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We consider a mathematical model which describes the dynamic evolution of a viscoelastic body in frictional contact with an
obstacle. The contact is modelled with a combination of a normal compliance and a normal damped response law associated with a
slip rate-dependent version of Coulomb’s law of dry friction. We derive a variational formulation and an existence and uniqueness
result of the weak solution of the problem is presented. Next, we introduce a fully discrete approximation of the variational problem
based on a finite element method and on an implicit time integration scheme. We study this fully discrete approximation schemes
and bound the errors of the approximate solutions. Under regularity assumptions imposed on the exact solution, optimal order
error estimates are derived for the fully discrete solution. Finally, after recalling the solution of the frictional contact problem, some
numerical simulations are provided in order to illustrate both the behavior of the solution related to the frictional contact conditions

and the theoretical error estimate result.

1. Introduction

So far, dynamic contact problems abound in industry and
everyday life. For this very reason, special care has been
given to the modelling, mathematical analysis, and numerical
solution of such problems for several decades, be it in the
engineering or the mathematical literature. Such problems
involve frictional contact phenomena that leads, because
of their inherent complexity, to nonlinear, nonsmooth, and
nonconvex mathematical problems.

Over the last decades, various contact boundary con-
ditions have been used to model contact phenomena and
their modelling is still under investigation; see, for instance,
[1-6]. Among these laws, the normal compliance condition
introduced in [7] remains one of the most popular contact
models used in the literature; see [4, 8-11]. It represents a
regularization of the so-called Signorini contact condition,
expressed in terms of unilateral constraints for the displace-
ment field, and described the contact with a deformable foun-
dation. Such a law allows penetrations, while the Signorini
condition does not. Note that these contact conditions, used

in most of the related works on the subject, are formulated in
terms of the displacement field. However, normal compliance
conditions expressed in terms of the normal velocity seem to
be more appropriate when the contact surfaces are lubricated,
as mentioned in [5, 12]. Such kind of conditions is called
normal damped response conditions. In this current paper,
we model the contact with new and nonstandard conditions
which involve both the normal compliance law and normal
damped response law and, as such, describes the contact with
a specific particular deformable foundation. Furthermore,
one cannot hope to fully grasp the phenomenon of contact
without taking into account the friction. In the literature, it is
generally modelled by either the so-called Tresca or Coulomb
friction laws. Normally, one would expect the friction coefti-
cient to be constant; however, such a classical approach has
shown its own limits for friction-induced phenomena such
as stick-slip motion. For this very reason, several authors
have introduced nonmonotone versions of friction laws
(5,13].

Due to all the motivations mentioned above, in this
work, we consider the mathematical study of a dynamic



frictional contact problem in which the contact is mod-
elled with a combination of normal compliance law and
normal damped response law, associated with a nonmono-
tone friction law involving a slip rate dependent fric-
tion.

The current study represents continuation of [14-17] and
its aim is to provide the variational and numerical analysis of
a new and nonstandard dynamic frictional contact problem
supported by numerical simulation. With respect to these
articles, this paper presents several traits of novelty that we
describe in what follows. Here, we no longer have finite
penetration in contrast to [14-16], where a combination of a
normal compliance law and unilateral constraint was used,
nor finite velocity as in [17], where a combination of a normal
damped response law and unilateral constraint in velocity
was considered. Note that we consider here a dynamic
contact model, since the static case had been studied in
(15, 16] for a material whose behavior was described by only
an elastic constitutive law. We insist on the fact that, in
the problem considered in this paper, the behavior of the
foundation is described by a Kelvin-Voigt-like foundation
modelled by a combination of normal compliance and nor-
mal damped response. Furthermore, such considerations
lead to nonstandard Coulomb’s law of dry friction where
the threshold depends on the tangential velocity, through
the coeflicient of friction, and both the normal displacement
and normal velocity, because of the normal compliance
and normal damped response, respectively. Another trait
of novelty arises from the mathematical analysis with in
particular the numerical analysis of such a problem by
considering a dynamic process. Indeed, in this study, we
derive optimal order error estimates in the fully discrete case
under regularity assumptions imposed on the exact solution.
Finally, we provide numerical simulations to validate the
bound of the error estimate and to illustrate the mechanical
behavior of the concrete physical body.

The rest of the paper is structured as follows. In Section 2
we introduce the notation we shall use as well as some
preliminary material. In Section 3 we present the classical
formulation of the frictional contact problem, we list the
assumptions on the data, and we derive the variational for-
mulation of the initial and approximate problem. Then, the
existence and uniqueness result of the weak solution of the
problem is presented. Section 4 is devoted to the presentation
of the error estimate result in the fully discrete numerical
case. In Section 5, the numerical strategy used to solve the
frictional contact problem is presented, followed by numer-
ical simulations on a two-dimensional example including
numerical validation of the optimal error estimate established
in Section 4.

2. Notation and Preliminaries

We present the notation and some preliminary material
which will be of use later on. Everywhere in this paper, we
use the notation N for the set of positive integers and R,
will represent the set of nonnegative real numbers; that is,

R, = [0,+00). Let d € N. Then, we denote by $? the space
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of second-order symmetric tensors on R, The inner product
and norm on R? and S are defined by

u-v= uivi,
1/2
vl = (v-v)"~,
Vu,v e RY,
@
0O-T= GijTij’
1/2
Izl = (z-7)"",
Vo, € S

Here and below the indices 4, j, k, and [ run between 1 and d
and, unless otherwise stated, the summation convention over
repeated indices is used.

