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MEAN FIELD GAMES: A TOY MODEL ON AN
ERDOS-RENYI GRAPH.

FRANCOIS DELARUE

Laboratoire Dieudonné, Université Nice-Sophia Antipolis et UMR CNRS 7351,
Parc Valrose, 06108 Nice Cedex 02, France.

ABSTRACT. The purpose of this short article is to address a simple ex-
ample of a game with a large number of players in mean field interaction
when the graph connection between them is not complete but is of the
Erdos-Renyi type. We study the quenched convergence of the equilibria
towards the solution of a mean field game. To do so, we follow recent
works on the convergence problem for mean field games and we heav-
ily use the fact that the master equation of the asymptotic game has a
strong solution.

1. INTRODUCTION

Mean field game theory was initiated a decade ago in independent contri-
butions by Lasry and Lions [13} 14} 15] and by Huang, Caines and Malhamé
[10, 11].

The general purpose is to address stochastic differential games with a large
number of players subject to mean field interactions. Numerous works on the
theory have been dedicated to the analysis of the asymptotic formulation
of the game, which is precisely referred to as a mean field game. In his
lectures at College de France, see also the lecture notes by Cardaliaguet
[2], Lions [16] exposed most of the background of the analytical approach.
Since then, alternative strategies, including probabilistic ones, have been
suggested, see for instance [4] or the forthcoming monograph [5], 6] together
with the textbook [1J.

The rationale for regarding the limit under the number of players is pretty
clear: Generally speaking, games with a large number of players are known
to be of a high complexity; because of the underlying mean field struc-
ture, equilibria are expected to be of a somewhat simpler structure in the
asymptotic regime. This is indeed a key feature of mean field particle sys-
tems that, asymptotically, particles are not only statistically identical but
become also independent, this latter fact being usually known as propaga-
tion of chaos, see the seminal lecture notes by Sznitman [18]. Equivalently,
the limiting behavior of a mean field particle system may be summed up
through the dynamics of a sole representative particle interacting with its
own distribution. When recast within games with a large number of players,
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2 FRANCOIS DELARUE

propagation of chaos yields the following picture. First, an equilibrium (or
a solution) of the asymptotic mean field game should consist of a flow of
marginal distributions (1:)o<i<7 accounting for the statistical states of the
population (when in equilibrium) at any time ¢ € [0, 7], where T is the time
duration of the game. Second, it should suffice to focus on a typical player
(or particle) interacting with the flow (u¢)o<t<r instead of regarding the
whole collection of players. Given (u;)o<t<r, the player (or particle) aims
at optimizing some strategy (say for instance its velocity if speaking of a
particle) in order to minimize its own energy, say for instance its kinetic en-
ergy (which directly depends on the velocity) together with some potential
energy (which may include the interaction with the environment). Last, the
Nash condition underpinning the notion of equilibrium says that the envi-
ronment (u¢)o<i<r forms an equilibrium if the best response under the flow
(1t)o<t<r fits (ue)o<e<r exactly, namely if the collection of marginal laws of
the optimal state is (u¢)o<t<r itself. In short, an equilibrium is a fixed point
for an application mapping a flow of statistical distributions onto another
flow of statistical distributions.

From the analytical point of view, fixed points may be characterized as
solutions of a forward-backward system made of two equations, a forward
Fokker-Planck equation and a backward Hamilton-Jacobi-Bellman equation.
The second one accounts for the optimization part in the search of an equi-
librium, whilst the first one is used to solve for the Nash condition. The
probabilistic approach obeys more or less the same principle, as it also relies
on a forward-backward system, but of a somewhat different structure. Pre-
cisely, this forward-backward system reads as a forward-backward stochastic
differential equation of the McKean-Vlasov type. The forward component
provides the form of the optimal trajectories of the stochastic optimiza-
tion problem whilst the McKean-Vlasov condition enforces the fixed point
constraint following from the Nash condition. Whatever the approach, the
key problem is to sort out the forward-backward structure arising in the
characterization. It is indeed known that the Cauchy-Lipschitz theory for
forward-backward systems only applies when 7' is small enough. Rephrased
in our setting, this says that, when T is fixed, equilibria of mean field games
cannot be systematically constructed by a straightforward contraction argu-
ment. Most of the time, it requires another method; for instance, it may be
based on a fixed point theorem without uniqueness. Subsequently, unique-
ness for mean field games is known in very few cases; for example, it holds
true when the coefficients satisfy specific monotonicity conditions, which we
shall illustrate below.

Although there is no specific reason for expecting it to hold true in full
generality, uniqueness is however an important question. When it fails, it
may be a very difficult question to select one of the equilibria. Also, unique-
ness may be very useful for justifying the convergence of equilibria of games
with finitely many players towards solutions of mean field games. Proving
the convergence of finite player games is indeed a difficult problem. When
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the finite player equilibria are taken over open loop strategies, compactness
arguments, without any need for asymptotic uniqueness, may be used, see for
instance [9, 12]; however, this strategy fails when equilibria are computed
over strategies in closed loop form. In the latter case, the only strategy
that has been known so far for tackling the convergence problem requires
uniqueness, see [3]. The idea for doing so goes back to another key object
due to Lions, which is known as the master equation. Whenever unique-
ness holds, the forward backward system used to characterize the solution
of the mean field game (whatever the approach is analytical or probabilis-
tic) may be regarded as the characteristics of a nonlinear PDE set on the
space of probability measures. This latter PDE is precisely the master equa-
tion. Whenever the master equation has a classical solution, say U, see for
instance [3], [7] for solvability results in that direction, convergence may be
proved by letting U act onto the empirical distribution of the equilibria of
the finite player game.

The purpose of this paper is to revisit all these facts, but in a somewhat
different framework of what is usually addressed in the literature. Whilst
the interactions in the finite player system that have been considered so
far are always defined on the complete graph, we here assume that some of
the particles do not directly interact with one another and, more precisely,
that the connections between all of them are given by the realization of
an Erdos-Renyi graph with a non-trivial parameter. In order to simplify,
we focus on a toy model only, for which the structure of the asymptotic
game is not too complex. In this framework, we prove that the limiting
problem is also a mean field game. Taking advantage of the simple form of
the model, we manage to simplify the master equation and to show directly,
with an affordable price, that it has a classical solution. Last, we address the
convergence of the equilibria of the finite player system when the realization
of the graph is frozen. To simplify, we assume that equilibria are taken over
open loop strategies and we make use of the master equation, as explained
above, to pass to the limit.

