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Asymptotic analysis for domains separated by a thin layer made of periodic
vertical beams

Georges Griso, Anastasia Migunova, Julia Orlik

Abstract

We consider a thin heterogeneous layer consisting of thin beams (of radius r) and study the limit
behaviour of this problem as the period ¢, the thickness § and the radius r of the beams tend to zero. The
decomposition of the displacement field into beams developed in [10] is used, which allows to obtain a priori
estimates. Two types of unfolding operators are introduced to deal with different parts of the decomposition.
In conclusion, we obtain the limit problem together with transmission conditions across the interface.

KEY WORDS: linear elasticity, junctions, decomposition of beam displacements, interface, homogenization.
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1 Introduction

In this paper a system of elasticity equations in domains separated by a thin heterogeneous layer is consid-
ered. The layer is composed of periodically distributed vertical beams, whose diameter and height tend to zero
together with the period of the structure. The structure is fixed on the bottom. We consider the case of the
isotropic linearized elasticity system.

Elasticity problems involving thin layers with periodic heterogeneous structure appear in many technical
applications, where special constraints on the stiffness or compliance of a textile are required, depending on
the type of application. For example, drainages, spacer fabrics in car—seats and protective wear, working for
the outer—plane compression, should provide a certain stiffness and strength against an external mechanical
loading. Thin layers were considered in a number of papers (see e.g. [6, 7, 9, 12]). In particular, [7] deals
with a layer composed of a material with holes, whose size is scaled with an additional small parameter; [9, 12]
consider the case of the layer whose elastic coefficients are of the same order as its thickness. The thin beams
and their junction with 3D structures were studied in [1, 2, 3, 10, 11]: [10] deals with the decomposition for
a single beam; in [11] the structure made of curved beams is considered. [2, 3] study the limit behavior of
structures composed of rods in a junction with a plate.

We consider 3 small parameters: the thickness ¢ of the layer (and the height of the beams at the same time),
the radius r of the rods and the period of the layer ¢ (see Fig. 1(a)). The first problem with this structure
arises when we obtain estimates on displacements. To overcome this difficulty we used a decomposition of the
thin beams in the mean displacement and the rotation of the cross—section which was introduced in [10]. After
deriving estimates for the components of the decomposition we obtain bounds for the minimizing sequence
which depend on e,7,6. The result leads to studying three critical cases with different ratios between small
parameters. Two of them are considered in the present paper and lead to the same kind of limit problem.
The third one corresponds no longer to thin beams but to small inclusions and is therefore not studied in the
present paper.

The main result of the work is the limit problem (5.7), which replaces the structural layer by a kind of

the linearized contact conditions. There F o is the volume force, applied to the structural layer, E™ are the
Young’s moduli of the beams, [u(ﬁ;]m are the macroscopic interface jumps in the displacement, and the convo-
lution kernel K, is the fundamental solution of the beam problem (5.9).
In order to obtain the limit problem, the periodic unfolding method, applied to the components of the decompo-
sition, is used. Basic theory on the unfolding method can be found in [8]. The idea of the method is to replace
integrals of functions over domains depending on small parameters (e.g., oscillating, like in the periodic case,
or thin domains) by the integrals over several finite domains. This is done by a successive substitution, leading
to the increasing of the problem’s dimension, and a change of variables. In the present study we introduce two
additional types of the unfolding operators in order to deal with the mean displacement and rotation which
depend only on component x3 and the warping which depends on all (21, z2,23). In the limit we derive a 3D
elasticity problem for two domains separated by an interface with the inhomogeneous Robin—type condition on
it. The coefficients in this jump condition are obtained from the solution of auxiliary 1D beam problems.

The paper is organized as follows. In Section 2 the geometry and the weak and strong formulations of the
problem are introduced. Section 3 presents the decomposition of a single beam and the a priori estimates. In
Section 4, the periodic unfolding operators are introduced and their properties are defined. Section 5 deals
with taking the limit and obtaining the variational formulation for the limit problem. Section 6 contains an
additional information and a numerical illustration.



2 Problem statement

2.1 Geometry

In the Euclidean space R? let w be a connected domain with a Lipschitz boundary and let L > 0 be a fixed
real number. Define the reference domains:

Q" =wx(-L,0),
QF =wx(0,L),
Y =wx{0}.

