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Abstract. We introduce a simplified model for the minimization of the elastic energy in thin shells. This
model is not obtained by an asymptotic analysis. The nonlinear simplified model admits always minimizers
by contrast with the original one. We show the relevance of our approach by proving that the rescaled
minimum of the simplified model and the rescaled infimum of the full model have the same limit as the
thickness tends to 0. The simplified energy can be expressed as a functional acting over fields defined on the

mid-surface of the shell and where the thickness remains as a parameter.
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1. Introduction

This paper is devoted to introduce and justify a simplified model for nonlinear elastic shells. Let w be a
bounded Lipschitz domain of R? and ¢ be a smooth function from @ into R3 (see the detailed assumptions
on ¢ in Section 2) and set S = ¢(w). We denote by n an unit vector field normal to S and by & the
map ($1,82,83) — ¢(s1,82) + s3n(s1,s2). The elastic shell is defined by Qs = P(wx] — §,0[) and we
consider that it is clamped on a part of its lateral boundary T'g s = ®(vox] — 6,0[), where 79 C Ow. The
energy density is denoted W and we assume that Qs is submitted to applied body forces f. s whose order

with respect to ¢ depends upon a parameter s (see the order of f. s below). The total energy is given by
Js(v) = / W(E((v)) — / frs - (v —1I4) if det(Vv) > 0 and where E(v) = 1/2((Vv)'Vuv — I3) is the
s s

Green-St Venant’s tensor and I is the identity map. We set

m,w;: inf Jn’g(v),
veUs

where Us is the set of admissible deformations (which are equal to the identity map on I'gs). The Korn’s
type inequalities established in [6] (see also [12]) allow us to prove that if the order of f, s is equal to §2+~2
for 1 <k <2 (or 6% for k > 2), then the order of m, s is §2*1.

Even for a classical St-Venant-Kirchhoff’s material, proving the existence of a minimizer for J, 5 is still
an open problem. The aim of this paper is to replace the above minimization problem by a minimization

problem for a simplified functional J ; defined on a new set Ds , and which admits a minimum

— ; s
5= min Jis(v)

s
mn,

of the same order as m,, s. This approximation is justified if one shows that

. My — M 5
lim ——— =0.
§—0 62r—1
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In the present paper we show this result in the case k = 2 (other critical cases will be investigated in
forthcoming papers).

The expression of J; 5 and the choice of Ds -, rely on the decomposition technique introduced in [6].
Let us recall that a deformation v of the shell Q5, whose ”geometrical energy” -||dist(Vv, SO(3))||r2(g,)- is

at most of order §%/2, is decomposed as (see [6] or Theorem 3.1 below)
v(z) = V(s1, s2) + s3R(s1, s2)n(s1, s2) + (s1, $2,83), = P(s), forae. s=(s1,82,53) €wx]—4,0].

The field V stands for the mid-surface deformation, the matrix field R takes its values in SO(3) and represents
the rotations of the fibers and 7 is the warping of theses fibers. It is also shown in [6] that the fields V,
R and v satisfy the natural boundary conditions on vy and on y9x] — §,d[ and that they are estimated in
terms of [|dist(Vv, SO(3))||r2(g,) and 0. With the help of these estimates, we justify the simplification of

the Green-St Venant’s strain tensor E(v) in order to give a simplified matrix E(v) which depends on the

triplet v = (V, R, v) associated to a deformation v. This matrix depends linearly upon a—;; and on the first
partial derivatives of ¥ and R (see Section 5) but which is nonlinear with respect to (V, R, 7).

Then we define the set Dj -, of admissible triplets v = (V, R, 7) and we derive the simplified total energy

» 5(v) as follows. Firstly we replace f95 W(E(v)) by an Q(E(v)) where @ is a quadratic form which is

assumed to approximate W near the origin. Secondly we add two penalization terms in order to approach

T . ..oV . . . .
the usual limit kinematic condition —— = Rt, and to insure the coerciveness of J: 5. Finally in the term
Sa '
involving the forces we neglect the contribution of the warping v. As announced above we prove that J; ;

admit minimizers on Ds ~,. We justify the approximation process described above in the case k = 2.

In some sense, the introduction of J; ; can be seen as a nonlinear version of the approach which leads to
the simplified Timoshenko’s model for rods, the Reisner-Mindlin’s model for plates and the Koiter’s model
for shells in linear elasticity.

As general references on the theory of nonlinear elasticity, we refer to [8] and [24] and to the extensive
bibliographies of these works. A general theory for the existence of minimizers of nonlinear elastic energies
can be found in [1]. For the justification of plate or shell models in nonlinear elasticity we refer to [9], [10],
[11], [13], [15], [18], [23], [25], [26]. The derivation of limit energies for thin domains using I'-convergence
arguments are developed in [14], [15], [22], [23]. The decomposition of the deformations in thin structures is
introduced in [17], [18] and a few applications to the junctions of multi-structures and homogenization are
given in [2], [3], [4]. The justification of simplified models for rods and plates in linear elasticity, based on
a decomposition technique of the displacement, is presented in [19], [20]. In this linear case, error estimates
between the solution of the initial model and the one of the simplified model are also established. In some
sense, these works give a mathematical justification of Timoshenko’s model for rods and Reisner-Mindlin’s
model for plates.

The paper is organized as follows. Section 2 is devoted to describe the geometry of the shell and to
give a few notations. In Section 3 we recall the results of [6]: decomposition of a deformation of a thin
shell, estimates on the terms of this decomposition and two nonlinear Korn’s type inequalities. Section 4 is
concerned with a standard rescaling. We present the simplification of the Green-St Venant’s strain tensor of
a deformation in Section 5. We also introduce the set Ds ., of admissible triplets v = (V, R, V) and we prove
Korn’s type inequalities for the elements of Ds ., (see Corollary 5.3). In Section 6 we consider nonlinear
elastic shells and we use the results of [6] to scale the applied forces in order to obtain a priori estimates on

my;, 5. Section 7 is devoted to introduce the simplified energy J;; 5 and to prove the existence of minimizers.
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In Sections 8 and 9, we restrict the analysis to Kk = 2. We prove that

where mj is the minimum of a functional defined over a set of triplets. In Section 10, we give an alternative
formulation of the minimization problem for J: ; through elimination of the variable v. Then we obtain
that m;, s is the minimum of a functional which depends only upon (V,R). At last an appendix contains
an approximation result for the elements of Ds -, and an algebraic elimination process for quadratic forms.

The results of this paper were announced in [7].

2. The geometry and notations.
Let us introduce a few notations and definitions concerning the geometry of the shell.
Let w be a bounded domain in R? with lipschitzian boundary and let ¢ be an injective mapping from

w into R? of class C2. We denote S the surface ¢(w). We assume that the two vectors 87(81782) and
S1

——(s1, 82) are linearly independent at each point (s1, $2) € w.

882
We set

09 0¢ t1 A to

(2.1) tl = 67517 9 = 8782, n 7”‘;1 /\t2||2

The vectors t; and t, are tangential vectors to the surface S and the vector n is a unit normal vector to this

surface. We set

Qs =wx] — 4,0/
Now we consider the mapping ® : @ x R — R? defined by
(2.2) D (81,82,83) — & = (81, S2) + s3n(sy, s2).

There exists 6 € (0,1] depending only on S, such that the restriction of ® to the compact set s, =
W x [—6p,d0] is a C1— diffeomorphism of that set onto its range (see e.g. [21]). Hence, there exist two

constants ¢ > 0 and ¢; > ¢y, which depend only on ¢, such that

(2.3) Vs € Qs,, co <||VsP(9))||]| <1, and for x = D(s) co <||VL@ H2)||] < e
Definition 2.1. For § € (0,d¢], the shell Qs is defined as follows:

Qs = D(Qs).
The mid-surface of the shell is S. The fibers of the shell are the segments ®({(s1,s2)}x]—9,4[), (s1,52) € w.
The lateral boundary of the shell is I's = ®(Jwx] — 4, d[). In the following sections the shell will be fixed on

a part of its lateral boundary. Let vy be an open subset of dw which made of a finite number of connected

components (whose closure are disjoint). We assume that the shell is clamped on

Los = ®(v0x] —4,4[).

3



The admissible deformations v of the shell must then satisfy
(2.4) v=1I; on Ty

where I is the identity map of R3.

