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Refined finite element modelling for the vibration analysis of
large rotating machines: Application to the gas turbine modular

helium reactor power conversion unit
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bLaboratoire de Mécanique des Solides, Ecole Polytechnique, Palaiseau, France
This paper is aimed at presenting refined finite element modelling used for dynamic analysis of large rotating machines. 
The first part shows an equivalence between several levels of modelling: firstly, models made of beam elements and rigid disc 
with gyroscopic coupling representing the position of the rotating shaft in an inertial frame; secondly full three-dimensional 
(3D) or 3D shell models of the rotor and the blades represented in the rotating frame and finally two-dimensional (2D) 
Fourier model for both rotor and stator. Simple cases are studied to better understand the results given by analysis 
performed using a rotating frame and the equivalence with the standard calculations with beam elements. Complete analysis 
of rotating machines can be performed with models in the frames best adapted for each part of the structure. The effects of 
several defects are analysed and compared with this approach. In the last part of the paper, the modelling approach 
is applied to the analysis of the large rotating shaft part of the power conversion unit of the GT-MHR nuclear reactor.
1. Introduction

Rotordynamics has a major importance for the development of new electricity production units. Safety and
service life of turbo-alternator units and pumps are directly linked to a high-quality control of their vibratory
behaviour. This is emphasized for the gas turbine modular helium reactor named as the GT-MHR reactor,
which includes a large helium turbine directly in the first cycle of the high-temperature gas-cooled reactor
(Fig. 1 [1–4]). Such large rotating machines require advanced modelling for design and predictive
maintenance. Due to the severe environment, which limits the access to the turbine, refined dynamic analyses
are necessary to anticipate potential vibration problems under normal and accidental loading. In particular,
predictive modelling can help mass balancing and improving turbine maintenance.
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Nomenclature

C damping matrix
E Young’s modulus
f, f0 whirl frequency (damped free oscillations)

and natural frequency (undamped) (Hz)
F(t) vector of external forces
G gyroscopic coupling matrix
Gc Coriolis coupling matrix
H asymmetrical stiffness matrix (for inter-

nal viscous damping)
I, J respectively, the inertia around the Ox or

Oy axis and the Oz axis
K stiffness matrix
Kc spin softening
Ks geometrical stiffness
M mass matrix

ny Fourier mode number
R, R0 respectively, the inertial and rotating

frame
ux,uy,uz displacement in the Ox, Oy and Oz

directions
U, U0 respectively, the displacement vectors in

the inertial and the rotating frame
yx,yy,yz rotation around the Ox, Oy and Oz axis
m material viscosity (N s/m). In this paper,

the viscous forces are proportional to the
velocity. The damping matrix is propor-
tional to the stiffness matrix.

r material mass density
fx,fy,fz rotation around the Ox, Oy and Oz axis
o, o0 whirl angular frequency and natural

angular frequency (rad/s)
O rotating velocity
Dynamic studies of rotating machines are generally performed using, on the one hand, beam element
models representing the position of the rotating shaft in an inertial frame and, on the other hand, three-
dimensional (3D) or two-dimensional (2D) Fourier rotor models represented in the rotating frame.

The first representation is generally used for stability analysis and prediction of the global dynamic response
under unbalanced loads taking into account the gyroscopic effects [5–7]. In some cases (cracked rotor for
example), the mass or/and stiffness matrices used in the analysis become time dependent and the analysis
requires much more complex tools [8–10].

The calculations in the rotating frame usually focus on particular components such as blades in
turbomachines. The two main effects taken into account by the model are the stiffening due to the geometrical
stiffness under the centrifugal forces and the spin softening caused by the follower nature of the centrifugal
forces [6,7,11]. Usually, little stability analysis and rotor vibration prediction is performed with refined
modelling specially in case of interactions between rotor and stator which are very important at critical speeds
[11–14].

This paper is aimed at presenting an equivalence between these two levels of modelling in order to be able to
perform complete analyses with models in the most adapted frames for each part of the structure: a rotor
model in the rotating frame and the supports in the inertial frame. In the last section, this advanced modelling
approach is applied to the analysis of the large rotating shaft of the GT-MHR reactor.

2. Classical beam type model

In order to highlight the main assumptions of the classical beam type model used classically in
rotordynamics [5,6], this part briefly presents a beam model with shear deformation, gyroscopic effect and
internal (or corotative) damping and its application to a rotating machine made of a disc fixed on a flexible
rotor supported by two bearings.

