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Abstract
The aim of this paper is to study the stationary flow of an Oldroyd fluid with particular diffusive stress, flowing
through a thin 3D pipe. An asymptotic expansion with respect to a small parameter describing the ratio between the
diameter of the cross section and the length is calculated and rigorously justified. The result obtained is compared
against a numerical solution in the particular case of axisymmetric geometries.

1 Introduction

We consider the stationary flow of an incompressible Oldroyd fluid with diffusive stress in a thin tube — these equations
could model the flow of blood or other substances in the human body since it is known that such biological fluids exhibit
non-newtonian behaviour. The word “thin” is used to express the fact that the typical diameter of such pipe is much
smaller when compared to its length — mathematically we shall use a small parameter € to express this ratio. Note that
in the standard Oldroyd model the diffusive stress term is usually omitted, since it is orders of magnitude smaller than
the other terms in the equation. Taking the aforementioned facts into account, we suppose that this term is of order
€2 — while there is no physical motivation for this choice, we argue that it is needed to obtain a “good” matching of

asymptotic coefficients in a sense we shall indicate later.

Firstly, we prove the existence of the solution for our problem — its uniqueness will be shown later under additional
hypothesis on . In terms of actually finding this solution, since the full 3D model is very difficult to deal with, we shall
discuss two ways of reducing its complexity. The first method is the same as the one used in [6]: it involves writing the
asymptotic expansion of the rescaled solution with respect to e, formally computing its coefficients and finally showing
the validity of this expansion by proving a convergence result. The second possibility is to reduce the 3D problem to a 2D
one in the particular case of an axis-symmetric domain. Two numerical algorithms for solving this reduced problem are
presented, and the corresponding solutions are compared to the one obtained via the first method.

We conclude this section with some bibliographical remarks. The first mathematical investigation of the Oldroyd model
was done by Renardy, who proved an existence result in the stationary case in [12]. On the subject of the asymptotic
behaviour of Newtonian fluids in thin pipes there are many results by E. Mariusi¢-Paloka, see for instance [9], and G.
Panasenko [11], among others. A more recent paper on quasi-newtonian fluids in thin pipes is [6].

2 Statement of the problem

The equations describing the model presented in the previous section can be written as a system coupling the velocity u,
the pressure p and the extra-stress o:

—(1—-r)Au+Re(u-V)-u+Vp = divo+ fe,
divu = 0, (1)
We((u-V)o + gq(0,Vu)) + 0 —?Ac = 2rDu,

where
ga(0,Vu) = (0 - Wu—Wu-0) +a(o- Du+ Du- o),
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with

~ Vu— (V)T ~ Vu+ (V)

- 2 - 2 '

By f. we have denoted the exterior forces acting on the fluid. We have used Re > 0 the Reynolds number, We > 0 the
Weissenberg number, r € (0,1) the retardation parameter, and a € [—1,1]. The parameter £ will be assume a “small”
positive number. It appears in the diffusive coefficient for the stress but it is linked to the geometry of the domain 2.
where the fluid flows:

Wu , Du

Qe = {(9017562,&63) e R3| x; € (0,1), (zo,23) € 55(:61)},

where S(x1) are sufficiently regular domains — without insisting too much, we also suppose the application 1 — S(z1) is
also smooth enough (C? regularity is sufficient). For the sake of simplicity we are going to assume Q. C [0,1] x [0, ] x [0, €],
with 0 < & <1, and the three-part boundary of €2, is given by the following:

T. = {(z1,22,73) € R?| z1 € (0,1), (22, 23) € £0S(x1)},
Y5 =¢e5(0) and X7 =¢eS5(1).
Since we intend to use periodic boundary conditions, we shall assume that the domain is ”cylindrical” near the boundaries,

that is to say S(z1) = S(0) = S(1) = S(1 — z1) for 21 € (0,6), § being a any positive real.

As for the boundary conditions we consider
u=0 on I,
c=0 on T4,
Uz = U|se, O|xg = 0|5, (2)
Oruse = O1u|se, O10se = 010|5¢,
Pz — D|zg = Pd,

where the constant pg corresponds to the given pressure difference at the two ends of the tube.

For the remainder of this paper, we will make two assumptions:

1. The first assumption is about the parameter a € [—1,1] introduced in order to describe different objective (frame
indifferent) time derivatives. For technical reason, we will assume

a=0.

From a physical point of view, this choice corresponds to the Jaumann (or co-rotational) derivative. This restriction
is used to obtain the existence of a stationary solution in Section 3. Except for this theoretical section, it seems that
the more general case a # 0 can be treated in the same way. In particular, the asymptotic model obtained in the
case ¢ — 0 is independent of the value of a.

2. The second assumption relates to the force term f.. We assume that it satisfies one of the following conditions:
(F1) There exist smooth f : Q. — R3 such that f.(z1,2x) = f(z1, k).
(F2) sup, || fell o () < oo

Finally, let us conclude with some remarks on notations. We shall denote & = €y, I' = I'1. We will call a function
v : Q. — R¥ smooth whenever v € C2?(€2.). Henceforth, || - || will mean the L? norm on Q., while || - [|o will be used for
the L? norm on €. We shall denote by C various constants independent of ¢.

3 The existence problem

The proof of the existence of a weak solution is based on classical energy estimates and compactness arguments. We
proceed very carefully to show that some boundary conditions are verified in a very weak sense. Defining

H;E(QE) = {U € H' () | Vs = v‘gi},



we consider the following spaces

V={ve (H%E(Qa))3 | divv=0,v=0 on T.},

W = {7' (S ngg(H%:(Qg)) | Tij = Tji, T = 0 on FE}
The variational problem can be written as:

Find (u,0) € V x W such that, for all (v,7) € V x W,

(1—1")/ Vu:Vv—i—Re/ (u-V)u~v—|—/ o:Dv= fsv—l—pd/ vy,
Q. ¢ ¢ Q. by (3)

3
€ € 0

We/ ((u~V)a+go(a,Vu)):T+/ UZT+€2/ Vo:V7r=2r | Du:rT.
Qe Q. Q. Q.

Evidently, every classical solution
(u.0.p) € (C*(2:) N C' (%) x (C*(Q2) N C'(@)) x (1) N C(ET2))

which verifies (1) and (2) is a solution to (3). The goal is to prove that there exists a solution to the problem (3), which
is also a so-called weak solution to the problem (1)—(2).