Notation. From now on we denote by ¢ and C two positive generic constants which do not depend on
0. We respectively note by = and s the generic points of Qs and of Q5. A field v defined on Qj can be also
considered as a field defined on 25 that, as a convention, we will also denote by v. As far as the gradients
of field v, say in (W1(Qs))3, are concerned we have V,v and Vv = V,0.V® for a.e. z = ®(s) and (2.3)
shows that

cl[IVav(@)l] < [[[Vsv(s)ll] < CllIVzo(@)]]]-

3. Korn’s type inequalities for shells. Decomposition of a deformation.

We first recall the Korn’s type inequalities for shells established in Section 4 of [6]. Let v be an admis-
sible deformation belonging to (Hl(Q(;))3 and satisfying the boundary condition (2.4). Setting V(s1,s2) =

%/ v(s1,82,t)dt a.e. (s1,$2) € w, we have
-5

(3.1) { v = Tall(z2(2s))s + [|Vav = Tsll(z2(@q)0 < C (6" + ||dist(Vav, SO(3))|l12(0s))
(0 = Ia) = (V = )llz2(0uyys < CO(6"2 + ||dist(Vo0, SO(3))l]12(0s))
and
c . ..
(3.2) llo = Lall(z2(05)2 + [IVav = Lsll(z2 (52 < lldist(Vav, SOE))lIL2(0s),

(v = 1a) = (V= 9)ll(£2(0,))2 < Clldist(Vav, SO3))]|12(y)-

Inequalities (3.1) are better than those (3.2) if the order of the geometric energy ||dist(V v, SO(3))||r2(ay)
is greater than §%/2.
Now the theorem of decomposition of the deformations established in [6] (see Theorem 3.4 of Section

3) is given below.

Theorem 3.1. There exists a constant C(S) which depends only on the mid-surface of the shell such that
for all deformation v belonging to (Hl(Q(;))d and satisfying

(3.3) ||dist(Vav, SO(3))|| 120, < C(S)5%/2,

then, there exist V € (H'(w))?, R € (Hl(w))gxs satisfying R(s1,s2) € SO(3) for a.e. (s1,82) € w and T
belonging to (Hl(Qg))S such that for a.e. s € Qs

(3.4) v(s) = V(s1, s2) + s3R(s1, s2)n(s1, s2) + 0(s),

where we can choose V(s1,82) = 2%5 /2 v(s1, s2,t)dt a.e. (s1,S2) € w, and such that the following estimates
hold:

[0]l(z2(025))2 < CO||dist(Vav, SO3))||r2(05)

IVl (L2 (05))0 < Cl\dist(v v, 50(3))|lz2(2s)

||dist(Vzv, SO(3))[L2(0s)

(3.5) Hasa (L2(w))® — 63/2

|5 = Rea] . L < i list(V0, 0@ 220

|Vav — RH(LQ(SL;))*? < O||dist(Vyv,S0(3))|[L2(0y)-
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Due to (3.4) and to the definition of V, the field T satisfies / (81, 82,t)dt =0 a.e. (s1,82) Ew
=5

If the deformation v as in Theorem 3.1 satisfies the boundary condition (2.4) then indeed
(3.6) V=¢ on .

Moreover due to Lemma 4.1 of [6], we can choose R and ¥ in Theorem 3.1 above such that
(3.7) R=1; on vy, 7=0 on I'y 5.
From estimates (3.5) we also derive the following ones:

IR = Is||(L2(w))? < ||dist(Viv, SO(3))|[L2(0s)

53/2
1V = dll(r2wy» < 53/2||dzst(V v, 50(3))l|L2(0s)-

(3.8)

4. Rescaling Q5

As usual, we rescale €25 using the operator
(H(S'IU)(Sh 52, 53) = U}(Sl, 52, 553) for any (817 52, 53) €N

defined for e.g. w € L?(Q) for which (ITsw) € L?(Q). Let v be a deformation decomposed as (3.4), by

transforming by Ils we obtain

II5(v)(s1, 82,53) = V(s1,82) + 0S3R(s1, s2)n(s1, s2) + Is(T)(s1, 2, 53), for a.e. (s1,82,53) € Q.

ov ) _ 1(31__[5(5)

The estimates (3.5) of ¥ transposed over § are (notice that IIs (853 305, )

I (@) (L2(0))e < 051/2||dzst(v v,S0(3))||22(2s)
oMl
33(1 v) . 61/2||dzst( 20, SO(3))||z2(0s)
(4.1) a1, (0)
85y lzegye = 61/2||dzst(V v,80(3))|IL2(0y)
Ollg 5) .
85(3 @y C8'2|dist(Vzv, SO(3))|2(0,),

5. Simplification in the Green-St Venant’s strain tensor.

In this section we introduce a simplification of the Green-St Venant’s strain tensor E(v) = 1/2((Vv)TVo—I3).
Let v be a deformation of the shell belonging to (H*(Qs))? and satisfying the condition (3.3). We decompose
v as (3.4). We have the identity

(Vo) 'Vu —1I3 = (Voo — R)TR 4+ RT (Vv — R) + (Vv — R)T(V,0 — R).
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In order to compare the orders (of the norms) of the different terms in the above equality, we work in the

fix domain 2 using the operator IIs. Thanks to estimates (3.5) we get

| dist(Vov, SOB))|| 120
M5 ((Vev — R)TR 4+ R (Vv — R))||(11(0))2xs < C 5172 ),

|ldist(Vv,80(3))l|22(05) } ?
51/2 '

(5.1)

||H5((VIU — R)T(Vﬂ) - R))||(L1(Q))3x3 S C[

In view of (3.1), these estimates show that the term Il;((V,v — R)T(V,v — R)) can be neglected in E(v).

Now we have

ov on ov on ov
_— t _— _— = T t - ), _— = x
Bs; va(1+33881), 952 \V4 v(2+53882) 952 V,un
Then
on 15)% R Ollsv 1 0llsv
_ I — = .
II5(Vyv — R) (6o + 053 8sa) (GSQ Rt ) + 885 — 5'sa n+ Do s(Voov —R)n = 3 05,

0 0
First, we can neglect the term 553a—n which is of order § in the quantity t, + (5538Tn
Sa (e}

consequence of these equalities and the following estimates (obtained from (3.5) and (4.1)):

. Secondly, as a

12 g, ldist(V0, SO@))12(0
0sq (L2()3 51/2 ’
dist(Vzv,S0(3))|| L2
i, o] < ol S0 o
(5.2) O0sq  Il(z2())? )
Hlé‘Hﬁ < CHdist(va,SO( N2y
6 053 ll(L2@)3 ~ §1/2 ’
ol dist(V 0, 50(3) |20
H (-1 < CO 5172 d ]
we deduce that in the quantity I1;((V,v — R)TR + R*(V,v — R)) we can neglect the terms -

Now, if in the Green-St Venant’s strain tensor of v we carry out the simplifications mentioned above,

we are brought to replace

1 _
iﬂa((vmv)TVzU —1I3) by (t1]te|n) "5 (E%(v))(ts ]tz |n)~"
1
or 5((va)TVzv — Ig) by (tl |t2 ‘ Il)iTES(U)(tl |t2 | 1’1)71
where the symmetric matrix E*(v) € (L?(£25))3*3 is equal to
1 oo 1
ssT11(R) + 211 ssT2(R)+ 212 -RT— t1 4+ =25
2 %83 2
1_,0v
SRTY g,y iz
53'22(R) 4 222 S + 5282
oo
T*
(5.3) * R s ™
1 OR
T, — Rt —n - Rt
s(R 2 8san s+ 5'5[311 }
17,70V %)% )%
Zop = 5{(£ ~ Rt ) Rty + (Eﬁ ~Rty) Rta|, Zp = 55 Bn.
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where (t1 | t2 | n) denotes the 3 X 3 matrix with first column t;, second column t5 and third column n and
where (t1 [t2 [n)™7 = ((t1 [ t2| n)’l)T. Let us notice that E*(v) belongs to (Lz(Q(;))‘SXS for any deformation

v(s) = V(s1, s2) + ssR(s1, s2)n(s1, s2) +0(s), for a.e. s € {25

where V € (H(w))?, R € H'(w; SO(3)) and v € L*(w; H'(-4,0))3.

