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CYCLICITY OF NON VANISHING FUNCTIONS IN
THE POLYDISC AND IN THE BALL

ERIC AMAR AND PASCAL J. THOMAS

ABSTRACT. We use a special version of the Corona Theorem in
several variables, valid when all but one of the data functions are
smooth, to generalize to the polydisc and to the ball results ob-
tained by El Fallah, Kellay and Seip about cyclicity of non vanish-
ing bounded holomorphic functions in large enough Banach spaces
of analytic functions determined either by weighted sums of powers
of Taylor coefficients or by radially weighted integrals of powers of
the modulus of the function.

1. INTRODUCTION

The Hardy space can be seen as a space of square integrable func-
tions on the circle with vanishing Fourier coefficients for the negative
integers, a space of holomorphic functions on the unit disk, or the space
of complex valued series with square summable moduli, and the inter-
action between those viewpoints has generated a long and rich history
of works in harmonic analysis, complex function theory and operator
theory.

The present work aims at generalizing one particular aspect of this
to several complex variables: the study of cyclicity of some bounded
holomorphic functions under the shift operator in large enough Banach
spaces containing the Hardy space.

1.1. Definitions.

Definition 1. Let w : N — (0,00), where d € N*, and p > 1. We
define the Banach space of power series in several variables

Xy = {f(z) =Y, = X (1) < oo} ,

IeNd IeNd

with the usual multiindez notation, z = (21, ...,24) € C, I = (iy,...,i4) €
Né oI .— ...k
’ T 1 d -

We also write || := iy + -+ 4+ ig, I! := 01!+ i, We say that w is
nondecreasing if for any I, J, w(I + J) > w(J).
1
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Recall that domains of convergence of power series are logarithmi-
cally convex complete Reinhardt domains (for a definition and those
terms and proofs, see e.g. [9], [8]). In what follows, we shall restrict our
attention to the cases of the polydisc D¢ := {z € C? : maxi<;<q|2j| <
1} and the unit ball BY := {z € C*: 37,_._,|2> < 1}. The letter
Q will stand for either one of those two domains, except in the more
general Theorem 11.

If w(I) = 1 for any I, then we obtain the Hardy space H?(ID?), which
can also be described as the set of functions in the Nevanlinna class
of the polydisc with boundary values (radial limits a.e.) on the torus

(0D)? which are in L?((0D)4), and

1
2 o 2 o 2
£ me = D larl® = @) /(aw|f| o, ... db,.

IeNd

The standard references for Hardy spaces on polydiscs is [11].

There is a Hardy space for B¢, which is most easily described as as
the set of functions in the Nevanlinna class of the ball with boundary
values (radial limits a.e.) on the sphere B¢ which are in L?(0B?), and

e = [ |11,
OB

where o is the (2d — 1)-real dimensional Lebesgue measure normalized
so that o(0B?) = 1. The standard reference for function theory on the
unit ball is [12]. Lemma 12 gives a description of H?(B?) in terms of
the coefficients in the Taylor expansion.

Definition 2. We set w?'(J) :=1, and

ST = 1 IACEY A
2 T ||ZJ||H2(]Bd) n (d— ].)'J‘ )

We sometimes use the notation wq(J) (without superscript) when
either of those quantities is meant.

We still have to understand in what sense a power series f can be
understood as a function of z € . We will want to consider weights
which satisfy the following relative monotonicity condition : there ex-
ists a constant C,, > 1 such that, for any I, J € N9,

(1) Crw (I + J) > w(J)wi ().

One can check that w = w¥" itself verifies condition (1).

When Q = D? then w$(I) = 1 and if C,, = 1, we recover the
usual monotonicity. We observe that for the polydisc, we can reduce
ourselves to the case C,, = 1.
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Lemma 3. Let Q = D?. [fw satisfies Condition (1), then X,,, admits
an equivalent norm given by the nondecreasing weight

o(I) := inf w(l+J).

JeNd
Proof. Since 0 € N? and we have (1), 1 > % > C 1 and

W(I+K)= inf w[+K+J)= inf w({+J)> inf w(I+J)=w().
Jend JeK+N4 JeNd

O

Since the new norm is equivalent to the original one, the problem is
unchanged and there is no loss of generality in assuming that w has
been modified and made nondecreasing, and we shall do so henceforth.

Lemma 4. Let Q = D? or = B,
If w wverifies the relative monotonicity condition (1) and

(2) logwy' (1) <logw(I) <logwy (1) + o([1]),
for any f € X, ,, the series defining f converges on €1, and the map
Xop 2 [ = f(2) is continuous with respect to the norm || - ||x,,. In

particular, X, , can be seen as a subset of the space H(2) of holomor-
phic functions on €.

Furthermore, there is no larger domain on which every f € X,,, has
to be holomorphic.

This lemma will be proved in Section 2.
In the ball case, consider A a probability measure on [0, 1).

