
HAL Id: hal-01458129
https://hal.science/hal-01458129

Submitted on 6 Feb 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Geometric Derivation of the Irradiance of Polygonal
Lights

Eric Heitz

To cite this version:
Eric Heitz. Geometric Derivation of the Irradiance of Polygonal Lights. [Research Report] Unity
Technologies. 2017. �hal-01458129�

https://hal.science/hal-01458129
https://hal.archives-ouvertes.fr


Geometric Derivation of the Irradiance of Polygonal Lights

Eric Heitz

Unity Technologies

Abstract

This document shows how to compute the irradiance of polygonal lights. In contrast to other deriva-
tions, this one is based solely on geometric concepts and emphasizes the intuition behind the result.

1 Introduction

The goal of this document is to provide a comprehensive derivation of the formula for the irradiance of
polygonal light sources:

I(v1, .., vn) =
1

2π

n∑
i=1

acos (pi · pj)

 pi × pj
‖pi × pj‖

·

0
0
1

 . (1)

This formula dates back to Lambert [Lam60] and has been widely used in the rendering literature, especially
at the time of radiosity [BRW89].
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Figure 1: A spherical polygon in the hemisphere.

In the following, we assume that v1, .., vn is a spherical polygon (clipped) in the hemisphere of direction
z = [0 0 1]T , i.e. that for each i

• |vi| = 1, and

• vi · z ≥ 0.
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2 Irradiance of Hemispherical Domains

Figure 2 shows that the irradiance of a hemispherical domain SΩ is the fraction of the unit disk covered by
its projection SC :

I =
SC

π
. (2)

where π is the area of the unit disk below the hemisphere. For instance, if a shape covers the unit disk
completely, its projected area is SC = π and its irradiance is I = 1.
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Figure 2: The irradiance of a hemispherical domain is the fraction of the unit disk covered by its projection.

2.1 Proof

The irradiance of a hemispherical domain SΩ is generally defined as the integral of the cosine of these
directions divided by π:

I =
1

π

∫
SΩ

cos θ dω (3)

The cosine factor in the expression can also be seen as the Jacobian of the projection onto the unit disk:

dp

dω
= cos θ, (4)

which allows for changing the integration domain:

I =
1

π

∫
SΩ

cos θ dω (5)

=
1

π

∫
SC

1 dp (6)

=
SC

π
. (7)
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3 Irradiance of a Polygon

In Figure 3, the irradiance of the polygon is given by its projected area on the unit disk (in blue). The
area of this blue region cannot be computed directly. However, it can be decomposed as the sum of several
(signed) areas associated with the edges.
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Figure 3: The blue area is the sum of the (positive) green areas and the (negative) red areas.

3.1 Disk Sectors

Each edge (vi vj) of the polygon defines a disk sector (a “pizza slice”) defined by an angle θij and a normal
nij :

θij = acos(v1 · v2), (8)

nij =
vi × vj
‖vi × vj‖

. (9)

The area of a disk sector is proportional to its angle:

Aij =
θij
2
. (10)
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Figure 4: Disk sectors associated to the edges of the polygon.

Signed Irradiance of a Disk Sector The signed projected area of the disk sector is its area Aij multiplied
by the signed cosine of its normal (nij · z). By dividing the signed projected area by π, we obtain the signed
irradiance of a disk sector:

Iij =
1

π
(nij · z)Aij (11)

=
1

π

(
vi × vj
‖vi × vj‖

· z
)

acos(vi · vj)
2

, (12)

In Figure 4, the signed projected area of a disk sector is positive (green) if its normal points towards the
upper hemisphere and negative (red) otherwise.
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3.2 Irradiance of the Polygon

Finally, as shown in Figure 3, the irradiance of the polygon is the sum of the signed irradiances of the disk
sectors:

I(v1, v2, v3) = I12 + I23 + I13. (13)

By expanding the terms and generalizing the expression we obtain the result of Equation (1).

Comment People often wonder why Equation (1) has a 1
2π factor. We have seen that π is the classic

normalization factor of the irradiance (the area of the unit disk below the hemisphere) and the factor 2
comes from the area of a disk sector in Equation (10) (the angle of the disk sector divided by 2).
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4 Bonus: Irradiance of a Sphere Located in the Hemisphere

The same approach provides intuition for the irradiance of spheres. Let us consider a sphere of radius r,
located at distance d in direction n. The sphere covers a spherical cap, i.e. a disk, of area

A = π
r2

d2
(14)

The irradiance I of the sphere is the projected area of this disk divided by π:

I =
1

π
A (n · z) (15)

=
r2

d2
(n · z). (16)

n

n

Figure 5: The irradiance of a sphere is given by the projected area of the spherical cap covered by the
sphere, which is the area of an ellipse.

Comment 1 The projected spherical cap is an ellipse.

Comment 2 It might be surprising that the irradiance of a sphere depends linearly on the cosine of its
direction. Figure 5 makes it obvious that the area A of the disk is the same whatever its direction. Hence,
its projected area and its irradiance depend only on its direction n.

Comment 3 This derivation is valid only for spheres located entirely in the upper hemisphere. The general
result is more complicated.
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