Remark 5.1. From the last estimate in (3.5) we deduce that
[|Ts (VJC’U — R)H(L2(Q))3><3 <Cé

and then we get that the set
{s € QI |IITs5(Vor — R)(s)]]] > 1}

has a measure less than C'§2. It follows that the measure of the set
{s € Q| det (Ils[V,v](s)) <0}
tends to 0 as § goes to 0. O
Now, we introduce the following closed subset Ds of (H'(w))? x (H'(w))?*3 x (L?(w; H*(—4,0)))?
Ds = {v=(VR,7) € (B (@))* x (H' (@)™ x (L(w; H'(=5,0)))* |

8
R(Sl, 82) S 50(3)7 / 5(81, So, S3)d83 =0,
—d

s
/ $30(81, 82, 83) - ta(s1,82)dss =0, for a.e. (s1,82) Ew, a= 1,2.}
-5
The last condition on ¥ in Dy is not satisfied in general (if ¥ is the warping introduced in Theorem 3.1),
loosely speaking this new condition will allow to decouple the estimates of T and Z;, (see the proof of
Proposition 5.2).

For any v € D, we consider v defined by

(5.4) v(s) = V(s1, s2) + ssR(s1, s2)n(s1, s2) +0(s), for a.e. s € (.

The deformation v belongs to (L?(w; H'(—4,5)))? so that, in general, the Green-St Venant’s tensor of v is
not defined. Nevertheless, the tensor field E*(v) belongs to (L?(Qs))3*3 and we set

(5:5) E(v) = E*(v), E(v) € (L*(2)*.

oV
Let us point out that if a triplet v satisfies the limit kinematic condition —— = Rt,, then it is easy to

054

obtain

0v

1, C
g\|v||(L2(m)3 + H('ng

OR <
H (L2(w))3x3 — §3/2

@ HE(V)||(L2(Q(;))3X3

e IOz

which permits with some boundary conditions to control the product norm of v in term of ||E(v)|\( L2(Q5))8%3

and §. In order to define an energy which have this property for any v € Dg, we are led to add two
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penalization terms, which vanish as § — 0, to HE(V)H%LZ(QS))M,. This is why for every deformation v € Dj

we set

8R 2

oV
5.6 &s E SR H— _ & H H Rty — -~ . Rt ‘ .
( ) ( || ( )||(L2(525) ax3 T 851 2 852 (L2(w))? 831 2 852 ! L2(w)

Proposition 5.2. There exists a positive constant C' which does not depend on & such that for all v € Ds

1, ov ~
51wz + |5 s < HEOllaaansss
2 C

N < —&
@y = @)

H@sa (L2(w))3%3 52H83a

Proof. First of all there exists a positive constant C' independent of § such that

OR OR
(SH— Rt 6” Rt ‘Rt H 0| 5—n- Rtz
8sln ! L2(w) + 851n 2+ (95211 ! + 352n 2 L2(w)
(5.7) +1Z21llr2w) + 11212l 22 () + | 222]l 22wy < 51/2 1E(v )||(L2(95))3X3’
v v
RTZL ¢, + 2, |IRT2Z o n| < C||E(v .
[R5t Zsal o [R5 0]y < OB aznyyons

We use the definition of Ds to estimate the field RT% - t,. Introducing the function RT% - t,, + 53254, using

Poincaré-Wirtinger’s inequality and the first condition on R in Ds give

(58) HRTE ~ta + 53234

T— ~
L2(Q5) HR HL2(Q§) < COl[EW)l(z2(s))373-

Now we use the second condition on T - t, (in the definition of Dy) in the above estimates and again (5.7) to

ov
get the estimates on R” . and Z3,
53

ov _
51/2| 24, w} HRT—~ H <C|E
+ 01 Zsall2 § + 53 2 = Bz @apyess

2
E{HRT&%

(L2(925))?

Finally (5.8) gives the L? estimate on o. Let us notice that due to the last condition on ¥ in Ds, we obtain

e . .. )%
the same estimates that in the case where v satisfies the limit kinematic condition — = Rt,,.
Sa
There exist two antisymmetric matrices A; and Ay in (L?(w))3*? such that

R R
=RA =RA
881 ! 882 z

From (5.7) we get
c
HAln . t1||L2(w) + HAln -ty + Aon - t1||L2(w) + ||A21’1 . tzHL"’(w) < WHE(V)H(LZ(QJ))JXJ

Besides there exists a positive constant such

||A1||(L2(w))3><3 + ||A2H(L2(w))3><3
<C{[[Am-taf| o + [[Ain- b2+ Aon ]| o) + A o] )+ [ATte = Astallzaes |-

8



Hence we get

Due to the estimates concerning the Z;, and the definition of &s(v) we finally obtain

R
851

OR

R IR
852

£ H .
Dsy " (Lz(w>>3}

L OR
< C{W||E(V)H(L2<Qs))“3 + Haisltz -

‘(LQ(UJ))3X3 ‘ ‘(LQ(UJ))ZSXIB

I~ Réolls < 5

av < Y&,
D50 Wy = 55

We define now the set of the admissible triplets
D5,y = {V: WV,R,7)eDs | V=0¢, R=1I3 on~p }

Notice that the triplet Iy = (¢, I3, 0) belongs to Ds 4, and it is associated to the deformation v = I,.
In some sense, the following corollary gives two Korn’s type inequalities on the set D5 ., with respect

to the quantity £5(v), the more accurate of which depending on the order of & (v).

Corollary 5.3. There exists a positive constant C which does not depend on § such that for all v € Ds -,

C
1V = 0lTm @y + IR = L[l yyoxs < 5355(v),

1
2
— ¢|? < + = :

Proof. Recall that R = I3 and V = ¢ on 7, then from Proposition 5.1 we obtain

C
HR - I3||%Hl(w))3x3 S 67366(‘,)

Using the above estimate and again Proposition 5.1 we obtain the first estimate on V — ¢ (recall that

13}
to = %) To obtain the second estimate on V — ¢, notice that ||R — Ig”?Lg(w))ng <C. O

6. Elastic shells

In this section we consider a shell made of an elastic material. Its thickness 20 is fixed and belongs to
10,250]. The local energy W : Sz — R™ is a continuous function of symmetric matrices which satisfies
the following assumptions which are similar to those adopted in [14], [15] and [16] (the reader is also referred

to [8] for general introduction to elasticity)

(6.1) Jc>0 suchthat VE€S; W(E) > c|||E||?
(6.2) Ve>0, 30>0, suchthat VEcS; ||E]||<0 = |[W(E)-Q(E)| <¢||E|?

where @ is a positive quadratic form defined on the set of 3 x 3 symmetric matrices. Remark that @ satisfies
(6.1) with the same constant c.

Still following [8], for any 3 x 3 matrix F, we set
1
2
+ o0 if det(F) <0.

_ W(

(6.3) W) = (FTF ~13)) if det(F) >0



Remark that due to (6.1), (6.3) and to the inequality |||[FTF — I3]|| > dist(F, SO(3)) if det(F) > 0, we

have for any 3 x 3 matrix F'
(6.4) W(F) > zdz’st(F, SO(3))2.

Remark 6.1. As a classical example of a local elastic energy satisfying the above assumptions, we mention
the following St Venant-Kirchhoff’s law (see [8]) for which

A

WE) ={38 (tr(FTF ~ 13))2 + %tr((FTF —I3)%) if det(F) >0
oo if det(F) <0,

In order to take into account the boundary condition on the admissible deformations we introduce the

Space
(6.5) Us = {ve (H Q) lv=1s on Tos}.

Let k > 1. Now we assume that the shell is submitted to applied body forces f,. s € (L*(€s))* and we
define the total energy J, s(v)* over Us by

(6.6) Jis(v) = o W(va)(x)dx - o fus(@) - (v(z) — Ig(z))de.

To introduce the scaling on fy s, let us consider f and g in (L?(w))? and assume that the force f, s is given

’ /

(6.7) frs(x) = 0% f(s1,82) + 6" “2s3g(s1,52) for a.e. x = ®(s) € Os.

, 2k —2 if 1<k <2,
(6.8) K =

K if k>2.
Notice that J,, 5(I4) = 0. So, in order to minimize J,, s we only need to consider deformations v of Us
such that J, s5(v) <0.

Now from (6.1), (6.3), (6.4), the two Korn’s type inequalities (3.1)-(3.2), the assumption (6.7) of the
body forces and the definition (6.8) of &', we obtain the following bound for ||dist(V v, SO(3))||L2(0s)

(6.9) |[dist(V,v, SO(3))||r2(0s) < C5*~Y2%  and fros-(v—15) <C&* 1
Qs

which in turn imply that

(6.10) 6?1t < J.s(v) <0.

