility system (f], \7)

Assuming that U satisfies regular conditions (U in IC?O’i) to guarantee that U is also a

regular It6 random field with local characteristics 3 (t,y) and ¥(t,y), it is possible to give

the conjugate version of Proposition 3.3, as follows:

Proposition 4.4. Let (fJ’,V) be a regular progressive conjugate utility system with con-

sumption, with with local characteristics (B,’y) Define a dual random field 6¢(t,y) =

) Fik(t,y)
yvi (y) =y with yvi (y) = —3= 02

(i) Then the % -consistency of (fj,{/) is implied by the following HJB-constraint

and a dual drift process p¢(t,y) = —ri y.

2 7 v 1~ ~e ~e ~
Bt y) = yUy(t,y)re = V(t,y) = Uy (E9)II6° (6 )1* = 5°(t 0) Ay (1, 1)- (4.4)
(ii) Any solution of the SDE(ji¢,6¢) is a % -extremal price density process.

Observe that the extremal coefficients of the dual problem (ji¢, 5¢) are exactly (u¥, oY) of
Theorem 3.4. The idea for the proof is similar to the one of the backward case (Proposi-
tion 2.4) and relies on the fact that U, (X¢) has the same characteristics than a state price
density process in #. A detailed proof can be found in [I4]. The result of Proposition
4.4 completes Proposition 3.3, as it provides the interpretation of the orthogonal part of
v+ that appears in the diffusion coefficient ¥ characterizing the dual extremal process.
The example of decreasing dynamics utility studied in Berrier and Tehranchi [2] is equiv-
alent to the case v = 0; the problem is reduced to the pathwise resolution of a forward
linear elliptic PDE, 0,U,(t,y) = yU,(t, y)r—V(t,y)— 30, (t,y)lynE (. Under additional
regularity in time, the problem has been solved by analytical methods based on Widder’s
Theorem in [2]. In the backward case, it is not easy to find condition on the market to

ensure that the value function U(¢, x) is decreasing in ¢.
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4.2.2 Consumption utilities compatible with coherent power utilities

Power utilities with constant risk aversion are the standard framework in the economic
literature. They are a useful example in the framework of progressive utilities for its sim-
plicity and its easy interpretation of the parameters. The previous analysis yields to a nice
comparison between the forward and backward point of view. Consistent wealth power
utilities have been fully characterized in [11] in a framework without consumption. Here,
we characterize the consumption progressive utility V generating progressive power utili-
ties for the general consumption problem with test processes in 2 ¢. The first problem can

be studied exactly in the same way. The SPDE point of view is well adapted to this study.

Characteristics of power progressive utility Let us consider a consistent pro-

gressive power utility, with risk aversion coefficient v < 1, defined as proportional to the

x o

initial power utility u(®) () = §—,, whose useful properties are as follows:
() () (o)

zuy () =217 = (1 — a)u(o‘) r) and 2%uyy’ (z) = —azuy (z) = —a(l — a)u(o‘) ().

1—
—Q

The dynamics of U (¢,2) = Zu(®(z) is driven by the positive Ité6 process Z with
coefficients (uf = Z,b7) and (¢f = Z; 67) and the local characteristics of U(®) are:

dZ; = Zy(bfdt+67.dWy), Zo=1
Bt ) = pful(z) = b U (t, ),
YO (tz) = of u(@) =7 U (L), A(t,2) = 67U ().

The HJB constraint is based on the process xx{(z) defined in (3.12) by

Ui (¢, o) O 2,
of(t,z) = zhi(z) = — U(a)((tfc)) (nf* + Uz“)(t :c)) =S+ 7)) = OF +6,7).

The extremal strategy x{(z) which does not depend on z, is a constant investment equal
Ui (t.a)

2 UL (t,x)

vector nf + (5tZ "®_ Here, the utility risk premium is the vector (5tZ "® (independent of a).

to the relative risk tolerance coefficient — = 1/a in the modified risk premium

Recall that only the projection of 5tZ "™ on the vector nf contributes to the return of the
extremal process X°.

IDENTIFICATION OF CONSISTENT CONSUMPTION UTILITY V.

For the general consumption problem, the determination of the utility V follows from the
HJB constraint (3.14), B(t, ) = —Uy(t, x)zry + tUsa(t, 2)||oc(t, z)|* — V(t, Uyt z)),

2] - V(t, U (t,x)).

1—
b7U (1) = U () [~ (1= @)y — = = + 0"
The constraint implies that V (¢, Ul (t,x)) = 5, U (t,z), with
= Z l—a Z,R\ |12
5= [+ (1 eyt T+ 7)) 20 (4.5

Differentiating the equality V (¢, Ul (t,x)) = 5, U(t, ), yields
—V,(t, U (¢t 7)) = 5U (¢, 2) JUSD (¢, ) = D)

January 26, 2017 22/30



Since V,(t, —f/y(t, y)) =y, we obtain that U;,E‘“) (t,z) = V(t, 0z /), and integrating leads
to the characterization of V as V(¢,¢) = %U("‘) (t, 50) = (%)QU(O‘) (t,c).