Proposition 1. For all € > 0 the problem (3) admits at least one solution (u,o) € V. x W, which satisfies
[Vu| < Ce?,  ||Vol| < Ce. (4)
Proof. We consider the Hilbert space V' x W endowed with the scalar product:
((u1,01), (uz,02)) = (u1,uz)y + (01, 02)w,

where
(u1,ug)y = / Vuy : Vug, (01,02)w = / Vo1 : Vos.
Q. <

=

Let {v1,...,0n,...} be adense basisin V, {71,...,7,,... } a dense basis in W, and let V,,, W, be the subspaces generated
by {v1,...,v,} and {71, ..., 7,} respectively. We show that the approximate problem:

“Find (up,0n) € Vi, X W, such that (3) holds for all (v,7) € V,, x W,,”
has a solution satisfying (4). We first define the application P, : V,, x W, = V,, x W,, by

(Po(u,0), (v,7)) :2T<(1—T)/ Vu:Vv—i—Re/ (u-V)u~v+/ o: Du— ngsv_pd/z

(E SE 55

’Ul)
£
0

+(We/ ((u~V)U+go(U,Vu)):T—|—/ UIT+52/ VJ:VT—QT/ Du:r).
Qe Qe Q. Qe

For any (u,0) € V,, x W,,, we evaluate (P, (u,0), (u,0)) as follows
(Pafu,0),0,0)) = 201 = )|Vl =20 [ fou=20ps | wa+ o] + 2V o)
Q. s

To obtain previous equality, we have used the classical following cancellations (which are due to the free-divergence of the
velocity, the homogeneous Dirichlet boundary condition for the velocity, and due to the symmetry of the stress tensor):

/ga(u~V)u-u_/£E(u-V)a:J_/£E(U.WU_WU,U) o

Before passing further, let us recall an elementary result:



Lemma 1. Let u € H' () withu =0 on .. Then

lul < elVaull,  lullps < coet/|Vull.

]/ ul} < ||Vl
%3

Proof. See for instance [6]. O

Moreover, for all uw € V' we have

Returning to the proof of Proposition 1 we can then write
a [ ] < a9l
Qs

whereas the term fQ feu is treated differently depending on the assumption on the source f..

e In the case where the assumption (F1) holds, we have

| /QE feu

e In the case where the assumption (F2) holds, we write

‘/QE feu

In both cases, denoting ¢ = (u, ), and ||£]|? = ||Vul|? + £2||Vo||?, we deduce from the equation (5) that

(Pa(€),€) = 2r(1 = 1)[I€]1* — 2re*(Cy + pa)lI€]l,

the constant C'y being defined by Cy = || f[|o in the case (F1), and by Cy = sup, || f<| = (q.) in the case (F2). Consequently,
for

< = llull < el fllo - el Vull

< supl\fal\mo(szE)/ Jul < sup | fell Lo (o) Q2 ul
€ Q. €

< sup [ fell=(o.) - € - el Vull.
€

Ct+pd
||§|| = 1 827
—-T

we have (P,(€),&) > 0. Since P, is clearly continuous, using a well known result — see, for instance, [7] — we derive the
existence of (uy,,0,) € V,, X W, such that P, (u,,0,) =0, and, in addition, it follows easily

c C
[Vunl < L2 ve, | < LR (6)

Since P, (un,0,) was constructed as a sum of two linear independent functionals, it follows that (u,,o,) is a solution

to the approximate problem above mentioned. Using (6) and the compact embedding of H! into L* we have, up to a
subsequence,

Um — u  weakly in V, (7a

(7b

Um — u  strongly in L*, (7c

)
om — o weakly in W, )

)
Om — 0 strongly in L%, (7d)

It is immediate that the limit (u,o) satisfy (4); we show next that (u,o) is the desired solution. Fix n > 1, and
(v,7) € V,, x W,,. Then for m > n (in the above subsequence sense), we can write

(1—r)/ Vum:Vv—l—Re/ (um-V)um-v+/ om : Dv = fsv—l—pd/ V1,
Qe Q. b))

Qe Qe (E)

We/ ((um-V)Um—l—go(am,Vum)):7'—|—/ O'm:T—|—E2/ Vam:VT:2r/ D(up) : 7
Q. Qe Qe Qe



To prove the convergence, let us write the following estimates

/ga(um-V)um-v—/ga(u~V)u-v

IN

A T Ry (U 4 OO

Q. Qe
= all ol Fumllfole + [ - V) = - o]

€

A

< /QE\«um_u).V)am;TH/ (- V) (om — o) : 7]

Qe

/Qs(um-V)am:T—/QE(u-V)o:T

< um —ullzallVomlll 7l s + A (u-V)(om —0): 7,
/ 90(Om, V) o T —/ go(o,Vu) : 7| < / ’go(am —0o,Vup) : T’ —I—/ ‘go(U,V(um —u)): 7"
Qe Qe Q. Q.
< o = ol Vunllrlze + [ oo,V m =) i 7).

€

Owing to (7a)-(7d) and the continuous embedding of H! into L*, we easily derive that all the terms on the left hand side
are convergent to 0. The remaining linear terms are trivial. We readily derive that (u, o) is a solution to (3). (]

Next we show that the solution whose existence was proven at the first step is in fact a weak solution for the problem

(1)-(2).
Proposition 2. For alle > 0, the solution (u, o) to the variational problem (3) allows to obtain a weak solution (u,p, o) €
V x L?(Q.) x W to the problem (1)~(2).
Proof. Since V' = {v € (C§° (QS))?’, dive =0} C V and W' = Ms3x3(C5°(Q2:)) C W it easily follows from (3) that, for all
veV, weW,

(-1 =r)Au+Re(u-V) -u—dive — fo —pa, v) =0,

(We((u-V)o +g(o,Vu)) + 0 —2Ac — 2rDu, 1) =0,
where the brackets understood in the distributional sense. Moreover, the overline pg € V' is given by (pg, v) = pa fzf V1.

0

A simple application of the de Rham theory enables us to retrieve the pressure p € L?(€Q.) such that (1) holds in the
distributional sense. To conclude we need to verify the last two boundary conditions in (2). We shall show only those
involving u and p, since the remaining one (involving o) is derived exactly in the same way. At first glance it looks strange,
since L? functions don’t have boundary trace, but we shall see the exact sense in which these equalities are understood.
First, let us introduce the following result:

Lemma 2. If f € (LQ(QE))3 such that div f € L3(Q). Then f-n € H™2(8,) in the following sense
(tond)= [ (sdivf+s Vo), YoeH(®)
Qe
(where (-,-) denotes the pairing between H~2(00.) and Hz (0S).)) meaning that the term on the right hand side is only
dependent on the boundary trace value of ¢, and that it defines a linear continuous functional on H%(aﬂa—).
Proof. Using a result in [4] we can find a g € (Wl’% (QE))3 such that
div g = div f.
From [10] we get that

0. ¢9'n:/ﬂs (¢divg+g.v¢), Ve HY(QL).

By using the continuous inclusion of Hz (8€2.) into L3(9.), it is immediate that the term on the left hand side defines a
linear continuous functional on H2 (€2, ).



Next, by standard Sobolev embeddings, we have g € (V[/l’%(ﬂg))3 C (L2(Q€))3 andso f —g € (LQ(QE))B, while div (f —

g)=0¢€ (LQ(QE))B. Hence by using the result in [5] we derive (f — ¢) - n € H—2(99.) and
(1=9)no)= [ (1=9)-Vo. Voen (@),
Hence, for h € Hz(95).), then given ¢, € H'(Q.) such that ¢, = h on 9., the application
hl—>/QE (éndivf+f-Von)

is well defined and determines a linear continuous functional on H 2 (092 ), being the sum of two applications enjoying this
property. The proof of the lemma 2 is then completed. o

In order to achieve the proof of Proposition 2, observe that for ¢ € {1,2,3}, we have (the vectors e; being the vectors of
the usual basis of R?)
div(—(1—7)Vu; +pe;) = (divo+ f—u- Vu)i € L%(QE),
and since —(1 —r)Vu; +pe; € (L2(Qs))3 we can use Lemma 2 to get ( — (1 —7)Vu; +pe;) -n € H~=(89.) and, for all
¢ € HY (Q.) and all i € {1,2,3}:
(~ =)Vt per) ) = [ ((ive+f e o= (L= 1)VuiVo+ poio). (s)

sa
Let h € H2(X§5) = H2(X5), and let

Wi he; on 3§ U X,
0 on I'..