We present the model in Section 2} The asymptotic game is investigated
in Section [3] The convergence problem is addressed in Section [4]

2. A Toy MODEL

First, we introduce the finite player game we alluded to in the introduc-
tion. For the sake of simplicity, all the particles we consider below live in
R.

2.1. Particle system. In this paragraph, we are given a collection of N
real-valued Brownian motions ((Wti)ogth)i:L...’N, where T is some finite
time horizon and N is a fixed integer. These processes are assumed to be
constructed on a probability space (2, F,P). The filtration generated by
the noises and possibly augmented with an initial o-field Fp, independent
of ((Wti)ogth)i:L...,N, is denoted by (F¢)o<t<T-
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With each index i € {1,--- , N}, we associate a particle (or a player). The
dynamics of player ¢ are of the following linear form:

dX} = ajdt +dW}, te[0,T].

The process (al)o<i<r is called a control. It is required to be (Fy)o<i<r
progressively-measurable and to satisfy the square-integrability condition

T 9
EJ (ai)2dt < 0.
0

Last, the initial conditions (Xé)izly...y N are assumed to be Fy-measurable,
square-integrable, independent and identically distributed.

2.2. Interactions between the particles. With each particle, say i €
{1,--- N}, we associate a cost functional J* depending upon all the control
processes ((a})o<t<T)i=1,-,N- It takes the following form:

T (@Dzrer)ioa,e) = B[ (e - [ o)’

1 i N2 1 e
# [ 5o = [ s@am?) + S ]dt],
o L2 R 2
where ¢y and ¢, are two constants, which we set to 1 for simplicity, that is
cy = ¢g = 1. The functions f and g map R into itself. Generally speaking,
we assume them to be smooth enough, but we prefer not to detail this
assumption at this stage of the paper and to make it clear when necessary
only.

In comparison with models that have been investigated so far, the novel
point is the probability measure ﬂivﬂ. We call it the empirical distribution
of the particles connected to i. 1t is defined as

1 N
_N,i i
iy = — E ey,
N; + X
J=1

where (£%7)1<; j<n is a collection of bits, that it €%/ € {0,1}, satisfying the
symmetry condition N : N

el =g e =0.
In words, the family (¢%/);<; j<n forms an undirected graph between the
particles: ¢ and j are connected if €%/ = 1; in particular i and j are connected
if j and ¢ are connected. Above, IV; is the number of particles connected to

1, namely
N
Ni = Z ghl.
j=1

Whenever N; = 0, we let ,L_Liv " be the null measure. In such a case this is no

longer a probability measure and the action of ﬂiv "on f (or g) is zero.
Here, the potential energy forces i to get closer to some mean state of the

particles connected to ¢. Of course, the form we choose here may not be
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of the most relevant form for practical applications, but it turns out to be
tractable from the mathematical point of view.

Throughout the paper, we assume that the (¢ Ji<i<j<n are the realiza-
tions of independent and identically distributed Bernoulli random variables
of parameter p € (0,1). With a slight abuse of notation, we still denote by
(Ei’j )i<i<j<n the corresponding random variables. So, the graph connect-
ing the particles with one another is a realization of an Erdos-Renyi graph.
It must be stressed that the collection of random variables (Ei’j J<i<j<n is
independent of (X, (W{)o<t<r). To make it clear, we define it on another
probability space (E,G,P). In particular, the realization of the graph is
completely frozen in the computation of the costs (J Z')i:l’... N-

2.3. Notion of equilibria. Of course, each player is willing to minimize its
own energy. This prompts us to introduce the notion of Nash equilibrium.
As mentioned in introduction, several forms of it are conceivable. Here, we
just make use of the simplest version:

Definition 1. A tuple ((a})o<t<r)i=1.. N is said to be a Nash equilibrium
over open loop strategies if, for any i € {1,---,N}, for any other adapted
and square-integrable strategy (B¢)o<t<T, it holds that

Ji((a%,"' aai_l,ﬁt,aiﬂa'“ aaiv)0<t<T) > Ji((a%»"' 7aiv)0<t<T)-

In short, a Nash equilibrium is a consensus between the players: there is
no incentive for any particle to leave the consensus.

In comparison with, Nash equilibria over closed loop strategies (as we
alluded to in Introduction) are taken over strategies of the form (ai =
& (t, X}, -, XN))o<ter for a feedback function ¢' from [0,7] x RN to R.
In the latter case, the dynamics for (X}, -+, X}¥)o<t<T become a stochastic
differential equation. Under appropriate assumptions on the feedback func-
tions, it is well-solvable. If so, we have the same definition as above for a
Nash equilibrium except that, therein, we have to fix the feedback function
¢® instead of the trajectory (a})o<i<7, which makes a difference. In words,
this means that the player may take into account the current states of the
others to update his/her strategy. Although it sounds pretty much realistic,
we feel better not to address this case in this note.

We now introduce the asymptotic formulation. The guess is that there
should be sufficiently many edges connecting i to the rest of the population
to do as if the graph was complete. So, we expect the asymptotic game to
fit a standard mean field game. The solutions of this latter one are given by
the following two step procedure:

First Step. For a fixed flow of probability measures (put)o<t<7, solve the
standard optimization problem

inf  J((w)o<t<r),
(at)ogt<T
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where (ay)o<t<r is an adapted process with respect to the filtration gener-
ated by (Xo, (Wi)oi<r), for (Xo, (Wiost<r) ~ (Xg, (W)o<t<r). Above
the energy functional is given by

T (@osrer) = EB (2o - J]qu(ac)dut)2

[ 30— o) o0

where (X¢)o<t<r solves

t
X = Xy —i—J asds + Wy, te0,T].
0

Second Step. Find (u¢)o<t<r such that the flow of marginal laws of the
optimal process in the first step is (u¢)o<t<r itself.

