N

N

Asymptotic geometry of negatively curved manifolds of
finite volume
Francoise Dal’Bo-Milonet, Marc Peigné, Jean-Claude Picaud, Andrea

Sambusetti

» To cite this version:

Frangoise Dal’Bo-Milonet, Marc Peigné, Jean-Claude Picaud, Andrea Sambusetti. Asymptotic ge-
ometry of negatively curved manifolds of finite volume. Annales Scientifiques de I’Ecole Normale
Supérieure, 2019, 10.24033/asens.2413 . hal-01456779

HAL Id: hal-01456779
https://hal.science/hal-01456779
Submitted on 6 Feb 2017

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01456779
https://hal.archives-ouvertes.fr

ASYMPTOTIC GEOMETRY OF NEGATIVELY CURVED
MANIFOLDS OF FINITE VOLUME

F. DAL’Bo, M. PEIGNE, J.C. PICAUD & A. SAMBUSETTI

February 6, 2017

Abstract

We study the asymptotic behaviour of simply connected, Riemannian manifolds
X of strictly negative curvature admitting a non-uniform lattice I'. If the quotient
manifold X = I'\X is asymptotically 1/4-pinched, we prove that T is divergent and
UX has finite Bowen-Margulis measure (which is then ergodic and totally conser-
vative with respect to the geodesic flow); moreover, we show that, in this case, the
volume growth of balls B(x, R) in X is asymptotically equivalent to a purely expo-
nential function c(z)e?®, where § is the topological entropy of the geodesic flow of X.
This generalizes Margulis’ celebrated theorem to negatively curved spaces of finite vol-
ume. In contrast, we exhibit examples of lattices I" in negatively curved spaces X (not
asymptotically 1/4-pinched) where, depending on the critical exponent of the parabolic
subgroups and on the finiteness of the Bowen-Margulis measure, the growth function
is exponential, lower-exponential or even upper-exponential.

AMS classification : 53C20, 37C35
Keywords: Cartan-Hadamard manifold, volume, entropy, Bowen-Margulis measure

1 Introduction

Let X be a complete, simply connected manifold with strictly negative curvature.
In the sixties, G. Margulis [23], using measure theory on the foliations of the Anosov
system defined by the geodesic flow, showed that if I is a uniform lattice of X (i.e.
a torsionless, discrete group of isometries such that X = I'\ X is compact), then the
orbital function of I is asymptotically equivalent to a purely exponential function:

or(z,y, R) = #{y € T | d(z,7y) < R} ~ cr(z,y)e’DF

where §(T') = limp_0o R™'Inv,(z,2, R) is the critical exponent of T', and ~ means
that the quotient tends to 1 when R — oco. By integration over fundamental domains,
one then obtains an asymptotic equivalence for the volume growth function of X:

vx(z, R) = volB(z, R) ~ m(z)e®ME .



It is well-known that the exponent 6(I") equals the topological entropy of the geodesic
flow of X (see [25]) and that, for uniform lattices, it is the same as the volume entropy
w(X) = limsup 4 Invx (z, R) of the manifold X. The function m(z), depending on the
center of the ball, is the Margulis function of X.

Since then, this result has been generalized in different directions. Notably, G.
Knieper showed in [22] that the volume growth function of a Hadamard space X (a
complete, simply connected manifolds with nonpositive curvature) admitting uniform
lattices is purely exponential, provided that X has rank one, that is vx(z, R) < e (X)R
(where f =< g means that 1/A < f(R)/g(R) < A for some positive A, when R > 0).
In general, he showed that vy(z, R) < R e for vank d manifolds; however,
as far as the authors are aware, it is still unknown whether there exists a Margulis
function for Hadamard manifolds of rank 1 with uniform lattices, i.e. a function m(x)
such that vy (z, R) ~ m(x)e?(¥)E even in the case of surfaces. Another remarkable
case is that of asymptotically harmonic manifolds of strictly negative curvature, where
the strong asymptotic homogeneity implies the existence of a Margulis function, even
without compact quotients, cp. [10].

In another direction, it seems natural to ask what happens for a Hadamard
space X of negative curvature admitting nonuniform lattices T (i.e. vol(I'\X) < 00):
is vx purely exponential and, more precisely, does X admit a Margulis function?
Let us emphasize that if X also admits a uniform lattice then X is a symmetric space
of rank one (by [16], Corollary 9.2.2); therefore, we are interested in spaces which do
not have uniform lattices, i.e. the universal covering of finite volume, negatively curved
manifolds which are not locally symmetric.

It is worth to stress here that the orbital function of I' is closely related to the
volume growth function of X, but it generally has, even for lattices, a different asymp-
totic behaviour than vx(x, R). A precise asymptotic equivalence fo vp was proved by
T. Roblin [28] in a very general setting. Namely, he proved that for any nonelementary
group of isometries I' of a CAT(-1) space X with non-arithmetic length spectrum! and
X =T\X, one has:

((l) Uf(xa Y, R) ~ Cf(xa y)e
bundle UX is finite;

(b) vr(z,y, R) = o(R)e®DE where o(R) is infinitesimal, otherwise.

Thus, the behaviour of vp(x, R) strongly depends on the finiteness of the Bowen-
Margulis measure ppar; also, the asymptotic constant can be expressed in terms of ppas

and of the family of Patterson-Sullivan measures () of I', as cp(z,y) = %.

SR 4t the Bowen-Margulis measure on the unitary tangent

In section §4 we will recall a useful criterion (Finiteness Criterion (15), due to Dal’Bo-
Otal-Peigné), ensuring that a geometrically finite group has upy (UX) < oo, hence a
precise asymptotics for vr(z, R) as in (a).

!This means that the additive subgroup of R generated by the length of closed geodesics in X = I'\ X
is dense in R; it is the case, for instance, if dim(X) = 2, or when I is a lattice.



On the other hand, any convergent group I' exhibits a behaviour as in (b), since it cer-
tainly has infinite Bowen-Margulis measure (by Poincaré recurrence, pugy (UX) < oo
implies that the geodesic flow is totally conservative, and this is equivalent to diver-
gence, by Hopf-Tsuji-Sullivan’s theorem). Notice that, whereas uniform lattices always
are divergent and with finite Bowen-Margulis measure, for nonuniform lattices I' di-
vergence and condition (15) in general may fail. Namely, this can happen only in case
I has a “very large” parabolic subgroup P, that is such that 6(P) = 6(T"): we will call
exotic such a lattice I', and we will say that such a P is a dominant parabolic subgroup.
Convergent, exotic lattices are constructed by the authors in [15]; also, one can find
in [15] some original counting results for the orbital function of I' in infinite Bowen-
Margulis measure, more precise than (b).

However, as we shall see, the volume growth function vx has a wilder behaviour
than vp. In [13] we proved that for nonuniform lattices in pinched, negatively curved
spaces X, the functions vr and vx can have different exponential growth rates, i.e.
w(X) # (). In the Example 5.2 we will see that the function vx might as well have
different superior and inferior exponential growth rates w*(X) (notice, in contrast,
that §(T") always is a true limit).

The main result of the paper concerns finiteness of the Bowen-Margulis measure
and an aymptote for the volume growth function of %—pinched spaces with lattices:

Theorem 1.1 Let X be a Hadamard space with curvature —b*> < Kx < —a?, and let
' be a nonuniform lattice of X. If X = I'\X has asymptotically 1/4-pinched curvature
(that is, for any € > 0, the metric satisfies —ki < Kx < —k% with /<:_2F < 4k% 4+ €
outside some compact set Ce C X ), then:

(i) T is divergent and the Bowen-Marqulis measure ppgy of UX is finite;

(ii) wh(X) = w™ (X) = 6(I');

(iii) there exists a function m(x) € LY(X) such that vx(z,R) ~ m(x)e?DE where
m(x) is the lift of m to X.

From (i) it follows that the geodesic flow of any asymptotically i—pz’nched, negatively
curved manifold of finite volume is ergodic and totally conservative w.r. to ppnr, by
Hopf-Tsuji-Sullivan Theorem (see [31], [28]), contrary to the case of general negatively
curved manifolds of finite volume (e.g., those obtained from convergent lattices).
Condition (iii) also implies that volume equidistributes on large spheres, i.e. the volume
v (x, R) of annuli in X of thickness A satisfies the precise asymptotic law:

v&(z, R) ~ 2m(z) sinh(A§(T)) ()7

Notice that the above theorem also covers the classical case of noncompact symmetric
spaces of rank one (where the proof of the divergence and the asymptotics is direct).



