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HOMOGENIZATION OF DIFFUSION-DEFORMATION IN DUAL-POROUS
MEDIUM WITH DISCONTINUITY INTERFACES*

GEORGES GRISOT AND EDUARD ROHAN#

Abstract. Models of homogenized fluid-saturated dual-porous media with weak, or strong discontinuity inter-
faces (resembling fissures) are derived using the periodic unfolding method. Stress discontinuities at the interfaces
are admitted, requesting further restrictions on the applied external forces. The limit models, obtained by a rig-
orous asymptotic analysis, reflect some non-local effects inherited from the microstructural interactions. In view
of obtaining the a priori estimates, standard approaches based on smooth extensions, well fitted for perforated or
high-contrast media, cannot be adopted for fissured domains. Therefore, a new approach is developed which enables
to control the norm of some “off-diagonal” terms which in the model equations are generated by the interfaces and
are not involved in the energy-related expressions.

Key words. porous media, dual porosity, periodic homogenization, high contrast media, discontinuity inter-
faces, diffusion-deformation.

AMS subject classifications. 35B27, 35Q74, 76505, 74Q05, 74Q15

1 Introduction Modeling of porous solids penetrated by fluids is still a challenging issue
in continuum mechanics, due to important applications in geology and mining, in civil and envi-
ronmental engineering, or in tissue biomechanics and material engineering. Nowadays, also new
technologies related to the transport of liquids in porous deforming structures are inspired by
complex processes in biological tissues characterized by presence of coupled physical fields.

Here we focus on the mechanical aspects of a coupled fluid diffusion and solid deformation,
which could serve as a basis for further extension to “multiphysical problems”. Biot [6] formulated
the basic theory of deformation of a porous isotropic elastic solid subjected to a small strain and
saturated by a Newtonian fluid. Later on, this theory was extended to anisotropic elastic fluid-
saturated media where all the constituents can be compressible. The detailed description of the
poroelastic theory can be found, for example, in the book [14].

The model treated in this paper describes the diffusion and deformation coupled in time at
three different scales using the concept of the so-called dual porosity [3, 4]. In the context of
asymptotic analysis with respect to the scale of heterogeneities, the dual porosity is represented
by a scale-dependent permeability [3, 8]. The homogenization of diffusion in such a type of media
was discussed broadly in the literature, see e.g. [30, 15, 21|, however without considering the
deformation. The coupled diffusion and deformation was treated by the asymptotic expansion
method of homogenization e.g. in [25, 26] and for the dual porosity distributed in the form of
inclusions accounted for by the authors in [16] ; therein the limit behaviour was analyzed using
the periodic unfolding method proposed in [10]. A similar problem with connected dual porosity
was reported in [29, 28] and [27] in the context of tissue modeling, where the macroscopic and
microscopic problems with the fading memory effects were described in detail. Another treatment
of flows in double-porous media is based on genuine treatment of interactions between the Darcy
flow in a porous material, representing the dual porosity, and the Stokes flow in channels, cf.
[23, 22].

In this paper we extend the model of [29] by including pressure discontinuity interfaces (resem-
bling fissures) in a periodic microstructure, where non-standard interface conditions are prescribed.
This option is important and interesting from two points of view: firstly, it is a model of non-
local interactions in the considered type of medium (see Remark 1 below), secondly it requires
a special non-standard procedure for obtaining uniform a priori estimates. Indeed, standard ap-
proaches based on smooth extensions, well applicable for perforated [9, 2], or high-contrast media
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(cf. [1, 8, 31]) cannot be used in our situation where the discontinuity interfaces induce similar
effects to those obtained in fissured domains. That is why we develop a new approach enabling to
control the norm of some terms representing the fluid-structure interactions at the interfaces. The
major difficulty here is related to the fact that these terms are “off-diagonal” and are not involved
in the energy-related expressions. Both these aspects make the problem attractive, since one can
think that our approach can be adapted to other applications characterized by the same kind of
transmission conditions.

The model we study here is motivated by its possible applications in bone tissue biomechanics,
namely to describe the influence of the mechanical loading at the macroscopic scale on the fluid
redistribution in the hierarchically porous structure with fractured interfaces , see [20]. The
cortical bone is constituted by osteons, see Fig. 2.3 (left), cylindrical units (diameter of ~ 100um)
containing conducting channels (the Haversian channels) and the tissue matrix which is perforated
by very thin channels (diameter of ~ 0.1 — 1pum) forming the canalicular system of pores. This
hierarchical structure is repeated almost periodically. Moreover, each osteon unit is bounded by
a cement surface with a reduced permeability supposed to give rise to pressure discontinuities.

The paper is organized as follows. In Section 2 we introduce the Biot-type model of the
heterogeneous medium. Because of possible pressure discontinuities, in Section 2.2 we propose
a generalized mass conservation equation in the neighborhood of the discontinuity interface I'.
We explain why this treatment is consistent with the interface transmission conditions admitting
discontinuities of the total stress and preserving the symmetry of the system constituted by the
equilibrium of forces and by the mass conservation. In Section 2.3 we introduce a microstructure
decomposition, followed in Section 2.5 by a brief recall of the periodic unfolding method.

In Section 2.6 we distinguish two cases of the discontinuity interfaces. They are characterized
by a scale-dependent permeability »® ~ ¢, where ¢ is the standard scale parameter, and by the
“interface Biot coefficients” al**. We treat two cases of the “discontinuity effect”, depending on
hypotheses on the magnitude of the interface Biot coefficients. In Section 3 we treat the “weakly
discontinuous case”, afj’s ~ e. Under standard model-independent hypotheses on the loading
volume forces, a priori estimates (uniform in €) are obtained in the classical way.

Section 4 is devoted to the “strongly discontinuous case”, airj’s ~ 1. Now, obtaining e-uniform
a priori estimates is a more delicate task. Moreover, a nonvanishing solution can be obtained
only for special forms of the volume forces, one of them is represented in the form of interface
distributions on the discontinuity interfaces. The convergence result yields vanishing macroscopic
displacement field.

For both the cases, keeping the same scheme of development, in Sections 3 and 4, we follow
in detail the whole homogenization procedure including a priori estimates, convergence results
and description of the scale-decoupled problems for the homogenized media. As the problem is
evolutionary, i.e. time-dependent, the scale-decoupling step is more complicated than for sta-
tionary problems. Therefore, we present the homogenized models merely in the form involving
the Laplace-transformed time variables; the application of the inverse Laplace transformation is
omitted here, since it would make the paper excessively long. This step can be found in [29], cf.
[28], where an analogical model is treated.

Notation We shall use the indicial notation for tensors like 0;; and employ the Einstein sum-
mation convention for repeated indices. Also boldface italics (like u = (u;);) refers to vectorial
variables. By 0! we abbreviate (‘%7 alternatively we use V, = (97); to deal with the gradient vec-
tors; by default, by V (or 9;) we mean the gradient (or its component) with respect to x. Lebesgue
and Sobolev spaces are refered by using standard notation (e.g. L?(Q2), HY(Q) = W12(Q)), for
vector-valued spaces we use the boldface letters like L2(£2), H'(£2). The space of functions with
compact support is denoted C§°(€2). The symbol A is the variable of Laplace-transformed func-
tions which are denoted by *, like A* or v. Other notation is introduced subsequently in the text.
Throughout the paper we adopt much of general notations employed in [10].

2 Problem formulation We shall define the set of equations and variables which describe
the diffusion and deformation processes in a porous medium. We rely on the Biot model [7, 14]
representing the solid-fluid interactions at a “mesoscopic scale” (rather than “microscopic” one)
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where the pure solid and pure fluid parts cannot be separated. Thus, the heterogeneities of the
medium are given in terms of spatial variations of the material coefficients of the Biot model. In
what follows by the microscopic scale we mean the scale where these coefficient variations are
distinguishable.

2.1 Porous continuum The Biot theory of the fluid saturated elastic medium is valid for
the linearized material behavior. The stress is decomposed into the effective part afjﬁ , and the
part generated by the pressure of the interstitial fluid, p. Thus the total stress o;; is given by

1
oij = o — ayp, o$f = Dijueij(u), eij(u) = i(ajui + Oiu;), (2.1)

where «;; is the Biot tensor, D;jx; is the tensor of elastic coefficients and uw = (u;) is the displace-
ment vector field associated to the porous solid skeleton. The relative motion of the fluid with
respect to the skeleton is described by the filtration (or discharge) velocity w = (w;), proportional
to the pressure gradient by virtue of the Darcy law, w; = —K;;0;p, where K;; is the permeability
tensor. In our model of heterogeneous materials, we consider the system of double porosities,
see e.g. [3, 21]. Recently in [16] we considered the incompressible Biot medium with the dual
porosity distributed in the form of inclusions. Here we treat the compressible Biot model, where
both the primary and the dual porosities form connected domains, cf. [29, 28], whereby some
semi-permeable interfaces are embedded in the dual porosity. We remark that homogenization
of the parallel flows, cf. [30], in defermable double-porous medium with two primary mutually
disconnected porosities was reported in [27].

We do not take into account any inertia effect in the medium, thus the momentum equation
reduces to the balance of forces. According to the Biot theory, the local mass conservation relates
the skeleton compression, a;je;;(u), the fluid discharge, divw and the fluid accumulation due to
compressibility of both the skeleton and the fluid, as represented by term p/u, where 1/u is the
Biot bulk compressibility modulus. The model involves force equilibrium and mass conservation
equations,

1
ajoij(u,p) = fi, aijeij(u) + divw + ;p = 0, (22)

where f = (f;) is the field of volume forces. Substituting (2.1) into (2.2); and using the Darcy
law to express w in (2.2)3, we obtain the reduced system involving just two fields

—0;Djjrieri(u) + 05(aijp) = fi

. 1. (2.3)
ozijeij(u) — 8iKij8jp + ;p =0.

We consider an anisotropic material with the following standard symmetries: Djji = Dyi; =
Djikla aij = Oéji and Kij = Kji.

2.2 Generalized formulation for surface discontinuities We shall treat a problem
characterized by pressure discontinuities on the interfaces. In this section we consider the discon-
tinuities distributed on surface I' C Q, where Q C R? is the open bounded domain, occupied by
the porous medium.

