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Singular perturbations for a subelliptic operator

PaorLA ManNucct, CLAUDIO MARCHI, NICOLETTA TCHOU
Universita degli Studi di Padova, Université de Rennes 1

Abstract

We study some classes of singular perturbation problems where the
dynamics of the fast variables evolve in the whole space obeying to
an infinitesimal operator which is subelliptic and ergodic. We prove
that the corresponding ergodic problem admits a solution which is
globally Lipschitz continuous and it has at most a logarithmic growth
at infinity.

The main result of this paper establishes that as ¢ — 0, the value
functions of the singular perturbation problems converge locally uni-
formly to the solution of an effective problem whose operator and data
are explicitly given in terms of the invariant measure for the ergodic
operator.

Keywords: Subelliptic equations, Heisenberg group, invariant measure,
singular perturbations, viscosity solutions, degenerate elliptic equations.
Mathematics Subject Classification: 35B25, 491.25, 35J70, 35H20, 35R03,
35B37, 93E20. !

1 Introduction

This paper is devoted to the asymptotic behaviour as ¢ — 0 of stochastic
control systems of the form

dX; = o(Xy, Yy, w)dt +V25(Xy, Yi,u)dWy,  Xo=x € R"
NG)

1
dY, = =b(Y))dt+ YEo(Y)dW,, Yo=yeR™
€ €

N
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where u; is a control law, W; is a standard Brownian motion, while the
coefficients ¢, &, b and o are Lipschitz continuous uniformly in u. We are
mostly interested in the asymptotic behaviour of the value function

T
Ve(t,z,y) := sup E[/ f( X, Yy, ug)ds + e“(t*T)g(XT)]
ueU t

where E denotes the expectation, U is the set of progressively measurable
processes with values in a compact metric set U and a is a fixed positive
parameter. Our aim will be to characterize the limit of V¢ as the solution
to an effective Cauchy problem whose operator and terminal data need to
be suitably chosen.

Problems of this type arise from models where the variables Y evolve much
faster than the variables X.

Although the present work is not directly concerned with financial math-
ematics, it has been partially inspired by some models of financial assets
whose price X; is a stochastic process with a possibly degenerate diffu-
sion. In such models, the volatility Y; is also a stochastic process which
is correlated to the former one. Some of the financial models discussed in
([21],]11],]7] and the references therein) involve stochastic processes X; with
degenerate diffusions. On the other hand, the volatility Y; may also be a
stochastic process with a degenerate diffusion, see for example the models
of Feller and Cox-Ingersoll-Ross ([11, pag.42]).

The main issue of this paper is to tackle this problem when the coeffi-
cients are not periodic in y and the diffusion matrices 567 and oo’ may
be degenerate and unbounded. For the sake of simplicity, we shall focus
our attention to the model case where 667 is bounded and the diffusion
matrix o is the one associated to the Heisenberg group in R3

1 0
U(y) = 0 1 ) for Y= (y17y27y3)'
2y2 —2y

We note that oo’ is degenerate and with unbounded coefficients.

It is well known that the ergodicity of the fast variable cannot be
expected for general drift b. In order to overcome this issue, we consider a
drift b in the Ornstein-Uhlenbeck form

b(y) = —(klyl, /{?Qyz, kgyg) for some k1 > 47 ko > 4, k3 >0



(see A2)). This choice of the drift is reminiscent of other similar conditions
about recurrence of diffusion processes in the whole space (see for example
[13] and references therein).

By standard theory (see [10]), the value function V¢ is the unique (vis-
cosity) solution to the following Cauchy problem for an Hamilton-Jacobi-
Bellman equation

2 €
_atve +H (Cﬂ,y, DxVG,ngVE, Dz, V >

Ve
(L.1) —1L(y, DV, Dy, V) +aVe =0 in (0,T) x R x R3
VT, z,y) = g(z,y) on R" x R?
where
H(z,y,p, X,Z) := mi[rjl {—tr(&&TX) — (5 “p— 2tr(6aTZ) — f(x,y,u)}
ue
L(y,q,Y) = tr(co”Y)+b-q.

For the sake of completeness, in order to exhibit the degeneracy and the
unboundedness of the operator, we write explicitly the second order term
of L:

(1.2) tr(co” D2U) = Uy yy +Upoyo + 443 +93) Uyas + 492U ys — 491Uy

We assume without any loss of generality that a is strictly positive;
actually, for a < 0, the function We(t,z,y) = e AT=DVe(t, z,y), with
A > —a, satisfies the same Cauchy problem but with a positive coefficient
of the 0-th order term.

Our aim is to establish that, as ¢ — 0T, the function V¢ converges
locally uniformly to a function V' = V(¢t,z) (namely, independent of y)
which can be characterized as the unique (viscosity) solution to the effective
Cauchy problem

(1.3) { ~0,V +H (z,D,V, D, V) +aV =0  in (0,T) xR"

V(T7 1‘) - g(x) on R™

where, for every (z,p, X), the effective Hamiltonian H(z,p, X) and the
effective terminal datum are given by

(1.4 Alep.X) = [ Hp.pX.0du)

(1.5) g(x) = /Rgg(w,y)du(y)
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and g is the invariant measure of the diffusion process with infinitesimal
generator —L. As a matter of facts, H(z,p, X) is the ergodic constant A of
the cell problem

(1.6) —tr(a(y)o” (y)D*w(y)) —b(y)Dw(y) + H(z,y,p, X,0) =X y e R?,

while g(x) is the constant obtained in the long time behaviour of the
parabolic Cauchy problem

o' — Lw' =0 in (0,00) x R3, w'(0,y) = g(x,y) on R

There is a large literature on singular perturbation problems: see |1,
14, 15] and references therein. We shall follow a pure PDE-approach. In
this framework, the singular perturbation problems are strictly related to
homogenization problems (see also [20]); Alvarez and Bardi [1, 2] extended
to singular perturbation problems with periodic fast variables the celebrated
perturbed test function method by Evans (see also [3] for some cases in
hypoelliptic periodic setting). Let us also recall that, the papers [5, 6, 13]
studied singular perturbation problems of uniformly elliptic operators on
the whole space.

The novelties of our results is that the variable Y; is unbounded and
the diffusion matrix of the fast variable may be degenerate and unbounded.
In other words, the main issues to overcome are the lack of periodicity and
the degeneracy of the operator. The proof of our main Theorem 2.1 is not
an adaptation to the subelliptic case of some arguments already known in
the non degenerate case. Indeed our proof is based on the perturbed test
function method suitably adapted with a Lyapunov function. Moreover our
techniques shed some light on some difficult points in the literature on the
whole space.

Let us recall that existence and uniqueness of the ergodic constant A
for (1.6) (namely, that dus locally converge to A, where us solves the ap-
proximated cell problem (3.1) below) and the stabilization to a constant
have been established in our previous paper [18]. Unfortunately, by the lack
of compactness for y, these properties seem to be not sufficient for applying
the usual semilimits method for the convergence of V€. In order to overcome
this issue:

e we shall prove that the cell problem admits a corrector w which is
globally Lipschitz continuous and it has at most a logarithmic type
growth at infinity;



e under some additional assumptions we get that the corrector w is
CQ’O‘(RS).

e we take advantage of the existence and uniqueness of the invariant
measure and a superlinear Lyapunov function for the operator L.