2.1. Gyroscopic and damping matrices

Rotating machines specially with rotating speed comparable to the natural pulsations at rest and large
rotational inertia are characterized by the gyroscopic forces. It is well known that these forces induce a
coupling between the transverse velocities of the shaft. The modelling of a rotating machine requires
an asymmetric pseudo-damping matrix named gyroscopic matrix [5–7]. The particular form of the matrix
makes complex eigenmodes appear, forward modes having increasing frequencies and backward modes
2



Fig. 1. Sketch of the GTMHR nuclear reactor (nuclear core on the right and power conversion unit on the left).
having decreasing frequencies. An example of a gyroscopic matrix is given for a disc (as moment-rotational
velocity law):
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Oz is defined as the beam axis and rJ the torsional inertia of the disc.
For beam elements, the gyroscopic matrix is computed by integration on the length of this elementary

matrix assuming the torsional inertia constant on the length.
The degrees of freedom of the beam are not completely attached to the material frame but only to the

centroid of the beam section. The mass and the stiffness matrices (respectively, M and K) used for the
calculations are identical to the machine without rotation. These assumptions are realistic only in case of an
isotropic beam section (uncracked rotor). Also in this case, precise modelling of damping of the rotating part
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(internal damping) requires the use not only of a damping matrix but also of an asymmetrical stiffness matrix
since the damping law of the rotor in the rotating frame is known and the change of frames (from the rotating
frame R0 where the damping matrix is defined to the inertial frame R where the calculation is performed) leads
to a combination of velocities [5–7]. The damping matrix C and the asymmetrical pseudo-stiffness matrix H

for a rotating beam section made of viscoelastic material can be determined by integration of the two moment-
curvature laws:

Mx

My

Mx

8><
>:

9>=
>; ¼

mI 0 0

0 mI 0

0 0 0

2
64

3
75 �

_fx

_fy

_fz

8>><
>>:

9>>=
>>; (2)

Mx

My

Mx

8><
>:

9>=
>; ¼

0 mIO 0

�mIO 0 0

0 0 0

2
64

3
75 �

fx

fy

fx

8><
>:

9>=
>; (3)

Finally, the equilibrium equation of a rotating machine represented in the inertial frame can be written
as follows:

M €Uþ ðGðOÞ þ CÞ � _Uþ ðKþHðOÞÞ �U ¼ FðtÞ (4)

2.2. First analysis of a rotating disc on a flexible shaft

A rotating disc fixed on a flexible shaft simply supported at each extremity has been studied in order to
illustrate the main aspects of the analysis of rotating machines. Gyroscopic coupling and internal damping are
included in the analysis.

The shaft described in Ref. [5] has a length Ls ¼ 0.40m and a radius Rs ¼ 0.01m. A disc, with a radius
Rd ¼ 0.15m and a thickness hd ¼ 0.005m, is fixed at one-third of the shaft length (Fig. 10a where the rotor is
represented using 3D finite elements).

The evolution of complex frequencies is given in Fig. 2 (synchronous whirl is plotted to locate the critical
speed). Complex eigenmodes are calculated after a preliminary projection of the equilibrium equation onto
real eigenmodes at rest (Rayleigh–Ritz condensation). The gyroscopic coupling separates forward and
backward eigenmodes. The critical speeds are defined as the rotating speed O which is equal to the natural
frequency of one of the direct eigenmodes (both backward and forward eigenmodes for a non-isotropic rotor
[5,6]). The first critical speed is about 700 rad/s which is slightly higher than the first natural angular frequency
at rest (628 rad/s). Above the critical speed, damping of the forward mode becomes negative. Transient
dynamic calculations have been performed for two rotation speeds (300 and 1200 rad/s) for an unbalance load
at one-third of the shaft corresponding to an initial angular tilt of the disc (represented by a rotating
concentrated couple). The trajectories of the disc centre are plotted in Fig. 3. It clearly shows that the forward
mode of a supercritical machine is unstable due to the internal damping. The analysis of the response shows
the unstable oscillations have the frequency of the forward mode and not the rotating frequency. It is well
known that this risk of instability occurring in a supercritical rotor can be reduced using fixed damping [6,7].

Such a type of model remains linear under the assumptions of an isotropic shaft in stiffness but also in mass.
If these assumptions are not verified (cracked rotor for example), the matrices used in the analysis become time
dependent and the analysis requires much more complex tools (time-history analysis, parametric–dynamic
equations, etc. [8–10]). An alternative is to perform the analysis with the rotor represented in the rotating
frame and the stator in the inertial frame. The following sections illustrate this type of analysis.

