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Stability analysis of coupled torsional vibration and pressure in oilwell drillstring

system

S. Toumi®®, L. Beji?, R. Mlayeh® and A. Abichou®

2|BISC-EA 4526 Laboratory, University of Evry, Evry, France; bLIM Laboratory, Polytechnic School of Tunisia, La Marsa, Tunisia

To address security issues in oilwell drillstring system, the drilling operation handling which is in generally not autonomous
but ensured by an operator may be drill bit destructive or fatal for the machine. To control of stick-slip phenomenon, the
drillstring control at the right speed taking only the drillstring vibration is not sufficient as the mud dynamics and the pressure
change around the drill pipes cannot be neglected. A coupled torsional vibration and pressure model is presented, and the well-
posedness problem is addressed. As a Partial Differential Equation-Ordinary Differential Equa-tion (PDE-ODE) coupled system,
and in order to maintain a non destructive downhole pressure, we investigate the control stability with and without the damping
term in the wave PDE. In terms of, the torsional variable, the downhole pressure, and the annulus pressure, the coupled system

equilibrium is shown to be exponentially stable.

Torsional vibrations; drilling system; neutral delay; mud pressure; Partial Differential Equation, Ordinary Differential Equation; exponential stability

1. Introduction

In recent years an extensive literature was devoted to
modelling and control of drilling systems (Bailey &
Finnie, 1960; Fridman, Mondié, & Saldivar, 2010; Liu,
Vlajic, Long, Meng, and Balachandran, 2014a; Navarro
& Corts, 2007; Rouchon, 1998; Sagert, Di Meglio, Krstic,
and Rouchon, 2013; Saldivar, Boussaada, Mounier, Iulian,
& Niculescu, 2015; Saldivar, Mondie, Loiseau, & Rasvan,
2011; Toumi, Beji, Mlayeh, & Abichou, 2016a). Despite
the work of Bailey and Finnie of Shell Development
Company which is the first developed experimental and
analytical study on axial and torsional drilling vibra-
tions (Bailey & Finnie, 1960), nowadays many problems
remains open for drilling systems (more details in Jansen,
1993). In fact, the petroleum and gas extraction indus-
try consists in the creation of a borehole several hundred
metres deep in the ground until an oil and gas reservoir
is reached. The main components of drillstring are: drill
collars, drill pipe, and the rock-cutting tool referred to as
drill-bit rotates around its vertical axis. The rotary table
gives the necessary torque to put the system into a rotary
motion at the top of the drillstring. There exits three main
types of instabilities (more details in Jansen, 1993): axial
(bit-bouncing phenomenon) leading to pressure oscilla-
tions in the mud, lateral (whirling phenomenon) due to
an imbalanced drillstring, and torsional vibrations (stick-
slip oscillations).

The torsional dynamic of the drillstring is modelled
by a damped wave equation (Saldivar et al., 2011; Sagert

et al, 2013). The stick-slip phenomenon is a common
type of instability for drilling, which is an undesirable
limit cycle of the drill string velocity yielding potentially
significant damages on oil production facilities. Many
authors applied different strategies to suppress the tor-
sional vibrations. In Sagert et al. (2013), the authors
proposed a control law to avoid undesirable torsional
oscillations of the drillstring in oilwell drilling systems
using flatness approaches and backstepping techniques.
We even refer to Saldivar et al. (2011) in which the authors
proposed the energy function to find a control law that
ensures the energy dissipation during the drilling opera-
tion. The range of stability for the coupled axial-torsional
motions in the presence of state-dependent delay as well
as to investigate the effectiveness of a feedback controller
to suppress torsional vibrations can be found in Liu,
Vlajic, Long, Meng, & Balachandran (2014b). In Toumi,
Mlayeh, Beji, and Abichou (2016b), the authors intro-
duced a control law to avoid the torsional vibrations of
the drillstring in oilwell drilling systems using Lyapunov
theory and backstepping techniques, leading to stability
results. Also, an original model considering time-delay
and stick-slip effects has been presented in Liu, Vlajic,
Long, and Meng (2013).

During drilling operations, the torsional dynamics of
the drillstring depend on a system of fluid mud which
should be injected for the operation. It is called Man-
aged Pressure Drilling (MPD) (Stamnes, Zhou, Kaasa,
& Aamo, 2008). The principal reason for pressure con-
trol is above the pore pressure of the reservoir or the



collapse pressure of the bore hole, and below the fractur-
ing pressure of the bore hole. Numerous researchers were
interested in stabilising the MPD with different meth-
ods (Kaasa, Stamnes, Aamo, & Imsland, 2012; Zoghlami,
Latrach, & Beji, 2015). In Zoghlami et al. (2015) the
authors proposed a finite dimensional model to all fluid
phenomena between the main pump till the fluid outlet
through the annulus. The derivation of an MPD is mod-
elled by the next fundamental equations (Merrit, 1967):
fluid viscosity, equation of state, conservation of mass,
conservation of momentum, and conservation of energy.
Hence, the MPD is governed by five ordinary differential
equations (Toumi et al., 2016a).

