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Abstract

We consider the homogenization of a pure Neumann boundary value problem
in perforated domains. Contrary to the usual case, several obstructions occur in
this case. We present an approximation of the domains for which the problem
is well-posed and homogenization can be proved. The main tool is the unfolding
method together with geometrical results used to establish uniform bounds.

Introduction

Consider a pure Neumann problem (i.e., without zero order term) which is tradition-
ally associated with the Fredholm alternative. Its variational formulation in a domain

O is to find u in H'(O) such that / AVu Vv dr = / fvdx, Yve H'(O), where fis
o

o
in L?(0) and A(z) = (a;;(x))1<i j<n is an elliptic matrix field. It is well-known that this
problem has a unique solution (up to a constant), provided O is bounded, connected

with Lipschitz boundary and if and only if / f(z) dz = 0 (Fredholm alternative).
0

We are interested in homogenizing this problem when O is the periodically perforated
domain Qf defined in (1.5)).

In this geometry, the pure homogeneous Neumann problem with a zero order term
was considered in [2] (see its appendix). The case with non homogeneous Neumann
conditions on the boundary of the holes was treated in [4]. Because of the presence of
a zero order term, there is no Fredholm alternative to be considered in these papers.

In the case without zero order term, there are at least two reasons why using the
same geometry fails. First, it is not true in general that €2} is connected. Second, the
boundary of ©* can be so irregular that Vo in L?(Q?) does not imply v € H'(Q?) but



only v € H} (7). Consequently, the problem is not well-posed for a general f satisfying

the Fredholm condition.

To avoid these difficulties, we construct a subset C! of 27 which is connected, and a
Hilbert space W (C}) on which the approximate problem is well-posed. The set obtained
by “filling the holes” of C} converges to (2 in an appropriate sense (Proposition and
Remark [1.11)). Furthermore, all the spaces W (CZ) satisfy a Poincaré-Wirtinger inequal-
ity with a uniform constant, the key to obtaining uniform estimates (Theorem(1.14).

This construction is rather involved and follows from the considerations of [4] for the
implementation of the unfolding method in the case of perforated domains.

Plan

Section 1 presents a brief summary of this method, with some new results adapted to the
Neumann case. The approximate problem is stated in Section 2. Its homogenization
is performed in Section 3, including corrector results. In the Appendix, we give the
proof of Lemma [I.13] This result is used to show the uniform boundedness of the
Poincaré-Wirtinger constants in Theorem [1.14]

General notations

We follow the general notations of [4]. In particular, e indicates the generic element of a
bounded subset of R* in the closure of which 0 lies. Convergence of ¢ to 0 is understood
in this set. Also, ¢ and C' denote generic constants which do not depend upon €.

As usual, 1p denotes the characteristic function of the set D.

For a measurable set D in R", |D| denotes its Lebesgue measure.

For simplicity, the notation L”(QO) will be used both for scalar and vector-valued func-
tions defined on the set O, since no ambiguity will arise.

For a set w with positive finite measure and a function f integrable on w, M, (f) denote
the average of f over w.

We also refer to [4] for an expanded list of references.

1 A brief summary of the unfolding method in per-
forated domains
In this section, we begin by giving the setup and notations for periodically perforated

domains. Then, we briefly recall the results of [4] concerning the periodic unfolding for
such domains.

Let b = (by,...,b,) be a basis in R". Set

G—{eeR €= kbi, (ki,... k) € 2"}, (1.1)
=1

By Y, we denote the reference cell, which in the simplest case is the open parallelotop



generated by the basis b,

{veR ly="ubi (o) € (0.1)"}. (12)

i=1
For the general case of Y having the paving property, we refer to [4].

Let S be a closed strict subset of Y and denote by Y* the part occupied by the
material i.e. Y* =Y \ S. The sets S and Y* are the reference hole and perforated cell,
respectively (see Figure 1).