3. Equations in the rotating frame

Modelling of flexible rotating machine requires more detailed kinematics than those of beam elements. This
can be achieved using a rotating frame and 3D or 2D Fourier finite elements [11–13]. Let us describe such an
4



Fig. 2. Evolution of the complex frequencies of the shaft: (a) Whirl frequencies in full line. Synchronous whirl in dashed line. (b) Reduced

damping values: imaginary part divided by the real part of the complex frequency (dynamic instability when negative).

Fig. 3. Shaft trajectory for a transient unbalance load: (a) Undercritical regime O ¼ 300 rad/s. (b) Supercritical regime O ¼ 1200 rad/s.
approach, firstly, for a full 3D model and, secondly, for a 2D Fourier model. Examples of 3D and 2D models
are given, respectively, in Sections 4 and 5.

3.1. 3D model

Let us recall the equations of motion in a rotating frame R0 highlighting the main effects to be taken into
account. The rotating speed O is assumed to be constant. The equilibrium equation has to take two aspects
into account. Firstly, the Coriolis forces proportional to the velocities are represented by an asymmetrical
pseudo-damping matrix. Secondly, the centrifugal forces apply to the deformed configuration. It means that
these forces may change in amplitude or direction (Fig. 4). This requires the use of negative centrifugal
stiffness (often named spin softening) and the geometrical stiffness.
5



Fig. 4. Effect of motion in the rotating frame: (a) on the centrifugal force (b) on the Coriolis coupling force.
The absolute velocity of a point P with a mass m in the fixed frame R can be expressed as a function of the
velocity and the displacement in the rotating frame R0:

_uðPÞ
� �

¼ _u0ðPÞ
� �

þ fOg ^ fOP0g þ fOg ^ fu0ðPÞg (5)

A second derivative leads to the equilibrium equation in the time domain:

m €u0ðPÞ
� �

þ 2mfOg ^ _u0ðPÞ
� �

þmfOg ^ fOg ^ fu0ðPÞg þ Kðu0ðPÞÞfu0ðPÞg ¼ fFgc (6)

After linearization around the steady state, this equation shows respectively the inertial mass, the Coriolis
forces, the centrifugal stiffness and the structural stiffness (which includes the geometrical stiffness):

M €U
0
þ ðCþGcðOÞÞ _U

0
þ ðKþ KcðOÞ þ KsðOÞÞU0 ¼ 0 (7)

The centrifugal forces which apply to the initial configuration are in the second term. For a concentrated
mass with degrees of freedom in translation and rotation around the Oz axis, these matrices have the following
expressions:
�
 Coriolis pseudo-damping:

F x

F y

F z

8><
>:

9>=
>; ¼ Gc �

_u0x
u0y

u0z

8><
>:

9>=
>; ¼

0 �2mO 0

2mO 0 0

0 0 0

2
64

3
75 �

_u0x
u0y

u0z

8><
>:

9>=
>; (8)
�
 Centrifugal (negative) stiffness:
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The centrifugal forces can be computed by multiplying the previous matrix with the opposite of the position
vector:

Fc ¼

mO2xp

mO2yp

0

8><
>:

9>=
>; (10)
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The aspect of the Coriolis matrix is similar to the gyroscopic matrix and separates real eigenmodes in
complex forward and backward modes. A first difference between these two pseudo-damping matrices is the
fact the Coriolis matrix concerns—from a physical point of view—translation degrees of freedom and not
rotations. Note gyroscopic matrix of beam elements can also include translational degrees of freedom but only
because of the element shape functions which link local curvature to node displacement and rotation. A more
important difference is the opposite sign, which means the eigenfrequencies of the forward modes decrease
with the rotation speed, while those of the backward modes increase. Also, note the negative sign and the
proportionality to O2 of the centrifugal stiffness. This implies the apparent stiffness of the rotating system may
be cancelled for some values of rotating speed. These particular rotating speeds will be named critical speeds.
At these rotating speeds, a natural frequency of the system may become null because of the change of its sign:
forward mode may become backward mode above the critical speed.