With regards to the differentiability of material parameters, of the pressure and of displace-
ment fields, the system of equations (2.2) is valid in 2\ I" where the medium is continuous. On
interface I" we impose the following conditions

[U}F =0 )
[Dijrier(w)n;lr =0, (2.4)
n; K;;0;p = —win; = x[p)r,

where [a|r denotes the jump of a quantity a across I and m = (n;) is the unit normal to T" such that
la]r = lim,_o, (a(x + sn) —a(x — sn)). The parameter » > 0 controls the interface permeability,
i.e. the filtration velocity w.
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periodic microstructure

zoom 2 r

zoom 1

FiG. 2.1. Hierarchical structure of the porous medium with the discontinuity interface — two zooms illustrated.
An example of sub-microscopic arrangement (the 2nd zoom) of the porous interface I' (the grey/blue belt). The
pistons, being driven by external forces, may keep the pressure discontinuity |p+ — p—| > 0, whereas the effective
stress (related to the solid phase) is continuous.

There are two extreme cases, s — 400 and » — 0. The first one yields the perfect pressure
bonding and thereby also the bulk stress continuity, [n;o;;]r = 0 due to (2.4), and (2.1)1, i.e.
there is no interface effect. In the second case (3¢ — 0), the interface is completely impermeable,
i.e. n;K;;0;p = 0 in the sense of traces on both sides of I'.

Remark 1. Stress discontinuity and a generalized continuum. We postulated the conti-
nuity of the effective stress, [ofjH Jnj =0 on I'. This certainly holds at a porous interface when no
fluid is present (thereby p = 0). If the pores are saturated by the fluid, condition (2.4)2 admits
pressure discontinuities, i.e. [c;p]n; # 0, so that the overall (bulk) stress (2.1); has a jump on I'.
This does not conforms physically to standard continua. However, we have in mind a generalized
continuum with non-local effects: at the microscopic scale the local disbalance is equilibrated (at
a larger scale) by means of coupled external forces. The following examples explains relevancy of
our ansatz.

e Suppose that the (connected) interface I' embeds a thin stiff self-supporting structure X
which can exert local pressure disbalances. Thus the whole medium 2 is decomposed into
this structure ¥ and the “remainder” Q\ X. Assuming that ¥ has a zero surface measure,
we can decouple the two parts of the medium and represent ¥ by means of external force
fields distributed on T'.

e Another example is illustrated in Figure 2.1: the pores penetrating the interface are
equipped with valves driven by external forces. One may think of the electromagnetic
field, but a device based on “micro-cables” (micro-Bowdens) interconnecting couples of
distant valves could be constructed.

The above discussion reveals that our generalized continuum can be loaded only by external
forces satisfying certain constraints related to the scale of the microstructure. We shall pursue two
general cases of heterogeneities in coefficients «;;, as specified in Section 2.6, which for vanishing
scale parameter leads to different limit models and to different additional constraints relating the
acting force and the microstructure scale. 0

We need to develop a special form of the mass conservation which takes into account a possible
pressure discontinuity on the interfaces I'. In order to obtain a consistent weak formulation of
the diffusion-deformation problem, the pressure discontinuities must be well-approximated in the
formulation of the mass conservation. Therefore, we consider an integral formulation of this
physical law, where the sources and the fluxes are weighted by discontinuous functions.

2.2.1 Preliminaries Let I' be a Lipschitz surface in R? and w C R? be an open bounded
“control domain” such that I', = I' N w is nonempty and divides w in two subdomains, w =
wr Uw_UT,,. Set

' ={2'=z+tn(x)|zel, t—0,},
I't={z'=a+tn(x)|zel, t— 0.}
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Now, introduce a test function ¢ € L?(w) by using the characteristic functions of w4,

1 forx € wy

10) =0 @)+ v (@) where ()= { g TSRS (29)

where g™ and ¢~ are real constants. Due to this construction, we can introduce the generalized
derivative (gradient) of ¢: for any ¢ € C§°(w)

/Vsoq > / V(q’“«p)=/F+ q+‘;0n+ds+/7 q pn~dS

k=+,— Y@k
and /gpép =

- [ elden =~ [ garlaren. (26)
I, w
/ @dsS,
Ty
where dr is the Dirac distribution of I and n is the unit normal of T', such that n™ = —n = —n~
Thus, the generalized gradient of g is

Vg=odr[glrn onT in the sense of distributions. (2.7)

2.2.2 Local mass conservation for discontinuous pressure fields Let J be the time
rate of the fluid volume drained from an infinitesimal volume of the porous medium; later on we
identify J = divw. The mass conservation for the compressible porous medium can be written in

the form
1, . .
/q (p+J)+/ qaijuindezo.
w 2 Ow

If all integrands (except ¢) are continuous and «;; are constant in w, the standard differential form
can be obtained, i.e. p/u+ T+ a;je;j(w) = 0, when taking ¢* = ¢~. We consider in the sequel
more general situations, allowing for discontinuous pressures. Moreover, the Biot coefficients on I',,
may be discontinuous in the case of piecewise constant coefficients: «;;(z) = afj inwg, (k=4,-),
although we shall refrain from such an option later on.

By the Green formula we get formally
1, : . .
0= / (J(;PJrj) +/ qij0jt; + / u; 9;(q avij)

1 . . .
:/q (M]b-i-j—l—aijeij(u)) —&-/uiaj(qaij),

where the last integral can be rewritten using (2.7) to get
1. . .
0= [ q|-p+JT +ayey() )+ [ @inidrlgog]r
w ‘LL w
1. . .
= Z / q* <p+ j"‘Ch;j@ij(U)) +/ Uilgagjlrn; dS .
k=+,— "%k

1% T,

(2.8)

Further, recalling the definitions of Tt and I'~, from(2.8) we derive the following form of the
generalized mass conservation which is dual to the pressure discontinuities at I':

1, . . .
;p +J+ aijeij(u) + u; n; (5F+Otij|p+ - 5F—Oéij|pf) =0. (29)
Assuming a;;|r+ = aj|p- = aiFj, (2.9) can be rewritten as

1. . .
;p + j + aijeij(u) + U505 agj ((SI"*' - 51“—) =0. (210)
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2.2.3 Weak formulation of mass conservation for discontinuous pressure fields
Recalling that € is the domain occupied by our heterogeneous material, for any ¢ given by (2.5),
equation (2.9) yields

1, . . .
/ q (p-l— J + aijeij(u)> -l-/ Ui [qaij]rép =0 s (211)
0 \H Q
where the last integral can be rewritten in terms of a surface integral by virtue of (2.6)2.
We can now develop the term involving local source/sink of fluid, J = divw. Recalling the

impermeability of the outer surface, i.e. n-w = 0 on 99, for any ¢ defined by (2.5) with Vg
defined by (2.7), it follows that

/qj:/qv-w:f/ ’U)'VQ*/’LU'TL[(]]Fér‘
Q Q o\l Q

:—/ w-Vq—/w-n[q]p dS:/ KijajpaiQ+/%[p]F[q]F s,
O\l r o\l r

where we used the Darcy law and condition (2.4)3 in order to replace w. Thus, from (2.11)-(2.12)
it follows that the mass conservation can be written in the form

1, .
/q (p+aij€ij(u)> +/ K;;0;p 0;q
Q M Q\T

+ / )y laly dS + / lgavij]p iiny dS = 0 Vg .

(2.12)

(2.13)

2.2.4 Balance of forces with pressure discontinuities A consequence of the continuity
of the effective stress afjﬁ =
the overall stress o;; = afjﬁ — a;;p is discontinuous, see Remark 1 below. Therefore, the standard
differential form (2.2); of the balance of forces holds in Q\I'. Taking a continuous test displacement

field v € H}(Q2), we can integrate by parts in Q\ T to get

—/ v;0;04; :/f-'v,
Q\l Q

/Q\F O‘ijei]‘(’v> +/1—~’Ui [Uij]r n; dS = /Qf -, (214)
/Q\F (Dijklekl(u) - aijp) eij('v) - /F'Ui [aijp]p n; s = /Qf v,

D;jrier(u) and of the discontinuity of the pressure as defined in (2.17),

where the volume integral over 2\ T' can be replaced by an integral over €, since all integrands
are “sufficiently smooth” in €.

N L
A < IS
2 LN N o /VYm

Fic. 2.2. An example of a periodic microstructure generated by a representative cell Y. A two-dimensional
section of a 3D structure is displayed. Both the matriz part Y, and the channels Y. generate the connected
domains 5, and Qf,. The discontinuity interface I'5, is illustrated by thick lines, it may also form a connected

hypersurface in 2.
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2.3 A periodic microstructure with two compartments The heterogeneous porous
medium consists of two distinct parts with different magnitudes of the respective hydraulic per-
meabilities. We consider an open bounded domain € C R?, which is decomposed into two parts
O, (matrix) and €. (channels), so that

0=0Q,UQ.Ul,,. with Q,NQ.=0.

The microstructure is generated by periodic unit cubes Y =]0, 1[3; this choice of the cell YV is
made for the sake of simplicity (one can consider general parallelotops as periodicity cells via some
technicalities). Let Y. and Y;,, be connected, disjoint subdomains of ¥ with Lipschitz boundaries,
so that dY, has common measurable sets with all faces of Y and

Vo =Y \Ye, 0,Ye=0.Y =YcNY0,
0.Y, =Y. NOY, 0pYy =Y, NOY,

Y =Y,UY.U0,Y, withY,NY,=0,
OY =0.Y UbnYy , OYe=08.Y.UOnY..

Denote by € > 0 the scale parameter defining the size of microstructures. The channel Y, is

such that €Y. generates a connected e—periodic domain Qf; let us introduce

(R™). = Interior( U (C+Y0)),
¢ezs
then the open set Q¢ is defined by
Q =e(R").NQ.

The “matrix” €S, is then obtained by removing the “channel network” from the whole domain:
Qs, = O\Q. . We assume that ¢, is connected.