Figure 1. The Y* =Y\ S
We introduce the following notations :

®) =R\JE+5), ®);==®) =R\ Je¢+H=R\E (13

£eg &eg

By this definition, (R™)* is R" eG-periodically perforated by €S.
Let now €2 be an open bounded subset of R” with Lipschitz boundary, and consider
the sets

Q. = interior{ U s(§+7)}, A. = Q\Q., where =, = {¢€G,e(¢+Y)CQ}. (14)

§€E.

Figure 2. The sets (), (in grey) and A, (in green)

The set (). is the interior of the largest union of e(€+Y) cells (€ € G), such that
(€+Y) are included in €, while A, is the subset of Q containing the parts from £(£+Y)
cells intersecting the boundary 02 (see Figure 2).



The perforated domain ©* is obtained by removing from € the set of holes S. (see
Figure 3 for the two-dimensional case),

Q= (R"):NAQ. (1.5)
The following notations will be used (see Figure 3):

AT =A.NQ (1.6)

<
«
&
=
«
«
«
-«

ALY

\

Figure 3. The sets ¥, (AZ; (in dark blue) and A¥ (in light green)

For z € R", [z]y denotes the unique (up to a set of measure zero) integer combination
> _j—1 k;jbj of the periods such that z — [2]y belongs to Y (see Figure 4).
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Figure 4. Definition of [z]y and {z}y

Set now
{z}y=2-[zly €Y ae for zeR"™

The unfolding operator 7* for functions defined on the perforated domain Q2 was
introduced in [4] as follows:



Definition 1.1. For any function ¢ Lebesque-measurable on ﬁ:, the unfolding operator
T is defined by

¢<€[§]Y +€y) a.e. for (zr,y) € 0. x Y*,
0 a.e. for (z,y) € A x Y™

T2 (@) (x,y) = (1.7)

For ¢ Lebesgue-measurable on )%, we denote T (¢y.,) simply by T*(¢).

This operator maps functions defined on the oscillating domain ﬁ:, to functions de-
fined on the fixed domain 2 x Y*. Its main properties are recalled in the two propositions
below (see [4] for their proofs).

Proposition 1.2. For p € [1,4+00]|, the operator T2 is linear and continuous from
LP(Q2) to LP(Q2 x Y*) . For every ¢ in L' () and w in LP(),

€

1
%l T (@) (2, y) de dy = | ¢(x) de,

.. " 1
(@) |72 (w) || rgaxy=) < 1Y 72 1wl pos)-

(4)

Proposition 1.3. Let p belong to [1,+o0].
(i) Forw € L*(Q),

T (w) = w  strongly in LP(Q2 x Y™).

(ii) Let w. be in LP(Q) such that ||we||rrz) < C. If
T (w.) = w  weakly in LP(2 x Y™),

then i}
— Y7

We

V] ./\/ly(ﬂ?) weakly in LP(Q).

(iii) For w. in LP(Q) such that ||we| tr(qz) is bounded, the following are equivalent:
a) There is w € LP(Q) such that

— Y

w;
Y]

w  weakly in LP(Q).
b) All the weak limit points W in LP(Q x Y*) of the sequence {T*(w.)} have the

same average over Y* (this average My~(W) being just w).

The next results, which will be used in the sequel, are consequences of these propo-
sitions.



Corollary 1.4. Let p be in [1,00]| and p' be its conjugate.

Y*
(i) Both sequences {lq:} and {1g.} converge weakly-x in L>(§2) to the constant ||Y||
and consequently
Y]
hm|Q*| —1 |Q*| 1€2]. (1.8)
Y]
(i) Let w. be in LP(SF) such that
— Y
we — el w  weakly in LP(2).
Y]
Then,
li_r>r(1) MQ; (U)E) hm MQ* (wg ;) MQ( ) (1.9)
In particular, for U in LP(Q),
Maq: (¥ lg:) = Mq(¥). (1.10)

Proof. (i) Since
T (10:) = T (15
statement (i) follows from Proposition [1.3] (ii).