The reader will easily understand that, with our form of interaction, the
limiting optimization problem in the first step is linear-quadratic. In this
regard, the solution is very simple and is known to be, conditional on the
realization of the initial condition, a Gaussian process. This is one of the
main rationale for the form of the toy model addressed in this note.

Notice also that the asymptotic problem would be of the same form if we
used Nash equilibria over closed loop strategies.

3. MASTER EQUATION

This section is devoted to the analysis of the mean field game.

3.1. Solvability of the mean field game. We first make use of the prob-
abilistic approach initiated in [4]. Solutions of the mean field game may be
characterized through the following forward-backward stochastic differential
equation of the McKean-Vlasov type:

dX; = =Yidt + dWy,
(1) dYy = —(Xy — E[f(X)])dt + ZedWy, t€[0,T],
Yr = Xr — E[g(X7)].

Here we assume as before that the initial condition X of the forward compo-
nent has been prescribed. It is assumed to be Fy measurable and (W;)o<i<r
is assumed to be an (F;)o<t<r-Brownian motion with values in R, for a fil-
tration (F;)o<t<r that may no longer coincide with the one described in the
first section. Here, the typical example for (F;)o<t<r is the filtration gen-
erated by Fop and (Wy)o<i<7. Recall also that the solution of the backward
equation is the pair (Y, Z;)o<t<7, which is also required to be adapted. Basi-
cally, the martingale integrand (Z;)o<i<7 is used to ensure the adaptedness.
It is assumed to be square-integrable.
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We now make use of the very simple form of the system . By the
change of variable (Y; = Y; — X3, Z; = Zy — 1)g<t<7, it may be rewritten as
dX; = — (X, + Y)dt + dW,
dY; = (Y + E[f(Xy)])dt + ZdW,, te[0,T],
Vi = —Elg(X7)]

It is then well checked that (fﬁ)ggtgfp is necessarily deterministic as the
coefficients are purely deterministic. In particular, any solution must satisfy

d .
%(etE(Xt)) = —c'Y,

which permits to express the forward component as

(2) e' Xy = Xo — E(Xp) + 'E(X;) + €Ty,

where (T'y)o<t<7 is the Ornstein-Uhlenbeck process

t
Iy = etJ e’dW,, tel0,T].
0

Finally, the McKean Vlasov forward backward SDE takes the form
dX, = —(Xy +Yy)dt + dW,
Ay, = (Y, + E[f(e™"(Xo — E(Xo)) + E(X¢) + Iy)])dt, te[0,T],
Yr = —E[g(e (X0 — E(Xo)) + E(X7) + T'7)].

Taking the mean and recalling , we deduce the the following proposition,
the proof of which is straightforward.

Proposition 2. The McKean Viasov forward backward SDE s uniquely
solvable if and only if the following deterministic system is uniquely solvable:

dmy = —(my + Y3)dt,
dy; = (Y + E[f(e7'(Xo — E(Xo)) + my + Ty)])dt, tel0,T],
Vr = —E[g(e " (Xo — E(Xo)) + mr + I'7)],
with my = E(Xo) as initial condition, in which case BE(Xy) = my, for all
te[0,T].
By the new change of variable (7m; = e!m; —E(Xp),Y; = e_tfft)ostg’f, the
above system is equivalent to
dim; = —e?Yydt, mg =0,
(3) ay; = eftE[f(eft(Xo +my) + Ft)]dt,
Yr = —e_TE[g(e_T(Xo +mr) + )],

in which case E(X;) = e~ *(m; + E(Xp)). The following proposition provides
conditions under which existence and uniqueness hold true.



8 FRANCOIS DELARUE

Proposition 3. Assume that f and g are non-increasing and Lipchitz-
continuous functions. Then, for any square-integrable initial condition X,
there exists a unique solution to the system .

Proof. The result follows from a standard fact in the theory of forward-
backward systems. It suffices to observe that, when X is given, the functions

Rsxz— —E[f(e”"(Xo+x)+Ty)], te[0,T7,

Rz — —E[g(e*T(Xo +z)+TI7)],
are non-decreasing and Lipschitz continuous. This permits to regard the
system as a deterministic forward-backward system with non-decreasing

and Lipschitz continuous coefficients. It is then known to be uniquely solv-
able, see for instance [17]. O

Actually, we can even prove a more general stability result.

Proposition 4. Assume that  and g satisfy the same assumptions as above.
Then, there exists a constant C' such that, for any two initial conditions Xg

and X|, of the system ,
where (Mg, Y)o<t<r and (M, Y] )o<i<T are the corresponding solutions to
(3)-

Proof. Again, the proof is pretty standard. It consists in regarding the
product ((m; —ms) (Y, — Y;))o<t<r. We compute

d _ 7 _ Yal Y,
=) (7 = )]

= (Y] — V)2
+ et (m) — ) (E[ F(e M (X) +ml) +T4) — E[f (e (X0 + my) + rt)).
Since f is Lipchitz-continuous and non-increasing, we can find a constant
C, only depending on the coefficients, such that

d

L, —m) (] = Y] < —e(V - Ty

+ C|my — my| E[| X4 — Xol],

which yields

S

T
-w@—mMW—m+jeWW—nﬂm
t

T
< — (i — mr) (Y — Vo) + CE[1 X} — Xo] J I, — 17 |ds.
t
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Now, using the fact that g is Lipschitz-continuous and non-increasing,
— (mfp —mg) (Y7 — Y7)
= (mfp — mT)e_T (]E[g (e_T(X(') +mi) + FT)

—~E[g(e (X + 1) +Tr) )
< C|lmfp — mr|E[|X) — Xol].