The key contribution in this work is to model and to
study the MPD coupled with the torsional drilling sys-
tem in oil-gas industry. First, we prove the well-posedness
of the controlled coupled torsional vibration and pres-
sure proposed model. In a next step, we show the stabil-
ity of the coupled system. To achieve our objectives, we
use the operator theory (Pazy, 2012), the backstepping
techniques and the Lyapunov theory (Kokotovic, 1992;
Skjetne & Fossen, 2004).

The paper is structured as follows: in Section 2, we
recall the PDE as damped wave equation including the
adequate boundary conditions that permits to describe
the torsional vibration problem. Based on the mass bal-
ance method and the momentum balance equation, we
present an MPD model that describes the flow behaviour
in the drillstring and annulus. In Section 3, the controlled
coupled torsional vibration and pressure is proved to be
well-posed. The control objectives which is defined as a
stabilising problem of the controlled coupled torsional-
vibration and pressure at the equilibrium is presented
in Section 4. In Section 5, using d’Alembert transforma-
tion the drillstring distributed parameter model is trans-
formed to a neutral type retarded equation. The control
laws obtained in this section are shown to have a key effect
in the reduction of stick-slip oscillations at the bottom
extremity. We provide simulation results and some con-
cluding remarks in Section 6.

2. Managing coupled torsional vibration and
pressure

2.1 Torsional vibration characteristics

The torsional vibration phenomenon, also known as the
drillstring stick-slip oscillations, constitutes the major
source of failures in drilling operations. It is characterised
by two phases: stick phases, during which the rotation
stops completely, and slip phases, during which the angu-
lar velocity of the tool increases up to two times the nom-
inal angular velocity. These both phenomena occur when

a section of the rotating drillstring is momentarily caught
by friction against the borehole, and then releases.

The rotary drilling system is known in oilwell drilling
processes, and the dynamic of the torsional variable
9(t, ¢) along the drill pipe is described by Sagert et al.
(2013) and Saldivar et al. (2011):
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An appropriate choice of boundary conditions allows
characterisation of torsional waves propagation along the
drillstring. This is introduced in the work of Saldivar et al.
(2011).

e Atthetop (¢ =0)
G]a—ﬁ(t 0) = (Q(t 0) — QU)) (2)
ac ) T el G
e At the bottom (¢ = L)

v 920 v
G]@(f, L)+ Ibﬁ(t’ Ly=-T (E(t’ L))
(3)

where L is the drillstring length, ¢, the sliding torque coef-
ficient, I the inertia at the bottom, G the shear modulus,
I, inertia of the drill pipe, ] the geometrical moment of
inertia, p the drillstring damping, and €2 the control input
which is also the angular velocity due to the rotary table.
The extremity (¢ = L) is subject to a torque on the bit
(Navarro and Corts, 2007; Saldivar et al., 2011)

v oY
T (E(t’ L)) = Cba(t, L)
+WaRput (%(t, L)) sgn <@(t, L))
ot ot

which is a function of the bit velocity such that R, > 0
is the bit radius and W,;, > 0 the weight on the bit. The
terms cb%(t, L) and WobRb,u(%(t, L)) sgn(%(t, L))
represent the viscous damping torque at the bit and
the dry friction torque modelling the bit-rock contact,
respectively. The bit dry friction coefficient is governed
as (Saldivar et al., 2011)

Vb9
1% (t,1)|

BLs _
iz E(t’ L)) =pe+ (s — Heb)e

such that ;g = e € (0, 1) are the static and Coulomb
friction coeflicients, 0 < Y, < 1 is a constant defining the
velocity decrease rate, and the constant velocity v, > 0 is



introduced in order to have appropriate units. Using the
following change of variable (Toumi et al., 2016b):

I
u(t,x) =19 (L\/G:]t’ L(1 —x)) , x€(0,1),

we obtain

0rsu(t, x) = Oeeu(t, x) — Aosu(t, x), x € (0,1) (4)

du(t,1) =1L,/ iSZ(t) - IG]ux(t, 1) (5)
GJ C

a

Oy u(t, 0) = adyu(t, 0) 4+ aF (0,u(t, 0)) (6)

1 u
IGI°’”" T I,

L 1 /G
F(dyu(t,0)) = _G_]T (f\/ T]3tu(t, 0)) ,
= ! du(t,0 ! WuR
__CWG_]I u(t, )—,/G—H oo Rp
1 /GJ
X [k (Z\/Tatu(tvo)) sgn(d;u(t, 0))
in which
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2.2 Mud and slider dynamics

During drilling opertaions, down hole cuttings need to
be transported out of the bore hole. This done by using
a mud circulation system. On board the rig, tanks filled
with drilling mud feed the principal mud pump which
pumps the drilling fluid from the top drive and into the
drillstring. Then, Drill-mud is pumped down the inside
of drill pipe through the drillstring and fate through the
choke. The drill mud transports cuttings out of the well
bore and helps maintain the desired pressure in the well
bore (see Figure 1).