(ii) By Proposition (iii), every weak limit point W of the sequence {7*(we)}
satisfies w = My~ (W). Now, taking the corresponding subsequence,

) =15y~ — 1 strongly in LY(Q x Y™),

Y*
Wdz dy = | ’Mg(w)

1
w.dr = — T (we)dx dy — —
A VT Sy = ) q

|Y’ QXY™

This holds for every subsequence. Consequently, for the full sequence, and using (|1.8))
above,

I Y™
im W, =
20 J o : |Y|

Mg(w) and Mg (we)—>/\/lg()

On the other hand, / wadx—/ w.dr = / fvglm\@*dx which goes to zero by equicon-
Q Q Q e

* *
g £

tinuity since |2\ §:| — 0.
Consequently, Mq:(w.) = Mgq(w) making use of (1.8)) again. O

To state corrector results, we will make use of the averaging operator ¢, the adjoint
of 7. Its definition and properties are recalled below.

Definition 1.5. For p in [1,+00], the averaging operator Ur : LP(Q2 x Y*) — LP(Q}) is
defined as

U (@)(@) = m/ o] rea{f},) s ac foroel,

a.e. forx € AL



Proposition 1.6. (Properties of UX). Suppose that p is in [1,+00].

(i) Let {®.} be a bounded sequence in LP(Q2xY™) such that ®. — ® weakly in LP(QxY™).

Then v
()~ v

V] (@) weakly in LP(Q).

(ii) Let {®.} be a sequence such that ®. — & strongly in LP(2 x Y*). Then
TXU(DPe)) — @ strongly in LP(2 x Y™).
(11i) Let w. be in LP(QF). Then, the following assertions are equivalent:
(¢) TX(w.) = w strongly in LP(Q xY™) and |w|P — 0,
Ax

(d) Hw€ - Z/{:<@)HLP(Q;) — 0.

In [4], the following geometrical hypothesis was introduced for the set Y*:

Hypothesis (H,) The open set Y* satisfies the Poincaré-Wirtinger inequality for the
exponent p (p € [1,+0o0]) and for every vector b;, i € {1,...,n}, of the basis of G, the
interior of Y* U (b; + Y*)) is connected.

As a consequence, the following compactness result holds;

Theorem 1.7. Under Hypothesis (H,), suppose that w. in W'P(QF) satisfies

£

[we[lwrer) < C.
Then, there exist w in WP(Q) and @ in LP(; WEP(Y*)) with My« (@) = 0, such that,

per
up to a subsequence,

(. {7;*<w5) —w St’l”OTLgly Zn Lp (97 Wl,p(Y*))’
]

loc

TH(w.) — w  weakly in LP(; WHP(Y™)),
(i7) T (Vw.) = Vw+ V, @0  weakly in LF(2 x Y™).

This compactness result is essential for homogenization problems. Since the unfold-
ing operator 7_* transforms functions defined on the oscillating domain €2} into functions
defined on the fixed domain €2 x Y*, there is no need of any extension operator to the
whole of €2. Therefore, regularity hypotheses on the boundary 9SS insuring the existence
of such extension operators, are not required (contrary to the “classical” methods, cf.
references in [4]).

It follows from the considerations in [4] that under Hypothesis (Hp), there exists a
finite p(Y) > 2diam(Y") such that Proposition below holds. To state this Proposi-
tion, we introduce the following notations (see Figure 4):

Q. = {x € Q| dist(z, 0Q) > 5,0(Y)}, Q= Q.. (1.11)
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Figure 4. The set €2 (in dark blue)

It is easily seen jhat ﬁa C ﬁa,, where @a is defined by {) Moreover, for € small

enough, the set (). is connected due to the fact that € is connected with Lipschitz
boundary.

Remark 1.8. In [j|], it can be seen that if Y is a parallelotop, then p(Y) = 2 diam(Y').
In general, p(Y') can be explicitly computed and is related to the number of b-parallelotops
needed to coverY .

Proposition 1.9. Suppose that hypothesis (Hy) holds. Then, the set ﬁ: is included in
a single connected component of 2.

Proof. To show this result, one first notes that (Z: is included in the set ﬁ:* introduced
in the appendix of [4]. Furthermore, Q** is connected and is included in F. Note that
it Y is a parallelotop, 2* coincides with (2. n

Definition 1.10. The connected component of €2 containing (2;‘ is denoted C;.

