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CYCLICITY OF NON VANISHING FUNCTIONS IN
THE POLYDISC

ERIC AMAR AND PASCAL J. THOMAS

ABSTRACT. We use a special version of the Corona Theorem in
several variables, valid when all but one of the data functions are
smooth, to generalize to the polydisc results obtained by El Fallah,
Kellay and Seip about cyclicity of non vanishing bounded holomor-
phic functions in large enough Banach spaces of analytic functions
on the polydisc determined either by weighted sums of powers of
Taylor coefficients or by radially weighted integrals of powers of
the modulus of the function.

1. INTRODUCTION

The Hardy space can be seen as a space of square integrable func-
tions on the circle with vanishing Fourier coefficients for the negative
integers, a space of holomorphic functions on the unit disk, or the space
of complex valued series with square summable moduli, and the inter-
action between those viewpoints has generated a long and rich history
of works in harmonic analysis, complex function theory and operator
theory.

The present work aims at generalizing one particular aspect of this
to several complex variables: the study of cyclicity of some bounded
holomorphic functions under the shift operator in large enough Banach
spaces.

1.1. Definitions.

Definition 1. Let w : N — (0,00), where d € N*, and p > 1. We
define the Banach space

Xy = {f(z) =Y, = X (1) oo} ,

IeNd IeNd

with the usual multiindez notation, z = (21, ...,24) € C, I = (iy,...,i4) €
Né oI .— ...k
’ T 1 d -

We also write || :=4; + - -+ 4+ i5. We say that w is nondecreasing if
for any I, J, w(l + J) > w(J).
1
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We still have to see in what sense f can be understood as a function
of z € 0 C C™. The following is elementary to prove.

Lemma 2. Iflogw(I) = o(|I|), then for any z € D", the map

Xup 2 f = f(2) is well defined and continuous with respect to the
norm | - || x,,- In particular X,,, can be seen as a subset of the space
H(D"™) of holomorphic functions on the polydisc.

If w(I) = 1 for any I, then we obtain the Hardy space H?(ID%), which
can also be described as the set of functions in the Nevanlinna class

of the polydisc with boundary values (radial limits a.e.) on the torus
(0D)¢ which are in L*(0D)?, and

1
1/ 52 = Z arl” = (2m)d /(8D)d 0. dbs.

IcNd

The standard references for Hardy spaces on polydiscs is [8].

Let A\ be a probability measure on [0, 1)?, the elements of which are
denoted 7 := (rq,...,74). The unit circle is denoted by T, so that T¢ is
the distinguished boundary of D% endowed with its normalized Haar
measure denoted by df.

Definition 3. The weighted Bergman space associated to \ is
B = BP(\)
— {f e HDY) : |11 ::/ / F(me™, . rae®)[? dBdA(r) < oo}.
[0,1)d JTd

Let H°°(D?) stand for the set of bounded holomorphic functions on
the polydisc. The conditions on \ ensure that H>(D?) C BP(\).

Note that the norms of the monomials are given by moments of the
measure \:

1 = / PP AN(r),
[0,1)¢

so that log(||2"[|;!) is a concave function of I. When p = 2, B*()) is a

Hilbert space and the monomials 2’ form an orthogonal system. Notice
that in X, 2, ||27]|we = w(I)™!, so that

~1/2
B*(\) = X,, 5 with w(I) := (/ r2[d)\(r)> .
[0,1)4

1.2. Main results. Let X be a Banach space as above, defined by
power series or as a weighted Bergman space.
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Definition 4. We say that a function f € X is cyclic if for any
g € X, there exists a sequence of holomorphic polynomials (P,) such
that lim,, . ||g — Pnf]|x = 0.

Note that using the word “cyclic” is a slight abuse of language, since
for d > 2 we are not iterating a single operator, but taking composi-
tions of the multiplication operators by each of the coordinate functions
Z1,...,2q. It is, however, a straightforward generalization of the usual
notion of cyclicity under the shift operator f(z) — zf(2).