One may wonder about the meaning of the %—pinching condition. This turns out
to be an asymptotic, geometrical condition on the influence and wildness of maximal
parabolic subgroups of I' associated to the cusps of X = I'\ X. Parabolic groups, being
elementary, do not necessarily have a critical exponent which can be interpreted as a
true limit; rather, for a parabolic group of isometries P of X, one can consider the
limits

§T(P) = limsup 1 Invp(z, R) 07 (P) = liminf 1 Invp(z, R)
R—o0 R R—oo R

and the critical exponent §(P) of the Poincaré series of P coincides with 67 (P).
Accordingly, we say that a lattice I' is sparse if it has a maximal parabolic subgroup
P such that 67 (P) > 26~ (P) (conversely, we will say that I is parabolically %—pz’nched
if it is not sparse). Such parabolic groups in I', together with dominant parabolic
subgroups, are precisely associated to cusps whose growth can wildly change, and this
can globally influence the growth function of X. Namely, we can prove:

Theorem 1.2 Let X be a Hadamard manifold with pinched, negative curvature
—b? < Kx < —a® < 0. If X has a nonuniform lattice T' which is neither exotic nor
sparse, then I' is divergent with finite Bowen-Margulis measure; moreover, vx =X vr
and X has a Margulis function m(zx), whose projection is L' on X = T\ X.

The divergence and finiteness of the Bowen-Margulis measure in Theorem 1.1
and Theorem 1.2 are both consequence of a critical gap between 6(I') and the ex-
ponential growth rates 67 (P;) of all parabolic subgroups; this will be proved in §4.
In particular, we will see that any lattice ' in a negatively curved, *-pinched space
is never exotic (nor sparse). For this, we will use an asymptotic characterization
of the hyperbolic lattices as the only lattices in spaces X with pinched curvature
—b? < Ky < —a® realizing the least possible value for the topological entropy of
X =TI'\X, ie. satisfying 6(I') = (n — 1)a. In the compact case, this result can be
deduced from Knieper’s work on spherical means (following the proof of Theorem
5.2, [22]), or from Bonk-Kleiner [4] (for convex-cocompact groups); on the other hand,
see [27] for a complete proof in the case of non-uniform lattices and the analysis of the
new difficulties arising in the non-compact case.

The existence of the Margulis function in Theorems 1.1 and 1.2 relies on a Count-
ing Formula (Proposition 3.1), proved in §3; the formula enables us to reduce the
computation of vy to the analytic profile of the cusps of X and vr (so, in the last
instance, to T.Roblin’s asymptotics (a)&(b)).

The last part of the paper is devoted to studying sparse and exotic lattices, to
understand the necessity of the i—pinching (or %—parabolically pinching) conditions.
The following result shows that Theorem 1.2 is the best that we can expect for
Hadamard spaces with quotients of finite volume:



Theorem 1.3 Let X be a Hadamard manifold with pinched negative curvature
—b? < Kx < —a® < 0 admitting a nonuniform lattice T.

(i) If T is exotic and the dominant subgroups P satisfy 6(T') = 6T (P) < 26~ (P), then
both vx and vp are purely exponential or lower-exponential, with the same exponential
growth rate w(X) = §(I"). Namely:

o cither upy < 00, and then vy is purely exponential and X has a Margulis function;

® or iupy = 00, and in this case vy is lower-esponential.

The two cases can actually occur, cp. Examples 5.3(a)é(b).

(ii) If T is exotic and a dominant subgroup P satisfies 6(I') = 6T(P) = 26~ (P), then
w(X) = o(T) but in general vx % wvp, and X does not admit a Margulis function.
Namely, there exist cases (Examples 5.4(a)€ (b)) where:

e Lpy < 00, with vr purely exponential and vx upper-exponential;

® Ly = 00, with vr lower-exponential and vx upper-exponential.

By lower- (respectively, upper-) exponential, here, we mean a function f with exponen-
tial growth rate w = limsupp_, %ln f(R), but such that liminfr .. f(R)/e“Tt =0
(resp. limsupg_, o, f(R)/e“ = +00).

We shall see that all these examples can be obtained as lattices in (% — €)-pinched

spaces, for arbitrary € > 0, which shows the optimality of the i—pinching condition.
On the other hand, if " is sparse, one can even have w™(X) > w™(X) > §(T'), and the
Example 5.2 shows that virtually any asymptotic behaviour for vx can occur. Thus,
the case of exotic lattices with a parabolic subgroup such that §+(P) = 2§~ (P) can be
seen as the critical threshold where a transition happens, from functions vp,vx with
same asymptotic behaviour to functions with even different exponential growth rate.
Notice at last that the condition 67 (P) < 26~ (P) is satisfied when Z—i < 1 and that
this last condition implies that the group P is abelian [4].

c
NOTATIONS. Given two functions f,g : Ry — Ry, we will systematically write f < g for R > Ry (or
c
g >~ f) if there exists C' > 0 such that f(R) < Cg(R) for these values of R. We say that f and g are

weakly asymptotically equivalent and write f =4 g when g 2 f —C<V g for R > 0; we will simply write
f =< gand f < g when the constants C' and Ry are unessential. We say that f and g are asymptotically
equivalent and write f ~ g when limg_, o f(R)/g(R) = 1.

We define the upper and lower exponential growth rates of a function f respectively as:

wh(f) =limsup R™'In f(R) and w (f) =w(f) =liminf R~ In f(R)
R—+o0 R—+o00

and we simply write w(f) when the two limits coincide. Also, we will say that f is purely exponential

if f < e“’(f)R, and that f is lower-exponential (resp. upper-exponential) when liminfr— 4o e’:f(};‘));% =0

. R

(resp. limsupy_, | ewaT)R = 400).

Finally, if f and g are two real functions, we will use the notation f #a g for the discrete convolution
h+k=|R/A|

of f and ¢g with gauge A, defined by (f *a ¢)(R) = Z f(hA)g(kEA). We notice here that, for
h,k>1
nondecreasing functions f and g, this is weakly equivalent to the usual convolution, namely

A-(fra0) (R=A) < (Fra) (B) = [ Fa(R=0)dt < 28-(f 52 0) (R+2D)



2  Growth of parabolic subgroups and of lattices modulo
parabolic subgroups

Throughout all the paper, unless otherwise stated, X will be a Hadamard space of
dimension n, with pinched negative sectional curvature V¥ <Ky<—-a?<0.

For z,y € X and £ belonging to the geometric boundary X (oo), we will de-
note [x,y] (resp. [z,£]) the geodesic segment from z to y (resp. the ray from z to &).
We will repeatedly make use of the following, classical result in strictly negative cur-

1 2

vature: there exists €(a, ) = ol log(7=25-) such that any geodesic triangle zyz in X

making angle ¥ = Z,(x,y) at z satisfies:
d(z,y) > d(x,2) + d(z,z) — e(a,?). (1)

Let be(x,y) = lim, ¢ d(z,z) — d(z,y) be the Busemann function centered at &.
The level set OH¢(x)={y | be(x,y) =0} (resp. the suplevel set He(x)={y|be(x,y) >0}
is the horosphere (resp. the horoball) with center ¢ and passing through .
From (1) we easily deduce the following:

Lemma 2.1 For any d > 0, there exists e, = €i(a,d) > €(a, %) with the following
property: given two disjoint horoballs Hy,Hs at distance d = d(Hy, Hs) = d(z1,22)
with z; € OH;, then for any x € Hy and y € Hy we have

d(z,z1) +d(z1, 22) + d(z2,y) — e1(a,d) < d(z,y) < d(x,z1) + d(z1, 22) + d(z2, 7).

