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LAGUERRE BASIS FOR INVERSE PROBLEMS

F. COMTE® & V. GENON-CATALOT®

ABSTRACT. We present a series of inverse problems of nonparametric statistics which have an
easy solution using projection estimators on a Laguerre basis. The models are Y; = X;U;, Z; =
Xi+Vi, Wi = (Xs+Vi)Us, Ts = X;U;+V;, ¢ = 1,...,n where the X;’s and V;’s are nonnegative,
the X;’s are i.i.d. with unknown density f, the V;’s are i.i.d. with known density fy, the U;’s
are 4.1.d. with uniform density on [0, 1]. The sequences (X;), (U;), (Vi) are independent. We aim
at estimating f on R™ in the four cases of indirect observations of (X1,...,X,). We propose
projection estimators using a Laguerre basis and give upper bounds of their L?-risks on specific
Sobolev-Laguerre spaces. In each case, a data-driven procedure is described and proved to
perform automatically the bias variance compromise.

(1) Université Paris Descartes, MAP5, UMR CNRS 8145, email: fabienne.comte@parisdescartes.fr
(2) Université Paris Descartes, MAP5, UMR CNRS 8145, valentine.genon-catalot@parisdescartes.fr.
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1. INTRODUCTION

The aim of this paper is to present a series of inverse problems of nonparametric statistics
which have an easy solution using projection estimators on a Laguerre basis. The paper is partly
a review of some recent results but also contains new aspects.

Consider Xi,..., X, n i.i.d. non negative random variables with unknown density f. If the
X;’s are observed and if f belongs to L?(R*), nonparametric estimators of f can be built by
using a projection method on an orthonormal basis of L?(R*). The basis of normalized Laguerre
functions is a possibility and has the advantage of being composed of RT-supported functions.
If the X;’s are not directly observed, the estimation of f is an inverse problem. Depending on
the kind of observations, the estimation of f can be difficult. In what follows, we consider four
cases of indirect observations of the X;’s and show that the use of a projection method on a
Laguerre basis leads to an explicit and implementable solution.

First, we assume that observations are

(1) Y;:XZUZ, izl,...,n

where the sequences (X;), (U;) are independent and (U;) are i.i.d. with uniform distribution
on [0,1]. The model Y; = X;U; is called multiplicative censoring model and covers several
important statistical problems, in particular estimation under monotonicity constraints (see
e.g. Vardi(1989)). Numerous papers deal with the estimation of f for model (1) whether
by nonparametric maximum likelihood (Vardi (1989), Vardi and Zhang (1992), Asgharian et
al. (2012)), by projection methods (Andersen and Hansen (2001), Abbaszadeh et al. (2012,2013))
or kernel methods (Brunel et al. (2015)). In Belomestny et al. (2016), the estimation of f by
projection estimators on a Laguerre basis is investigated in the more general situation where U;
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2 F. COMTE® & V. GENON-CATALOT(2)

has beta(r, k)-distribution. An adaptive procedure is proposed. We recall the results therein in
the case where U; has uniform distribution. Moreover, under a slight additional assumption, an
improvement of the risk bound is provided in Comte and Dion (2017) and the adaptive procedure
is modified accordingly.

Second, we consider observations Z1, ..., Z, such that

(2) Zi=X;+V;,, 1=1,...,n.

where X;, V; are nonnegative random variables, (V;) are i.i.d. with known density fy and the
sequences (X;), (V;) are independent. Density estimation from noisy observations is also the
subject of a huge number of contributions. For real-valued random variables, this deconvolution
problem is classically solved by Fourier methods. However, recently, the study of one-sided
errors, i.e. V; > 0, was motivated by applications in the field of finance (see Jirak et al. (2014))
or in survival models, (see van Es et al. (1998), Jongbloed (1998)). In particular, Mabon (2016)
proposes for model (2) projection estimators of f using a Laguerre basis whose properties allow
deconvolution of densities on RT. We detail this approach.

Finally, we combine the two previous situations. This can be done in two ways which are not
equivalent. On one hand, we assume that observations are:

(3) W= (X;+V)U;, i=1,...,n.
On the other hand, we assume that observations are

The sequences (X;), (U;), (V;) are supposed to be independent. In each case, we show how to
build projections estimators of f on a Laguerre basis and propose a data-driven choice of the
dimension of the projection space.

The Laguerre basis is related to specific function spaces, the Sobolev-Laguerre spaces (see e.g.
Shen (2000) and Bongioanni and Torrea (2007)). The link between projection coefficients and
regularity conditions in these spaces has been described in Comte and Genon-Catalot (2015).
In each of the above models, we exhibit explicit relations between the projection coefficients of
the density of the observed variables in the Laguerre basis and the projection coefficients of the
unknown density f. This allows to build projection estimators of f. We provide risk bounds for
the estimators, allowing to compute upper bounds for the rates of convergence. Afterwards, we
propose a data-driven procedure leading to an adaptive estimator performing automatically the
bias variance compromise.

In Section 2, we describe the basis and the Sobolev-Laguerre spaces. In Section 3, for the purpose
of comparison with the other models, we study the case of direct observations of Xi,...,X,,.
Sections 4-6 deal with the four successive models. In Section 7, we review some extensions and
other inverse problems that can be solved by the Lagurre appproach. Section 8 contains a recap
of useful formulae for Laguerre functions and all proofs. In the Appendix, we give the Talagrand
inequality used for proving the adaptation results.

2. ABOUT LAGUERRE BASES AND SPACES

We start by presenting the Laguerre basis that we have chosen and the Sobolev-Laguerre
spaces. More details on Laguerre functions are given in Section 8.1.