Recalling that mo = m(, = 0, we end up with

T — —
| e -voras
0

T
< C|lmfp — mp|E[1X) — Xol] + CE[| Xy — Xol] f |, — m|ds.
t

Returning to the forward equation, we deduce that
sup |my; — mj|?
0<t<T
T
< C|lmfp — mp|E[1X) — Xol] + CE[| X — Xol] f |, — m|ds.
t

By a standard convexity inequality, we obtain

sup |my —my| < CE[|X{) — Xol].

o<t<T

Plugging into the backward equation, we easily complete the proof. O

3.2. Master field. The combination of Propositions [3] and [4] permits to
define a Lipschitz continuous mapping

L*(Q,F,P;R) 3 Xy — Yy € R,

which maps the initial condition of the system (/1|) onto the initial value of the
backward component of the system . Remarkably, the Lipschitz property
holds true with respect to the L' norm. Importantly, the right-hand side
only depends on X through its distribution. So, the above mapping may
be regarded as a mere mapping from P(R) into R, namely

V(0,) : P2(R) 3 o = Yo € R,

where the right-hand side is computed for some Xy ~ po. This mapping
is Lipschitz continuous for the 1-Wasserstein distance W; (and so for the
2-Wasserstein distance as well).

Of course, we can easily extend the argument to any initial time ¢y € [0, T]
by initializing the system at time tp. In words, this amounts to initialize
the system at time ty or, equivalently, in shifting it to [0,7 — tp]. The
mapping V(to, ) is then defined as

V(to, ) : PQ(R) 2 o > Y;fo € R,
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where the right-hand side is the solution of the backward equation in ({3),
when this latter one is set on [0,T — to] in lieu of [0, 7], eI and 'z in the
terminal condition being replaced by e’ ~* and I'r—4,, and Xy being some
Fo-measurable random variable with the same distribution as the initial
condition at time ¢y of the system ([I]).

A crucial fact for the analysis of the finite player game equilibria is to
prove that the mapping V is smooth with respect to the measure argument,
or, say to simplify, that the mapping V(0, -) is smooth. This requires to give
first a meaning to the underlying notion of derivative. To do so, we shall
use Lions’ approach to the so-called Wasserstein derivative, as introduced
in [16], see also |2 [5]. This requires to define first the lifting of V(0,-) to
L?(Q, Fo, P; R), namely

V(0, Xo) = V(0, £(X0)),

where £(X) is the law of Xy. We then say that V(0,-) is continuously
differentiable if the lift V(0,-) is Fréchet continuously differentiable. Of
course, this makes sense as long as the space (€2, Fo, P) is rich enough so that,
for any 9 € Po(R), there exists a random variable Xo € L(€2, Fy, P; R) such
that Xo ~ uop. Here, Po(R) is the space of probability measures on R with
a finite second-order moment. So, in the sequel, (€2, Fp, P) is assumed to be
atomless, which makes it rich enough. A crucial point with Lions’ approach
to Wasserstein differential calculus is that the Fréchet derivative of f)(O, ),
which can be identified with a square-integrable random variable, may be
represented at point X as ,1(0, 10)(Xo) for a mapping 0,V(0, o)(-) : R 3
v — 0,V(0,0)(v) € R. This latter function plays the role of Wasserstein
derivative of V(0, ) in the measure argument.

Second-order derivatives may be defined accordingly. The function V(0, -)
is said to be twice continuously differentiable if we can find, for each p €
P2(R), a version of R 3 v — ¢,V(0, u)(v) (which is a priori defined as a
function in L*(R, u;R)) such that Po(R) x R 3 (u,v) — 9,V(0,u)(v) is
continuous, differentiable in v when p is fixed, and differentiable in © when
v is fixed, with jointly continuous derivatives, namely P2(R) x R 3 (u,v) —
0v0,V(0, 1) (v) is continuous and Py(R) xR xR 3 (u,v,v") — 32V(0, p) (v, v")
is continuous (here the variable v" accounts for the second-order derivative
in the direction p).

3.3. Proving the smoothness of V. Generally speaking, the smoothness
of V at order two (which the one we need for writing down the master
equation, see Subsection is addressed in the two papers [3][7] and in the
monograph [6]. The general method consists in proving first that V(¢,-) is a
smooth function of the measure argument for ¢ close to T, or equivalently, in
establishing the smoothness of V(t,-) for ¢ € [0,T"] when T is less than some
small § > 0. In order to so, f and g must be smooth enough, say bounded
and three times differentiable, with bounded derivatives. The idea is then
to show that the solution to varies smoothly with Xo € L?(Q, F,P;R)
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when T' < §; this approach should be regarded as a flow method, but with
an initial condition in a space of infinite dimension. In this regard, the
condition T' £ ¢ plays a key role, as it permits to define the successive
derivatives of the flow as the solutions of differentiated forward-backward
systems. We feel better not to detail the analysis and to refer the reader
to the aforementioned citations. The crux is then to pass from a small
time horizon T to an arbitrary time horizon. This is the point when the
Lipschitz control of V comes in. In [6] and [7], it is shown that, for a
given T' > 0, the analysis of the smoothness of V could be extended from
the neighborhood [T" — 6,T] of the terminal time 7' to the whole [0,T]
by iterating backwards the small time analysis along a sequence of small
intervals of the form [T" — (n + 1)0,T — nd|, with n such that 7" — nd > 0.
Importantly, § can be assumed to be the same throughout the induction.
To make it clear, it must be stressed that the time length ¢, as defined right
above, depends in fact on the Lipschitz constants of f and g with respect to
the law of Xy for the distance W, with the slight abuse that f and g are
seen as functions of the law of Xy. When iterating the small time analysis
as we just described, the terminal boundary condition has to be updated on
any new interval, namely g has to be replaced by V(T —nd, -) when working
on the interval [T — (n + 1)6,T — nd].

For the sake of illustration, we provide an explicit example.
Proposition 5. Assume that f is null and that g is non-increasing, bounded
and smooth, with bounded derivatives. Then, the function V is jointly con-
tinuous. It is differentiable in time and [0V /0t] is jointly continuous. Also,
for any t € |0,T], the function V(t,-) is differentiable with respect to the
measure argument and the function

[0,7] % Pa(R) x R 3 (£, 1, v) > V(L 1) (v)
is bounded and continuous. It is differentiable in the variable v and in the
variable p and the functions
[0,7] % Pa(R) x R 5 (1, 1,0) > 2,0,V (t, 1)(0),
[0,7] x Pa(R) x R x R 3 (£, g, 0,v) > B2V (t, 1) (0,0,
are bounded and continuous.