In our opinion, the proof of the global Lipschitz continuity of the corrector
has its own interest because it can be extended to many other operators
in unbounded domains. In this direction, let us quote the papers [13] and
[17] where similar results are obtained for strictly elliptic operators.
Moreover the C%-regularity of the corrector is not straightforward because
our operator contains second order horizontal derivatives and Euclidean
first derivatives as well and such a second order part of the operator does
not immediately regularize the first order one.

The paper is organized as follows: in Section 2 we state the perturba-
tion problem and our main convergence result. Section 3 is devoted to the
solution of the cell problem and its properties. In Section 4, by means of
these result we prove the convergence of V¢ to V.

2 The convergence result

Throughout this paper unless otherwise explicitly stated, we assume

A1) the diffusion matrix ¢ has the following form:

1 0
oy)=1|( 0 1 , for y = (y1, 42, y3).
2ys =21

A2) the drift is b(y) = —(k1y1, kayo, ksys) with ky > 4, ko > 4, k3 > 0;

A3) the function f = f(z,y,u) is Lipschitz continuous in (z,y) uniformly
in v and, for some Cy > 0, it satisfies

g < Cr+le) iy e R xR x U

A4) the function g is continuous in (z,y) and there exits C, such that

lg(z,y)| < Cy(1+|z])  VY(z,y) € R" x R?;



A5) é(z,y,u) and 6(z, y, u) are Lipschitz continuous and bounded in (z, y)
uniformly on u: |p(x,y,u)| < C, |6(x,y,u)| < Cs;

A6) for any (z,p, X) the function F(y) = —H(z,y,p, X,0) is such that

F, g—F and BQ—I; are bounded and globally Lipschitz.
Y3 oy3

Remark 2.1

e Let us underline that condition (A2) is linked with the form of the
second order operator given in (1.2). This assumption will play a

crucial role in several main points, for instance in (3.4), Theorem 3.2,
Theorem 3.4 and in (4.9).

e We note also that there holds:

(2.1) |H(z,y,p,X,Z)— H(z',y,p', X', 2)|
<C(lp=p+I1X=X'|)+Clz—a'| (1 +|p|+ |X]).

e We stress that assumption A6) will be only used for obtaining the
regularity of the corrector.

We state now that the problem (1.1) is well posed and the solution V¢
has a sublinear growth in the slow variable.

Proposition 2.1 Under Assumptions (Al)-(A5), for any € > 0 there ex-
ists a unique continuous viscosity solution V€ to problem (1.1) such that

(22)  |[Vi(ta,y)l < Col+lal), V(.)€ (0,T) x B x R”

for some positive constant Cy independent on e. In particular {V<}. is a
family of locally equibounded functions.

Proof. The uniqueness follows from the comparison principle proved in
Da Lio-Ley [9] (recall that they require that the diffusion matrix and the
drift grow at most quadratically and respectively linearly with respect to
the state). We now claim that there exist a supersolution w* and a sub-
solution w™ such that |w*(z)] < C(1 + |z|) for |z| sufficiently large. We
shall prove the existence of w™ and we shall omit the analogous arguments
for w.

Let wg € C*°(R™) be a function in = such that

wo = Cy(1+ |x|) for|z| > R >1, wo(x) > g(z,y) Y(z,y),



for some positive constants Cy and R. For |z| > R, there holds

D? wo 1
- 8,511)0 + H(m, Y, wa07 ngw()a = )

e

H(.%',y,D’U}O, D2’U}0, 0) + awy =

Z%r} {—tr(&&TDZwO) —¢- Dwy — f(x,y)} + awp(x) >

— Eﬁ(y, Dywo, Dyywo) + awy =

— (5C + aCl(l + ’1“) — Cf(l + ‘.%")

where C5 depends on C¢~) and Cs. Choosing C; big enough (for instance

Cy > g;—k_l) and R big enough (for instance R > C3C) the function wy is a
supersolution (1.1) for |z| > R. Eventually adding a new positive constant
Cs big enough, wt = wq+C3 is a supersolution in the whole (0, 7) x R™ x R3
which amounts to our claim. In conclusion, applying Perron’s method, we
infer the existence of a solution to (1.1) verifying (2.2). O

The main purpose of this paper is to prove the following

Theorem 2.1 Under assumptions A1)-A6), the solution V¢ of (1.1) con-
verges uniformly on the compact subsets of (0,T) x R™ x R3 to the unique
viscosity solution V of (1.3) where H and g are defined in (1.4) and re-
spectively in (1.5).

3 The cell problem

In this section we prove that there exists an unique constant A\ such that
the cell problem (1.6) admits solutions. We shall also prove the existence
of a solution w which is globally Lipschitz continuous and with log-growth
at infinity. Assuming also A6) we prove that w € C?. This solution w will
play a crucial role in the proof of Theorem 2.1.

3.1 Approximated cell problems

In order to solve the cell problem (1.6), it is expedient to introduce the
approximated problems

(31)  bus —tr(o(y)o” (y)D’us) — by)Dus = F(y)  in R,



where § > 0 and F(y) = —H(x,y,p, X,0) with (x,p, X) fixed. In this
section the results are obtained for a general function F'(y) which satisfies:

(3.2) F(y) is continuous and bounded in R3.

Note that under assumptions (A1)-(A5), for (x,p, X) fixed, the function
F(:)=—-H(z,-,p,X,0), satisfies assumption (3.2).

Let us recall from [18] some properties of the operator £ and functions
us (and we refer the reader to this paper for the detailed proof).

Lemma 3.1 There exists a unique invariant measure i associated to the
operator —L; moreover

L'u=0, p>0, peCRY
where L* is the adjoint operator of —L.

Remark 3.1 As a byproduct of [18], we have the following estimate on the
decay of 1 at infinity:

/RS (i + 5 +y3)du(y) < +oc.

Actually, by [18, Prop. 2.1 (proof)], the function w(y) = (yi+y3)/12+y3 /2
satisfies [18, eq. (2.10)] with ¢ > k(yi + y3 + y3) (for k > 0 sufficiently
small). Hence, for this choice of ¢, relations [18, equation (2.14)] and [18,
equation (2.18)] hold true. Letting p — 07 we get: [ps ddp < 4-o00.

Lemma 3.2 Under assumptions (A1),(A2),(3.2), there exists an unique
smooth solution us of the approximating problem (3.1) such that

C
WIS WeR’

for some positive constant C' independent of 6. Moreover the functions dug
are locally uniformly Hélder continuous, i.e. there exists o € (0,1) such
that for every compact K C R3 there exists a constant N such that

|6us(y1) — dus(y2)| < Nly1 — yo|®, Vyi,y2 € K, V6 € (0,1).

The constant N only depends on K and on the data of the problem (in
particular is independent of ¢ ).



Theorem 3.1 The solution us of problem (3.1) given in Lemma 3.2 sat-
1sfies

i us = [ Flu)duly),
0—0 R3

where p is the invariant measure of —L established in Lemma 3.1.

3.2 Global Lipschitz continuity.

In this section we derive the global Lipschitz continuity of the solution u;s of
(3.1) from its continuity under the weaker assumption of an at most linear
growth of F'. In our opinion, this result has its own interest. We assume:

(A1) — (A2)
(3.3) F Lipschitz continuous in R? with Lipschitz constant L
IF(y)| < Cr(lyl+1) VyeR?