By Lemma 2 in the case of power series spaces, or by the mean value
inequality in the case of Bergman spaces, the point evaluations are
continuous, therefore any cyclic f must verify that f(z) # 0 for any
z € D4

For any k£ € N, let

1 d d
—5 = llglx =) 1M,
o e

where (e;) stands for the elementary multiindices of N¢: e; = (1,0,...,0),

es = (0,1,0,...,0), etc, so ke; = (0,...,0,k,0,...,0), with &k in the

J-th place.
When X = Xw,p; notice that d_l minlSde w(k:ej) S (:}(]{7) S minlSde w(kej).
Here are two interesting special cases of our results.

Theorem 5. Suppose that limg_,o, w(k) = oo, that log@(k) = o(k),
and that

log@(k)\”
1) 3 (—k ) .
k>1
Let U € H*®(D?), verifying U(z) # 0 for any z € D?.

e (i)Ifd>1,p>1and X = BP(X), then U is cyclic in X.
o (11) Ifd=2, X = X, and w is nondecreasing, then U is cyclic
mn X.

When we demand a growth condition of a slightly stronger nature
on w, we can expand the range of spaces where the result applies.

Theorem 6. Let p > 2. If limy_,o (k) = 00, and logw(k) = o(k),
and there exists an increasing sequence nj, — oo such that

@) sup B2K) _

v Vk

then any zero-free U € H®(D?) is cyclic in X, .
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1.3. Previous results. Many results have been proved for the case
d = 1, and even more for p = 2. In one dimension, w = @ of course.
When furthermore p = 2, X, » has a norm equivalent to that of a
Bergman space if and only if logw(n) is a concave function of n [3,
Theorem A.2 and Proposition 4.1].

In his seminal monograph [7], N. K. Nikolski proved that if w is non-
decreasing, limg o, w(k) = oo, logw(k) = o(k), logw(n) is a concave
function of n and

) St o

k>1

then any zero-free f € H>*(D) is cyclic in X, ».

Our main inspiration comes from [5], where O. El Fallah, K. Kellay
and K. Seip show, still for d = 1 and p = 2, that (1), with no condition
of concavity, is enough to imply cyclicity of any nonvanishing bounded
function. Even though (1) is a stronger condition than (3), the concav-
ity condition means that there exist weights to which the new result
applies while Nikolski’s cannot [5, Remark 2].

The novelty in the present work is of course that we have several
variables, and exponents p # 2. We also notice that it is not necessary
to make use of the inner-outer factorization: the much easier Harnack
inequality suffices.

1.4. A Corona-like Theorem. As in [5], our main tool is a ver-
sion of the Corona Theorem. In full generality, this is still a vexingly
open question in several variables, be it in the ball or the polydisc.
However, following an earlier result of Cegrell [4], a simpler proof [1]
gives a Corona-type result in the special case where most of the given
generating functions are smooth. That result is enough to yield the
required estimates in this instance. For 2 a bounded domain in C?,
let AY(Q) := H(Q) NCHQ). As usual, H>®(Q) stands for the space of
bounded holomorphic functions on 2, and ||¢|/e 1= sup,cq |9(2)|.

Theorem 7. Let §2 be a bounded pseudoconver domain in C?, such
that the equation Ou = w € L‘(’S’q), 1 < q < n, admits a solution

u=Sw € L, 1,(2) when ow=0,wEeE L3 (82), with the bounds :
[ullo < Eqllwlloo-

There exists a constant C' = C(d, Q) such that if N € N, N > 2, and
if f; € AN, 1<j <N -1, fy € H°(Q), verify

N
sup max |f;(2)] <1, ian\fj(z)\ >0 >0,
7j=1

eq I<G<N 2€Q 4
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then there ezist g1, . ..,gn € H*() such that Zjvzl fi(2)g;(z) =1 and
for1<j<d,

4d42NAX1<G<N -1 ||Vf]||oo
max [lg;lle < C(d, Q)N S2dit
Note that the polydisc and the ball verify the hypotheses of the
theorem.