Proof. If f = 0, the solution of the forward-backward system is given by
the fixed point condition

T
@ mr = JO e TE[g(e™"(Xo +my) + I'r)]dt

= sinh(T)E|g (e*T(Xo +mr) + 7).
In order to compute the derivative of V(0,-), we proceed as follows. We

consider two random variables Xo and Y in L?(Q, F,P; R), with E[|Y[*] < 1
and with (Xo, YY) independent of (W})o<i<r. For e € R, we call (m3, Y )o<i<T
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the solution to ([3)) when (1)) is initialized with Xo + €Y. Since (Y;)o<t<r is
constant in time,

(5) my = —3(e*T = 1)V(0, L(Xo + €Y)).
By Proposition [4]

|me — m| < CeE[|Y]].
Letting er = e~ sinh(T), we have

m§ = sinh(T)E[g(e™"(Xo + Y +m%) + I'r)]
nh(T)E[g(e " (Xo + m} + Y + (m5 —m7)) + )]
= sinh(T )]E[g(e (X + m3) + I'r)]

+ €€TE[ '(e (Xo+ mT) + FT)Y]
+ eTIE[g' (e” T(Xo +mY) + Ir)|(mG —mY)

O(e?),
where the Landau symbol O(e?) is independent of Xy and Y. Recalling that
sinh(T)E[g(e~T (X + m%) + I'r)] = m%, we get
(1= erBlg' (7" (Xo +m) + Tr)]) (5 — )
= cerE[¢' (7T (Xo + M%) + T7)Y] + O(?),

that is, since ¢’ <0,

. 0 El¢' (e (Xo + m}) + T'1)Y|

=0 _ 2
My =M = ST W le T(Xo+ml) +T7)] T O )

Recall from that
V(0,L£(Xo)) = —e e tmd,

which shows that V(0, -) is differentiable with respect to the measure argu-
ment; also, for any p € Po(R) and v € R,

e TE|g (e Tv — elerV(0, 1) + I'7)]
1—erE[g' (e "X — eTerV(0, 1) + T'1)]’

ouV(0, p)(v) = —
It is absolutely obvious to check that 0,V(0, it)(v) can be differentiated once

more with respect to y and v, namely

e STE[g" (e Tv — eTerV(0, 1) + I'1)]
1— eTE[g’ (e_TXo —elerV(0, 1) + FT)] ’

0,0,V(0, 1) (v) = -
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whilst the chain rule yields

6,2))(0, w)(v,v")
_ T, o E[g”(e*TU —elepV(0, 1) + FT)]
= Ta,LLV(O, w)(v') (1 — eTIE[g’ (efTXo — GTGTV(O, 1) + FT)]
N eTE[g' (e*Tv —elepV(0, 1) + FT)]]E[g” (e*Tv —elepV(0, 1) + FT)]>
(1 — eTIE[g’ (e*TXo —eTerV(0, 1) + FT)])2 .

The above formulas can be extended to any time t € [0,77] (instead of the
sole t = 0). It suffices to replace T by T — t, er by er—¢, I'r by I'r—; and
then V(0, ) by V(¢,1). By () and (), it holds that

V(t,p) = —e~(T-1) J E[g (e_(T_t)v —eltep V(t, ) + FT,t)]d,u(v),
R
This prompts us to let

O(t,y) = —e T f Elg (6_(T_t)v —e"ler_yy + Tr¢)|dp(v),
R

for t € [0,T] and y € R. Obviously, ® is continuously differentiable with
respect to y and

0P
&Ty(t,y) = €TtJ Eld (6_(T_t)v — e ey + Lr_¢)|dpu(v) <O0.
R

Notice also from It6’s formula that

®(t,y)

= —e (T (J E[g(e_(T_t)v - eT_teT_ty)]du(v)
R

1 T—t
N QJ f E[¢" (e T Do — T ter_yy + es(Tt)Fs)]€2(s(Tt))du(v)>7
0 R
so that & is continuously differentiable with respect to ¢. Observing that

V(t, p) = @(t, V(t, 1)),

we deduce from the implicit function theorem that, for any p € P2(R), the
function V(-, ) is continuously differentiable. Also, for any ¢ € [0,T].

Ve = (1= Sevem) T vew).

Since V is Lipschitz-continuous in the measure argument, we deduce that
it is in fact jointly continuous. Also, all the derivatives we computed above
are jointly continuous in all their arguments (including time). O
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3.4. Form of the master equation. Returning to and recalling that
(Y; = e'Y})o<i<r, and that (Y; = X; + Y;)o<i<T, We finally end up with the
fact that

Yo = Xo + V(0, £(X0p)),

and more generally, by regarding X; as the initial condition when the system
is restricted to the interval [t,T], we also have

(6) Vi=Xi+Y =X + V(tv ﬁ(Xt))a
which prompts us to let

Ut,z,p) =z +V(t,p), (tx,p)el0,T] xR x Pay(R).
We then claim:

Proposition 6. Assume that V satisfies the conclusion of Proposition [5,
then the function U satisfies the PDE, set on [0,T] x R x P(R),

OU(t,x, 1) — Ut x, 1)Ut x, 1) + %é’glj(t, T, 1)
- j}Ru(t,v,maMu(t,x,u)(v)du(v) +s fR 200 (t, 1) (0) ()

fa fRﬂv)du(v) —0,

for (t,z,pu) € [0,T] x R x Po(R), with the terminal boundary condition

UT 2, p) = 2 — ng<v>du<v>.

Equation is called the master equation of the system . Notice
that, because of the special form of U, the partial derivatives of & in x here
simplify.