Let Q be a bounded domain Q ¢ R? (d =1,2,3) with a
Lipschitz continuous boundary I' and let I'; be a measurable
part of T such that meas(I;) > 0. We use the notation
x = (x;) for a typical point in O U I' and we denote by
v = (;) the outward unit normal at I. Also, an index that
follows a comma represents the partial derivative with respect
to the corresponding component of the spatial variable; for
example, u; ; = Ju;/0x;. We use standard notations for the
Lebesgue and Sobolev spaces associated with Q and I and,
moreover, we consider the spaces

H=0(Q)" = {u= ()| u; € I* ()},
Q={r=(r) e 2 @™ I 7 = 1;},
Hy={u=(y;) | e(u) € Q},
Q, ={r € Q| Div(r) € H}.

2)

Here ¢ : Hi — Q and Div : Q; — H represent the
deformation and divergence operators given by

e(v) = (s,-j (v)) » gj(v) =

(v +via)

o | =

3)
Dive = (oij,j) .

The spaces H, Q, H;, and Q, are real Hilbert spaces endowed
with the inner products

(0, V) = J u;v; dx,
Q

(0,7)g = JQ 0;iT;; dx, (4)
(ll, V)H1 = (ll, V)H + (8 (ll) € (v))Q >
(0,7)q, = (0,T)q + (Dive, Div )y,

and the associated norms || - [l | - llo> II - IIH1 and | -
o, respectively. We denote by v, and v, the normal and
the tangential component of v on T, respectively, given
by v, = v-9 v, = v - v For a regular function
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o6 : QUT — S we denote by 0, and @, the normal and
the tangential components of the vector ¢ on T, respectively,
and we recall that o, = (%) - vand o, = 0¥ — 0,7.

Next recall the definitions of classical (one-sided) direc-
tional derivative and its generalization in the sense of Clarke.
Let X be a Banach space and X" its dual. For a function
¢ : X — RY, the directional derivative of ¢ at x € X in the
direction v € X is defined by

Q(x+Av)—¢p(x)

3 ©)

! .
x;v) = lim
¢ (xv) = lim
whenever this limit exists. The Clarke generalized directional

derivative of a locally Lipschitz function ¢ : X — R? at the
point x € X in the direction v € X is defined by

(1) = lim sup® ) -9() ©)

y—x,110 A

The Clarke subdifferential of ¢ at x is a subset of X™ given by
99 (x) = {C X 19" (7)) 2 (V) y WV E X}. (7)

A locally Lipschitz function ¢ : X — R is said to be regular
(in the sense of Clarke) at x € X if, for all v € X, the
directional derivative go'(x; ) exists and go'(x; y) = goo(x; V).
The function ¢ is regular (in the sense of Clarke) on X if it is
regular at every point x € X.

Now let us consider some material useful for the numer-
ical analysis of the problem. We will need the following
Gronwall inequalities, proved in [18].

Lemma 1. Let T > 0 be given. For a positive integer N we
define k = T/N. Assume that {gn}nN:1 and {en}ﬁil are two
sequences of nonnegative numbers satisfying

n
enSEgn+EZkej, n=1,...,N (8)
=1

for a positive constant € independent of N or k. Then there exists
a positive constant c, independent of N or k, such that

maxe, < ¢ maxg,,.
1<n<N " 1gngNg” ©)

3. Mechanical Problem and
Variational Formulation

We consider a viscoelastic body that occupies the bounded
domain Q with T, its boundary. We assume that I' is a Lip-
schitz continuous boundary divided into three measurable
parts I}, T,, and I such that the meas(I}) > 0. We use
the notations u and o for the displacement field and the
stress field, respectively; therefore, £(u), @, and i represent the
linearized strain tensor, the velocity field, and the acceleration
field, respectively. We denote by » the unit outward normal,
defined almost everywhere on I'. Let [0,T] be the time

interval of interest with T > 0. The body is clamped on
I} x (0,T) and, therefore, the displacement field vanishes
there. A volume force of density f; acts in Q x (0,7T), and
surface tractions of density f, act on I, x (0,T). In this
study, we consider the dynamic contact with friction between
a viscoelastic body and a foundation on Iy x (0,T). The
material’s behavior is modelled by a viscoelastic constitutive
law of the form

o =%e(a)+ &e(u). (10)

Here &(u) is the linearized strain tensor, & is a nonlinear
operator which describes the viscous properties of the mate-
rial, and & is a nonlinear operator which describes its elastic
behavior. Various examples and mechanical interpretations
in the study of viscoelastic materials of the form (10) can
be found in [19] and the references therein. Such kinds of
constitutive laws were used in the literature in order to model
the behavior of real materials like rubbers, rocks, metals,
pastes, and polymers. In addition, the foundation is made of
a soft material, where the contact is modelled with normal
compliance and normal damped response. The friction is
based on nonmonotone Coulomb’s law of dry friction during
the contact with the soft material. The boundary conditions
on the contact surface are described in what follows.

When the body moves towards the obstacle, the contact
is described by both a normal compliance condition and
a normal damped response condition. In this case, the
foundation is characterized by a Kelvin-Voigt like model.
Therefore,

0, = p () +q(is,). (1)

Here p represents the positive normal compliance function
such that p(r) = 0 for r < 0 and q represents the positive
normal damped response function such that g(+) = 0 for r <
0. A similar rheological model was used in [20] to describe
the behavior of soft clay with application on rheological
consolidation.

Furthermore, the contact is associated with Coulomb’s
law of dry friction in which the coeflicient of friction u is
assumed to depend on the slip rate [i,||. Therefore, when
0, < 0, the friction condition is described by

o] < o (i) (p (1) + 9 )
o, = (i) (p () + 4 (i) H (12)
if w, 0.