2.1. Laguerre basis. Below we denote the scalar product and the L2-norm on L2(R*) by:

+00 +oo
S 2 + S = S\ xX)ax 2: 21’ X.
Vst € LARY), (s,1) /0 (@)t(x)dz, 1] /0 2(x)d
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Consider the Laguerre polynomials (L;) and the Laguerre functions (¢;) given by

d k(J ak — .
6 L@ =Y 0 () e = VAL e, i 20
k=

0

The collection (¢;);>0 constitutes a complete orthonormal system on L?(R"), and is such that
(see Abramowitz and Stegun (1964)):

(6) Vi >1, Ve eRT, |pj(z)] < V2.
For h € L?(R*), we can develop h on the Laguerre basis with:
h=3ai(We;  aj(h) = (k).
Jj=0
When h is a density, ag(h) = (h, po) = V2 [;" h(z)e dz > 0.
By convention, we set ¢; = 0if j < —1 and define the vector of coefficients of h on (¢o, ..., Pm—1):
dm-1(h) = Y(a;(h))o<j<m—1-
We define the m-dimensional space S,, = span(pg, ©1, ..., ®m—1). The function

m—1

hm = CLj(h)(,Oj
7=0

is the orthogonal projection of h on Sy,.

2.2. Sobolev-Laguerre spaces. For s > 0, the Sobolev-Laguerre space with index s (see
Bongioanni and Torrea (2007)) is defined by:

(7) W*={h:R" - R, h€e L’(R"),> ka}(h) < +00}.
k>0

The following results have been proved in Section 7 of Comte and Genon-Catalot (2015) and
Section 7.2 of Belomestny et al. (2016).
For s integer, if A : RT™ — R belongs to L2(RT), then

(8) Bf2 =" Kkaj(h) < +oo.
k>0

is equivalent to the property that h admits derivatives up to order s — 1, with R(s=1) being
absolutely continuous and for m = 0,...,s — 1, the functions

m+1
0N

Emi1(x) = D2 (h(2)em) DT = gm /2 3" <m+ )h(])(x)

=0\ 7
belong to L2(R*). Moreover, for m =0,1,...,s — 1,

|&mirll> = D k(k—1)...(k—m)ai(h).
k>m+1

For h € W* with s integer, we set ||h]|3 = ||h]|* and for s > 1

(9) Ihlls = ll&] = [D_ k(k = 1)... (k = s + D)ai(h)] /2.

k>s
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Now we set
S
A2 =" [IAlf3.
=0

Then it holds that, when s is integer, the two norms |||h|||s and |h|s are equivalent.
We define the ball W#(D) by (see (7)-(8)):

W*(D) = {f e WP =Y Kal(f) < D}.

k=0

3. PROJECTION ESTIMATORS OF f IN THE LAGUERRE BASIS WHEN X;’S ARE OBSERVED

We assume that f belongs to L?(R*) and provide for each m > 1, a projection estimator of f
by estimating the coefficients a;(f),j = 0,...,m — 1. In the case where the X;’s are observed,
we define the empirical and unbiased estimator of a;(f) by

1 n ) m—1
a;(X) = - Z ¢;(X;) and the projection estimator fo = Z a;(X)ep;.
i=1 j=0

Clearly, fX an unbiased estimator of f,, = E;-n:_ol a;(f)gj, the orthogonal projection of f on

Sm. By the Pythagoras Theorem, we have ||fw)§ - fH2 =|f- fm||2 + ||fw)§ — me2 . As (pj); is
orthonormal, we get || /X — fnl®> = Y75 (a;(X) — aj(f))? and
N 1 1
E[(a;(X) — a;(f))?] = - Var(p;(X)) < EE(SO?(X))-

Therefore, with (6), we obtain the risk bound:

; m
(10) E(If = fIP) < I = funll® +2-
Remark 3.1. The risk bound decomposition (10) classically involves a bias term ||f — f||? =
ijm a?(f ) which is decreasing with m and a variance term of order m/n which is increasing

with m. Therefore, to evaluate the rate of convergence, we have to perform a compromise to
select relevantly m.

For f € W3(D), |f — fmll® = > i>m ajz(f) < Dm™*. Choosing mepy = [n/TD] in the r.h.s.
of (10) implies
E(|lfivope = f1I?) < Co(s, Dyn=*/C+1)
where Cy(s, D), is a constant depending on s and D only. The following lower bound result is

proved in Belomestny et al. (2016) implying that the above rate is minimax optimal on Sobolev-
Laguerre balls (up to a logarithmic term).

Theorem 3.1. Assume that s is an integer, s > 1.
Then for any estimator fy, built as a measurable function of X1,..., Xy, for any ¢ > 0 and for
n large enough,

sup By [|fa— FIP] b, = 07O/ logH/ D (),
feWs(D)

Remark 3.2. On some concrete examples, faster rates of convergence of the L2-risk may be
obtained. Exponential distributions provide examples of such a case. If X has exponential
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distribution £(), > 0, then the projection coefficients are given by ap(f) = v2[0/(0 +
D] (8 —1)/(6 + 1))* and the bias can be explicitly computed,

N A s Y
\f = fmll _kzz;‘lak(f)_2‘9+1

Therefore, the bias is exponentially decreasing. Consequently, for mqpy = log(n)/p, with p =
|log[|(6 — 1)/(0 + 1)|]|, the rate of the L2-risk of fn)gopt is of order [log(n)]/n . This kind of
result can be generalized to the case of a density f defined as a mixture of exponential densities
and to Gamma distributions I'(p, §), with p an integer (see Comte and Genon-Catalot (2015),
Mabon (2015)). More precisely, if f, is the density I'(p, §),

0 p dp—l
ak(fp) = I}(/]?) ((9+1> Sp k <9j_1>, with S, p(x) = e [xpfl(l _ x)k]

This term can be computed explicitly and we get the bound, for p > 2 and Cy(p, ) a constant
depending on p and 6 only,

61|k

|ar(fp)] < Co(p, )k~ )

Thus for m > p —1,

S ar (o)) < Clp, O)m>r) (

k>m

0—1

2m

Note that the bias is null for § = 1 and m > p—1, which is expected since f;,, € S,—1. Moreover,
the bias order depends on 6.