Moreover, Q) (see Figure 1b) is defined by
Q=0"uUQ UE=wx(-L,L). (2.1)
For the domains corresponding to structure with a layer of thickness § we introduce the following notations:

Qf =wx(41L),
Eg' =w x {d}.

In order to describe the configuration of the layer, for any (d,r) € (0, +00)? we define the rod B, 4 by
Br,d =D, X (0, d),

where D, = D(O,r) is the disc of center O and radius r.
The set of rods is

Q.s= |J {veR®|zecic+B,,}, (2.2)
icZ.x {0}
where
~ ) 1 1)\?
:6:{662 |5(§+Y)Cw}, Y = 75;5 . (2.3)

Almost any z € R? can be decomposed in the way z = [z]y + {z}y, where [z]y € Z2, and {2}y € Y.
Moreover, we set:

W, = interior U e(i+Y), (2.4)
A
A =w\ @.. (2.5)

The physical reference configuration (see Figure 1a) is defined by £, ¢ 5:
Q.5 = interior (97 LD UOT). (2.6)

The structure is fixed on a part I' with the non—zero measure of the boundary 9Q~ \ X.

We make the following assumptions:
€ r
<, - <C. 2.7
r<sj 5= (2.7)

Here, the first assumption (2.7) is a beam separation in the reference configuration for the beams whereas with

the second one, we want to eliminate the case — — 0 which requires the use of tools for plates (see [10]).
r

2.2 Strong formulation

Choose an isotropic material with Lamé constants A", u™ for the beams and another isotropic material
with Lamé constants A?, u® for Q~ and Q}. Then we have the following values for the Poisson’s coefficient of
the material and Young’s modulus:
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Figure 1: The reference configuration

The linearized strain tensor or symmetric deformation field is defined by

Vu+ VTu
6(”) - f.

The Cauchy stress tensor in §, . 5 is linked to e(u, . s) through the standard Hooke’s law:

B )\b(Tr e(ures)) + 2ube(u,«,5’5) in Q- U Qgr,
Tred = N (Tre(tye ) + 2™ e(Up e 5) in

r,,0°

We consider the standard linear equations of elasticity in €, . 5. The unknown displacement u, ¢ s : 2.5 —
R3 satisfies the following problem:

V- Ored = _fr,e,é in Qr,5,67
Upes =0 on T, (2.8)
Ores V=0 on Q.5 \T.

2.3 Weak formulation

If V denotes the space
V= {v IS Hl(Qm,g;R?’) | v=0o0n F},

the variational formulation of (2.8) is

Find u,. 5 €V,
/ Oreste(p)dr = / fres-pdz, YoeV.
Qs Qrc)s
Throughout the paper and for any v € V we denote by
A" (Tre(v)) +2u™e(v) in Q- UQF,
() = M(Tre(v))] + 2pe(v) = A
N (Tre(v))I + 2ube(v) in € _ s

and

E(w) = /Qm,(; o(v) :e(v)de

the total elastic energy of the displacement v. Indeed choosing v = u,. s in (2.9) leads to the usual energy
relation

g(uT,E7§) = / fr,e,ti *Ure,s dzx. (2.10)
Q

r,e,8



We equip the space V with the following norm:

[ullv = lle(w)llz2(e,..5)-

In the next step we derive the Korn estimates for each sub-domain. Since 2~ touches the Dirichlet boundary,
the 3D-Korn inequality for this sub-domain is the following:

lullzr -y < Clle(u)]|z2@-)- (2.11)

3 Decomposition of displacements in the periodic layer with beams

3.1 Displacement of a single beam. Preliminary estimates

To obtain a priori estimates on u, . s and e(u, ¢ 5)s we will need Korn’s inequalities for this type of domain.
However, for a multi—structured domains, it is not convenient to estimate the constant in a Korn’s type inequal-
ity, because components of the displacement field may be of different orders of magnitude. To overcome this
difficulty, we will use a decomposition for the displacements of the beams. A displacement of the beam B, 4 is
decomposed as the sum of three fields: the first one stands for the displacement of the center line, the second
one stands for the rotations of the cross sections and the last one is the warping, which takes into account the
deformations of the cross sections.