Details on the normal compliance conditions associated with
Coulomb’s law of dry friction can be found in [4, 5, 18], for
instance. To simplify the notation and when it is sensible, we
omit the dependence in position of the variables.

With these preliminaries, the classical formulation of our
dynamic frictional contact problem is the following.

Problem 9. Find a displacement field u : Q x (0,T) — R
and a stress field o : Q x (0, T) — S? such that
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o(t)=Be((®)+Ee(u(t) inQx(0,T), (13)
Dive (t) + £, (t) = pii (t) in Qx (0,T), (14)
u(®)=0 onT, x(0,T), (15)
c(®)v=£(t) onl,x(0,T), (16)
-0, (t) = p(u, (1) +q (@, () onT3x(0,T), (17)

lo. @] < (o, ®) (p (w, 1) +q (i, 1)),

-0 (0) = p (. O (p (w, ©) +q (@, ©))

forall t € R, and, moreover,
u(0) =u,
u(0) =u (19)
in Q.

Here, (13) represents the viscoelastic constitutive law of
the material. Equation (14) is the classic equilibrium equation
which includes the acceleration term; p denotes the density
of the material and is assumed to be a constant for the sake
of simplicity. Conditions (15) and (16) are the homogeneous
displacement and traction boundary conditions, respectively,
and (19) represents the initial conditions, with u, and u,
being the initial displacement and velocity, respectively.
Our interest lies in the contact conditions (17) and (18).
In this case, the contact condition (17) allows nonlimited
penetration. It could be assimilated to a Kelvin-Voigt law
since the normal stress on the contact boundary is described
by a combination of a normal compliance law and normal
damped response law. The friction condition, described in
(18), represents Coulomb’s law of dry friction where y is the
slip rate dependent coefficient of friction.

In order to introduce a weak formulation of the mechan-
ical Problem &, we consider a closed subspace of H;

V={v=(v)eH |v=0onT}. (20)

Completeness of the space (V,| - [ly) follows from the
assumption meas(I}) > 0, which allows the use of Korn’s
inequality, for some constant C, depending only on Q and
I,

lleWlq = Cx IVll, VveV. (21)
On V, we use the inner product given by
(wv)y =(e(u),e(v))q VYu,vevy, (22)

and let || - ||y, be the associated norm; that is,

Ivlly = lle(W)llq  VveV. (23)

u, (t) on Iy x(0,T), (18)

. @)

if 0, (£) # 0

It follows from (21) and (23) that || - || H, and | - [y, are
equivalent norms on V and therefore (V, ||-||,) is a real Hilbert
space. Also, note that since

1/2
vl = (VI3 + Ivly,) ™ Vv e H, (24)

we obtain that
Ivlly = Cx vl VYveV. (25)

The duality pairing between V and V™ is denoted by (-, -).
Identifying H with its dual, we have an evolution triple V'
H c V* with dense, continuous, and compact embedding. By
the Sobolev trace theorem and by (25), there exists a constant
¢, depending only on the domains Q, I'}, and I; such that

IVlz2ymey < @ IVl Vv eV. (26)
By (26) there exists a continuous trace operator y : V. —
L2(F3; R%) and for the function v € V we still denote by v its
trace pv. In what follows, we need the spaces 7" = L? (0, T;V),
H =1*0,T;H),and ¥ = {v € 7" | v € 7"*} where the time
derivative involved in the definition of %" is understood in the
sense of vector valued distributions. Equipped with the norm
vl = (||v||27 + ||v||27,, )1/2, the space 7" becomes a separable
Hilbert space. We also have #" ¢ 7" ¢ # < 7" and the
following inequality holds, where ¢, is a constant,

IVllo < IVli2or2@may YV EV. (27)
It is well known that the embedding 7 ¢ C([0,T]; H) and
embedding {w € 7" | w € #'} ¢ C([0,T]; V) are continuous.
Moreover, choosing # € (0,1/2) we introduce the space Z =
VN H'"™(Q; R?) equipped with H'™ norm. Note that V ¢ Z
and Z ¢ H with both embeddings being compact, and hence
H c Z" c V" where both embeddings are again compact.
We introduce now Ehrling’s lemma, proved in [21].

Lemma2. Let X, X, and X, be three Banach spaces such that

X, c X cXy, (28)
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with the injection of X into X, being continuous and the
injection of X, into X being compact. Then, for each ¢ > 0,
there exists some constant C(¢g) such that

IVilx < elvlix, + C(e) Ivllx,» Vv € X,. (29)

(a) € (,¢) is measurable on Q Ve € S%,

Using this lemma, we get the following inequality:
IVIZ2 ey < €IVIE + C (@) IVl Vv eV (30)
In the study of the contact problem, we assume the following

properties on the data.

H(%). The viscosity operator & : O x S? — S satisfies

b) (B(xe)-F(x8)): (6,-&)>cle & Ve,e €S, ae xeQwith g, >0, (31)

© [6(xe)-6xe)l <Ly e -2l

H(®&). The elasticity operator & : QA x s? — % satisfies

Ve, g, € S7, ae. x € Q with Ly > 0.

(a) & (&) is measurable on Q Ve € S?,
®) (&(x8)-&(x¢8)):(5,-&)=0 Ve,e €S ae xeQ, (32)

©) |&(xe)-&(xe)|<Lq|e -2

H(p). The normal compliance function p : ;xR — R
satisfies

(a) There exists L, > 0 such that |p(x,u) - p(x,v)| < L,[u-v|
(b) There exists ¢; > 0 such that p(x,u) < ¢

() px,u)=0 Yu<Oaexcel;.