Of course, if we know that f belongs to some parametric model, it is better to use a parametric
method. But, in our framework, f is unknown, so we have to face all situations. This is why a
data-driven choice of the dimension of the projection space has to be done.

The interest of the adaptive procedure is that it realizes automatically the finite sample bias-
variance compromise and also automatically reaches the best possible asymptotic rate without
requiring any knowledge on the bias order. The data-driven choice of m mimicks the min-
imization of the squared bias-variance bound using estimators of the risk bound terms. As
1f = il = [I£112 = || fin||?, the squared bias is estimated by —||fX||2, getting rid of || f]|? which

is unknown but constant (not depending on m). Thus we set, for x a numerical constant,
. . . m

ix =arg min_(=||fXI + peny(m)), peny(m) =r".

me{l,...,n} n

It follows from Massart (2007), Chapter 7, Theorem 7.5 that there exists a numerical value kg
such that for all k > Ky,

) , C
E(IfX, ~ FID <3 inf (1f = fall® + pen(m) +

where C' is a constant depending on || f]|.

4. PROJECTION ESTIMATOR OF f IN THE LAGUERRE BASIS WHEN Y;’S ARE OBSERVED

Now, our aim is to build an estimator of f from the observations Y7,...,Y,, still taking into
account that all variables are nonnegative.



6 F. COMTE® & V. GENON-CATALOT(2)

4.1. Preliminary properties and formulas. The construction relies on the following steps.

We have

fr(y) = /y+°° fi )dU1y>0
Let F(x) = [ f(t)dt, Fy(y) = [J fy(t) dt. Elementary computations yield that, for any y > 0,
(11) f(y) =-yfy(W),  Fly)=Frly) —yfr®)

The second equality implies
(12) limy fy(y) = lim y fr(y) =0.

Lemma 4.1. (1) Lett:R — R be bounded, derivable, then
(13) E(t(Y)+YY(Y)) = Et(X).
(2) Assume that E(X) < +oo. Let t € L(RT), then E(Y?t3(Y)) < E(X)||t|*.

Equality (13) is the basement of the estimation procedure. Using it, we can link the coefficients
of f and fy on the Laguerre basis and these relations are used for building the projection
estimators.

Proposition 4.1. For all j > 0,
(14) a;(f) = {f, ;) = {fv, (ye;))

Relation (14) is just an application of (13).
Moreover, using formula (30) (see Section 8.1), we get ao(f) = (1/2)ao(fy) + (1/2)a1(fy) and
for j > 1,

' 1 j+1
a;(f) = 5% 1(fy) + 5a5(fy) + = —ajm(fy).
Introducing the matrix H,,, = ([Hy]k.0)1<ke<m With size m x (m + 1) given by [H,,|i = 0 if
C#k—1kk+1and Hyli1=1/2, [Hpyli2=1/2 and for k > 2,
k—1 1
(15) Holek-1=——— MHulr =5, Hplpp =

2 2’

we obtain the linear relation between the vectors of coefficients of f and

6m—1(f) = Hmc_im(fY)-

k
27
f

4.2. Projection estimator and upper risk bound. Consequently, we define a collection of
projection estimators of f by:

m—1 n

R R |
(16) fm=D_ a5, witha; =~ [Yig;(¥i) + ¢ (Y3)].
= i=1
We also have for m > 1, setting am—1 = {a;)o<j<m—1, am(Y)= "(aj(Y))o<j<m» the following

relation which is convenient to compute the estimator

= = . . 1<
(17) am—1 = Hpan(Y) with a;(Y) = - Z 0 (Y;
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Proposition 4.2. Let f,, be given by (16).
IfE(X1) < 400, then we have

. ) ) m2 m
E(lfm = FIF) < Wf = frull + 4E(Y1) == + 2.

Otherwise, we have

2 2 9 2m3  3m

These bounds are given in Belomenstny et al. (2016) and in Comte and Dion (2017). We
deduce from Proposition 4.2 rates of convergence of the estimator on the Sobolev-Laguerre
spaces described in Section 2.2.

Corollary 4.1. Assume that f € W*(D). Let f,, be given by (16).
IfE(X1) < +00, then choosing mep: = [n*T2] gives

E(| foye — £I?) < Cu(s, D)=/ (+2)

where C1(D, s) is a constant depending on D and s.
Otherwise, choosing meyt = [n°73] gives

E(Hfmopt —fI») < CQ(S,D)n*S/(SH)
where Cy(D, s) is a constant depending on D and s.

Remark 3.2 applies here. For exponential, Gamma or mixed Gamma densities f, the bias is
exponentially decreasing. Thus, the same choice mqpt yields a rate of order [log(n)]?/n.

4.3. Adaptive estimation. We propose a penalization method to select m automatically. For
K a numerical constant, let

mlog(m + 2)
VOOV 4)

(14 2E(Y)m)

. o F o2 : —
(18) m—argmrgjl\r/lln( | frnl] +pen(m)) with pen(m)

and
M, ={me{l,....,n}, m < n}.

Theorem 4.1. Assume that E(X1) < 4+00. Let f,, be given by (16)and i by (18). There exists
a constant kg such that for any Kk > kg, we have

(19) E(|fa— fIP) < C1 it (If = ful + pen(m)) + %

where Cy is a numerical constant (C1 = 4 suits) and Co is a positive constant depending on

E(Y3).