It is clear that hY € H2 (8.) and Joq. 7 = 0. Using a known result [4], we find v € V such that divv/ =0 and v/ = h/

on 0%, for all j € {1,2,3}. By taking in (8) test functions v}, summing for ¢ € {1, 2,3}, and taking into account that u
is a variational solution we get, for any j € {1,2,3}:

(=(1 =7)Vu; +pej) - n, h)o + (= (1 = 7)Vu; + pe;) - n, h)1 = —pady; /E h,

where (-,-)), denotes the pairing between H~2(X5) and Hz(35), for k € {0,1}. Taking into account that n = —e; on X5
and n = e; on X3, it follows that 81uk|gg = 81uk|g§ for k € {2,3} and that

(=(1 =7)orus +p,h)o — (—=(1 —7)01u1 + p, h)1 :pd/ h.
%5
To conclude the proof, we only need to only that dyu;[s: = d1u1[ss. First, observe that 0iu € L?(2.) and div (01u) = 0,
so that, by Lemma 2, dyu - n € H~2 () and

(O1u - n, Py = o -Vo, Voe HY Q).

Q.
Take any ¢ € C?(€2.) such that ¢|s: = ¢|zs. We have

81u-V¢:—/ u-V61¢+/ u - Vong
Q. Q. 0

:/ divudi¢ — 81¢u-n+/ u-Vonq,
Q. Q.

o0,
but, since u € V and ny = n3 = 0 on Xf, X7 we get

(Oruy, d)o — (Oru1, d)1 = Oa¢pup 4 O3¢uz = 0,
a0,

using that uw € V' and the periodicity of ¢; hence, by a density argument we obtain the desired result. O

The uniqueness of this solution will be proved later under additional hypothesis on €.



4 Asymptotic expansion

From now on, we are going to assume that f. satisfies condition (F1). Moreover, we will also systematically use the
dummy index k to represent either summation for k& € {2, 3}, either the repeated index.
Let (u,p,o) be a solution of (1) and (2), and consider the applications % : @ — R? 5 : Q — M3z.3(R) and p: Q — R

defined by

By a-priori estimates, we easily derive

So let us formally write

w(x, k) = u(zy, exy),
o(x1,xp) = o(x1,exy),

(w1, 2) = p(a1, ex1).

[allo < Ce*, )0 < Ce.

Uy = e%ug + -+ +
U = Uy + -+ TP 4

p=p" 4+ 4P+ ...

~ 2~ 2 2~

o11 =07 + -+ 4L
Ok = €01 + -+ e ol + ...
~ 2~0 2n42~

Oom = 0 g + -+ 250 + ...

for £,m € {2,3}. Obviously, we assume that all u;}, 775, p™ are independent of ¢ for all m > 0, a, 8 € {1,2,3}. Upon writ-
ing the equations in the rescaled domain €2, plugging in the expansions above and identifying the appropriate powers of €
we get the following 10 equations for each j > 0 (we have tacitly assumed that terms with negative upper coefficients are 0):

e Each component of the momentum equation:

—(1 =) + 00 = 0,59, + O, + B

—(1 = )02, + 0ot = 0159y + Oy, + 1)

—(1 = )02, + D5 = 9157 + Oy, + I

where

j—2

W= (1—r)o%E " ~Rey (ﬁgala{—i—Q n a;;akﬁ{—i—z) +fi

=0

7j—3
By = (1= ot~ Rey (wondh* +uponit ") + 1
=0

7j—3
= (1-rdu " ~Re Y (ﬁgalagﬂ* n a;;akﬁg—l—g') +
1=0

with f4 = f, for j =0 and fi =0 for j > 0.

e The six components of the symmetric stress given by the Oldroyd model:

j—1

J

i i o

We[g (ugﬁaaill — O1uyoq, " )—i—g opuiod, "
=0

=0

~j 21
+ 0y, — 0107,

|

2~j e
— 0301, = 2r01uy

(E1)



|
N

J

~j ~f—i— ~1~J 1—2
(81u2011 — O1uy, )

N =

j—1
We{Zﬁiﬁ a7l

I
=)

3

I
-

J

1 i o iy i
T3 (— Oauia] T+ (Ostth — Daus) Ty + iy, 1)]
1=0
+ 01, — 825 — 0kl = r(ovid !t + 9utd) (E2)
_ 1472
We{Za;a oyt g (alagagll — Gy, 2)
i 1=0
133 . . .
33 (—omal T+ (o - ot + v )|
1=0
+ 61, — 02 — 91, = r(0vih !t + Bsud) (E3)
j—1
We[ (i,0a50 " + Oviisly " + Doyl + (Ot — aiih) )
1=0
- 282“1012 ] + 5%2 - o7 5%2 ' ‘9135%2 = 27"925% (E4)

Jj—1 J
i o~ 1 .
W[ S mast - 1 sty i)
=0 i=0
112 , o o
+3 ( VT, T (0o — Osuy) (G T — Gy ) + Ovtihads 2)}
=0
+GYy — 075%3 T — 0p o9y = (02T + O51)) (E5)
j—1
We{ (0250 + 0yl + s+ (001 — Osih) )
=0
_ Z 83&115{31} +o4q — 03 5§3 L _ 9% 033 = 27"83u3 (E6)

e The incompressibility relation becomes: ‘ ‘
o] + Oy, = 0. (D)

e The boundary conditions are expected to become (for any j > 0 again):

@l =0 Vae{1,2,3},

& 4lr =0 Va,B€{1,2,3},

Vs, =Wz, s, =05,

Hwl s, = ntl|s,, ho'lg, = 0157|5,,

ﬁ0|20 _50|21 = Pd;

Pls, =0 Vie {0,1} (only for j >1).



4.1 Main order
By taking j = 0 in (V1), (E2), (E3) and j = —1 in (V2), (V3) we derive

—(1=r) AU +01p° = f1+ 0209 + 03575,
5?2 - Alﬁ?z = “9217(1)7
03 — Aoty = rdsul, (PP)
62130 = 07
8350 = 07

where Ay = 05 + 93, and the set of equations described in (P?) is defined on the domain Q = {(z1,z2,73) € R3| 21 €
(0,1), (x2,z3) € S(z1)}. By taking in (BC) we get

wW(x1,) = 0, on 9S(z1), 71 € (0,1),

0% (x1,) = 0, on 9S(x1), =1 € (0,1),

oi5(z1,:) = 0, on 9S(x1), =1 € (0,1),
17,(1)|20 = a(lJ|E17 (Bco)
51k|20 = &?k S

dulls, = O0uils,,

al&?k|20 = 8151k|21,

p°(0) =p°(1) = pa,

We shall use the superposition principle to solve this problem. First, consider — for all z; € (0,1) — the bi-dimensional
problem

—(1=mA=fi onS(z1),
v=0 on 05(x1).