Proof. As Kx < —a? and horoballs are convex, for any y € H, the angle
Wy) = £, 22,y satisfies tan¥(y) < m (cp. for instance [29], Prop.8). Then,
we have Z,,z,y > § — 9(y) > 9(d) with ¥(d) > 0 for d # 0, hence, by (1),

d(z,y) > d(z,21) + d(z1y) — €(a,9(d)) > d(z, z1) + d(z1, 22) + d(22,y) — €1(a,d)

for €1(a,d) = €(a,V(d)) + €(a, 5).0
Let d¢ denote the horospherical distance between two points on a same horosphere
centered at £. If ¢ ; : X — X denotes the radial flow in the direction of £, we define:

Lo y) = { inf{t > 0 |de(Veera(),Yee(y)) <1} if be(z,y) = A > 0; @)
S inf{t > 0 [de (e (2), Ye-aly)) <1} if be(z,y) = A <0.

If y is closer to £ than x, let xa = [z, £{[NOH¢(y): then, t¢(x,y) represents the minimal
time we need to apply the radial flow v¢; to the points xao and y until they are at
horospherical distance less than 1. Using (1) and the lower curvature bound Ky > —b?,
we obtain in [13] the following estimate, which is also crucial in our computations:

Approximation Lemma 2.2

There exists ey = €o(a,b) > €(a, ) such that for all x,y € X and £ € X (oc0) we have:

2te(x,y) + |be(x,y)| — 0 < d(z,y) < 2te(x,y) + |be(2,y)] + €0



In this section we give estimates for the growth of annuli in a parabolic subgroup
and in quotients of a lattice by a parabolic subgroup, which will be used later. So, let us
fix some notations. We let A%(z, R) = B (z, R + %) \ B (z,R - %) be the annulus of
radius R and thickness A around z. For a group G of isometries of X, we will consider
the orbital functions

UG(x7y7R) = # (B(va) N Gy) Ué(.%’,y,R) =# (AA('%'7R) N Gy)

and we set vg (7, R) = va(z,z, R), v& (7, R) = v5 (2,7, R) and v5 (2, R) = 0 for A < 0.
We will also need to consider the growth function of coset spaces, endowed with the
natural quotient metric: if H < G, we define d,(g1H, g2 H ) := d(g1 Hz, g Hx) and

vayn (e, R) = #{gH | |gH |, = d.(H,gH) < R}

A A
”é/H(l“,R) = VG/H <$,R+ 5) —VG/H (x,R — 5) .

We will use analogous notations for the growth functions of balls and annuli in the
spaces of left and double cosets H\G, H\G/H with the metrics

de(Hg1, Hgo) := d(Hg1x, Hgox) = |g; ' Hgals

dy(Hg1H,HgoH) := d(Hg Hx, HgoHzx) = |g; 'HgoH|,, .

The growth of the orbital function of a bounded parabolic group P is best ex-
pressed by introducing the horospherical area function. Let us recall the necessary
definitions:

Definitions 2.3 Let P be a bounded parabolic group of X fixing £ € X(o0): that is,
acting cocompactly on X (oo0) —{¢&} (as well as on every horosphere OH centered at &).
Given z € X, let D(P, z) be a Dirichlet domain centered at z for the action of P on X;
that is, a convex fundamental domain contained in the closed subset

D(P,2) = {y € X | d(,y) < d(pa,y) for all p € P}

We set S, = D(P,x) N 0H¢(x) and C, = D(P,x) N He(x), and denote by S,(oco) the
trace at infinity of D(P,z), minus &; these are, respectively, fundamental domains for
the actions of P on 0H¢(x), H(x) and X (c0)—{¢}.

The horospherical area function of P is the function

Ap(z, R) = vol [P\t r (0H¢(x))] = vol [¢¢ r (S:)]

where the vol is the Riemannian measure of horospheres. We also define the cuspidal
function of P, which is the function

Fp(xz,R) = vol [B(x, R) N He(x)]

that is, the volume of the intersection of a ball centered at 2 and the horoball centered
at £ and passing through x. Notice that the functions Ap(x, R), Fp(x, R) only depend
on the choice of the initial horosphere 0H¢(x).



REMARK 2.4 Well-known estimates of the differential of the radial flow (cp. [19]) yield,
when —b? < Kx < —a? < 0,

e vl|<[| die(v) < e |lv]l (3)
Therefore we deduce that, for any A > 0,

—(n— Ap(z, R+ A) —(n—
(n—=1)bA Py < (n—1)aA 4
‘ - Ap(z,R) T ‘ @

The following Propositions show how the horospherical area Ap and the cuspidal
function Fp are related to the orbital function of P; they refine and precise some
estimates given in [13] for vp(x, R).

Proposition 2.5 Let P be a bounded parabolic group of X fixing &, with diam(S,) < d.
There exist C = C(n,a,b,d) and C' = C'(n,a,b,d; A) such that:

R+Db

vp(e,y, R) = Ap! (:c w> VR > be(z,y)+ Ro (5)
! R+1D

v3(x,y, R) ¢ ARt (CE,W) VR > be(x,y)+Ro and YA > Ay  (6)

for explicit constants Ry and Ag only depending on n,a, b, d.

Proposition 2.6 Same assumptions as in Proposition 2.5. We have:

C R Ap(z,t)

Fp(z,R) = dt YR > R, 7
S "

REMARK 2.7 More precisely, we will prove (and use later) that:
C

(i) vp(z,y,R) < Ap' <x,%@’y)) for all R > 0;
CI

(ii) v5(z,y, R) < Ap' <x,%(x’y)) for all A, R>0;

C
(iv) Fp(z,R) < fOR %dt for all R > 0.

As a direct consequence of (7) and (5) we have (see also Corollary 3.5 in [13]):

Corollary 2.8 Let P be a bounded parabolic group of X. Then:
§(P) £ w™ (Fp) S w'(Fp) < max{d"(P),2(6" (P) =6~ (P))} (8)

Proof of Proposition 2.5. Since vp(z,y,R) = vp(y,z,R) and Ap(z,R) =
Ap(y, R—be(x,y)), we can assume that t = be(x,y) > 0. If 2 € 0H¢(y) and d(z, z) = R,
we know by Lemma 2.2 that 2t¢(x,2) +t — e < d(x,2) < 2te(x,2) +t + €, s0

lte(z,2) — &L < €p/2. We deduce that d <¢§ Rt+eg (m),¢§ R—t+eg (z)) < 1, so the
T2 Y



set ¢£,th2+60 (B(z, R) N 9H¢(y)) is contained in the unitary ball BT of the horosphere
OH¢(xz), centered at zt = ¢£,R+152+50 (x). Similarly, if R >t + € then t¢(x,2) > 0,

so de¢ <wg7w(x),wg,w(z)> > 1, and the set wgw (B(z,R) N 0H¢(y)) con-
tains the unitary ball B~ of 0H¢(x™), centered at the point 2= = ¢£,m(az).
We know that, by Gauss’ equation, the sectional curvature of horospheres of )2( is be-
tween a? — b% and 2b(b — a) (see, for instance, [5], §1.4); therefore, there exist positive
constants v~ = v~ (a,b) and v = v (a,b) such that vol(BT) < v* and vol(B~) > v~
Now, let Sy = 1¢(S;) be the fundamental domain for the action of P on 0H¢(y)
deduced from S,. There are at least vp(z,y, R — d) distinct fundamental domains pS,,
included in B(x, R) N 0H¢(y); since the radial flow 1)¢ ; is equivariant with respect to
the action of P on the horospheres centered at £, there are also at least vp(z,y, R —d)
distinct fundamental domains wng (pSy) included in ¢§’w (B(z, R)NOH¢(y)).