The estimator f,;, realizes an automatic trade-off between the squared bias || f — f,||2, and the
variance, increased by a logarithmic term. The penalty contains the unknown quantity E(Y7):
to compute the estimator, this term is replaced by the empirical mean Y, = >"" | ¥;/n and it
is possible to prove that the bound (19) still holds (see Comte and Dion (2017)).
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5. PROJECTION ESTIMATOR OF f WHEN Z; = X; + V; ARE OBSERVED

5.1. Projection estimator and risk bound. A consequence of Model (2) is

f2(x) = % fu(z /f ) (@ — u)du

By using (34), this convolution equation can be rewritten:

00 +00 +00
Zak(fZ)SDk($) = ZZ% Dar(fv)e; * or(z)
k=0 7=0 k=0

— Z@k 22 1/2 (ap—e(fv) — ag—o— 1(fV))a€(f)~

=0

Define the m x m triangular matrix V,, = (v ;)o<i,j<m—1 Where

(20) vij =272 (v, pimi) i jso — (fv, pimj—1)Tizj—130)-

As v;j = v(i — j)1;—j>0, Vi is a Toeplitz triangular matrix with diagonal elements v;; =
2712(fy, o) > 0. It is thus invertible and for all m > 1,

(21) dm-1(fy) = "aj(f)o<jcm—1 = V' [(a;(f2))o<jcm—1] = V' @m-1(f2),

Formula (20) relies on a convolution property of the Laguerre functions (y;) (Formula (34),
Section 8.1) which can be used in R*-deconvolution. The projection estimator of f on S,, based
on (Zy,...,2Zy) is given by

(22) fo = dj0j, am-1 = "aj)ocjcm-1 = Vy'am-1(Z), m=>1
where ap,1(Z2) = [(4;(2))g< j<m_1) and @;(Z) is defined by

(23 4(7) =2 3 0(2)
=1

The following risk bound holds (Mabon (2016)):

Proposition 5.1. Assume that || fy|lec < +00. Let fr, be given by (22). Then we have

¢ —-112
B (1 — F12) < 1F — funl + @V 1y ooy Y I

where ||Al|%Z = Tr( 'AA).

Remark 3.1 still applies here. The bias term is unchanged. For the variance term, it is of order
V. H|%/n, which is increasing in m because of the special form of V! (lower triangular and
Toeplitz, see Mabon (2016)).

We can deduce from Proposition 5.1 rates of convergence of the estimator on Sobolev-Laguerre
spaces. In Comte et al. (2017), the order of |[V;;}[|% in function of m is studied. In particular,
if V; has a Gamma distribution I'(r, \), 7 € N, r > 1, there exist constants ¢, C' such that

em® < [V !% < Om™,

Note that the case V; = 0 and V,,, = Id is excluded from this context.
Therefore the following corollary holds:
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Corollary 5.1. Assume that f € W*5(D), and that V; has a Gamma distribution T'(r,\), r
integer, r > 1. Then fn, given by (22) satisfies, for mep = [n?" 9

E(|| oy — fI2) < C(s, Dyn=*/@r+9),
Remark 5.1. e For V.~ &(X) =~(1, ), we have [V,,];; = A/(1+ ) and
(A—1)—5-1

and [Vy,];; = 0 otherwise. We can compute [V} ; = A+ 1)/Xif i =j, 2/\if i > j
and 0 otherwise. Note that

(24) [Vilis = —2X if j <

2
142 oM 2 1
IVallle =255 +m1+ 1 = 55).
o For V ~ T2, ), we have [ViJis = (4/(1+ )%, [Vinlisri = —42/(1+ )P and
o (p—1y=a-2
(25) [Vinlij = 4(i—j — M)NQW ifi>j+1

and [V,,];; = 0 otherwise.

5.2. Adaptive estimation. A data driven method to relevantly select m can be proposed and
yields an automatic bias variance compromise. Let us define, for x a numerical constant,

g2+ [V IV 17
n

o . CHF N2 L 1~ _
(26) M = arg mig ( | fmll* + pen(m)) with pen(m)

where
M, ={m e N*, m <n/log(2+n), ||V;ll||2F <n}.

Theorem 5.1. Let f,, be given by (22) and m by (26). There exists a numerical constant ko
such that for any k > kg, we have

B/~ A< Cr it (1F ~ il + pon(m) + 2.

6. COMBINING THE MODELS

6.1. Projection estimator when W, = (X; + V;)U; are observed. Now we combine the two
previous procedures. We define the projection estimator f,, by
m—1
(27) fm == Z CVLjQDj, with Cvlm,1 == V;z Cvmel(W)
§=0
and
i 1 ¢ . ; ;
a;(W) = — 3 Wiy (Wi) + (W)l s (W) = (ao(W). ... s (W).
i=1
Note that, as previously, with H,, is defined by (15),

o1 (W) = Honlo (W), (W) = (o), m(W)), 5(00) = 3" i (IW5).
i=1
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Proposition 6.1. Let f,, be gien by (27). If E(W1) < 400, then we have
F - m?  m
(o — FI7) < I = funll® + 20V 2, <2E(W1>n N n> |

where ||A||§p = Amax( 'A A), the largest eigenvalue of the matriz A A.

If V; =0, i.e. Vi, = 1Id, then [V ]2, =1, so we recover the first result of Proposition 4.2.
Let

My = {m € Nym? < n/log(n+2), m2|[V;l[2, <n}
and, for k a numerical constant,

« _ _ m2 m
pen(im) = klog(2-+ m V5 3 V! I, (2E07) ™ + ).
Then setting
M =arg min (—| fml*+pen(m)),
meM

n

we can prove an adaptation result for f; analogous to the ones of Theorems 4.1 and 5.1. The
proof being analogous is omitted.

6.2. Projection estimator when 7T; = X;U; + V; are observed. Define K,, with size m x
(m+1) by

Ky, :=H,V, .
Then, we have
C_’:m—l(f) = Kmam(fT)~

Thus we can define the estimator of f by
(28) m = dj‘Pj? dm—l = Kmdm(T>

where

X RS - ) X - 3 3
a;(T) = - Z ©;(T), and  am = "ao,...,am), am-1= Yao,...,am-1)-
i=1

Proposition 6.2. Assume that || fy||co < +00. Then,

: V -
B~ £12) < 1 = Full® + @Ay o) [EL 2, 1

It follows from Corollary 2.1 in Belomestny et al. (2016) and its proof (for £ = 1), that
HHmng < 3(m+1)%. Therefore, in this case, if V; = 0, then V;n1+1 = Id and ||V;n£rl\|% =m+1
and we recover the variance order of the second Inequality of Proposition 4.2.