It is clear that the globally Lipschitz continuity implies that |F(y)| <
L(ly| +1) Vy € R3, but in the following proof we want to underline sepa-
rately the dependence on the Lipschitz continuity and the linear behaviour
at infinity.

Lemma 3.3 Under assumptions (3.3) there exists a constant C such that

(3.4) sl <C(ll+5). ver

Proof. The comparison principle for equation (3.1) comes from Da Lio -
Ley ([9]) (this is true also for elliptic operators, see [6]). The existence of
a continuous viscosity solution us in R3 comes from Perron Theorem, by
finding sub- and super solution in R3. We remark that, in the case when
F is bounded by a constant Cr in R?, a trivial supersolution is % (a
subsolution —CTF) and the result easily follows.

In the more general, sublinear case, let us introduce some constants:

(3.5) l:=min{ky —4,ky —4,ks} >0
2
(3.6) C) == max{1, %
20
3.7 =14 ——.
(3.7) o + Cr



Let Uy any regular function Uy € C?(R?) such that Up(y) = |y| + 1 in
R3\ B,,. (For instance Uy (r) = Cy+Car?+Cyr* in B(0,7q) and Uy (r) = r+1
in R\ B,,).

There exists a constant My independent of § € [0, 1] such that

(3.8) 6Up — LUy — F(y) = —Mo in B

70
Let us define the function U € C?(R3) as

o) =i (v + 250,

We claim that U is a supersolution to (3.1). Let us test the supersolution
property first in By, then in R3\ B,,. For y € B,,, thanks to C; > 1 (see
(3.6)) and the definition of Mj in (3.8), we have:
oU — LU — F(y) = C(0Uy + 2My — LUy) — F(y)
> (G=1)F(y)+CiMy =0

if My is sufficiently large. For y € R?\ B,,, denote r = |y|

SU(y) — L(y, DU (y), D°U(y)) — F(y)

2M 2+ 4(y? + y3 kiy? + koy? + ksy32
e (5(\y!+1+ =) i (il+y2)+( ity 2Ty2+ 3y3)>+

1
+Ci—5 (Wi + ) (1 + 4y3) = F(y)
— 2 _ 2 2
> Cl <_2 + (kl 4)y1 + (k2 4)y2 + k3y3)
.

r

) - Fw)

2
2 C(=—+1r) = Cp(r+1)

>0

where we used (3.5), (3.6) and (3.7). From the comparison principle then
us < U(y) = C, (Up + 22) < O(Jy| + 3). The same method applies to
define a subsolution and to prove that us > —C(|y| + ). O

Theorem 3.2 Under assumptions (3.3), let us be the unique continuous
solution of (3.1) which satisfies (3.4). there holds

lus(y) —us@W)| < v(ly' —yl)  Vy,y € R,

10



where 1) € CQ( ) is a concave increasing function with ¥(0) = 0 and
P> max{k I k2 e LY (recall that L is the Lipschitz constant of F) and
it is mdependent of 6. In particular there holds

(3.9) lus(y') —us()| <L(y —yl)  Vy,y €R%V6 >0
for L > %, where 1 is defined in (3.5).
Proof. For each n > 0, we introduce the function

V(z,y) = u(z) - uly) — (e - y|) - nle|* = nly)?

where 9 is a function as in the statement and for simplicity we take u := us.
Assume for the moment that there holds

8
(3.10) Ulry) <50 VoyeRne (0.1)
then, for any z,y € R3, as n — 0, we obtain the following inequality

u(z) —u(y) < Y(lz —yl)

which is equivalent to the statement because of the arbitrariness of x and y.
Let us now prove inequality (3.10); to this end, we shall proceed by
contradiction. Let (Z,7) be a maximum point of function ¥ in R3 x R3,

This maximum does exist since from (3.4) we have that lim, % =0.
Let us assume by contradiction that
_ —2 _2 8
(3.11) V(@) = u(@) — u(y) — (T —7l) —nlzl” —algl” >

Clearly, the points T and ¥ cannot coincide, otherwise (3.11) is false. We
set ¥(x,y) := Y(Jx —y|) +n(|z|? + |y|*) and we invoke [8, Theorem 3.2]: for
every p > 0 there exist two symmetric 3 x 3 matrices X and Y such that

(3.12) (pe, X) € T> (@),  (py,Y) € T u(®),
(3.13) ( )0( _OY > < A+ pA2
where

T — A D2 &(Eag) D2 TZJ(E,g) >
e = D U(Z,7), = —D ,Y), A= LY e
p V(T,Y), py (T, 7) < D2 (T, y) D b(T,7)



We write explicitly p,, p, and A:

Ty _ _ _
(314)  p. = ¢’(Ix—y|),5_m+2nw=w’(|w—y|)q+2nw
_ /(= — E_g — = — _
(315)  py = ¢(|€v—y|)|j_§|—2ny—w(|w—y|)q—2ny
where we defined
(3.16) q:= f_g
z -7l
Defining B := ’;ﬁ?f , the matrix A assumes the following form
_ B -B _ I®q —qq
3.17) A=v'(|z - =
gan A=ve-a( 5, ) ee-m( 400 0

I 0
+2n<0 I>'

From the definition of sub and supersolution and (p;, X), (py,Y), we
have

ou(T) — tT(J(E)UT(E)X) — b(Z)ps
u(y) —tr(o(@oa’ @)Y) — b(@)p,

Subtracting the latter inequality from the former, we infer

VA
23
< El

(3.18) 8(u(®) — u(m)) — tr <U@UT@X - a@)aT@Y)
T ( b@pat b@)py> < F(z) - F(5).

We want to estimate from below the three terms on the left hand side of
(3.18):

i) U= 0(u(T) - u(®)),
ii) T :—tr(o@)ol (7)X — J@)UT@)Y>,

iii) G = —b(T)pz + b(Y)py-

12



(7). The assumption by contradiction (3.11) yields
(319) U =6(u(@) - u(@)) = 6v([T —7l) + o(n[zI* + nlgl*) + 8n = 8.
(ii). Multiplying relation (3.13) by ({, &) where ¢ and ¢ are vectors in R? we

obtain (€.6) (5 ) (€OT < COAGET + €. A E)T. Then,
using (3.17), we have

(3.20) CXCT—evel < /(|7 — 7)) (chT BT — (B 4 ngT> ;
(=T C = €003+ 20(CP + 1€ + palC. ©)

where we denoted by a((, &) := (¢,€)A%(¢,€)T and ¢ is defined in (3.16).

Recall that, for any choice of two orthonormal basis {e;}i—1,2 and {&;}i=1 2
2

in R?, (if e; is a orthonormal basis, trM = Z e;Mel) we have
i=1

2
tricoTX) = tr(c? Xo) :ZeiO'TXO'GZT
i=1

tr(co’Y) = tr(clYo) = Zel Txoel.

We choose
(3.21) (i =eio’ (T), & =éo" (7);

hence, we get

2 2

2 2
T=-) co' @Xo@e]+) &0’ @Yoy = —(Zl GX¢ —Zl &Y€)

i=1 i=1

Then from inequality (3.20) we obtain

2
T > 7D (G - &)"

=1 Z=1

(<G — &g >)?