1.5. Structure of the paper. We gather some preliminary results
and a first reduction of the problem in Section 2. Theorem 7 is proved
in Section 5, and used in the proofs of the two main theorems. The
relatively easy proof of Theorem 6 is given in Section 3. Theorem 5
will follow from a more general and more technical result, Theorem 14,
which is stated and proved in Section 4.

2. AUXILIARY RESULTS.

2.1. Multiplier property.

Definition 8. We shall say that H*(DY) is a multiplier algebra for
X if there exists C,, > 0 such that

Vf e X, Vge H®D),gf € X and ||gfllx < Cllgllooll flx-

Notice that, since constants are in X, this implies that H>(D9) C X.

It is immediate that H>°(D?) is a multiplier algebra for each BP()\)
with Cp,, = 1. In the case of X, ,, since |2/l = 1, an obvious necessary
condition is that

(4) Cow(I+J) > w(J),
but sufficient conditions are not so easy to state in general.

2.2. Some tools. Our first technical tool is a bound from below for
the modulus of a zero-free bounded holomorphic function. For z € C¢,
let |z| := max;<j<q|2], and for z € D, 2* := z/|z| € OD.

Lemma 9. Let U be a zero-free holomorphic function on D¢ such that

Ul <1, and z € D?. Let ¢? ln| gy Lhen, for k= 4c?,

UR)| 4 |2 ]F 4 - fzaft > e 2VE,

Proof. The conclusion is obvious if z = 0. If not, define a holomorphic
function on D by fz*(C) :=U(Cz*). Then

1o
sz()— (0)7
» V(e D, fz*()%(),
o [(lz]) = U(z
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The Harnack inequality applied to the positive harmonic function log |f.+ |71
shows that

1+ ¢ 1 2 1
1401 o (-2 s ) > e (7277 )
The computation implicit at the beginning of the proof of [5, Lemma
3] shows that infp | f.-(C)| + |¢|F > e 2¢VF as soon as k > 4¢2; applying
this to ( = |z| we find

U]+l + - Jzal® > fr(

)‘l‘ |Z|k Z G_QCX/E-

O

Lemma 10. If X = X,,,, or BP(\) from Definitions 1 or 3 respectively,
then the space of polynomials C|Z] := C[Zy, ..., Z,] is dense in X.

Proof. By construction, the polynomials are dense in X, .
For f € BP(\), r (7“1,.. rq4) € [0,00)4, let

myp(f / ‘f ret? ,Tdewd)|p do

denote the mean of |f|P on the torus T(r) of multiradius r. Since
| f|P is plurisubharmonic, this is an increasing function with respect
to each component of r. In particular, if we set for any v € (0,1),

f(2) = f(vz), mep(fy) < my,(f) for each 7.
We claim that lim,_,1 || f — fy|lsry = 0. Indeed, ||f — f,llarn) =

f[0,1)d F.(r)d\(r), where

) :/ | fre™, . rae™) — fy(ﬁewl,...,rdewd)‘pde‘
Td

Since |f — f, [P < Cu(|fIP + | f4]P),

F(r) < Cyp(mep(f) +mipp(f5)) < 2Cmy,(f) € LH(dN).

Since f, — f uniformly on the torus T(r) for each r, F,(r) — 0 for
each r, and we can apply Lebesgue’s Dominated Convergence theorem.

For each v € (0,1), f, is holomorphic on a larger polydisc, so can be
uniformly approximated by truncating its Taylor series. 0

Lemma 11. For any p > 2, and any w satisfying (4), ||flle, <
Cll fl g2

Proof.
las|” cr cr 2 cr
R < _—m P _Tm p/2 — _Tm | ¢P
||f||w,p ; (,U(J)p = W(O)p ; |(1J| = w(())p (; |CLJ| ) w(o)p”f||H2
U
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2.3. First reduction. We begin by showing that it is enough to obtain
a relaxed version of the conclusion.