Definition 5. The radially weighted Bergman space associated to X is
B = BP(\) = BP(\)(B?)

={renmy = [ [ 1rarascnem <ol

Typical examples are provided by dA(r) = c,(1 —r?)*r?¢=1dr where
a > —1 and ¢, is an appropriate normalizing constant; they correspond
to a weight co(1 — Y214 2%)*, 2 € BY.

Let A be a probability measure on [0,1)?, the elements of which
are denoted r := (r1,...,74). The torus (OD)? is endowed with its
normalized Haar measure denoted by df.

Definition 6. The weighted Bergman space associated to \ is

B = BP(\) = B(\)(DY)
= H(D?) - P= re g€ [P dOdN(r) < oo b .
{remoy = [ [ 1 ) dbanr) < oo}
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Let H*(2) stand for the set of bounded holomorphic functions on
Q2. In each case, the conditions on A ensure that H>°(2) C BP(A).

Note that the norms of the monomials are given by moments of the
measure \. In the case where Q) = D,

1 = / PPN (r),
[0,1)

so that log(||z']|;!) is a concave function of I.
When p = 2, B%()) is a Hilbert space and the monomials 2! form an
orthogonal system. Notice that in X, o, ||27]l,2 = w()™!, so that

B*(\)(D%) = X, » with w(I) = < /[0 N 7“2Id)\(7’)) o :

In the case where Q = B¢,

= ([ i) ([ ietpano)

When p = 2, since the surface measure do on 0B desintegrates as an
integral of Haar measures on tori, the monomials (z/) again form an
orthogonal system, and in this case

=13 = ([ ani)) 3"y

—-1/2

B2(\)(BY) = X,,5 with w(l) = ( /0 1 r2|f|dA(r)) W ().

In general, whenever we consider a space X, we define the correspond-
ing weight by w(J) := 1/||27]| .-

so that

1.2. Main results. Let X be a Banach space as above, defined by
power series or as a weighted Bergman space.

Definition 7. We say that a function f € X s cyclic if for any
g € X, there exists a sequence of holomorphic polynomials (P,) such
that lim,, . ||g — P.f|lx = 0.

Note that using the word “cyclic” is a slight abuse of language, since
for d > 2 we are not iterating a single operator, but taking composi-
tions of the multiplication operators by each of the coordinate functions
21,...,2q. It is, however, a straightforward generalization of the usual
notion of cyclicity under the shift operator f(z) — zf(2).

By Lemma 4 in the case of power series spaces, or by the mean value
inequality in the case of Bergman spaces, the point evaluations are
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continuous, therefore any cyclic f must verify that f(z) # 0 for any
z €.

Definition 8. (1) When Q =D?, for any k € N, let

d d
1
— = l5lx =) 1"Ix,
o (k) ]Zl j Z

J=1

where (e;) stands for the elementary multiindices of N%: e; =
(1,0,...,0), e2 =(0,1,0,...,0), etc, soke; = (0,...,0,k,0,...,0),
with k in the j-th place.

(2) When Q =B4, for any k € N, let

R Dy
50T 2 o)

[J]!

where p; is the multinomial coefficient, py := 5.

When X = X, and Q = D? notice that

1 . . ~ . .
d 1I£j£dw(k€]) <w(k) < 1I§nj£dw(ke]>'

Note that if w satisfies (2) then log@w(k) = o(k), but the converse does
not hold when d > 1.
Here are two interesting special cases of our results.

Theorem 9. Let Q) :=D? or B9,
Suppose that limy_,., ©(k) = 0o, and w satisfies (1) and (2), and
that

® > ()

k>1

Let U € H>®(Q), verifying U(z) # 0 for any z € Q.
e (i)Ifd>1,p>1and X = BP(X), then U is cyclic in X.
o (i1) If Q=D and X = X,,5, then U is cyclic in X.

When we demand a growth condition of a slightly stronger nature
on w, we can expand the range of spaces where the result applies.
Theorem 10. Let X = X,,,,, withp > 2, or X = BP(X). Iflimy_,o (k) =
00, and w satisfies (1), (2) and

logw(k
(4) lim sup ogO(k) =00

k Vk ’

then any zero-free U € H* () is cyclic in X.
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1.3. Previous results. Many results have been proved for the case
d = 1, and even more for p = 2. In one dimension, 2 =D and w = @
of course. When furthermore p = 2, X, 5 has a norm equivalent to that
of a Bergman space if and only if logw(n) is a concave function of n
[3, Theorem A.2 and Proposition 4.1].

In his seminal monograph [10], N. K. Nikolski proved that if w is non-
decreasing, limy_,o, w(k) = oo, logw(k) = o(k), logw(n) is a concave
function of n and

) >t o

k>1

then any zero-free f € H>*(D) is cyclic in X, ».