We recall the definition of the elementary displacement from [10].

Definition 3.1. The elementary displacement U,, associated with u € L'(B,.4,R?), is given by

Ue(x1,22,23) = U(x3) + R(x3) A (1161 + 22€2), for a.e. x = (x1,%2,23) € B4, (3.1)
where )
U= w2 | u(z1, T2, )dridrs,
1
3= ——— Tiug(x1, T, ) — xouq (X1, T2, +)) dridrs, .
3 (Il+[2)7’4/,(12(1 2,7) — T2u1 (21, T2, ) dwidas (3.2)
-1 3—«a x
Ra = M/T$3—au3(xl,x27') dridra, Io = /D1 zidmldzg =T
We write

4 =u—U,. (3.3)
The displacement u is the warping. Note that

/ a(l‘l,l‘g, ')dxldl‘g =0,

D,

/ (.131112(.131,%‘2, ) — .132111(.%‘1,1‘2, )) dxidre =0, (34)
D,

/ $1ﬂ3(l‘1,l‘2, ) dridry = / l‘gag(l‘l,IQ, ) dridzy = 0.
D,

r

The following theorem is proved in [10].

Theorem 3.1. Let u be in H' (B, 4;R?) and let u = U, + u be the decomposition of u given by (3.1)~(3.3).
There exists a constant C independent of r such that the following estimates hold:

lall2(B,.0) < Crlle()llrzs,.),  IVallras,..) < Clle(w)|lz2(s,.q);

‘ ar <¢ lle(u)||
dl’g Lz(O,d) - 7,.2 L (BT‘d)y (35)
au C
R <= :

‘dxg es o 7 le(u)llL2(B,. )

We set

Y.=¢Y, W.=Y.x(-¢,0), B..=D,x(-¢,0), res = WoU Dy x (—¢,0).

r,e



Lemma 3.1. Let u be in H*( e, 6,R3) and let u = U, + @ be the decomposition of the restriction of u to
the rod By, given by (3.1)~(3.3). There exists a constant C independent of §, € and r such that the following
estimates hold:

C
ROP < SIVulFa.).

52
IRIZ20.) < C 3HVUHL2<W)+C lle@liacs, 5,
IIVuIILz ) +C 4|| e(w)Z2(s, ),

L2(0,5) (3.6)

2
‘dL{a
2

dzy
1
leds — Us (0) 12205y < 07\\6(U)\I%2<BM>,

o4
e = Ua(0) 172 0,5) < C 3HVUHL2<W)+C lle@liacs, 5,

[, 0) = UO) 2y, < CellVullZaqw,) + C7H6(U)Hi2(w5)~

A proof of the lemma is given in Appendix A.

3.2 A priori Korn—type estimates
In this section all the constants do not depend on €,§ and r. We denote by x’ = (z1,3) a point in R2.
3.2.1 Decomposition of displacements in the layer with beams on the in-plane and outer-plane
components
We decompose the displacement u € V in each beam €i + B, 5, i € 2. x {0} as in the Definition 3.1. The
/

x
components of the elementary displacement are denoted Ug, R¢, where § = [} .
€ly

Now we define the fields LNI, R and 4 for a.e. z € B, 5,5 € w by

S = S ~
~ Ue(xz), if E=|-| €E ~ Re(xs), if E=|-| €E
u(51,82,$3) = ¢ |:€i|Y AE B R(ShSanS) - ¢ |:€:|Y AE 5

0, if £& =, 0, if £ =
uf(‘r)a if § = [7:| € gs
u(s1, s2,2) = Y
0, if £&=,
We have o
U,R e L*(w, H((0,6),R?), u e L*(w, H (B, s R?)).
Moreover,