Mw

2
—2?72(|Cz|2 +1&617) =D a6 &)
i—1

13



From the definition of the matrix B we have

(3.22)
, 2
T — &P + (= NN (<G —&ig>)?
, i=1
—%Z G+ 1617 =D alG &)
=1 12—1 )
y| Z |<@ 5@ - 2"72 |<z|2 + |£z ZQ(CZ"&-Z')7
=1 i=1

where the last inequality Was obtained taking into account that 1 is in-
creasing and concave, so —" > 0.

\f 7l
(#44). From expressions (3.14) and (3.15) of p, and p,, we have
G = (= b6+ 0(3) )0/~ 7+ 20( T~ 8 ).
By our choice of b (recall: b(x) = (—kyx1, —kowo, —ksxs3)), G becomes

(T~ 7))

Sl A
1z — 79|

329) 6= (k@ - 7)* + bl - ) + la(oa ~ 7)°)
2n <k1 (@ +70) + ko (T3 +72) + ks (T3 + y%))-
Now, replacing inequalities (3.19), (3.22) and (3.23) in (3.18), we obtain

Lz-y|2F@) -F@y =zU+T+G >
81— i o1 (1G — &2 = 20 T, (IGPR + 161 — p 0 a6 &) +

(h(fl =) + k2(T2 — T)® + ks (T3 — y3>2> R +
20+ 30) + k(a3 + )+l + 7)),
Passing to the limit as p — 0", we obtain
(3.24) Liz -7 >
0 (8 = 22 (IGI2 + 16%) + 261 (33 + 77) + 26a(73 + T3) + 2k (73 + 7)) +
.

Lo = SR (G = &2 + k(@1 = 7% + k@ — T)? + k(T3 — 73)%)]

14



The contradiction is easily obtained choosing as the two orthonormal basis
the canonical basis in R? e; = & = (1,0) and ez = é = (0,1). Then
the vectors ¢; and &; (see (3.21)), with T = (71,%2,T3) and ¥ = (¥;, Yo, Us)
become Cl = (1’0’ 252), <2 = (0’ 15 _QEI)’ 51 = (1,052y2)’ 52 = (0’ 1’ _2y1)’
and

G* = 1+473, G = 1+47%, &> = 1+493, |6 = 1+ 477,

G = &P = 4T — 1) |G — &I =471 — 7))
Hence, relation (3.24) becomes
LIz —7g| > n[8 —8 — 8(T} + Ui + T3+ 75) +
2k (T} + 1) + 2k2(T3 + 5) + 2k3 (T3 +73)] +
(04 _ _ _
m[(’fl —4) (@1 —7))* + (k2 — 4) (@2 — Uo)?) + k3 (T3 — ¥3)?]
> (k1 — 4)(T3 +73) + (ka — 4) (T3 + 73) + ks (T3 + 73)] +

|§15/§| (k1 = 4)(T1 = 71)° + (k2 — 4)(T2 — o) + k3(T3 — 73)°]-

By our choice of ki, ko and k3 in (A2) (namely, ki, ko > 4, ks > 0) we get
LIz =9[> > ¢/ (|7 =gD (k1 =4 (@1 = 71)* + (k2 = 4) (T2 = T2)* + k3 (T3 — T5)],

thus we obtain a contradiction provided that we choose a function 1) such
that

L L L}
— 4" kg — 4 ks

Hence, the proof of our claim (3.10) is accomplished. The second statement

of the theorem easily follows by taking v(z) = Lz, with L > max{ L et kQL 1 kLS
O

Y >max{

Remark 3.2 Similar arguments can be applied to other matrices still re-
lated to degenerate elliptic operators as, for example, in dimension 2:

o(y) := (04(y))i; with 0i5(y) = aijyr + bijyz + cij

which in particular encompasses the Ornstein-Uhlenbeck operator and Grushin
operator, respectively

10 10

For the Grushin operator in a forthcoming paper [19] we will obtain a local
Holder continuity uniform in § using a technique introduced in [12].
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3.3 A key estimate on the growth of the approximate cor-
rector

The aim of this section is to establish that the solution to the approximat-
ing cell problem has a logarithmic growth at infinity. Our arguments are
borrowed form [13, Proposition 3.2].

Lemma 3.4 Assume (A1) and (A2). Let us(y) be the solution of equation
(3.1) with (3.2). There exists C > 0 such that

lus(y) —us(0)| < C[L+1log((yf +v3)* +y53+1)]  VyeR? §€(0,1).

Proof. We can argue as in [13, Proposition 3.2], replacing its Lemma 3.3
with our Theorem 3.2; to this end, our first step is to claim that, for C;
and R sufficiently large, the function g(y) := Cylog((y? + v35)? + y3) is a
supersolution to (3.1) in R?\ Bg. Indeed, by equality (1.2) there holds:

8C1 (3 +3)
(v +y3)? +u3
Ay} + y3) (k1yi + koy3) + 2ksy3
b(y) - Dgly) = —Cr—= Z(y% n ;5)2 n ;% 2.

tr(co’ D?gly)) =

By these identities, we get

5g(y) —tr(o(y)o” (y)D?g) — b(y)Dg > F(y), y € R*\ Bg,

provided that C' and R are sufficiently large. Now if maxg, us < 0 then
we have maxg, us < g(y) for any y € O0BR. By the comparison principle
established in [9], we obtain us < g in R3. If maxp _us > 0, we note that
91(+) := g(-) + maxp _us is still a supersolution of (3.1) in R\ Bg. Hence,
again by the comparison principle we have us < g; in R3. By Theorem 3.2
we infer: us(y) — us(0) < g1(y) + LR which gives one of the two inequalities

of the statement. The proof of the other one is similar and we shall omit
it. O

3.4 The cell problem

Theorem 3.3 Under assumptions A1)-A6) of Section 2, for every (z,p, X)
the constant A = — [ps H(T,y,D, X, 0)du(y) (1 is the invariant measure de-
fined in Lemma 3.1) is the unique constant such that the cell problem (1.6)
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admits a solution w(y) which is globally Lipschitz continuous and satisfies
the following estimate:

(3:25)  |w(y) —w(0)] < C[L+log((yf +y2)* +y3 +1)]  vyeR’
Moreover, the solution w is unique up to an additive constant.

Proof. To prove the existence of such a A we argue as in [13, Proposition
3.2], replacing its Lemma 3.3 with our Theorem 3.2. We consider the so-
lution ug of the approximated cell problem (3.1), recalling that, from A3),
F(y) is bounded in R3; then ws(y) := us(y) — us(0) satisfies

dws(y) — tr(o(y)o’ (y)D*ws) — bly) Dws = F(y) — dus(0).
From the Lipschitz continuity of us(y) in (3.9) we have that

lws (y)| = us(y) — us(0)] < Lyl

and

lws(y) — ws(2)| = [us(y) — us(2)] < Lly — 2|
hence ws(y) are locally equibounded and equicontinuous. Then by Ascoli-
Arzela theorem and standard diagonal argument we can conclude that there
exists a function w with the desired properties. Moreover from Theorem 3.1
we know that

5u5 - /H(w,yaan7O)dﬂ(y) = -\

To prove the uniqueness of A and the uniqueness up to a constant of w,
we use the arguments of [12, Thm.4.5]. For the sake of completeness, let us
recall them briefly.