We deduce that vp(z,y, R—d)- Ap(z, %) < vt and, by (4), this gives vp(z,y, R) 2
Apl(z, &) for all R > 0. On the other hand, if R > t + €y, we can cover the set

B(xz,R) N 0H¢(y) with vp(x,y, R + d) fundamental domains pS,,, with p € P; then,
again, ¢£,th2760 (B(z, R)N0H¢(y)) can be covered by vp(z,y, R+ d) fundamental do-

mains ¢£,th2760 (pSy) as well, hence we deduce that vp(z,y, R+d)-Ap(z, W) >0,
C
This implies that vp(z,y, R) > A;l(ﬂz, %) for all R >t + Ry, for Ry = ¢y +d and a
constant C' = C'(n,a,b,d).
To prove the weak equivalence (6), we just write, for R + % >t + Ry:
c1 B C
R+t+A/2 R+t—A/2
Ap (B552) - Ap (522)
C—le(nfl)a% _ Cef(nfl)a% R+t
—2sinh |=(n — 1)aA —InC |- A5 [ ——
T A i 4 (%5

again by (4), if A > Ay = (il_nl(;a. Reciprocally, we have for all R, A > 0:

vp (@, y, R) = vp (2,9, R+A/2)—vp (z,y, R—A/2) >

C - C'(n,a,b,d; A)
Ap (x, 7R+t"2ﬂ/2> T Ap (=, M)

A
—) <
2)_

vp(z,y,R) < vp(z,y, R+
Proof of Proposition 2.6. We just integrate (5) over a fundamental domain C, for
the action of P on H¢(x):

Fp(z, R) Zvol (x, R) N pCy] / ZIBJ;R) pz)dz—/ vp(z,y, R) dy
peEP T peP Ca
so, integrating over each slice V¢ (Sy) by the coarea formula, we obtain

R—Ry
/ / Az <x@> dt < Fp(a,R) & / / Az (x,R+t> dt
0 Ve 1(Sz) 2 0 e, (Sa) 2

(the left inequality holding for R > Ry). By (4), both sides are weakly equivalent to
R
Ap(z,t)

R+t dt, up to a multiplicative constant ¢ = ¢(n,a, b, d).0
o Ap(z,57)

the integral



REMARK 2.9 Thus, we see that the curvature bounds imply that v5(z, R) < vp(z, R)
for A and R large enough. This also holds in general for non-elementary groups I' with

finite Bowen-Margulis measure, as in this case v& (z, R) ~ fﬁiﬂi sinh[50(T")]?ME by

Roblin’s asymptotics. On the other hand, it is unclear whether the weak equivalence
A

vE < ur holds for non-elementary lattices I', when || upas ||= oo.

In the next section we will also need estimates for the growth of annuli in the spaces
of left and right cosets of a lattice I' of X, modulo a bounded parabolic subgroup P.
Notice that, if P fixes { € X(oc), the function vp\p(z, R) counts the number of points
~vx € Tz falling in the Dirichlet domain D(P,z) of P with d(z,vx) < R; on the
other hand, the function vr/p(z, R) counts the number of horoballs vH¢(x) at distance
(almost) less than R from z. It is remarkable that, even if these functions count ge-
ometrically distinct objects, they are weakly asymptotically equivalent, as the follow-
ing Proposition will show. Actually, let H¢ be a horoball centered at the parabolic
fixed point & of P < I'; we call depth(H¢) the minimal distance minp_p d(Hg,vHe).
Then, for S, defined as in Definition 2.3 we have:

Proposition 2.10 Let " be a torsionless, non-elementary, discrete group of isometries
of X, let P a bounded parabolic subgroup of I', and let x € X be fixed. Assume that
max{diam(S;),1/depth(H¢(x))} < d, and let £ be the minimal displacement d(x,vyx) of
the elements v € T whose domains of attraction U*(y,z) = {y | d(v* 'z, y) < d(z,y)}
are included in the Dirichlet domain D(P,x).
There exists a constant 6y = 0g(a,d) such that, for all A, R > 0:
(i) vp (@, R) < v p(x,R) < vpl(x, R);
(i) jop*(z,R) < vpp(z, R) < of(z, R);

A—6o—2¢

(iii) v (z,R) < vlé/P(x,R) < v?”“(x,R);
(iv) jop~ (@, R) < vp\p/p(r,R) < vf(,R).

Notice that (iv) strenghtens a result of S. Hersonsky and F. Paulin on the number
of rational lines with depth smaller than R (cp. [18] Theorem 1.2, where the authors
furthermore assume the condition 0p < dr). Actually, let H¢ be the largest horosphere
centered at £ non intersecting any other yH¢ for v # e, and recall that the depth
of a geodesic ¢ = (£,7€) is defined as the length of the maximal subsegment ¢ C ¢
outside I'He¢. The double coset space P\ (I'-P) /P can be identified with the set of
oriented geodesics (§,v€) of X with v € I'=P. Then, if € 0Hg, the counting function
v]%\(F_P)/P(x, R) corresponds to the number of geodesics of X = I'\X which travel a

time about R outside the cusp C = P\ H¢, before entering and definitely staying (in
the future and in the past) in C.

Proof. The right-hand inequalities in (ii), (iii), (iv) are trivial.
Let us prove (i). We first define two sections of the projections P\I' <~ I — I'/P.
Consider the fundamental domain S, (00) for the action of P on X (c0)—{{} given in 2.3,
and choose for each v € I, a representative 4 of vP which minimizes the distance to x.

10



Then, we set R
F={3|1Per/P}

o= {1 €T',%¢ € Se(00)} U {e}.

We have bijections I' 2 T'/P and Ty & P\T, as Sy(co) is a fundamental domain.
Moreover, every 79 € I'g almost minimizes the distance to x in its right coset P~yp.
Actually, for all v € T' set z(7y) = (§,7§) NOH¢(x) and 2'(y) = (§,7§) NyO0H¢(x); then,
for all p € P we have, by Lemma 2.1

d(z, pyox) > d(z,pz(v)) + d(pz(), p2' (7)) + d(pz'(7), pr02) — €1(a, d) > d(z,Y02) —( C)
9
as d(H¢(x), pyoHe(x)) = d(pz(7),pZ' (7)), for ¢ = 2d + €1 (a, d).
We will now define a bijection between pointed metric spaces i : (P\I', z9) — (I'/ P, z)
which almost-preserves the distance to their base point o = P (with respect to their
quotient distances | - |, = d,(P,-) as seen at the beginning of the section), as follows.
For every v € I we can write v = /W\pfy, for uniquely determined 7 € T and py € P;
given a right coset Py, we take vy € I'g representing P~ and then set i(P7y) := p,, 0.
The map i is surjective. Actually, given vP, we take p € P such that py¢ € S, (00),
so that Py = Py, for 79 = py € ['g; then, we write 7 = %p%, and we deduce that
i(Py) = i(Py) = i(PFop~") = p~ 90 P = p~top;, P = 7P.
We now check that 7 is injective. Given g = Fop, and v = ;’ 0P~ in Ty representing
two right cosets Py and P7/, assume that p, JP = p%:y\’OP. Then, 7€ = p:y\’of
for p = p;olp% € P, which yields py, = p,; as %f,VA’O& € S;(00) and S;(0) is a
fundamental domain for the left action of P; so, 4P = %P, which implies that 7y = f%
too (as [ is a section of I'/P). Therefore, Py = Py = PHopy, = P:y\’op% = P~ =P~
To show that i almost preserves | |, we notice that, given a class Py and writing its
representative in I'g as vo = Fop,,, we have

1Pyle < ole < d(z,302) + d(o, Yopye ) = Yol + [Pyole
while, by (9) and by Lemma 2.1

[PYla > [ole — ¢ > d(@, 2'(%0)) + (2 (70), Fop~o) — €1(a,d) — ¢ > [Folz + [Py le — 2¢
as d(2'(v),7x) < d. On the other hand
[i(PY)|e = [Py Y0 Ple < d(x, pyox) + d(pyo s Py Y0 LP2) = [Pyola + Fola
while, as z(p,70) = Pyo2(J0) and 2’ (p4y50) = Py 2’ (F0), we get by Lemma 2.1
[i(PY)]e = d(z,p,2(Y0)) + d(pyo2(V0): Pre Yo Pz) — €1(a,d) > |pyo |z + Folz — ¢

This shows that |Pvy|, — ¢ < [i(PY)|. < |P7|s + 2¢. We then immediately deduce that
vp\r(z, R —2¢) < vp/p(z,R) < vp\r(z, R+ ¢), as well as (i) for dp = 4c.

11



The proof of the left-hand inequality in (ii) is a variation for annuli of a trick due to
Roblin, cp. [28]. Actually, as L(P) C L(T"), we can choose a ¥ € I" with d(z,yx) = ¢
and such that the domains of attraction U* (¥, z) are included in the domain D(P, z).
Let vp(pa) (7, R) be the number of points of the orbit 'z falling in D(P, ) N B(z, R).
We have:

(2, R) < 0pp ) (, R) + v (2, R) < 205130 (2, R)

since, for vz € A®(z, R), either v € D(P,z), or yyx € D(P,z) and yyz € A2T%(x, R).
As the points of P falling in D(P, z) minimize the distance to  modulo the left action
of P, we also have vg;ﬁi)(x, R) = UI%\JFF%(JU, R), which proves (ii).