Remark 1.11. All the connected components of 2%, others than CZ, lie near the bound-

ary of Q). Therefore, in some sense, CX is the “main” connected component of (2%.
Proposition 1.12. Suppose that hypothesis (Hp) holds.
(a) For every function w in WP (CX) with Vw € LP(C?), its restriction w 1, belongs

to LP(1) (and not only to LY, (QF)).

loc
(b) For every function ¢ in W'P(QF), there exist two functions @' in WP(Q.) and
©? € WhHP(Q) and a constant C,, independent of e, such that

(i) e=¢"+¢* ae inQ,
(47) ||801||Lp(§5) < Cp“SO”Lp(ﬁ;y “v‘PlHLp(ﬁE) < Cp”V‘PHLp(ﬁ;)a (1.12)
(vid) ||Q02||Lp(§;) < 5Cp||VS0||Lp(§;)7 ||VS02||LP(§;) < CpHV‘PHLP(ﬁ;)'



Proof. (a) This follows from the fact that under (Hp), the set (AZ:* itself satisfies the
Poincaré-Wirtinger inequality (but the corresponding constant may not be uniformly

bounded with respect to €). Thus, w belongs to LP(2*).

(b) This corresponds to the decomposition w = Qf(w)+R:(w), as introduced in Section
3.2.2 of [4] (see Propositions 3.6—3.8). O

In the Appendix, the following result is proved:

Lemma 1.13 (Poincaré-Wirtinger inequality). Assume that Q is a bounded domain
with Lipschitz boundary. Then there exist 6o > 0 and a common Poincaré-Wirtinger
constant C,, for all the sets Q. for ¢ €]0, 0], i.e.

Vo € Wl’p(Qe)a ¢ — M§8<¢)HLP(§5) = CpHvﬁbH[LP(ﬁs)p
where C' is independent of €.

As a combination of the two previous statements, the sets Q: satisfy the Poincaré-
Wirtinger inequality with a constant independent of ¢.

Theorem 1.14 (Poincaré-Wirtinger inequality for perforated domains). There is a con-
stant C,, independent of € such that for every function ¢ in W1P(Qr),

lo — Mﬁ; (SO)HLP(Q;;) < CPHV@HLP(Q;)' (1.13)
Proof. Using (b) of Proposition [1.12} we decompose ¢ = ¢! +¢? and apply Lemmam
to ol
le* = May. (M) Loy < CollVe o
Taking the average over ﬁ;‘ gives
Mg (0") = Mg, (D)o@, < Coll Vel

hence,
It — Mﬁ; (‘PI)HLIJ(QE) < 2Cp||V901||Lp(§5) < CI/JHVSOHLp(ﬁ;y

Also by (T-I3) i),
19° [l o @iey + M2 ()] < €CplIVe| ooy
from which the result follows. O]

The main convergence result in this section is the following:



Theorem 1.15. Let p be in |1, +00] and w. in W,-" () satisfying

loc
|Vwe || rcsy < C, (1.14)

and such that Mg, (w.) = 0. Then, up to a subsequence (still denoted ), there are two
functions w in WYP(Q) and w in LP(2; WLE(Y™)), such that

per

T2 (w:lg ) = w  weakly in LP(Q x Y™) N Lj,

loc

(WP (Y™),
T ((Vw.) lex) = Vw + V@ weakly in LP(Q x Y).
For p = 400, the weak convergences above are replaced by weak-x convergences.