Call 77 the unique smooth solution of this Dirichlet problem (the source term fl being a scalar, the solution v; takes
values in R), and let us denote

’Yl(xl) = / 31371(3317 )
S(z1)

Secondly, consider the problem (¥ being a scalar function — with values in R, and 7 being a vectorial function — with
values in R?):

—(1=r)Arv+1=divy T on S(z1),
T— AT =7rVv on S(z1),
v=0 and 7=0 on 05(x1).

and let us denote

Ya(x1) = / 0102 (21,-).
S(z1)

Remark 1. Note that the system has a unique solution. The existence part can be proved via a classical approzimation
technique, using the following energy estimate:

E(,7) =7r(1- 7")||Vk5||2L2(S(11)) + H7~—||2L2(S(11)) + HVMN'HQN(S(M))

— _r/ U < 7| V0| L2(S(21))-
S(z1)

To show the uniqueness, observe that, if (0,71 and (v ,7?) are two solutions then
E@WD -5 71 _ 72y =,

and the conclusion easily follows. The regularity of the solution can be shown by alternating between the two elliptic
problems (considered separately) — see [2].



Let us call this solution (vs, T2, 73). Define
(U),5%5,013) = (01 + 01p° Ta , P’ T2, O1D°T3),

with p° determined by imposing
=% (72(561)51]50(301)> =7(z1) and p°(0) = p°(1) = pa.

Note that pp is defined up to a constant, but 19, 79, and 595 are uniquely defined. Due to the imposed regularity
requirements, we have 9, 53, 695 € C?(Q2) and p° € C*(Q). It is clear that (a9, p°, %5, 5%5) satisfy (Py) in the classical
sense. The geometrical assumption on the domain implies that @9 (z1) = u9(1—=1) and 6%, (z1) = 79, (1—1) for 21 € [0,6).
Let us call such functions periodic. Clearly all combinations of periodic functions (sum, product, multiplication with scalar)
rests periodic. Moreover, as for all periodic functions, 91u(0) = 0149(1) = 9151x(0) = 9151, (1) = 0, so that all conditions
in (BC?) are satisfied. Moreover, the following compatibility condition is verified:

/’ nuy = 0.
S(z1)

4.2 Next orders

Next, proceed by induction. Let j > 0. Suppose we have determined smooth periodic !, 7%, p with f S(a 81% =0 for

all i < j, and &%, uk, Ukz for all i < j (nothing if j = 0). We show how to determine smooth & 011, uk, a7 and u]Jrl N{zl,

P71 — all periodic — with fS(zl) 8117{4'1 =0.
v Determination of &,: Using (E1) we first derive
0'11 - akau = fflv

with known smooth periodic ffl, which can be solved as an elliptic problem — with homogeneous Dirichlet boundary
conditions — on every S(z1): o4, is then known.

v Determination of %, &/, and "*': By considering (E4), (E5) and (E6), and also (V2), (V3) and (D) we obtain

—(1 = )03} + 0o’ = k5, + G,
—(1 =)0z + 05" = Ok, + G,
022 8k022 = 210U + f3,,

0'23 0F5hy = r(0aTh + 0sT3) + fs,
Y — 8k‘733 = 27“8317% + J?gg,

Bkuk = -0

where all the ¢7’s and fvj’s are known, smooth and periodic. The above is a coupled inhomogeneous Stokes and elliptic
system in 2D, and, if we supplement Dirichlet boundary conditions we get a system like

—(1 = r)ARV + Vit = divg 7 + ¢ on S(zy),

— AT =2rDy 07 + i on S(x1),
divg v/ = —0y on S(z1),
=0 and 7/ =0 on 9S(z1).

Owing to the condition | (1) A1 = 0, use a classical result [4] to find 27 (not necessarily smooth) such that

div, 70 = —81ﬂ{ on S(x1),
7 =0 on 95(x1).

10



Evidently we can choose 27 to be periodic. Therefore, in order to prove the existence of a solution to problem (P,'g ) it
suffices to prove the existence to the following problem

—(1 =) Ap@? + Vip/t = divg 7 + g7 on S(z1),

— AT = 2rDyd + Fiil on S(z1),
divg W =0 on S(z1),
w7 =0 on 0S(x1).

The above system is a linearized version of our initial problem, and the existence of a unique solution is shown using the
Lax-Milgram theorem. The regularity is obtained by alternating between the Stokes problem and the elliptic ones in (P}).
Moreover, since the source terms are periodic, this solution is also periodic. Note that p/*! is defined up to a constant for
all 1 —say 7j41(21).

v Determination of @, "' and &7,"': By taking j + 1 instead of j in (V1),(E2),(E3) we derive

—(1=1)0F T + 01T = G+ Oe5ly | + 0355
013 — 0oty =rouy " + fl3 (P{*)
~J+1 32~J+ _ T33~J+1 + fJJrl7

with known, smooth, periodic g7 ans f2+ ! f; ' This is handled in exactly the same manner as problem (P?), with the

sole difference that 711 is uniquely defined by the conditions 7;41(0) = 7;41(1) = 0.

5 FError estimates

Let
2: 2j+2~j Lk
:Eluxk €J+ ( 7?)7

¢ (1, ) 252”33(;51,?’“), te{2,3},

n
K
o1p(z1, k) 252”1 Gt (Il,?), t€{2,3},

k
Ufm Il,Ik ZEQJJrQ & (:Elv c )a évm € {253}

Proposition 3. Provided ¢ is small enough, for all n > 0, the following estimates hold true:
IV (u—u™)|| < G2,
V(o —o™)] < Ce>F2,
lp = p"|| < Ce* 2,

Proof. From the previous section we get that (u",0™) € V. x W. Also, (u™, 0™, p™) are smooth and satisfy (2). After some
calculations we get
—(1 —7)Au™ + Re(u" - V) - u"™ + Vp" ! = divo™ + f. + R",
We((u" - V)o™ + go(o™, Vu")) + o™ — e2Ac™ = 2rDu™ + Q", 9)
divu™ = 0,

11



where R™, Q™ have complicated expressions that we’d rather omit. Still, as in [6] we can prove
|R™ |1 < C¥ 2 Q"L < C* 2. (10)

It easily follows

(I—r) Vu”:VU—i—Re/

Q. Q.

(u”-V)u”-v—i—/ 0" : Dv

Q.

fav-f—]?d/ v + R"v,
Q. =0 Q.

We/ (u™ - V)™ + go(c™, Vu™)) : T+/ o T+<€/ Vo™ : VT
Q

E —2r/ Du™ T+/ Q":T

By taking in (3) and (11) v = u — u™ and 7 = ¢ — 0™ and making some elementary manipulations, we obtain

2r(1 = 1)IV(u = u™)|* + llo = o"|* + €[V (o — o™)||?

/ R"(u —u™)|+ Q"(oc—a")

Qe

%e(]/ b ) T ()
We(\/m(u_un).w;

#| [ alF=u.on: o =)

< 2r

+

u-Vu—u") (u—u")

)

—|—‘/ngo(Vu,a—a”) (0 — o™)

‘/ w-V(o—o"): (o — o)

).

