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Abstract: In this paper, the algorithm Largest Gaps is introduced, for
simultaneously clustering both rows and columns of a matrix to form ho-
mogeneous blocks. The definition of clustering is model-based: clusters and
data are generated under the Latent Block Model. In comparison with al-
gorithms designed for this model, the major advantage of the Largest Gaps
algorithm is to cluster using only some marginals of the matrix, the size of
which is much smaller than the whole matrix. The procedure is linear with
respect to the number of entries and thus much faster than the classical
algorithms. Tt simultaneously selects the number of classes as well, and the
estimation of the parameters is then made very easily once the classifica-
tion is obtained. Moreover, the paper proves the procedure to be consistent
under the LBM, and it illustrates the statistical performance with some
numerical experiments.
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1. Introduction

Block clustering methods aim at clustering rows and columns of a matrix si-
multaneously to form homogeneous blocks. There are a lot of applications of
this method: genomics [8, 9], recommendation system [1, 13], archeology [5] or
sociology [7, 11, 14] for example. Among the methods proposed to solve this
question, the Latent Block Model or LBM [6] provides a chessboard structure
induced by the classification of the rows and the classification of the columns.
In this model, we suppose that a population of n observations described with d
binary variables of the same nature is available. Saying that the binary variables
are of the same nature means that it is possible to code them in the same (and
natural) way. This assumption is needed to ensure that decomposing the dataset
in a block structure makes sense.

Given the number of blocks and in order to estimate the parameters, Govaert
and Nadif [6] suggest to use a variational algorithm, Keribin et al. [10] propose
an adaptation of the Stochastic Expectation Maximisation introduced by Celeux
et al. [2] in the mixture case, Keribin et al. [11] studied a bayesian version of
these two algorithms and Wyse and Friel [14] propose a bayesian algorithm
including the estimation of the number of blocks. However, these algorithms
have a complexity in O (ndN3,,.,,Naigo) With Npiocr is the maximal supposed
number of blocks and N4, is the number of iterations for each algorithm.
Moreover, the asymptotic behavior of the estimators is not well understood yet
(although there exist some results under stronger conditions, see Celisse et al.
[3], Mariadassou and Matias [12]).

In this article, we propose an adaptation of the Largest Gaps algorithm
introduced by Channarond et al. [4] in the Stochastic Block Model with a
complexity in O(nd) (Section 3) and prove that the estimators of each parameter
are consistent (Section 4) and we illustrate these results on simulated data
(Section 5). For ease of reading, the proofs are made available in the appendices.

2. Notations and model

The Latent Block Model (LBM) is as follows. Let x = (z;;) be
the data matrix where z;; € {0,1}.

It is assumed that there exists a partition into g row clusters

= (2ik)i=1, k=1, o and a partition into m column clusters

VA
W = (Wje);_y g1, - Lhe zis (resp. wjes ) are binary indicators of row

i=1,..,nij=1,....d
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i (resp. column j) belonging to row cluster k (resp. column cluster ¢), such
that the random variables x;; are independent conditionally on z and w with
parametric density ¢(z;;; oue)**"3¢, where ay is the parameter of the condi-
tional density of the data given z;; = 1 and w;, = 1. Thus, the density of x
conditionally on z and w is

n d g m
f(x|z,w; ) = H H H H O(2ij; ) it = H O (ij; ) it
i=17=1k=1/4=1

.5,k ¢

where o = (Que)y—y  g0-1, - Moreover, it is assumed that the row and
column labels are independent: p(z w) = p( )p(w) with p(z) = [[; , 7" and

p(w) = Hﬂpg , where (mp, = P(zi = 1),k =1,...,9) and (p; = P(wj¢ =

1),£=1,...,m) are the mixing proportions. Hence, the density of x is
f0) = > plzm)p(w;p)f(x]z,w; ),
(z,w)EZXW

where Z and W denoting the sets of all possible row labels z and column labels
w, and 8 = (7, p, o), with @ = (m1,...,7,) and p = (p1,..., pm). The density
of x can be written as

foco) = 3 I[m 1o 1] wlasn (2.1)