Recall that from Theorem 3.4, the other extremal coefficients are

{Ni"(w) = ra +of(x)af — wp(t,x), xp(t,x) = Vy(t, UL (8 2) = B/ (4.6)

oV (ty) =t U ty) —un®, 1Y (Ly) = —r.

All of them are linear function of x that implies that the linear extremal processes are
linear in their initial condition. It remains to note that the representation of the marginal
utility in terms of extremal processes X€¢ and Y*¢ takes a very simple form as Z; =

YE(X7)*. We put together all these results in the following proposition.

Proposition 4.5. A consumption consistent progressive power utility system is necessar-

ily a pair of power utilities with the same risk aversion coefficient a such that
U (t,z) = 7 = Zw'(z) and V@ (t,c) = (2)2U@(t,x).
whose coefficient Zy satisfies the HJIB drift constraint,

xlfa

11—«

1-a
dZy = —Z[(1 — a)re + WHW? + 07| + v)dt — 67 AW (4.7)

The extremal processes are linear with respect of their initial condition, i.e.

Xi(x) =aXy, Y(y) =yYs, and cf(2) = zpf = 2 %
dX§ = X{((re — p§)dt + 55.(dWy +01%)), dY = V(= rdt + (vf — n)dW,).  (4.8)

Moreover Z; = Y£(X7)* = Yt@ug(f) (X7).

It is then easy to study the backward case, where the power utility U is the value function

of a consumption-portfolio optimization problem.

Backward consumption-investment problem with power utilities Con-
sider now a backward consumption-investment power problem, whose terminal wealth
utility and consumption utility are power utility functions, with the same risk aversion co-
efficient, since this condition is necessary. Remark that all the previous results still hold, as
they are a consequence of the HJB-constraint, valid for both forward and backward cases.
There is two main differences: first the function V (¢, z) is given as V (¢, z) = ¢;ul® (¢, z),
where ¢; is a given It0 process, deterministic in the classic case; second, the value function
U is "unknown", but easily identified to a power utility Z;u(® (t, ), since this condition
is true at maturity T, with terminal value Zp,, .

So, the difference between the two points of view lies on the definition of Z: in the for-
ward point of view, Z is given as satisfying HJB constraints and the only free parameter
is the volatility 6 of Z; in the backward point view only the terminal value of Z is
given, and the two processes (Z,6%) has to be identified together, since bZ is given by

the HJB constraint. The first step is to use the consumption constraint induced by the
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assumption that V (¢, z) = ¢yul® (¢, z) where ¢ is given. By Proposition 4.5, V (¢, z) must

-1

be proportional to the value function, that implied that v; = a(it) /e The dynamics

t

of Z is given by

—dZ; = Zi[(1 = a)ry + I;To‘nnf + 0777 + a(i)_l/a)dt — 6. dWi].  (4.9)
This kind of relation is typical of backward stochastic equation with given terminal value,
where the solution is the pair of processes (Z,6%) satisfying (4.9). A huge literature is
dedicated to the application of BSDEs in finance, see for example El Karoui, Peng and
Quenez [17]. The backward equation associated with power utility is of quadratic type,
since the drift depends in a quadratic form of the volatility 6%. An additional difficulty
comes from the presence of negative power of Z in the drift. Nevertheless, a solution may

be probably found by approximation (see [1]). As a conclusion,

Proposition 4.6. Consider a consumption-portfolio optimization problem with time hori-
zon Ty, terminal wealth utility Cry, w®(z), and consumption utility v(t,c) = dpyul® (z),
where ¢, is a given process. Assume the value function U(0,z) well-defined at time 0.

The value system (U(t, x),v(t, ¢)) is a consistent power utility system (Zyu(® (z), prul® (z)),

if there exists a solution (Zy,07) of the backward stochastic equation

(8]
70 g + 07| + 5y )dt — 5tZ'th]7 Zry = (- (4.10)

dZt = —Zt [((1 — Oé)T't +

Then all the properties given in the forward case hold true.

The HIJB-SPDE problem is reduced to solve a one-dimensional quadratic BSDE.

4.3 Forward-Backward HJB-SPDE and its resolution

In the power case, the utility criterion is separable in time and (wealth, consumption) and
all the uncertainty is supported by the time component Z;. Then, the HJB-constraint
can be reduced into a non linear Forward or Backward SDE for the process Z. The study

can be extended to a general framework by using HJB-SPDE instead of SDE.