The dynamic of the drillstring stability depends on a
system of fluid which should be injected to bring cuttings
out of the well bore (more discussion about mud in Skalle
(2011)) and amplify the torsional vibrations phenomena.
In drilling process, drilling mud is pumped down the
drillstring and flows through the drill bit in the bottom of
the well. Therefore, the mud flows up the annulus carry-
ing cuttings out of the well. Then, the pressure of fluid in
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Figure 1. Drill mud through the drilling system.

the downhole can be so important and damage whole the
system. To suppress fracturing collapse or influx of flu-
ids surrounding the well, it is important to integrate the
dynamic of the pressure in this study: PDE-ODE control
problem. Hence, the model of the mud part is described
by a finite dimensional system (Toumi et al., 2016a)

Maqpie(t) = Pi(t) — P5(1)
—R(quvit) + g(p1L — p3y(t))

Vi
ZPi() = q1(t) — gvie(t)

B
. av,
Vo +sy(®))P5(t) = Bs [Qbit(t) +q(t) — g3(t) — ?]
y() =0o(t)
v(t) = 13(t)

in which M is the integrated density per cross section,
y(t) € [0, L] is the penetration depth, V3 = Vi + sy(t)
is the crown’s volume such that % = sv(t) in which v is
the penetration rate, q; is the pump flow at the surface, ¢,
describes the amount of flow due to bit-rock interaction, s
is the annular surface, g3 is the flow out of the crown, V; is
the inside the drillstring volume, 8; and B3 are the effec-
tive bulk moduli, gy;; is the flow rate from the tool, P; is
the pump pressure, Ps is the pressure when y =L, p; is the
drilling mud density in the drillstring, and pj; is the annu-
lus fluid density. The total pressure drop due to friction
on the bit is represented by R(qy;t) (Mahdianfar, Pavlov, &
Aamo, 2013). Let us introduce q; = 7, as a control input
in flow. Hence, (7,, 73) is the stabilising control vector
of the mud pressure and the slider position and velocity.



From the next variable change z(¢) =
given below is written as

1
=T the system

Goit(t) = 1P (t) — c1P3(t) — ciR(gpir) + h(z)
Pi(t) = cta(t) — cquin(t)
Py(t) = B3 [qoie (1) + q2(t) — g3(t)] z(t) — Bsz(t)sv (t)
z2(t) = —sz (o (t)
0(t) = t3(¢)

where ¢; = 37, ¢ = &, h(2) = ag(pil = 2(55 — Vo).

2.3 Coupled torsional vibration and pressure

The flow ¢q; in rotary drilling system is written in this
form ¢, = pg,sratz?(L‘/GL] t, L) = €d;u(t,0), where r is

P3St
L

the following coupled PDE-ODE equations:

the bit annular radius and € = A/ % Then, we obtain

Opru(t, x) = Oyeu(t, x) — Aosu(t, x)

du(t, 1) = L\/Gz]SZ(t) — IG]ux(t, 1)

Ca

dpu(t, 0) = adeu(t, 0) + aF (d;u(t, 0))
Guie (t) = c1P (t) — c1P5(t) — c1R(gvir) + h(2)
Pi(t) = cta(t) — cquie(t)
Py(t) = B3 (quie(t) — q3)2(t)
+Bz€diu(t, 0)z(t) — Bsz(t)sv(t)
z2(t) = —sz* (o (t)
o(t) = ().

The main purpose contribution is the study of both tor-
sional and drilling mud occuring along a rotary oil-
well drilling system. The model considered consits of a
damped wave equation (PDE) coupled to an ordinary dif-
ferential equation (ODE). Then, we are going to study the
well-posedness and the stability of the PDE-ODE coupled
equations obtained in which (€2, 7,, 73) as control inputs
from, the injected fluid dynamic 7, the table rotary speed
2 and the slider velocity 3.

3. Well-posedness problem

The aim of this section is to prove the existence and
uniqueness of the controlled coupled torsional-vibration
and pressure using Lumer-Phillips’ theorem and opera-
tor theory (see Coron, 2007; Pazy, 2012). Let T > 0, the
solution of the Cauchy problem is written in this form

O u(t, x) = Oxu(t, x) — Adsu(t, x) (7)

oru(t,1) = L\/zsz(t) - IG]ux(t, 1) (8)
GJ C

a

oy u(t,0) = adeu(t,0) + aF (0;u(t,0)) (9)

Goit(t) = 1P (t) — c1P3(t) — c1R(qpie) + h(2)
P(t) = cTa(t) — cquie(t)
Py(t) = Bs(quie(t) — g3)z(t)
+Bseduu(t, 0)z(t) — Bsz(t)sv(t)
z(t) = —sZ2(t)o(t)
o(t) = t3(¢) (10)

u(0,%) = u'(x), (0,x) =u'(x), gi(0) = g3,
P (0) = P, P;(0) = P, z(0) = 2%, 0(0) = 0° (11)

where x € (0, 1), t € (0, T), u®* € K = {u € HY(0,
1),u°(0) = 0}, u! € L*(0, 1). qpy. P, PP, 2° 0° are the
imposed values to the solution at t = 0. Let us consider the
vector space K which is equipped with the scalar product

1
< ul(t, x), u*(t, x) >K=/ u}c(t,x)ui(t,x)dx (12)
0

It is obvious that Kis a Hilbert space. Let us introduce Z =
(T/l(t, -x)a ut(t> x)) u(t> 1)) Ut(t, O)a qbit(t)a Pl(t)> P3(t)> Z(t)>
v(t))T. Equations (7)-(11) can be compactly written as