Z,W ik i,9,k,E

_ +.k W, ZikWig

= 2 1= HP [T e ane)
Z,W k 1,5,k €

where 2y, = Z?:l zik (resp. wy p = Z;l:l wj¢) represent the number of rows
(resp. columns) in the class k (resp. £).
The LBM involves a double missing data structure, namely z and w, which
makes the statistical inference more difficult than for standard mixture models.
Finally, as we study the binary case, we have

plaiio) = a5 (1—zy) ¢

To estimate the parameters, many algorithms exist (for example [6], [11] or
[14]) but these algorithms have a complexity larger than O (ndgmNy4,) where
Naigo is the number of iterations associated to each algorithm. This makes their
use on large matrices difficult.

In the Stochastic Block Model (SBM), rows and columns are associated with
the same individuals, which allows to represent a graph, whereas LBM allows
to represent digraphs. Channarond et al. [4] suggested a fast algorithm, called
LG, based on a marginal of the matrix x, the degrees.

3. Algorithm Largest Gaps

Before the introduction of the algorithm Largest Gaps (LG), let us recall the
concept.
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3.1. Concept

Assume that the class of the row ¢ is known (for example, k). In this case, we
have for every j € {1,...,d}

]P’(XU = 1|sz = 1) = ZP(X” = 1|Zik = 1,’Ujjg = 1)P(Zik = 1|wjg = 1)
(=1
m
= Zauﬂ'k = Tk. (3.1)
=1

This equation implies that the sum of the cells of row 4, denoted by X; 4, is
binomially distributed Bin (d, 1) conditionally on z;; = 1. Therefore by condi-
tional independences, the distribution of X; | is a mixture of binomial distribu-
tions. It appears that the mixture can be identified if and only if the components
of the vector 7 = (74, ..., 7,) are distinct. Under this assumption, variables X; |
fastly concentrate around the mean associated with their class, and asymptoti-
cally form groups separated by large gaps. The idea consists in identifying those
large gaps and thus the classes.

In their article, Channarond et al. [4] assume that the number @ of classes
is known and partition the population into @ clusters by finding the @ — 1
largest gaps. In order to choose @, a model selection procedure could be made
separately and before the classification. Here our alternative algorithm directly
yields both the clusters and the numbers of classes. Instead of selecting the g—1
(resp. m — 1) largest gaps for some g (resp. m), it selects the gaps larger than
a properly chosen threshold the paper provides.

On the middle right picture of Figure 1, an example of histogram of X  for
a simulated matrix is displayed; the five classes can be clearly seen. The middle
left picture of Figure 1 display the corresponding values sorted in ascending
order and the bottom left picture of Figure 1, the jumps between all successive
sorted values.

3.2. Algorithm

The algorithm Largest Gaps is given in Table 1 and a illustration is provided in
Figure 1. In the sequel, the estimators provided by the algorithm are denoted
by z, w and 6.

Estimator of . In the algorithm 1, the estimator 6 of * is based on Z and
w. 7, (resp. py) is the proportion of class k (resp. £) in the partition Z (resp.
@). And the estimator of & is for all (k,¢) € {1,...,9} x{1,...,m}:

n d o~
i1 Dy Bk W5 T
Ay = .

Z4kWyy
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Input: data matrix x, threshold for row Sy and for column Si,.

// Computation of jumps
for i € {1,...,n} do

‘ Computation of X;, = Iji*.
// O(nd)
Ascending sort of (X(l)_, o X(n)_). // O(nlogn)
for i€ {2,...,n} do
‘ Computation of the jumps G; = X(;), — X(;_1).-
/! O(n)
// Computation of g
Selection of 41 < ... <ig_y such that (Gy,..., G’i§71) are every greater than Sg.

/! O(n)

// Computation of z
for i € {(1),...,(n)} do
‘ Definition of E(z‘)k = 1if and only if (ix—1) < (i) < (i) with i = 0 and i = n.