Assertion (iii) follows directly from (i) and (ii). To show (iv), we need to estimate
the number of classes vP modulo the left action of P, that is the elements of T such
that x belongs to the fundamental domain D(P, z). We choose an element 7 € I" with
U*(7,z) C D(P,r) as before, and apply again Roblin’s trick to the classes yP. The set
[z can be parted in two disjoint subsets: the subset fl =TnN D(P, ), and the subset
[y:=Tn D(P,x)¢, whose elements 7 then satisfy 45 € D(P,x) and 37|, < [7|. + £.

Then vlé/P(x, R) = vlél (z,R) + vé (z,R) < 21)]%\‘}2/@13(:6, R) and we conclude by (iii).0

3 Orbit-counting estimates for lattices

In this section we give estimates of the orbital function vp(z,y, R) and of vx(R) in
terms of the orbital function of the parabolic subgroups P; and the associated cuspidal
functions Fp, of I'. These estimates will be used in §4 and §5; they stem from an
accurate dissection of large balls in compact and horospherical parts, assuming that
ambient space X admits a nonuniform lattice action.

Let T be a lattice of X. The quotient manifold X = I'\ X is geometrically finite,
and we have the following classical results due to B. Bowditch [8] concerning the
structure of the limit set L(T") and of X:

(a) L(T") = X (00) and it is the disjoint union of the radial limit set L,.q(I") with
finitely many orbits Ly,I" = I'§; U ... U T, of bounded parabolic fixed points; this
means that each & € Ly,G is the fixed point of some maximal bounded parabolic
subgroup P, of I';

(b) (Margulis’ lemma) there exist closed horoballs He , ..., He, centered respec-
tively at &1, ..., &n, such that gHe, N He, = 0 for all 1 <4,j <m and all y € T — P;;

(¢) X can be decomposed into a disjoint union of a compact set K and finitely
many “cusps” Ci,...,Cp: each C; is isometric to the quotient of H¢, by the maximal
bounded parabolic group P; C I'. We refer to K and to C = U;C; as to the compact
core and the cuspidal part of X.

Throughout this section, we fix x € X and we consider a Dirichlet domain D(I", x)
centered at x; this is a convex fundamental subset, and we may assume that D contains
the geodesic rays [z, §;[. Accordingly, setting S; = DNOH, and C; = DNHe, ~ §; xRy,
the fundamental domain D can be decomposed into a disjoint union:

12



D=KUCU---UCp,

where K is a convex, relatively compact set containing z in its interior (projecting to
a subset K in X), while C; and S; are, respectively, connected fundamental domains
for the action of P; on Hg, and 0H¢, (projecting respectively to subsets Ci, S; of X).
Finally, as L(P;) = {&;}, for every 1 < i < m we can find an element 7; € I', with
¢; = d(x,~;x), which is in Schottky position with P; relatively to x, i.e. such that the
domains of attraction U*(v;) = {y | d(v;" x,y) < d(z,y)} are included in the Dirichlet
domain D(P;, x), as in Proposition 2.10

For the following, we will then set d = max{diam(K), diam(S;),1/depth(Hg,),¢;} > eo.

Proposition 3.1 (Counting Formula) )
Assume that z,y € X project respectively to the compact core K and to a cuspidal end
C; of X =T\X. There exists C" = C(n,a,b,d) such that:

[or(z, ) *vp, (2,9, ) (R—Do) X vr(z,, R) X [or(x, ) #vp, (2,9, )] (R+Do) YR>0

for a constant Dy only depending on n,a,b,d.

Proof. We will write, as usual, |y|, = d(x,vx) and |yP|, = d(x,vPx), and choose a
constant A > max{ Ry, Ay, 200+4d}, where Ry, Ag, dy are the constants of Propositions
2.5 and 2.10. We first show that

N
B(z,R)nTy < [ U BGz(N-k)A) N GP)y (10)
k=1 5€eT,[7 <kA

for N = L%J + 2. Actually, let vy € B(x,R) N vHg, and set y; = [x,7§] N yOHg,.
By using the action of the group yPy~! on vHy,, we can find ¥ = yp, with p € B,
such that g; € C;. Since the angle Zy, (x,vy) at g; is greater than 7, we have:

d(z,vy) < d(x, 9i) + d(Gi, vy) < d(z,7y) +é0 < R+ €0
with || < d(x,9;)) +d < R+d+ ey < NA. Then, if kA < |3] < (k+ 1)A, we deduce

d(yz,vy) < d(yi,vy) +d < R+ e — d(z,yz) +2d < (N — k)A

which shows that vy = yp~ly € B(yx, (N —k)A)N(YP,))y = 7 [B(x, (N — k)A) N Py].
Thus, we obtain:

(x,y,R (x,kA) -vp (z,y, (N —k)A) < vr xvp, (R + 2A)

Mz

k=1

This proves the right hand side of our inequality.
The left hand is more delicate, as we need to dissect the ball B(z, R) in disjoint annuli.

So, consider the set fz of minimal representatives of I'/ P; as in the proof of Proposition
2.10. We have:
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N
A%z, R)NTy > || | | A% Bz, (N = k)A)n APy (11)
k=0 el

y
kA — £ <

Al <ka+4
for N = |£] + 1. In fact, given vy = p;y € A2 (Jz, (N—k)A) with 7z € A% (z,kA)
we have again

NA = 2A < A+ d(Az,vy) — 2d — €0 < d(z,vy) < [A] +d(Fz,7y) < NA+ A

as A > 2d + €y, hence vy € A*(z, R). Notice that (11) is a disjoint union, as the
annuli with the same center do not intersect by definition, while for ¥ # 7’ the orbits
Y P,y and 7' P,y lie on different horospheres YH; # 7' H;, which are disjoint by Margulis’
Lemma. From (11) and by Proposition 2.10 we deduce that for all R > 0 it holds:

(z,y, R ZWQ (2, kA) - v (z,y, (N — k)A) (12)

as A > 20;. Now, we set h; = bg,(x,y) and we sum (12) over annuli of radii R, = nA,
and we get:

1 [R]-2 [RI-1 [LE]-1
vr(z,y, R) > 1 U%A (z,y,nA) - vlé/z (x,(n —k)A) (x,y, kA)

n=0 k=0 n>k

[&]-1 [B]-1

c’ R—(k+2)A
> Sor(z,R— (k+2)A) 03 (2,5, kA) - or (2, ,EAjh )8) (13)

hy h Ap, (:C7 )

k>R +1 k== +1

as U%i (x,y, kA) >~ .A;il <x, %) if kA > h; + A > h; + Ry by Proposition 2.5.

Using again Proposition 2.5 and (4), it is easily verified that the expression in (13)
is greater than the continuous convolution wvr(z,-) * vp (x,y,-) (R + 4A), up to a
multiplicative constant CC’A. This ends the proof, by taking Dy = 4A.0

The Counting Formula enables us to reduce the estimate of the growth function
vx to a group-theoretical calculus, that is to the estimate of a the convolution of vp

with the cuspidal functions Fp, of maximal parabolic subgroups F; of I'":

Proposition 3.2 (Volume Formula)
There exists a constant C"" = C"(n,a,b,d,vol(K)), such that:

i

for Dy = Dy(n,a,b,d) as in Proposition 3.1.