Our main inspiration comes from [5], where O. El Fallah, K. Kellay
and K. Seip show, still for d = 1 and p = 2, that (3), with no condition
of concavity, is enough to imply cyclicity of any nonvanishing bounded
function. Even though (3) is a stronger condition than (5), the concav-
ity condition means that there exist weights to which the new result
applies while Nikolski’s cannot [5, Remark 2].

The novelty in the present work is of course that we have several
variables, and exponents p # 2. We also notice that it is not necessary
to make use of the inner-outer factorization: the much easier Harnack
inequality suffices.

1.4. A Corona-like Theorem. As in [5], our main tool is a ver-
sion of the Corona Theorem. In full generality, this is still a vexingly
open question in several variables, be it in the ball or the polydisc.
However, following an earlier result of Cegrell [4], a simpler proof [1]
gives a Corona-type result in the special case where most of the given
generating functions are smooth. That result is enough to yield the

required estimates in this instance. For (2 a bounded domain in C?, let
AN Q) :=H(Q)NCHQ).

Theorem 11. Let Q be a bounded pseudoconvexr domain in C?, such
that the equation du = w, 1 < q < n, admits a solution u = Sw €
LG 4-1)(Q2) when 0w =0, w € LE (), with the bounds :
[ull o < Eqllwll-
There exists a constant C' = C(d, Q) such that if N € N, N > 2, and
if f; € ANQ), 1< < N —1, fy € H®(Q), verify

N
sup max |f;(z)] <1, ian\fj(z)\ >0 >0,
7j=1

eq I<G<N 2€Q 4
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then there ezist g1, . ..,gn € H*() such that Zjvzl fi(2)g;(z) =1 and
for1<j<d,

d
saremaxi<j<n—1 |V £ill5%
max [lg;lle < C(d, N §2dr1 -

Note that the polydisc and the ball verify the hypotheses of the
theorem.

1.5. Structure of the paper. First we clarify the easy relationship
between weights and domains of convergence in Section 2. Then we
gather some preliminary results and a first reduction of the problem in
Section 3. Theorem 11 is proved in Section 6, and used in the proofs
of the two main theorems. The relatively easy proof of Theorem 10 is
given in Section 4. Theorem 9 will follow from a more general and more
technical result, Theorem 19, which is stated and proved in Section 5.

2. DOMAINS OF CONVERGENCE

Lemma 12. Let f be holomorphic on the unit ball BY, represented by
the Taylor expansion f(z) =Y ,asz’. Then f € H*(BY) if and only if

sl N _ st yy—2 _ (d= DU
Z( IBd(J)) < 00, where (o ()= a -

W
JeNd 2

Proof. The surface measure do on OB desintegrates as an integral
of Haar measures on tori, so the monomials (27) form an orthogonal
system in H?(B?), which is a basis since the polynomials are dense in
the space. Then || f[|32ga) = 2= |aJ]2HzJ||§{2(Bd). The explicit value of
127 || 2wy = (wE'(J))~" (Definition 2) can be found in [12, p. 12]. O

As an immediate consequence of this Lemma and of the remarks
before Definition 2, if X, is as in Definition 1 and p > 2, and if for
all J, w$(J) < w(J), then H*(Q) C X, ,.

Definition 13. Forz € C%, let [2|ps := maxi<jca 2], [2[3a = D01 <j<q 2]
In each case, Q = {z : |z|q < 1}.

Proof of Lemma 4. The last statement follows from the fact that (1)
implies that H%(Q) C X,,,, as in the remark before the Definition.

To prove the convergence of the series, write f(z) = Y, a;2’ and
take a point z such that |z|q = p < 1. Since X, C Xy 0o, |as| 2 w(J)
and it will be enough to prove the convergence of Y, w(J)|z”|.

In the case where Q = D¢, then

log(w(J)|2]) < |J]log p + o(]J]) < —nlJ]|
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for some 7 > 0 when |J| is large enough, so the general term is domi-
nated by the general term of a convergent geometric (multi)series.
In the case where Q = B? for any k € N,

/]!
|Z|?zk= Z 7|22J|-
J:|J|=k

First consider only sums of terms with all powers even:

> w2l < sw (R0 3 R

T =k JilJ|=k T J|=k
w(QJ)J!) ok
< sup (— p?*,
J:|J|=k |J|'

so using (2), we need to estimate %ﬁfgﬂﬁ

Stirling’s formula implies that for any n € N,
log(n!) = n(logn — 1) + o(n),
so we have, for |J| = k,
2( 71)2 — DI(JNH?
s () = = (@ )
=(2k+d—1)(log(2k +d—1) = 1) — 2k(logk — 1)

+2) jillogj; —1) = > 2ji(log(24i) — 1) + o(k)

i=1 i=1

d
—1
= 2klog2 — QZji log 2 + 2k <log(k‘ + dT) —log k:) + o(k)
i=1

=0+ 0(1) + o(k) = o(k).

This proves that ZJ:‘J‘:kw(QJ)|z2J| is dominated by the general
term of a convergent geometric series for £ large enough.