* For later convenience, we have added the term fr.6(z)-Ig(x)dz to the usual standard energy, indeed
s
this does not affect the minimizing problem for J, 5.

10



Again from (6.3)-(6.4) and the estimates (6.9) we deduce

c
ZH(VIW)TVIW - IBH%B(QJ))sxs < Jiks(v) + fus-(v—1I4) < C§*r1L,
Qs

Hence, the following estimate of the Green-St Venant’s tensor:
1 T K—1/2
|‘§{(V:vv) vxv_l?)}H(Lz(Qs))sxe, <G / :
We deduce from the above inequality that v € (W*(Qs))? with
||V1U||(L4(Qé))3><3 < 06%

We set
m =i lf J V).
K,0 veUs n,&( )

As a consequence of (6.10) we have

Mmg.s
c< §2k—1 < 0.

In general, a minimizer of J,; s does not exist on Us. In what follows, we replace the elastic functional

v +— Jy 5(v) on Us by a simplified functional defined on D5 which admits a minimum.

From now on we assume k > 1.
7. The simplified elastic model for shells

The aim of this section is to define a functional J: ; on the set Dy ,, which will appear as a simplification
of the total energy J,; ; defined on the set Us. In order to perform this task, we use the results of Section 5
and we proceed in three steps. Let us first consider an admissible deformation v satistying (3.3), decomposed

as in (3.4) and such that J, s(v) < 0. It is convenient to express the energy J,, 5(v) over the domain {5

1 0 0
Jn,g(v) = / W(i((VIU)vav — 13)) det (t1 + SgaTn“Q + SgaTnln)dsldSQdS3
Q 1 2
(7.1) ° , ,
7/ ((SK f + o 72539) . (U — Id) det (t1 + 5387n|t2 + S3ai|n)d51d52d83.
Qs 881 882
The triplet associated to v by the decomposition (3.4) is denoted v = (V, R,U). The following estimate

has been proved in Section 6

1 T —
~{(V, RO | H < o512,
|5{(Va0)" Vv — 1} ey < O

Then, for all § > 0, the set A = {s € Q;|[ILs((Vovs)T Vavs —I3)(s)]|| = 6} has a measure satisfying

§2n72

meas(A2) < 0972

Now, according to assumptions (6.2) and x > 1 and the above estimate, in the first term of the total energy

Ji.s(v) we replace the quantity W (% ((Vzv)Tvmv — Ig)) by @ (% ((Vzv)Tva — Ig)) . Following the analysis

1 ~ ~
of Section 5, we then replace Q(i((vxv)Tviv — I3)> by Q((tl [to | n)"TE(V)(t1 |tz | n)_l) where E(v) is

11



defined by (5.3) and (5.5). At last, we replace det (t; + 53g—n|t2 + 538—n|n) by det (t1]t2|n). Setting for
51

882

all 3 x 3 symmetric matrix F’
(7.2) W*(F) = Q((bx |62 [m) ™" F (t |2 |m) ")

all the above considerations lead us to replace the first term in the right hand side of (7.1) by
(7.3) / we (E(V)) det(t1]t2|n)ds;dsadss.

Qs
Observe now the term involving the forces in (7.1). We have

5“ f—i—é“ - 33g) (v—]d) det (t1 +53 |t2+53a

a | )d81d82d83

"
g+ / /- v-9)+ gg (R = Ty)n] det(t: [tz ]n)dsdsz
2 . on on
_ 2l . _ _ -
36 /wg V-9 [det (831 [t2 | n) + det (tl‘asg | n):|d8]_d82‘
<OoF +2 V R-1 i
< (1l z2 s + Ngllzz @) (1Y = 8l 2@y + IR = Ls]| (L2 (wy)sxs + WHUH(B(QJ))B)
Then, in view of the first estimate in (3.5) we replace the term involving the forces by
(7.4) L,.5(V.R) =6 *1L(V,R)
where
1
L(V,R) = 2/ [f (V=6)+59- (R- 13)n} det(t1[t2]n)ds dso

Y Y T R YCRL P

At the end of this first step, we obtain a simplified energy for a deformation v € Uy which satisfies (3.3) and
Jn,5(v) <0

szg"pl(v) = /Q w? (E(v)) det(ty|t2|n)dsidsadss — 6”’+1£(V,R).
5

Indeed the energy J' sl ()

can be seen as a functional of v defined over Ds ., since we have already notice
that E( ) belongs to (LQ(Q[;))?)X?’. As a consequence, in a second step we are in a position to extend the

above energy to the whole set Ds ,, and to put

W EDsy,  JUP(y) = / W* (B(v)) det (b [ta|n)dsi dsadss — 6% 1 L(V, R).
Qs

As observed in Section 5, the functional J, S'mpl is not coercive on D5 . In a third step, in view of Proposition
OR oR . ||2

5.2 and in order to obtain the coerciveness of the simplified energy, the two terms 53’ —to——1t; H ,
0s1 Osg " ll(L2(w))3

%

5H— Riy — o=

2 )
-Rt; H are added to J:‘gnpl.
12(w) :

12



Using all the above considerations, we are able to define the simplified elastic energy on Ds -, by setting

for any v in Ds .,

OR |2
;?5(\/):/ W (B(v)) det(ta|tan)ds dsads + 6° H—tQ Ry H ,
(7 5) Qs 831 832 (L2 (w))?
’ oy 2 ,
5— Rt -Rt — "tV R).
+ ‘ 0s1 2 (9 So 1‘ L2(w) (V7 )

The end of this section is dedicated to show that the functional Jg ; admits a minimizer on Dy ,,. Let

v be in D5, we have

(7.6) £ R)| < CIlwree + lgllweee)(

|V = éll 2wy + IR = Tsllz2(w)oxs )
The quadratic form @ being positive, the definition (5.6) of & (v) and (7.5)-(7.6) give
C&s(v) — 05K/+1(||f||(L2(w))3 + gl 2 @ys) (IIV = Bl 2wy + IR = Isl|(p2(wyexa) < I3 s(v).
Now thanks to Corollary 5.3 and (6.8), we get, if Jg 5(v) < 0( = J5 ;(Ia))
(7.7) E(v) < Ca* (|| fllcr2(wys + 9l (22 @)

Hence, there exists a constant ¢ which does not depend on § such that for any v € Dj ., satisfying J, . s(v) <0,

we have

co* 1 < Ji 5(v).
We set
(7.8) my s = inf J: 5(v).

VEDS,~

As a consequence of the above inequality, we have

In the following theorem we prove that for x and § fixed the minimization problem (7.8) has at least a

solution.

Theorem 7.1. There exists vs € Ds ., such that

(7.9) mi,s = Jz,a(vé) min J; 5( )-

VEDs,vq

Proof. Since J? ;(I4) = 0, we can consider a minimizing sequence v,, in Dj -, such that J# ;(v,,) < 0 and

my 5 = nll)f}rloo I35 (Vn)-

From (7.7) we get
Es(vn) < CO (|| f (L2 + 19l L2 @e) -

13



Thanks to Corollary 5.3 and Proposition 5.2, the above estimate show that there exists a subsequence still
denoted n such that (recall that ||Ry|| (e (w))zxs = V3)

V, = Vs weakly in (H'(w))?
R, = Rs weakly in (H'(w))**3
R, — Rs strongly in (L?(w))®*? and a.e. in w

T, — Ts  weakly in (L?(w; H'(—46,0)))3.
Then setting vs = Vs, Rs,75) € D 4,, we get

E(vy) = E(vs) weakly in (L*(Q5))**?,

oV, oV, Vs Vs . 2 3
Vo Rty — 2 Rty — 20 Ruty — 28 Rsty  weakly in (L .
D51 R, t2 D59 R,t; Ds; R;to D55 Rstq eakly in (L*(w))

Now, passing to the limit inf in Jjﬁ(vn)7 we obtain

My < JRs(ve) < lim JRs(va) = lim T3 s(va) = mics.
n o0

8. Asymptotic behavior of the simplified model. Case « = 2.

In this section we study the asymptotic behavior of the sequence (v;) of minimizer given in Theorem 7.1
S

2,
53
this task, we work on the fixed domain €2 and we use the operator Ils defined in Section 4. We denote D the

following closed subset of Dy 4, (i.e. D5, for 6 =1 or Dy 5, = 5 (Ds 4, )):

and we characterize the limit of the minima

as a minimum of a new functional. AS usual, to perform

D= {v =(V,R,V) €Dy, | g—v - Rta}.