First of all we assume that any solution w of (1.6) is regular and this is
not retrictive because the smoothness will be proved in Theorem 3.4 in the
next section.

Assume by contradiction that there exist two constants A1 # Ay and two
regular functions wy, we such that (A1, wq) and (Mg, wy) are both solutions
to problem (1.6). Without any loss of generality we assume A\; < Ag. We
set u(-) == wi(-) — wa(") and Ur(y) = yi + y3 + y3. Without any loss
of generality (eventually adding a constant), we assume supgs u > 0. We
observe that, for v > 0 sufficiently small and 8 > 0 sufficiently large, there
hold

(3.26) —tr(co? D?u) —bDu = A — Ao in R?
(3.27) —tr(co? D*U,) —bDU, > AU, —fB  in R

17



(For instance an explicit and tedious calculation gives: v < 2ks, v < 4ky,
Y < 4k2a 5 2 4]:;1097 + %)
Consider p > 0 so small to have p8 < Ay — A and set U(-) := pUi(-). By
the global Lipschitz continuity of wy and wsy, we have
(3.28) lim (u(y) —Ul(y)) = —o0.

|y|—o0
Hence, there exists an open bounded set @ C R? such that v < U in
R3\ Q. By linearity of the operator, relations (3.26) and (3.27) entail that
the function n(-) := u(-) — U(-) satisfies

—tr(oo? D*n) —bDn < —pyU; — (Ag — A\ — pB) <0 in R3

where the last inequality is due to our choice of p and to Uy > 0. Applying
the maximum principle to 77 on the domain €2 we obtain: < 0 in 2. Hence,
we have: 7 < 0 in R3, namely

u(y) < pUi(y)  Vy e R

Letting p — 0%, we get u < 0 in R? which gives the desired contradiction.

Let us now pass to prove that if (A, w;) and (A, wsz) are both solutions
to (1.6) then w; = wa + C, for some constant C. By (3.27), there exists
R > 0 such that

—tr(co’ D?Uy) — bDU; > 0 for |y| > R.
For u = wy — w9 as before, we claim that there holds

(3.29) Supu = max u.
R3 B(0,R)

Actually, for any p > 0, for n(-) = u(:) — pUi (-),
—tr(coT D*n) —bDn < 0 for |y| > R.

As before (see (3.28)) | l‘im n(y) = —oo and this implies that 7 attains his
y|—oo

maximum on R3.

. . . . C
By the maximum principle,  cannot attain its maximum over B(0, R)  at

any point in its interior. Then
u(y) — pUsr(y) < max, (u(y) = pth(v)) VYl > R;
letting p — 0T, we obtain our claim (3.29).
By (3.29), for any r > R, the strong maximum principle on u over
B(0,7) ensures that u is a constant function on B(0, 7). By the arbitrariness
of r, we obtain the desired result. O
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3.5 Regularity of the corrector w

In this subsection we prove the C%-regularity of the corrector w. This result
seems not straightforward. Actually, since our operator £ contains second
order horizontal derivatives and Euclidean first derivatives as well, the sec-
ond order part of the operator does not immediately regularize the first
order one. On the other hand is worth to observe that, for H(z,-,p, X,0) €
C*, the solution w of (1.6) is C'*° by hypoellipticity.

We start with a lemma which states the equivalence between solution
in the sense of distributions and continuous viscosity solutions, under a
growth condition at infinity.

Lemma 3.5 Consider the equation
(3.30) —tr(oo" D*x) = b(y)Dx + Kx = R(y), y € R?,

where R is a bounded globally Lipschitz continuous function and K is a
strictly positive constant. Then

1) there exists a unique bounded and globally Lipschitz continuous viscosity
solution x;

2) x 1is a solution in the sense of distributions;

3) any bounded solution of (3.30) in the sense of distributions coincides
with x.

Proof. 1) Follows from Lemma 3.2 and Theorem 3.2.

2) Follows from [16, Theorem 1].

3) If x1 is a solution of (3.30) in the sense of distributions, we define X :=
X1 — X, (X is bounded). By linearity, X solves in the sense of distributions

—tr(oco? D*Y) — bDY + KX = 0.

By the hypoellipticity of the operator, Y is smooth. Hence x1 = X + x
is continuous and, by [16, Theorem 2] is also a viscosity solution. By the
uniqueness of sublinear viscosity solutions of (3.30), we get x1 = x. a

Theorem 3.4 Under assumptions (A1)-(A6), let w be the solution of the
cell problem (1.6) found in Theorem 3.3. Then w € CZQO’?(Rg), for some
ae(0,1).

Proof. Let us denote by X1 = (0y, + 2y20,,) and Xo = (9, — 2y10,,) the
two vector fields associated to the two columns of the matrix o. Recall that
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these two vectors are the generators of the Heisenberg group and span all
R? because their commutator is [X1, X3] = _48%3‘

Along the proof « is a strictly positive constant which may change line to
line.

The corrector w solves

(3.31) —tr(o(y)o” (y)D*w(y)) — bly) Dw(y) = G(y)

with
G(y) = A — H(T,y, Doy (t,7), D2,0(t,),0).

First let us get the Lipschitz continuity of %. Derivating equation (3.31)

with respect to y3 we obtain that the function u := g—;‘; solves in the sense

of distributions
oG
(3.32) —tr(co? D*u) — bDu + ksu = —,
dy3
with k3 > 0 by assumption A2). Note that u is bounded by Theorem 3.2,
then by Lemma 3.5 we get that u is Lipschitz continuous and it is also a
viscosity solution; hence

0
(3.33) u= <2 ¢ BLip(R3).

dys3
Deriving equation (3.32) with respect to ys, we get that the function z :=
d*w/dy3 solves

0*G
—.

(3.34) —tr(coT D?2) — bDz + 2kzz =
Y3

By assumption A6), we can apply Lemma 3.5 also to (3.34) and we get that
the function z is globally Lipschitz continuous, i.e.

2
(3.35) 8—75 € BLip(R®).
y3
Now we study the regularity of w with respect to y; and ys; to this end,
let us come back to (3.31). From the Lipschitz continuity of w (see Theo-
rem 3.2), we get
—tr(oo! D*w) € LS (R?).
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By (3.33), we have
0w Pw  w

Oy10y3’ Oy20ys” y?

€ L®(R3).

Taking into account the explicit expression of —tr(oco” D?w) we have that
0*w . 0*w
oyi O3
This relation and (3.35) imply Aw € L (R3), (A is the Euclidean Lapla-

loc
cian). Hence from classical results on uniformly elliptic equations we obtain

Dw € CY%(R?).

loc

€ LS (R?).

Now we can replace w with u, (3.33) with (3.35) and (3.31) with (3.32),
using the same arguments we get:

(3.36) Du € C(R3).

loc
In particular
0w Pw 0w

, , € CO(R3).
Oy10ys’ y20ys” dy3 (&)

loc

As before we have that Aw € C&?(R:S). Hence, from classical results on
uniformly elliptic equations we obtain the statement.

O

Remark 3.3 We remark that in this proof the structure of the operator
L and Theorem 3.2 play a crucial role, this allows us to overcome the
application of some deep results on the hypoelliptic theory.

4 Proof of Theorem 2.1.

In this section we prove the convergence of the solution V¢ of (1.1) to the
solution of the effective equation (1.3).