)|(R+2Dy) VR>0 (14)

C/// C///
(R-2Dy) < vx(z, R) < l pr

14



Proof. Let h; = d(x, He,); we may assume that the constants Ry, Dy of Propositions
2.5 and 3.1 satisfy Dy > d > diam(K) > h; > Ry. Now call S;(h) = v, 1[Si];
integrating vr(z,y, R) over the fundamental domain D yields, by Proposition 3.1:

vx (x, R+2Dy) :/vp(x,y,R—i—ZDo)dy :/vp(m,y,R—i—QDo)dy —i—Z/vp(x,y,R—i—QDo)dy
K i=17Ci

D
Cu m R+DO t_hi
- Z/ vr (x, R+ 2Dy — t) / / vp, (z,y,t)dy dh| dt
— Jon, hi  JSi(h)

which then gives by Propositions 2.5 and 2.6, as h = be, (z,y) <t — h; <t — Ry,

R+Do m t—h; -AP (,I h)
op (2, R+ 2Dg — t RSN an | dt
/ ( ) [Z n Ap, (x, 50)

R+Dgy—2h; : h.
> / or (CE, R_ t) Z APz (w’jth:szL) ds| dt ~ / ur (m, R — t) Z]:PZ (CE, t)dt.
0 i—170 Ap, <3€, %) 0 ;

Reciprocally, we have vp(z, R — Dy) < vr(z,y, R) < vp(xz, R+ Dp) so again by Propo-
sition 3.1 and Remarks 2.7 we obtain

1

c m R—2Dqg
vx(x, R —2Dgy) < vol(K) - vr(z, R — Dy) + Z/ [/ vr(z, t)vp, (x,y, R — t)dt] dy
i=1 /€ L0

T Rt Api(x,h)
Ap, (3:, W)

as vp,(z,y, R —t) = 0 for R —t < bg,(x,y) = h. This proves the converse inequality,

since vp(x, R — Dy) < vr(x, R — Do) Fp,(Ry) < ﬁ }f:g(? vr(z,t)Fp,(z, R —t)dt.O

dh| dt

Cm R—2D0
=< vp(x,R—DO)—l—/ vr(z,t)
0

i=1"0

As a consequence of the Volume Formula and of Corollary 2.8, we deduce?:

Corollary 3.3 If Fp, are the cuspidal functions of the parabolic subgroups of I':
(i) wH(X)=max{6(T),w" (Fp,),....w" (Fp, )}
(it) wH(X) = w™(X) = 8(T") if I is 1-parabolically pinched.

4 Margulis function for regular lattices
In this section we assume that I' is a lattice which is neither sparse nor exotic.

To prove the the divergence of the Poincaré series of I', we will need a general criterion
which can be found in [11], [14]:

2Part (i) of this corollary already appears in [13], where an upper estimate for vx is proved.
Notice that in [13] we erroneously stated that also w™(X) = max{d(I'),w™ (Fp,),....w™ (Fp,,)}; an
explicit counterexample to this is given in Example 5.2.
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DIVERGENCE CRITERION. Let I' be a geometrically finite group: if 5t (P) < §(I)
for every parabolic subgroup P of I, then I is divergent.

From the divergence, we will then deduce the finiteness of the Bowen-Margulis measure
by the following result, due to Dal’Bo-Otal-Peigné (see [11]):

FINITENESS CRITERION. Let I' be a divergent, geometrically finite group, X = I'\ X.
We have upn (UX) < oo if and only if for every mazimal parabolic subgroup P of T

> d(a, pr)e DU < o, (15)
peEP

Proof of Theorem 1.2. Let I' be a nonuniform lattice of X which is neither
sparse nor exotic. As I' is not exotic, it satisfies the gap property §(P) < (") for

all parabolic subgroups; by the Divergence and Finiteness Criterion recalled in §1, we
cr(z)

deduce that the group is divergent and that g (UX) < co. Therefore vp(z, R) =
S is purely exponential (for some cp(x) depending on T, z). We will now show that
X has a Margulis function.

Let D be the fundamental domain for I' and P; the maximal parabolic subgroup fixing
&; as at the beginning of §3: we call w(z,y, R) = vr(z, vy, R)e*‘S(F)R, so that have

Ux(ZE,R) ’Z)F(:C,y,R) S
S = [ = [ mis ) [ oy may 00

We know that vr(z,y, R) < vr(z, R+ d) < cp(2)e®DF for y € K, so we can pass to
the limit for R — oo under the integral sign in the first term. For the integrals over
the cusps, we have:

(&

a”’ [,UF (ZL', ) *Up, (SC, Y, )](R+DO) CF_(<1)) 6*5(F)t

w(z,y, B) < SR /b&-(r v) Ap (CU _bsi(%y)ﬁ)
7 ’ 03 bl 2

Notice that the dominating function w(x,y) is finite as §+(FP;) < §(I).
We will now show that w(z,y) € L'(C;). With the same notations h; = d(z, He,) and
Si(h) = ¢, 1(S;) as before, we have for all i:

oo 00 —o(I)t oo roo ,—§(I)t (h
/w(x,y)dy:// / - et dydh:/ eiAthr(t)dtdh
¢ hi Jyesiny | Joe, (@) Ap, (x%) ndn Ap (2,25

[e%e} t [e'e]
= / emtl Lh))dh] dt < / e Wt Fp (t)dt (17)
hi hi

htt
h Ap, (2,25

dt = w(x,y)

which converges, as I is not sparse and so w™ (Fp,) < 67 (P;) < §(I'), by Corollary 2.8.
We therefore obtain from (16), by dominated convergence, using Roblin’s asymptotics
vx(z, R) [ e |

li = dy =: .
plim S = et [yl dy = m(a) < +oc

Notice that m(x) defines an L'-function on X = I'\ X, as its integral over D is finite.O
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Proof of Theorem 1.3(i). We assume now that X has an exotic lattice I', with
the dominant parabolic subgroups P;, for i = 1,...,d, satisfying 6 := 6(I') = §+(P;) <
2(67(P;) —¢), for some € > 0. When ppgy (UX) < 0o, the same lines of the above proof
apply: vp(x, R) < cr(x)ef
w(z,y) we again obtain (17); but we need some more work to deduce that, for the dom-
inant cusps P, the integral of e % F, p,(t) converges. So, for every dominant subgroup
P;, we write vp, (z,t) = 0;(t)e’, for some subexponential functions o;(t); so, Ap, (x,t) =
e=20 J0;(2t) for t > Ry. As T is exotic, the dominant parabolic subgroups P; are conver-
gent: actually, for any divergent subgroup I'g < I" with limit set L(T'g) € L(T") one has
d(To) < d(T") (see [12]). Therefore, the Poincaré series of P; gives, for A > Ay > 0

is purely exponential, and for the same functions w(z, y, R),

v (x, kA 00
00 > Z e dd(@,pr) Z % — / 0;(t)dt

peEP; k>1 A

by Proposition 2.5, so the functions o;(t) are integrable. This shows that

() e 0t sb 0
w(z,y) = / — dt = %% (@) / 0i(h +t)dt < 00
be () Ap, (, 05 be, (2.9)

Moreover, as every dominant P; is strictly %—pinched7 we have vp,(x,t) > e3(0+)t for
some € > 0, that is Ap,(z,t) < e~ 0+t for all t > 0. Then Proposition 2.6 yields

fAp,(s) sr [T
——ipds<e R/ e “oi(s+ R)ds for R >0 (18)
0 APz( D) ) 0

hence (17) gives in this case:

00 00 t 00 e}
/ w(z,y)dy g / e Mt Fp (t)dt =< / [/e“oz-(s + t)ds] dt < / e {/ 0i(s + t)dt] ds
Ci h; hi LJO 0 s

which converges, since o; is integrable. We can therefore pass to the limit for R — oo
under the integral in (16), obtaining the asymptotics for vx(x, R) as before.

On the other hand, if uga(UX) = oo, then vr(z, R) = or(R)e’? is lower-exponential,
and by (18) we have Fp (2, R) = f;(R)e’® with fi(R) = OR e “0;(s + R)ds for the
dominant cusps, and f;(R) < e, with € > 0, for the others; in both cases, f; € L,
since the functions o;(t) are subexponential. Proposition 3.2 then gives, for any arbi-
trarily small &/ > 0

vx(z, R R
% < &LR/O vp(:v,t)Z}'pi(R—t)dt</O or(t) Y iR~ t)dt

R
<> N fill, - sup or(t) + [lor [l Z/ filt)dt < 5"(2 ||fi|1+||0r|oo>
i t>5 i JR/2 i

provided that R > 0, since or(t) is infinitesimal and the f; are integrable. This shows
that vx(x, R) is lower-exponential too.O
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REMARK 4.1 We have seen that, if upy(UX) = oo, then vp(z, R) = op(R)e? and
vx(z, R) = ox(R)e’®, where or,ox are infinitesimal, and that Fp,(z, R)= f;(R)e’"
with f; € L'; so,

oon(x’R) o rR
for i <lox < [~ 25 0ar < [ [Tor) 3 firtyaar <focl, -3 141,

and we can say that or is L' if and only if ox is.