/7 O(n)
// Computation of m and W
Do the same on the columns. // O(dn + dlogd)
// Computation of 0
for k€ {1,...,g} do ~
‘ Computation of 7 = Z%"
// O(gn)
for € {1,...,m} do
‘ Computation of pp = %.
// O(md)
Computation of & = (2) TxW/ [7 (p2) 7] x nd. /! O (nd[g +m])

Output: Numbers of classes g and m, matrices z and w and parameter 0.

Algorithm 1: Algorithm Largest Gaps.
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Figure 1. Top-left: Initial matriz. Top-right: Example of a wvector (Tm,,m)
Middle-left: representation of the vector (TM7 . ,m) sorted in increasing order. Middle-
right: Histograms of (Tm,,m) Bottom-left: representation of the wector of jumps
(G2,...,Gq) where for all j € {2,...,d}, Gj = X, ;) — X,(j—1)- Bottom-right: reorganized
matriz.

Remark 3.1. Complexity of the algorithm

As we will see in the section 4, logn is required to be much smaller than d and
log d much smaller than n. In this case, the complexity is O (nd[g + m]).
Moreover, we know that Y., G; =1 and for all k € {1,...,5 -1}, G;, > S,
then, in the worst case, we have g < 1/S, + 1.
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Conclusion, the complexity is O (nd [1/Sq + 1/Sn]) and, if only the classification
is wanted, the complezity is O (nd).

4. Consistency

This section presents the main result (Theorem 4.2), that is the consistency
of the method. Before stating this theorem, some notations are introduced, in
particular related to the label switching problem, and assumptions are done on
the model parameters and on the algorithm thresholds (S, S,,), in order to
ensure consistency of the method.

4.1. Distance on the parameters and the label switching issue

For any two parameters 6 = (, p, &) with (g,m) classes and §' = (7', p’, '),
with (¢’,m’) classes, we define their distance as follows:

max {||w — 7'l ., [lp = p'll s [l = || S}if g = g, m =m’
+oo otherwise,

> (y,y') = {

where ||| denotes the norm defined for any y € RY by |ly| ., = maxi<i<g |yxl-
We assume that two matrices z,2z" € M, 4 ({0,1}) are equivalent, denoted
z =z 7/, if there exists a permutation s € & ({1,...,g}) such that for all
(i,k) € {1,...,n} x{1,...,9}, 2i s(x) = Zik- By convention, we assume that two
matrices with different numbers of columns are not equivalent. We introduce
the similar notation =)y for the matrix w.
For all parameter 8 = (m, p, ) with (g, m) classes and for all permutions (s,t) €
S({1,...,9}) x&({1,...,m}), we denote 8> = (7%, p*, a*?), by:

T = (Ts(1)s-- -+ Ts(g)) s P = (Pec1)s---» Pe(m))

and ™" = (051,11 Qs(1),6(2)s - - » Xs(1),(m) s Vs (2),6(1)+ - - -+ Xs(g),t(m)) -

As classes are defined up to a permutation (known as label switching issue),
the distance between two parameters must be calculated after permuting their
coordinates, from the actual label allocation done by the classification algorithm
to the original label allocation of the model. Moreover such a permutation exists
and is unique when the classification is right, that is, when z =z z* (respec-
tively w =)y w*). This permutation will be thus denoted by sz (resp. ty)
on the event {Z =z z*} (resp. {Ww =yy w*}). Thus the consistency of the pa-
rameter estimators amounts to proving that the following quantity vanishes in
probability when (n,d) tends to infinity:

< (8",0").
Outside of the event {Z =z z*} (resp. W =y W*), sz (resp. tyy) will be de-

fined as any arbitrary permutation in & ({1,...,9}) (resp. & ({1,...,m})), the
identity for instance.
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4.2. Assumptions
Assumptions on the model

Notation 4.1. Key parameters

Let us define myin and pmin the minimal probabilities of being member of a class:
Tmin = | Snlggng T and prmin = 1&151” Pi-

and the minimal distance between any two conditional expectations of the nor-

malized degrees:

min T — 1| and 5, = min g
1<k#£k'<g* ‘ k k" P 1<0A0 <m> |£g fg/|

T =

*T

where T = a*p* and £€* = w*1 a* are the proportions of the binomial distribu-

tions defined in Equation (3.1).