Z(t) = AZ(t) + H(Z(t)) + f(t) (13)
Z(0) = Zo (14)
where
0 1 00 0 0 O O 0
ey A 00 0 0 0 O 0
kk 0 00 0 O O O 0
kh, 0 00 0 0 0 O 0
A= 0 0 00 0 ¢ —1 O 0
0 0 00— O O O 0 ’
0 0 00 0 0 0 0 —Bsgs
0O 0 00 O O o0 o 0
0O 0 00 O O O O 0




0
0
0
aF (u:(t,0))
H(Z(t)) = —c1R(qbit) + h(z) , and
0
B3qvirz — Baszv + Bsezuy(t, 0)
)
0
0
0
L/ &S()
0
f) = 0
CTy
0
0
T3
for which k; = % <8 (x),. >, kp=—a < §y(x),.>

such that § denotes the Dirac function, (8] (x), u(t, x)) =
—u,(t, 1) and (8y(x), u(t, x)) = —u,(t, 0).

Our purpose in this section is to prove the existence
and uniqueness of system (13)-(14). First, let us consider
the problem (13)-(14) with H(Z) = 0 and f(t) = 0, we
have the next theorem.

Theorem 3.1: The operator A generates a C,y semigroup
e, t > 0 of contractions on H.

Proof: Let X = {Z:u € K, u, € L*([0, 1]), u(t, 1) € R,
w(t,0)eR g e R, PLeR, PReR,zeR, 0 e R}

To show that A generates a Cy semigroup of contrac-
tions on X, it is equivalent to prove that the operator A is
dissipative and (I — A) is surjective. Let us introduce

Z' = (u'(t, x), ul (t, x), u' (£, 1), 4} (¢, 0), g, (1),
xPl(t), P (t), 2" (t), 0" ()"

and

7% = (U (t, x), u>(t, x), u*(t, 1), ul(t, 0), gi, (1),
x PL(t), P3(t), 2% (t), v*(t)"

The vector space X is equipped with the inner product

<Zl, Z)x = (W' )k + (uf, uf) 20,1
+(ul (¢, 1), w8, D)rA-(uy (8, 0), 47 (£, 0))r
+{dbie> 9ot ())& + (PL (1), PH()m
+(P3 (1), PF(D))r + (21 (1), 2 (D))

We denote by ||. || the norm in X associated with this scalar

product.
Let A: D(A)CX — X be the linear operator defined by

DA)={ZeX, uec H*0,1),u; € K, u.(t, 1) =
ux(ta 0) = 0’ u(t7 ]-) € R’ ut(ta O) € R7 qbit € R? Pl €
R,BeR,zeR,v € R}.

We have

u(t, x) u; (t, x)

u (t, x) Ouxt(t, x)—Aus (£, X)

u(t, 1) —%ux(t, 1)

ur (t, 0) au,(t,0)

Al g, ) | = 1P (t) — 1 Py ,VZ e D(A)

Pll (t) —Cqbit

P;(1) —B3qs()z(1)
2 (1) 0

o' (t) 0

The operator A satisfies

1
< AZ, 7 >x = —A/ ufdx+ (c1 — )P () git
0
—c1Paguic — B3q3(t)z(¢)Ps

Physically ¢; < ¢, then <AZ, Z > x < 0. This implies that
A is dissipative.

It is obviously to verify that V m = (m;, my, ms, my,
ms, Mg, My, Mg, My) € X, there exists w = (w;, w,, w3,
Wy, W3, We, W7, Wg, We) € D(A) such that w — Aw = m.
Then, D(A) is dense in X and A is closed. Hence, using
the Lumer-Phillips theorem, A is the infinitesimal gen-
erator of a strongly continuous group of isometries S(t),
t € [0, 400),0n X. [ |
Remark 3.1: In this case, for every Z, € D(A), the cauchy
problem

Z(t) = AZ(t), Z(0) = Z,
has a unique solution
Z e C'([0, T]. X) () C°([0. T], D(A))
Now, we are going to prove the existence and unique-

ness of system (13)-(14) such that H(Z) and f(t) are dif-
ferent from zero.

Theorem 3.2: Let f € L'([0, T], X) and Zy € D(A), then
the problem Z(t)=AZ(t)+ HZ) + f(t) has a unique
solution

Z e ([0, T].X) () C°([0. T]. D(A))
given by:
t
Z(t) = S(t)Z(0) +/ St —$)(H(Z(s)) + f(s))ds
0

To prove Theorem 3.2, we need the following lemmas:



Lemma 3.1: The nonlinear operator H(Z) is dissipative
and locally Lipschitz.