U2 0,50 = € Z 1UellZ20.5)  IRIZ2(0x(0.6)) = & Z IRel1Z2(0.5)
€eE, ¢eE,

WHQL?(wa,,,J) =¢? Z Haf“QL?(B,,&y
€eE,

As a consequence of Theorem 3.1 and Lemma 3.1 we get

Lemma 3.2. Let u be in' V. The following estimates hold:

e
Sl

H Bxg

L2(wx(0,8))

g
O,
Haxg ‘ L2(wx(0,8)) ~ THUHV’
IVetllr2@wx s, < Cellullv,

@]l 22w B,y < Cerllully,

~ )
||R||L2(w><(0,6)) < CT7HU||V7

65
5 llullv-

H Ox3 lL2(wx(0,6)) —



Moreover,
2
~ €
1RG0 725, < Cﬁllﬂll%,

2
~ 13
IR(, - 0720, < CEHVUH;(Q;)»

~ ~ e
Us —Us (-, -, 0)|| L2(wx(0,6)) < C7||u||v7

~ ~ 5%
Ua —Ua (-, 0) || L2 (wx (0,5)) < C?HuHV, where o = 1, 2.

(3.8)

The proof of estimates (3.7); — (3.7)g follows directly from (2.11), (3.5)s3, (3.5)4 and (3.6)2—(3.6)3, and the

estimates (3.8) are the consequences of the estimates in Lemma 3.1 and (2.11).

3.2.2 Estimates on interface traces

Lemma 3.3. There exists a constant C' independent of ,6,r such that for any u € V
” 2 € o
Hu(’ ) 0) - u<'7 " 0)||L2(a5) < C?H“HV?

2
3
+C—|lull¥-

lu(,,8) = U, 6)|2agz, < &nwn;mb -

Moreover,

g263
a5 0) = val- '70)\\%2@5) < CEHVUH?}(Q;) + CTTHUH%/,

)
lus(-,-,0) — us(-, '»0>||i2(a5) < CSHVUHQLQ(Q;) + CTTHU”%W

A proof of the lemma is shifted to Appendix A.

3.2.3 Estimates on displacements in Q
Lemma 3.4. There exists a constant C which does not depend on €, r and 8, such that for any u € V

653/2
el @g) < €= llully + Cllully,

23/253/2
[usll g o1y < CTHUHV + Cllullv,

where a = 1, 2.

A proof of the lemma is shifted to Appendix A.
As a consequence of Lemma 3.4 and estimate (3.11), the inequality (3.12) can be replaced by

g263
Hua(" "6) - ua(" "O>||2L2(®E) < CTTHUH%/’
363 €25
luz (- -, 8) = us(-, -, 0) |72,y < CTTHU”%/ + CTTHUH%/-

3.2.4 Estimates for the set of beams '

r,,0

Lemma 3.5. There exists a constant C which does not depend on €, r and 8, such that for any u € V

1)
IVull 2y < O llullv,

rét/?
Jusllzecas ) < Ol

rét/? £63/2
ool < 2= (14 5 ) v,

where a =1, 2.

A proof can be found in Appendix A

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)



3.3 The limit cases

In view of the estimates of Lemma 3.4 and in order to guarantee that the lower and upper parts of our
structure match, we must assume that

g263

—— is uniformly bounded from above. (3.18)
,
From now on, the parameters r, § and € are linked in the following way

o = ko™, g >1, ko >0, if ng =1 then ko € (0,1/2) (limiting case: solid layer without holes),

e 0 =r1e™, k1 >0 and n1 > no, (in order to deal with the beams).

The assumption (3.18) above yields
243 —4no > 0.

Hence we distinguish three important cases:
o (i) 7= koe, ko € (0,1/2) and § = k123, k1 >0,
o (ii) 7= Koe™, ny € (1,2), ko > 0 and § = k1e@0=2/3 1) >0,
o (iii) 7 = Koe?, ko > 0 and § = k12, K1 > 0.
For a sake of simplicity, we will use the following notations from now on:
o . instead of €2, . s,

e Q! instead of Q)

e e,

e QO instead of QF,

e 0. instead of o, 5,

e u. instead of u, . s,

f< instead of f, . s.

With assumption (3.18) we can rewrite the estimates obtained above. For any u € V we have

ull L2y < C
[ull g1 o3y < Cllullv. (3.20)

The constants do not depend on ¢, r and 4.

3.4 Force assumptions and the final a priori estimate

We set
B =D x (0, 1).