Some assumptions on the model are needed to obtain the consistency:
Assumption M.1 Each row class (respectively column class) has a positive
probability to have at least one member:

Tmin > 0 and ppi, > 0. (M.1)

Assumption M.2 Conditional expected degrees are all distinct:

0x >0 and 6, > 0. (M.2)

The first assumption is classical in mixture models: proportions of all classes
are positive. Otherwise, classes with proportion zero would be actually nonexis-
tent. The second one is more original: it ensures the separability of the classes in
the degree distribution. Otherwise, the conditional distributions of the degrees
of at least two classes would be equal and these classes would be concentrated
around the same expected value. Note that the set of parameters such that two
conditional expected degrees are equal has zero-measure. These two assumptions
are another formulation of the sufficient conditions of Keribin et al. [11].

Assumptions on the algorithm

The algorithm has two threshold parameters, (Sy, Sy,) which must be properly
chosen to obtain consistency. Two assumption sets will be considered in this
paragraph: both parameters and thresholds fixed (Assumption (AL.1)) or van-
ishing thresholds and fixed parameters (Assumption (AL.2)). They both ensure
consistency but play distinct roles.

Assumption AL.1

(g, Sm) fixed and S, €]0,6,[ and S,, €]0,5,]. (AL.1)
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Assumption AL.2

Spd — 0, Spt — 0,

n,d——+oo n,d——+oo
. . AL.2
lim Sg’d e > V2 and lim S»¢ d_ - /2. ( )
ogd m logn
n,d——+o0 n,d——+o00

The first one is only theoretical: in practice, it cannot be checked that it is
satisfied because it would require unknown key parameters of the model ¢, and
dp- This assumption is used essentially to establish intermediate results like non-
asymptotic bounds (Proposition A.1 and Theorem 4.1). On the contrary, the
second one is designed for practical cases (Theorem 4.2). Instead of being fixed,
thresholds are assumed to be vanishing, in order to be small enough asymptot-
ically. More precisely, the assumption provides the admissible convergence rate
of the thresholds to guarantee consistency.

Assumptions on admissible convergence rates when parameters vary

Finally, we also consider varying model parameters, and provide admissible con-
vergence rates in this case for both parameters and thresholds. It thus tells how
robust the consistency is. For example, 6, and d, are allowed to vanish when
(n,d) tends to infinity, which makes the classification even harder. Assumption
(MA) gives a range of convergence rates such that the classification is neverthe-
less consistent (stated in Theorem 4.2).

Assumption MA.

Condition on &% (resp. d7:%):

. snod . §7d
lim =5 >2 and lim 7S€L’d > 2.
n,d—+o0 9 n,d—+o0 =M
.. d d
Conditions on g*™*, mll, m*™* and pi:

nd nd\2_ . . (wsl’iip:;ﬁ)zmin(n,d)
7Tm7inpm7in mln(n7 d) ? +00 and m 1 *n,dypxmn,d
og(g*™ dm*md)
n,d—+o00 n,d——+00

(MA)

4.3. Consistency of the method with fixed thresholds

This paragraph presents the main theoretical result: a non-asymptotic upper
bound when thresholds (S, S,,) are fixed (Assumption (AL.1)), which directly
implies the strong consistency of the method in that case.

Theorem 4.1. Concentration inequality
Under Assumption (AL.1), we have for all t > 0:

szt
P(E;ﬁg* orm #m* orz £z z" orw Zy w* or d® (082 W,9*> >t>
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< 4dnexp (—;l min(d — Sy, Sg)2> +2¢* (1 — Tmin)"

+4d exp <_g min(ép — Sm. Sm>2) +2m* (1 - pmin)d

2 2
(T min Pmin) ™ (TminPmin)”d
8

+2g*m* |:e—77minpminndt2 + 2e~ 8 + 2e”

+2g*e—2nt2 + 2m*e—2dt2.