4.3.1 Definition of the Forward-Backward HIB-SPDE

The consistency conditions (3.13) and (3.14) can be interpreted in terms of stochastic
PDEs. The drift operator 5(t,z) = F(t,z, Uy, Upy, v, vz) of the HJB-type PDE is highly
non-linear, but this non-linearity is essentially due to the extremal coefficients, xx€ for

the diffusion term and xp® for the consumption term, since

Bt,x) = F(t,2,Us,Use, V,70) = =Us(t, 2)are + 3Use(t, )0 (8, 2) |12 = V (8, Us(t, 2))
T R(t,x

o“(t,2) = exi(@) = — 7t (0F + 455

V(t,2) = supso(V(t, p) — 2p), p°(t, 2)x = =V, (t, Us(t, x)) = V. (t, Un(t, x))

(4.11)
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A precise definition of the solution requires to distinguish between the forward or backward

point of view as for simple SDE.

Definition 4.7 (SPDE solution). Formally, the "HJB"-stochastic PDE with diffusion

random field v(t,x), reads as:
dU(t,z) = F(t, 2, Up, Upe, V, 72)(t, ) 4+ 7(t, z).dW; (4.12)

FORWARD SPDE SOLUTION: The data are a diffusion random field ~(t,x), an initial
utility function u and a consumption progressive utility V (t,c) with conjuguate V (t,c).

A regular” solution of the forward non linear HIB-SPDE (4.12) is a random field U
which is a progressive utility random field with initial condition U(0,2) = u(z), and
diffusion random field v(t, x).

BACKWARD SPDE soLuTION: The data are an horizon Ty, and a terminal (random)
utility at the horizon, u(Ty,x), a (stochastic) consumption utility v(t,c), and an adapted
process O;.  Then, a backward solution is a triple (U(t,x),0(t,x),0;), solution of the
following HJB-SPDE with terminal condition U(Ty,x) = w(Ty,x), whose component
U(t,x) is a progressive utility, whose diffusion random field is O(t,x) = by + [, 0(t, 2)dz

dU(t,z) = F(t,2, Uy, Upe, V,0)(t, ) + O(t, z).dW;. (4.13)

The two points of view yield to stochastic utility consistent with the family of test processes

Z°¢, under additional reqularity assumption.

The particular representation given in the backward case shows that the y-regularity is
not necessary as in the forward case. The main information is given by the process ~,.
The next section is dedicated to define the regularity needed to show existence of both

the solution U and the extremal processes.

4.3.2 Extremal processes and forward utility characterization

We are concerned here with the existence of extremal processes and thus of strongly
consistent progressive utilities. Following Theorem 3.4 and the decomposition of the
HJB-SPDE in terms of the SDE(1¢, 0¢) and SDE(uY, oY), with

(t.x R T
ot(t,0) = g (F + ), 1E (@) = rew + of (@) — apt(t, ).
oV (ty) =35°(ty) =7 (LU (ty) —yn™, p¥ (ty) = @°(ty) = —ry

the first step consists in providing regularity assumptions under which these "extremal"
SDEs admit solutions. Note that in view of Subsection 4.2.1 (Proposition 4.4), the
SDE(uY, oY) may be reinterpreted as the extremal dual SDE(ji¢, 5¢). Considering the
form of the extremal policies, we see that the regularity of U or that of U plays an im-

portant role (as the asymptotic elasticity introduced for backward problems). Assuming
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ICi;i N C3-regularity for U and a linear growth for the consumption rate insures that the
wealth SDE(c¢, 1) has locally Lipschitz coefficients and thus a strong solution X¢ exists
up to an explosion time 7¢. Then observing that U, (¢, X7) is solution of the SDE(j¢, 6¢),
we first show the existence of a regular strong solution of the optimal dual SDE(z¢,6°¢)
whose coefficients are based only on the diffusion characteristics v, of U,. This allows us

to give refined regularity assumptions under which there is no explosion for X¢ (7¢ = +o00).

Theorem 4.8. Let U be a /Ci;i N C3-regular(s > 0) progressive utility, whose local char-
acteristics (B,7) satisfy the HJB-constraint

B(t,x) = —=U(t,z)xry + %Um(t, z)||oC(t, z)||* — V(t, Uz (t,x)). (4.14)

EXISTENCE OF EXTREMAL PROCESSES: (i) Suppose the existence of two adapted bounds
(K, K?) € L?(dt) such that the regular random field v, satisfies

lyar (t @) < K¢ [Us(t )]s et @)l < K7 [Usa(t, @), as. (4.15)

Then the extremal dual SDE(fi¢,6°€) is uniformly Lipschitz and its unique strong solution
Y€(y) is increasing, with range [0,00).

(ii) Moreover, assume the existence of an adapted bound K> such that process V,(t, K3x) >
Ux(t,z) a.s. for any x. Then the SDE(u,0¢) of Theorem 3.4 admits an unique increasing
strong solution X°(x) with range [0, 00).