H(q). The normal damped response function g
I x R — R satisfies

(a) There exists L, > 0 such that |q(x,u) —q(x,v)| < L, |u-v|
(b) There exists ¢, > 0 such that q(x,u) < ¢

(6) qx,u)=0 Vu<Oaexcel;.

H(y). The friction bound p : [0, 00) — R satisfies

(a) u is continuous,

®) |luG)| e c>0, (35)

(© w(s)—p(s) 2 =A(s1—s,)
The assumption (35)(c) represents a one-side

Lipschitz condition, which allows the function
u(-) to decrease with a rate not faster than A.

H(f). The force and the traction densities satisfy

Vs, >s, 20 with A > 0.

f, ¢ L* (0, T; H),
(36)
f, e L’ (0, ;L% (I RY)).

Ve, g, € $9, ae x € Q with Lg > 0.

Vx € I3,
V(x,u) € I3 xR, (33)

Vx € I3,
V(x,u) € I3 xR, (34)

Also, we assume that the initial values satisfy the
following.

H,.u, € Vandu, € H.

Using the Clarke subdifferential (7), the friction condition
(18) can be expressed in another form. Indeed, define a
function j : R? - R by

[l
i) = [ uds v ew (37)
0

Then, assuming H(¢)(a)-(c), the condition (18) is equivalent
to the following subdifferential inclusion:

-0, € (p (uv) +q (uv)) a] (ﬁr) on r3 X (0’ T) > (38)




where 0j(#7) denotes the Clarke subdifferential of j at the point
ne RY,

Properties of the function j are summarized in the next
lemma.

Lemma 3. If the assumptions H(u)(a)-(b) hold, then the
function j defined by (37) is locally Lipschitz, and

E-ux0 Vu € RY, Ecoj(u),
(39)
€l <c YueR?, &edju).

If furthermore the assumption H(u)(c) holds, then we have

2
(§1-8) (u;—uy) 2 -Afju; - u,
(40)
Vu,u, € RY & €0dj(w,), i=1,2
Proof. First, we have to proof that j is locally Lipschitz. In

order to do so, let # € R? and r > 0. For ny,.1, € B(n,r),
we get

[i(my) - j ()| < max u (|zl) I —mll- (ap

(@) AeZ(V;V") is symmetric,
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With H(u)(a) and Proposition 5.6.28(ii) in [22], we have the
following characterization of the Clarke subdifferential 0j:

B(0,u(0)) form=0,
i (n) = (42)
700 = ”"T" for 5 # 0.

Then, the other properties follow straightforwardly. O

We define the operators A : V. — V*, B : V — V7,
functional J : L*(Ty;; RY) — R,and f : (0,T) — V*, defined
by

(AW, V) yy = J Ge(n)e(v)dx foru,vev,
Q

(BW, V)yuyy = J Ee(w)e(v)dx foru,vev,
Q

(43)

J(v) j(v)dr forveL? (F3;Rd) ,

e

@), V)yesy = (fo () ’V)H + (fl (t) ’V)LZ(FZ;R”)
forveV.

If H(%) holds, the operator A has the following proper-
ties:

(b) There exists Ly, > 0 such that (AV,V)y-., < Lg [Vl Vv eV, (44)

(c) There exists ¢, > 0 such that (Av, V)« = ¢, ||v||%, Vv eV.

Under the assumptions H(&), the operator B satisfies the
following properties:

(a) Be Z(V;V") is symmetric,
(b) There exists Ly > 0 such that
() BV, V)yiy =20 VveV.

Assuming H(y), the functional J : LZ(F ;Rd) — R is
locally Lipschitz, and we have the following inequalities on

§ e dJ(v):

(a) ”EHLZ(Q;Rd) <c VE €oJ (V) S
(b) &-v=0 VEed(v),

2
(©) (& -&,v, - VZ)LZ(I‘3;Rd) > -1 ||v1 - v2||L2(1“3;[Rd)

(BY,V)yoy < Lg IV} Vv eV, (45)

(46)
VE €] (v,), i=1,2, ¥v,v, € I (T RY).
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Now, multiplying the equation of motion by the test
function v, integrating over Q x (0,T), using the Green
formula and the definition of the operators, we obtain the
following variational formulation of Problem 2.

Problem 9. Find a displacement field u € 7" witha € %"

and a friction stress field € € L*(0,T, L2(F3; R%)) such that,
fora.e.t € (0,T) and forallv e V,

(pi (1) + Au(t) + Bu(t) — £ (), V)
+ (p (uv (t)) > vv)LZ(r3;[R) + (q (av (t)) > Vv)Lz(rS;[R) (47)

+(p (u, (0) +q (i, (1)) §(O), Vo) o r ey = 0
with
E(t) € Sy onT3x(0,7T), (48)
where S?ﬂj(ﬁr(t)) is the set of all L? selections of 0j(u,(t)) and

u (0) = u())
(49)
u(0) = u,.

Finally, we formulate the result concerning the existence
and uniqueness of solution to Problem ;. In order to keep
the paper with a reasonable length, we skip the proof of this
result.

Theorem 4. Assume that H(¢), H(&), H(p), H(q), H(u),
H(f), and H, hold. Then, Problem P\, has a unique solution.

Note that the proofs of this theorem are based on similar
arguments to those used in [14, 17, 23].

4. Fully Discrete Error Estimates

We introduce a fully discrete approximation of Problem %,
in order to bound the error of the fully discrete solutions. To
this end, on a finite time interval [0, T] with T' > 0 given, we
consider a positive integer N and we define the time step-
size k = T/N and the time nodal points {, = nk and
0<n<N.