Now consider a general J such that |J| = k: then J = 2J'+ K, with
Ji=2[j;/2], and K € {0,1}%. Let 2J” := J + K. Condition (1) shows
that w(J) =< w(2J') < w(2J"), |2’| < |2*”|, and each J' corresponds to
at most 2¢ different multi-indices J. So Ji7=k @ (J )|27] is dominated
by the general term of a convergent geometric series for k large enough.

Continuity of the evaluation map follows, for instance, from the Dom-
inated Convergence Theorem applied to the series. O

Lemma 14. Suppose that H*(S2) is a multiplier space for X; or that
X = X, ,, with p > 2 and w verifying (1). Let g € H*(Q), K € N¢.
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Then .
K < m -

Observe that in the special case K =0, X = X,,,, we get back the
fact that H*(Q) C Xy .

Proof. Under the first assumption, we immediately have
1
K p K |p —
12%gl% < 1127, Mgl zee @) = mllgllﬂwm

Under the second assumption, by scaling we may assume 1 = ||g|| g2(q)

9|l o). Let g(z) =3, ayz’. Then sup, |“(J|) < 1. Then

_ ja " (1) Y’ |ay|”
ik, =3 ot < (0 e m) Sao

cr las|? cr cr »
= GO 2P~ b S a1

3. AUXILIARY RESULTS
3.1. Multiplier property.

Definition 15. We shall say that H*()) is a multiplier algebra for
X if there exists C,, > 0 such that

Vfe X, Vge H*(Q),g9f € X and [lgf|x < Crllgllcoll 1 x-

Notice that, since constants are in X, this implies that H>°(2) C X.
It is immediate that H*°(2) is a multiplier algebra for each BP(\)(£2),

with €, = 1. In the case of X,,,, writing W (1) = [|2'[|7q), an
obvious necessary condition is that
(6) Crw(I +J) 2w (Dw(J),

but sufficient conditions are not so easy to state in general.
Observe that (6) is very similar to (1). In fact, w2 (1) = w2"(I) =1
for all I, and one can show that

wy (I) = W (1) 2wy (T) = O(log | 1),

by an appropriate minoration of |z!| on a strip of 9B of width com-
parable to |I| around its maximum modulus set (we omit the details;
this can provide an alternate proof of Lemma 4 without recourse to
Stirling’s formula).

<
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3.2. Some tools. Our first technical tool is a bound from below for
the modulus of a zero-free bounded holomorphic function.
For z € Q, 2* 1= z/|z|q € 02, where |z|q is as in Definition 13.

Lemma 16. Let U be a zero- free holomorphic function on Q) such that
Ul <1, and z € Q. Let ¢* := log ‘U - Suppose k > 4c?. Then, for
QO =D,

UG)| + |z ]F + -+ |zt > 72V,

and for Q = B¢,
() + D (@) Z e,
\T|=k
where f;(z) = p;z*) = |§l'z2‘]

Proof. The conclusion is obvious if z = 0. If not, define a holomorphic
function on D by f,«(¢) := U((z*). Then
||f z* ||oo S 1;

o f--(0) =U(0);

e VD, f.-(C) #0;

o f(zla) = U(2).
The Harnack inequality applied to the positive harmonic function log | f,+ |_1
shows that

g, 1 _ 2 g 2
1012 e (=18 ) 2 o (278 o)

The computation implicit at the beginning of the proof of [5, Lemma

3] shows that infp | fo(C)] + [C|* > e72¢VF as soon as k > 4¢2; applying
this to ( = |z|q, we find

U2)| + |2[5 > for(|2]0) + |2]f > e %VE.
In the case where 0 = D¢, this yields
’U(Z)’ + ’Zﬂk 4+t ‘Zd|k > ’U( )| + (max ’Z]D —20\/E'

1<5<d

In the case where Q) = B?, substituting 2k for k, we obtain
U@+ (2l + 4 2P = U+ D (@) 2 e
|J|=k
O
Lemma 17. If X = X,,, or BP?(\) from Definitions 1 or 6 or 5 respec-

tively, then the space of polynomials C|Z] := C[Z1, ..., Z4] is dense in
X.
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Proof. By construction, the polynomials are dense in X, .
For f € BP(\) (D), r = (r1,...,7r4) € [0,00)%, let

myp(f / ‘f ret? ,Tdeied)|p do

denote the mean of |f|” on the torus T(r) of multiradius r. Since
|f|P is plurisubharmonic, this is an increasing function with respect
to each component of r. In particular, if we set for any v € (0, 1),

f(2) = F(vz), mep(fy) < mrp(f) for each r.
We claim that lim,_; [|f — f;||sr(y = 0. Indeed, ||f — f;llgen) =

f[O,l)d E,(r)dA(r), where
0 [ i) 0

Since |f - f7|p < Cp<|f|p + |fv|p)7
Fy(r) < Cp(mrp(f) +myp(fy)) < 2Cyme,(f) € L (dN).