Proof. The proof of Proposition [6] consists in expanding (6) by means of
a suitable version of the chain rule for flows of marginal distributions of a
diffusion process, see Lemma [7] and by identifying the expansion with the
backward equation in (T)). O

The following lemma is taken from [5, [7].
Lemma 7. Let (xt)o<t<T be a real-valued Ité process of the form
dXt = 5tdt + th,

where (Bt)o<t<T 1S a real-valued adapted process satisfying

T
EJ BEdt < 0.
0
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Let U : [0,T] x R x P(R) — R satisfy the assumption of Proposition |6
Then, the process (U(t, Xt, L(X¢)))o<t<T expands as an Ité process, namely

AUt X0, £(X0)]
= (@U(t, X, ﬁ(Xt)) + o U (t, X, ﬁ(Xt))ﬁt + %cﬁb{ (t, X4, ﬁ(Xt))

FE[0U(E 7, £(X)) (XA, _y, + %E[avauu(t, v, LX) (X)), )t
+ .U (t, Xy, L(Xy))dWy,
forte|0,T].

4. CONVERGENCE OF THE FINITE GAMES

We now address the validity of the limiting formulation. To do so, we
focus on the case when the equilibria in the finite player game are taken
over open loop strategies, see Definition

Throughout this section, we assume that the conclusion of Propo-
sition [5] holds true.

4.1. First-order condition. Actually, we are going to simplify once more
the problem. Instead of addressing the convergence of the equilibria, we
shall address the convergence of the solutions to the first-order condition
that any equilibria must satisfy. Equivalently, this amounts to say that we
shall not address the existence of the equilibria.

We use the same setting as in Section Namely, we are given a col-
lection of N real-valued Brownian motions ((W{)o<t<7)i=1,.. N, Where T
is some finite time horizon and N is a fixed integer. These processes are
constructed on a probability space (€2, F,P) and the filtration generated by
the noises and possibly augmented with an initial o-field Fp, independent
of ((Wti)ggth)i:L... N, is denoted by (F;)o<t<7. Also, the initial conditions
(Xé)izl,..., ~ are assumed to be Fp-measurable, square-integrable, indepen-
dent and identically distributed.

By the game version of the Pontryagin principle, see for instance [5, Chap.
2], any equilibria must satisfy the following forward-backward system:

dX} = —Yidt + dW},

(8) i i _Ni il 6§ vird
dy; = —(Xt - fR F(x)dil™ (:v))dt + 3z awy,

j=1
for t € [0,T] and ¢ = 1,--- , N, and with the terminal boundary condition

Vi = X = | o @)

As already explained, the solutions of the backward equations are required
to be adapted and the martingale integrands to be square-integrable. By
using the same kind of change of variable as in Section [2] we can “remove”
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the linear term in x in the backward component; thanks to [8], we can deduce
that the above system is uniquely solvable when f and ¢ are bounded and
Lipschitz continuous.

Following the strategy introduced in [3], we let

- Xeal). 2 - (e XEd) <1, teloT]
for i e {1,---, N}, with

(9) = 2 Oxis [0, 7.

The main strategy for addressing the convergence of the solution to (as
N tends to o0) is to consider the distance between (Y )o<t<r and (Y)o<i<T,
which is the purpose of the following claim.

Proposition 8. There exists a constant C, independent of N and of the
realization of the Erdds-Renyi graph, such that

1 & i 112
s (5 2 B[V~ i)

ostsT 1
N N N
< + O LB (v a0 - 5 Satxh) |
1 N N ” i 1 N ; 9
+CJ N; [(1Nl>1§ f(XY) N;ﬂXt)) ]dt

As made clear below, the proof is based on the standard It6 formula,
applied to the function:

uit[O,T]XRdB(t,fL‘l,'--,l‘N)i—)Z/[(t,l'i,ﬂx , fy = 2635]
To do so, we must explain how to compute the (Euclidean) derlvatlves of

u' in terms of the Wasserstein derivative of /. The following is taken from
[3, [7] or [5].

Ot (t, 2ty o aN) = oU (2, @) + %8MU(t,xi,ﬂN)(:ci)
) 1 ) .
amjul(t7ml7"' 7xN) = Nauu(tvxlaﬂ]xv)(x])7 j :+:7’7
6iiui(t,x1, sz = 621/{(75 xi,ﬁiv) + %&,%U(t,mi,ﬂg) (x%)
+ W&ilx[(t,xi,ﬁiv) (2, x%)

= N&;%U(twi,ﬂi\[)( z') + méibl(t,xi,ﬂiv)(xi,:c%
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and

az'ui(tv'xlv T 71‘N) = lava Z/I(t,l‘l,ﬂi\[) (xj)

xd

where, to compute the second-order derivatives, we used the fact that, in our
case, 0.U(t,x, ) is constant (equal to 1) and 0,U(t, x, u)(v) is independent
of x.

Proof. By applymg 1t6’s formula and by implementing the PDE satisfied by
U at point (¢, 2%, i), we get

1Y . , ,

+ N Z auu(t,Xt,ﬂiv)(Xg)(u(t X7, ) - Yg)dt
Yo Z G (. X1, ) (X7, Xt
(xi - f f(:v)dﬂév)dt

+ ZHW}E + Z oU (t, X7, a ) (X )dw .
j 1

Inserting the backward equation satisfied by (Y)o<t<T and recalling that
(Y} =U(t, X}, i¥))o<t<T, We obtain

AV = Y7) = 0. (6. XL i) (¥ =YYt

N
+%Z@ﬂ@ﬂﬂﬁ@%ﬁ—ﬁﬂt
252 (t, X7, i) (X], X})at

N
<fzw ¥ Sy

N

. 1 -y .