Sa

Notice that V € (H?(w))?. Then we define the following functional over D

(8.1) jg(v):/Q((t1|t2\n)’TE(v)(t1|t2|n)’1> det(ty[taln) — L(V,R).
Q
where
OR OR 1,0V
SgaislnRtl SgaiﬁnRtQ iR @tl
oR 1, 0V
8.2 E(v) = oR L. Irr oV
(8.2) (v) x Sigm Rtz SR 55, ts
* * RT%.H

As in Theorem 7.1 we easily prove that there exists vo = (V2, Ra, V) € D such that

(8.3) my = Jo(v2) = min Jo(v).
Theorem 8.1. We have
m5 = lim 25
2 5—0 83



Moreover, let ve = (V5,Rs5,Ts) € D5, be a minimizer of the functional Jz"’,g(-), there exists a subsequence

still denoted & such that

strongly in (H'(w))?,
strongly in (H'(w))**?,

Vs — Vo

Rs — Ry

1
~Zips — 0 strongly in L*(w),

J

1 _
= s(5) — Vo

52 strongly in (L*(w; H*(—1,1))).

The triplet vo = (Vo, Ro, V) belongs to D and we have

mg = jg(Vo).

Proof. For all v= (V,R,V) €D, we have (V,R,s) € Ds,, where

— S
Vs(s1,82,83) = 62V (s1, s2, j)

for a.e. (s1,$2,83) € Qs.

)
OR OR
Using the fact that v € D, which implies that aTn -Rty = aTn - Rt1, we have
1 2
256(V7R’§5) -7 -1
g5) U [ (0t |n) B 6 2 [n) ) det(taftain) — £V R) = a(v)
Q
mS
Then, taking the minimum in the right hand side w.r.t. v € D, we immediately deduce that (52’6 < ms3.

We recall that vs = (V(;, Rg,%) € D5, is a minimizer of Jj

and moreover with (7.7)

Es(vs) < O (|| fr2(wye + gl p2@))2)?-

Thanks to the estimates in Proposition 5.2, Corollary 5.3 and the above estimate we can extract a subsequence

still denoted ¢ such that

(8.6)

Vs — Vo strongly in (H'(w))?,

R; =~ Ry weakly in (H*(w))**® and a.e. in w,

1 - .
ﬁﬂa(ﬁé) — Vo weakly in (L*(w; H'(=1,1)))?,
1
5 Zics = Ziao weakly in L*(w),
ORs OR;s . 2 3
( Ds1 to — 8752“) Y weakly in (L*(w))”,
Vs Vs R
D51 -Rsto — D5y . Rgtl) X weakly in L*(w).

Then from the fifth convergence we obtain M = Rots. So we have Vy € (H%(w))? and vo = (Vy, Ro, V)

084

belongs to D. From the above convergences, and upon extracting another subsequence, we also get

1 ~
EH(; (E(vs)) = Eo weakly in (L*(92))**?

15



where
OR. OR. 1. 0W
83701’1 -Rotq1 + 21170 537011 -Roto + 212,0 *ng 0. t1
681 2 653

881 /03
OR, 1 ow
Ey = * S‘;?;n -Rots + 222’0 §REW30 -to
oW
RY :
* * 095,

with
WO = VO + SgZ?,LQROt/l + SSZ3Q,OR0t/2'

Due to the expression of .J; ; we have

J2S,6(V5) _r1 = _1 ORs ORs 2
5 —/QQ((tl|t2|n) SH5(B(vs)) (1|t |n) )det(t1|t2|n)dsld52d53+ “Tﬁtz—a—@ 1H(L2(w))3
1|8V Vs 2
152 Rty — =2 - Ryt - Ry).
+ 02 H 081 o 082 0 1HL2(w) E(V57 6)

With the convergences (8.6), since @ is quadratic and thanks to the expression of £, we are in a position to

pass to the limit-inf in the above equality which gives

/ Q((tl to | 0) " TEo(t: | t |n)*1) det(t [tz [n)dsydsadSs + || X220y + 1Y [2L2(0)s — £(Vo, Ro)
J28,6(V5) s ms s

= l1m
3 §—0 93

< lim
d—0

Hence we get
-7 -1 . m; o
/ Q((t1 2 1m)" o (b |t [ n) ™) det(tatafn)ds dsadS;s — £(Vo. Ro) < lim "2

Q 5—0 0

First, notice that if v = (V,R,V) € D then V satisfies

-
/ a—v(sl,SQ,Sg) “to(s1,52)(S2 —1)dS3 = 0 for a.e. (s1,s2) € w.

_, 95;
OR OR OR,
Now we apply Lemma A with a = ( On . Rotl, 701’1 . Rotg, 7011 . Rotg), b = (le O,Zlg O,ZQQ 0)7
7 7 8817 681 882 ’ ’ ’
1 1
c= (iRg%—IZ; -ty iROT% - to, ROT%—V;? . n) and with the quadratic form defined by

1
On(a,b,c) = / Q((t1 [t |n) " TEo(ty | ta] n)_l) det(t1]t2|n)dSs for a.e. (s1,s2) € w.

-1

We obtain
(8.7) min J(v) < / Q((t1 [to|n)"TEo(ty | ts |n)*1) det(t1[t2n)ds1ds2dSs — £L(Vo, Ro).
v Q
. M3 m3 s
Hence mj < lim —~. Recall that we have —~ < m3, so we get
0—0 93 93
lim 26 =m,;
5—0 03 2



Finally, from convergences (8.6) we obtain Z;,0 = 0, X = Y = 0 and moreover we have the strong

convergences in (8.4). O

9. Justification of the simplified model. Case x = 2

In this section, the introduction of the simplified energy is justified in the sense that we prove that both
the minima of the elastic energy and of the simplified energy have the same limit as § tends to 0.
Theorem 9.1. We have

lim ma2s _ li M2, =m3
5—0 0 50 03 z
Proof.
m
Step 1. In this step we prove that mj < 2,8 (v(;) 0<5<50 be a minimizing sequence of deformations

50
belonging to Us and such that
mas .. J25(vs)
9.1 li — =1 : .
&) R LR

From the estimates of Section 6 we get

||dist(Vzvs, SO(3))|| 1204 < C8/2,
1 T 3/2
(92) |’§{va:v6 Vs — IB}H(Lz(Q&))sz <o / ’
||va:U5||(L4(Qs))3X3 < Cot/4.

1
We still denote by Vs(s1,$2) = %/ vs(81, $2, $3)dsz the mean of vs over the fibers of the shell. Upon
)

extracting a subsequence (still indexed by 4), the results of [6] show that there exist V € (H?*(w))3, R €
(H'(w))**? with R(s1,s2) € SO(3) for a.e. (s1,52) € w, Zap € L*(w) and V € (L?(w; H' (-1, 1))3 satisfying

1
(9.3) / V(s1,82,53)dS3 =0 for a.e. (s1,82) € w, STV = Rt,
—1 o

together with the boundaries conditions V = ¢, R =I5 on 7, and with the following convergences

II5(vs) — V  strongly in (Hl(Q))S,
II5(Vzvs) — R strongly in (LQ(Q))?)X?’;

(9.4) II5(vs — Vs) 3

— S3(R—1I3)n strongly in (L*(Q))",

1 (Vavs) Vavs —T3) = (6162 |0) E (b ]tz |n)"" weakly in (L2())",

20
where
Sgg—zn ‘Rt + 211 S3 aRn Rts + Z1o fRT g;/:; ty
E= * Sgg—in-Rtg—i-Zgg ;RTS:B “to
* s RT% .

Now, recall that

J2,5(vs)

(9.5) I = /Q 5%W(%H(;((VIU(;)TVIU(s - I3))H5(det(V<I>)) - 5% s (v5 — I).