To obtain estimates on u. we test (2.9) with ¢ = u.. We have

Myfluclly < llfellzao. o el 2. po).- (3.21)

We consider the following assumption on the applied forces:

2 ! !
%Fm (5 [x} 75{%} ’303) for a.e. xGQé,
f(o)=4T ) ely rle)y 9 (3.22)

F(x) for a.e. x € Q- UQT,
where F™ € C%(w, L*(B1,R?)), F € L*(w x (=L, L),R3). Then,
€ m
1fellz201me) < g7 1™ | Loe .22 (31 R2)) -
Making use of the estimates (2.11), (3.19), (3.20) together with the inequality (3.21) yields
l[uellv < C. (3.23)

The constant C' does not depend of r, £ and 4.

From now on, we only consider cases (i) and (ii) introduced in Section 3.3.



4 Periodic unfolding operators. Taking the limit

Definition 4.1. For a Lebesgue—measurable function ¢ on w x (0,0), the unfolding operator T is defined as
follows:

| p(s1,82,0X3), forae. (s1,82,X3)€ @ x (0,1),
Te(p)(51, 82, X5) = { 0, for a.e. (s1,82,X3) € Ac x (0,1).

Definition 4.2. For a Lebesgue—measurable function ¢ on w X B, s, the unfolding operator T is defined as
follows:

' _ | p(s1,82,7X1,7X2,0X3),  for a.e. (s1,52,X1, X2, X3) € Q. x By,
Te ()51, 52, X1, Xo, X3) = { 0, for a.e. (s1,s92,X1,X2,X3) € Ac X By.

The first two coordinates in the operators above deal with the macro—position of a point in a periodic layer,
whereas the others are responsible for the position in a unit cell.
The properties of these unfolding operators are proved in Lemma B.1 in Appendix B.

4.1 The limit fields. Cases (i) and (ii)

From now on, (ugs)q will be denoted as u. ; the same notation will be used for the fields with values in R?
or R3.

The compactness results are given in Appendix B, Lemma B.2.
Further we extend the function u. defined on the domain QI by reflection to the domain w x (8, L + 4).
The new function is also denoted wu,.

Proposition 4.1. There exist a subsequence of {e}, still denoted by {e}, and ut € HY(QF, R with u~ =
0 on T and R € L2(w,H}((0,1),R3)), U, € L2(w,H2(0,1)), Us, U} € L2(w,HY(0,1)), & € L*(w x
(0,1), H'(D1,R?)) and Z € LQ(w x (0,1),R3) such that

ue —u~  weakly in H(Q7), strongly in L*(Q7), (4.1)
ue(- + dez) = ut  weakly in H*(QT), strongly in L*(QF),

ST:(R.) =R weakly in L?(w, H'(0,1)), such that (4.3)
R(x',0) = R(z/,1) = 0, for a.e. 2’ € w, (4.4)

S(Te(Ues) ~Usa(,0) = Uy weakly in L (w, H'(0,1)), (4.5)
7;(1/75,3) —~Us  weakly in L*(w, H(0,1)), such that (4.6)
Us(-,-,-) =Us(-,-,0) = ug 1y, = Us(-, 1) = uf g, ace. in w x (0,1), (4.7)
TeUe o) = Uy weakly in L*(w, H'(0,1)), for a =1,2, such that (4.8)
ﬁa(.7.70) = Uy |z Z,N[a(-7-71) = u:[‘z a.e. m w, (4.9)
o, o,
.- 0) = 1) =0 a.e. i 4.1
an(”O) 8X3(77 )=0 a.e. in w, (4.10)
oy,  ~ O .
=1 _ = = .e. 1 4.11
X, Ro, X, R1 a.e. in wx (0,1), ( )
52 ~ B 1
2. T, (i) — weakly in L*(w x (0,1), H (Dy)), (4.12)
27;/ () =0  weakly in L*(w, H' (By)), (4.13)
9 (Tee) _ 5T:(Re Nes) | = Z  weakly in L*(w x (0,1)). (4.14)
T 6X3



The proof of the proposition is shifted to Appendix, Sec. B.
As an immediate consequence of Proposition 4.1, we have the following lemma.