+ z(zghzj + 0 (8, X{ i) (X7) — t”)thJ.
=1
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Taking the square and then the expectation, we deduce that there exists a
constant C, independent of N and 4, such that, for all ¢ € [0,T],

dE[|Y) - Y/ "] < CE[|Y - Y/ "]dt

where we used the fact that the derivatives of ¢/ are bounded.
Recalling that Yr} = U(T, X5, 1Y) = Xb — §p 9(x)did (z), taking the
mean over i € {1,..., N} and appeahng to Gronwall’s lemma, we obtain

(4 et o)

0<t<T
1Y 1 1 & 2
(10) < u+C0x% 2 E[<ﬁ 2 (E9(X7) =+ X, 9(x9) |
i=1 =1 j=1
TN 1N y LN 9
vo| N;E[(M;(e TFXD)) - N]Z]lf(Xi)) Jat.
which completes the proof. O

4.2. Almost sure analysis on the graph. We now compute (with a sim-
ilar computation for the term driven by f):

1

Mz

TS

i=1 N; 1

) - 3

<.
Il

1 1y> o gl gy J
§ :E[NZZX NflJ;l el g(X3)g(X4))
(11) o o
" 2 oKl n)|
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Observe that

1 d 1Nzt al i,j 0,0 J 14
) ) (" g(X7)g(XT)
“ =

N
1 In>1 554 .
1) =y D[ e e
je=1t Ni=1 i
N N 2
1 1 N L ,
- 2| (3 X Rtwsstie ) gCxhoxh |
jl=1 i=1""1
and,

(13) - ﬁ[(i M) g g )
N
)

Il

2| o
h
—
TN
==
M=

We claim:

Proposition 9. On (=,G,P), consider a sequence (€"7);=i>1 of indepen-
dent and identically distributed Bernoulli random variables of parameter
pe (0,1). Let ' =0 and e = &l if i > j.

Then, P almost surely,

N N
_ 1 1 N2 L
]\}l—rfloo N2 N Z W]_Ni>1€lu]€27€ =0,
=1 =11
N N
1 1 N
lim — 1——=> —1 Y=0
VRN AN ; N, N=1e ’
where
1S,
Ni=y e
7j=1
Proof. Fix N > 2 and observe, for a given i € {1,---, N}, that the random

variables (¢%7);4; are independent and identically distributed. By Hoeffd-
ing’s inequality,

N;
(14) ve>0, P " —p‘ > e| < exp(-2(N - 1)),
First Step. By (14), we have
N;
Vi > 0, P[\/N - 1‘N - —p‘ > t] < exp(—2¢2),
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from which we deduce that, for any integer g > 1,

N,L' q Cq
_ < 9
E[N—l pH\NW’

for a constant C; only depending on ¢. Hence,

N; q N; q N; N, |a
Bl|y o | <2 Bl o | v Rl - v
N P -1 217 N N-1
(15)
Cq
<7
= N2’

where we allowed the constant C to vary from line to line.

Second Step. By , we also have, for any large enough real k > 1,
precisely for 1/k < p/2,

N-1 N, 1
[ b ] <P < ]
N; N N-1 "k

N; P
N—_-1 P73
(N—l)p2

;)

7

< exp(—

In particular, for any integer ¢ > 1,

N —1\¢ N N-1
E[( )1 | ]g J kWP[ 1n >k]dk
N, N;>1 q o N N;=>1

%

2/p N N — 1)p2
< qJ K9~k + qJ fa-1 exp(—(2)p)dk‘
0 0

24 (N - 1)p2
_ N4 /e
< q + exp( B )

Allowing the constant C, to depend on p, we obtain

(16) E[(j\\é)q1m>1] <C,

By and and by Cauchy-Schwarz inequality,

N 12 N1y, q N; |4 1
= ] =Bl o~ 3« -

pN; N p?
N].N,>1 q Niq 1 Nz
<B[(53) - w1+ sPlly = -2
N, JPT NI Tt iN DT TP EP
Oq
§7Nq/27

where we made use of again to derive the last term in the second line.
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Third Step. We now prove the second claim in the statement of Proposi-
tion [l

1 X 14N
— = 1y
N; NZZN Ni>1
N1 YN Nl 1 Yy
N ; N;(]V]_NZ)I — 5)52’] +p]\7]; WJ _p‘
N N1 1 YN,
N; ‘+pN ]\;—p‘.

Taking the power ¢ and then the expectation under P and appealing to the
conclusions of the two first steps, we get
q _ C,
= N2’

(32
Fourth Step. In order to tackle the first claim, we first observe that

1_72N1N>16

which suffices to conclude.

J=1

Ry P R R e
NZ‘Q N;=1 p2 X N; N;=1 D N; N; =1 D .
By (|16]) and the conclusion of the second step, we deduce that
N? 19 C
T _ < q
E[ ]\/*2.21]\7>1 ‘ ] = N2

We also note that, for any given j + £, the random variables (e%fe" Jitjite

are independent and follow the same Bernoulli distribution of parameter p?.
Therefore, proceeding as in the first step, we have

N
B[4 3o 7] <

In order to complete the proof, it remains to see, in analogy with the third
step, that

N 2
1 N
— ‘1— Z:]\[21N>1€’J£Zz

J=1

In;>1 —

N
0,J 1,0
- egre .
- N -
1=1

Taking the power ¢ and then the expectation under P,

N
1 o3
(e 2 )]<x

j4=1

N22Z

i =1

1 & N2

N
 — 1 bight
NZZ;N N>1€ €
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which yields the result. [l

4.3. Final statement. From now on, we assume that (2, F,P) is equipped

with an infinite sequence of independent Brownian motions ((W})o<t<7)i=1

and with an infinite sequence of identically distributed and independent

initial conditions (X{);>1, both sequences being required to be independent.
Here then is the final statement.

Theorem 10. Assume that f and g are bounded and Lipschitz continuous
and that the conclusion of Proposition[5 holds true.

On (2,G,P), consider a sequence (£9);;=1 of independent and identi-
cally distributed Bernoulli random wvariables of parameter p € (0,1). Let
ebt =0 and €9 = &3 if i > j.

Then, P almost surely,

fim sup E[W (il )?] =0

N—wogt<T
where Wy denotes the 2-Wasserstein distance, (i} )o<i<r is as in () and
(1t)o<t<T 15 equal to (ﬁ(Xt))Ogth, (Xt)o<t<T denoting the forward compo-
nent of the solution to

Proof. By . and ({ ., and by Proposition @], we deduce that there
exists a sequence of random variables (65 )n>1 constructed on (£, G, P) such
that

[ lim oy = 0] =1,

N—w
and

2l (3 2600~ ocx )]

Proceeding sunllarly Wlth the terms driven by f in , we deduce that
1 X . .

17 sup ( EYZ—Y”)séN,

(17) 5o, (v 2EL¥ - ¥iP)

the details of (On)nN>1 being allowed to change from line to line.