17



In order to pass to the lim-inf in (9.5) we first notice that det(V®) = det(t1|t2|n)+ s3 det (g—n|t2 | n) +
s1

sz det (t1|a—n | n) + 53 det (
882
in L*>(£2) as ¢ tends to 0.
We now consider the first term of the right hand side. Let € > 0 be fixed. Due to (6.2), there exists
6 > 0 such that

g—|g—n \ n) so that indeed IIs( det(V®)) strongly converges to det(t;[t2|n)
S1 S9

(9.6) VE €8s, [[|B]]| <0, W(E) 2 Q(E) —¢l|| B

We now use a similar argument given in [5]. Let us denote by x§ the characteristic function of the set
Al = {s € O || (Vavs) T Vavs —I3)(s)||| > 6}. Due to (9.2), we have

52

(9.7 meas(A9) < 09—2.

Using the positive character of W, (9.2) and (9.6) give

/Q%W(Ha(vzva))\H(s(det(V@m 2/Q%W(%Ha((vmva)Tvm—13))(1—X§)H5(det(vq>))

> /QQ(;—(;H(;((VM)TVM ~I;)(1 - Xg))n5(det(vq>)) — Ce

1
In view of (9.7), the function x§ converges a.e. to 0 as ¢ tends to 0 while the weak limit of 2—61'15 ((va(;)TVzvg—

I3)(1 - x%) is given by (9.4). As a consequence and also using the convergence of IIs ( det(V®)) obtained

above, we have

éijrr(l)/g%W(H(s(vzv(s))ﬂa(det(v(b)) z/ﬂ@((tlwn)—m (t1 [t [m)™") det (b fta|n) — Ce.

As ¢ is arbitrary, this gives

(9.8) éljn(l)/g %W(H(;(va(;))ﬂg(det(v@) > /QQ((tl | to ‘ n)_TE (t1 | t2 ‘ n)_l) det(t1|t2\n).

Using the convergences (9.4), it follows that

lim (513/9 fas (05 — Id)) — L(V,R)

6—0
where L(,-) is defined by (8.5). From (9.5), (9.8) and the above limit, we conclude that

J2’ggv6) > /QQ((tl [t2|n) " TE (t |t n)’1> det(ti|t2|n) — L(V,R).

. Mo .
S -

Proceeding as in the proof of (8.7) in Section 8, we get

/Q Q((t11t2|0)"TE (t1 |2 |m) ") det(ta]t2n) — £V, R) = min Jo(v) = m}.

Finally we have proved that mj < lim M2

5—0
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—m
Step 2. In this step we prove that m§ > }i_r)r}) 28

Let us now consider a minimizer vy = (Vo, Ry, VO) € D of J> and the sequence ((V(s, R5775))5 of
0
approximation of v given by Lemma C constructed in the Appendix for a given 1 which will be fixed below.

The deformation vs is now defined by
(9.10) vs5(s) = Vs(s1,52) + s3Rs(s1,52)n(s1, 82) + 6V (sl, 59, %3), for s € Q5.

Step 2.1. Estimate on [|TI5(V,vs — Rs) || (n=(q))2xs and ||dist(Vzvs, SO(3))|| 1 (w)

From (9.10) and trough simple calculations, we first have

(Vl-’t)(s — R5)ta = % — Rst,, + s3 ORs n -+ 52 Vs — (Vg;’U(s — R§)S367n
9.11) 054, 084 054, 084
| (Vzvs — Rs)n = (58—V<S
zV§ ) - 853’
then
H5(V vs — R(;) . H(;(V (I))
(9.12) Vs IR ,OVs Vs OR;  0Vs  OVs
(81 R6t1+5358a n+46 Ds.. 3 R6t2+5368a a 853)

Thanks to (2.3) and choosing 7 sufficiently small in estimates (C3) in Lemma C of the Appendix we obtain

1
(9.13) ||ILs (vag . R(S)H(Lac(ﬂ))QSXS < 1
and we deduce that there exists a positive constant Cy such that
(9.14) ||H5((Vgﬂ}5)TVIU5 - IB)H(LOC(Q))SXB < (.
Since Lemma C also insures that lims_ ||dist(Rs, SO(3))||1(w) = 0 (see (C.2) in Lemma C), estimate
(9.13) implies that for § small enough
. 1
||dist(T15(V4vs), SO(3))|| L (o) < 3
and then we obtain
(9.15) for a.e. s€ Qs det (V,vs(s)) > 0.

1
Step 2.2. Strong limit of %I'L; ((VI’U(;)TVZU(s — 13).

Thanks to the estimates and convergences of Lemma C and (9.12) we have
(9.16) ||ITLs (qus — R(;)H(Lz(g))sm < C6.

We write the identity (V,vs)T Vs — Iz = (Vevs — Rs)TRs + R{(vxva —Rs) + (Vavs — Rs)T (Vs —
R;) + (Rs — R)TRs + RT(Rs — R). So, from (9.13) and (9.16) we get

(9.17) HH(;((vag)TV;CU(; — I3)H(L2(Q))3X3 < (9.
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In view of (9.11), the strong convergences of Lemma C and (9.16) we deduce that

1
gﬂé((vxvé -R)t,) — SggTRn strongly in  (L?(Q))?
(9.18) @

1 ov
<I5((Vovs —R)n) — —— -n strongly in  (L*(Q))*
5 053

Now thanks (9.13) and the strong convergences (9.18) we obtain

1

—II5(Vzvs — R) — 0 strongly in LA ()3
7 5(Vzvs — R) gly (L7())

and then using again Lemma C, (9.18) and the above decomposition of (V,vs)TV,vs — I3, we get
1
(9.19) %Hg((vxvg)Tvag —I3) — (t1]ta|n) " TE(vo)(t1]taln) ™ strongly in  (L?(£2))3*3,

where E(vg) is given by (8.2).

Step 2.3. Let ¢ be a fixed positive constant and let 6 given by (7.2). We denote x? the characteristic
function of the set A = {s € Q; |||IL;((V4vs)TVavs — Is) (s)|]| > 6}. Due to (9.17), we have

52

(9.20) meas(A%) < 6’9—2

and from (9.15) we have det (V,vs(s)) > 0 for a. e. s € Q5. Due to (6.2), (6.4) and (9.19) we deduce that

(@ A 5—12(1 -9 W(HJ(VmUJ))H(;(det(VcI))) < /QQ<(t1 [to [n)"TE(vo)(ty | to |n)71> det(t|t2|n)

+ 6/ 1161 | t2 [ 0) "TE(vo) (t1 | t2 | 1) "[[[* det(t: [t2|n)
Q

where E(vg) is given by (8.2). Notice that there exists a positive constant C; such that for all £ € S;
satisfying 6 < |||E||| < Cy we have
W(E) < Cill|Ell]-

1
Thanks to (6.3), (6.4), (9.17), the strong convergence (9.19) and the weak convergence gxg — 0in L3(Q)

we obtain

. 1 5= , 1 1
lim A = X5 W (I15(Vovs)) s (det(VE)) < Cy g%/ﬂ gxg |||%H5((va5)TVIv5 —I3) ||| ILs (det(V®)) =0

Hence for any ¢ > 0 we get

5—0

M/Q%W(ng(vmvé))m(detw@)) g/QQ((tl|t2|n)—TE(v0)(t1|t2|n)—1) det(t;|t2|n)

e / 116 [ £2 | 0)TE(vo) (b | £2 | 0) |12 det(t [to]n)
Q
Finally

(9.21) (@) Q%W(Hé(vmvg))ng(det(v‘b)) §/QQ<(t1\t2|n)*TE(v0)(t1|t2\n)*1) det(ty|t2|n).
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As far as the contribution of the applied forces is concerned, we use the convergences of Lemma C to obtain

9.22) tim 513 / fos (05— 1)) = LV, R).

0—0
From (9.21) and (9.22), we conclude that

— J
Tim % < /QQ((tl to |n)"TE(vo)(ty |t |n)—1) det(t1[t2n) — LV, R) = Jo(vo) = ms.

— m

2,6 s
0 03

= My O

10. Alternative formulations of the minima m; ; and m3.

In the following theorem we characterize the minimum of the functional J3 ;() over Ds -,, respectively
Jo over D, as the minima of two functionals which depend on the mid-surface deformation ¥V and on the
matrix R which gives the rotation of the fibers.

The first theorem of this section shows that the variable ¥ can be eliminated in the minimization problem
(7.9).
We set
= {(V.R) & (H'(@))* x (H'@)** | V=06, R=T5 onn,

R(s1,s2) € SO(3) for a.e. (s1,s2) € w}.