Further, we introduce the interface I'Y, embedded in the matrix part, I}, C Y,,. As discussed
in Section 2.2, pressure discontinuities may be expected on I'Y,. An example of the surface location
is illustrated in Figure 2.3. Due to the interface I'Y, the matrix compartment generated by Y,

is periodically subdivided into the subdomains Qfm’k, k € JZ,, separated by the interface I'S, so
that
U5, =0\ U Qons Qop Moy =0 fork#1, Q, =Interior( | Qmor ) -
kEJe, kEJE,

(2.15)

Note that the diameter of each €27, , is proportional to e. Obviously, if Q C R3, then |I'¢, | ~ £2.
In order to define an extension operator (from the channels to the matrix, or briefly an “off-
channels” extension), we introduce the domain containing the “entire” periods €Y

QF = interior U YE, Yi=e(Y+Q)
ceze (2.16)
where 25 = {¢ € Z*| (Y +¢) C Q} .

2.4 Weak formulation of the problem Having developed a suitable weak forms of both
the balance of forces and mass conservation laws, respectively (2.13) and (2.14), we are ready
to define the diffusion-deformation problem with interface pressure discontinuities in the periodic
heterogeneous structure. We consider the following boundary and initial conditions:

u®(t,-) = ug(t,-) on 9Q, for t €0, T,
n;K50;p°(t,-) =0  on 0Q, for ¢ €]0,T7,

u®(0,-)=0 in Q,

p°(0,-) =0 inQ.
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Obviously, we assume the consistency constraint ug(0,2) = 0 for € 9. Moreover, in Section 4,
we impose the homogeneous Dirichlet condition ug = 0.

Since the pressure field can be discontinuous on I'?; we need the following space of discontin-
uous functions:

HY(Q5,\T7,) = {q € LX) : Vg e LX(Q,\T},)}

) , , (2.17)
H(QA\T3) ={ge L7 (Q): Vge LY (Q\T,)}.
As in [16], we integrate (2.13) in time and introduce the integrated pressure
t
Pt 2) = / Pe(ta) dt | (2.18)
0

Clearly, P¢(0) = 0.
Our aim is to study the asymptotic behavior as ¢ — 0, of the following problem: Find
u® € HY(0,T; H{(Q)) + uo and P¢ € HE(0,T; H (2 \T%,)) such that for a.e. t €]0,T]

dpe . _[dPe
/ijklekl(us)eij(v)— —afjeij(v) — /afj’ vmj ds

dt dt o
Q Q Te m

:/f«v, Yo € HY(Q),
Q (2.19)
1 dP¢
qaf»eil(us)—k/ ol usng [g)p. dS+/ Kf-@:Psaxq—i—/ — q
/sz 7 r i, ors, 0 aps dt
+/ 2 [P lalp dS =0, Yqe H'Q\TS,).
. 5, T,

The material coefficients ijkl, agj, agj’s, K7; and »° are oscillating and e-periodic, as specified
in Section 2.6. We claim that there exists a unique solution of (2.19). For the proof, we refer to
[16], Section 3, where a similar model was treated.

2.5 The periodic unfolding method In this paper we apply the unfolding method of
homogenization, cf. [10, 11], to derive the homogenized model. For the reader’s convenience
we recall the notion of the periodic unfolding method and of the periodic unfolding operator, in
particular. We shall use the convergence results in the unfolded domain 2 x Y which can be found
in [10].

For all 2z € R?, let [2] be the unique integer such that 2z — [2] € Y. We may write 2z = [z] + {z}
for all z € R?, so that for all € > 0, we get the unique decomposition

e[ 2) wem

Based on this decomposition, the periodic unfolding operator 7. : L?(Q;R) — L?*(Q x Y;R) is
defined as follows: for any function v € L!({;R), extended to L'(R3;R) by zero outside €2, i.e.
v=0inR3\ Q,

T.(0)(.0) :{ Gl ve).eeaey

The following integration formula holds:
1
/ vdr = — T.(v)dydr Yve L'(9).
o) Y| Jaxy

Analogously, when integrating on a surface I'* generated by a surface I C Y (see (2.15)), the
formula reads

/udszi T.(v)dS,dz, Yv e L*(Q).
r elY] Jaxry
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These formulae will be used in the sequel to evaluate integrals over €2, which typically is approved
upon satisfying so-called unfolding criterion for integrals. For more details and convergence results,
we refer the reader to [10], for error estimates see [17, 18, 19].

In what follows we use the following abbreviations (for any Y, C Y)

7). -1 o 1
— = , and also
‘Y| @ @ |Y| QxY, QxY,

2.6 Oscillating material coefficients The porous medium distributed in €2 is featured by
material heterogeneities characterized at the length scale e, thereby the coefficients in equations
(2.3) are highly oscillating. We treat strongly heterogeneous permeability coefficients, where the
heterogeneity is related to the domain decomposition into the “matrix” part and the “channel”
part.

The setting of the problem is based on (2.13) and (2.14) where the material parameters are
defined piecewise with respect to the domain decomposition introduced above. In general, for any
material parameter ¢® = ¢°(x) identified with D5k, a5 or pf, we assume the following:

e L), T.(Ff(x) —c(z,y) ae inQxY, (2.20)

where é(x,y) is identified respectively, as Eijkl, @ij or fi. For the permeability coefficients Kj; €
L>(Q), instead of (2.20), we assume that

T. (X2 K5j(2)) = xc () K{j(z,y)  ae inQxY,

1 . ,
S TG K (@) = xm(W) K (@,y) - ae in Q@ xY,

x
where x5(z) = Xd({*}) is the characteristic function of domain 3, d = ¢, m. Thus we assume

that the permeability coefficients depend strongly on the scale parameter. In particular, due to
the e2-scaling of the permeability in QF,, the matrix part presents a dual porosity. All the other
material coefficients in their unfolded form can also be refered to by superscripts ¢, m in the
domains Y, and Y,,, respectively. Hence, by (2.20),

&(r,y) = Xe(Y)e (2, y) + Xm(y)c™ (2, ) ,

so that Df,,, af; and u? have a meaning.
Further, we assume the existence of positive constants c¢p,Cp, ¢k, Ck, ¢y, C, independent of
¢ and such that for a.e. = € Q,

cplé)? < Djj()éntij,  1D5jp(x)] < Cp  for any (symmetric) & € Mo,
=< 1/M ) > Cu

for ae. x €, V¢ R, |Kj(2)| <e’Ck ,  ex[C]® < Kjj(2)Gi¢,
for a.e. x € QF, V¢ € R, |Ki(7)] < Ok cx|C) < K$(2)Gi¢5-

(2.21)

Because of the pressure discontinuities on I';, we need to specify the definitions of »° and o,
on I'Y,. To do so, we assume that (2.10) holds with afj’e as the interface Biot coefficients.

Below we shall employ the boundary unfolding opreator 7*() which is introduced as 7¢()
operating on interface I's,, i.e. for any v € L'(T5;;R), TP(v(x)) = v (e [%] +ey) whenever
z €T, NQF, so that y € Ty, and T2 (v(z)) = 0 otherwise.

m

The mterface permeability »° € L>®(T'¢)). We assume that
T2(5°(x)) = e(z°,y), wherec, < <C,,, (2.22)

for some given c,.,C,, > 0, where Z° = ¢[x/e] is the lattice restriction of x (using the unfolding
operation) and y € 'Y .
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Biot cocfficients of; € L*(I';,) on the interface. As we shall see, the limit model depends

strongly on the uniform estimates of aj; with respect to e. We consider the following two particular
situations:

weakly discontinuous data (WD) 77 (afj’5> = sdfj(:ig,y) , (2.23)

strongly discontinuous data (SD) 77 (airj’5> = a,(7°,y) (2.24)

where 7° = g[z/e] and y € T'Y,. In the first case 7 afj’e — 0 a.e. in QxI'Y. Anyway, in Q\ I,
we suppose that 7¢(af;) — ay;(z,y) a.e. in @ x (Y \T)).

3 Homogenization of the model with WD data Throughout this section we assume
we are given standard “moderate” forces f°, i.e., such that

£ 20, m12(0)) < C (3.1)

The plan of this section is as follows. In Section 3.1 we give a priori estimates which allow
us to pass to the limit in Section 3.2. The procedure of the scale-decoupling for the “Laplace-
transformed in time” limit equations is explained in Section 3.3.

3.1 A priori estimates Let us recall some basic inequalities that will be used also in the
case of strongly discontinuous data (2.24).
2 I/b2
The Young inequality: ab < 2— + T for all a,b,v e R,v > 0,

: . ) (3.2)
The Korn inequality: ||VU5HL2(Q) <Oy Z lleij (v )Lz (o)

]

Using appropriate test functions, we can eliminate in (2.19) the “mixed terms”, so that only
quadratic forms appear in the resulting identity,

d P¢ d P¢
/ijklekl(ug)eij(ug)—/ a1 a”e”(ua)— /affufnj[ ] s = /f u®
FE
Q

dPE I'.e dPE dPs
/ dt O‘”e”(ueH/% ujnj[dt L 5 / K057 05= (33)
Q e, Q\I's,
1 dPe dPe dpe
JE— g PE i dS — O
T E A +/% P, [ dt Lg
Q re, m
Upon summation we obtain
€ € 1 d € 151 g
Dijklekl(u Jeij(uf) + 2de KijajP 0;P
Q O\Is,
2 (3.4)

d P
dt

1 1 d - /
€ 14 PR dS= [ f-u.
+/Q,U/€ + 2dt an}f [ ]Fm Qf u

Then we integrate in time t € [0,¢], ¢ < T, recalling P*(0) = 0, see (2.18), and use the lower
boundedness of all the material coefficients, see (2.21) and (2.22); this yields

c e dt—|—ct//
D//szz| i (w)P ! Q

t
+cK/ \vpf(£)|2+cKe2/ |VP€(E)|2+C%5/ 16 g/ /fu it
Q5,\I, S " 0o Jo

PE2
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Due to the definition of the volume forces and using (3.1), we have

d e 1 e I/Cl —
/0 /Qf utdt < o |f 1720720 + THVUEH%%O,T;L?(Q)) , foraa t<T, (3.6)

where we used the Poincaré inequality and (3.2)1, v > 0 being an arbitrary constant. Then, using
the Korn inequality (3.2)2 to deal with |e;;(u®)|?, combining (3.6) with (3.5), and choosing v
appropriately, the following estimates are obtained:

|20y <C, VP, r200)) < C,
C d P*

VPE oo . e e < -, H < 67

IVE o e sy < 2 at 2z = (3.7)
c

PE € oo L2 € < =
1Pl lemtoiraotes) < 2
From (3.7)4 we deduce immediately that || P®[|g1(0,1;22(0)) < C, which follows due to P*(0) = 0,
see (2.18).