For any i > 1, call ((X})o<i<7)i=1 the copy of (X;)o<i<r when driven by
(X5, (W )ogth) instead of (Xo, (Wt)o<t<r), namely

dX} = -U(t, X}, L(X))dt +dW, tel0,T]; X=X

Then, recalling that (Y = U(t, X}, iY))o<i<7 and using the Lipschitz prop-
erty of U in x and p, we have

t t
E[|X] - X])?] < CJ E[|Y;—yg|2]ds+cj E[Wa (i, us)*|ds, te0,T],
0 0

for a constant C' independent of N and t. Above, we used the identity
(1 = L(X}))o<t<r. Taking the mean over i and using (17)), we obtain

t
EWa(p, ] < oy + C | BDV(pY )?lds, te[0.7)
0
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where we let
L
AN
N = N;afg, te[0,T].
i—
This yields
T
sup E[Wa(r )] < o + [ BWa(a, )]
0<t<T 0

As Y in the right-hand side is the empirical distribution of an independent
and identically distributed sample of law pu;, for each t € [0,7], the term
E[Ws (i, ui)?] tends to 0 as N tends to 00. As supgci<r E[Wa (4l , pue)?] <
2 supg<i<r E[| Xt|?] < o0, Lebesgue’s dominated convergence theorem shows
that the integral tends to 0 as well. Hence,

lim sup E[Wa(a), i)' )?] = 0.
N—-0o<t<T

It remains to observe that, in fact,

lim sup E[Wh(iif', )] =0,
N—-0ogt<T

which follows from a uniform continuity argument. Indeed, for any 0 < s <
t<T,

X . . . 211/2
B[ Wali 11)? = Walid || < CE|[Wa@ 1) = Walid )| |
R R 1/2
< CE[WQ(MiV,MiV)Q + Wa (s, MS)Q]
< CE[|X, - X,
< C(t—s),
the constant C being allowed to vary from line to line. O

Acknowledgement. The author is especially grateful to the organizers of
the “Journées MAS 2016” which were held in Grenoble, and in particular
to the local organizers Jean-Frangois Coeurjolly and Adeline Samson and to
the president of the scientific committee, Francis Comets.

REFERENCES

[1] A. Bensoussan, J. Frehse, and P. Yam. Mean Field Games and Mean Field Type
Control Theory. Springer Briefs in Mathematics. Springer Verlag, 2013.

[2] P. Cardaliaguet. Notes from P.L. Lions’ lectures at the Collége de France. Technical
report, https://wuw.ceremade.dauphine.fr/~cardalia/MFG100629.pdf, 2012.

[3] P. Cardaliaguet, F. Delarue, J.-M. Lasry, and P.-L. Lions. The master equation and
the convergence problem in mean field games. Technical report, 2015.

[4] R. Carmona and F. Delarue. Probabilistic analysis of mean field games. STAM Journal
on Control and Optimization, 51:2705-2734, 2013.

[5] R. Carmona and F. Delarue. Probabilistic Theory of Mean Field Games: vol. I, Mean
Field FBSDEs, Control, and Games. Stochastic Analysis and Applications. Springer
Verlag, 2017.




24

(6]

(11]

(12]
(13]
14]
(15]

[16]

(17]

18]

FRANCOIS DELARUE

R. Carmona and F. Delarue. Probabilistic Theory of Mean Field Games: vol. II,

Mean Field Games with Common Noise and Master Equations. Stochastic Analysis

and Applications. Springer Verlag, 2017.

J.F. Chassagneux, D. Crisan, and F. Delarue. McKean-vlasov FBSDEs and related
master equation. Technical report, 2015.

F. Delarue. On the existence and uniqueness of solutions to FBSDEs in a non-
degenerate case. Stochastic Processes and Applications, 99:209-286, 2002.

M. Fischer. On the connection between symmetric N-player games and mean field
games. Technical report, 2014.

M. Huang, P.E. Caines, and R.P. Malhamé. Large population stochastic dynamic
games: closed-loop McKean-Vlasov systems and the Nash certainty equivalence prin-
ciple. Communications in Information and Systems, 6:221-252, 2006.

M. Huang, P.E. Caines, and R.P. Malhamé. Large population cost coupled LQG
problems with nonuniform agents: individual mass behavior and decentralized e-Nash
equilibria. IEEE Transactions on Automatic Control, 52:1560-1571, 2007.

D. Lacker. A general characterization of the mean field limit for stochastic differential
games. Probability Theory and Related Fields.

J.M. Lasry and P.L. Lions. Jeux a champ moyen I. Le cas stationnaire. Comptes
Rendus de I’Académie des Sciences de Paris, ser. A, 343(9), 2006.

J.M. Lasry and P.L. Lions. Jeux & champ moyen II. Horizon fini et contréle optimal.
Comptes Rendus de ’Académie des Sciences de Paris, ser. A, 343(10), 2006.

J.M. Lasry and P.L. Lions. Mean field games. Japanese Journal of Mathematics,
2(1):229-260, 2007.

P.L. Lions. Théorie des jeux a champs moyen et  applica-
tions.  Lectures at the College de France. http://www.college-de-
france.fr/default/EN/all/equ_der/cours_et_seminaires.htm, 2007-2008.

S. Peng and Z. Wu. Fully coupled forward-backward stochastic differential equations
and applications to optimal control. STAM Journal on Control and Optimization,
37:825-843, 1999.

A.S. Sznitman. Topics in propagation of chaos. In D. L. Burkholder et al. , Ecole de

Probabilités de Saint Flour, XIX-1989, volume 1464 of Lecture Notes in Mathematics,

pages 165—-251, 1989.



	1. Introduction
	2. A Toy Model
	2.1. Particle system
	2.2. Interactions between the particles
	2.3. Notion of equilibria

	3. Master Equation
	3.1. Solvability of the mean field game
	3.2. Master field
	3.3. Proving the smoothness of V
	3.4. Form of the master equation

	4. Convergence of the Finite Games
	4.1. First-order condition
	4.2. Almost sure analysis on the graph
	4.3. Final statement
	Acknowledgement

	References