Lemma 4.1. There exist a symmetric matriz field X € L?(w x B1,R%) and a field
uw € L?(w x (0,1), HY(Dy,R?)), such that

52 s T
—T. (e(us)) —~ X weakly in L*(w x By,RY),
r

where X is defined by

1 /0w Ou
XU:Q( o+ J), ij=12,

0X; 00X,
_ _ 1 8u’3 8723
X13—X31—§ X, 87X3X2 )
1[ows OR (4.15)
u’s 3
Xos=Xspo=- | 7+ ==X
=R =5\ ox, Tax )
oy 90Uy 0%y
X33 = > — X, — X;.
BTax,  axzo? axz!
52
Denote by © the weak limit of the unfolded stress tensor — 7 (0.) in L?(w x By, R?):
T
52
—T (0.) = ©, weakly in L*(w x By, RY).
Proceeding exactly as in Section 6.1 of [2] and Section 8.1 of [3], we first derive u’
~ oy X?— X30%U o%U
[—r -X 3 1 2 1 XX 2
ey ( axs T 2 oxz  “axz )
~ o, oU; X2 — X2 0%,
'y = X + X1 X
"2 ( 2ox, T e 2 0XZ
Similarly, the same computations as in Section 6.1 of [2] lead to w's = 0.
As a consequence of Lemma 4.1 we obtain
O11 = B2 =012 =0,
875;:, aRS
O13 = —pu"X O3 = X
BT Ry, OB Lox;’ (4.16)
U, U, 0%Us
O3 = B (54— X - X502
5 ox; ~ox3 Toxg
5 The limit problem
5.1 The equations for the domain .
Proposition 5.1. (Zjl,ljg) satisfy the variational formulation
4 1 9277
TR Uy, , d%pq /
— X X3)dX F™M (2, X3)pa(Xs) dXs,
), axz @ Xe) gy (Xe) dXs = (&, Xa)a(Xa) dXs (5.1)

Voo € H3(0,1), for a.e. 2’ €w,

where
F™ (2, X3) :/ F'(2', X)dX,1dXs a.e inwx(0,1) a=1,2.
Dy

Furthermore, Rs = 0, and there exists a € L(w) such that
a;;(fE/,X:s) =a(z") X3 a.e. inw x (0,1).

The detailed proof of this Proposition and all main results can be found in Appendix C.



5.2 The equations for the macroscopic domain
Denote
V= {v € (" UQHRY) [vg € H(QRY) and vg- =0 onT),
v+ € H'(QT;R?) and vs g+ = v30- on E}
Vp = {(v,vl,vg,vg,w) €V x [L2(Q; H2(0,1))) x [L2(; H(0,1)))? |

Va(,50) =vg s, Val,1) = U;rm a.e. in w,

Vo 0 :%(~,~,1):Oa.e. in w, a6{1,2}}

V3('7’70) = V4('a 50) = V4(‘7‘71) = 87)(3(, " ) 0Xs

Let x be in C2°(R?) such that x(y) = 1 in Dy. D is the disc centered in O = (0,0) with radius 1.

From now on we only consider the case (ii).

5.2.1 Determination of Zj{é
Let x be in C2°(R?) such that x(y) =1 in D;.
Lemma 5.1. Let ¢ be in WH>(w), and let ¢. , be defined by

ber(2') = X(;{%}Y)¢(5{%I}Y) + {1 — X(%{%’}Yﬂqﬁ(x’) for a.e. 7' € w.

If LN 0, then for every p € [1,4+00) we have
€

ber — & strongly in WHP(w).
See in Appendix C for the proof.

Lemma 5.2. The function a introduced in Proposition 5.1 is equal to 0 and
Us(2', X3) =0 a.e. inw x (0,1).

This Lemma is proved in Appendix C as well.

As a consequence of the lemma above and Proposition 5.1, one gets

©;; =0, (i,7) # (3,3)
02U, 0%Us ) (5.2)

O33 = —F (XITX?% +X287X§

5.2.2 Determination of ul and us

Theorem 5.1. The variational formulation of the limit problem for (2.9) is

4 7r/<;0 m 822/1 2 Yo
: E da’ dX
/MF e(v) do / o) Z ox2 oxg X

Oy 9y
dx’ dX
«(0,1) 0X3 0X3 ° (5.3)

2
— / Fodz + / > FlMpoda’ dXs + / Fy vgda,
QtuQ- wx(0,1) ,— w

V(Uﬂ?l’ wQa w?n ¢4) c VT) V(I)3 S L2(w7 Hol(oa 1))7

4
TR m/ 6R3 81p4 7TKJO m/
+o0 da' dXs + 0
43" )00y 0X5 0Xs T3 5

where
Fy@)= [ FrMo' X)dX, 2 ew.
B,
We refer to Appendix C for the proof.