3.2. 2D Fourier model

Rotating systems are often characterized by their complexity and the necessity of adopting simplifying
techniques such as modal reduction or specific finite elements such as beam elements. 2D Fourier finite
elements can also be very useful if the structure is—or is assumed to be—axisymmetrical but has flexibility not
represented by beam kinematics. 2D Fourier models also show the capability to strongly reduce the problems
relative to the modal density of real structures by selecting Fourier harmonics ny appropriate to the analysis.

The displacement field is assumed to develop on the Fourier harmonic ny. Usually, this field is split into
symmetrical and asymmetrical harmonics:

urðr; z; yÞ ¼ us
rðr; zÞ cos nyyþ ua

r ðr; zÞ sin nyy (11a)

uzðr; z; yÞ ¼ us
zðr; zÞ cos nyyþ ua

zðr; zÞ sin nyy (11b)

uyðr; z; yÞ ¼ us
yðr; zÞ sin nyyþ ua

yðr; zÞ cos nyy (11c)

For dynamic calculations, the displacement field varying in function of time can be chosen. The solution
adopted here is to choose modulated coordinates:

urðr; z; y; tÞ ¼ us
rðr; zÞ cosðnyy� otÞ þ ua

r ðr; zÞ sinðnyy� otÞ (12a)

uzðr; z; y; tÞ ¼ us
zðr; zÞ cosðnyy� otÞ þ ua

zðr; zÞ sinðnyy� otÞ (12b)

uyðr; z; y; tÞ ¼ us
yðr; zÞ sinðnyy� otÞ þ ua

yðr; zÞ cosðnyy� otÞ (12c)

Forward and backward eigenmodes (or waves) are characterized, respectively, by o40 and oo0 (ny is
assumed to be positive).

If the rotating structure is assumed axisymmetrical—which means the mass and stiffness matrices are
assumed isotropic, degrees of freedom in the fixed frame noted U can be used for displacement, velocity and
acceleration. The time derivatives for velocity and acceleration bring complementary terms due to the
convection of the rotating part [15–17]:

qU0

qt
ðr; y; z; tÞ ¼

qU
qt
ðr; y; z; tÞ þ O

qU
qy
ðr; y; z; tÞ (13)

The equilibrium equation can be written in the time domain:

M €Uþ 2OM
q _U
qy
þ O2M

q2U

q2y
þ ðCþGcðOÞÞ _Uþ O

qU
qy

� �
þ ðKþ KcðOÞ þ KsðOÞÞU ¼ 0 (14)

Eqs. (7) and (14) can be written in the frequency domain in order to calculate the natural pulsation of the
rotor directly in the inertial frame:

�o2
rotatingMþ orotatingðiCþ iGcðOÞÞ þ ðKþ KcðOÞ þ KsðOÞÞ

� �
U0 ¼ 0 (15)

�ðofixed � nyOÞ
2Mþ ðofixed � nyOÞiGcðOÞ þ ðofixed � nyOÞiCþ ðKþ KcðOÞ þ KsðOÞ

� 	
U ¼ 0 (16)
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The complex eigenfrequencies and eigenmodes corresponding to Eqs. (15) and (16) are calculated in three
steps: the real eigenmodes of Eq. (16) without damping terms are determined, Eq. (16) is reduced on the
eigenmodes base and the complex eigenmodes are finally calculated.

The comparison of the equilibrium equations in the rotating frame (Eq. (15)) and the fixed frame (Eq. (16))
clearly shows the relationship between the natural pulsations in the rotating and fixed frames:

orotating ¼ ofixed � nyO (17)

Since the change between rotating and fixed frames is included directly in Eq. (16), the Fourier formulation
presented in this paper allows studying systems with strong coupling between rotor and stator which is of
major importance for the global analysis of complex rotating machines.
4. Simple examples for the interpretation of the calculated natural frequencies

Several simple examples of rotating structure represented by full 3D model are analysed in this part. The
meaning of the natural frequency computed in the rotating frame is discussed in detail since the same structure
analysed in rotating and inertial frames exhibit different natural frequencies.
4.1. Rotating ring

Let us consider a ring with a radius R and a square section of thickness h (Fig. 5). The motion of the ring is
limited in the plane Oxy perpendicular to the rotation axis Oz. Its first natural non-null frequency corresponds
to a Fourier mode ny ¼ 2 and is equal to

f n ¼ an

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eh2

12ð1� n2ÞrR3

s
with a2 ¼ 1:34 (18)

The natural frequencies of the first two complex modes in the rotating frame have been computed for a
rotating speed varying up to three times its first natural frequency. The evolution of the natural frequencies in
the rotating frame has been computed taking into account different matrices (Fig. 6). The rotating velocity
and natural frequencies have been divided by the first natural frequency at rest in order to obtain
dimensionless diagrams.