We assume that Q is a polyhedral domain and we consider
a regular family of finite element partition of Q. Let V" ¢ V
be the associate finite element space of continuous piecewise
linear functions which vanish on I'. Here i > 0 denotes the
spatial discretization parameter.

In what follows, we denote f, = f(t,) and u,, = u(¢,,). For

asequence u™ = {u}N ' we use the notation §,u’* = (u* -
uZ’fl) /k,n = 1,...,N, for the backward divided differences,

as well as the additional notation Su™ = {5, u"™*} . Let ug,

7
ui’ € V" be suitable approximations of u,, u, characterized
by

h h
<u0 -y V >V =0,
(50)
h h
<u1 —u;,Vv >H =0
for allv' € V", It is easy to observe that
h
”uo "V < "uOHV >
(51)

s < ol -

The fully discrete approximation of Problem &, is the
following.

Problem 9’}{,}‘. Find a velocity field {wﬁk}n]\]:0 c V" and a

friction stress field {fzk}io ¢ L*(Ty; RY) such that

hk hk hk h
<p8wn +Aw,” +Bu, —f,,v >V*><V

+(2(0) )y * (2 (W) 70) iy

(52)
hk hk\\ ghk h
+ ((p (”W) +tq (wm)) &, ’VT)LZ(Fs;Rd) =0
we v,
with
bk Q2
& e Saj(whk) ae.only, n=1,...,N, T = Nk,
ug’ = v, (53)
hk _ h
w, =uj.
We consider the following discrete displacement
e _ kN ok
u, =u, + kaj . (54)

i1

Remark 5. From now on, the constant denoted by C may
differ from line to line.

In what follows, our aim is to analyze the error between
the solution of Problem % in displacement and its fully
discrete approximation, solution of Problem 9’}(," . Note that
the analysis of the error estimates in terms of tangential
constraint remains an open problem. The main result of this
section lies in the following theorem.

Theorem 6. Assume k is sufficiently small. Then, under the
assumptions H(€), H(&), H(p), H(q), H(u), H(f), and ﬂ

and the regularity u € C*(0, T; [H*(Q)]%) n H*(0, T; H) and
u, € C(0,T; HZ(F3)d) we have the optimal order error estimate

Iy (”u” B uﬁk“v + Hwn - W:k”H) <C(h+k), (55)

with C a constant independent of h and k.
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Proof. We take v = v in (47) and we combine it with (52) in
order to get

(p (W, = w,") + A(w, -~ w,)
+B(u, —wi) vy o+ (p(u)
=P ()W) ey + (4 (1) (56)
= (W) V) gy * (P () + () &,

B (p( hk) * q( hk)) gzk’v?)ﬁ(rssu%d) =0

Now, taking v" = w* in (56) and combining these 2
inequalities, we obtain

(p (0, = ow,") + A (w, - w)
+B(u, ~ ) V) (p ()
= P () V) gy + (4 ()
~q (W) V) gy + (P (1) + 0 (i) &,
= (P () + () 82590 o ey
= (p (¥, —ow,") + A (w, - )

P
B(w, - u)),wiy .+ (p(u,)
(14
()

(57)

+

- plu ) ”V)LZ(F iR) (q (wm/)
Yl + (P () + (),
(P( ) ( )) Eﬁk’wZ‘]:)LZ(rs;Rd) .

—q\w

After reformulation of (57) under the form (-, w, — whk) =

(ww,—V "), we have

<p(w —6wh)+A(w —whk)+B(u —uhk) w,
WDy * (2 (1) - p( ) Way

lpu
Wy )LZ(F3 R) + (q - ( ) Wy,
((r

() +q (W) &,
- (P (um/) +q (wfm]f)) £Zk’ Wor — Wzl'r()LZ(r3;Rd)

Wry )LZ(F ® "
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= (p (W, = 0w, ) + A (w, - )
+B(u, —w ), w, =v") L+ (p ()
() =)+ (2 )
~q (W) W =) )
(p (upy) + 9 (wy)) &,

P () + () 80 W =¥2) -

+

(58)
From that, we deduce that
<p(wn—8wz )+A(w -w, )+B(un—uﬁk),wn
- Wﬁk>v*xv + (p (um/) -p (ufmlf) > Wyy
- wa)Lz(lg;R) + (q (wm/) —-4q (wi:w]f) > Wyy
- w:f)Lz(r R) + ((p (unv) +q (wnv)) sn
= (p () + () & Wirr = Woe) e
+((p () +a(wy)) &
(p( ) ( ) HT)LZ(r Rd) (59)

)&

P A(W - W, )

(u, - uﬁ") W=V (P ()
(  +(a(w,)

h)
-V .
nt T L2([~3;Rd)

Therefore, after some elementary manipulations, it is easy
to see that

(p(@wn—(‘iw )w -w, ) +<A(wn—whk),wn
e (P (1) + a () &,
~(p () +a(w,

= (p (wn - 8wn) ’WZk - wn)H

)) E > Wy — WZ];)LZ(Q;R")
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+ (p (8wn - 6w:k) W, — vh)H (p (W, —6w,),w,

h Hk h
V) (AW W) ow =V

+ (B, - uw)), (W' —wo) + (W =v"))y
+(p (1) = p () - (why — )

(W =) iy + (@ ()

= (W) (s = w) + (Wi =)
+((p (1) + 4 (w,,)) &,

= (P () + 4 (W) &5 Wore = V) o e

+((p () + 2 (w2)) &,

- (p (um/) +q (wnv)) sn’ War = w"T)LZ(F3;Rd) .
(60)

Remark 7. From now on, the constant denoted by C may
differ from line to line.