Since f, — f uniformly on the torus T(r) for each r as v — 1, F,(r) —
0 for each r, and we can apply Lebesgue’s Dominated Convergence
theorem.

For each v € (0,1), f, is holomorphic on a larger polydisc, so can be
uniformly approximated by truncating its Taylor series.

When Q) = B¢, we can perform an analogous (and simpler) argument.
O

3.3. First reduction. We begin by showing that it is enough to obtain
a relaxed version of the conclusion.

Lemma 18. Let U € H*(2) be a non-vanishing function.
If either:
o (i) H*(Q) is a multiplier algebra for X,
o or (1)) X = X, ,, p>2 and (1) is satisfied,
and if there exists a sequence (f,) C H>®(Q2) such that

lim |1 — f,U|lx =0,
n—oo
then U 1s cyclic in X.

Proof. By Lemma 17, it is enough to show that we can approximate
any polynomial P.

Let us show that it is enough to prove that for any € > 0, there exists
Q@ € C[Z] such that |1 — QU||x <e.

Let P(2) := 2 5<n ayz’, then

|1P = PQU||x = [|P(1 - QU)|x < |[Pll«l1 - QUlx
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in the case of assumption (i), and

IPA-QU)x € 3 lasll=/(0-QU)x < O | 32 2] J1-QU]lx,

|J|<N lJ|<N 2 (J)

in the case of assumption (ii), and each upper bound can be made
arbitrarily small by choosing Q).

In the case of assumption (i), let us then show that the constant
function 1 can be approximated. Let e > 0. Take f € H*(D?) such
that |1 — fU||x < ¢/2. By Lemma 17, we can choose @ € C[Z] such
that ||f — Q| x < m%, where C), is as in Definition 15. Then

M=QU|x < 1= fU[x+[IU(f=Q)llx < g+CmHUHoon—QHx <e.

In the case of assumption (ii), again take f so that |1 — fU||,, is
small, then because H*(Q) C X, ,,

1fU = QUllwp < CllfU = QU2 < CU]|so |l f = Qllar2,

and this last quantity can be made arbitrarily small by taking @) a
Taylor expansion of f for instance. U

4. PROOF OF THEOREM 10

Proof of Theorem 10.

Observe that if X = BP(\), then H>°(2) is a multiplier algebra, so
Lemma 14 always applies here.

Case 1: Q = D",

Let ¢ := —log |U(0)] and B > 2¢(2d+ 1). By the hypothesis of the
theorem, there exists a strictly increasing sequence (ng)x>1 such that
for all k, log &(ny) > By/ng.

By Lemma 16 and Theorem 11, we get g; € H*(D?), for j =

.,d+ 1, such that

(7) Gar U + 12 + -+ gaz)t =1,
and
(8) Vi=1,...,d+1, |lgill, < C(d)nded+vm,

Set fr = gqr1, we get, using Lemma 14,

o)
d

C’ dDnde2ed+1)

\|1—ka\|X<ZHg] e <on g 9, ¢, Cldmic |

— w(nke;) @(ng)




CYCLICITY IN THE POLYDISC AND BALL 13

By the choice of B, this tends to 0 as k — oo. It only remains to
apply lemma 18 to conclude.

Case 2: 2 =B

Let ¢, (ng) be as above and B > 2¢v/2(2d + 1).

By Theorem 11, we will get go, g5 € H>®(D?), for |J| = ny, such that

(10) wU+ > gifr=1,
[J|=ng,
where f; is as in Lemma 16.
We need to estimate the size of the g7, go.
First 33 512, [£7(2)] = |2]g™ < 1.
The number of terms in the Bezout equation is
(1 + d—1)! -1

<nk

N=N(dk)=#{JeN":|J|=n} = =

We also need ||V f,|| ... We have

2J 24 25 -
. J1 Jd Jl Jd
2ji— = Vf;=p;22 (==, ..., =2 L2,
a7 ps2Ji— fr=mps (21 Zd) fi(2) (= o Zd)
If we set J 1= (maX(O 2j1 —1),...,max(0,2j; — 1)) and
Zi = 21 Zio1%2i%ix1 + - - 24, Where Z; is omitted, then

Vfi(2) = 2ps2” (ji21, ooy jaa)-
So we get, because |Z;| < 1 in the ball,

Z]z |Zz‘ < 2pJ

But if we write J' := ((ji — 1)4, ..., (ja — 1)3), then |27 < |22”| and
> ieng—a Prr|2*”| < 1. Furthermore,

by S 3 ; by S nng/,
Ji-Jd

All together then, ||V £;(2)|le < C(d)nit.
By Lemma 16 (in the case of the ball),

IVi(2)| < 2py |z

6= inf, U+ Y 1)) | = eV,

[J|=n
Gathering the estimates, we get

(1) Nlgslloe < CLAN(d, K2 BV < O oV,
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Then let fr. = go (at the ny step)

(12) 1= fUlx < > llgafsllx <Cm Y pallz*llxllgsll

|J|=nk |J]=nk

5d? 2c(2d+1)y/2n
< OmC’(d)nk e

bl

w(ny)

and we finish as before. O

5. PROOF OF THEOREM 9
5.1. Main intermediate result.

Theorem 19. Let X be a Banach space as in Definitions 1, 5 or 6.
Suppose that H*(D?) is a multiplier algebra for X. Suppose also that
limy oo w(k) = 00, that logo(k) = o(k), and that conditions (1), (2)
and (3) hold.