We also send the reader to Sec.C.2.3 of the Appendix, for the case ().
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5.3 The strong formulation of the limit problem
The strong formulations are the same for both cases (4), (7). We will use the following notation.

Notation 5.1. The convolution of functions K and F is
~ 1 ~
(1 @' Xa) = [ K (o) ) di.
0

Define
o = N(Tre(u®))I + 2ule(u®) € L2(QF;RY),
Ko(X3,y3) = D(X5 — y3) X5 (3 — 2X3) 4+ 6(1 — 2X3) (X3 — y3)H(X3 —y3) + (1 — y3)*(y3 — 2y3X3 — X3)),

where H(z) is the Heaviside function and D(x) the Dirac delta distribution at point x.

Let {e} be a sequence of positive real numbers which tends to 0. Let (u.,o0.) be the solution of (2.9) and
U. and R. be the first two terms of the decompostion of u. on QL. Let f satisfy assumptions (3.22). Then the
limit problems for cases (), (i4) can be written as follows.
Bending problem in the beams: (U;,Us) € L?(w, H'(0,1))? is the unique solution of the problem
TG Ol _

=F" a.e. i x (0,1
453 X2 oace. inw x (0,1),

o, o, , (5.4)
.. = .. 1 = .e.

QXS(,,O) 8X3(H~) 0, a.e. inw,

U (-, 0) = Uiz Ua(-y,1) = u;IE’ a.e. in w,

3D elasticity problem in QT UQ™: (uF,o%) € (HY(QTUQ™))3 x (L3(Q))%*? is the unique weak solution
of the problem
3 4.+
AT TP
=F, imnQ* i=1,2,3, (5.5)
8xj

Jj=1

together with the boundary conditions

£ =0 inw x {L}, (5.:6)
3 =0 in w x {—L}, ’
and the transmission conditions
[ag]m = F;ﬂ on X,
[“?::]IE =0 on X, (5.7)
3mkd 4 1 ~ .
oty =~ SOEm[uahg-i-/ Ko+ F'd X5 onY, a=1,2
K1 0

5.4 The weak formulation of the limit problem

Lemma 5.3. The weak formulation of the limit problem can be rewritten as

37 K/4 2

+ 0 mm + +

o* re(v)dz+ —F / E ulis[vs iz ds =
/+U ) ( ) ii : 1[ hz[ ]\E

3 2 1
- dex+/ Flloy ds+/ vE / Ko * F"dXsds, YveV. (58
froe o2 s 2l : 5

a=1

Proof. Step 1. Decomposition of Uy.

Denote
Va={nec(0,1]) |n(Xs) = (b— a)X3(3 - 2Xs) +a, (a,b) €R?}.

Observe that a function X3 — n(X3) = (b — a)X3(3 — 2X3) + a of V, satisfies

d*n

_ _y Mmooy dn oy
n0)=a, 91)=b S-(0)=0, To-(1)=0, and

11



Hence for any function ¢ € HZ(0,1) we have

2y
/O = (t)dX3 (tydt =o.

Let U, be in L2(w; H2(0,1)) the solution of the following problem:

7TKO ma Z:{\a / _my ’ .
4”1E X (', X3) = F'(2', X3) a.e. inwx(0,1),
7 O

av = -y =0
6X3(77 ) 3X3(77 ) , a.e. 1n w,
ﬁa(';',o) :ﬁa(',',l) =0, a.. inw.