Proof: As at first, it is obvious that H(Z) is locally Lips-
chitz. Second, we will prove that H(Z) is dissipative. We
have

(H(Z(t))), Z(t))x = aF (u(t, 0))u,(t, 0) — c1R(Gbit)gbit
+h(2)qvit + B3qvirzPs — BsszoPs
+Bsezuy(t, 0)P; — sz’

= F(u: (t,0))u (¢, 0) — gvit(c1R(gbit)
—h(z) — B3zP;) — sz°v
—B3zP5(sv — €uy (t,0)) (15)

Recall that the nonlinear function F(0u(t, 0)) is written
in this form

F(0u(t,0)) = —G%T (%@am(t, 0)) ,

1
= —ch,/G—Hatu(t, 0)
1
=/ G—HWoth,u(aru(f, 0))
xsgn (%,/ %G,u(t, 0))

where p is given by

n z Ttu(’)

1 /a
= ey + (Usp — Uep)e o, |2/ T 8u(t,0)]
Since gy = ep

(F(@u(t, 0)). du(t,0))g = F(u(t,0))u(t, 0)

1 2
=—0 G—H(atu(t 0))

2 ;«/G,’a,u(r,on)

L %
e Ry <Mcb + ((sp — pep)e

1 /G
X sgn (Z Tjatu(t, 0)) o:u(t, 0)

Hence, (F(0;u(t,0)), o;u(t,0))gr <O0.

As v € [Vmin> Vmax], choosing v such that “’% >
uy(t, 0) guarantees the negativity of the last term in
(15). Further, let us consider the pressure at the annu-
lus such that P; < é[clR(qbit) — h(z)]. Accordingly to
these assumptions, for a minimum slider velocity and a
known behaviour of the annulus pressure P5 with respect

to the flow gy and the slider position z(t), we may guar-
antee that the operator H(Z) is dissipative. Moreover,
H(Z) is locally Lipschitz. |
Lemma 3.2: For any function f € L'([0, T), X), and any
initial condition Zy € D(A), the problem (13)-(14) has at
most one solution in C' ([0, T], X) [ C°([0, T], D(A)).

Proof: Suppose Z; and Z, are two solutions of (13)-
(14) in the class C'([0, T], X)) C°([0, T], D(A)).
Then the difference Z = Z;, — Z, is an element of
C'([0, T], X) (N C°([0, T], D(A)) which satisfies the
next system

{Z(t) =AZ(t) + H(Z(1)) (16)
7(0) =0

Since A and H(Z) are dissipative, we get
(Z(t), Z(t)x = (AZ(1), Z(t))x + (H(Z(£)), Z(t))x <0

Then

1d
Sn I Z@) Ix< 0= Z() Ix=0

Hence, problem (16) has a unique solution Z(f) =
0 for every Zy € D(A), thus proves that Z; =
Z, and shows that (13)-(14) has a solution in
Cl([0, T1, X) (N C°([0, T], D(A)), then this one is
unique. ]
Proof of Theorem 3.2: By applying the two Lemmas
given above and from results given in Theorem 4.2
in Slemrod (1989), Nguyen and Egeland (2004), Pazy
(2012), Coron (2007), it is easy to prove that our system
(13)-(14) has a unique solution. |

4. Stability analysis of the controlled coupled
system

Let 7;(¢t) = %(Q(t) — % %Btu(t, l)). In order to
make easy the stability study of the coupled torsional
vibration and pressure system, we linearise the bound-
ary condition (6) towards the next reference trajectory (as
presented in Sagert et al., 2013)

- AW,
u(t,x) = - % - F(w,;)x + w,t + ug

where w, = d;u(t, x). Then, we find the next system:

O u(t, x) = Ogeu(t, x) — A0su(t, x) (17)

du(t, 1) = 7 (t) (18)



oy u(t,0) = adu(t, 0) + abosu(t, 0) (19)

grit(t) = P (t) — a1 B3 () — c1R(gwir) + h(z)
Pi(t) = cry(t) — cquir(t)
Py(t) = Bs(quie(t) — q3)z(t) + Psedult, 0)z(t)

—Bsz(t)sv(t)
zZ(t) = —sz*(H)o(t)
o(t) = 13(t) (20)

such that b = g—g(w,) and w(t) = O.u(t, 1).
In this subsection, we establish the stability of the con-
trolled coupled torsional vibration and pressure model.

Theorem 4.1: Consider system (17)-(20), and the follow-
ing three control laws

T1(t) = . 1) |:(1 — a)du(t, 0)d,u(t, 0) — abd,u(t, 0)?
— Py (B3(quie(t) — q3(t))z(t) + €B3dyu(t, 0)z(t))
— quit(—c1Ps () — c1R(goir) + h(Z)):|
c—(C
(f) = : Goie (1)

) N
3(t) = BsPs(t)z(t)s + sz (t) (Z(t) 03Vo + plsL>

Then system (17)-(20) is stable at the equilibrium

P3
(07 05 07 0’ /)3VO+,OISL7 O)'

Proof: In order to prove the controlled coupled system
stability, let us introduce the next Lyapunov function:

1
L= %|:/ ((@:u)* 4+ (Bu)?) dx + (du(t, 0))> + coqpy,
0

2
L3 2
+c, PP 4 c3P? + ¢ (z——) + ¢,0
P s &) 03V + p1sL Y

The constants cg, ¢, ¢p3, ¢z, and ¢, are introduced for the
homogeneity of units and in the following we assume that
€q = ¢p = Cp3 = ¢; = ¢, = 1. Hence, differentiating L with
respect to time and using the boundary conditions (18)-
(19), we find