Lemma 12. Let U € H*®(D?) be a non-vanishing function.
If either:
(1) H>®(DY) is a multiplier algebra for X,
(2) or X = Xyp, p> 2 and (4) is satisfied,
and if there exists a sequence (f,) C H*®(D?) such that

lim Hl - fnUHX = O,
n—oo
then U 1s cyclic in X.

Proof. By Lemma 10, it is enough to show that we can approximate
any polynomial P.

In the case of hypothesis (1), we first show that the constant function
1 can be approximated. Let ¢ > 0. Take f € H*(DY) such that
Il — fU||x < e/2. By Lemma 10, we can choose ) € C[Z] such that
IIf —Qllx < m%, where (), is as in Definition 8. Then

N-QUx < 1= fUlx+[IU(f-Q)llx < %+Cm||UHoon—QHx <e.

To finish the proof, let P € C[Z]. Choose ) € C[Z] such that |1 —
QU|lx < €/(Cp||P||s). Using once again the fact that H*(D?) is a
multiplier algebra,

1P = PQU|x < Cn|[Plloolll = QUx <e.

In the case of hypothesis (2), because of (4), we see that for any
function g € X, ,

127 gllZ,, < ChllgllZ

w,p —

Let P(2) := 2 5<n ayz’, then

1PA=fU)llwp < D laslllz" (A=FfU)llwp < Cr | D lagl | 1I1=FUllwps

|JI<N [JISN

which can be made arbitrarily small by choosing f.

Now we need to approach PfU by P,U, where P; is another polyno-
mial. Since Pf € H® C H?, we can approximate it in H? by truncated
sums of its Taylor expansion. Let () be such a sum. Then by Lemma
11,

I1PfU = QUllwp < CIPfU = QU2 < OVl Pf — Qll a2,

and this last can be made arbitrarily small. 0
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3. PROOF OF THEOREM 6

Lemma 13. If p > 2 and w verifies (4), then for any g € H®, J € N%,

Cm
127 gl < mHgHoo-

Proof. Let g(2) = Y jene 952" . Then, using the same estimate as in
the proof of Lemma 11,

p
J P — |gK| < ]' p
HZ gHw,p E : W(J+K>p =~ Sup <J+K § ’gK‘

d W
KeNd KeN KeNd

< o llgllg-

g, <
= w9l = g0

Proof of Theorem 6.

Let ¢ := —1In |U(0)| and B > 2¢(2d + 1). By the hypothesis of the
theorem, there exists a strictly increasing sequence (ng)r>1 such that
for all k, log &(ny) > By/n.

By Lemma 9 and Theorem 7, we get g; € H*(D?), for j =1,...,d+
1, such that

(5) gar1U + 120" + -+ gazy* =1,
and
(6) V=1, d+1, |lgll, < Cld)nyHe v,

Set fi = gar1, we get

d
1= iU, < D ozl
j=1

and using Lemma 13, this gives

d
g
||1—ka||X<ZHgJ e <O 32 <€
=1

By the choice of B, this tends to 0 as £ — oco. It only remains to apply
lemma 12 to conclude. 0

C(d) ngﬂ B2c(2d+1)\/ﬁ

w(ny,)
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4. PROOF OF THEOREM 5
4.1. Main intermediate result.

Theorem 14. Let X be a Banach space as in Definitions 1 or 3. Sup-
pose that H®(D?) is a multiplier algebra for X. Suppose also that
limg o @(k) = 00, that logo(k) = o(k), and that condition (1) holds.
Then any U € H* (DY), verifying U(z) # 0 for any z € D¢ is cyclic
n X.
Proof. Now we need to distinguish two cases according to the growth
of w(k).
Case 1: sup, %
We perform the same proof as in the proof of Theorem 6, using the

fact that H°°(D9) is a multiplier algebra for X, instead of Lemma 13,
to get directly ||z7g||x < %Hg”oO

= OQ.

Case 2: sup, % = B < oo. To deal with this more delicate

case, we shall need the full power of the proof scheme in [5]. Since our
Corona-like estimates are slightly different from those in dimension 1,
we first need a refined version of [5, Lemma 1].