By using Holder’s inequality, (10), Lemma 1, estimates in Proposition 1, as well as the following trivial |Vo,| < Ce, we
derive the following estimates:

/QER"-(u—u")
| @0

(w—u")-Vu" - (u—u")

< CeHV(u" — ),

< Ce V(o — "),

< CE¥|V(u—um)?,

=

w-Viu—u") - (u—u")| < Ce?|V(u—u)|?,

=

(u—u")-Vo": (0 —0")| < C2|V(u" — )| V(o — ")l < C2(|V (" = w)|* + %o — o"|%),

u-Vie—0c"):(oc—0c")| < 065/2||V(0— 0")”2,

9o(V(u—u"),0") : (0 —o™)| < Ce2|V(u" = w)|[|[ V(o — o)l < C*(|V(u" —u)|* + |0 — o™[|?),

=

/ go(Vu,0 —c™): (0 — ™)
Q.

< CE2|V (o — o™)|2

Hence, for ¢ small, enough we can derive

IV (u = u")* + V(e — o) < Ce> (| V(u —u™)| + V(e — ™))

12



from which follows easily

IV (u—u™)|| < e,
V(o —o™)|| < Ce>*2.

To derive a pressure estimate, use the result in [6] to find ¢, € (H} (Qa))3 such that:

diveg, =p—p"*t on Q.
IVonll < Ce™Hip—p"*.

Consider the first equation in (1) — understood in distributional sense — and (9). By subtracting the two and then applying
én € (Hg (Q;._-))3 we obtain

lp— ™2 + (1 — ) / V(u—u") -V,
Qe

:/ ((u"V)u"—(uV)u)¢n—/ R™ - ¢y,
QE Qs
Proceeding in a very similar manner to the way we determined the velocity estimates — while also using these estimates —

we establish
”p _ pn-i-l” S C€2n+3,

from which the pressure estimate easily follows. O

Remark 2. By replicating the proof of Proposition (3), we can prove that, for e small enough, the solution to problem
(1)~(2) 1is unique.

6 Axisymmetric equation

In view of the last remark in the previous section, we shall suppose that ¢ is small enough so that the solution to our
problem is uniquely defined.
Henceforth, suppose that the domain 2. is axisymmetric, namely that is obtained by rotating around the x; axis the
following 2D domain

D. = {(z1,23) € R? | 71 € (0,1), x5 € (0,eh(x1))}.

for some smooth A : [0,1] — R, such that h(z1) = h(0) = h(1) = h(1 — 21) for all 2, € (0,9).
A comprehensive study of various equations in axisymmetric domains can be found in [1]. The goal of this section is to
show that the weak solution is ”axisymmetric” in a sense that we shall properly define provided the source term enjoys
the same property. In [8] a characterization of regular axisymmetric functions related to the Navier-Stokes equation is
given. Here we show how to extend those results to the case of weak solutions. Although the result is very intuitive, the
proof — while elementary — is quite technical. We start by introducing cylindrical coordinates

r1 =,
T9 = zsinb,

T3 = zcos#,

with z € [0,1], z € [0,eh(x)], 0 € [0,27). We write

u = ux(xazae)ez + uz(x,z,t?)ez + ug(I,Z,@)e‘g
0= 042(2,2,0)e; ez + -+ ogo(x, 2,0)en @ eg

with
1 0 0
ez=(0], e, =|sinf |, epg=| cosf
0 cos —sin#
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Consider o
X =CH2%)NOW )N HY Q).

Note that if u € X3 and o € ngg()() then g, u., ug, s, - .., 099 € CH(D. x (0,27)), and so we can define
X = {u S X3 | Ogiy = Ogu, = Ogug = 0},
Vs = {0 € Msyus(X) | 055 = 0ji, O9Oue =+ = Ogogg = 0}.

Lemma 3. Given u € X3 then uy,u,,ug € C(D. x (0,27)), and for all 0 € (0,27] we have uy(-,-,0),u.(,-,0),uq(-,-,0) €
CH(DL) where D. = D. U {(x,0) |z € (0,1)}. Moreover, for all z € (0,1) and 6 € [0,7) we have

uy(x,0,0) = —u,(z,0,0 + ), (12a)
ug(x,0,0) = —up(z,0,0 4+ m), (12b)
O uz(2,0,0) = —0,uz(x,0,0 + 7). (12¢)

In particular, if uw € X, then u.(x,0) = ug(z,0) = 0 and Jyuy(z,0) = 0.

Proof. The proof is trivial and follows from the definition of u,, u,, ug. O

[ o= [ e
0. T.
where T, = 9(D. x (0,27))\ {(z,0,0) |z € (0,1),0 € (0,27)}. Also, if u € X, then

Observe that if u € X3 then

2
Ug

2
fultn =27 [ (2424 ad)s+
D. z z

+ 27r/ ((&Euw)2 + (02uz)? 4 (Opuz)? + (02u.)? + (Oue)® + (82u9)2>z.

€

This motivates the introduction of the following spaces
H = {u € L3(D:)| Vu € (L3(D.))"}
H' = {u € L2.(D.)| Vue (LA(D.))’}
where, if w > 0 on D, then L2 (D,) is the classical weighted Lebesgue space, endowed with the scalar product

(u,v)r2 :/ uvw.
D

€

The spaces H and H’ become Hilbert spaces when endowed with the following scalar products:

(u,v)g =27 ((u, v)pz + (02w, 0,v) L2 + (0u, ('LU)LE)

(u, ) = 27 ((u,v) 2 + (u, ’U)Lz—l + (02, 0y0) 2 + (021, 0,v) 2)
The application T': (X, ||+ ||g1) — H x H' x H' defined by T'u = (uy, u,ug) is an isometry, and so if X, is the completion
of X, in H' then T can be uniquely extended to an isometry — still denoted by T : X, — H x H' x H'.

As we could see in Lemma 3, if u € X then uy,u.,up € C = {(vs,v,,v9) € CH(DL) N C(D.) | 8vx(,0) = 0,v,(x,0) =
vg(x,0) = 0}. We can now show that this completely defines the elements in X.

Lemma 4. The operator T is bijective from X to C.
Proof. Given (ug,u,,up) € C, then we have
u1 (1, T2, 03) = Uy (21, 2),

xI9 I3
ug (21, T2, 23) = UZ(I1,2)7 + ue(Il,Z)?,

Zs3 Z2
U3($1,$2,$3> = UZ(ZZ?l,Z)? - UH(I1;Z)75
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with r = \/23 + 2%. The only non-trivial part is to show that u, Vu are well-defined on z = 0. This is obvious for u; and
O1uq, while
x
Opur (1,2, 23) = Oz ug (21, 2)5
(for k € {2,3}) is 0 on z = 0, as the product of a function which tends to 0 as z — 0 and a bounded function. The same
idea is used to show that u, djuy are 0 on z = 0, for k € {2,3}. Finally,

.IQ .IQ o o
Oauz(z1,T2,73) = 3zuz(1171,2)2—§ + Uz(fl,z)z—g + 8Z’U’9(Ilaz)% - ug(xl,z)%

2 _
= 8zuz(xl,z) —+ (@ _ azuz(.Il,Z))% + xiff_’) ( U(-)(:hz) + azue(x17z))'

Since u(x1,0) = ug(x1,0) = 0, the second and the third term in the above equation are convergent to 0, while the first
is convergent to d,u(x1,0). The rest of the terms are treated exactly in the same manner. O

Clearly, all the above considerations can be extended to o, and we define Y5 to be the completion of ), with respect to
the H'! norm. Define

VS:{UGXSQ(H;&)3 | divu=0, u=0onT.}
Wy ={oeY,NMsx3(Hy)|oc=0onT.}.