3.2 Limit problems In this section we give the limit representation of the model (2.19)
with assumption (2.23). First, however, we obtain some results which are applicable in both the
strongly and weakly discontinuous cases. It is worth to emphasize that we do not use extension
operators which otherwise have been used commonly when dealing with problems in perforated
domains — instead we employ the convergence theorems developed recently in [12].

We shall need the space of discontinuous unfolded functions. Let T'Y, C Y be the representative
discontinuity interface, i.e. I'y, = U, cz- ey + e, see (2.16), and set

Hyeo(Y,T)) ={qg€ Hy(Y\T)) ¢=0inYc}. (3.8)

Below we rely on the following two Theorems which were introduced as Theorem 3.1 and
Theorem 3.12 in [12]. Here we adapted these results according to our situation with a changed
notation. We recall the decomposition (2.15) and the space H*(Q5, \ T%)).

THEOREM 3.1. Let (w.): be a sequence belonging to H*(Q5, \ T%,) and satisfy

wellz2(0s,) + el VwellL2 (s \rs ) < C'.
Then there exists some w € L?(€; H%E(Ym \TY)), such that, up to a subsequence,
T.(w.) =W  weakly in L*(Q; H (V) ,
eT.(Vw.) = Vi weakly in L(Q x Y, \T}) .

THEOREM 3.2. Suppose that w. € H'(QF) satisfies ||we||grosy < C. Then there exists
w € HY Q) and 0 € LQ(Q;H#(YC)), such that, up to a subsequence,

To(we) = w  weakly in L*(Q; H'(Y,))
T.(Vw.) = Vw + Vb weakly in L*(Q x Y,) .
LEMMA 3.3. Due to estimates (3.7), the following limit fields exist:
uwe L?(0,TyH(Q)), u' e L*(0,T;HL(Y)),
P e HY0,T;L*(Q)) N L¥(0,T; HY(Q)), P e L>(0,T; L*(Q; Hy(Y.))), (3.9)
By € H'(0,T5 L3 (€ x Yn)) 0 L(0, T3 L3 Hyeo(Y.T7,)),
such that the following convergences hold, up to subsequences:
ut — u  weakly in L*(0,T; H(Q)),
T.(v) = u  weakly in L?(0,T;L*(Q x Y)), (3.10)
T.(Vu) = Veu+ Vyu'  weakly in L2(0,T; L*(Q x Y)),
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and
T.(P?) — weakly in H'(0,T; L*(Q x Y2)),
7.(VP© ) V P+V,P' weakly  in L=(0,T; L*(Q x Y.)),
T.(P°) — P, weakly in H*(0,T; L*(Q x Yy,)), (3.11)

T(VP) =V, Py, weahly  in L(0,T: L x Y, \T}))
(IPJes,) = [Pu] |, weakly = in (0,7 L7(@: L*(T),).

m

~

Proof. The proof is the direct consequence of estimates (3.7) and Theorems 3.1 and 3.2,
whereby some standard convegence results from [10] are applied. O

Yet we need to establish a relationship between the limit pressure in 2 X Y, and in 2 X Y,,,,
cf. [30].

LemMA 3.4. The limit fields P and ﬁm satisfy the following condition:

Po(y)=P for a.a y€ dY.NYy, and a.e. in]0,T[x Q. (3.12)

Proof. Let us consider ¢ € C3°(Q) and ¥ € [HL(Y)]®. If ¢ is small enough, due to the
convergence result (3.11) we obtain the limit

/Q\Fs VP a) - plalblofe) = [ TP T ) b0

\Fm

— / % Vyﬁm N (,D’(ﬁ .
Y,

m,

(3.13)

Above the left hand side integral can be rewritten on integrationg by parts:

—/ ePs(z) (Vo(z) - (z,x/e) + o(x)V - p(2/e)) + / [P*(z)]re ep(@)n(z/c) - (2, x/c) dS
Q\T'¢

/f 1.(P°) (1c(eVap) - + Te(@)Vy - ) /f “Ire, )eTe(p)m - dS, .
Y\I'Y, Q¢ Jry

Then we can pass to the limit and integrate by parts again:

H/nycmv)so( w-[§ oy PR @)

m

+ /Q f § [13m<w,y> 1y PEIn() - $()dS, 514

—[ef  VPawr [Pof nopas,s [of Punowas,.
o Jy,\ry Q Y. o Joy,

where the last two boundary integrals vanish on 9Y due to the Y-periodicity of the integrands,
so that the only nonvanishing parts are evaluated on 9Y,,, N dY.. Condition (3.12) now follows by
comparing both the limit expressions at (3.13) and (3.14), since ¥ and ¢ can be chosen arbitrarily.
A

We may now introduce the bubble function by setting pP= ﬁm—P whereby PeH! (0,T; L*(2x
Y,n)) N L0, T; L2 (% Hyeo(Y,TY))) as the consequence of Lemma 3.4. Thus, since ﬁ(m, =0
on the channel-matrix interface 9Y;, N0Y., P can be extended continuously by zero to all 2. Then
convergences (3.11) yield

T.(P°) = P+ P weakly in HY0,T; L*(Q x Y)),
ET(VP?) = VP weakly x in L¥(0,T: L*(Q x Y, \ T))), (3.15)
T(Pr,) = [P],,  weakly xin L2(0, T L@ LA(T))
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The limit fields satisfy the limit homogenized problem.
THEOREM 3.5. Let (u®, P¢) be solution of problem (2.19) where of on TS, is given by (2.23).

Then, the limit fields (3.9) with convergences (3.10)-(3.11) are such that (u, P) and (u*, P*, P)
satisfy the coupled unfolded problem (in the sense of time distributions):

fﬂxy Dijkl e (u) + eZz(ul)] [e%(vo) + efj(’bl)]

dP dﬁ)
(3.16)

_ Ao Te® (o Y (pt Pl -
ﬁxyalJ[el](v )+€Zj(v )] (dt +X7n dt

d ~
0 ~T 0
— | v n;a;; | —P ds, = S,
/Q Zfl“}; s [dt :|F;{1 Y /Qf

and
f Kﬂ$P+WPU@%”H%ﬁ+f K19; PO;¢°
QxYe QXY

b [ [ s aglen + el @]+ xnd
QJTY, m QxY

5 1dP (3.17)
< |P| 6%y d ——¢
oy 7Pl ey 05 £ T
1 (dP dP\ , o, .o
for all v € Vo = HY(Q), ¢° € HL(Q), ¥ € LQ(Q;H;&(Y)), q € L%Q;H#(Y)) and §° €
L2(; Hyeo (Y,T),))-

Remark 2. The “two-scale” problem (3.16)-(3.17) retains the symmetry of (2.19). The existence
and uniqueness of weak solutions defined in 2 X Y can be proved using similar technique, as for
the original problem (2.19), see [16], Section 3, however, extended for the two-scale functions and
appropriate spaces employed in (3.16)-(3.17). 0

Proof. of Theorem 3.5. We shall derive limit expressions for all unfolded integrals involved in
(2.19). For this we need to introduce suitable test functions v¢ and ¢°. Due to (3.10)-(3.11), the
following test displacements are considered:

ve(z) = v(x) —‘,—E’Ul({l'/E}y)H((IJ) , vE H(l)(Q)7 vt e H?l‘#(Y)/]R7 0 € C3° ().
Further, we introduce the pressure test functions ¢¢ of the following form
¢ (z) = (x) + ¢ (v)0(x) + G(y)d(z), where §=0 inY,, (3.18)

Passing to the limit in the interface integrals from (2.19), we get

d ~
/F TL]‘O[?J-U?[EPE]F% ds

€
m

:/Eé/(vi/njsd{j L(;‘tng(ﬁs)}lﬂy dSy—i—g?&/njo?{jvil L?t'];b(ﬁe)}
Q ry " ry

d ~
~T
— ; o | —P ds
/sz][mnj% {dt Lﬁ .

s, ) (3.19)

o
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and

) . 1 3 L )
/ ”jafjuf[‘I(x/E)]FfﬁdS:/ 1 [ T () ey, st(ﬁ)dsy
re, o Y] Jry (3.20)

— @u,f ﬂ]dz [qA]FY dSy .
Q ry "

For the other integrals in (2.19), we have the following limits (recalling that a;; is not proportional
toein Q\T%)):

/D”klekl )ei;j(v°) —>/][ ngkz er(u) + el (u ) (efj(v)+e§j(v1)0),

/oz”e” )— E—>/fa” ei;(v) +ef;(v )9)% (P(ac)—f—xmﬁ), (3.21)

frofoe

where f© — f weakly in L?(0,7;L?(f2)), and
/QKfjaj-PE e —>/f KE(0P + 0YPY) (974 + 00Yq") / f K0, Posg,

[ aties (e — / F (e + et u)e + i) (3.22)

/Q% [P re, FE H/\fry P 7}; FY dS

m

The limit expressions in (3.20)-(3.22) are valid (by density arguments) for any test functions of
the form
v () = 0°(x) + o' (z,y) , v € Hy(Q
¢ =q(x) +sc§1(x y) + xm ()@ (,9),
¢" € H'(Q), '€ L*(QHLY)), ¢ €L Hyeo(Y,T)).

), veL*(QHL(Y)),
(3.23)

So, instead of v'f, we can take ®' € L*(Q;HL(Y)); instead of ¢'9, ¢' € L*(% H(Y)) and
instead of UG we take ¢° € L2(€; Hyo(Y,TY)). It is now possible to write down the limit form of

(2.19). The two-scale problem is obtained from (3.19)-(3.22), making use of the generalized test
functions (3.23), and taking ¢* = 0 in (3.22). O

3.3 Scale decoupling and the homogenized constitutive laws In (3.16) and (3.17) we
can take suitable combinations of vanishing and non-vanishing parts of the test functions defined
n (3.23), so that the “local” and the “global” problems can be identified.