The proof (in Appendix A.1) is made in two steps, emphasizing the original-
ity of the method in comparison with EM-like algorithms: here the classification
is completely done first, and parameters are then estimated afterwards. Thus
an upper bound on classifications and selection of class numbers will be first
established (Proposition A.1), and secondly an upper bound on the parameter
estimators, given that both classifications and class numbers are right (Propo-
sition A.2).

4.4. Main result: consistency of the method

Theorem 4.1 cannot be used in practice: since d. and J, are unknown, the
thresholds (S, S;m) cannot be chosen properly. Theorem 4.2 provides a proce-
dure to choose the thresholds as functions of (n,d) only. Two assumption sets
are proposed: in the first one, model parameters are fixed, and in the second
one, they are allowed to vary with respect to (n,d) in the manner described in
Assumption (MA). See Subsection 4.2 for further comments and details.

Theorem 4.2. Consistency of the method
Under these assumption sets:

e 0 is fized with respect to (n,d) and (M.1), (M.2), (AL.2);
e 0 depends on (n,d) and (M.1), (M.2), (AL.2) and (MA);

classifications, model selection and estimators are consistent, that is, for all
t>0:

~sz,t
}P’(ﬁyég* orm #m* orz £z z" or W #y w* or d® (0 Z/W,H*) >t)

— 0.
n,d——+oo

Remark 4.1. The assumption (AL.2) of the theorem implies that n/logd and
d/logn tend to +oo. Therefore, x is allowed to have an oblong shape.

The proof is available in Appendix B.

5. Simulations

We use an experimental design to illustrate the results of Theorem 4.2. As the
number of row classes (resp. column classes) is the basis of the other estimations,

imsart-ejs ver. 2014/10/16 file: LGTheoric.tex date: October 27, 2016



V. Brault and A. Channarond/LG for LBM 11

this is the only parameter studied in this section. The experimental design is
defined with ¢* =5 and m* = 4 and the following parameters

€ € € €
1—¢ € € €
a*=|1—-¢ 1-—¢ € €

l—¢ 1—¢ 1-—c¢ €
l—¢ 1—¢ 1—¢ 1-—¢

with e € {0.05,0.1,0.15,0.2,0.25}. For the class proportions, we suppose two
possibilities

e Balanced proportions:

0.2
0.25
0.2
* " 0.25
7w =102] and p* =
0.25
0.2 0.95
0.2

with the following parameters
Tmin = 0.2 and dr = 0.25 — 0.5¢.

e Arithmetic proportions:

0.1

ot 0
=102 | and p*= 0'3

0.25 '

0.3 0-4

with the following parameters
Tmin = 0.1 and 0, = 0.1 — 0.2¢.

The number of rows n and the number of columns d fluctuate between 20 and
4000 by step 20 and for each configuration, 1000 matrices were simulated. For
the choice of the thresholds, we studied four cases:

. Constant threshold: S; = /2.

. Lower limit threshold: S3** = \/2logn/d + 10~19.
. Middle limit threshold: S3*¢ = 2/2logn/d.

. Upper limit threshold: S7** = (logn/d)"/*.

= W N

Figures 2 and 3 display the proportions of true estimations of g* following the
parameter ¢, the number of rows n, the numbers of columns d and the thresholds
used. It appears that the best threshold is S; = d./2 but this threshold can
not be used in practice because of d, is unknown. For the scalable thresholds,
Syt = /2logn/d + 10-10 is the best.
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We can see that the larger the number of rows n, the worse the estimation
and the larger the number of columns d, the better the estimation. In the case
of n = d (case of Channarond et al. [4]), the quality of the estimation increases
with n. mnin has a weak effect because it is rare to have an empty class but the
effect of . is greater.