It is easy to see that

2(a-b,a) = lla-Dbl* +lal® - bl (61)

hk

k
Then, we take a = w,, — wfl andb=w,_; -w, ",

hk |2

w, — W,

hk 2)
H

2 (

=W =W

H n—1
(62)
hk hk
< p((éwn - 0w, ),wn -W, )H.
From the coercivity of the operator A in (44), we get
hk||2 hk hk
G "w” ~Wa ”V s <A (wﬂ W )’wﬂ W >V*><V' (63)
The operator A is Lipschitz continuous, from (44):
hk h
<A (wn -w, ),w,, -V >V*><V
(64)

<Lg

hk h
Wy =Wy [l [We = V|| -

The operator B is also Lipschitz continuous, from (45):

<B( B hk) hk h>
u, -, )W -V

hk
u, —u,

(65)
<Ly

e =
viTn v’

With (26), (33)(a), and (34)(a), we have

hk

(P (unv) - P (u25) +9q (wm/) -9 (wrlgf) > Wy,

hk

ny

h
Y )LZ(F3;[R) = (COLP |”m' Uy
hk
ny

h

hk
+ Lq “wm -—w "wm, -V,

P(TyR) (66)

hk hk
u, - u, “V + Lq ”wn -w,

LZ(F3QR))

= (COLP Lz(rs;R))
’ ( Wn = Vh"v) )

From (30), (33)(b), (34)(b), and (46)(c), we get

hk
w, —W,

Lz(r3;Rd) + CO

((p () + a (i) &,

() + (1)) 25 0~ )
5 (67)

>-Ae+¢q) “wm -w >-A(e+¢q)

Using now (26), (33)(a), and (46)(a), we have

hk

nt

L2(Ty;R%)

hik ||
V+C(s)

w, — W,

hk
Wy, =W,

|o () &5 = (1) €] < |2 () & = P (i) &5
+p ()&, - p (U)X (68)

hk

n

< cOch"un—u v T26c

Then, with (26), (34)(a), and (46)(a), we have

la () & - a(w) & < la (wn) & - q ()&,
+a (W) - a(w) & = aLoc fwa - wif], 69

+ 2¢4c.

Therefore, using this time only (26) and (33)(a) we deduce
that

||p (HZ::) En -p (um/) £n

<qL,c “un - uﬁknv, (70)
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and from (26), (30), and (34)(a), we obtain

la (w)s) &, - a(w,) &

ik
s Lge (8 [w. = wi'l,

(71)

hk)
n llg/°

Thus, from (62)-(71), we get

2
+ (ol - (A (6 +¢) +ch) 8)

< (p ((Swn - 6ka) YW, — vh)H +p|w,

hk||?
n \lH

o)

A Wn-1 — W

- awn”H

hk h hk
(= + o =9 ) + Lo o = w0

h
wo =, + L -],
(b =]+ o= w2,

\4
L hk hk

+ CO P un_un \%4 wn_wn Lz(r3;[Rd) (72)

(- +ao[w, =, )
n n L2(F3;Rd) CO n A4
h
War = V2 L2(T;R4)

h

T2 (ry;RY)
hk
Gl ||“n - v, ||v
hk
Wanr — V2 L2(Ty;RY) TG | Wnr = War \

+LcC (e) ”w - whk”

Then, from (25), (26), (30), the inequalities ab < 2a% +2b°
and ab < ea” + b? /4, and (72), we obtain

P Rk k|
2k wn wn H Wn,I wnfl H

+(c2—(/\(c3+c4)+L c hk"

e) |w, - w

< (p (8wn - 8WZk) SW,, — vh)H
(73)

1)

+C (I -

hk || h
n “v +C "wﬂf -V |'L2(1“3-[Rd

+C||w

+C(e)||w -W,

2
Lz(l“3 R4)

with C a positive constant that may change from line to line.
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Remark 8. Note that if € is small enough, ¢, - (AMc; +¢,) +L o+
1)e > 0.

Now, we replace n by j and sum over j from 1 to n to
obtain

(== o =)+ (e~ (3 e )
FLer)e 2k"w WAL
< Zilk ((6w; - ow*)ow; =),

£
+CZk(||w o P R 7
[, vl )+CZk| je = Viely e

+ CZk T

+C(¢) Zn:k "wj
=

hk"

. hk h
) We consider the term Z;’:l k((5wj - 8wj ), Wi—V; )i we
ave

j=1
n
= 2 (wi=witsw;=v),,
j=1
n—-1
- Z (W —th w Vh )
j joorrr s Y
Jj=0

' hk || )%
<e "wn—wn ” +C“wn—vn|'

#Clwy =9, + Clhwi -,

n-1

5 o o v -
J Joltg ™ T j+l

=

iy
Vit g

' hik || )%
<& =y, + C =i,
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#Clwy =9y + Clhwi -,

n—-1
k hk |12
+ 27w
) J J NH
j=1

1

with &’ < 1/2. We recall the following classical inequality:
j
oy = o, = oo - wpl, + Dk, -l + 1 70)
p=1

where I is defined by the following relation

S il (= L
5 I, - L w(s)ds—;kwp < klulizory - (77)
Thus, since 2ab < a* + b,
Ju; =,
< Joo ol Sl )+l 2l il Tk,
j
+2]ug =g, Kl oy +2) Kk |w, = wo|l K lulliegor) (78)
pr=1

hi2
< 3w, - wgf,

2

j j
(Zk [, - ”‘IIV) # K Il < O (iluo ARG LA R "unim,m) -

Therefore,

zzcnuj—uifknim(||uo—uzni
=1
’ (79)

hk 2 2 2
+ W, ||V +k ullieora |-

3 v,

1 p=1

™=

j

By considering the constant ¢; = min(1, (2/p)(c, — (A(c; +
¢)+ L €+ 1)€)), it is possible to bound from below |lw, —

wWikllE + (2/p)(e, = (M +¢,) + Lyc + 1)e) X7 kllw; = wik5,
by ¢ (lIw, —wﬁk ||§{+Z?:1 klle— w?k||‘2,). Note that ¢ is positive
due to Remark 8.