Proof. Note first that according to Proposition (a) and (L.14)), My, exists so that
hypothesis Mﬁg(wg) = 0 makes sense. Then, using Theorem we deduce that
|lwe HWl,p(ﬁ;) is bounded. It follows that, up to a subsequence, there exist W in LP(2xY™)
and F in [LP(Q x Y*)]" such that

T (welg ) = W weakly in LP(Q x Y7), (1.15)
T ((Vw.) 1e:) = F  weakly in LP(Q x Y™). '

But Theorem 1.7 applied in every relatively compact open subset w of 2 implies that, up
to a subsequence, there exist w in W,2?(Q) and @ in L, (9; Wy (Y*)) with My« (@) = 0,
with

ﬁ*(welﬁa) —w weakly in LP(w; WP (Y™)),

T2 ((Vw,.) 1es) = Vw + V@ weakly in LP(w; LP(Y™)),

for all w. The above convergences imply w(z) = W(x,.) and Vw = My~ (F) in LP(Q).
It then follows that w belongs to W'?(Q) and @ to LP(Q2; WLP(Y™*)).

per

(1.16)

For p = +o00, the proof is similar, using the weak-* compactness criterion in L
spaces. ]

2 A Neumann problem in perforated domains with
Fredholm alternative

In this section, we would like to consider the homogenization of the Neumann prob-
lem whose variational formulation is

Find u. in V(€}) such that / A*Vu. Vv dx = fevdz, Yo e V(Q), (2.1)

Q Qx

where f. is given in L?(Q}). For any bounded open set O , V(O) denotes the space

V(0) = {w e H(O), Mp(w) = 0}. (2.2)

10



Here, A*(7) = (a;(7))1<ij<n 18 given in M (a, 3,QF) where the latter denotes the set of
the n x n matrices B = B(x), B = (bi;)1<ij<n € (L (£2))"*" such that for any A\ € R"

and a.e. on 2,
(Bx)A,A) = alAP, [A(2)Al < BJA|

Existence and uniqueness of the solution for follows by Lax-Milgram’s theorem,
provided that 2! is connected and that the Poincaré-Wirtinger inequality holds for
H' (%) (which implies that V() is a Hilbert space for the norm |v|y (s = [Vv|r20x))-
Under such conditions, without loss of generality, one can assume that Mq:(f;) = 0
since the test functions have zero average. Indeed, it is standard that this problem
corresponds to the following formulation in the sense of distributions:

—div (A°Vu,) = fo — Ma:(f:) inQZ 53

A*Vu, -n. =0 on 09;. (2:3)

If Mg:(f.) =0, this is expressed in a variational form on the whole of H'(Q}) as

Find w. in H'(Q) such that /
Q*

€

A*Vw. Vv dr = / fovdr, Yve HY(Q).
Qr

This latter problem has many solutions w,, all differing by a constant from the unique
solution of ({2.1)), provided it exists. In this framework, the Fredholm alternative applies
and the corresponding condition is again Mg:(f;) = 0.

However, there are multiple reasons why this presentation does not work.
It is not true in general that €2 is connected, which precludes that it satisfies the
Poincaré-Wirtinger inequality. Figure 5 gives an example a disconnected €2 for a very

smooth €.
PR\ 7N
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X
X
X
X
X
X

Figure 5. Example of a disconnected set €2 ; in blue is the set C;
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Furthermore, the boundary of €2} can be so irregular that there can be functions with
gradient in L?(2?) which are not integrable in QF. Consequently, the space V(£2) does

11



not make sense. These difficulties are specific to the case of the Fredholm alternative
(they do not appear, for example, in [2] and [4]) and the main contribution of this paper
is to give a way to overcome them.

Due to Propositions [1.9] and a ‘“natural” candidate for domain on which to
consider the approximate problem for is the set C! introduced in Definition m
With appropriate assumptions on the right hand side f., one can expect that there is a
unique solution to the approximate problem below in the space

W(CZ) = {p € H,(Cl), Vi € L*(CL), and Mg, (¢) = 0}. (2.4)

Indeed, due to (a) of Proposition [1.12} there exists a constant C. (not necessarily
bounded with respect to ) such that for all ¢ in W(C),

1ol 2@y < CellVellraesy, (2.5)
so that W(C?) is a Hilbert space when endowed with the norm
lellwies = IVellzaer)-
Uniform estimates can now be obtained under the hypothesis
f- belongs to L2(C?), vanishes outside Q* and satisfies M. (fe) = 0. (2.6)

Theorem 2.1 (Existence and priori estimates for a proper approximation). Suppose
that Hypothesis (Hy) is satisfied and (2.6) holds. Then, there is a unique function u,.
in W(C?), solution of

J
for all ¢ in W(C?).