Then any U € H> (DY), verifying U(z) # 0 for any z € D¢ is cyclic
n X.

Proof. Now we need to distinguish two cases according to the growth
of w(k).

log &(k
Case 1: sup, Og\/E( ) = 0.
Then Theorem 10 applies.
log @(k)

Case 2: sup, T = B < o0o. To deal with this more delicate

case, we shall need the full power of the proof scheme in [5]. Since our
Corona-like estimates are slightly different from those in dimension 1,
we first need a refined version of [5, Lemma 1].

Lemma 20. Let @ be as in Theorem 19. Let Cy > 0. Then there exists
a strictly increasing sequence (ny)g>1 such that

10@nk2
Z(g( ))_

- 9
ng

k>1
and for all k, log @(ng41) > 2log@(ng) and logw(ng) > Cylogng.
The last condition is the only novelty with respect to [5, Lemma 1].

Proof. First notice that there exists an infinite set £ C N* such that
for all n € E, logw(n) > Cylogn. Indeed, if not, for n large enough,
we would have

log@(n) < Cylogn < n'/,
and (3) would be violated.
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Now let ng = 1 and if n; is defined, let
., = min{n >n; :log@(n) > 2log@(n;)},
njp1 :=min{n >n;,n € E:logw(n) > 2logw(n;)}.
Obviously, n; < ”;‘+1 < njq1. We claim that
n;—1 -~ 2
log w(k)
S = — ] < .
S 3 () <o
j=0 k:n;

Accepting the claim, the proof finishes as in [5]:

> (1ogi(k)>2 . 5+Zn;§51 <logc;(k)>z

k>1 7>0 k=n;
n, -1
DN SR | (log & (n;))*
<S4+ d(loga(ng)’ Y 5 < sw{jﬁ,
>0 k=n, >0 J

so the last sum must diverge.
We now prove the claim. If n; <k < nj, then n ¢ E, so for j large

enough and n); < k < nj, log@(k) < kY4, thus

n;j—1 ~ 2
log @ (k) 1 2
(13) E ( ) < E < ; :
k=n’ k k>n, k32 \/n_ﬂ -1

The definition of n; implies that &(n;) > Co27, and nf,, ¢ E (if it is
distinct from n;.;) so

Cologny > log@(n ) > 2log@(n;) > Cp2’,

and the series with general term the last expression in (13) must con-
verge. 0

We follow the proof of [5, Theorem 1], with a couple of wrinkles.

Choose A := max(2,log C(d)) where C(d) is the constant in (8) when
Q =D? (resp. (11) when Q = B?). Then for ¢ = —log |U(0)| as above,
let C? := (8v/2(2d + 1) Ac)? + B2. We choose Cy > C}/c when Q = D¢

(resp. Cy > % when 2 = B?), and define the sequence (n;) as

(10g Gf(njoﬂ'))Q

in Lemma 20 above. For any given j, € N, let ozjz = p—
Jjo+J

Y

N := min {M : Zoz? > (8v/2(2d + 1)AC)2} ,

j=1
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N ~1/2
Aj = q <Zi:1 O‘?)
Notice that for any j, a; < B by the hypothesis of Case 2, and that

so that \; > a;/C,. Clearly, \; < a;/(8v/2(2d + 1) Ac).
We write U; := U’\?, so that U = Hﬁvzl U,. As above, choose f; :=
ga+1 satisfying (7) and (8), but with U; instead of U and nj,; instead

of ng. The quantity ¢ must then be replaced by c);.
When Q = D? the bound (8) can be rewritten

=z

-1

2 < (8vV2(2d 4+ 1)Ac)? + B? = C?,

IIM

(14) I fllee < exp (2¢(2d + 1)Nj/Mjor; + dlognji; +log C(d)) .

Notice that
CCO
C/\ iVToti = A 10gw<n10+1) > 71 log Njotj = log Mjo+js
by our choice of Cp, so that
(15) Hf]HOO S eXpA (20(2d + 1))‘jﬂ/njo+j + 1) .