Lemma 15. Let @ be as in Theorem 14. Let Cy > 0. Then there exists
a strictly increasing sequence (ng)k>1 such that

)

> aogi(knk))? _
k>1

and for all k, log@(ng41) > 2log@(nk) and logw(ng) > Cylogng.
The last condition is the only novelty with respect to [5, Lemma 1].

Proof. First notice that there exists an infinite set £ C N* such that
for all n € E, logw(n) > Cylogn. Indeed, if not, for n large enough,
we would have
log@w(n) < Cylogn < n'/4,
and (1) would be violated.
Now let ng = 1 and if n; is defined, let

nj,, = min{n > n; : log@(n) > 2log&(n,)},
njy1 :=min{n > n;,n € E :logw(n) > 2logw(n;)}.
Obviously, nj <n’ ; < njp1. We claim that

S:—anz1 (@)2 < 0.

y —m/
j=0 k—nj
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Accepting the claim, the proof finishes as in [5]:

(s ey ¥ (55

k>1 Jj=0 k=n;
n, -1
e e | (log @(n;))*
j>0 k=n, §>0 J

so the last sum must diverge.
We now prove the claim. If n; < k < nj, then n ¢ E, so for j large

enough and n; < k < ny, log@(k) < kY4, thus

I o (Y =1

k:n9 k>n

The definition of n; implies that @(n;) > Co27, and nf,, ¢ E (if it is
distinct from n;41) so

Cologn’;, > logw(n) ) > 2logw(n;) > Co2’,
and the series with general term the last expression in (7) must con-

verge. U

We follow the proof of [5, Theorem 1], with a couple of wrinkles.

Choose A := max(2,logC(d)) where C(d) is the constant in (6).
Then for ¢ as in (6), let C? := (4(2d + 1)Ac)? + B2 We choose Cy >
C1/c, and define the sequence (n;) as in Lemma 15 above. For any

(log@(njoﬂ'))2
Njo+j

N = min{ Z 32 (2d + 1)Ac)? }

—-1/2

given jo € N, let of :=

N
Aj =0y (Zi:l 0‘%)
Notice that for any j, a; < B by the hypothesis of Case 2, and that

Za <Zoz + a3 < (4(2d + 1)Ac)* + B? = C?,
so that A\; > «;/C;. Clearly, \; < «a;/(4(2d + 1)Ac).

We write U; = U’\i, so that U = vazl U;. As above, choose f; :=
ga+1 satisfying (5) and (6), but with U; instead of U and n;,;; instead
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of ny. The quantity ¢ must then be replaced by c);. We have

| filloo < exp (2c(2d + D)Aj/Mjors + (d+ 1) logny4; + log C(d)) )
Notice that

C - cCo
CAj/Mjotj = c log w(njy45) > N log nj, 5 > log njo4 4,

by our choice of Cp, so that
[ filloo < exp A (2¢(2d + 1)Ajy/Mjer; +1) -
We finish as in [5]. Let f := vazl fj. Since

N N k-1
1—-fU = 1—Hijj :Z(l_kak>Hijj>
j=1 k=1 j=1

N k—1
1= fUllx < sz 11— Uk fell x H 1£3Ujllso

d+1 2¢(2d+1) /jo vk k-1

N
Z H 15505

W (Mjo+k)

SCmi@(l )exp<Ai202d+ YA Tots + ))

k
1 |
CI) exp <Ak + Z 1 log w(njﬁk))
j=1

Y 1
< Cy, Zexp <Ak ~5 logcb(nj0+k)) .

k=1
Now choose jo such that log @(n;,) > A, the sum above has terms with
better than geometric decrease, so is bounded by @(n;, 1)/, which
can be made arbitrarily small by choosing j, large enough. U

4.2. Proof of Theorem 5. We now obtain cyclicity results as soon as
we can prove that H°°(D?) is a multiplier algebra on the space X. As
remarked after Definition 8, this is always the case when X = BP(\).
So we obtain Theorem 5 (i).