In this case too, we can propose a data-driven selection of m leading to an adaptive estimator.
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7. EXTENSIONS AND CONCLUDING REMARKS

In this paper, the use of a Laguerre basis to estimate a function f € L?(R™) is illustrated in
several examples of inverse problems. Projection estimators which are easy to implement are
built and studied. Data-driven choices of the projection dimension can be proposed leading to
adaptive estimators.

In Mabon (2016), Belomestny et al. (2016), Comte and Dion (2017), the adaptive estimators
for additive and multiplicative censoring models are studied and implemented. The choice of the
constant k in the penalty is a specific difficulty of the method: indeed, the theoretical constant kg
obtained in proofs is not optimal and generally much too large. Finding the optimal theoretical
value is hard but in practice, the constant « is calibrated by preliminary simulations.

For Model (1) and for Model (2), the estimation of the survival function S(z) = P(X; > x)
can be done, still using a Laguerre basis, under the assumption that S is in L?(R*), which holds
it E(X;) = 0+°° S(z)dr < +oo. A natural idea would be to assume that f belongs to L?(R™)
and integrate the development of f under maybe additional assumptions, using Formulae (31)
and (33). However there is a wiser approach and we need not assume that f belongs to L?(R")
to build estimators of S in Models (1) and (2). Indeed, in Model (1), it follows from formula
(11) that S(z) = Sy(x) + zfy(x), where Sy (z) is the survival function of Y;. The estimation
procedure, developed in Comte and Dion (2017), is based on

+oo
(95, 8) = /0 E(Iyi>z)pj(z)de + E[Y19;(Y1)] = E[®;(Y1) + Yip;(Y1)].
In Model (2), Mabon (2016) proves the basic relation
Sz(x) = Sx * fv(z) + Sv(z)

and deduce the estimation procedure.

Extensions of the results presented here are possible. First, the case of multiplicative censoring
is investigated in Belomestny et al. (2016) when the multiplicative noise U; has beta(r, k)
distribution with r, k integers, r,k > 1. Second, as in Chesneau (2013), we can consider that

U, = Ui(l) e Ui(e) with UZ.(] Vs d.i.d. and uniform. Third, the case of noisy observations with
unknown distribution of the noise V' is studied in Comte and Mabon (2016). A preliminary
sample of the V;’s is then required for identifiability.

Other models and inverse problems have been investigated with the use of a Laguerre basis.
First, the estimation of f from the observations

ti
y(ti):/o g(ti —7)f(r)dT + 084, 1=1,...,n

where f, g : RT — RT, g is known and (g;) are i.i.d. centered with unit variance is studied in
Comte et al.. (2017). The solution is provided in two steps: estimation of the regression function
f * g and deconvolution.

The Laguerre basis (p;); is especially well-fitted for estimating the mixture density from i.i.d.
mixed Poisson observations. In Comte an Genon-Catalot (2015), upper and lower risk bounds
are obtained.

The estimation of the density of interarrival times D; = T; — T;_1 in the renewal model

Ry=) In<, tel0,T]
i>0
is a difficult problem. The Laguerre basis is a convenient tool for continuous time observations
of Ry, which gets even crucial for discrete time observations, see Comte and Duval (2016).
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All these examples show that, as long as nonnegative random variables are involved in the
model, the Laguerre basis is a powerful and adequate tool for solving estimation problems.

8. PROOFS

8.1. Formulae for Laguerre functions. The Laguerre polynomials (L;) (see (5)) are orthog-
onal with respect to the weight function e™®. Therefore, Laguerre bases can be defined with a
parameter a > 0 by setting

¢2(x) = VaLj(az)e **/*1p (z).

We focus on the choice a = 2 which is especially convenient for computing derivatives or integrals
of the basis functions and denote 5 by ¢; for a = 2.

We give several formulae which are used in the present paper and others which are not used but
are necessary for the extensions mentionned in Section 7. Formula (22.7.12) in Abramowitz and
Stegun (1964) states that

(29) wLj(x) = —(j + 1) Ljp1(x) + (25 + 1) Lj(z) — jLj-1(x).
implying

/ / J 1 Jj+1
(30) (Wi (W) = wi(y) +y25(y) = =50i-10y) + 505 (Y) + =~ @i (y).

By elementary computations, we get

400
/0 pj(x)dx = V2(—1).

The functions ¢;, ¢}, ¢/ are uniformly bounded. We already mentioned that Va > 0, [p;(z)| <
V2. By Lemma 6.1 in Comte and Genon-Catalot (2015), it holds that, for all = > 0,

0h(x)] < V2(25 +1) < 2V2( + 1), |¢l(x)] < 2v2(j + 1)

Consequently, for all z > 0,
V4

l ¢
Yol <200+1), D (L@ <8(C+1)% D @ (@) < 8(L+1)°.
j=0

j=0 k=0

The functions ¢(z) and

+oo
(31) D;(x) = / 3 (u)du

belong the the space S; spanned by (o, ..., y;) and we can compute their components on the
Laguerre basis which allows to compute easily their L?-norms.