We finish as in [5]. Let f := H;V:1 ;. Since

N N k1
1-fU=1- Hijj = Z(l — Uk fr) Hijj>
j=1 = j=1

1= fUlx < Cn Z\Il —kak\leHng [

7=1
which by (9) becomes
N 2¢(2d+1) /7 k-1
C(d)nd , ,e* P DvmioTs
(16) < C, L £l
; w(njo-l—k H ’
N 1 k
<Cpn Z CP] exp AZ(ZC(Zd + DAj/1jors; +1) |,
k=1 ]O+k) le
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and using the growth of log @(n;) obtained in Lemma 20,

Now choose jy such that log@(n;,) > A, the sum above has terms with
better than geometric decrease, so is bounded by cb(njoﬂ)’l/ 2 which
can be made arbitrarily small by choosing j, large enough.

When Q = B? we need to make the changes indicated at the begin-
ning of the argument, and replace the bound (14) by the following:

[ filloo < exp (20\/5(261 + DAjy/Mors + 5d* lognjy.4; + log C(d)> :

Then the choice (for Q = B) of Cy implies that 2cv/2(2d+1) A\ /Mo5; >
5d*log njy+, and this leads again to (15). In the succession of majora-
tions that follow, (16) becomes

N 6
§ : J0+

2ev2(2d+1) M5,k k=1

H\Ifglloo

nJo-i—
N k
< C'mza(—exp ( ]Zl (2¢(2d + 1)N\j/Tjo15 + 1))
and the proof concludes in the same way. O

5.2. Proof of Theorem 9. We now obtain cyclicity results as soon as
we can prove that H°° (D) is a multiplier algebra on the space X. As
remarked after Definition 15, this is always the case when X = BP(\).
So we obtain Theorem 9 (i).

When X = X, » and w is relatively nondecreasing, then Lemma 3
reduces us to the nondecreasing case, where the multiplication opera-
tors by each z; are commuting contractions on a Hilbert space. Von
Neumann’s inequality was generalized by Ando in the case of two con-
tractions, and to an arbitrary number of weighted shifts by Michael
Hartz [6]: this is precisely our situation. It implies that for any poly-
nomial f, and thus for any f € H*(D?), || fgllx < || fllsllgllx. So we
obtain Theorem 9 (ii).



18 ERIC AMAR AND PASCAL J. THOMAS

6. PROOF OF THE CORONA THEOREM WITH SMOOTH DATA

We begin by constructing a partition of unity which exploits the
smoothness of the data.

Because of the corona hypothesis, and f; is continuous up to the
boundary of Q, for 1 < j < N — 1, we have that g(z) := 2;\;1 |fi(2)]
is continuous in 2, and even Lipschitz with a constant controlled by
maxi<j<n—1 ||V fjl -

Set

U]/V::{ZGQ:g(z)<]\lN15}andUN::{zEQ:g(z)<N2N15},
and
. Q- 0 dU - Q- 0
Uj:={z¢ .|fj|>5—N}an Uj:={z¢€ |f]|>m}

Then U; € U;, 1 <j < N.

Lemma 21. There exist C; > 0 and x; € C°(U;), j =1,...,N, such
that for z € 2, 0 < x; <1, Zjvzl xj(z) =1, and

Xj ClN 01N2 .
Sl 1o < : =1,...
f] — 6 ) HVX]HOO— 5 lg%%(_leleOO’] 17 7N7
, 3
max sup —|VX](Z>| < 01—N max ||V fil|,
1<$G<N zeq | fj(2)] 0% 1<isN-1

where C is an absolute constant.
Proof. We can construct a function ¢ € C2°(Uy) such that 0 < ¢y <
1 and ¢y =1 on Uy, with [|[Viy|e < &, for instance by composing
|g| with an appropriate smooth one-variable function.

We have

because for z ¢ Uj\;l U, then

N -1
AN

‘ 5 N—-1 _
Vji=1,.,N—1, \ﬁ@)\gm:;m(zng 6=z e Uy

Now we construct a partition of unity {x;},=1,.. n subordinated to {U;}
in the usual way: we take a nonnegative function ¢); € C2°(U;) such that
¥; < 1 everywhere and ¢; = 1 on U}, with [|[Vi)j[lec < CF||V flse-

We set
P
’ Z]]gv:1 @ij
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Since Zévzﬂpk > 1, we have 0 < x; <1, x; € C°(U;) and x; +--- +
xy =1 on 2 and
2

N
o < 00— .
19l < O | max IV fill
This yields a partition of unity such that% €C®(Q) for1<j<N
J
and for j < N — 1,
and x; < 1.
For j = N on the other hand, we have supp xny C Uy and, by the
corona hypothesis,

Xj
i

< %, because supp x; C U;, where |f;| > %

N—-1_ N+1

> 5 — —§—
zeUn=|fn(z)|>d—9g(z) =0 SN 4] SN J
hence
| 2N 5N
In| T (N+1)— 6
An analogous reasoning yields the bound on ||Vf§|j‘, 1 <5< N. U

Proof of Theorem 11. We shall now go through the Koszul complex
method, introduced in this context by Hoérmander [7], to obtain the
explicit bounds we need. We follow the notations of [2].