Denote

=l =i +Zkllw -l
o

- 2 i
= Zk ("wj - 8wj'|H + ”wi —Vj Hv)
5
+ Zk ”w]T JT

L2 (T3 [Rd) + ||u0 uO ”

2 2 % hk||?
+ k[l oy + "Wn - Vn“H + "Wo - W "H
2 el h B2
o=l 2 = = (v =il
=

+Zkl

Wir = JT L2(1"3 RA)
(80)
Then, we can reformulate (74) as follows:
n
e, <Cg, + Zkej, forn=1,..., N. (81)
i=1

From (81), we apply the discrete form of the Gronwall
Lemma 1 to obtain that

max <”w —whk" +Zk“w whk” )
1<n<N

j=1

N
cc| Sxlps s+ b

h
+ max ||W -V
1<n<N Tl L2(1y;RY)
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h 2
+ max ||W -V + ||u — U, ”
l<n<N 77T Tl L2(T;5RY) 0 0llv

2
H

2 2 h
+ K lullze oy + max ”wn -V,

n

k|2 n||?
o Jer =il

h 2
jﬂ)“H

+ |wo -

+ Z k "w Wi+t~
(82)

Now, let u? € V" be the finite element interpolations of
u;. It follows from [24] that

N
. 2 2 2
kZ "Wj —0w; ||H < k™ IWllkr o, rimm) »
i=1

= (83)

< ch? ||11||§—12(0,T;E) ’
"“0 - ug“}s < ch ”uOHHZ(Q;Rd) ’
"“1 - “111“}1 <ch ||“1||H1(Q;Rd) :

Then, the error bound follows from Theorem 6 and (50). [

5. Numerical Simulations

The aim of this section is to present the numerical strategy
used to solve the frictional contact Problem 2, to provide
numerical simulations and also to get a numerical evidence
of the convergence of the discrete scheme established in
Section 4.

Numerical Solution. The numerical solution is based on an
iterative procedure which leads to a sequence of convex
programming problems already used in [14, 23]. For each
“convexification” iteration of index m, the value of the friction
coeflicient p(||lw,[Ia) is fixed to a given value depending on
the tangential velocity solution w, found in the previous
iteration. Then, the resulting nonsmooth convex iterative
problems are solved by classical numerical methods. Further-
more, the frictional contact conditions are treated by using
a numerical approach based on the augmented Lagrangian
method (cf. [25]). To this end, we consider additional ficti-
tious nodes for the Lagrange multiplier in the initial mesh.
The construction of these nodes depends on the contact ele-
ment used for the geometrical discretization of the interface
I5. In the case presented below, the discretization is based
on “node-to-rigid” contact element, which is composed by
one node of I'; and one Lagrange multiplier node. For more
details on the discretization step and Computational Contact
Mechanics, we refer to [2, 6, 25-27]. The numerical solution
of the nonsmooth nonconvex variational Problem & is based
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on the iterative scheme given in the following algorithmic
lines characterized by the time stepping loop of index #n and
the convexification loop of index m. The convexification loop
is ended by the stopping criterion given by (85).

Let e,y > 0, and let w @ be given.

Forn=0,1,...,N, do time stepping loop.

Form =0,1,..., do convexification loop.

Problem P.,,. Find a velocity field
{ka’(m“)}fj: o C V" and a friction stress
field (€N 12(T,; R?) such that

<8 B (m+1) 4 ( hk,(m+1) )+Buhk (m+1)

-f, Vh>v*><v +(p (”Zﬁ’(mm) > Vﬁ)LZ(rz;R)

+H(a (™)) ey

+ ((p (uZI;,(mH ) + q( hk, (m+1))) (84)

Ehk (m+1)’VT) —0,

L2(y;R%)

w' e V Ehk(mﬂ) € Sa( pkmy O I3,

T = Nk,
untll ”uhk (m+1) hk,(m ”V < Econv” k,(m) " ) and
hk,(m+1) _ ghk,(m) hk,(m)
En En L2(r3 [Rd) — COnV “E LZ(r3;Rd) M (85)

We recall that the discrete displacement is given by uﬁk =
ST

Note that the different numerical methods used for
the numerical algorithm (85) have been implemented in a
Fortran computer code which is based on a MODULar Finite
Element library (MODULEF) developed by INRIA (Institut
National de Recherche en Informatique et en Automa-
tique, Rocquencourt, France). For more details, we refer to
https://www.rocq.inria.fr/modulef/english.html.

Numerical Example. We consider the physical setting
depicted in Figure 1. There, Q = (0,L) x (0,]) ¢ R? with
L>0,l>0and

I} = ({0} x [0, 1) U ({L} x [0,1])
I = (0, L] x {I}, (86)
I, = [0, L] x {0} .

The domain () represents the cross section of a three-
dimensional linearly viscoelastic body subjected to the action
of tractions in such a way that the plane stress hypothesis is
assumed.