Finally, in order to prove Theorem 1.1, we need to recall a characterization of
constant curvature spaces as those pinched, negatively curved spaces whose lattices
realize the least possible value for the entropy. The minimal entropy problem has a
long history and has been declined in many different ways so far; see [21], [4], [9] for
the analogue of the following statement in the compact case, and [27] for a proof in
the finite-volume case:

Theorem 4.2 Let I' be a lattice in a Hadamard manifold X with pinched curvature
—v2 < Kx < —a? < 0. Then 6(T) > (n — 1)a, and §(T') = (n — 1)a if and only if X

has constant curvature —a?.

Proof of Theorem 1.1. Assume that I" is a nonuniform lattice in a i—pinched
negatively curved manifold X, i.e. —b? < Kx < —a? with v < 4a?. If X = HY, then
clearly vx(x, R) < vp(z, R) is purely exponential, X has a Margulis function, and T is
divergent. Otherwise, let P; be the maximal parabolic subgroups of I, up to conjugacy.
By the formulas (4), we know that for all z € X e~("=D0R < Ap (2, R) < e~ (P1ak
so by Proposition 2.5 we have

—1 b(n—1
Wl < (py < atipy < Y
for all P;. Thus, I' is parabolically %—pinched. It follows from Corollary 3.3 that
wh(X) =w  (X) = (). Moreover, for all P; we have

@ <a(n—1) <w(X) =§T)

5H(P) <
where the strict inequality follows by the rigidity Theorem 4.2, since X # HY.
The same argument applies when X is only asymptotically i—pinched7 by replacing
—a?, —b? with the bounds —ki — ¢ < Ky < —k? + € on the cusps C;. Then, T is
also non-exotic, and we can conclude by Theorem 1.2 that I' is divergent, with finite
Bowen-Margulis measure, vx = vr and X has a L! Margulis function m(z).0

5 Examples

In this section we show that all the cases presented in Theorem 1.3 do occurr, by
providing examples of spaces X with exotic or sparse lattices I' which do not admit a
Margulis function, and with functions vr,vx having different behaviour.

If C = P\H¢(0) is a cusp of X =T\X, we write the metric of X in horospherical coor-
dinates on Hg(0) =2 9H¢(0)xR" as g = T'(x,t)*dz* + dt?, for x € 9H¢ (o) and t=0b(o, ).
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We call the function T'(x,t) the analytic profile of the cusp C. The horospherical area
Ap(z,t) is then obtained by integrating 7" !(z,t) over a compact fundamental domain
S for the action of P on 0H¢(o); thus, we have

Ap(z,t) = T (2, 1) for all z € C

(for a constant ¢ depending on X and o). Also, notice that, in the particular case
where T'(y,t) = T'(t), for points x,y belonging to a same horosphere H¢ we have by
the Approximation Lemma 2.2

d(z,y) ~ 27" (d:;i?;)) for R = d(z,y) — oo. (19)

We will repeatedly make use of the following lemma, which is a easy modification
of one proved in [13]:

Lemma 5.1 Letb>a >0, 8> a>0 and € > 0 be given.

There exist D = D(a,b,c, B,¢) > 1 and D' = D'(a,b,a, 8) > 0 such that if [p,q], [r, s]
are disjoint intervals satisfying r > Dq and p > D', then there exist C?, convex and
decreasing functions ¢, e on [p,s| satisfying:

Vtelp,q, ¢e(t)=tle Viep,ql, vet) =t 0t
Viters], o¢t)=tre Vters], ve(t)=tle
Vte ps], tPet < b(t) < toeot and Vte [p,s], tle® < (t) < tYe
Vte[p,s], az—egig—((:))gbz—i—e Vte[p,s], a2—e§7’i€—((tt))§b2—|—e

Example 5.2 Sparse lattices.
Sparse lattices satisfying w™ (X) > 6(I") were constructed by the authors in [13]. Here,
we modify that construction to show that, for spaces X admitting sparse lattices, one
can have w'(X) > w™(X) > §(T") (in contrast, notice that §(T') always is a true limit);
this shows in particular that sparse lattices generally do not have a Margulis function.
We start from a hyperbolic surface Xq = Xo\I' of finite volume, homeomorphic to
a 3-punctured sphere, and, for any arbitrary small ¢ > 0, we perturb the hyperbolic
metric gy on one cusp C = P\ H¢(x) into a metric g. by choosing an analytic profile 7T,
obscillating, on infinitely many horospherical bands, from e~ to e .
Namely, choose a = 1,b > 2 and € > 0 arbitrarily small, and let D, D’ be the constants
given by Lemma 5.1. For M > 1, we define a sequence of disjoint subintervals of
[M4n’M4n+1]:

Do 4+ MAPHL 4 ppintl

nn::M4"2M4" nySnl =
ool = 207, ] i

such that r, > Dqy, pp+1 > Dsy, p1 > D’ (we can choose any M > max{4D —1, \3/5}
in order that these conditions are satisfied). Notice that w € [rn, sn] for all
t € [pn, gn]. Then, by Lemma 5.1, we consider a C?, decreasing function 7T, (t) satisfying:
(i) T.(t) = et for t € [M*=2, M*] U [pp, qn], and T.(t) = e~ for t € [ry, sp);

(i) e <T.(t) <etand —b% —e < T/ (t)/Tc(t) < —1+e.
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Thus, the new analytic profile T,(t) of C coincides with the profile of a usual hyperbolic
cusp on [M*=2 2M4"] and with the profile of a cusp in curvature —b% on the bands
[P, 8n] C [M*™, M4 +1]. We have, with respect to the metric g:

(a) 6T (P) = Q and 6 (P) =

L. by (i) and (ii), because of Proposition 2.5;
(b) wt(Fp) > L+ for 6 = L (2 — 1) > 0, because for R = M4n+!

€ 7t dn —t
Fr(z, R) >/ %dt z/p %dt = e3R. MAne(3- 0P > o3R. a7 (3-1R

n € 2

as pn/R = 47 (20)
(c) w (F ) <1if M > 2, asfor R € [M*F3, M4 we obtain:
R et B
.FP($,R) < /Wdt < ez (21)
0 e_(T)

. 4n+3
since M4t4 > # > M2n > MAnt2.

(d) §(T) is arbitrarily close to 67 (P), let’s say §(I') < 2+, if we perturb the hyperbolic
metric sufficiently far in the cusp C, i.e. if r; > 0 (this is Proposition 5.1 in [13]).

It follows that w™(X) > (). Actually, assume that vp(z, R) = @M=D for ar-
bitrarily small n. By Proposition 3.2 and (20), we deduce that for any R > 0, if
M4n+1 S R < M4n+5

vx(z, R+ 2Dg) > vr(z,) * Fplz,-) (z, R) = OO -mE-M"T) (oM

by taking just the term vr(z, R—t)Fp(z,t)) of the convolution with ¢ closest to M47+1,

5/
where Fp(t) = e )t ag M4"Jrl > R/M* we get vy (z, R+ 2A) = o O@)=n+ 255 R
which gives w™ (X) > 5 () + n being arbitrary.

M4 )
Finally, we show that w™(X) > w™(X). In fact, the cusps different from C being
hyperbolic, we have, always by Proposition 3.2, that w™(X) = w™ (Fp) > % +9.

On the other hand, we know that w™ (Fp) < max{d*(P),2(6"(P) -6~ (P)} =b—1,
by Corollary 2.8; thus, assuming Fp(z,t) < eb=140t for arbitrarily small 7, equation
(21) yields for R = Myp44

M4n+3 R
vx(xz, R —2Dy) < / vp(xz, R —t) - fp(x,t)dt—i—/ vp(x, R —1t) - Fp(z,t)dt
0

M4n+3
MAn+3 R
- / SOIR) | b-1tn)t gy / SR | St g
0 M4n+3
L OMR, b=Tn=sONMIS (G54 G R

being & < §(I') < & + 2 and M43 = £ Hence w(X) < b +6 <wr(X), if M >0
and 7 small enough.
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Examples 5.3 Ezotic, strictly %—pambolz’cally pinched lattices.

We say that a lattice I is strictly %—pambolz’cally pinched when every parabolic sugroup
P < T satisfies the strict inequality 67(P) < 26~ (P). Let X = I'\X as before; we show
here that, for I' exotic and strictly %—parabolically pinched, the following cases which
appear in Theorem 1.3 do occur:

(a) upm(UX) = 0o and vy is lower-exponential;

(b) pppm(UX) < 0o and vy is purely exponential.