When d = 2, X = X, 5 and w is increasing, then the multiplication
operators by z; and zy are commuting contractions on a Hilbert space.
Ando’s theorem generalizes von Neumann’s (but only for two opera-
tors, unfortunately) and implies that for any f € H®(D?), ||fgllx <
Il fllsollgllx- So we obtain Theorem 5 (ii).
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5. PROOF OF THE CORONA THEOREM WITH SMOOTH DATA

We begin by constructing a partition of unity which exploits the
smoothness of the data.

Because of the corona hypothesis, and f; is continuous up to the
boundary of Q, for 1 < j < N — 1, we have that g(z) := 2;\;1 |fi(2)]
is continuous in 2, and even Lipschitz with a constant controlled by
maxi<j<n—1 ||V fjl -

Set

U]/V::{ZGQ:g(z)<]\lN15}andUN::{zEQ:g(z)<N2N15},
and
. Q- 0 dU - Q- 0
Uj:={z¢ .|fj|>5—N}an Uj:={z¢€ |f]|>m}

Then U; € U;, 1 <j < N.

Lemma 16. There exist C; > 0 and x; € C°(U;), j =1,...,N, such
that for z € 2, 0 < x; <1, Zjvzl xj(z) =1, and

Xj ClN 01N2 .
Sl 1o < : =1,...
f] — 6 ) HVX]HOO— 5 lg%%(_leleOO’] 17 7N7
, 3
max sup —|VX](Z>| < 01—N max ||V fil|,
1<$G<N zeq | fj(2)] 0% 1<isN-1

where C is an absolute constant.
Proof. We can construct a function ¢ € C2°(Uy) such that 0 < ¢y <
1 and ¢y =1 on Uy, with [|[Viy|e < &, for instance by composing
|g| with an appropriate smooth one-variable function.

We have

because for z ¢ Uj\;l U, then

N -1
AN

‘ 5 N—-1 _
Vji=1,.,N—1, \ﬁ@)\gm:;m(zng 6=z e Uy

Now we construct a partition of unity {x;},=1,.. n subordinated to {U;}
in the usual way: we take a nonnegative function ¢); € C2°(U;) such that
¥; < 1 everywhere and ¢; = 1 on U}, with [|[Vi)j[lec < CF||V flse-

We set
P
’ Z]]gv:1 @ij
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Since Zévzﬂpk > 1, we have 0 < x; <1, x; € C°(U;) and x; +--- +
xy =1 on 2 and
2

N
o < 00— .
19l < O | max IV fill
This yields a partition of unity such that% €C®(Q) for1<j<N
J
and for j < N — 1,
and x; < 1.
For j = N on the other hand, we have supp xny C Uy and, by the
corona hypothesis,

Xj
i

< %, because supp x; C U;, where |f;| > %

N—-1_ N+1

> 5 — —§—
zeUn=|fn(z)|>d—9g(z) =0 SN 4] SN J
hence
| 2N 5N
In| T (N+1)— 6
An analogous reasoning yields the bound on ||Vf§|j‘, 1 <5< N. U

Proof of Theorem 7. We shall now go through the Koszul complex
method, introduced in this context by Hormander [6], to obtain the
explicit bounds we need. We follow the notations of [2].

Let AF(CV) be the exterior algebra on CV, let e;, j =1, ..., N, be the
canonical basis of A'(CY), and e, := €4, A+ A€q,, aj € {1,...,N},
the associated basis of AF(CV).

Let L* be the space of bounded and infinitely differentiable differ-
ential forms in Q of type (0,r) with values in A*(C"). The norm on
these spaces is defined to be the maximum of the uniform norms of the
coefficients.

We define two linear operators on L.

N
Vw e LF, Ripw) :=wA Z X—J:ej € LA+

j=1 77
We see that |Riw| < Cyl|w||, with
X;(2)
8 Cy;:=N su S
®) ! 1<jenzea| [i(2)

The operator d; : LF' — L* is defined by induction and linearity.
For w € LY, dyw = 0. To define the operator on L., set d;(e;) := f;
and extend by linearity.