Let us recall from Proposition 2.1 that, for every compact K C R"™,
the solutions V¢ are equibounded in (0,7) x K x R3, hence the following
semilimits

V(t,r,y) = lim sup Vet o' y) fort <T
e—0t t/ —=t,x'—z,y' —y
V(T,z,y) = lim sup V(.2 y) for t =1T;

t'—=T— ' —zy —y
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(and similarly for V replacing lim sup by liminf) are well defined. This two
step definition of V' is needed to overcome an expected initial layer.

For the sake of clarity we shall divide the proof in several steps, as
follows:

Step 1. V and V are independent of y;

Step 2. V and V are respectively a subsolution and a supersolution of the
parabolic equation (1.3);

Step 3. V(T,z) <g(z) < V(T,x), where g(z) is defined in (1.4);

Step 4. V=V =:V and V¢ = V locally uniformly.

4.1 Step 1

Lemma 4.1 Under assumptions A1)-A5), V and V_ are independent of y.

Proof. Let us observe that V(t,z,y) and V (¢, 7,y) are respectively BUSC
and BLSC. We prove that V (¢, z,y) is independent of y; being similar, the
proof for V(t,x,y) is omitted.

We claim that for (tg,z0) € (0,T) x R™ fixed, V (¢, zg,y) is a subsolu-
tion for y € R3 to equation

(4.1) ~tr(oo® (y)D,, V) — b(y) - D,V = 0.

Assuming for the moment that is true, since V (tg, zo,%) is BUSC in y, we
can apply the Liouville theorem proved in [18, Proposition 3.1] to deduce
that the function V (to, 29, y) does not depend on y.

In order to prove that V (g, 7o, %) is a subsolution to equation (4.1) we
follow the same arguments as in Step 2 of [5, Theorem 3.2], which we write
for the sake of completeness.

First of all we prove that V/ (¢, x,%) is a subsolution to equation (4.1) for
(t,z,y) € (0,T) x R3 x R3. To do this we fix a point (£, 7,7) and a smooth
function ¢ such that V — 1 has a local strict maximum at (£,7,7y) = P
in B(P,r) = {(t,z,y) : |(t,z,y) — (t,7,7)| < r}, for some r > 0. Using
the definition of the half relaxed semilimit it is possible to prove (see [4])
that there exists €, — 0 and (t,, 2, yn) € B(P,r) such that (t,,z,, yn) —

(t,Z,9), (tn, Tn,yn) are maxima for Ven —ip in B(P,7) and Ve (t,,, 2, yn) —
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V(t,7,7). Since V" solves (1.1) then

D2
—8t¢ +H <xnaynaDl‘w7Dixw7 xy¢>

Ve
1 1
_Entr(a(yn)o'(yn)TDyyw) - Enb(yn) : Dy¢ +aV(tn, Tn,yn) <0

Then
_tT(U(yn)U(yn)TDyyw) —b(yn) - Dy <

2 D:?:y €n
€n at¢ - H xnaynaD$¢aD1‘xw7 - CLV

e

From the regularity of v, the continuity of H (obtained from Al), A3),
Ab5)) and the local uniform boundedness of V¢, the part in the brackets
on the right hand side is uniformly bounded with respect to n in B(P,7),
then passing to the limit as €, — 0 we get

—tr(o(@)o (@) Dyyb) — b(F) - Dyt < 0,

i.e. V(t,z,y) is a subsolution to equation (4.1) for (t,z,y) € (0,T)xR"xR3.

We now show that, arguing as in [4, Lemma I1.5.17|, for every fixed
(to,z0) € (0,T) x R™ the function V (tg,xo,y) is a subsolution to equation
(4.1). We fix 7 and ¢(y), a smooth function such that V (o, zo, y) — #(y) has
a strict local maximum at 7 in B(¥,d) and such that ¢(y) > 1 in B(7,0).
Let us chose 6 > 0 small enough s.t. tg —d > 0. We define, for n > 0

|z — zo2 + |t — f0|2>
n

oyt x,y) = d(y) <1 +

and we consider (t,, z,,y,) a maximum point of V — ¢, in B((to,z0,7),9).
We remark that

(4.2) V(tna T, yn) - ¢n(tna T, yn) > V(t(), r0,7) — ¢(7)

V(ty, @y, yn) — 6(yy) = V(to, 0,7) — 6(7)

and we can prove that, eventually passing to subsequences (as n — 0)
first that (t,,x,) — (to,%o), then that y, — 7 using the strict maximum
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property of 7.

Using (4.2) and the upper semicontinuity of V'

|2y — 2ol + [ty — to]?
n

Kn::<1—{— >—>K>O.

Now, using the fact that V(¢,z,y) is a subsolution of (4.1) in (t,, zy, yn)
we get

—tT(U(?/n)U(yn)TDZy%) - b(yn) - Dy <0,

which gives, passing to the limit as n — 0

—tr(o(y)o (@) Dyy¢) — b(H) - Dy¢ < 0.

O

Remark 4.1 Using (4.2) and the upper semicontinuity of V it is possible
to prove that K, — 1. This property in not used in our proof but can be
useful in more general and nonlinear cases.

4.2 Step 2

Proposition 4.1 Under the assumptions A1)-A5), V and V. are respec-
tively a subsolution and a supersolution of the parabolic equation in (1.3).

Proof. We prove that V is a viscosity subsolution of (1.3) in ]0, T[xR™.
The proof that V is a viscosity supersolution is analogous, so we shall omit
it.

We take a smooth test function (¢, z) such that (¢,7) €]0, T[xR"™ is
a strict local maximum point for V' — 1. We have to prove that

—0pp(t,7) + H (T, Doto(, ), D2, (1, 7)) + avp(£,7) < 0.

Without any loss of generality we can assume that:
L V(t,7) =4(7);

2. 1) is coercive in x uniformly in t, i.e.

4.3 li inf t = ;
(43) |m|linoot€1[%,T]¢(7x) oo
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3. there holds
t+7T
2

t
(4.4) inf 1/1(5,30) > M+ 1, ian P( ,x)>M+1
z€R™

PISING

where M is a constant such that [V€(¢,z,y) < M;

4. sup |O(t,x)| < Ck for any K compact in [0,7] x R™.
(t,x)eK

For any fixed n €]0,1], let us consider now the "perturbed test func-
tion”:

Yen(t, z,y) = Y(t, 2) + e(w(y) + nx(y))

where w(y) is the viscosity solution of the cell problem (1.6) founded in
Theorem 3.3 associated to (%, D (t,%), D2,4(t,7)) and x(y) is the Lya-
punov function

(4.5) X(y) = vi + 45 + v3-
Note that, from (3.25) and the definition of x in (4.5), we have
(4.6) w(y) + nx(y) = +oo, if |y| — +o0.
and there exists a constant kg independent of 7 such that
(4.7) w(y) +nx(y) = —ko(1 + log(n)).
Let consider the function

U(t,,y) =Vt 2,y) = ten(t, 2, y)
Thanks to the equi-boundedness of V¢, (4.6) and (4.3) we have:

U(t,x,y) = —oo, if (z,y) — +00

and there exists a point (te .y, Ten, Yen) € [E_ Z?—i_—T] x R™ x R? which is a

27 2
t t+T
global maximum point of ¥ in [5 +T] x R"™ x R3.