6. Conclusion

The Largest Gaps algorithm gives a consistent estimation of each parameter of
the Latent Block Model with a complexity much lower than the other existing
algorithms. Moreover, it appears that the substantial part of the complexity is
the computation of the vector (X(yy,,..., X))

However, it appears in the simulations that the estimation of the number of
classes is underestimated and it would be interesting to estimate the class in
row with a mixture model on the variables (X().,...,X(y).); this will be the
subject of a future work. The tricky part will be to deal with the dependences
between these variables.
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7
. S1 sod Sd sd

or = 0.175 o =0.2 o = 0.225

o =0.15

or = 0.125

F1aure 2. Proportions of true estimations of g* following the parameter £ (rows) and the
thresholds used (columns) for the balanced case: for each graphic, the number of rows n and
the number of columns d fluctuate between 20 and 4000 by step 20.
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N 51 St St sy

or = 0.07 or = 0.08 dx = 0.09

dx = 0.06

or = 0.05

Fiaure 3. Proportions of true estimations of g* following the parameter £ (rows) and the
thresholds used (columns) for the arithmetic case: for each graphic, the number of rows n and
the number of columns d fluctuate between 20 and 4000 by step 20.
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Appendix A: Main theoretical results
A.1. Proof of Theorem .1

First of all, note that {z =z z*} C {g = ¢*} and {w =y w*} C {m = m*},
hence :

P (§ #£g orm#m*orzZzz" or wZy w or d° (552775%),0*) > t)
= P (2 %z 2" or W Zyy w* or d° (asz’tW,G*) > t)
= Pz #£zz" or w #y w)

4P ({doo (@Sz’tw,e*) > t} \{Z £z 2" or W Zp w*})

= P(z#zz" orw#y w)

+P (d°° (aszth,B*) >1,Z=z2"W =y W*)
< P(z#zz")+P(wZpyw)
~sz,tw ~ ~
+P (d°° (0 ,0*) >t,Z=z2", W=y W*)

To complete the proof, we then need to bound from above the terms of this
inequality. The two first terms are bounded using Proposition A.1, proved in
Appendix A.2, and the last term is bounded with Proposition A.2, proved in
Appendix A.3.

Proposition A.1. Under Assumptions (M.1), (M.2) and (AL.1):
- d n
P(g+#g* orz #zz*) <2nexp (—2 min(d, — Sy, Sg)2> + " (1 — Tmin)

P(m #m* or w #Zy w*) < 2dexp (—g min(d, — Sy, Sm)Q) +m* (1= pin)®
Proposition A.2. For allt > 0, we have:
P (d°° (ész’tw,e*) > 1,2 =z 2, % = w*)

2 2
(TminPmin) " _ ("minPmin) d:|
3

é 2g*m* |:e—7rminpminndt2 + 26_f + 26

A.2. Proof of Proposition A.1

Let us first define the following events.
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V. Brault and A. Channarond/LG for LBM 16

e There is at least one individual in each row class, denoted by

*

g9

Ag = {z5x #0}.

k=1

e Denoting D the maximal distance between X;, and the center of the class
of row : o
D = max sup X, — Tkl

1<k<g* 1<i<n
with 2% =1
we also define:
As, ={2D < 84 < 6x —2D} and Ayg = Ay N Ag,.
Then Proposition A.1 will be a consequence of the two following lemmas:

Lemma A.1.
A Cci{g=9tn{z=z2"}
Lemma A.2.
A d : 2 * n
P (A,—d) < 2nexp —5 min(dx — Sy, 59)” | + 9" (1 — Tmin)
Lemma A.1 tells that whenever the event A;, is satisfied, then both true
number of row classes and their true classification are obtained. Lemma A.2

provides an upper bound of P (A;4). From these lemmas, it is directly deduced
that:

P{g# gt uiz #z27})

IN

P (A)

< 2nexp (—(21 min(d, — Sy, Sg)2> + 9 (1 — Tmin)"

A

which is Proposition A.1. Now, let us move on to the proofs of the lemmas.