Proposition 8.1.

j—1
(32) po(r) = —po(x),  ¢j(x) = —p;() =2 wr(x), j>1
k=0
.j_l
(33) Do(z) = po(x), Pj(z) =@;(x) +2(=1)7 > (=1 pp().
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Proof. The following equality holds ¢’ (z) = —p;(z) + 2\/56_5‘L;(2m) which is a polynomial

function of degree 7 multiplied by e™®. Thus, it can be decomposed as goj Zak or(z
with
() / oo / oo /
o) = (o= [ d@a@i = b@a@l*- [ @@

+o0
= —;(0)pk(0) - /0 (@) (@)dz = —2 — (5, 0h) = —2—a§-’“)

Notice that this formula is also true when k = j: (¢}, ¢;) fo (x)dx = (1/2)@?(0) =
—2/2 = —1. Thus we obtain:

J ) J J
Piz) = Y aPleue) = -2 pnle) = Y (e ehenle
k=0 k=0

k=0

7j—1
= —pji(= —2Z<pk — > (@5, Ph)en(x)
k=0

Note that the (¢;, ¢}.) are zero for k < j — 1. Thus we obtain (32).
: ; . . i—1

Then integrating from z to oo formula (32) for j > 1, we obtain ¢; = ®; +2> 7 Py
Thus, &; = ¢; — g0] 1 — ®;_1. Using that ®y = ¢, we obtain by elementary induction ®; =
©j+2 Z N L Wthh implies formula (33). O
Proposition 8.2. ||¢j N2 <21+ )2 for £>1 and j > 0.
Proof. Tt follows from formula (32) that

{4 {4
(o) - o) =AY Ko .. omo1)

where m x m matrix A is a lower triangular Toeplitz matrix defined by [A]; ; = a(i — j)1i—;>0,
a(0) = —1, a(k) = —2 for k > 1. We can write

m—1
A=—Idy,—-2) I
k=1

where J is the lower triangular Jordan matrix of order m (sub-diagonal coefficients equal to 1,
and all others null), which satisfies J™ = 0. The matrix A’ is also lower triangular Toeplitz and
we denote by a(¥) (i — j) its coefficients. Using that J™ = 0 and AY = A x A*"!, we get

al(0) = —al"1(0), (1) = —2a“"1(0) — ol (1),

a® (k) = —2a""D(0) — oV (k) — 2311 aV(p), for k> 1.

Now we have

j—1 Jj—1 k
lei” 1P = D@ <l DO)P + 30 [V @)A1+ 4k - 1)
k=0 k=0 p=0
j—1 k
< S k+1)Y oD (p)?
k=0 p=0
152 Jj—1)

IN
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As for ¢ =1, we have |]g0§.1)H2 = 1445 <4(1+ j), the result follows. O

The following convolution property (formula 22.13.14 in Abramowitz and Stegun (1964)) makes
the Laguerre basis relevant in the deconvolution setting

(34 pir 23(0) = [ ouluosle = widn =27 (@) = fragia @)
where x stands for the convolution product.

8.2. Proof of formula 11 and Lemma 4.1. The first equality is elementary. For y > 0,

Fyy) = /y dz_/+00/+00f dzdz —/(/ dz)‘]?lygxd:c

= +00x_ de: x)dr — B iC )dx:F —
| @ [ sy [T B ae - py) -yt

T

By (11), yfy (y) tends to 0 as both y tends to +o0c0 and 0. Therefore, integrating by parts yields
as t is bounded,

@)@ + v @)dy = [y @ut)™ - / ut () (fy () dy = — / (L9,
R+ R+ 0

+oo
= /0 ty) f(y)dy.
Note that EY?t?(Y) < EX?t?(UX). Then,
—+00 x
EX22(UX) = / 2110 1)) f ()2 () dird = / 2f (@) / £2(v)dv)dz < B(X) ]
x>0,0<u<1 0 0
O

8.3. Proof of Proposition 4.2. We have ||, — f1I2 = |f = finl> + | fn — fm||? by Pythagoras
Theorem. Also, || fm — fiml2 = > i 1(a] a;j)? where a; = E(a;) = (f, ;). Now we bound in
two different ways the expectatlon of this last term.

We first assume that E(X7) < +o0o. We have

H

—1 m—

Var(a

3

Var[ Ylgoj (Y1) + ¢;(Y1)]
7=0

3\'—‘

]E(Hfm - fm||2) =

™

<
Il
=)

1
E [(Y1¢)(Y1) + ¢;(Y1)) ?]

IN
SRS
3

=0
-1

3 m

{E [(M1¢}(11))?] + E [2Y10;(Y1)0;(Y1) + 5 (Y1)] }

S
Il
)

J
Formula (13) applied to ¢t = <p32 yields
E [2Y1¢)(Y1)p; (Y1) + @7 (V1)] = E(¢3(X1)) < 2
By Formula (32), ||<,0;||2 = 1+ 47, therefore, using Lemma 4.1,
E [(Y1¢)(Y1))?] < E(X)[&5]17 = (1 + 45)E(X1).
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It follows that

E(lfm — ful?) < 12 (45 + DE(X) +2) = 22 [1+ 2m - DEW)]

n n
< 4"EWm) +27,
n n
using that E(X;) = 2E(Y1). This gives the first bound of Proposition 4.2.

Now, we no longer assume that E(X;) < +oo. Relation (30) and the Cauchy-Schwarz inequality
imply

m—1 m—1
Elllfm— fnl?) = 3 Varla) < - S E[Mg(¥) + ¢5(1))
=0 §=0
1 m—1
= 2 Ellllyesly ))1(Y1))%1}
7=0
m—1 2 2 2
< % 3E (2% 1(Y1)> +<2<Pj<Yl)> +<j+1‘PJ+1(YI)>
j=0

Then we use that

(‘;@j—l(y)>2

and it yields

E

—1
. 3 1 +1
Bllfn—l?) < 23 (5 +5+ 050
]:
3 2m3  3m
35 < — <= .
(35) _2n< +m+m>_n+2n