1
L(t) = / Opx Oyt + Oy udyudx + dyu(t, 0)d,u(t, 0)
0

+ Guitgvic + PP + P3Ps

. P3 R
+z|lz——— ] + oo
( Vo + ,01$L>

1
= / O UOxU + 0: Oyt — AO;u)dx
0

+ 0;u(t, 0)d,u(t, 0)
+ Gbitqoic + PP + P3Py

. L3 .
+z|lz— ——— ] +0ov
( p3Vo + ,015L)

1
= —A/ Byu)?dx + dyu(t, 1)1, (t)
0

— (1 — a)d,u(t, 0)du(t, 0) + abd,u(t, 0)*
+ @oic (D) (1 Py (t) — c1P3(t) — c1R(quvit)
+h(2)) + Pi(t) (cta(t) — cqvie(t))

+ Ps(t) (B3 (quit (t) — g3(¢))z(t)
+€B30:u(t, 0)z(t) — Bsz(t)sv(t))

— 522 (t) <Z(t)—ﬁ) v(t))+o(t)T3(t)

1
= —A/ Bu)?dx + du(t, 1)t (t)
0

— (1 — a)d,u(t, 0)du(t, 0) + abd,u(t, 0)*

+ quic(8) (—c1P3 () — c1R(quvit) + h(2))

+ P () (c1quic () + cta(t) — cqpie(t))

+ P5(£) (B3 (quie () —q3 (£))z(t) +€ B30, u(t, 0)z(t))

+o(t) <_,33P3z(1f)5—sz2 t) <Z(t)— moﬁ)

+ 173 (t))

In order to ensure the stability of system (17)-(20), the
following three control laws are chosen:

T1(t) = [(1—a)0su(t, 0)0u(t, 0)—abou(t, 0)2
8tu(t, 1)
— P3(B3(qoit (1) — q3)z(t) + €B30,u(t, 0)z(¢))
— qoit(—c1P3(t) — c1R(qoir) + h(2))]
(c—c)

() = . ot (1)

) : o
73(t) = B3Psz(t)s + sz°(t) (Z(t) 03V + plsL>

Then, we find L(t) < —A fol(atu)zdx. Hence L(t) < 0.
This establish the stability of the controlled system
(17)-(20). ]

5. Neutral-type, delay-coupled torsional
vibration and pressure

This section shows the importance of the backstepping
techniques, and the Lyapunov theory, providing a use-
ful analysis for the stability of the oilwell drilling system



at the bottom extremity. We assume that the damping
A (given in (17)) is zero. We use the d’Alembert’s trans-
formation to the distributed parameter model (17)-(19)
to a difference equation model (neutral-type delay sys-
tem). u(t, x) = n(o) + v(y) is the general solution of
the unidimensional wave equation (17) when A = 0, with
o =t+x,y =t— x. Defining

a(t) = du(t,0) =n(t) + v(t), (21)
as the angular velocity at the drill pipe bottom extremity.
Introducing this into the boundary conditions (18)-(19),
this yields

nt+1) —v(t —1) = 14(t) (22)
N(t) + V() = a((t) — v()) +ab((t) +0(t) (23)
We can write (21) in this form
n(t) =a(t) —v(t) (24)
Plugging (24) into (23), we get

1,)(t)zl—i—b

a(t) — i(')Z(t) (25)
2a

Plugging (25) into (24), we get

l_b't 1"1,‘ (26)
5 a®) + ()

n(t) =

Introducing both the 7 and v expressions in (22), we get
a neutral-type, time-delay drillstring model:

1_b‘(t+1)+ 1"(t+1) 1+b'(t 1)
2 ¢ 22" 2 ¢
1
4t —1) = 1,(t)
2a
Then, we may define the following

a(t) =ab—1Da(t)+a(l+ba(t —2)
—a(t —2) +2ary(t — 1)

Now, the coupled PDE-ODE stability is analysed through

G(t) = a(b— Da(t) +a(l + b)a(t —2)
—G(t —2) + 2ata(t — 1)
Goit(t) = 1P (t) — c1P3(t) — c1R(qoit) + h(z)
Pi(t) = ct5(t) — cqie(t)
Py(t) = Bs(quie(t) — g3(t))z(t)
+eBsB(1)z(t) — Baz()sv (t)

z2(t) = —sz>(t)o ()
0(t) = t6(t).

Let us introduce x; = «, x, = «. Then, we have:

x1(t) = x,(t) (27)

X'z(t) = a(b — 1)X2(t) + 61(1 + b)XZ(t — 2)
—).Cz(t — 2) + 2011'4(1’ — 1) (28)

Quie (1) = 1P (t) — c1P3(t) — ciR(gpie) + h(z) (29)
Pi(t) = ct5(t) — cquic(t) (30)

Bi(t) = B3 (quie(t) — q3(t))z(t)
+eBsxa()z(t) — Brz(t)sv(t)  (31)

z2(t) = —sz* (o (t) (32)

(1) = 16(t) (33)

It is easy to verify that (0,0,0,0,0,
equilibrium of (27)-(33).

In order to avoid a large increase of pressure which
may lead to a plugging phenomenon, the coupled tor-
sional vibration and pressure stabilising problem is sum-
marized in controlling simultaneously the downhole
pressure, the slider’s linear velocity, and the bottomhole
angular velocity.