It satisfies the following estimates with a constant C' independent of e:

A% (z)Vu.(z)Ve(x)dr = . fe(z)p(x)dx (2.7)

*
€

Vel L2czy < Cll fell 2z,

(2.8)
HUEHLQ(Q;) < Ol fellezos)-

Proof. Existence and uniqueness of the solution wu. follow immediately from the Lax-
Milgram theorem but this does not give a uniform estimate, unless C. in (12.5)) is bounded.

To obtain a uniform estimate, we start with the straightforward inequality

a"VUE"%Q(C;) < erHm(ﬁg) uaHm(ﬁ;)'

Since Mg, (ue) = 0, by Proposition [L.14} [Ju || ;2. < Col|Vue||z2(cs), from which (2.8)
follows. 0

12



3 Homogenization result

Theorem 3.1. Suppose that hypotheses (Hg) and (2.6) hold. Assume furthermore that
the extension by 0 of f. to ), denoted f., satisfies
= 1Y

fe—
Y]

f weakly in L2(Q). (3.1)
Assume that for some matrix A,

TH(A%) — A a.e. inQxY"
Let u. be the solution of Problem (2.7)). Then, there exist u in V(Q) and w in L*(Q; H.,.(Y™)),

per
satisfying

(1) TI((ue) 1g.) = u  weakly in LA (Q; HY(Y™)),

3.2
(i1) TX(Vueles) = Vu+ V,u  weakly in L*(Q x Y*), (3.2
and the pair (u,u) is the unique solution in of the problem
(( Mq(u) =0, My«(u) =0
1 ~
T A(z,y)[Vu(z) + Vi(z,y)] [VE(2) + V,P(z,y)] dzdy

e
4 / fl@
(YU € V(Q), YO € L2(Q; HE (V*)),

per

Proof. Using estimates (2.8)), convergences (3.2)) follow from Theorem [1.15] This is up to
a subsequence, but as usual, the uniqueness of the solution of the limit problem implies
that the whole sequence converges.

At this point, the proof is somewhat standard when using unfolding. For complete-
ness, we now give its outline.

First, unfold the left-hand side of (2.7 using as test function
) x x
v:(2) = W) + e p(@) v () = Mg, (e v(2))

where W is in C*(Q) with Mq(¥) = O, is in D(Q) and ¢ = (y) is in H,,,.(Y*). Tt
then follows by Proposition [1.3] u (i) and (1.10]) that

T*(v.) — ¥ strongly in L*(Q x Y*),

T (@@D <g>> — ® strongly in LQ(Q xY™), with ®(z,y) = p(z)(y). (3.4)

Since

V() = V() + o) (V) (2 ) +Vela)v ().

£

'following the normalization of Proposition (iii)

13



by Proposition (i),
*(Vve) = VU 4+ V,®  strongly in L*(Q x V™). (3.5)

This gives
/ AEVUE Vv dx = T*(Ae)ﬁ*((vue)lcg) 7;*(Vv5) dr dy
ce |Y| QxY*
+/ A*Vu, Vo© dx (3.6)
1 ~
— 1 Joy Az, y)[Vuo(z) + Vo (z,y)] [VU(2) + ¢(x)Vip(y)] dz dy,

since

\/ AV u, Vo da| < CIA Y[V ey | Ve L2y — 0
A*

Concerning the right-hand side of (2.1)), we see that

- y* _
lim feve dr =lim | fov. doe = Y| / f¥dx, Yo e C(9Q). (3.7)
e—0 Q: e—0 Q |Y| Q

Equation (3.3)) follows from the density of the functions of C*°(Q) with zero average
in V() and that of the tensor product D(Q) ® HL,,.(Y*) in L*(Q; HL,,.(Y™*)).

per per

Finally, by Corollary Mgq(u) = 0, which implies the uniqueness for the solution
of (3.3)). [
The homogenized limit problem can now be made explicit.