This gives the second bound stated in Proposition 4.2.0

8.4. Proof of Theorem 4.1. Let us define, for ¢ a function from RT into R, the contrast

n

(36) n(®) = [#7 = = STV + Vit (V)]
i=1
For t = Z;-n:_ol ajei, () = Z;":_Ol(aj —a;)? — Z;-n:_ol a3. Thus, fm = argmin ~,(t) and
teESm
Yo (fm) = = fml?. We notice that
(37) Wn(t) = () = It = fI? = lls = FII* = 2va(t — 5)
where
(38) )= 6 ~EaM)], with 6i(y) = () = o) + )

i=1
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and E¢(Y;) = (t, f). By definition of fin, for all m € M,, we have ’yn(fm) + pen(m) <
Yn(fm) + pen(m). Set for simplicity of notations m V m’ = m* and
(39) B = {t € Sm, ||t]| = 1}.
Using (37) yields
1o = FI7 < If = fll® + 20n(fir = fin) + pen(m) — pen(ri)

1 )
< Nf = fll® 4 gl =l 4+ 4 sup v (t) + pen(m) — pen(in)
€ m,m
1, 4 1 N
< = Bl + 1 = 12 4 1 = S +4 sup v2(0) + pen(m) — penin)
Therefore,
1fi = FI? < 3If = fml +8 sup wi(t) + 2pen(m) — 2pen(ri)
€ m,m
(40) < 3|If = fmll® + 2pen(m) + 8( sup v (t) — p(m, i) + 8p(m, 1) — 2pen(in).

tEBm,m
Now, p(m,m’) must be determined such that
(41) Jkg, a numerical constant, such that V& > kg, 4p(m,m’) < pen(m) + pen(m’).

With such a choice, we obtain

(42) £ = FI? <3| f = fmll? + 4pen(m) + S(tesglpﬂ va(t) = p(m, ).

The next lemma gives p(m, m’). Recall m* =m Vv m/'.

Lemma 8.1. Under the assumption of Theorem 4.1, for v,(t) given by (38) and p(m,m’) =
4(1448log(2 +m*))m* (1 + 2E(Y1)m*)/n < 4 x 501og(2 + m*)m*(1 + 2E(Y1)m*)/n, (41) holds
and moreover,

E |( sup v, (t)—p(m,m))y| < K/n.

tEBm,m

The proof of Theorem 4.1 is now achieved by taking the expectation of (42), and applying
Lemma 8.1.

8.5. Proof of Lemma 8.1. First notice that,

E [( sup v2(t) — p(m, ﬁz)) ] < Z E < sup v2(t) — p(m,m’)) .
tEB N teB ’
’ + m'eMy, ™, +
We now apply Talagrand’s inequality to bound the r.h.s. of the above term (see Theorem A.1).
Consider the class F = {¢y(x) = t(x)+t'(x),t € Bym }. We compute the corresponding terms
denoted by H?, v and M in Theorem A.1.
To obtain H?, we bound E[ sup v2(t)]. For t € By, using that ¢ + v,(t) is linear and

teBm,m’
t =300t o)y with 3Tt )2 = 1, we get
m*—1 2 m*—1 2 m*—1
vat) = |vn | D (L) = | > teple) | < va(©5)-
=0 =0 =0
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Thus it follows from Proposition 4.2 (see the bound (35)),

m*—1 m*—1

B sw 20 £ Y BRI = Y SVer((Vig ) + i (00)
t€8 §=0 §=0

2171 4 o R (VL)) = H.
n

*

<

Now, to obtain v, we note that
Var(Yit' (Y1) + (Y1) < E[(Yit' (Y1) + t(Y1))?] < nH? :=

Finally, using Formula (30) and the fact that the ¢;’s are bounded by V2, we get

1/2
m*—1
sup sup |(yt(y))| < | Y (sup(yp;()))?
tGBmym/ Yy =0 Yy
m 1 1/2
< | Y (V2G| <V2/B8(m) =
=0

We set a = a(m*) = 241log(m*+2), C(a) = 1, p(m,m’) = 2(1+2a(m*))H?. Applying Theorem
A.1 yields:

E

( sup yg(t)—2(1+2a(m*))2m*(1+2m*E(Yl))> ]
.

tEBmJn/ n

C <2m*(1 +2m*E(Y1)) (m*)3€_02 E(Yl)n1/4>

n (m* + 2)4 n

for some constants C, Co, using that any m € M,, satisfies m < y/n. Consequently,

> E

mIEMn

tEBm,m’ n n

( sup y,%(t)—2(1+2a(m*))2m*(1+2m*1@(y1))> ] < &
.

where K is a constant and p(m,m/) satisfies 4p(m,m’) < pen(m) + pen(m’) for all x > 26.52.
O
8.6. Proof of Proposition 5.1. We prove that

2m|| VIS, A fvlloo | Vit I
n

(43) E(|fm = fnl®) < I1f = finll® +

where we recall that [|A[|} = Tr( ‘AA) and [|A|2, = Amax( ‘A A) is the maximal eigenvalue of
‘A A. The risk of the estimator can be written as usual

| Fn = FIP = 11F = Fnll® + [ on = Fonll?
where f,, = Z;”:_Ol a;j(f)e; is the projection of f on Sy, = span(po, . .., Pm—1) and || f — fi|? is
the square bias term. Next we have

m—1

fom = Fmll® = > (@5 = a5(9))* = 1V (@ Z)m1 = E(@(Z)m-1)) 5,

J=0
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where ||Z||2 denotes the Euclidean norm of the m-vector Z. So,

E(| fm — fl?) < r\v;1|r§pE<|ré<z>m_1—E<5<Z>m_1>u2>

m—1 m—1
< V3, D Var(a(2)) = ||V M2 D Var(p;(21))
j=0 7=0
1, 12 K= 2m| V5! 3
< 5|!Vm1||§p D EW(4) < —
7=0

as i, @]( z) < 2m, Vo € RT. Therefore we get
Va2

r m Vm (0]
E(Hfm*fHQ) < ||f*fm||2+2Tp
On the other hand,

B~ ful?) = 3 Var [ SV () | < - SR | [ SValei@)
1 J ; ¢ J
< Mo 5 [ S vt ) a:
¢ J
_ Hfi”oo ZZ[V ]Z,J < HfVHOOHV HF
L
Combining the previous bounds implies (43). As ||V H|E < m|[ VM2, we get the result. O

8.7. Proof of Theorem 5.1. Let )t = max M,, denote the maximal element of the collection.
We follow the lines of the proof of Theorem 4.1, with (36) replaced by

In(t) = [I1E]1* — 2(t, fom),
and (38) by
() = (t, fon — fo)-
Note that for ¢ € S,,, then ,(t) = (¢, fm — fm). Thus we get
1 fm = FII7 < B3Il = fnll® + 2pen(m) + 8( sup 75 (t) — p(m, 1)) + 8p(m, i) — 2pen(in).