The local problem describes the diffusion-deformation driven by e*(w), w and P. For all
v' € HL(Y) and § € Hyco(Y,T),), one has

- ) dP N dp
£ Duletitw) + el (o)~ f aet o) 50— £ aper o) 5E <0,
Y % t Iy, dt

fanientw @ f nal ey s K3 orPol (3.24)

+ ][ 5 [13}
ry, Ty

) 1 (dP  dP) .
v [q]rﬁ dSy—l—me ﬁ <dt + dt) g=0.
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The global problem is the diffusion-deformation problem described in terms of e*(u) and P,
involving the local perturbations P, u', PL. For all v° € Vj = H}(Q) and ¢ € H'(Q),

- . dP dpP
Digraled (w) + el (ub)] e, (v°) f aer;(0%) (S8 4y, &8
oy T i

ot 7] =

1 dP
[ cuorpora+ f aulet () + e+ £ S
Q axy axy, k¢ dt

+][ 1 dPerPO o
— q =
oy, @™\ dt | dt

Homogenized permeability. By selecting ¢° = 0 and ¢ = 0, due to (3.22) the limit equation
(3.17) reduces to

QxY

(3.25)

f K5(05P+0YPY) 0% =0, v§' e (5 Hu(Y))  ae in Q. (3.26)

Due to the linearity, we can define corrector basis functions n* such that PL(t,z,y) = n*(y)9¢ P(t, z).
Therefore, (3.26) is equivalent to the following problem (set in channels Y;):

Find n* € H(Y)/R (k = 1,2,3) such that

3.27
][Kfja;’n +y) OV =0 Ve HL(Y). (3.27)

It is now easy to replace in (3.17) the only integral involving P! using the homogenized permeability
C;; defined as follows:

/ CijﬁfPaqu ::][ K [07 P+ 6§’P1] 0Fq" :][ K507 (0 + ;) oj P 0 q" .
Q QxYe Ye
We can identify C;; as follows:
Cij =]€ K300 (W +y;) Z/; Koy (W +y;) 0y =fy KQdf (0 +y;) 0y(n' +yi).  (3.28)

The last symmetric expression is a simple consequence of identity (3.27) evaluated for ¢ = n’,
where other indices have been changed appropriately.

Let us point out that the effective medium permeability C;; (relevant to the macroscopic scale)
depends exclusively on the geometry and permeability of the primary porosity in the channels
represented by Y.

3.3.1 Auxiliary local problems and corrector basis functions Throughout this sec-
tion and in Section 4.3 bellow, we use the following notation:

v (x, ) =/; Diuely(w)ei(v), by (o, v) =fy paisiel(v) |

by,, (4,07 'U) :fy (,004” z](v) )
" (3.29)
v () = oy KOO £, #ley Wy as,

m

1
dy,, (¢, V) :]l fmsmb, k() :f n]a£] [SO]FY s, .
Yo M ry,
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In order to decouple the microscopic and macroscopic evolutionary problems, we can apply the
usual method of the scale separation based on the Laplace transformation v(t) — L{v}()), where
A is the variable in the Laplace domain. For brevity we denote all functions depending on A as
follows: L{v}(\) = v. In the transformed space we define a suitable multiplicative decomposition
to arrive at autonomous local problems arising from (3.24) allowing to compute the local corrector
functions and, consequently to compute also the homogenized coefficients. We use zero initial
conditions, namely «(0,-) = 0, whereas P(0,-) = 0 by definition. By the Laplace transformation,
the local problem becomes

ay (u', v) —by,, ()\}:5, v) = —ay (l‘[ij7 v) e (u) + Aby (1, v) P,
by, (4, ¢) + éym,pm (20, 6) + Ay, (P, o)
Yo (9, )ez]< ) —dy,, (1, §) AP — 71 1(d)us

Due to the linearity, we define the multiplicative decomposition by introducing the corrector
functions in the L-transformed time domain, in the form

ul (N, z,9) = A" (A, ) ek, (w) (A, ) + A" (0, y) POV, 2) + AP (A, y)ur (A, @)
PO 2,y) = AT (A, ) e (w) (A, @) + A (L y) PO, @) + Arh (O, y)us (A, 2) -

P P

The functions w”™, w wk and 7%, 7 77r satisfy the following local auxiliary problems.
Strain corrector problem Find (w’"s 7)€ Hy(Y) x Hyeo(Y, I'Y) such that

ay (W%, v) = Aby,

m

1
(77’"8, 'u) =—yay (I1"°, v), Vo€ H%&(Y) ,

*

1
me (% "‘J*TS) + éYm,Fm (77:87 ’(/)) + )‘de ( *7"97 1/’) Ym ( TS7 ’(/})7 (330)
Vi) € Hyeo(Y,I7),

where IT"® = (II7°) = (ys0ir)-
Pressure corrector problem: Find

(@
ay (w”, v) = Aby,, (77, v) =by (1, v) Vv e HL(Y),
by, (U, @") + ey, m,, (27, 0) + My, (7, ) = —dy, (1, ¥) (3.31)
Vi € Hyeo(Y,T)-
Displacement corrector problem: Find (w”, 7%) € H%E(Y) X Hyeo(Y,TY) such that

o,m) € Hiy(Y) X Hyeo(Y, I'Y) such that

ay (u;vk, v) — Aby,, (ﬂ;k, v) =0 Vove H;&(Y),

1
by, (1, @*) + ev,r, (75 ) + My, (7%, ¥) = =Sr(¥), (3.32)
Vip € Hyeo(Y,T),).

3.3.2 Homogenized coefficients and the macroscopic problem We now study the
main homogenization result for weakly discontinuous data, namely (2.23). Application of the
Laplace transformation to (3.25) yields

fﬂ | €5(0) Digulefy (1) + Aely )] e, (1)
X

tF ) Dl @AP+ (0 Diuel) M,
axYy QxYy
o . (3.33)
—j/[ ei;(v7)aiiA (P + Xm AT ey (u) + xmATT P+ Xm)\ﬂ;”un>
QxY *

- [t f it (g o Ty P e ) a5, = 10
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and

£ o ([%(H”) e (@) € (w) + Aty (wP)P + Aezlww)
QxY
(3.34)

M’l’ﬂ

0 0 ‘
+ / Ci;0;PO;q"+ ~/ Lip+ ~/ 1 <A2giﬂefj(y) + A2 PPy A%kuk) —0.
Q [92°9% K QXY

In these equations we can identify the homogenized coefficients, as explained bellow.
Homogenized viscoelasticity. This tensor is obtained by collecting in (3.34) all the terms which
contain Aef;(u),

ik (A) = )\{ay <1\H’€l + wh, iHiJ) — by, (", Hij)}

1 1. g N g
= Aoy <)\HM T, S+ “ifj> ey, (7, 7) 4 N2y, (), 7).

where the symmetric expression is a consequence of (3.30).
The homogenized Biot modulus. This tensor is obtained by collecting in (3.33) all the terms
containing AP,
* 1 L _p = Y (0P 1 P P
M (\) =4 =+ — o dijeli(w) = — + Ady,, (7", 1) + by, (1, w").  (3.35)
y K Yy M Y y M

The homogenized Biot coefficients. They can be obtained independently from both equations
(3.33)-(3.34). On collecting in (3.33) all the terms involving AP, one obtains

ij

ai;(\) :][ ai; — ay (W, II9) — Nby,, (z¥, TI7) . (3.36)
1%
By collecting in (3.34) all the terms involving Aef;(u)), one gets

G5, (0) = Xfyaij by (1, @) + Ady,, (9, 1) . (3.37)

It is easily seen that the following result holds true:
LEMMA 3.6. The homogenized Biot coefficients defined in (3.36) and (3.87) satisfy

;i (A) = AB5(A) - (3.38)

Proof. Relation (3.38) can be obtained using the microscopic local problems, (3.30) and (3.31),
where we use special forms of test functions. First (3.30)2 yields

1
A
Then the first and the last terms can be expressed using (3.31); and (3.31)2, respectively, so that

by, (27, V) = —by, (x”, @) = Ady, (77, n7) =&y, v, (77, 7").

Shv (2, T09) = Sby (1, @Y) — Jay (@, @)~ Ad,, (2, =)
P) +dy,

+ by, (ﬂij, w L (1+ A?T*P, 7Tfj) (3.39)

* *

= Sbr (1L ) — oy (@, @)+ by, (1, w") + dy,, (1, 79)

<

Now (3.30); yields

%ay (wP, Hij) = —ay (wfj, U.iP) + )\by

m

(ﬂ'P, cu;P) , (3.40)

<
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so that on substituting (3.39) and (3.40) in (3.36),
o (A) = day (@7, @) = Ny, (7, @7) + Ay (1, @) = Aay (@, @)

i *
+ X2y, (1, ) + 2y, (1 7) +  a
Y
= Aby (1, ) + Ny, (1, 77) + f Gy = AT
Y

0

Coefficients due to the interface terms on “micro” and “macro”. We introduce coefficients

géff*,g{f*,gk and hﬁf’ﬂ hl* to express the following integrals appearing in (3.33), (3.34):

v f myal 2 (1] era(w) = [ wiglll () At ()
m Q

/ v; /{Y n]a ]F% Un = / vzg%*()\) )\un,
/vlf nja; )\2 T Fyf /
£ e Dt f ezttt = [ @l (),

and

][ qa”)\e (w )uk—i—][ )\27rkuk /qhi*()\) Ay,
QxyY axy,, #™ Q

where
gii (N = Mrk(r), gis (A = Mre(n?), gt (A) = Mrg(h),
hid*(A) = ay (w*, TIV) = Aby,, (¥, IV | (3.41)
hi*(\) = by (1, wF) + Ady,, (7", 1) .
For the well-posedness of the macroscopic problem, its symmetry is important. It is a conse-

quence of the symmetries of the coefficients (3.41) stated bellow.
LEMMA 3.7. The following relationships hold:
11 IIx Ix I I1T1% I1Tx IREs I11%
9% =95k » 9k =AM hiiiT = =9k Gkij = Ikji - (3.42)

Proof. The first symmetry follows easily from (3.32) which leads to
(') = dy,, (A", A7) + Ay, r,, (7%, 77) +ay (@F, w’) = (7).