Fig. 6a shows the evolution of natural frequencies in the rotating frame when only the elastic and
geometrical stiffnesses are considered. The centrifugal forces have an important stiffening effect on the first
deformation mode of the ring. They also strangely increase the stiffness of the rigid-body eigenmode in
Fig. 5. First in-plane eigenmode of the ring (ny ¼ 2).
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Fig. 6. Evolution of the ring natural frequencies taking into account the different matrices: (a) Geometrical stiffness only. (b) Centrifugal

stiffness only. (c) Coriolis coupling only. (d) Geometrical, centrifugal and Coriolis matrices (physically realistic case).
rotation which has not been constrained in the computation: the frequency of this mode is exactly equal to the
rotating speed (broken line).

When the elastic and centrifugal stiffnesses are considered (Fig. 6b), the apparent stiffness of the ring is
cancelled when the rotation speed becomes equal to the natural frequency of the rotating structure. This can
be easily explained when one remembers the form of the centrifugal stiffness. This cancellation of apparent
stiffness corresponds to the equality (K�O2M)F ¼ 0 which is the definition of the undamped eigenmodes.
Although the calculation of the critical speed and the associated mode is similar to an elastic buckling analysis,
the physical meaning of the critical mode is very different from a buckling eigenmode: above the critical speed,
the real system (Fig. 6d) recovers a non-null stiffness. The critical eigenmodes have the same physical nature as
the dynamic eigenmodes: the cancellation of the apparent stiffness in the rotating frame corresponds to the
resonance in the fixed frame.

The Coriolis coupling separates the real eigenmodes into two complex eigenmodes (Fig. 6c). Note the
backward mode has the highest frequency in the rotating frame.

When all the effects are taken into account (geometrical stiffness, centrifugal stiffness and Coriolis
coupling), apparent stiffness no longer cancels above the critical speed but only for the critical rotating speed
(Fig. 6d): in this case the centrifugal stiffening compensates the negative centrifugal stiffness. It is obvious that
only this last calculation has a physical sense and must be carried out.
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Fig. 7. First out-of-plane eigenmodes of the disc: (a) Mode 1 (ny ¼ 1). (b) Mode 2 (ny ¼ 2).
4.2. Rotating disc

Let us now study a disc with a radius R and a thickness h. The two first natural eigenmodes at rest have
frequencies according to Eq. (18) equal to
�
 a1 ¼ 1.81 for the first eigenmode which is a Fourier mode ny ¼ 1 (Fig. 7a).

�
 a2 ¼ 2.87 for the second eigenmode which is a Fourier mode ny ¼ 2 (Fig. 7b).
The evolution of natural frequencies in the rotating frame has been computed up to a rotating velocity equal
to 5 times the first natural frequency at rest. The rotating velocity and natural frequencies have been divided
by the first natural frequency at rest. In the rotating frame, the diagram shows few Coriolis effects (Fig. 8)
although the computed complex modes can be seen as forward and backward flexural waves. This very low
influence of the Coriolis coupling greatly shows the difference between Coriolis and gyroscopic coupling since
a disc is very influenced by the gyroscopic coupling: in the inertial frame, when the disc attempts to tilt around
one horizontal axis, the gyroscopic forces tend to tilt it around the perpendicular axis which is not the case in
the rotating frame. This apparent contradiction can be explained when the natural frequencies calculated in
the rotating frame are modified to frequencies in the inertial frame (where the observer is placed). This
modification consists in increasing the natural frequency of the forward mode by nyO and decreasing those of
the backward mode by nyO where ny is the number of spatial periods along the disc perimeter (number of the
Fourier modes). This modification induces a separation of the forward and backward modes (Fig. 9). In the
inertial frame, the forward modes have the highest frequency, exactly as for the gyroscopic coupling in the
beam element. For ny ¼ 2 (and for all the cases ny41), the evolution of the natural frequencies in the inertial
frame (Fig. 9b) shows a singularity: for a critical speed close to the natural frequency at rest, the disc shows no
apparent stiffness and deforms under static force in the inertial frame (which is a backward rotating force in
the rotating frame and can excite the corresponding eigenmodes). This phenomenon, well known for high-
speed discs [15–17], can be studied in this way using finite element modelling (FEM) models for realistic
geometry and not only with analytical models.
4.3. Rotating disc on a flexible shaft

The natural frequencies of the rotating disc on a flexible shaft supported at each extremity already studied
previously with beam elements have been calculated between 0 and 2000 rad/s with 3D finite elements. The
first eigenmode (Fig. 10a) has a natural frequency at rest equal to 628 rad/s and corresponds to a global
bending mode already caught by the beam model. The second eigenmode is specific to the 3D finite element
10



Fig. 8. Evolution of the natural frequencies in the rotating frame (ny ¼ 1 and ny ¼ 2).