Let us denote Ly (u,0) and La(u, o) the operators involved in the variational formulation (3). We have proven in the first
part that there exists exactly one solution to the problem

(Li(u,0),v) =0 forallveV,
(La2(u,0),7) =0 forall 7 € W.

In a completely similar manner, it can be proven that there is (u, ) € Vi x Wy such that

(L1(w,0),0) =0 forallv € Vj,
u,0 =0 forall T e W,.
We intend to prove that (@, o) is in fact a solution to (3). The key ingredient will be the following:

Lemma 5. Assume that f € Xs. Then there exists bounded operators ® : V. — Vi and ¥ : W — Wy with ®v := v° and
Ut := 7% such that, for all (v,7) €V x W,

,0),0%), (13a)
<L2( ) )aT> = <L2( 58)7TS>' (13b>
Note that this readily implies that (u,d) is solution to the variational problem (3).

Proof. We prove only for ®, since the other one is similar. Let v € A3. Then, by Lemma 3 we have v,,v,,vp €
C(D. x (0,27)), and for all § € [0,27) we have v, (-, -, 0),v,(,-,0),v9(,-,0) € C(DL). Denote

2

va(x,2) = % v (, 2, 0)d0,
1 0277

vi(z, z) = o v, (z, 2,0)d0,
1 0271'

vg(z,2) = 3/ vo(x, z,0)db.

Clearly v3,v3,v5 € C(D:) N CY(DL), and from (12a), (12b), (12¢) it follows that d,v:(z,0) = 0,v:(z,0) = vi(x,0) = 0.
Hence, from Lemma 4, we get that v*(= T~ (v, v$,v5)) € Xs. Moreover, it is elementary to see that

xr Yz

lv° |z .y < vllE (o) (14)
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If we denote v*® = v — v°, then we have the following

27 2m 2m
/ 02 (x,2,0)d0 = / v (z, z,0)d0 = / vg®(z,2,0)dd = 0.
0 0 0

So if (u,0) € X5 X Vs, then by a change of variables it can be proved that
(Ly(u,0),v**) =0,

and so by a density argument it follows
<L1(a7 8)7 ’U> = <L1(aa 8)7 vs>7

which implies that (13a) is true for all v € X3. From (14) we get that ® is continuous on X3, and so it can be uniquely
extended to H', and (14) is still verified for all v € H'. To conclude we need to show that ®(V) C Vj, that is, for all
v € V, v® is divergence free and satisfies the same boundary conditions as v. The continuity of ® readily implies that
v® = 0 on I';, while using the following inequalities

||d7;’U’USHL2(QE) < ||diUU||L2(gl€) Vv e X3

[0°(0) = v* (Dl z2(zg) < [[0(0) = v(1)l|L2(zg) Ve x?

which are easily derived by changing of variables, that using Cauchy-Schwarz inequality, we derive that divv® = 0 and
v € H;& through a density argument. O

We can actually prove more. Note that

Vi=V/aV/ and Ws=W.o W/,
where

Vi={veVilvg =0}

V! ={v e Vi|v, = v, =0},

W!={0c€ Wy|ow = 0.9 =0},
W! ={0 € Wy|0ps = 0p. = 0., = 099 = 0}.

We intend to show that, provided f € {g € Xs|gp = 0}, the solution is in V] x W.. We use the same trick as before.
First, there exists (u,c) € V] x W/ such that

<L1(’lj, 5)7 v
(L2(u,0),7) =

4
~
Il

0,
0.

2

for all (v,7) € V] x W/. Pick any (0,7) € V, x Wy. Then it can be expressed as (v,7) + (0,7) with (v,7) € V] x W/ and
(v, 7) € VI x W/. To conclude, it rests to prove that

which follows easily from changing the variables.

Finally, we’d like to prove that the recovered pressure is also ” axisymmetric” in some sense. We look at Jyp as a distribution
in D. x (0,27). Let ¢ € C3(D. x (0,27)) be arbitrary but fixed. Then if v = T71(0,0,q), evidently v € C}(Q.). The
de-Rahm theory leads us to

La@a).0) = [ pdive, (15)
Q.
where (,0) is the solution to problem (3). Taking into account the definition of v and the fact that (u,5) € V. x W/, we

get that
(Ly(u,0),v) = 0. (16)
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From (15) and (16) we derive

Oz/ pdivvz/ pq,
Qe D, x(0,2m)

so that Ogp = 0 in the distributional sense.
Let us summarize the results obtained in this section:

Proposition 4. Suppose that f € {g € Xs|go = 0}. Then the solution (u,o) to problem (1)—(2) belongs to the azisym-
metric space V! x W!. Moreover, the pressure satisfies Opp = 0 in the distributional sense.

7 Numerical results

This section is devoted to the numerical simulation of the fluid flows for the direct problem and the asymptotic problem.
In particular in the axisymmetric case we analyse the behaviour of the solution of the 3D problem with respect to the
solution of the asymptotic problem when the domain thickness becomes very small. When dealing with non-axisymmetric
domains we present numerical results for the asymptotic model and discuss them qualitatively.

7.1 Numerical methods

The direct problem. Let us discuss the numerical simulation of the direct problem in the axisymmetric case. First,
we rewrite the variational problem in cylindrical coordinates: Find (uy,us, 0z, 0z, 022,000) € Vi such that for all
(Ux7 Vzy Taxs Txzy T2z, 7-90) S V17

/ (I1-r) (2((’“)1111(%% + 0,z 0,0y + O, 0pv, + O,u,0,v,) + uzvz)
z

€

+ 2(ug 0z + u:0.) (Ug Vs + uzv,)

+ 2(0220:Vz + 022 (020, + 0,0:) + 0,.0.0,) + 0ppv, = / 2f v, (AS1)
D,

/ Z(umam + uzaz)(ommem + 2012712 + 0.7z, + 0007-99)

+ Z(axuz - 8zuz)(o'xz (Tzz - Tzz) — Tz (Uzz - Uzz))

+ 2(0117_11 + 2012712 + 0.7z, + 0007-99)
+ 52 (Z(amammamem + azowwaszm + 2amomzamTwz + 26z0'wzaz7—mz

+ 8xo'zzaz7'zz + 8zazzaszz + 8x0998x790 + 8z0'908z7-00)
+ Oxz2Taz + 022Tez + 099799)
V4

= / Z(T$$6LEU’I + T%Z(awuz + azum) + Tzzazuz) + Toguz (AS2)

€

where V; is an appropriate variational space.
The boundary conditions translate to

u=0, oc=0 on e,
Uy = Opr = 05, = 0gyg = 0 on C,

u, o and p are x; periodic.
where we have written the lower and the upper part of the boundary of D, as

C={(z,0)]z€[0,1]}, 7 ={(z,eh(z))|x € [0,1]}.
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Following equations (AS1), (AS2) we define the following operators:

Al(u; U) = / (1 — T) (Z(amuzazvm + 8zumazvm + 8zuzazvz + 3zuz3zvz) + %)
D

€

A2(07 ’U) = / Z(Uzzazvz + 0z (azvz + azvm) + Uzzazvz) + 9oV
D

€

AB (U; T) = / Z(Uzszz + 2Uzszz + 022T2r + 099799)
D

+ 2azgzzaz71z + azo'zzaz'rzz + 8zo'zzaz7'zz + 810'0081799 + azUGGazTGG)
+ Oz2Taz + 0z2Tzz + 0007_99)
V4