To define d; on L, for e, € AF(CN), 1 < j < d, set

di(ea Nej) = fiea —ds(eq) Nej € LE.
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It follows that |[dy|;(xr1 gy < C(k) maxi<j<n | fjlloo-
It is easily seen by induction that dfc =0, 5dfw = dféw and

dfw =0= df(wa) =Ww,

i.,e. A = Rw is a solution to the equation dy\ = w when the necessary
condition djw = 0 is verified.

Together with the operator d : L¥ — L, |, we have a double com-
plex, whose elementary squares are commutative diagrams.

We now construct by induction, for 0 < k < N, forms wy; € LF and
gy € LI where [ < k <1+ 1.

We start with wyo = 1,

Wi,0 = Rf(b.)op) €j € Ll

fa

Then, if wy ;—1 is given, we set wy i := 5wk,k,1; if wy ; is given, we set
Wit1,k := Rwy . This construction stops for k = d since there are no
(0,d + 1) forms on C?.

Claim. For any k > 0, djwii15 = Wi k-

We prove the claim by induction. It is enough to see that dswy ; = 0.
For k = 0, this is true by construction. For k > 1, assume the property
holds at rank £ — 1. Then

dywpr, = dOwy g1 = Odpwy 1 = Owg_1 g1 = O°Wy_1 2 = 0.

S C'f||wk7k|\, with Cf de-

From the construction, we have

fined in (8). Since

N
Wrk = 5(wak—1,k—1) =0 (Wk;—l,k—l A %6]‘) Wi-15-1N\D (Z _69>
j=1 "/

because wy_1 ;1 is 0-exact, we find |jwy || < D k-1 51|, with

Den wp TGN
1<jenzen |fi(2)]
By an immediate induction, [|wyl| < (D})¥, [|wrsrkll < Cp(D))".

We proceed with the construction of the forms oy, by descending
induction. Set agi24 = agr14 = 0. Since 5wd+1d = 0 by degree
reasons, there exists u € L%"] such that Ju = wgy14, and [Jul <
EdedH,dH We set agy1,4-1 = u. - B

Suppose given a1, = dfiok, With Owgiqx — Oagy1, = 0 (this is
trivially verified when k = d). Then the hypothesis on {2 implies that
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. k+1
there exists w € L;"; such that
Jull < Egllwriap — arsrell and Ou = wpp e — s e

Then we set a1 -1 = u.
Finally, we put ay k1 := dyogy1k—1. We need to check the condition
on 0:

Oy j—1 = A0yt -1 = df (W1 — dpQpiog) = dpwii1 k= Wik = OWg 1.

The following diagram, where S stands for the operator solving the 0
equation, describes the whole complex for n =2, N = 3.

a3
S
dy
w32
a2 S a9 q
™ ’ o Ry
Wa 1 — Qo
df 5
W1 —= W22
) R dr
Ww1,0 — Q10 { }‘ 5
w10 —= W11 0
. ds
AN T . ! l
wo,0 — 0

The bounds on the solution of the Cauchy-Riemann equation 0 and
those on wy,; imply that

levkre—all < Ex (Cr(D})* + lldgllllonsarll)
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from which we deduce by induction

d— d—1
k161l < Cy Z D) ||d |7~ kHE + gl HE loat1a-1ll;
j=k i=k i=k

any k
g1l < C@)IFII% HE Cy(Dy)".

Finally, we claim that a solution to the Bezout equation is given by the
COHlpOIlthS of Y10 ‘= W10 — Q10 = Zjvzl g;€;.

Indeed, d(a; 9 —wi o) = 0, so the coefficients of 7; ¢ are holomorphic
functions, and

N
> gifi = ds(n0) = dy (w0 — dpasg) = dp(wip) = woo = 1.

j=1

The bound on the g; follows from the bounds on ||y o|| and [jw; o| and
Lemma 16, which gives C'y < C’NTQ, D’ < Cgf—;. O
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