Proof of Lemma A.1 On theevent Ag_, for any two rows i # 4’ € {1,...,n},
we have two possibilities:

e Either the rows ¢ and i’ are in the same class k, and then on Ag,, we have:

| X, — X,

< ‘Xii_—Tk‘—l—’Xiil_—Tk‘ §2D<Sg.

e Or row 7 is in the class k and row i’ in the class k' # k, and on the event
Ag,, we have:

Xi.—Xi| = |[Xii—m— (Xi.— )
X, — | — | X, —

Y%

imsart-ejs ver. 2014/10/16 file: LGTheoric.tex date: October 27, 2016



V. Brault and A. Channarond/LG for LBM 17

> |Xi—m|-D

> ‘Tk_Tk/|_’X7i._Tk|_D
> O —2D

> S,

Therefore, G; = m* X(i—1). is less than S, if and only if both rows (i —1)
and (i) are in the same class. On Ag_, the algorithm hence finds the true clas-
sification. Moreover, on Ay«, there is at least one row in each class, then the
algorithm finds the true number of classes. As a conclusion, on A;q, both g = ¢*
and Z =z z* are satisfied.

Proof of Lemma A.2 Using an union bound, we first obtain:
P (Aia) <P (4,) + P (4s,)

Now we bound from above each of these terms. Again with an union bound:

*

P(A,.) =P || J{z, #0}
k=1

IN
Mm
=~
—
—~—
4%
ES
RN
o
=
N
Il
Mm
=
P
£
ol
\
=
Il
Mm
B
=
o
ol
Il
=
Il
—
—
|
S

ES
Il
—
b
I
-
ES
I
—
-
I
-
ES
I
—
-
I
—

which gives the upper bound of the first term. Secondly:

As, ={2D < Sy < 0—2D} = {2D < 54,2D < 6x—S54} = {D < %min(éﬂ — Sg,Sg)}.

)

—E|P D U {|Xi_7k|2;} -

k=1i|z;=1

Denoting ¢ = min(dr — Sq, S¢),

P(ASQ):P(D%):E[E»(D;

glEg P(|X:.—7|><
> ¥ p(I%-nlz;

t z*>
_k:1 i|zip=1
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V. Brault and A. Channarond/LG for LBM 18
Moreover for all i € {1,...,n}, given 27, = 1, X, ; has a binomial distri-

bution Bin (d, 7). The concentration properties of this distribution are then
exploited through the Hoeffding inequality:

- t
P(‘Xi.—ﬂc} 25

dt
Z*) ZZP)(|)(L+—-di|Z EZ

z*) < 9e~ 3t

And as a conclusion, the bound of the second term is:

g*

P(T%)S]E Z Z 26_%dt2 22’116_%(“2.

k=1 i‘zikzl

A.3. Proof of Proposition A.2

The proof consists in obtaining three bounds: one for each parameter. The in-
equalities on 7 and p are an application of the Hoeffding inequality and are
similar to Channarond et al. [4] for the row class proportions. To obtain the
inequality for e, it is necessary to study the conditional probability, given the
true partition (z*,w*). Apart from the problem of two asymptotic behaviors,
the proof is similar to Channarond et al. [4].

In the sequel, and for ease of reading, we remove the superscripts sz and tyy.
Therefore, for all ¢ > 0:

P (dOO (5, 0*) >t,Z2=z2" W =pw W*)
= Pmax([|m — 7", [P — p'lls.la —a’l) >t,2=z 2", W =y W)

< P(lr -7 >tz=z2"W =y w)

+P(|lp— p*ll, > t,Z2 =z 2", W =y w")
+P([la —a*|| >tz =z 2", W =) w")
-
< D P - mh| > 42 =2 25, W =y W)
k=1
*

+> Ppe = pi| > 1,2 =2 2", W = w*)

~
Il
Ja

*

*

@
3

+ P(Jare — afy|l > 6,2 =z 2", W =)y w").
1

Eod
Il
—
~
[

The upper bounds of the first and second terms are the same as Channarond
et al. [4]; only the last term is different. For agy, first note that when z =z z*
and w =) w*
— 1
Qe = Qe = P Z Xij
R

y * *
D|Eew) =1
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and given (z*, w*), the Hoeffding inequality gives for all ¢ > 0:

P(jart — ofyl > 6.7 =z 2, % = W)

P (Jake — ol > 1,2 =2 2", % =y w*)