We recall (see (5.3)) that for all (V,R) € E we have set

zaﬁ—%{(aa;: Rt )-Rtﬁ+(§;—Rtﬁ)-Rta], Z3a:%-Rn
raB(R)—%{gTRan Rt5+§f;n Rt }.

Theorem 10.1. Let vs = (V5,R5,Vs) € D5, such that my s = J3 5(vs) = min Jg 5(v). We have

VEDs, 0
10.1 m. s =F.sVs;Rs) = min F:;(V,R
(10.1) 5 o ) VR R s(V,R)
where
:,5(V’R) = 6 / CoBo ,B/FOCﬁ( +6/ z(m’a’ZlaZ' !
(10.2)
8R 2 % /
5 2Ry, - R H L o ot ]
+ 0s1 2 059 L2?(w))3 0s1 2 083 ! L2 (w) ﬁo/’ )

The a,g,' g and b, are constants which depend only of the quadratic form @Q and the vectors (t1,t2,n).
Proof. We have

m? ;= min [5 / Q((t1|t2\n)_TH5(E(v))(t1|t2|n)_1)det(t1|t2|n)dsld52d53
Q

VED1 g
el e o]

5 +olae;
* (L2(w))? Js1 Jsa
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In order to eliminate v, we first fix (V, R) € E. We set

1
L Q((t1 1t [0) " TTL5(E(v)) (b1 |t | n)*l) det(t1t2|n)dS; = O (a, b, c + d)

where
1_0ls(v
R ag@ =
I'i(R) Zu Z31 1] 1,00 (%)
a=9 F12(R) s b= Z19 y d= Z39 s C =~ *RT d - to
T (R) Zon 0 012 9%
RT olls(v)
0853
and we apply Lemma B in Appendix to obtain the theorem. O

The next theorem is similar to Theorem 10.1 for the limit energy and the minimization problem (8.3).

We set

v

Eim = {(V,R) €E | 2= =Rta, a=12}.

Theorem 10.2. Let vy = (Vo, Ro, Vo) € D such that m§ = Jo(vo) = mein J2(v). We have

10.3 5=F2(Vo,Rp) = i F(V,R
( ) ms; 2( 0 o) (V’Rf?lélE”m 2( )
where
OR OR
(10.4) 7 (V,R) :/waaﬂa/ﬂ/ (an.mg) (aT;n'RtB') ~L(V,R)

The a,p, 5 are the same constants as the one in Theorem 10.1.

Proof. We proceed as in Theorem 10.1. In order to eliminate V, we fix (V, R) € Ejim and we minimize
the functional Ja (V7 R, ) over the space V. Thanks to Lemma B in Appendix we obtain the minimum with

respect to V and then the new characterization of the minimum m§. O

Of course, for all (V,R) € Eyn, we get
F355s(V,R) =6°F(V,R).

Let us give the explicit expression of the limit energies 7 ; and F» in the case where S is a developable

surface such that the parametrization ¢ is locally isometric
v(31782) cEw Hta(81,82)||2 =1 tl(Sl,Sg)'tg(Sl,Sg) =0.
We consider a St Venant-Kirchhoff’s law for which we have

W(F) = %(“‘(FTF ~Iy)" + %tr((FTF —I3)%) if det(F)>0

+oo if  det(F) <0,

so that Q =W = W=,
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Expression of 7 ;. For any v = (V,R,¥) € Dy ,, the expression (7.5) gives

N ~ OR, |2
ns(v) =9 [i(tT(E(V)))Q +ptr((E(v)* } +63‘ 9517 0 H(L?( »?
(10.5) . 2% 2 2 )
oV _ Sk "1
* 5H831 "= as Rty 0O

where E(v) is defined by (5.3). It follows that the elimination of V in Theorem 10.1 gives the partial

derivatives of V with respect to S3

P
T;g(""ss)'Rtl —%(524-%(3%—52))
@ . — Z32 2 ) 2 2
(10.6) 5o (o5) ‘Rt | = _572(5 (3 —o ))
%(., . 83) . RII - 1 i iy <S3 [Fll(R) —+ FQQ(R)] + [le + ZQQ])
and then
E§ 2
SV R) = [ [1=1) Y (Tas@®))” +v(T1i(R) + T2(R))
3(1 —v?)
w a,B=1
ES 2 2 5 5E5
+ (1 — 1/2) /w |:(1 - 1/) az (Za[ﬂ) + I/(le + 222) i| + 12(1_’_1/)\/(‘} (2321 + Z§2)
5R 2 )% ’
3| 2=~ I i _ _ sk +1
o H asltZ D5y H<L2<w>>3 H 051 e Dso R ’ L2(w) o TLVR).

Expression of F,. For any v = (V,R,V) € D, the expression (8.1) gives

T (v) = /Q [% (tr(E(v)))2 +utr((E(v))2)] - L(V,R)

where E(v) is defined by (8.2). It follows that the elimination of V in Theorem 10.2 is identical to that of

standard linear elasticity (see [18]) hence we have

(10.7) V(e 83) = =5 (55 - 2) [F(R) + Do (R) | R
and then
E 2 2
a, ,8:1

Remark 10.1. In the case of a St-Venant-Kirchhoff material a classical energy argument show that if

(05)0<5§50 is a sequence such that

J2,5(vs)
= lim >
m2 6—0 53 ’

then there exists a subsequence and (Vy,Rg) € E, which is a solution of Problem (10.3), such that the

sequence of the Green-St Venant’s deformation tensors satisfies

%H(;((va(g)Tvag —I5) — (t1]t2 |n)"TE(vo)(ty [t2|n)~ T strongly in  (L?(Q))**?,
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where E(vy) is defined in (8.2) with Vg given by (10.7) (replacing R by Ry).

Remark 10.2. Tt is well known that the constraint g—svl = Rt; and % = Rty together the boundary
conditions are strong limitations on the possible deformation for the limit 2d shell. Actually for a plate or as
soon as S is a developable surface, the configuration after deformation must also be a developable surface.
In the general case, it is an open problem to know if the set E;,, contains other deformations than identity

mapping or very special isometries (as for example symetries).
Appendix.

Lemma A. Let Q,, be the positive definite quadratic form defined on the space R® x R? x (LQ(—I, 1))3 by

Ssa; + by Ssaj + by
X Ssas + by Szag + bg
: Ssas + b Ssaz +b
Y(a,b,c) € R3 x R® x (L3(-1,1)), m(a,b, :/AS 383 T D3 [ 2383 T B3 | g
(a c) X X ( ( )) Q (a C) . ( 3) 01(53) Cl(Sg) 3
c2(S3) c2(S3)
C3(53) Cg(Sg)
where A(S3) is a symmetric positive definite 6 X 6 matriz satisfying
(A1) A(S3) = A(—55) for a.e. S3€]—1,1]
and moreover there exists a positive constant ¢ such that
(A.2) Ve € RS, A(S3)€- € > cf¢)? for a.e. S3 €] —1,1].
For all a € R3, we have
min Qm(a,b,c) = min 9,,(a,0,c)

(b,e)erd x (L2(—1,1))3 c€Ls

where

L, = {c € (L*(—1,1))*| /_lca(53)(5§ ~1)dS3 =0, ac {1,2}}.
Proof. We write
A(S5) © Ay(Ss)
A(S3) =
AT(S5) @ A5(Ss)

where for a.e. Sz €] —1,1], A1(S3) and A3(S3) are symmetric positive definite 3 x 3 matrices. The both

minimum are obtained with
co(S3) = —A3 " (S3)AT(S3)Ssa, by = 0.

We have

(A.3) Q,(a,0,co) = ([1S§(A1(Sg) —AQ(S3)A§1(Sg)Ag(Sg))dS;),)a-a.

In the following lemma we use the same notation as in Lemma A.

24



Lemma B. Let a, b be two fized vectors in R® and let d be a fived vector in R? x {0}. We have

(Bl) min Qm(a b C+ d / S3 Al(Sg) AQ(SS)Agl(Sg)Ag(Sg)])a ca+ Q;n (b7 d)

cel

where Q;n 18 a positive definite quadratic form which depends only on the matriz A.