Theorem 3.2. The homogenized formulation associated with Theorem under the
hypotheses therein, is

—div (A°Vu) = Y |f in €,

Y] (3.8)
Ma(u) =
The homogenized matriz A° = (a;)1<i j<n is elliptic and defined by
_ ~ O Ox;
= My* (aij — kZ: Qife ay > MY CLU MY <Z Qe ayk> (39)

where the corrector functions x; € L>(€; H;ET(Y*)) (j=1,...,n), are, for a.e. x in ),
the solutions of the cell pmblems

BF

(a,k x,y) (M _5jk)>: 0 inY",

i,k= 1 ayk

. ox;(x, 3.10
E aik(l',y)(—Xja(x y) dk)ni =0 on 95, (310)
i k=1 Yk

[ My (xj)(z,:) =0, xj(z,)  Y-periodic,
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Proof. Taking ¥ = 0 in problem (3.3)) yields

- " Ou
u(z,y) = 2 5 (@)xilz, y). (3.11)
im1 It
Inserting into (3.3]) with & = 0 gives the result. ]

Under an additional hypothesis on f. one also obtains the strong convergence of the
energy.

Proposition 3.3. Suppose that hypotheses of Theorem hold. Assume furthermore

that
TX(f.) is compact in L*(2 x Y™). (3.12)
Then
1
lim [ A*Vu.Vu. dz = — A[Vu+ Vi) [Vu+ V| dzdy (3.13)
=0 Jex Y] Jaxy
Consequently,
T (Vueles) = Vu+ V,a  strongly in L*(2 x Y™*). (3.14)

Proof. Let F be a strong limit point of 7*(f.) in L*(Q2 x Y*) (which exits by assumption
(3.12))). According to Proposition (iii), My« (F) = f.
Applying Proposition (i), it follows that
1
/ feue doe = — T(f) T (ue) dx dy.
Qr |Y| QxY™*

Consequently,

: Y] /
lim feue doe = fudx
: Y] Jo

e—0 ﬁs

for the considered subsequence associated to F'. But this result holds independently of
F', hence holds for the whole sequence {e}. The proof of (3.13) is now complete, since,
on the one hand, by [2.7]

/ AVuVu, dr = feue dx,
Cx Qr

[

while on the other, by (3.3)),

1 . . Y+
— A[Vu+ V] [Vu+ V,a] dedy = Y] /fudx.
Y] Jaxy- Y] Jo
The strong convergence (3.14)) follows now by Lemma 5.8 of [4], taking into account
that A® 1¢: converges almost everywhere to A. m

15



Corollary 3.4 (Corrector results). Ase — 0,

— 0. .
125 (3.15)

|V = vu - iu:(gg‘o)u:mxi)
i=1 v

In the case where the matriz field A does not depend on x, the following corrector result

holds: ’ L 52 Q€<axz>xl({‘}y>‘

Proof. By construction, for i = 1,...,n, the function x; belongs to L>(Q; H*(Y*)).
Due to convergence (3.14) (note that A, N Q2 = ()) , Proposition |1.6] (iii) gives

|Vuele: —U(Vu+ vya)HLm:) — 0. (3.17)
By Proposition (i) and (3.11)) this implies
61 x - *( z)
|vutc: - vu Zu 5 Vox

and gives convergence ([3.15)).

If A does not depend on x, this becomes

[ —vu- e () wa({2),)

From (3.19)), the proof of convergence follows along the lines of that (5.31) in
[4], taking also mto account the fact that MQ* u:) = 0 and (L.13). O

@) — 0. (3.16)

L (3.18)

—0 3.19
sy O (3.19)

4 Appendix

The aim of this section is to prove Lemma [1.13} The notation (2. in this section
corresponds to (), of the previous sections.

Let pin (1, 400). From now on, 2 is a bounded open set with Lipschitz boundary in
R™ . It is well-known (see [3]) that this is equivalent to the fact that € has the uniform
cone property which we recall below. In this definition, a cone is the convex envelope
of the union of the origin and a closed ball which does not contain the origin.