To show the second symmetry, we use (3.31) and rewrite both the terms involved in definition
(3.41)5; the first one combined with (3.32), and (3.32)1, yields
by (L @) = ay (@, @) = Aby,, (n", ")
= Ay, (7%, @") + 0k (n”) + Aoy, r, (78, 77) + Ny, (7, 77)

ms

Then, combining the second term in (3.41)5 with (3.31)2, gives

Ay, (7%, 1) = =N2dy,, (zF, 7%) = Ney,, r,. (=7, 7%) = Mby,, (7%, ") |

myt m

so that

1 1
hit(N) = by (1, wF) + Ady,, (7%, 1) = Xyp’k(mf) = Xg,ﬁ*(A) .
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For the third relationship in (3.42), using (3.30) and due to (3.32), we have
hi* = ay (W*, TIV) = Aby,, (x*, IIV)
Méy . (7r” T ) + Ny, L (T o ) + \by,, (7T w" )
— day (wk w”) —|—)\2by ( i wk)
= —Xr k() = —gii; -

Obviously g,gj[* = gﬁl[*, due to the symmetry 7% = 79¢. O

The main result of this section is the macroscopic problem, obtained from (3.33)-(3.34) by
replacing the integrals over Y, Y,, and I'Y, by expressions involving the associated homogenized
coefficients (the symmetries (3.38) and (3.42) playing an essential role).

The macroscopic homogeneized problem. Given A € Ry, find u in H§(Q) 4+ uo and P in H*(Q)
such that )

/A”kl Jer(Au)e ” /ﬂw U /\2P / )\ka—/gfk[*()\)/\ukvi

/Q orgl* et () — / = (0)gH1T Nayg = / Foo, (343)
[ eopoa+ [ 5000w+ / M (NAPg + / Al (Nupg = 0,
Q Q *

for all v € HY(Q) and ¢ € HY(Q).
PROPOSITION 3.8. There exists A\g > 0 such that for every A € Ay =0, Ao],
(i) M*(A\) >0
(i) problem (3.48) is coercive.
Proof. (i) Using appropriate test functions in (3.31), we obtain

*

by (1, w") = Ady,, (1, 7") = ay (", ") + Aoy, r,, (x, 77) + Ny, (z”

s

) 20

Hence problem (3.31) is coercive, so that for any A > 0 its solution is unique and bounded. Thus,
there exists A\g > 0 such that

dy,, (1, 1) = 2Xo|dy,, (1, 77 (X)) | > 0.

This implies that M*(X) > 0 for A € Ag. Indeed, (3.35)2 now yields
* 1 P P
M*(N) = E+de(171)+/\de(17ﬂ;)+bY(17"‘i)
Ye

:f Mi +dy, (1, 1)+ 2Mdy, (1, 77) + by (1, @) — Ady,, (1, ) > 0.
Y.

(ii) Upon substituting in (3.43) v := u — uo and ¢ := P and summing the two identities,

the proof is based on the following symmetries, g”* = gil*, A = Ajyiy and Cij = Cj;, and on

positive definiteness of C;;, on the positivity of M*()), as shown above, and positive definiteness

of
- II* 11 .
~I9rki —YIrs
To see it, we rewrite g/I* and g/I* using the corrector problems, as follows:

sij
ol = Ny (. &)+ X2[ev,.p, (7", 7) +dv,, (7", 1) ]

gt = day (VI 4w, ) 0oy, (77, 1) + v, (2, 1Y) |
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Further, let us introduce W (u) := (w" + A7 T1)e;(u) + why, and Q(u) := ne;;(u) + *
Now we can see that the positive definiteness of A results form the ellipticity of ay (-, -), dy,, (-
and ¢y, r,, (-, -). Indeed, there are m/,m > 0 such that for any u and a.e. z € Q,

fe(w), ul" Ale(w), u] = Xay (W, W)+ \2[éy,, 1, (Q, Q) +dy, (@, Q)]
> ([lef;(W)lZ2i) + IV (@)l E2r))

> m(|ef; ()] + |ul?) .

To see the second inequality, due to the uniqueness of solutions to (3.30) and (3.32), for nonvan-
ishing ef;(u) or u, W and @ cannot be identically zero. O

Remark 3. The macroscopic problem (3.43) can rewritten in a form involving the standard
pressure. On multiplying (3.43); by A and recalling (2.18) (i.e. p = AP), the macroscopic L-

transformed problem reads as follows: given A € C, find u € H}(Q2) and p € H' () such that
[ M@ e o) - [ a0 o= [ ok O~ [ ol () xuew
Q Q Q Q
- [ ol 0w - [ ek = [ £o.

o™
[ catwara+ [ ates 0w+ [ M e+ [ g (Wrusg =o,
Q Q Q Q
for all v € HY(Q2) and ¢ € HY(Q). O

4 Homogenization of the model with strongly discontinuous (SD) data In this
section we consider coefficients af; defined according to (2.24). We show, see Remark 4, that
in this case the standard form of the volume forces treated in the weakly discontinuous case is
not relevant and leads to a wvanishing solution. Correspondingly to the jump of the pressure and
thereby also in the total stress on I, the local equilibrium can be preserved, if the forces are
scaled w.r.t. the heterogeneities. The following forms of the scale-dependent forces f© = (ff) will
be considered:

o Case AF — progressively increasing magnitude of imposed forces as ¢ — 0

£ C € 1 r
£ N L2 0,011 () < > fo(t,x) = gf(ta$)7 1Nl 20,711 () < C- (4.1)

o Case BF — forces containing the Dirac distribution or: (x) on I';, and such that

£t x) = Ft,) + 0re (0)f(t,x),  F e L7(0,T;LA()),
T.(F°) — F  strongly in L2((0,T) x G;LA(T},)),
2

Fer(0.1) x L), Fllzomxanewyy < O (42)
. f(t,2,y)dS, = F(t,x), HF”LQ((O,T);HI(Q)) <C.
o Case CF — forces acting on IS, with “zero average”, satisfying (4.2) and such that
F(t,z)=0 fora.a. xzeQ,t€]0,T] (4.3)
o Case DF — progressively increasing gradients of imposed forces with ¢ — 0
C
1N 220, mim () < < If 20,20y < C ) (4.4)

T.(f) — f strongly in L2((0,T) x Q; L2(Y)).
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4.1 A priori estimates We now give a priori estimates for all the cases of external forces
(4.1)—(4.4). The strong discontinuity affects the “off-diagonal” interface integrals which, by making
use of the standard treatment (3.3)-(3.5), disappear from the principal inequality. The crucial role
is played by Proposition 4.1 which allows to involve the interface integral forms in the estimates.
The results obtained in this section are summarized in Proposition 4.2.

PROPOSITION 4.1. Let (u®, P?) be solution to (2.19), where o is defined according to (2.24).
Then there exists a constant C’Q such that

M5 0l <2Co (19 ooy + 15 o+ 0P s+ VEI Py oo, )
(4.5)

Proof. There exists Q € Wh>°(Y \ T'Y,) such that
Q(y) =0 foryeY, and fry dfjnj [Q} - =1. (4.6)
Assertion (4.5) follows from (2.19); written for the test function ¢°(z) = Q({x/c})f(z) with

0 € Hi(9). Using the decomposition 7 (uf) = (7c(u®) — M5 (uf)) + M5 (uf) in the interface
integral (2.19)2, yields

‘/sz 5|Y| ry, nja{] [QLZL 4y
<| [ a9 [, masren - M [],, as,
+‘/Qq€04fjezj +‘/Q\F5K i0;P° 0;4°

1dPe _
1 PEE c dS‘.
+’/QM€ e ! +‘~/fn%[ ]qu}rfn

We now estimate all the right-hand side integrals in this inequality. Due to the Poincaré—Wirtinger
inequality and since V,(7z(u®) — M5 (u®)) = V, 7o (u®) = 7. (V,u®),

72 (u®) — M5 (u9)|[L2m1 (v)) < €C||[VUu|L2(q). (4.8)

Then, by using the trace theorem to estimate [Q} , and (T2 (uf) — M5 (uf)) on T'Y | we obtain
r

[ [, e - My [a], as, o)

< C|IVus|lLe @) ll0ll 22 (o) | Qllw. (vin) -

Since
VO)Qa/e)) = Q)V20() +0x)eV,QM), fory = { %)

where Q(y) = 0 outside ¢, as follows due to (4.6)1, we get

’/\ K;;0;P°0 < ECHVPEHL?(Q;)HQHWLOC(Y,”) Ol 1) » (4.10)
O\Is,

where we used the fact that K7; ~ g2 in QF,. In order to estimate the last integral in (4.7), we
employ the standard inequality

ellolizre,) < ClolZz oz, + C®lIVOllE2 (s, )
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thus, we get

/F (¢ )?dS = / Q)5 245 < Qi [ el

o (18120 + 21 V01 2qa,)
< Q1.0 () VOl R 20,

Recalling (2.22), i.e. »° = ¢, this inequality yields the estimate

/ %E[Pg]ps [ ]I‘E dsS < fC/ ||[P5]pa ||L2(1"E )||v0||L2(Q£ ) s (411)

m

where Cé depends on ||Q||W1,oo(ym).

The estimates of the other integrals in the right-hand side of (4.7) are straightforward. Finally,
using (4.9),(4.10) and (4.11) we obtain

‘/ \Y| oy i [Q]pv s,|

(4.12)
< Cyllflmscen (Wu%z(mn Loz + €IV P lle(as. + V2P ]r;nm(m),

from where we deduce boundedness of M5 (u?) in the dual space H1(2). Indeed, (4.6)3 used
n (4.7), hence in (4.12), yields assertion (4.5). O Below we shall consider the load Cases AF to
BF defined in (4.1)-(4.4). In Cases AF and DF, we will make use of the following preliminary
estimate obtained for £° is in L?(0,T; HY(Q)),

_ Ms 6 / _Me €
/ foout / o £o (= M (uf) s
< 1% e | M5 () k-1 sy + €C 7 e |V ey

for a.e. ¢t €]0,T[. We employed (4.8) to derive (4.13).

4.1.1 Case AF Due to Proposition 4.1, recalling (4.1), we substitute (4.5) into (4.13) and
integrate in time to get

d p¢

/ /f u® dt < =C|f 2o remm o) (V07 2o 7020 +H

L2(0,T;L2(Q)))

+eClf M2 0,mmr (@) (EHVP 220,112 (0z,)) + VNP s, HL2(O,T;L2(F5,,)))

VO, <| 4p- (4.14)

IVu||720.rm2 ) + H LQ(O,T;Lz(Q)))

C
< 2||f ||L2 0.THI(Q) T 5
u01
5 (€2||VP6H%2(0,T;L2(Q;)) +e|[P]rs

L2(0 T;L2(T, )))-

m

Then the estimates of (u®, P¢) can be obtained from (4.14) with the force defined in (4.1). For
this, we proceed formally as in the weakly discontinuous case, using the Korn inequality to deal
with |e;;(u)|* and combining (4.14) with (3.5), with a v chosen appropriately. This leads to
estimates (3.7).