We start by an example of lattice satisfying (a).
In [15] the authors show how to construct convergent lattices, in pinched negative
curvature and any dimension n; we will take n = 2 here by the sake of simplicity.
In those examples, the metric is hyperbolic everywhere but one cusp C, which has
analytic profile T'(t) = t%e for t > ty > 0, with 8 > 1 and b > 2. Therefore, there
is just one dominant maximal parabolic subgroup P, with Ap(z,t) < T(t) < e, and
ST (P)=0"(P) = %; moreover, the subgroup P is convergent as

bd( ) b o e_%t o0 6_%t OOB
e~3d@rn) < N7y 0 (2, k)e” BF = 7dtx/ 7dtx/t_ dt < co.
= = Er e A

By decomposing the elements of I' in geodesic segments which, alternatively, either go
very deep in the cusp or stay in the hyperbolic part of X, we show in [15] that I is con-
vergent too, provided that t5 > 0. Then, I' is exotic with infinite Bowen-Margulis mea-
sure, and vp(z, R) is lower-exponential by Roblin’s asymptotics. By Theorem 1.3(i),
the function vy is lower-exponential as well, with the same exponential growth rate.

We now give an example for (b).

This is more subtle, as we need to take a divergent, exotic lattice I': the existence of
such lattices is established, in dimension 2, in [15]. Again, the simplest example is
homeomorphic to a three-punctured sphere, with three cusps, and hyperbolic metric
outside one cusp C, which has analytic profile

et fort< A

T(t) =3 e fort € [A,A+ B]|+ D
t3.e P fort>D+A+B

with b > 2 and A, B, D > 0. As before, we have one dominant and convergent maximal
parabolic subgroup P, with §%(P) = ¢~ (P) = &. In [15] it is proved that, according to
the values of A and B, the behaviour of the group I is very different: it is convergent
with critical exponent 6(I') = §*(P), for A > 0 and B = 0, while it is divergent
with 6(T') > §+(P) if B > A. By perturbation theory of transfer operators, it is then
proved that there exists a value of B for which T' is divergent with §(I') = 6 (P)
precisely. Thus, for this particular value of B, the lattice I' is exotic, and has finite
Bowen-Margulis measure by the Finiteness Criterion, as

b b
© te—at ® te— ot
2 :d(x,px)e—é(l“)d(z,pw) = ei)dt < / €
1

o0
7dtx/ t72dt < oo 22
pep 1 AP(ZL', % t3 . e*b% 1 ( )

It follows that vy =< vr is purely exponential, by Theorem 1.3(i).
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Examples 5.4 Exotic, exactly %—pambolz’cally pinched lattices.

We say that a lattice I' is exactly %—pambolically pinched when it is %—parabolically
pinched and has a parabolic sugroup P < I satisfisfying the quality 67 (P) = 26~ (P).
We show here that for an exotic and exactly %—parabolically pinched lattice I', the
following cases can occur:

(a) upy(UX) < oo, with vp purely exponential and vy upper-exponential;

(b) pupnm(UX) = oo, with vr lower-exponential and vy upper-exponential.

We start by (a). Consider a surface with three cusps as in the Examples 5.3, now
perturbing the hyperbolic metric on the cusp C to an analytic profile defined as follows.
First, choose a sequence of disjoint subintervals of [M27", M?"H]

B Pn + M2n+1/2 In + M2n+1

[pnaQn] = [M2n7,U'M2n+1]a [Tnasn] = 5 s ) (23)

and then define, for b > 1 and 0 <y < 1

et fort <A
T(t) e bt fort € [A,A+ B]+ D
T toe st for t € [pn, g

27 e for t € [ry, 5]

with t2F7e % < T(t) < t - e~3! for all t > tg > 0 (in order that the conditions of
Lemma 5.1 are satisfied, it is enough to choose any 0 < p < ﬁ and M > D).

As before, the profile T' gives a divergent, exotic lattice I' for a suitable value of B
and A > 0, with dominant parabolic subgroup P having 67 (P) = % = §(T"), and
6~(P) = %. The Bowen-Margulis measure of I is finite, as (22) also holds in this case;

thus, vr is purely exponential. Let us now show that vx is upper exponential: for every
R = M1 we have, by Proposition 3.2,

R t T.8
vx(x, R+ 2Dg) > [vx(x,-) * Fp(z,-)] (R) x/o vp(z, R —t) [ ; 7,4./?:1(3:& ’S+1)ds} dt
172

R R R
vr(x, R —t) ] n vr(z, R —t)
— | Ap(a, R Y las> | Aple, R Y il d
/0 p(z,s) [ . An S;t) s . p(z,s) 5 Ap(, S;t) s

since ¢, < %. As ST‘H € [rn,sn) if s € [pn,qn) and t € [}—g,R], by the definition of
T(t) < Ap(z,t) on [ry, sy], this yields

an R 2(R-1) an R
vx (z, R) >~ / se” ¢ / Si dt| ds > e%R/ s
g T (s 4 e e R

dn R 14
with / @ds > /1 mdu = R, so vx is upper-exponential.
Pn

M
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Producing examples for case (b) is more difficult; for this, we will need an exotic
lattice I" whose orbital function satisfies vr(o, R) =< %GJ(F)R. Lattices with lower-
exponential growth and infinite Bowen-Margulis measure are investigated in [15], where
a refined counting result is proved, according to the behaviour of the profile functions
of the cusps (the examples in [15] are, as far as we know, the only precise estimates of
the orbital function for groups with infinite Bowen-Margulis measure). Here we only
give the necessary analytic profiles of the cusps in order to have a function vx which
is exponential or upper-exponential, referring to [15] for the precise estimate of vr.
We again start from a hyperbolic surface Xq = Xo\I' with three cusps as in 5.3, and
perturb now the metric on two cusps. We choose b > 2 and 1 +v < 8 < 2+ v, and
define the profiles for C; and Co as

et fort< A
e b forte[A,A+ B]|+ D e ! fort < A
hi(t) = t- e*%t for t € [pn, qn] and - Ty(t) = { tH7e= b fort>> A

t?. et for t € [rp, sp)

for the same sequence of intervals [py, ¢n], [T, Sn] as in (23).

If Py, P, are the associated maximal parabolic subgroups, we have 6~ (P;) = % and
67 (Py) = &, while 67 (P,) = 6= (P,) = & by construction. It is easily verified that these
parabolic subgroups are convergent as v > 0. Again, pushing the perturbation far in
the cusps (i.e. choosing A > 0) and for a suitable value of B, the lattice I" becomes
exotic and divergent; it has two dominant cusps, it is exactly %—parabolically pinched,
and has infinite Bowen-Margulis measure, because (as v < 1)

00 tef%t 00

Z d(z, pz)e dMd@p) / ——dt x/ t77dt = oo
1ty etz 1

pEP:

Accordingly, vr is lower-exponential. In [15] it is proved that the least convergent
dominant parabolic subgroup determines the asymptotics of vr; in this case, the
parabolic subgroup P; converges faster than P, and the chosen profile for Cy then
gives vr(o, R) =< %e‘s(rm, provided that v € (%, 1), cp. [15].

Let us now estimate vx (z, R), for R = M?" 1. Writing Ty (t) = 77 (t)e™% = T_(t)e_%t
so that 7F(¢) = t% on [ry, s,] and 77 (t) =t on [py, ¢,], we compute as in case (a):

vx (x, R+ 2Dg) = (vr(z,-) * Fp, (z //AAPI ;f r(z, R — t)dtds
P1

S R R
// re : = dtds ZegR/ 7 (s) / = ds
o 7F( —+ R—t)1=7 . e (%) 0 s THEENR =)

— SR e RL ds > 7i R2+'Y*ﬁ %R
s e BBR-— | M ‘

n—M
which is upper-exponential as § < 2 + 7.

REMARK 5.5 Notice that in all these examples b can be chosen arbitrarily close to
2a = 2. Thus, by the last condition in Lemma 5.1, the analytic profiles give metrics
with curvature —4a? — e < Ky < —a?, for arbitrarily small ¢ > 0.
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