Proof. Through solving a simple variational problem, we find that the minimum of the functional ¢ —

Qm(a, b, c + d) over the space Lo is obtained with
c(S3) = —d — A;'(S3)AT(S3)(Ssa+b) + (S5 — 1)A;'(S3)e

where e € R? x {0}

1 0
e =eje; + exeq, e1=(0],e=|1
0 0

is the solution of the system

1

Ed— (/_ll(sg 1A (53)AT(S5)dS3 )b + (/ (53~ 1°A5(53)dS; Je| -en =0, a=1.2

-1

1
Notice that the matrix / (52 —1)2A5*(S3)dS3 is a 3 x 3 symmetric positive definite matrix. Replacing ¢
—1
and e by their values we obtain (B.1). O

Lemma C. Let (V, R, V) be in Dy and n > 0 be arbitrary. Then, there exists a sequence ((V(s, R5775))
of (W22 (w))3 x (W2 (w))3*3 x (Wh>(Q))3 such that

6>0

(C.1) Vs=¢, Rs=I3 on y, V;=0, on yox]-11]
with
Vs — V  strongly in  (H*(w))?
R; — R strongly in  (H'(w))>*3
1
S(Ré —R) — 0 strongly in  (L*(w))>*3
1/0Vs . 9 3
(C.2) g(é‘sa - R(;ta) — 0 strongly in (L% (w))
Vs — V  strongly in  (L*(w; H'((=1,1)))3,
v,
65‘55 — 0 strongly in  (L*(Q))?,
}g%Hdzst(Ra,SO(3))||Loo(w) = %lg(l) H s, N gy ~ 0,
and moreover
(C.3) RS (w100 (wyysxs + Vsl (wree ys < 5

Proof. For h > 0 small enough, consider a C5°(R?)-function vy, such that 0 < ¢y, < 1

{wh(sl, s2) =1 if dist((s1,2),7) < h
Un(s1,82) = 0 if dist((s1,2),7%) > 2h.
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Indeed we can assume that

(C.4) [[Ynllwiee @2y < -, [n ]| w2o0 22y <

= Q
Tl

Since w is bounded with a Lipschitz boundary, we first extend the fields V and R, = Rn into two fields of
(H?(R?))3 and (H*(R?))? (and we use the same notations for these extentions). We define the 3 x 3 matriz
field R" € (H'(R2))3*3 by the formula

(C.5) R = (% %mn) (t1|t2|n)_1.

oV / /
By construction we have — = R t, inR? and R = R inw. At least, we introduce below the approximations

084
Vi, and Ry, of V and R as restrictions to w of the following fields defined into R?:

1

V};(Sl,SQ) = YT V(Sl +t1,52 +t2)dt1dt2,
9mh B(0,3h) 9
(C.6) 1 a.e. (s1,52) €R
R, = R t to)dt1dt
n(S1,82) 9nh2 /B(o,:ah) (s1 4 t1, 52+ to)dtidts,
and
(C.7) Vi = ¢ton + Vi (1 — ), Ry, = Loy, + Ry (1 =), in w.

Notice that we have

Vi/L c (WQ,OO(RQ))?)’ R;L c (WI’OO(R2))3X3,

(C.8)
Ve W), Rpe(WHS(w)>?,  Vw=¢, Ru=1Iz on .

Due to the definition (C.5) of R and in view of (C.6) we have

V, —V  strongly in (H?*(R? 3
(C9) { h gly in (H°(R7))

R, — R strongly in (H'(R?))>*3

and thus using estimates (C.4)

Vi, — V  strongly in (H*(w))3,
(©10) { h gly in (H*(w))

R, — R strongly in (H'(w))>*3

Moreover using again (C.6) and the fact that R" — Ry, strongly converges to 0 in (H'(R?))3*® we deduce
that
1
h
and then together with (C.4), (C.5), (C.7) and (C.10) we get

(R;1 —R')— 0 strongly in (L*(R?))>*®

1
E(Rh _ R) — 0 strongly in (L*(w))**3,

1
E(?)% —Ryty) — 0 strongly in (L*(w))®.
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We now turn to the estimate of the distance between Ry (s1,s2) and SO(3) for a.e. (s1,s2) € w. We apply
the Poincaré-Wirtinger’s inequality to the function (uy,us) — R (u1,ug) in the ball B((s1,s2),3h). We

obtain

/ IR (u1, ug) — Ry, (s1, 52)||[Pdusdug < CR?||[VR|[F12(p((s.50).30))3
B((Sl,sz),gh)

where C' is the Poincaré-Wirtinger’s constant for a ball. Since the open set w is bounded with a Lipschitz

boundary, there exists a positive constant ¢(w), which depends only on w, such that
|(B((s1,52),3h) \ B((s1,52),2h)) Nw| > c(w)h>.

Setting mu(s1,s2) the essential infimum of the function (u1,us) = |||R(u1,uz) — Ry, (s1,82)||| into the set
(B((s1,2),3h) \ B((s1,52),2h)) Nw, we then obtain

c(w)h®mn(s1,52)* < CP2([VR|Er2(B((s1,00),30))2

The above inequality shows that
1. ) . o) - .
lim |[dist(R, SO(3)) =) = 0
Now,
e in the case dist((sl,SQ),'yo) > 2h, (s1,82) € w, by definition of Ry, we have Ry, (s1, s2) = th($1752),
e in the case diSt((Sl,SQ),’YO) < h, (s1,82) € w, by definition of Ry we have Ry (s1, s2) =15,
e in the case h < dist((sl,SQ),’yo) < 2h, (81,82) € w, due to the fact that R =15 onto Yo, firstly we

have

IR = Ls[L2(w, , psxs < CHZIVR IRz, ysvs

where Wiy, = {(s1,52) € R? | dist((s1,s2),7) < kh}, k € N*. Hence

IRy, — T][7,2 jaxa < O | VR ||tz (g, o s

(W3h,~g)

The constants depend only on Ow.

Secondly, we set My, the mazimum of the function (uy,uz) — ||[Is — Ry, (u1,uz)||| into the closed set
{(u1,u2) € w| h < dist((ur,u2),7) < 2h}, and let (s1,s2) be in this closed subset of w such that

M), = |||T3 — Ry, (s1, 52)] ||
Applying the Poincaré- Wirtinger’s inequality in the ball B((sl, 52),4h) we deduce that
V(s1,85) € B((s1,82),h),  [IRy(s1.85) = Ry(s1.82)ll < ClIVR [|(£2(B((s1,55),4m)))2 -

The constant depends only on the Poincaré- Wirtinger’s constant for a ball.

If My, is larger than C||VR/||(L2(B((Sl,52)74h)))3 we have

’ 2 ’
Th? (M — C||VR | (L2(B((s1.52)410))°) " < [IRp = Is[[[TL2(B(s1.00).00)°
<IIRy, = L3Itz (ugy, yaxe < CR[[VR (|2

Woh,~))? 73
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then, in all the cases we obtain

My, < C||VR ||(L2(W6h,70))3><3'

The constant does not depend on h and R. It follows that limy,_,qg My, = 0 and finally we obtain
lim [|dist(Ra, SO(3))|| < (w) = 0.

Using (C.5) and (C.6) we obtain (recall that || - H2 is the euclidian norm in R?)

avl ’ ’
Viss) €w, |5 s2) R (st s2)talsr, || < ORIl s C (Ml r2 s IR i ogyos)

where wsy, = {(s1,52) € R? | dist((s1, s2),0w) < 3h}.
We have

oV,
0S4

~Rjta) + 5 (0 V).

7_Rhta:(1_¢h)(

Thanks to the above inequality, (C.4) and again the estimate of |||R;, —1Is]|| in the edge strip h < dist((s1,52),70) <

2h we obtain for all (s1,52) € w

192Y
H h (s1,82) Rh(51752)ta(51752)H2

SC(h||¢|\<Wm<w)>3 F AWl 2 wsn)ys + IR [ snysxs + 116 = VIl a2 (wsn. g )353)

which shows that

(C.11) Agr%) =

|52 -®
(L= (w)?

054

From (C.4), (C.5), (C.6) and (C.7) there exists a positive constant C' which does not depend on h such that

C
(C.12) HRhH(Wl,co(w))3><3 < E{HV”(H%@)S + ‘|R||(H1(w))3><3}-

Now let n > 0 be fixzed. In the one hand we can choose h in term of § such that the right hand side of
(C.12) be equal to 5k which insures 6||Rs|| (w1, (w))3xs < n/2. On the other hand, it is well-known that there

ezists a sequence (V(;) such that (Vs,Rs,Vs) € Ds~, and satisfying the convergences in (C.1) and the

- 6€(0,00]
estimate S|V s|| (w0 ()3 < n/2. .
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