Fig. 9. Evolution of the natural frequencies of the disc in the inertial frame: (a) First eigenmode (ny ¼ 1). (b) Second eigenmode (ny ¼ 2).

Natural frequencies in full line. Synchronous whirl in dashed line.
model since it requires a representation of the disc flexibility (Fig. 10b). Its natural frequency is equal to
974 rad/s.

Let us consider the first global bending eigenmode. In the first part of the diagram, the natural frequencies
of the backward and forward modes, respectively, increase and decrease. The direct mode becomes critical at
about 700 rad/s, which is slightly higher than the natural frequency at rest (Fig. 11). This difference between
the critical speed and the natural frequency can be explained by the gyroscopic coupling in the inertial frame
and by the geometrical stiffness (or centrifugal stiffening) in the rotating frame. Above the critical speed, the
forward mode becomes a backward mode in the calculation frame (rotating) which means that in the inertial
frame the rotating speed is higher than the frequency of the direct mode (Fig. 11b). This example clearly shows
that the cancellation of the apparent static stiffness in the rotating frame is nothing other than the resonance in
the inertial frame: in both cases, the critical speed corresponds to a null apparent stiffness (static or dynamic)
only at the critical speed.
11



Fig. 10. Eigenmodes of a 3D model of a disc on a flexible shaft: (a) Global bending mode (obending ¼ 628 rad/s). (b) Second eigenmode

with disc flexibility (odisc ¼ 974 rad/s).

Fig. 11. Evolution of complex frequencies of the rotating disc on a flexible shaft in the rotating frame (3D model): (a) Whirl frequencies.

(b) Reduced damping values.
4.4. Conclusions for the analysis in the rotating frame

The previous examples clearly show that a rotating structure represented by full 3D and/or 3D shell
elements in the rotating frame can be studied if the Coriolis coupling, the centrifugal stiffness and the
geometrical stiffness are taken into account. The natural frequencies and the critical speeds can be determined
and the analyses exactly give the same information as the beam model with gyroscopic coupling. The critical
speed can also be determined using the same procedure as those for elastic buckling analysis [6,7,11]. The
different natures of a same physical phenomenon which is dynamic in the inertial frame and static in the
rotating frame can be surprising but one may think about the unbalance loads which are, respectively, rotating
(and thus dynamic) and static. Dynamic stability can also be analysed looking at the damping values which
can be useful, for example, in the case of interaction between discs and blades [18].
5. Prediction of the unbalance response

The response to unbalance load is often required to check the capacity of a rotating machine to withstand
mass and geometrical defects and/or to help in reducing problematic vibration levels.
12



5.1. Methodology

In the inertial frame, prediction of the unbalance response is harmonic since the unbalance load is a direct
rotating force. Such an analysis becomes ‘‘static’’ for the rotor represented in the rotating frame. The apparent
contradiction disappears when one compares the spin softening to be taken into account in the rotating frame
and the rotor mass impedance necessary for a harmonic calculation in the inertial frame. The ‘‘static’’ nature
of the rotor response clearly shows that the response of the rotating shaft is independent of the rotor damping
but depends on the fixed damping. This implies that at resonance the response of the shaft is at 901 to the
unbalance load (and at 1801 for a supercritical speed). Harmonic analysis for the prediction of the vibration
under unbalance loads can also be performed with a decomposition of the response of each component on the
harmonic frequencies of the rotating speed (including the static response of the rotor). Special attention must
be given in the connection between the rotating and the fixed components of the model since the static mode of
the rotating part of the machine is linked to the O forward mode of the static part for the isotropic system. For
a non-isotropic system, the equivalence between inertial and rotating frames is more difficult [8].