)

Claim 4.1 (t,,z.,) is bounded uniformly in e.
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The points ., are obviously bounded. Now using the maximum prop-
erty of (tey, Ten, Ye,n), we have:

Vg(ts,na Lem, ys,r]) - wen (te,m Lem, ys,n) > Ve (t_7 0, 0) - ¢(t_, 0) - E(U}(O) +77X(0)§
then from (4.7)

K > V(tew, T, Yen) — V(£,0,0) + 4(£,0) + e(w(0) + nx(0)) >
U(ten Ten) + (W(Yen) + 10X (Yern)) = Y(tey, Ten) — eko(1 + log(n))

and we end the proof of Claim 4.1 using and (4.3).

t t+T
Claim 4.2 Ift; = 5 orte, = +T
R™ x R3

, then for any (t',2',y') € |

U(t', o' y') < —1+ eko(1 + log(n)).
Thanks to (4.7)
Ut 2", y") < V(tey Tems Yem) = Y(tem, Ten) + eko(1 + log(n)).
Using now (4.4) and the definition of M
W', a'sy') < V(e Tem Yen) = (M +1) + eko(1 + log(n))
< —1+4 €ko(1 +log(n)).
t t+T

Claim 4.3 If te,n 6]5, T[ 5 then

(48)  — Olter 2en) + H (7. DotE.7), D2t (0.7))
- nﬁ(ys,na DyX(yE,n)7 DZyX(yE,n)) + -Fe,n + ave(te,m Len, ye,n) <0,

where
-FEJ] == H(xE,na y€77]7 D$w(t€77]7 xE,n)7 ngw(tﬁﬂﬂ xGJI)? O)
- H(§7 y5,7]7 Dl‘w(a f)? Dz‘xw(ﬂ f)7 O)

By definition of viscosity subsolution of (1.1) and using the regularity
of w (proved in Theorem 3.4) , ¢ and Yy :

- 8t1/}(t5,777 xe,n) + H(xs,na Yens Dacw(te,na xs,n)7 ngw(te,m xe,n)7 O)
= L(Yes Dyw(ye,n)a Dgyw(ys,n)) = NL(Yes DyX(yem)v DZyX(?/s,n))
+ ave(temaxen,ye,n) <0
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Now we use (1.6) for y = ye,

— O (tenys Teny) + H (e, Yoy Datd (b, Tem), Dath(tem, Tem), 0)
+ H(T, Dop(t,T), D2,0(1,T)) — H(T, Yey, Dutb(t,T), D2,9(1,7),0)
— 0L e DyXWen), Dy X Yem)) + aV(tes Tens Yey) < 0
which is equivalent to (4.8).

FE+T
Claim 4.4 If tc, €], +T

By contradiction: let us assume that there exists a sequence {¢, },, with
€, — 0 such that

[, then {yente is uniformly bounded.

t t+T
tenn 6]57 T[, !yem! — oo for n — oo

Then, there holds, calling ye, » = (Ye,,n,15 Yen,n,2 ygn,mg):
(4.9) = LYenn> DyXYenn)s DyyX Yenn)) =
2(_2 + (kl - 4)y?n,n,1 + (kz - 4)2/62”,7],2 + k3y?n,7],3) — 00.
Moreover, by Claim 4.1 and 2.1 we get
|Fenml < K(n) = K.

Coming back to (4.8), using again Claim 4.1 and the uniform bound-
edness of V¢ we have a contradiction.

Claim 4.5 There holds
(tem, Tey) = (t,T)  for e — 0.

t t+T

27 2

There exists (£,%) € | | x R™ such that (possibly passing to a

subsequence)
(tem Tey) — (8, 7) as € — 0.

t t+T
By definition of (te, Ty, Ye,y) we have: V(t',2',y') € [5, i

] x R" x R3

(4.10)  V(tems Tems Yern) — Y(tens Ten) — €(W(Yey) + 1X(Yer)) >
Ve, 2 y') — ot 2") — e(w(y’) +nx(®))
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t t+T
Let (t,z,y) € [z, +—] x R™ x R3. Passing to lim sup in the
2 2 (E7t,7$,7yl)ﬁ(07t7$7y)

previous inequality (4.10):

(4.11)

lim sup [Ve(te,mxe,n,ye,n) - w(te,naxem) - e(w(ye,n) + nX(ye,n))] >
(e7tl7$,7yl)ﬁ(07t7$7y)

Moreover there is a sequence €, — 0 such that

(4.12)
lim sup [Vg(teﬂn Tems ys,n) - w(tema xﬁ,n) - f(w(ye,n) + WX(ys,n))] =
(e, y")—(0,t,2,y)

lim [V (ten,na Lepms yen,n) - 1/)(7567“,7, xe,n) - En(w(ye,n) + nX(yen,n))]

n— o0

We split the argument according to the case that ., , belongs to the interior

or to the boundary of [%7 ﬂTT]
d [+ T

t
o Ift., ,= 3 or teny = — W apply claim 4.2

Ven (tEn,na xemn, yEn,n) - ’llz)(tén,n? xe,n) - en(w(ye,n) + UX(yen,n) =

W (ter s Tenms Yenn) < —1 4 enko(1 4 log(n))
t+T . . ..

Ifte,, = 5 or te, , = —=— for an infinite sequence of indices €, we

have:

DN | o+

—1>V(t,z) —(t, )

and this is a contradiction since , for (¢,z) = (£,2), V(£,z) —(f, ) =
0.

t t4+T . N,
]5, T[’ then by Claim 4.4 {y. ,} is uniformly bounded and
we can assume (possibly passing to a subsequence) that

o Ift., c

yenvn - gn
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Using (4.11), (4.12) and the upper-semicontinuity of V/
V(t,2) -y, > lim sup [Vgl(t',x',y')
(Elytlyxlyy,)*)(oﬂii'ygn)
— (', 2") — € (w(y) + nx(y))]
> dim [V (te, ) T Yen,n)

—(te, s Ten) — €n(W(Yen) + 1X(Yen.n))]
V(t,z) — (t, ).

Using the strict maximum property of (£,7), we get (£,z) = (£,T).

Vv

Let us remark that the previous inequalities imply also:

(413) hm V€n (t5n77Z7 xfnv”’ yfnvn) = V(t_7 'f)

n—oo

Claim 4.6 There holds
(4.14) =0, m) + H (T, Dop(F,7), D3, (F, 7))
— nL(fy, Dyx (i), D*x (i) + aV (£, Z) < 0.
Using Claim 4.3, we get
— O W(ten s Teny) + H (F, Dy0(3,7), D20 (E,T))
= LGy, DyX(Yenn) DzyX(ysn,n)) + Fenn + AV (ten s Tenmy Yenn) < 0.
Thanks to the regularity properties of H (see (2.1)) and ), it is easy to get
Feny— 0

From (4.13), the statement follows easily.

Claim 4.7 There holds

We split the argument according to the fact that {g,}, is uniformly
bounded or not. If {g,}, is uniformly bounded, then passing to the limit
as ) — 0 in inequality (4.14) we get the statement. If {7}, is unbounded,
eventually passing to a subsequence, we can assume that |j,| — 400 as
n — 0. Arguing as in (4.9), we get

—L (i, Dyx (i), Doy x () = +00  asn — 0.
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In particular, for n sufficiently small, there holds

_‘C(gn, DyX(gn)a DZyX(gn)) > 0.