Theorem 5.1: Let consider system (27)-(33) and the three
control laws given by:

__Ps i
p3VotpisL’ 0) 1S an

1 .
u(t—1)= Z[ —x1(t) — B3Py ()z(t) + al + ¢

—abx,(t) —a(l +b)x,(t —2) + x,(¢t — 2)]
(34)

1
T5(t) = _Z(xZ(t) — 81(qvit, B3, 2))

c—( 1.
+ . qoit () + z§1 (Gvie, Bs, 2).
2 _ P3 _ :
T6(t) = sz°(t) <Z(t) —,03V0 n plsL> +oH—v)+ 5

in which for x = 0, under

u(t, 0) = (0, 0) — x1(0) — eBsPs(t)z(t) + B,
1 2
O T BBON). O
—SP2() — Py(t) (B (qeu (©)
—q3()z(t) — Bsz(t)sv(t))]

¢ (x1, qoit, P3, z,0) =



1
¢1(qoie, P3, 2) = P3(t) — (a(Ibit(t) - R(%it))

h(z)
5]
()= o)
§2(Z) = # such that {(0 0 0 m, 0)
0, £:(0,0, p3Vo+p15L) 0, §2(03V0+p15L) =0, B is a con-

stant different from zero, and s; is a constant positif for
i=0, 1. Then (27)-(33) is exponentially stable.

Proof: To prove this theorem, we use the backstepping
techniques. As at first, let us consider the next sub-system

x1 () = x(t) (35)

P3(t) = Bs(quie(t) — q3(t))z(t)
+€eB3xx(H)z(t) — Bsz(t)sv(t) (36)

% () = a(b— Dx2(t) + a(l + b)x (t — 2)
—Xz(t — 2) + 261T4(t — 1) (37)

We define ¢(x1, guit» P3, 2, v) as a virtual control law
for system (35)-(36). We introduce the Lyapunov func-
tion W = 1 (x} + P}). We differentiate W with respect to
time,

W = x'lxl + p3P3
< —soxf — 51P32 + soxf + (x1 + €B5P32)x; + 51P32
+ P5(B3(quvic — q3)z — B3zsv)

Hence, we select the virtual control law

1
T () + €BsPy(D)z(t))
x [ = 5022 (t) — s1P(t) — Py(t) (B (qoin (£)
— g5())z(t) = Baz(D)sv (1))]

Now, introducing the virtual state variable x = x, — ¢ in
(35)-(37), we get

=+
Py(t) = Bs(qvie(t) — q3(1)z(t)
+eB3(x + §)z(t) — Bsz(t)sv(t)
X)) =—¢+alb—1(x +¢)+a(l +bx(t —2)
—x(t —2) + 2at4(t — 1)

Here, we propose the next Lyapunov function W; = W +

% x? where the time derivative is as:

Wi =W+ xx
< —min(so, 51)S —ax’ + X(xl +€B3Psz

—C4aby +ab—1)¢ 4 a(l+b)x(t —2)
— % (t —2) + 2at4(t — 1))

We select the actual control law given by

1
ut-1)=— [ BsePsz — a(b—1)¢ — ab(x, — ¢)
+§—a(1+b)x2(t—2)—|—x2(t—2)—xl]

Then we get W, < — min(s, s1, a)W;.
Second, we consider the second sub-system

goit(t) = 1P (t) — c1Ps(t) — c1R(quir) + h(z) (38)
Pi(t) = ct5(t) — cqoie(t) (39)
As aforementioned, we consider the next equation
grit(t) = 1P (1) — a1 B5(¢) — c1R(gvir) + h(z)

and introduce a virtual control law which might
&1 (qoits Py, 2) = Py — (Zquie — R(goir)) — 2 in which
£1(0, 0, p3Vg+plsL) — 0. Then we get goit = —qbit- We
introduce the next Lyapunov function W, = 3 L g%, then
W, = —2W,. This proves that (38) is exponentially stable
at the equilibrium gy = 0.

Now, let us consider the next virtual state variable
x1(t) = P1(t) — ¢ 1(qvit> P3» 2). Then we obtain

Goic (1) = c1x1(t) — qoic(t)

X1() = —81(quit, Ps, 2) + ct5(t) — cquic(t)
We choose the following Lyapunov function

W5 = W, + % xi= %(qﬁit + x{). The time derivative
of W3 is given by
W; = Gvitqit + X1 X1
= —qp — X1 + X100 + (a1 — O gbie
- Cl (Qbit, P37 Z) + CtS)

Hence, tacking

T5(t) = __Xl(t) + an(t) + Cl (vit, B3, 2)

This proves that W; = —2W;. Then system (38)-(39) is
exponentially stable at the equilibrium (gu, P1) = (0, 0).
Finally, let us consider the last sub-system

z2(t) = —sz* (o (t) (40)

0(t) = 76(t) (41)

We define a virtual control law for equation system (40),

(=H)- p%VopimSL)
say {2 (Z) = T in which é‘z(

3V +plsL)



We introduce x, = v — ¢, be a virtual state variable. ) 03 -
Then we find = sz |z o3Vo + prsL $2(2) + x2(=82 + 6)
03 :
. ) 2 < — _ _ 2
z(t) = —sz°(t) x2(t) — sz°(£)52(2) = (Z Vot plsL) X2