A4(u7 T) = / Z(Tmmamuw + Twz(amuz + azu;ﬂ) + Tzzazuz) + TooU
Ny (u, w,v) = / 2(ugpOp + 10, ) (Wyvy + wyvy)
N2 (u7 g, T) = / Z(umaw + uzaz)(amme;E + 2UIZTLEZ + 0T + 099700)

NS(”a g, T) = / Z(amuz - azum)(amz (Tzz - Twm) — Txz (Uzz - 011))

€

- [ o n [ o

- 5
which leads us to consider the following discrete problem:

Find (un,on,pn) € Vi X Wy x Qp, such that, for all (v, 7h,qn) € Vi X Wi X Qp,

A (up,vp) + Ni(un, un,vp) + Aa(on,vn) + B(ph,vn) = (vn)
B(gn,un) = 0,
Ng(uh,ah,Th)—|—N3(uh,0'h,7'h)—|-A3(O'h,Th) = A4(uh,7'h),

(17)

where Vj,, W),, Qp, are appropriate finite-dimensional subspaces and B(p,v) = f D. pdivv. The numerical analysis of the
above problem is outside the scope of this paper — we refer to [3] for a detailed study of the axisymmetric Navier-Stokes
system. Here, we shall present two iterative algorithms for solving the problem (17) by linearization. We drop the
subscript h for convenience. Note that the way to address the computation of a nonlinear system usually relies on an
iterative process based upon a linearized problem. In the case of the Oldroyd system, we present two different methods:

Method I. Start with u® = 0, ® = 0. Define u"*!, ¢"*! and p™*+! by

Find (u"™, o™t p" ) € Vj, x W), x Qy, such that, for all (v,7,q) € Vi, x W, X Qp,

A (™) + Ny (u™, u T v) + Ax(o™,v) + B(p"thv) = I(v)
B(g,u"t) = 0
No(u™, 0™ 7) + Na(u"t ot 7) + A3(o™ L, 1) = Ag(unt 7).

Method II. Start with u° = 0, ¢ = 0. Define u"*!, ¢"*! and p"*! by

Find (u"™, o™t p" ) € Vj, x W), x Qy, such that, for all (v,7,q) € Vi, x W, X Qp,

Ap(u™t o) + Ny (u™, w1 v) + Ax (0 v) + B(p" o) = 1(v)
B(g,u"tt) = 0,
No(u™, 0™ 7) + N3(u™, o™t 1) + Az(o™ T, 7) = Ay(u™tt, 7).

In both cases, the solution of the problem is defined as (4, 0%, p*°). In practice the algorithm is stopped by a criterion
based upon the error related to the convergence process. Let us comment the differences between the two algorithms:
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Note the subtle but crucial difference. While the first method involves splitting the system and treating them
separately, the second one solves the system as a whole. In detail, Method I is a splitting process which consists
in defining (u"t, p"™1) as the solution of a generalized Stokes problem and then update c™! with the linearized
constitutive equation, whereas Method II defines (u"*!, o™+ p"*1) as the solution of a linear mixed problem. In
both methods, quadratic nonlinear terms are treated in a classical way which consists in preserving the main unknown
in the equation (the velocity field in the momentum equation, the extra-stress in the constitutive equation).

The first method is computationally faster but has the disadvantage of not converging for » > 8/9. As a consequence
Method I is generally privileged when the fluid is not too elastic; but computations with large values of r are possible.

In both cases, the computation of the numerical solution may rely on standard finite element solvers which only
require the determination of the solution of well-posed elliptic linear problems. In simulations, we use P? elements
for the velocity field, P! for the pressure (ensuring the inf-sup condition at the discrete level) and P! elements for
the extra-stress.

The asymptotic model. We aim at computing the main order of the asymptotic expansion:

~0 =0

NO 012 013

u~e*(uf,0,0), p~p’, T~el dy 00
5?3 0 0

We shall use a superposition principle to compute the solution of the asymptotic problem:

i.

ii.

iii.

iv.

For all z1 € (0,1), define v;(z1, ) as the unique solution of the bidimensional scalar problem

Find 9(x1,-) € H}(S(x1)) such that, for all v € H}(S(x1)),

Pie) g - / Vb, ) Viv= [ filer, )
S(z1) S(z1)

where Vv = (0qv, 63v)t. In practice, we solve these 2D problems by using P' elements and compute

m(x1) = / O1v1(z,-)
S(z1)

by means of a simple integration.
For all z; € (0,1), define (02, (72, 73))(x1, -) as the unique solution of the bidimensional problem
Find (0,7)(z1,-) € [H3 (S(x1))]? such that, for all (v,7) € [H}(S(z1))]?,

(1—T)/ V;ﬁ(ml,-)-vkv—i—/ 7-Viv = —/ v,
S(Il) S(Il) S(:El)

/ Vi (1, ) -Vm'—l—/ T(x1, )T —71 Viv(zy,:) T
S(Il) S(:El) S(Il)

PQ(Il)

Il
o

and define
Ya(x1) ;:/ 0102 (21, -).
S(z1)

These 2D problems are solved using P! elements for both the velocity and the elastic stress.

Define p° as the unique solution of
—0 (72(961)31230(901)) =71 (z1) and p°(0) —p°(1) = pa,

by means of simple integrations.

Define (a9, 59%,,5%;) as oo . » )
(a7, 019,013) = (01 +p V2, 1P T2, O1p" T3)
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Let us give some details on the computation of the numerical solution: Steps i. and ii. can be done with any standard
2D finite element solver (with P! finite elements for instance) and only require the repetition of the computation for many

positions of x1. However note that this repetition can be drastically reduced if z; — S(x1) and 21 — ]71(:101, -) do not
vary on a significant range of the coordinate 21 € (0,1). Besides computations in Steps i. and ii. can be easily driven in
parallel. Finally item iii. can be done by performing simple numerical integrations.

7.2 Numerical validation in the axisymmetric case

Let us now consider specific examples on which we will base our numerical simulations. Two axisymmetric geometries are
investigated:

e Geometry (I) is a thin azisymmelric tube with a constriction step whose section D, is completely described by the
boundary (see the picture below).

CS = {(O,Z) | FAS (O,E)}, Cf = {(LZ) |Z € (075)}7
C={(z,0)]z€(0,1)} and 7. ={(v,eh(z))|z € (0,1)},
where
1, z€(0.0,0.4),

h(z)=< 15—-1.25-2, =€ (04,0.6),
1, z € (0.6,1.0).

Dirichlet conditions are prescribed on . and periodic conditions are prescribed on C§ and Cf for both the velocity
and the elastic stress.

Ve
\

C

e Geometry (II) is a thin azisymmetric tube with an inner obstacle whose section D, is completely described by the
boundary (see the picture below). Dirichlet conditions are prescribed on 7. and free outlet conditions are prescribed
on C§ and C7 for both the velocity and the elastic stress.