Replacing this inequality in relation (4.14), we get the statement.

Conclusion of the proof. By the arbitrariness of the test function
and of the point (£, T), we obtain that V is a (viscosity) subsolution of the
parabolic equation in (1.3). O

4.3 Step 3
Proposition 4.2 There holds

V(T,z) <g(x) <V(T,z) VreR"

Proof. We shall prove only the former inequality since the latter is anal-
ogous. We first recall from Lemma 4.1 that, for ¢ > 0, the function V is
independent of y; hence, also V(T,z,y) is independent of 3. Fix z € R™;
for every r > 0 sufficiently small, we define

g"(y) = sup g(z,y)

lo—z|<r

and we observe that assumption (A4) ensures that ¢" is a continuous
bounded function with

9" () —g(z,y)l <w(r) Ve By(7).
This implies that
(4.15) —w(r)+9¢"(y) < g(@,y) <w(r)+4'(y)  VyeR®
We also introduce the parabolic Cauchy problem

ro_ T 12 ™ _h. T . 3
(4.16) { (925:0 tr(az Dy,w") —=b- Dyw” =0 in (0,300) x R
w(0,9) = g"(y) on R;

by standard arguments, it admits exactly one bounded solution. On the
other hand, let us also consider the problem

I P2 ,,/\ _ 1. I : 3
(4.17) { (9t/w tT(O‘O‘_Dyy’U) )—b-Dyw =0 in (0,300) x R
w'(0,9) = 9(2,y) on R;
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we recall from [18, Theorem4.2] that there holds tlim w'(t,y) = g(x) locally
—00

uniformly in y; in particular, for every n > 0 and R > 1, there exists 7 > 0
such that

(4.18) [w'(t,y) —g(@)| <n  Y(ty) € (r,00) x Br(0).

Moreover, by relation (4.15), one can easily show that w"(¢,y) £ w(r) are
respectively a supersolution and a subsolution to problem (4.17); hence,
the comparison principle yields

W' (t,y) —w'(t,y)| <w(r)  Y(ty) € (0,00) x R®.

By the last inequality and (4.18) we deduce that: for every n > 0 and R > 1,
there exists 7 > 0 such that

(4.19) w"(t,y) =g(@)| <n+w(r)  V(ty) € (1,00) x Br(0).

For later use, we introduce some notations; we set Q" := (T' —r,T) x

B, (z) and let M € R be sufficiently large that for every (¢,z,y) € (0,T) x
B.(7) x R3

(4.20) [w'|loo < M

(4.21) [w flo < M

(122) Vet )| < M.

Consider also a smooth function ¢y = ¥o(z) (namely, it is independent of
t and of y) such that

Yo(z) =0,
(4.23) Yo(z) >0 Vz € Bi(2),
to(x) > M — inf 9(z,y) Vz € 0B.(z).

(2,9)€By (z)xXR3
Let €' > 0 be a constant such that
(4.24)  |H(z,y, Dotpo(x), Dipto(2),0)| < C V(z,y) € Br(z) x R”.
For (t,z,7) € Q" x R3, we define
W trg) = (T ) 4 na) + (T - 1)
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with C7 := C + aM. We claim that the function ¢ is a supersolution to
the following initial-boundary value problem
(4.25)
(i) — oW+ H(x,y,D,¥,D2,V, D2 V/\/e) - LL(y, D,¥, D2 )
+a¥ =0 in @ xR
(i7) U(T,z,y) = g(z,y) on B,.(7) x R3
(iii) W(t,z,y) =M  on (T —r,T) x 0B.(Z) x R3.

Assume for the moment that this claim is true. On the other hand, the
function V¢ is a subsolution to problem (4.25); therefore, by comparison
principle (see, for instance, [2, Proposition 1 (proof)]), we get

Ve(t,x,y) < Y(t,z,y) V(t,z,y) € (T —r,T) x B,(z) x R3.

For y € Brj2(0) (R is defined in (4.19)) and t € (T' —r,T'), we get

Vit,z,y) = lim sup Ve, o',y')
e—0t t/'—t,2'—z,y' —y
< lim sup (', 2y

e—0t ¢/ —t,x'—z,y' —y

T — /
< limsup w" ( ! ,y') + limsup [¢o(z’) + C1(T — t')]
€

e—0t ,t/' =ty —y t'—tax' —ax

< 9(@) +n+w(r) +do(r) + C(T = 1)

where the last inequality is due to relation (4.19) (observe that definitely
y' € Br(0) and T%tl > 7) and to the continuity of 1. Since V' is indepen-
dent of y, we deduce

V(t, ) <g(z) +n+w(r) + do(z) + Co1(T = 1).
Passing to the lim sup (recall 1o(z) = 0), we infer
t' =T~ 2’ —=z,y' =y

V(T,z) <g(z) +n+w(r).

By the arbitrariness of n and of r, we get

V(T,z) <g(x)

which is equivalent to our statement.
Let us now pass to prove the claim: ¢ is a supersolution to prob-
lem (4.25). First we check the initial-boundary conditions (i7) and (4i).
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In order to prove (ii), it suffices to note that the definition of ¢" and the
second property in (4.23) entail

(T, x,y) = w'(0,y)+vo(x) > w'(0,y) > glx,y)  VY(x,y) € B(T)xR>.

In order to prove (iii), we observe that ¢"(y) > inf g(x, z); hence,
(z,2)EBr(T)xR3

the comparison principle for (4.16) yields

"(t,y) > inf , Y(t,y) € (0, R3.
w"(t,y) = (w)eg(mmg(w y) (t,y) € (0,00) X

Taking also into account the third property in (4.23), we conclude

V(t,x,y) = wT(TT,y) +Yo(z) + C1(T —t) > M

for every (t,z,y) € (T —r,T) x 0B,(z) x R3.
Now we prove (i). Let us assume that w" is a classical solution to (4.16).
In this case, in (T —r,T) x B.(Z) x R3 there holds

1
—O* + H(x,y, Dot Dyyt, Dzt /v/€) = —L(y, Dyt Dy °) + ay*
1
= = [0w" — Ly, Dyw", D}, w")] 4+ C1 + H(x,y, Datbo, D3,10,0) + ar)*

€

T—t
= Cl + H(xayan¢0’ng¢an) + awr(T’y) + CL¢0($) + aCl(T - t)

T —t
=C1 + aw'( - ,y) + H(z,y, Dyibo, D210, 0)
>C1—C—aM
> 0.

where we used the definition of C := C'+aM, the definition of C' in (4.24)
and the definition of M (4.20).

In the case when w" is only a viscosity solution to (4.16), we can accomplish
the proof following the same arguments of [2, Theorem 3]. a

4.4 Step 4

We proved that V and V are respectively a subsolution and a supersolution
of (1.3). WE can apply the comparison principle to equation (1.3) that holds
since H defines a degenerate elliptic equation and H is Lipschitz continuous
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on z (see (2.1)). Then V_(t, x) <V (t,z); by definition the reverse inequality
is obvious. Then V' = V(t,x) = V(t,x) is the unique continuous solution
of the parabolic equation (1.3) and the local uniform convergence follows

from standards arguments.
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