< P(lare — ol > 1)
< E[P(Jore — ajel >t 2", w7))]
<

For every sequence r,, 4 > 0, we have:

* x 42
E |:26—27,+kw+£t :|

_oa* w2
S E |:2€ FHetie ]1{—rn,dSzikquig—wzpzndfrn,d}}
+2P (|25 wh, — wrpind| > r.q)
< E |:2672t2(7r;p2nd77‘n,d)] 1L 9p 2L Wy — it > Tn,d
- nd ke nd
_Qtz,.”d(w_1> zikwie . . Tn.d
< 2 ' Tnd 2P [ | —— — > ——|.
= = + nd TPt nd
For the second term, a new decomposition is necessary:
24wl Tn.d
P +ET4HL  x * > n,
< nd kPt nd
2% w? w? Tn.d
- P Stk % +4 + o * * n,
((n 7T’“)dJF d )R 7 hd
Z* w* r d * d
< P “+k _x +5>ﬂ, P +£ x L
= ((n ”k>’ d ~omd) " da P 9pg
Zik d ie d
< ]P) Rk > n, + IP) i . n,
- < < n Wk)‘ 2nd) d ¢ 2nd
Tn,d 2 Tn,d 2
< 2e fz("’) 2e 72d( )
- P [ "\2nd +aexp 2nd
2 2
rn,d Tn,d
< 2exp “ond? + 2exp o2

—22% w2
E |:2€ F4eWie ]1{|z

9% * t2
+2¢ P 1

2
E [2¢27nwiet } .

Lewl—mipind|<ra a}

jrkwjrz_”;pzndb%,d}}

<1

Finally, for every sequence r,, 4 > 0, we have:

P (Joke — agel > 1) < 2e

2
"n,d

2n2d ,

TminPmin "9
Tn,d

~26rna( 1) | go b 4 gen
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As we want the bound to tend to 0 when n and d tend to infinity, we have the
following condition:

. 7-‘-minplninnd T721 d 7’721 d
lim ———>1, = -— +ooand —, -— +o0.
n,d—~+oo Tn.d nd? n,d—+oo n?d n,d—+oo
For example, we can take
o 7Tminpminnd
Tn,d =

2

Remark A.1. In fact, every sequence ry g = CTminpminntd with C' €]0,1[ can
be used and the other results remain equally true but the optimal constant C' has
not a closed form ; to do this we take C = 1/2. However, we see that for each
C >0,

2 TminPminmd
-2t Cﬂ-nlinpnlinnd(M_l)

Tn,d

% Qe*QtQWmummnd(lfc)

)

= o (26—(C7Tminﬂmin)2n + 26_(C7Tminpmin)2d)

the strongest term is 2= (Cmminpumin)*n 4 9o —(CTminpmin)*d Therefore, the optimal
constant Cy, 4 tends to 1 with n and d.

Appendix B: Proof of Theorem 4.2: consistency

The proof is based on Theorem 4.1, as n — +o00 and d — 400 and by the
Assumption (M.1), we have on the one hand

g* (]- - Wmin)n + m* (]- - pmin)d — 0

n,d—4o0
and on the other hand
g*m* e_7"'minpminndt2 + 26_%(7Tminpmin)2n + 26_%(7‘—tninpmin)2d:| — 0’
n,d——+o0
2 2
g*e—2nt + m*e—th 0.
n,d——+o00
By the assumption (M.2), we also have:
1452 _ 1,52
ne” 5= 4 de 5% — 0.
n,d——+oo

For the last terms, we use Assumption (AL.2): there exists a positive constant
C > /2 such that for n and d large enough

d Spd | g
m,d >0 = 2 > Y o
9 \/logn V2 \[logn = /2
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s i S d2
ne 473 = exp |logn —d g
Sn,d
= exp |logn | 1— g
V2
< e logn (1 ¢ >
< _ =
< p |log V2
———
L <0
— 0.
n,d—+oo

With the same reasoning and by the remark 4.1, we obtain

(5.,,75"“)2
e_dig

That concludes the proof.
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