Definition 4.1. The bounded open set () has the uniform cone property whenever there
exist a finite open cover {U;}1<j<n of 02, and a corresponding family {C;} of cones,
each isometric to some fized cone C, such that,

N

(i)  for some strictly positive constant 01, {:(: € Q| dist(z,00) < 51} C qu,
(i1)  for every j, U (z+C;) c . 7=t

.Z’EQﬁUj
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Let Q5 denote the set
Q5 = {x € Q| dist(x,00) > 5}.
Lemma 4.2. There exists &g > 0 such that all the sets Qs for § € (0,0, satisfy a
uniform cone property (with a cone which depends only on &y ).
Proof. Since ) has the uniform cone property, there exist §; and a finite open cover

{U;}1<j<n of 0K satisfying (i) and (ii) of Definition [4.1] Set

. . . 1
do = diameter C, 43 = iy mjaxdzst(x, oU;) oy = 3 min {(51, 02, (53}.

Since 0f) is compact, d3 is strictly positive. We use the notations of the figure below.

Let now C' = %C and C;- = %Cj (which is isometric to C') and consider the following
open sets:

je{l,... N}, U= {x e U; | dist(x, 0U;) > 50}.
By the definition of ds, if follows that the family {Z/{;}lgjg ~ still covers 0€2.
N
Clearly, for 6 € (0, o] the set {x € Qs | dist(x,00s) < 50} is included in UZ/{J/ This is
j=1

condition (i) of definition [4.1]
To prove condition (ii), let j be in {1,..., N} and x in Q5N Z/IJ'-. One can see that

Vji{zGR”,dist(z,x+C;)<6}C U (y+C)).

yEB(w;9)
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Furthermore, due to the uniform cone property the latter is included in €2. Thus the set
x4+ C;» is included in 5. This proves the inclusion

U Gicyca
z€QsNU,;
and the proof of Lemma [4.2]is complete. O

Corollary 4.3. From Lemmal[{.4 for any ¢ € (0,60 and each p € (1,00), there exists
a continuous extention operator P. from W'P(Q.) into W'P(Q), i.e. such that for all
¢ e Whr(Q,)

Pe(¢) € WHP(Q),  Pe(¢)ja. = ¢.

The norm ||P.|| is bounded uniformly with respect to €. O

We can now give the proof of Lemma |1.13

Proof of Lemma[1.13 Since € is bounded and connected with Lipschitz boundary, it
has a Poincaré-Wirtinger constant Cy. Let ¢ be in W1?(€.). We apply the Poincaré-
Wirtinger inequality to the extension P.(¢) of ¢ to get

[P-(¢) = Ma(P-(8))||r) < Col[VP:(d)|iLrpr < CollP-IIIIV Al e

Here Mq(P.(¢)) is the mean value of P.(¢) over Q. Let C' be a common upper bound
for 2Cy||P.||, € € (0,0p]. Then,

1
| — Ma(P-(9)) ey < |[P=(¢) — Ma(P=(&))lLr() < §CHV¢H[LP(QE)]"-

Taking the mean value over Q. implies [|[Maq(¢) —Ma (P=(¢))||zr0.) < 3CIIVO||iLr@0)m
which, when added to the previous inequality, ends the proof. O

We end this section by a result which could be of interest by itself.
Lemma 4.4. Let {u.} be a sequence of functions belonging to WP(Q.) and satisfying
[luellwir.) < C,
where the constant does not depend of €. Then (up to a subsequence) there is a function
u € WhP(Q) with
uslo, — u strongly in LP(2).

Proof. We start by extending u. by using the extension operator P.. So there exist a
subsequence, still denoted ¢, and a function u € W?(Q2) such that

P.(u.) = u  weakly in WHP(Q),
P-(u:) —> u strongly in LP().

18



Since the measure |2\ €| goes to zero, the above strong convergence in LP(2) yields

lim |P.(u:)|P =0
e—0 Q\QE
Therefore,
P _ 1 P _ 1 D . P _1; 2
[t =t [ Pt =tim [ fucto, -+ i [ PG = iy | fucta,
and this concludes the proof. ]
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