In addition, due to (4.5), we obtain another important estimate, namely

M5 (w) || 20,71 () <eC' . (4.15)
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4.1.2 Case BF In this case we cannot use directly (4.13). However, the following analogous
inequality can be obtained by virtue of definition (4.2),

[5e = [ g [

< F ez 1wz o)

L2 € € 12 € € € (416)
+ *||F||H1(Q)||MY(U )”H*I(Q) + *||f||L2(QanYq,)HTs(U ) — M5 (u )HLZ’(QXI‘%)
€ €
1
< €5 (M5 () v + 19 o )

where we used the Poincaré and the Poincaré-Wirtinger inequalities, and (4.8).
We now proceed as in (4.14). By (4.5) one obtains

d P¢
/ /f cufdt < \/>C’f(||V’u | 220, 751.2( Q))‘f'H

+VTCy (5||VP 220,120, )) + Vel [PE]F; HL?(o,T;Lz(r;n)))

L2(0,T;L2 (Q)))

TC? O
7 1
<5t (”VUE”LQ(O 2@y T H 1 ||L2 0,7 L?(Q)))
1/01
+ T(€2||VP€H%2(O,T;L2(Q$H)) +5||[P€]an||2L2(0,T;L2(F§n))) .

Thus, we get estimates (3.7) and (4.15), as in the Case AF.
4.1.3 Case CF Since (4.3) holds, (4.16) becomes simply

u® — M5 (u®)[|L2xry)

m

/ £ < IF e ey + = 1F ey,
Q

< Cf”VUgHL?(Q) .

Hence,

02 vC
/ /fs c f +71||Vu8”L2(OTL2(Q))7

which again yields estimates (3.7) and (4.15).

4.1.4 Case DF Invoking directly (4.13), (4.14) is satisfied and, consequently, estimates
(3.7) and (4.15) as well.

4.1.5 Main result on the a priori estimates Here we summarize the results obtained
for all the cases of volume forces considered above.

PROPOSITION 4.2. Let (uf, P%) be solution to (2.19), where of is defined by (2.24). Then,
for all volume forces specified attaining one of the form (4.1)-(4.4), estimates (3.7) hold and

M5 (v a1y < eC. (4.17)

Moreover, if || f||L2(0,rm1 () < Cy (e.g. if in Case AF, in (3.1); ff = f), then in estimates (8.7)
the generic constant C' is proportional to e, i.e. O-(C) = €.

4.2 Convergence result and limit problems We shall obtain the limit representation
of model (2.19) for the strongly discontinuous case. For this we follow the procedure explained
in Section 3.2, namely we use the pressure extension Pe and its consequences from the proof of
Lemma 3.3. We shall also need the space of discontinuous unfolded functions given in (3.8).

LEMMA 4.3. Due to estimates (3.7), there exist the limit fields u' € L*(]0, T[xQ; HL(Y)), u €

L2(0,T; HH(Q)), P € L®(0,T; L*()), P* € L>=(0,T; L*( HL(Y.))), and P € L*(0,T; L*(; Hpeo (Y, T)))

such that
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(i) (3.9)345 is satisfied and convergences (3.11) of P¢ hold,
(i1) (3.9)12 is satisfied and the displacement u® converges (in the sense of subsequences),
as follows:

u® — 0  weakly in L*(0, T; H{(Q)) ,
DT ()~ M () = b ,y)  weakly in L0, T L2(Q x ),
T.(Vu) = Vyu!(t,z,y)  weakly in L?(0,T;L*(Q x Y)),

1
g./\/lff('uf) —a  weakly in L*(0,T;H Q) ,

(4.18)

where +f,, ut(t,z,y) dy = 0.

Remark 4. When standard form of the loading forces is considered, all the limit fields considered
above vanish a priory ( consequence of the last assertion in Proposition 4.2). 0

Proof. of Lemma 4.3. Due to estimates (3.7), convergences (3.11) hold also for the case of
strongly discontinuous data. Therefore, the point (i) of the lemma follows when using the same
arguments as those from the proof of Lemma 3.3. As a simple consequence of Proposition 4.2,
(4.17) yields (4.18)5. Moreover, since ||u®(t,-)|L2q) < C, the macroscopic displacements must
vanish, i.e.

M5 (uf) =0 weakly in L*(0,T;L*(Q)) . (4.19)

The remainder of assertion (i) is the standard result of the periodic unfolding, cf. [10]. O

The main result of this section is summarized in Theorem 4.4 bellow, where all Cases AF-DF
are considered. To state it, we need to introduce the linear form G(z) : H(Y) — R defined for
a.e. x € (), as follows:

Case AF:  G(v)(z) = f(x)f v(y) ,

Y

Cases BF and CF:  G(v)(z) =4 f(z,y) - v(y)dS, ,
134

Case DF: G(v)=0.

THEOREM 4.4. Let (uf, P?) be solution of problem (2.19) where o'¢ on ¢, is given by (2.24).
Then there exist the limit fields defined in (3.9), such that convergences (3.10)-(3.11) hold and the
limit fields (u, P) and (u', P, PY) satisfy for a.e. x € Q the following two identities (in the sense
of time distributions):

d 5 N
v, (g iy 1 =1
(i nj [<=P| ds,)) ][Di- Y (1) b
<v <g Jr]{,{z ot [dt ]ry v) ) w@mmay 'y jkier (w) € (V)

dP dpP d (420)
— @€Y m ey alal | =P  ds, = G
]{/OZJBU( ) dt me az]613( ) dt ff‘ﬁ n]aljvl |:dt ]FY Y (’U ) ’

for all ¥ € L*(HL(Y)), ve HY(Q), and

]{2 . K§(07P + 0V PY) (97° + 073"+ f K7 oVP oY’ f P [P] o [y ds,

QXY m m

+f (q +qu al] /f n] zj U A FY dSy
QxyY m
+ <af

1/dP APy, , on
+]€2xyﬁ(dt +det>(q +xmq’) =0,

(4.21)

T .
QM [qo] Ty, dSy> (H-1(Q),H(Q))

—~
3=
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for all ¢° € HY(Q), ¢* € L*( HY(y)) and ¢° € L*(Q; Hyeo(Y,T),)). In (4.20), the force g is
defined in Cases AF and BF, by f and F respectively, while in Cases CF and DF, g = 0.

Proof. We start by deriving the limits of all bilinear forms in the left-hand side of problem
(2.19). Then, for each particular case of loading forces (4.1)—(4.4), we examine the right-hand side
integral in (2.19);.

Due to (4.18) and (4.19), for 6 € C§°(Q), the following test displacements can be used in
(219)1

ve(z) = ev(x) + ev' ({z/e}y)0(x), e Hj(Q), v'eHL(Y), /Y v =0. (4.22)

The pressure test functions ¢ are chosen according to (3.18).
First, we pass to the limit in the interface integrals to get

d ~
/1“5 n;aG;v; EPE]FE ds

m

= 1 D b e b
/MY| <w/r n;d [dtTg (P )]FY as, +ea/ ny k) {dtTE( )L; dSy> (4.23)
— P alol | Lp
/vz/;y n;Q [dtp]py as, +/ /l nj 0 0; [ P}F%dsy_
and
/an njaz]uz [q(x/f:)]l"fn'ﬂ dS —/Q <€|Y| /F% nj ][ ]FY dS

ar (Z(uf) = M5 (uf)) |
/ Y] /Fy 3% = [dlry. dSy (4.24)

€

H/1§<al«][ njafj[Q]Fyndsy+f njagiu [Qry dS) .
Q ry ry
Due to Lemma 4.3, one has the following convergences:
/ Dzjklekl “er(v) — / f Dwklekl ekl( )9 )
/Qafjew / ][ &;je U d— (P(x) +P>,

/QKfjang e —>/][ K& aIP+ayP1)(a;q°+ﬂa;!q1)+/19][ K20, Poiq

Q m

/afjeij(ue)qeé/qo][ agjel;( / ][ gagyel;( (4.26)
Q Q Q

/%E[P re, 1"5 —>/f FY dS

Q ry, 32

It remains to compute the limits in the external force integral.

* Case AF, see (4.1),
/{Zfs-vse/ﬂf-ﬁ-i-/ﬂf&/;vl, (4.27)

(4.25)

and also
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* Case BF, see (4.2),

/Qfs-vg—>/917~13’+/99 Fryﬂfwl’ (4.28)

* Case CF, see (4.3),

/Qfs-vf—>/99 Fyf-vl, (4.29)

m

* Case DF, see (4.4),

/ foovs 0. (4.30)
Q

The limit expressions (4.23)-(4.30) substituted in (2.19) now yield (4.20) and (4.21).
0

4.3 Scale decoupling and homogenized constitutive laws In this section we present

the final result on the strongly discontinuous case (2.24). The homogenized model describes a
complex Darcy flow with embedded microstructural effects of the diffusion-deformation.

4.3.1 Global and local problems We proceed as in the “weakly” discontinuous case.
Choosing different combinations of vanishing and non-vanishing test functions, we derive from
(4.20) and (4.21) the local and global problems.