On the part I}, = ({0} x [0,1]) U ({L} x [0,1]), the body is
clamped and, therefore, the displacement field vanishes there.
Vertical tractions act on the part [0, L] x {I} of the boundary.
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Direction of motion of the mass

() deformable body
DT

I3

( Deformable obstacle )

FIGURE 1: Reference configuration of the two-dimensional body.

No body forces are assumed to act on the viscoelastic body
during the dynamic process. The body is in frictional contact
with an obstacle on the part I'; = [0, L] x {0} of the boundary.
Note that we used the viscosity in (13) for mathematical
reasons, so far, but from the practical point of view one may
take the viscosity as small as one wishes. Here, since it is not
our main interest, it is reasonable to neglect it. Indeed, this
choice was motivated by the fact that our aim was to focus
only on the behavior of the very specific frictional contact
conditions.

Therefore, the material response is governed by an elastic
linear constitutive law defined by the elasticity tensor & given

by

Ex E

) (11 + T22)80¢ﬁ +

s = T -2

T,

ap>
1+« (87)
l<a <2 VreS.

Here, E and « are Young’s modulus and Poisson’s ratio of the
material and 6,5 denotes the Kronecker delta.

Note that, in order to insure the boundedness condition
for both functions expressed in (33)(b) and (34)(b), one may
consider the functions

p(r) = min (CVT+,C3) >
(88)
q(r) = min (d,r,,¢),

where ¢; and ¢, are very large and ., = max(0, r). Therefore,
the normal compliance and normal damped response used
here are defined by the following functions

p (r) = ST
89
q(r)=d,r,. (®9)

For the coeflicient of friction, we choose a function
[0, 00) — R, of the form

u(|la]) = (@-b)-e M 1 p, (90)

with a,b,a« > 0 and a > b. Such a slip weakening
phenomenon appears in the study of geophysical problems;
see [28] for details. Indeed, in this case the coefficient of
friction decreases with the slip from the value a to the limit
value b. And, for this reason, the corresponding friction
law can be characterized as being nonmonotone. Since the
function p(+) is a contraction on [0, 00), we have a(a—b) < A,
and, as a consequence, the condition (35)(c) is verified.

Also, in order to describe the motion of a mass along the
boundary T, we consider the following function for f,, with
x, the abscissa of a point on the boundary

f2 (X, t) = (0’ -9 (x: t)) >
2 (o)
g(x,t) = Fe V"™ vx € [0,L] Vt € [0,T],

where F,y, ¢ > 0.

The choice of this particular function is motivated by sev-
eral points which will be highlighted through the numerical
simulations presented below. For the computation, we use the
following data:

T=1s,
L=2m,
I=0.1m,
u, =0m,
u; =0m/s,

p = 1000kg/m’,

E =100 GPa,
k=03,
f, = (0,0) GPa,
F =10 GPa/m, (92)
¥ =50m",
Casse = 2M/s,

G = 108 GPa/m,

¢y = 108 GPa/m,

¢, = 5GPa,
d, = 0.1 GPas,
a=1,

b =05,

o = 2000.
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t=02s
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t=04s

I\ l!l////////////lln\\\\\\\\\\\\\\\m

t=0.8s

UMY,

FIGURE 3: Deformed meshes and contact forces on Iy for ¢ = 5 and y = 20, without friction.

In Figure 2, we plot the deformed configuration as well as
the interface forces on I'; at the moments t = 0.25,0.45,0.6 s,
and 0.8 s. Note that at a given instant ¢ = ¢, significant normal
contact forces only exist on a portion of the boundary I'; and
those forces will eventually vanish over time. Such a behavior
is consistent with the movement of a mass along the boundary
[,. Besides, the velocity of the mass along the boundary can
be assimilated to the coefficient ¢,,.. This is why, with the
choice ¢, = L/T, the mass proceeds from left to right
through the whole boundary T,.

Next, we study the influence of the parameter y on
the normal contact stresses on I. At a given instant t =
ty» since the mass is located at x, = ¢y ,efo> the forces
decrease exponentially with the distance between the node
considered on the contact boundary and the node at the
abscissa x. Here, y describes the decay rate of g. Regarding
the mass, it could be understood as its length: the longer
the mass is, the lower y should be. Such an assumption is
confirmed by Figure 3, where the deformed configurations
and the interface forces are plotted for 2 values of y.

This kind of simulation is supposed to model coarsely the
action of a train wheel (mass) on a rail (deformable body)
placed in contact on a ballast (deformable obstacle).

Error Estimate. In order to check the convergence of the
discrete scheme and to illustrate the optimal error estimate
obtained in Section 4, we report in Figure 4 numerical solu-
tion errors in the energy norm defined by

. 1/2
IVllg = (p¥ (6) + Bv (8),v)il2., (93)
which is equivalent to the norm |[|v]|y,. Since the true solution
u is not available, we use instead the numerical solution
corresponding to fine discretization of Q) as the “reference”

0.125

h
Huref‘ u HE

0.0625

0.0313 —

0.0156 —

1 . I I I 1
0.0625 0.125 0.25 0.5 1

h+k

FIGURE 4: Numerical errors.

solution u,.¢ in computing the solution errors. Here, the
numerical solution with # = 1/128 and k = 1/128 is taken
to be the “reference” solution u,.. This fine discretization
corresponds to a problem with 33538 degrees of freedom
and 32768 elements and was computed in 5001 CPU time
(expressed in seconds) on an IBM computer equipped with
Intel Dual core processors (Model 5148, 2.33 GHz). The curve
of the numerical error estimate is asymptotically linear,
which is consistent with the theoretically predicted optimal
linear convergence of the numerical solution established in
Section 4.
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