K (t) = 16(t) — &a(2)

P3 :
tx(—s2e-—")tp-G+e
X2 ( ( Vo + ,015L) X2 — & 6)

We consider the next Lyapunov function
Now, we select the actual control law

2
Wy (Ps Z)=1(X2+<Z—L P3 :
’ 2 2 p3Vo + p1sL Tg = sz <z — —) — X2+ &
p3Vo + p1sL
We differentiate W, with respect to time. Then we get = sz? (z — L) +o—-v+06
03Vo + p1sL
: . 03 . :
Wy=z2 (z — —) + X2 X2 Then W, < —2W,.
03Vo + p1sL
10 : . : : 500 , .
3 "3 ol L LLHLELLL
: &
2k _1m A,
& a0k
o 400} , s _
92 04 08 08 1 12 14 15 18 52 o4 06 08 1 12 14 16 18 2
(a) time[sec| (b) time[sec)

Figure 2. Velocity in the bottom extremity of the drillstring system. (a) Time evolution of the state x,(t) = u(t, 0). (b) Time evolution of the
state x,(t) = 0,u(t, 0).

; i i i
25 30 3 40 45 50
(a) time[sec] (b) time[sec]
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.'T;' R A et e A s e b ..................
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25 i ] L i Il i | i Il ] | i
1 15 20 25 30 3B 40 45 8D

Figure 3. Control laws. (a) Schema of the control law 7 ,(t — 1). (b) Schema of the control law 7(t).
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Figure 4. Time evolution of the states. (a) Time evolution of the state z(t). (b) Time evolution of the state g, (¢).

Table 1. Different physical parameters.

Variable Value Description

L 2000 m Drillstring length

/ 0.095 kg.m Inertia per unit length

ly 311 kg.m? Inertia at the drillstring bottom
J 119107 m* Geometrical moment of inertia
[ 2000 Nm.s.rad ™" Sliding torque coefficient

G 79.310° Nm—2 Shear modulus

Py =p3 1250 kg.m 3 Density of the drilling

M 8300 kg.m—* Integrated density

Bi= 85 24,750 bar Effective bulk modulus,

A 110 m? Volume of the drillstring

g 9.81m.s—2 Gravity

s 7 x (0252 m? Surface

¢ 0.61

Here, let us introduce the global Lyapunov function

1
Li=->

2("% + P+ (=) +qu + (P —0)*

))

_ P
03Vo + p1sL

+(v—§2)2+(z—
Then

Ly < —2(Wy + Ws + W) < —2L,

This proves that system (27)-(33) is exponentially stable

at the equilibrium (0, 0, 0, 0, 0, m, 0) [ |

6. Numerical simulation

Now, we are able to test the effectiveness of the proposed
control schemes for the neutral-type, delay-coupled tor-
sional vibration and pressure. The numerical values cor-
responding to the torsional were taken from the work
of Sagert et al. (2013), Saldivar et al. (2015), Challamel
(2000), and the ones corresponding to the mud part from
that of Mahdianfar et al. (2013). The next physical param-
eters are used in simulation:

The signification of each system physical parameter is
addressed in Table 1. In Toumi et al. (2016a), the flow rate
due to the mud leaving through an open annulus is given
by (the balance momentum Bernoulli’s law):

~ s 2 1—V
q3 = €4 Py p 0

The bit displacement and characteristics permit to con-
struct the bottomhole pressure Py, from the annulus pres-
sure P; (Zoghlami et al., 2015)

1 2
z Vo ) + Faqisye

with F, denotes the friction factor in the annulus.
According to practical experience, two strategies to
suppress the torsional vibration phenomenon are: the
reduction of the weight on the bit and the increase of
the velocity at the surface. From Figures 2-4, all the sim-
ulations imply an adequate convergence of the system
variables to the equilibrium. As an analysis example, a
limit cycle stability is reduced by means of the control
law 74(t — 1) in (34) depending on the angular velocity

P3g

(Pdh_P3+T

P38

S

Py =P
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at the bottom extremity (Figure 2). Also, under the pro-
posed control inputs 74,6 (Figure 3), the controlled cou-
pled system avoids an excessive increase (saturation) in
pressures. One notes that z(t) converges to the equilib-

: p _ 3 -3
rlumm_z.lo m~ (Figure 4(a)).

7. Conclusion

In this paper, by coupling the mud flow dynamics and the
torsional vibration in oilwell drilling operation, we have
shown that the mud evacuation control is crucial. This is
well known as a MPD which is commonly studied in the
literature but with respect to the torsional variables, and
no interaction phenomenon with fluid was investigated.
We use the D’Alembert transformation to obtain a cou-
pled neutral-type delay system that includes the pressure
behaviour in order to simplify the analysis and the simu-
lations of the drillstring. From the Lyapunov theory and
the backstepping approach, control inputs are designed in
rotary’s velocity, the injected fluid flow, and the force act-
ing on the drillstring’s displacement. In the future work,
automatic drilling applications performances are to be
studied, and some variables such that the downhole pres-
sure need to be estimated.
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