1. The global problem: the limit fields P and (ul,ﬁ) satisfy, for all ¢ € H(Q),

1/d d ~
107 P O q° Of el (ut / 0][* —P m—P | = 4.31
/QCJaj o +/Qq Yaje”(u)—i— Qq y A \dt X dt 0, @3

where C;; are defined as in (3.27) and (3.28). Equation (4.31) is obtained from (4.21) by
the following choice of the test functions: ¢ # 0, whereas ¢! = 0 and p° = 0. Since the
macroscopic part of the test displacement field vanishes, there is no global balance-of-forces
in the standard sense, see Remark 1. R

2. The local problems: the limit fields (u', P) and (u(-,z), P(-,z)) satisfy for a.e. = € Q,

~ dP dpP
Djirie? (ul) e?. 1—][ qjel (vh)—— meli(vh) =
ﬁ jklekl(u )6”('0 ) Yajezj(v )dt Y. alJ€2](v )dt

d ~
~T 1 _ 1
frx n]awvl |:dtP:| - dSy = G('U ),

m

][ KoY oYt ][ % [P] | lilry dS,+ ][ amel (u') g (4.32)
Yru F};; Y m Y7n

m

m

ikl ey as, +ac fabns fiy ds,

m

+f 1 dP+d13 -
o \ar Tar J1T0

m

for all v! € H;E(Y) and § € Hyeo(Y,TY,). The identities follow from (4.20) and (4.21)
with ¢°,¢', 2 = 0.
3. The force-equilibrium constraint is obtained from (4.20), with ¥ # 0 and 9! =0

d ~
§i+][ d{j'ﬂj {P} dS, =0, ae. in(, (4.33)
rY, dt Iy

m

where the force g corresponds to the cases AF and BF, see Theorem 4.4.
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The global problem describes the diffusion flow with embedded effects of the fluid-structure
microscopic interaction. Let us point out that the form of (4.31) is independent of the particu-
lar definition of forces. The local problem involving the interface integrals, describes the coupled
diffusion-deformation processes relevant to the microscopic scale and involves the external forces
according to the specific definition of G(-). Equation (4.33) presents an interface pressure con-
straint; according to (4.22), the macroscopic part of the test displacement field vanishes, so that
there is no global balance-of-forces in the standard sense, see Remark 1.

4.3.2 Laplace transformation and local correctors We consider here only the Case
BF, the other cases can be treated in a similar manner. Moreover, we shall consider a special form
of the force f introduced in (4.2), in order to allow for the scale decoupling. Let us assume that

at the microscale represented by YV, the “reference” interface forces f;(y)1% are given at 'Y, (17 is
the unit vector in the i-th direction). We introduce the tensor @y, (¢, x) satisfying

fk(tax,y) = (I)kl(tvx)fl(y) ) (I)kl S Lz((OaT) X Q) ’ f € L2(F§) . (434)

With the notation introduced in (3.29), we set

l;YrvnF'm (807 v) = anL (@7 v) +f dgnjvl[go]r}zdsy’
Yy

gry, (b, ¢) = e dS,.

Now the local problem (4.32) can be written as follows (for a.e. x € Q):

. d ~ d 2
ay (u', v) — by, r,, (P, v) =by (1, v) —P(t,z) + P (t, z) gry, (fr. vi),

dt dt
S N e B d 5 4.35
i () i + by, x,, (0 ) + v, (Po) +dy,, (P, o (4.35)
d
de( )¢) dt (t,.]?),

for all v € H(Y) and ¢ € Hyco(Y,T),). Moreover, the constraint (4.33) must be satisfied, i.e.

Vi (ciltp) = —Pu(t, ¥)gry (fr, 1). (4.36)
Once u and P are given, it is possible to solve problem (4.35)-(4.36) to obtain (u, u!, }3) As a
consequence, we conclude that @(t,-) € L*(Q).

We proceed by decomposing the microscopic response using the multiplicative split into the
local auxiliary response (corrector basis functions) and the macroscopic response. For this, in
analogy with the treatment in Section 3.3, we apply the Laplace transformation to (4.35)-(4.36),
hence

ay (w' v) = by,.r,, (AP, ©) = by (1, 0) AP + ABagry, (fr, 00,
Wi () @i + by, r,, (¥, u') + ey, 1, (E, w) +dy, ()\P, 1/}) = —dy, (1, $)AP,  (437)
Wi (AP) = —Qirgry, (fi,1).

Introducing the multiplicative decomposition, by the linearity of our problem we can define L£-
transformed corrector functions (w”,7F, ¢7) and (w*, 7", ¢*') such that

u' = " P+ A Oy,
P =" P+ art ey, (4.38)
a = \TP+ My
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Substituting (4.38) in (4.37), one can formulate the following auxiliary problems where A is the
parameter:
L. Find (0", 7", ¢P) € HL(Y) x Hyeo(Y,T),) x R? such that
ay (w*P, ’U) — IA)ym,Fm (/\71'*P, ’U) = by (1, ’U),
'YFm,i(w)CP +by,.r, (U, W) + v, (77, 0) +dy,, (M, ¢) = —dy,, (1, 9),
’YF,,L,z( ) =0, 1=1,2,3,

for all v € HY (Y) and ¢ € Hyco(Y,T),).
2. Find (WM, 7, (M) € HL(Y) x Hyeo(Y,T),) x R? such that

x (fkv Ul)a
Vi (W) + by, (¢, w™) + ey, r,, (7%, ¥) +dy, (ArM, ) =0, (4.39)

1 ; .
’yl—‘nui(ﬂ*kl) = XQF; (fk?éil) ) 1= 17 25 3;

av (@, v) = by, r, (W, 0) = Tory

for all v € H (Y) and ¢ € Hyeo(Y,T),).

4.3.3 The macroscopic problem We now apply the L-transformation to the global prob-
lem (4.31). On substituting there the decomposed form of ' and *ﬁ, we get

/Qﬁqu+/ fa” e W+e(fW%0
/f >\P+/f 2 (7P P+ 7tap ) = 0.

m

(4.40)

It is now possible to collect all the terms involving P and integrations in Y’; this leads to the
homogenized coefficient associated physically to the term 1/u of the original model,

1 ][ ~ P 1 P
=4 —4 a--e?(w )_|_][ — A\ . 4.41
i# v Uy, e .

Proceeding analogously for ®; leads to the following homogenized tensorial coefficient:

1
Fi(\) :f aijed (w)+ f M—mmfl, (4.42)
Y

m

which is associated with the applied forces distributed on I'Y,. On substituting now (4.41) and
(4.42) in (4.40), one obtains the homogenized macroscopic problem.

The homogenized macroscopic problem. Given ®1; € L?(),see (4.34), compute P € H*(Q)
such that )

/ Cijajf&-q—i—/ QM*(A))\E-F/ qf,jl()\))\fbkl =0, Vqce HI(Q) (443)
Q Q Q )

Coercivness of (4.43) is conditioned by the positivity of M*()); this is subject, as stated in
Proposition 3.8, to the inequality M*(\) > 0 for A positive but small enough.

Remark 5. Note that corrector basis functions w*! and 7*! are not symmetric in &l (in contrast
with the strain-associated correctors in Section 3.3), since the right-hand side terms in (4.39) are
not symmetric with respect to ki, in general. Moreover, w*! and 7% are related to the “stress-like”
quantity ®; introduced in (4.34) which is not subject to any symmetry. 0
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Fic. 5.1. An example of a device which can ensure the interface conditions (2.4). Left: illustration to equations
(6.1); Middle: mechanical realization of locally “external forces” F which drive the pistons; Right: example of a
structure for which (6.2) fail — the pistons must not be fitted “locally” to the solid skeleton.

5 Concluding remarks We developed a homogenized model of the Biot continuum for
a dual-porous, bi-phase heterogeneous medium which embeds discontinuity interfaces. Such a
model is motivated by its potential applications in biomechanical research of bone poroelastic
properties [20] inherited from the osteons which constitute the basic unit generating the bone
(almost periodic) structure.

Recently developed model [29, 16] is extended here for more complicated forms of the dual
porosity embedding interfaces. Discontinuities in pressure may appear due to transmission condi-
tions involving permeability and Biot coefficients

We studied two possible situations leading to different homogenization results.

In the “weakly discontinuous case” the homogenized macroscopic model (3.43) is non-degenerate,
has a standard structure including the stress equilibrium and the mass conservation equations. It
involves homogenized coefficients which arise from the discontinuity interfaces in the dual porosity
of the microstructure.

In the “strongly discontinuous case”, special forms of the volume forces lead to non-trivial
limit models. One of them is represented in the form of interface distributions on I'),, which has
clear mechanical interpretation. The homogenized macroscopic model reduces to a single equation
describing the fluid redistribution driven by the macroscopic stress representing the given surface-
distributed forces in the microstructure.

For both homogenized models, we derived the Laplace-transformed forms. The inverse trans-
formation in the time domain can be performed as it was done in detail in [29].

In both cases, the homogenized (inverse) Biot modulus, M* () is positive for A small enough,
thus, restricting the well-posedness of the limit problem. This result is consistent with the standard
observation that the quasi-static problem is coercive only for small frequencies of loading, i.e. for
small .

The approach used in the asymptotic analysis for obtaining a priori estimates can be adapted
in other problems where for example, the heterogeneous medium is featured by fissures, cracks or
other kinds of discontinuities.

6 Appendix We shall explain a mechanical justification of the interface condition (2.4).
For this we consider the ultra-structure of the interface as depicted in Fig. 5.1 (a). The pistons
allow the pressure discontinuity p; # p_, while a small leakage of fluid is possible (drilled pistons)
— this explains the “semipermeable” interface condition (2.4)s.

To explain the overall stress discontinuity, we write the balance of forces. Denoting by S the
reference surface on the interface ', by ¢4 = S1 /S the effective porosities on the two sides and by
Ay = S(1 — ¢4) the corresponding effective crossections of the solid phase, the balance of forces
in the normal direction with respect to the interface yields

in the fluid: F+4+p Sy —p-S_ =0,

. . 6.1
in the solid: o544, — ™A =0. (6.1

From there the discontinuity of the total stress is obvious: let us introduce

aiﬂ = ¢iai’“d , and o4 := af — PP+ (6.2)
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then (6.1) yields
o — oM =0, and oy -0 =¢_p_ —¢.p.=F/S. (6.3)

Hence [o]r # 0 if [¢p|r # 0, but the continuity of the effective stress is ensured, [o°]p = 0.
This simple example illustrates that conditions (2.4) are realistic. The “external” forces, here
referred to by F', can have different meanings:

e effects of other physical fields (e.g. electric field acting on the pistons),

e effects of separated self-supporting mechanical structure, as depicted in Fig. 5.1 (b), e.g.
a hydraulic system, or a similar system of bowdens connecting couples of pistons,

e inertia effects — in our study we consider a quasistatic events, however, for the dynam-
ical model the same interface conditions are relevant, where the inertia of the pistons is
associated with the force F, as long as the piston “vibrates near the inteface”.

The pistons cannot be bonded to the solid skeleton, like in Fig. 5.1 (b), which does not adhere
to the assumed long-distance interaction — in such a case the “standard” continuity of the total
stress would hold, i.e. [o]r = 0, while [¢°T]r # 0, in general.
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