S m,m

We must determine p(m, m’) such that there exists a numerical constant kg for which 4p(m, m’) <
pen(m) + pen(m’) for all K > ko. The next lemma gives p(m,m’) and allows to deduce xg.

Lemma 8.2. Under the assumptions of Theorem 5.1, for
Vo I

pm, ') = 22V [ fylloe) (1 -+ 2elog(2 + V213D EE, e > max(3/b, 212/21)
where b is the constant given in Theorem A.1, we have
K
(44) E | sup p(t) = p(m,m) | | <—
fe B(m,m) N n
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Finally, we obtain that Ym € M,,
~ __ K
E(|fm = fI?) < 3If = fml® + 4pe0(m) +8—,
which ends the proof of Theorem 5.1. O

8.8. Proof of Lemma 8.2. The proof of (44) follows the line of the proof of Proposition 7.1
in Mabon (2015). We detail it and proceed as in the proof of Lemma 8.1. For t € B(m,m’) and
m* =mV m', we have

~ 1 n m*—1
On(t) = (& fmr = fine) = — D WilZ) —E@i(Z)], @) = D (o) Vit B (@)
i=1 5=0
where G—1(z) = {po(x),. .., pm-1(x)) and [Z]; denotes the jth coordinate of vector Z.

We compute the terms H?2, v and M of Theorem A.1 for the class F = {¢(.),t € B(m,m/)}.
For H?, we bound

m*—1 m
E ( sup 172@)) < Z E (ﬁg((Pj)) < Z E <<§0ja.fm* - fm*>2> :E(Hfm* - fm*”Q)
§=0

teB(m,m’) =0

From Proposition 5.1, we deduce H? = (2V || fv|lc)|| V1 |%/n. Clearly, v = nH?. To obtain
M, we compute

sup sup [¢(x)] < sup ||V G —1(2)ll2 < [V
teB(m/;m) =« z

Let a(m*) = clog(2 + ||V}« ||%), and let us apply Theorem A.1:

opV2m* := M.

E( sup aﬁ(t)—2(1+2a(m*))ﬂ2>
N

teB(m/,m)

< C(Ivilizesp(-bagmty) + TVl oo (VI Vol e

= 9 m* |l F n 7 \/”?||V;1>1«||op
C 1

< S — V2 ex OIS

- n (HVm*Hch 2 H ”F < \/ g )>>

where we have used that m* < n/log(n + 2) and ||V, 1||OlD <[V, % Therefore

C 1 1
E( sup #2(t) —2(1+2a(m*)H?| < — +
(tEB(m,m’) n HV HV \/717/7 2

For ¢ > max(3/b,21%/2b%) and as ||V} ||% > 2m* /ad(fv), which is the sum of squares of diagonal
terms of V.1, we get

o1
n (m*)4

E( sup ﬁi<t>—2<1+2a<m*>>H2) <
+

teB(m,m’)
so that
Y E ( sup  D2(t) — 2(1 + 2a(m*))H2> <C”/n.
m'eM teB(m,m’) I

This concludes of Lemma 8.2. O
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8.9. Proof of Proposition 6.1. The bias variance decomposition is E(||fm — fII?) = If —
Fmll> + B(|| f — finll?) as clearly E(f,,) = fm. Next,

. 1,2 . 2
B fn = ful®) = E ([Vil Gna W) = G (Fx)) 3)
where fxiy = f % fy is the density of X + Vi. Thus
E(lfin— Ful®) < IV IZE (s (W) = s (P 2)
m—1
_ 1
= valugpﬁ Z Var (Wl(,D;(Wl) + @J(Wl)) .
j=1

The proof is ended as the proof of Proposition 4.2. O

8.10. Proof of Proposition 6.2. As in the proof of Proposition 5.1 (see Inequality( 43), we
have

(m + DK 13, A lloo [ Ko7

o 2
E(||fm_fm||2) S ”f_fm”2+

n

(m + 1) [ Kml|3, A [ Ko

< = fulP + @V L frlloo) et
K7

= |If = ful® + @V I fviis)

H 2 V—12
(5 < 15— fll + @V o) oo Y T,

by using that || K, ||% < ”HmngHV;le%“a see Magnus and Neudecker (1988), sec.6 p.231. O
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APPENDIX A. TALAGRAND’S INEQUALITY
The following result follows from the Talagrand concentration inequality.

Theorem A.1l. Consider n € N*, F a class at most countable of measurable functions, and
(Xi)ieq1,..ny @ family of real independent random wvariables. Define, for f € F, va(f) =
(1/n) >0 (f(Xs) — E[f(X4)]), and assume that there are three positive constants M, H and

v such that sup|| fllecc < M,
feF
Elsup|v,(f)|] < H, and sup(1/n) > ;" | Var(f(X;)) <v. Then for all « > 0,
fer fer

2
E | | sup|vn(f))? — 2(1 + 2a) H? < 2 (v exp <—banH)
feF b \n v
+
49 M2 . _V20C(a)\/anH
bC?(a)n? P 7 M

with C(a) = (VI+a—1)A1l, and b= .

By density arguments, this result can be extended to the case where F is a unit ball of a linear
normed space, after checking that f — v,(f) is continuous and F contains a countable dense
family.