Cs ={(0,2) |z € (0,¢)}, Ci ={(1,2)|z € (0.75¢,¢)},
C={(x,0)|z€(0,0.25)} and ~.={(z,e)|z € (0,1)}U{(0.25,y)]y € (0,e8)}U{(z, &)z € (0,1)},

Ve

C

Note that these geometries lack the required regularity of our analysis. Nevertheless numerical simulations allow us to
overcome this issue. We use everywhere the model parameters (elasticity parameter, source term, pressure drop):
r=0.5, f=0, pg=1.
Computations have been led:

— with the direct model for e € {0.3,...,0.1} in which case the solution is denoted (ue,oc,p:). Furthermore in the
geometry (I) we define P, as the average pressure along the x;-axis, i.e.

eh(z1)
Pe(71) = %/0 p(x1,-).

A similar definition of the average pressure along the z—axis is done for the geometry (II).
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— with the asymptotic model, in which case the solution is denoted (4, 7, p).
Remark 3. Let us give some details on how to solve the asymptotic solution in the case of geometries (I) or (II):
o The computation of the solution of the asymptotic model only requires to solve elliptic problems

— on 2D disks for geometry (I), see Figure 8 and 9 ;
— on 2D disks for x1 € (0,0.25), see Figure 10, and on 2D annuli for x1 € (0.25,1), see Figure 11.

e Step i. 1is straightforward if the source term satisfies f = 0 (as assumed in our computations): in this case the
solution 01 (x1,-) of problem P1(x1) reduces to 0 for any x1 and, as a consequence, y1(x1) = 0 for any x1.

o In step ii., solving problems Pa(x1) for 1 € (0,1) can be done as follows:

— for geometry (I), solving problems Pa(x1)for x1 € (0,0.4)U(0.6, 1) reduces to one single resolution as 1 — S(x1)
does not vary on this range of coordinates ; solving problems Pa(x1) for z1 € (0.4,0.6) cannot be reduced similarly
and, in practice, the number of resolution for this range of axial coordinates depends on the discretization number
of the azial coordinate.

— for geometry (II), the resolution of two elliptic problems is only required for the whole range of azxial coordinates
x1: indeed problem Pa(x1) is solved once on a disk for any x1 € (0,0.25) and problem Pa(x1) is solved once on
a annulus for any x1 € (0.25,1).

o As v =0, the pressure field is defined as (as pg = 1):

B fowl 2
fol Y2

px1) =

which can be computed by means of numerical integrations.

Figures 1-4 provide the numerical results obtained with the direct model for the velocity field, the pressure field, the
pressure field and the components of the elastic extra-stress. In order to compare the direct model to the asymptotic one,
we focus on the pressure profile: we compare the average pressure for various values of € to the asymptotic pressure p, see
Figures 5 and 6, and we numerically obtain:

5. — Bll2(0,1) = O(e),

see in particular Figure 7.
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Figure 1: Geometry (I) or (II) with € = 0.2: axial component of the velocity field.
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'1'76[0131 o 0.0e+00
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Figure 2: Geometry (I) or (II) with ¢ = 0.2: radial component of the velocity field.
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Figure 3: Geometry (I) or (II) with € = 0.2: pressure field. Note that the linear profile (z,y, z) — —x due to the pressure
drop pg = 1 has been removed in the above results.
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Figure 4: Geometry (I) or (II) with € = 0.2: components of the elastic extra-stress.
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Figure 5: Geometry (I): pressure profiles for various values of the radius magnitude and in the asymptotic case (note that
the linear contribution x — —z has been removed).
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Figure 6: Geometry (II): pressure profiles for various values of the radius magnitude and in the asymptotic case (note
that the linear contribution x — —z has been removed).
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Figure 7: Geometry (II): convergence of the average pressure P, to the asymptotic pressure p with respect to the small
parameter €.

7.3 The asymptotic model in the non-axisymmetric case

We consider the case of a non-axisymmetric domain, namely a cylinder with an upper constriction referred as geometry
(I1I), see Figure 12:

— for z1 € (0,0.4) U (0.6,1), the section S(z1) is the disk of radius 1 ;

— for 1 € (0.4,0.6), the section S(x;) is modified by removing from the unit disk the upper part [z > 1 — K] with
K =0.15.

We also consider the case of an azisymmetric domain, namely a cylinder with a constriction referred as geometry (IV),
see Figure 13:

— for z1 € (0,0.4) U (0.6,1), the section S(z1) is the disk of radius 1 ;
— for z1 € (0.4,0.6), the section S(z1) is the disk of radius 1 — K with K = 0.15.

Geometries (III) and (IV) only differ in the constriction part, namely for 271 € (0.4,0.6): in geometry (III) the constriction
of magnitude K in the upper part whereas, in geometry (IV), the constriction of magnitude K is azisymmetric.
Numerical simulations provide the asymptotic pressure, velocity field and elastic extra-stress tensor:
0 Gy 0l
u~e?(@,0,0), p~p’, G~el|l )y 00
s 0 0

Let us comment the results:

— Figure 14 focuses on the pressure profile for geometries (III) and (IV). Pressure variations are more important in
geometry (IV) whose constriction magnitude is larger than in geometry (IIT).

— Figures 15 and 16 present the velocity and the components of the elastic stress tensor at 1 = 0.25 (in the regular
area) and x; = 0.50 (in the constricted area) for geometry (III).
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Figure 8: Geometry (I): normalized fields at z1 = 0.25: a) velocity profile @, b) extra-stress 12, c) extra-stress G13.
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Figure 9: Geometry (I): normalized fields at z; = 0.58: a) velocity profile @, b) extra-stress 712, ¢) extra-stress 3.

26



0
uq

0.0e+00 1.1e-02 .de-| -5.0e-04 0.0e+00
U JRS

a)

Figure 10: Geometry (II): normalized fields at 1 = 0.125:
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Figure 11: Geometry (II): normalized fields at 1 = 0.500: a) velocity profile @, b) extra-stress G2, ¢) extra-stress 713.
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Figure 13: Geometry (IV): a) section S(z1) for 1 € (0,0.4) U (0.6,1), b) section S(x1) for x; € (0.4,0.6).
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_0.05 I ® geometry (III)
o geometry (IV)

0 0.5 1
Axial coordinate

Figure 14: Geometries (IIT) and (IV): pressure profile in the asymptotic case (note that the linear contribution z — —zx
has been removed).

— Figures 17 and 18 present the velocity and the components of the elastic stress tensor at x; = 0.25 (in the regular
area) and z1 = 0.50 (in the constricted area) for geometry (IV). Note that the velocity magnitude is more important
in the constricted area, as it is expected.

The regular sections of geometries (IIT) and (IV) are the same: this implies that, considering the construction of the
asymptotic model, the flux [ (1) @Y through each section S(z1) in geometry (IIT) only differs from the one in geometry
(IV) through the ratio between the derivative of their respective pressure distribution. As a consequence, denoting Fiy
and F{ry) the respective fluxes, we expect to obtain Fiyry) > F(1v) (see the behaviour of the pressure derivative in geome-
tries (IIT) and (IV) in Figure 14). In practical computations, we obtain Fiyi;y = 0.7436 and F;y) = 0.6421.
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Figure 16: Geometry (III): normalized fields at 7 = 0.50: a) velocity profile @, b) extra-stress 12, ) extra-stress G13.
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Figure 18: Geometry (IV): normalized fields at z; = 0.50: a) velocity profile @, b) extra-stress 712, ¢) extra-stress &13.
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