STRONG CONSISTENCY : The random field (U, V) is a strongly consistent utility of

consumption and wealth, with extremal process X°€.

Remark: The existence of extremal processes is induced by the constraint (4.15) and
the regularity of U. Therefore, Assumption (4.15) replaces the Asymptotic Elasticity

condition needed in the backward case to ensure the existence of optimal processes.

Proof. (i) The ICZQ(;i N C3-regularity of U and the assumption on +;, insure that the
coefficients (o€, u€) are locally Lipschitz coefficients and so that the strong solution X¢
exists only up to an explosion time 7¢; on the other hand, Assumption (4.15) implies that
(f1¢,0¢) are globally Lipschitz with linear growth and that the SDE(/i¢, 5¢) has a unique
monotonic strong solution Y,?(y) (Theorem 4.2).

(ii) From regularity of U, the wealth SDE(u, 0¢) has coefficients that are locally Lips-
chitz, with linear growth since xp®(t,z) = (Vo) ~1(¢,Us(t,2)) < KPz. Then, by Proposi-
tion 4.3, a strong solution X¢ exists up to a explosion time 7¢(z). Nevertheless, we can
apply It6-Ventzel’s formula to the marginal utility function Uy and X*¢. By the flows com-
position formula (3.6), it is easy to verify that U, (¢, Xf) is solution of the SDE(f1¢, 5¢) and
thus is equal to its unique monotonic solution. As a by-product Xf(z) is a non explosive

monotonic solution of the SDE(u¢, o¢). O

A direct consequence of the previous theorem is the following result:
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Corollary 4.9. Under Assumptions of Theorem 4.8, the marginal utility functions Ux

and V¢ are indistinguishable from

Un(t,a) = V¢ (ua((X0) (@), Viltso) = Unlt, (wp(t,2) (). (4.16)

The optimal consumption along the optimal wealth process is monotonic and is given by

¢ () = Xf(2)p"(t, X{ (2)) = =V, (1, Us(t, X () = =V (1, Y (ua(@))).

4.3.3 Reverse Engineering Problem

These ideas were first developped in [13]. Corollary 4.9 and Theorem 3.2 suggest that
X¢ and Y° should be replaced by "regular " monotonic processes X € Z¢and Y € ).
The composition formula Y; (uz((X:) ™ (2))) = H(t,z) could be interpreted as providing
the solution of a reverse engineering problem, since H is a decreasing random field which
satisfies the marginal utility SPDE of a consistent utility (see Theorem 3.2). In particular,
if Y is regular enough to apply Ito’s Ventzel formula and if the inverse £ of X is a regular

semimartingale associated with the well-defined adjoint operator LX . then the problem

taxs
is solved. The next theorem specifies under which regularity assumption on the SDE’s
coefficients, these conditions are satisfied. The justification is given in Theorem 4.2 and

Proposition 4.3.

Theorem 4.10. Let k € R be a volatility vector and p a positive random field such that
xp(t,z) is increasing. Define o(t,z) = xki(x) and p(z) = rx + o(t,x).nf — xp(t, x),
fi(t,y) = —yre, and 6(t,y) = y(ve(y) —nf), v € RE.

a) Assume the SDE(u, o) in the class S*° so that the unique solution (X;(x)) is monotonic
and its inverse Xy(x) is a regular Ité6 random field.

b) Assume the SDE(ji,) in the class S*>° with monotonic solution Y.

MAIN RESULT For any initial utility function u, the stochastic random fields F and W
are defined by

F(t,2) = Yy (ua (K@), W(t.c) = F(t, (2p(t,2)) " (c)): (4.17)

If F(t,z) and W(t,c) are integrable near to zero, then (F W) is the derivative of a
Ze- strongly consistent stochastic utility system (U, V), and U(t,x) fo (t,2)dz, and
= [ F(t, (zp(t, )" (2))dz, whose extremal processes are X andY .

Remark The assumptions about X may be weakened: we can only assume the SDE(u, o)
in the class 81’5, and the existence of a solution X of the SPDE(ZM, —0d,) associated
with the adjoint operator of X.

Conclusion This paper provides an intuitive and tractable framework of market con-
sistent progressive utilities of investment and consumption, emphasizing the similarities

and the different viewpoints between the backward and the forward approach. The next
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step consists in studying the implications, especially concerning long term economic is-

sues, such as for example long term yield curves modeling. Inspired by the economic

literature, we can provide a financial interpretation of the Ramsey rule that links endoge-

nous discount rate and marginal utility of aggregate optimal consumption at equilibrium.

For such a long term modeling, the possibility of adjusting preferences to new economic

information is crucial, as well as been able of identifying the utility associated to given

extremal processes. This can be achieved by means of consistent progressive utility.
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