Let AF(CV) be the exterior algebra on CV, let e;, j =1, ..., N, be the
canonical basis of A'(CY), and e, := €4, A+ A€q,, aj € {1,...,N},
the associated basis of AF(CV).

Let L* be the space of bounded and infinitely differentiable differ-
ential forms in Q of type (0,r) with values in A*(C"). The norm on
these spaces is defined to be the maximum of the uniform norms of the
coefficients.

We define two linear operators on L.

N
Vw e LF, Ripw) :=wA Z X—J:ej € LA+

j=1 77
We see that |Riw| < Cyl|w||, with
X;(2)
17 Cy;:=N su S
(1) ! 1<jenzea| [i(2)

The operator d; : LF' — L* is defined by induction and linearity.
For w € LY, dyw = 0. To define the operator on L., set d;(e;) := f;
and extend by linearity.

To define d; on L, for e, € AF(CN), 1 < j < d, set

di(ea Nej) = fiea —ds(eq) Nej € LE.
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It follows that |[dy|;(xr1 gy < C(k) maxi<j<n | fjlloo-
It is easily seen by induction that dfc =0, 5dfw = dféw and

dfw =0= df(wa) =Ww,

i.,e. A = Rw is a solution to the equation dy\ = w when the necessary
condition djw = 0 is verified.

Together with the operator d : L¥ — L, |, we have a double com-
plex, whose elementary squares are commutative diagrams.

We now construct by induction, for 0 < k < N, forms wy; € LF and
gy € LI where [ < k <1+ 1.

We start with wyo = 1,

Wi,0 = Rf(b.)op) €j € Ll

fa

Then, if wy ;—1 is given, we set wy i := 5wk,k,1; if wy ; is given, we set
Wit1,k := Rwy . This construction stops for k = d since there are no
(0,d + 1) forms on C?.

Claim. For any k > 0, djwii15 = Wi k-

We prove the claim by induction. It is enough to see that dswy ; = 0.
For k = 0, this is true by construction. For k > 1, assume the property
holds at rank £ — 1. Then

dywpr, = dOwy g1 = Odpwy 1 = Owg_1 g1 = O°Wy_1 2 = 0.

S C'f||wk7k|\, with Cf de-

From the construction, we have

fined in (17). Since

N
Wrk = 5(wak—1,k—1) =0 (Wk;—l,k—l A %6]‘) Wi-15-1N\D (Z _69>
j=1 "/

because wy_1 ;1 is 0-exact, we find |jwy || < D k-1 51|, with

Den wp TGN
1<jenzen |fi(2)]
By an immediate induction, [|wyl| < (D})¥, [|wrsrkll < Cp(D))".

We proceed with the construction of the forms oy, by descending
induction. Set agi24 = agr14 = 0. Since 5wd+1d = 0 by degree
reasons, there exists u € L%"] such that Ju = wgy14, and [Jul <
EdedH,dH We set agy1,4-1 = u. - B

Suppose given a1, = dfiok, With Owgiqx — Oagy1, = 0 (this is
trivially verified when k = d). Then the hypothesis on {2 implies that
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. k+1
there exists w € L, such that

[Jul] < Ek||wk+1,k - ak+1,k|| and Ju = Wk+1,k — Ok+1 k-

Then we set a1 -1 = u.
Finally, we put ay k1 := dyopy1k—1. We need to check the condition
on 0:

Oy -1 = dfOcy -1 = df (Wrt16 — dfQpio k) = dfWit1k = Wk = Owg f—1.

The following diagram, where S stands for the operator solving the 0
equation, describes the whole complex for n =2, N = 3.

Q31

df

020 w5 wr o,
( f

w21 — Qo \ -

dy P 17

, 9 R d
a1 17 f T f l
w10 — Q1 { ' T~ a,

w10

Ry dy
wo,0 —- 0

dy

The bounds on the solution of the Cauchy-Riemann equation 0 and
those on wy; imply that

levksr -1l < Ex (Cr(Dy)* + lldgllllevesall)

from which we deduce by induction

d—1 j d—1
ks il < Cp > (DY ldglP* T Es + Iyl (H Ej) |tgs1,a-1l],
=k i=k j=k

any k

H@kﬂ,k—lH < C ”fHd (

d
H@) Cy(D})?

Jj=1



22 ERIC AMAR AND PASCAL J. THOMAS

Finally, we claim that a solution to the Bezout equation is given by the
components of Y10 ‘= W10 — Q10 = Zjvzl g;€;.

Indeed, d(a; 9 —wi o) = 0, so the coefficients of 7; ¢ are holomorphic
functions, and

N
> gifi = ds(0) = dy (w0 — dpase) = dp(wip) = woo = 1.
=1
The bound on the g; follows from the bounds on ||y o|| and [jw 0| and
Lemma 21, which gives C'y < C’NTQ, D’ < ngf—;. O
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