Let us consider the former system when the fixed damping is taken into account in order to limit the
displacement amplitude at critical speed. Harmonic equation (Eq. (4)) used in the inertial frame in which F(t)
is a forward unbalance load corresponds to the following equation which is static in the rotating frame
(Eq. (19a) where the centrifugal forces Fc are static) and harmonic in the fixed frame (Eq. (19b)):

ðKcðO2Þ þ KsðO2Þ þ KrotorÞU
0 ¼ Fc þ Fstatic

stator)rotor (19a)

ð�O2Mstator þ iOCstator þ KstatorÞU ¼ F
harmonic_direct_O
rotor)stator (19b)

For connecting the two frames and avoiding rotor rigid motion, the appropriate conditions are imposed
between rotor and stator components using master and slave coordinates. Practically fictitious points are
created and linked to the average motion of rings situated on the rotor or stator interfaces (bearings, electric
motor, etc.). Since only average stiffness and damping are usually known for bearing, these conditions concern
only the transversal mode ny ¼ 1 (transverse rotation and translation) and the longitudinal mode ny ¼ 0 (axial
and torsion motions). In a Cartesian frame, these conditions are applied to the average displacement and
rotation. The last step is to express the rotor master coordinates known in the rotating frame (static motion)
and in the inertial frame (harmonic motion using complex coordinates) and to link rotor and stator master
coordinates in the inertial frame (where stiffness, damping and mass of supports are known Eq. (19b)). These
constraints are imposed using Lagrange multipliers which give directly the interaction forces between rotor
and stator.

5.2. Application to the disc on flexible shaft

The 3D model of the disc on a flexible shaft has been completed by adding the stator (Fig. 12a). The rotor is
represented in the rotating frame and bearings in the inertial frame. At each extremity, the rigid motions are
constrained (equivalent to beam elements being simply supported). Isotropic transverse stiffness and damping
defined in the fixed frame is fixed at one third of the shaft. The unbalance responses (for the 21 initial tilt on
disc) are plotted in Fig. 12b with, on one side, classical beam model in the fixed frame R (full line) and, in the
other side, 3D model in both rotating frame R0 and fixed frame R (dashed line) frames. Curves show a
maximum at the critical speed corresponding to the forward mode (Figs. 2 and 11) and response amplitude is
limited by the fixed damping. Because of the disc flexibility, response amplitudes with the 3D and beam models
become different (Fig. 12b). The main difference between beam and 3D modelling is the disc flexibility not
represented by beam kinematics. Fig. 10b shows the mode dominated by the disc flexibility (axial mode at
ny ¼ 1 similar to Fig. 7a).

5.2.1. Effect of an initial angular tilt

In order to investigate the effect of disc flexibility, let us analyse a disc with an initial angular tilt j ¼ 21 (or
misalignment) with a model in the rotating frame. The disc is similar to the disc on the shaft but is fixed to the
rotating frame. Its first natural frequency at rest is noted odisc. The dimensionless response (axial displacement
13



Fig. 13. Analysing of a disc with an angular misalignment (3D model).

Fig. 14. Unbalance response of the 3D model for different Young modulus of the disc: (a) Edisc ¼ 100�Einitial. (b) Edisc ¼ 1/10�Einitial.

Beam model in full line, 3D model in dashed line.

Fig. 12. Unbalance response of a disc on flexible shaft with isotropic bearings: (a) 3D rotor and stator model. (b) Unbalance response.

Beam model in full line, 3D model in dashed line.
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divided by the initial vertical defect plotted versus O/odisc) of a peripheral point under an angular tilt has been
plotted in Fig. 13: the angular initial tilt is progressively cancelled when the disc rotating speed increases. By
analysing different responses under different assumptions (different dimensions and values for j, types of fault
distribution, etc.), it clearly appears the curves always have the same shape and the initial vertical defect tends
to vanish when O reaches the natural frequency odisc.

5.2.2. Influence of the disc flexibility on the global shaft bending response

Consider now the example presented in Section 5.2.
In a first step, the disc’s Young modulus E has been increased artificially by a factor of 100 compared with

Section 5.2. This change has a very low influence on the shaft critical speed Ocritical but the first natural
frequency of the disc odisc becomes much higher than the first critical speed Ocritical. This means the disc is rigid
compared with the shaft and the disc angular misalignment does not vanish for Ocritical. The initial moment
Fig. 15. 2D and 3D representations of the 2D Fourier model of the vertical shaft and the casing of the GTMHR power conversion unit:

(a) Main dimensions and 2D mesh. (b) 3D representation.
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induced by the disc initial tilt remains as proportional to O2 as for the beam model. Unbalance response is
approximately the same for a 3D model and a beam finite element model (Fig. 14a).

In a second step, the disc’s Young modulus E has been decreased by a factor of 10. The disc natural
frequency odisc becomes lower than Ocritical. The disc is flexible compared with the shaft and the 21 initial tilt
strongly decreases due to the disc flexibility (Fig. 14b). This property is taken into account with the 3D finite
element model in the rotating frame. In the 3D model, the moment induced by a disc initial tilt and thus the
vibration amplitudes are much lower than for a beam model (couple proportional to O2).
6. Application to the GTMHR vertical shaft

The previous examples concern only simplified rotating structures. In order to show the capability of the
modelling tools to be applied to the analysis of complex industrial structures, a numerical model of the GT-
MHR vertical turbine and turboalternator unit situated in the power conversion vessel [1,2] has been
developed under the 2D Fourier assumptions with ny ¼ 1. Stability and forced response analysis very similar
to Ref. [19] have been performed at a reasonable cost (few minutes on a 2GHz PC) with a refined model
taking into account flexibilities not represented by a beam model. Since the ambition of the present study is
only to show the capability of the modelling approach for complex system, the model does not take into
account all the details of the GTMHR power conversion unit.

The main dimensions of the rotating shaft and its casing are given in Fig. 15a. The vertical shaft is
supported by vertical thrust magnetic bearings fixed at mid-height (Pvert) and by six lateral magnetic bearings
Fig. 16. First eigenmodes at rest of the 2D Fourier model (ny ¼ 1): (a) f1 ¼ 8.99Hz. (b) f2 ¼ 13.0Hz. (c) f3 ¼ 17.8Hz. (d) f4 ¼ 24.4Hz. (e)

f5 ¼ 33.3Hz.
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(points P1–P6). Fig. 15b shows a 3D representation of the 2D Fourier model. The magnetic bearings are
represented in a simplified way by stiffnesses and dampers independent of the rotating speed but a more
realistic model in agreement with the real bearing transfer functions can be easily adopted using, for example,
equivalent mechanical model with several masses, stiffnesses and dampers. The first eigenmodes at rest are
given in Fig. 16. The nominal rotating speed of 3000 rev/min (50Hz) is above the first flexural eigenmodes of
the shaft (Fig. 17) but damping allows going through the critical speed with limited vibrations (Fig. 18). Mass
unbalance response is computed for a residual static unbalance of 0.60 kgm situated at point Punbalance at the
compressor stage of the rotating machine. Amplitude of the displacement at the P3 bearing is given in Fig. 18.
The forced response of the shaft under an asynchronous loading at the magnetic bearing P3 with constant
amplitude between �50 and 50Hz has also been computed at rest and at nominal speed. The amplitudes of the
displacement at P3 bearing are plotted in Fig. 19. Negative values of frequency correspond to backward
rotating forces and positive values to forward rotating forces. Note the difference of the responses under
backward and forward forces due to gyroscopic coupling. This calculation shows the natural frequencies of
the rotating shaft can be clearly evidenced by localized excitations and measurements at the bearing positions.
It can be useful to check potential change of eigenmodes due to damage of the rotating machine (for example,
evolution of cracks).
Fig. 17. Evolution of the natural frequencies in the inertial frame. Natural frequencies in full line. Synchronous whirl in dashed line.

Fig. 18. Unbalance response of the GTMHR shaft. Displacement at the P3 bearing.
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Fig. 19. Harmonic analysis of the shaft. Displacement at the P3 bearing. At rest in broken line. At nominal speed in solid line.
7. Conclusions

This paper has shown the possibility of performing dynamic analyses of complex rotating machines using
refined 3D and 2D Fourier finite elements model. The critical rotating speeds and the response to unbalance
mass can be determined and the global stability of the machine can be checked. This refined modelling requires
supplementary matrices such as Coriolis coupling damping and centrifugal negative stiffness and careful
interpretation of the natural frequencies calculated in the rotating frame. This type of modelling coupled with
reduction techniques and 2D Fourier assumptions may be very useful to take into account supplementary
flexibilities and check stability involving kinematics not represented by beam elements. Refined modelling
allows a significant improvement in the prediction of unbalance response of flexible rotating machines which
may be overestimated using classical beam models. It will improve the design and the maintenance of large
rotating machines like for the GT-MHR nuclear reactors under normal and accidental loading.
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