Using Green’s function we can write LA{Q in the following way:

Z/{(Z‘ X3

/ €a(X3,y3) FT (2, y3) dys,

wEmn

where &, is the solution of the equation

d*¢a
X1~ D(X3 —ys), ys€(0,1),
dﬁa _ ey (5.9)
fa( ) = ga( ) =0
Solving the equation above we obtain
1 1 1
§a(X3,y3) = 6(X3 —y3) H(X3 — ys3) — 6(1 —y3)*(2ys + 1) X35 + 5(1 —y3)’ys X3,
The function Ha is uniquely decomposed as a function belonging to L?(w; V) and a function
in L?(w; H3(0,1)):
Un (@', X5) = (1= X3)*(2X5 + Dug (7)) — X33 = 2X3)ul 5 (2) + Ua(a', Xs) 5.10)

=Uy (2, X3) +Un (2, X3)  for ace. (2, X3) € w x (0,1).

Step 2. Taking into account the decomposition (5.10) and using as a test function 1o = [vE]xX3(3 —
2X3) + v 5 in (5.3) we obtain

37m 32[/{ 92U
+ 0 m 1 2 B ‘ /L
/9+qu0 e(v)dw + E /Z/ 8X2 st 6‘X2[ ]\E)(l 2X3)dX3dx
2
= RV 821/{
= + m y 2 0 m
_/mUQFUdH/w;[UQ]'E/O (Forx3(3—2xs) - 2B s (1 ~2X;) ) dX; da'+

3
+/ZF;"U; da’. (5.11)
Wa=1

Making use of the solutions for i/, and LA{a we can write

3kl 2
/ ot se(v)do+ @EM/Z@M@MEM:/ Fude+
QtuQ- k1 wH—1

QtuQ-

2 1, 2
+/ Z[Uf]m/o (F$X§(3—2X3)—6(1—2X3)/ ;l)gg (X3, y3) F (2, y3)dy3)dX3 da'+

0
3
+/ZF$1}; de'.  (5.12)
Wa=1

a=1

2

Using the notation for the convolution and the expression for g we get the result. O

3
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From the variational formulation (5.8) the final strong formulation is obtained.

Remark 5.1. The limit model can have an in—plane discontinuity at the interface. This is the limit behavior
resulting from the deformation of the beams in the thin layer, whose bending leads to localized shearing at the
interface but which are basically inextensible in the transverse direction.

We note that starting with a linear elasticity for the blocks and the layer in-between, we end up with a kind of
a linearized contact problem for two elastic blocks in the limit. A suitable choice of the load in the right—-hand
side should keep the tangential sliding small, such that the context of the linearity and small deformations is
not violated.

6 Additional remarks

6.1 Other possible configurations

In this section we outline other possible configurations.

Remark 6.1. The case
r=rie2, 0= kot?, Ki,ke >0,

can also be considered, but should be studied separately. The structure obtained in this context will no longer
correspond to the set of the thin beams but to some kind of a perforated domain.

253
Remark 6.2. For the case ETT — 0, we obtain from the estimates (3.15), (3.16) that

li 0 =ul-, -0 o) = 0.
7',6}(1520““(7 ’ ) u(’ ’ )”LZ(‘*’E)
Therefore,
g =uT |y,

where ut € HY(QTUQ™,T) is the limit of the function u.. Hence we obtain two limit problems on the domains
QF, Q7 with Dirichlet boundary conditions, and the layer has no influence on the limit problem.

6.2 Numerical illustration

In this section solutions u, . s of the equation (2.8) are compared with the solution u of (5.5)—(5.7) for the
2D case. The solutions u, . s are computed numerically for different r, &, with the commercial finite element
software COMSOL Multiphysics. Triangular elements were used for the computations. The relation between
the parameters is chosen in a following way

r=e?, § =3,

This corresponds to the Case (i) with g = 1.5,kp = k1 = 1. A comparison between the sequence of the
solutions wu. and wu is done for jumps in displacement and stress. Components of the jumps are computed for
different ¢, and it is shown that the following norms tend to 0 as ¢ tends to 0:

uea] = [willlzemys  Muelllzzm)y,  Nlodie —obllzwy,  0de — ohllizs)-
The stiffness coefficients and the applied force are chosen as follows

E=2-10"", v =0.3, fe = (103,10%).

Fig. 2 (a) provides the solution of the equation (5.5)—(5.7) in macroscopic blocks, and jumps in the equivalent
von Mises stresses across the interface can be observed. Fig. 2 (b) shows the local e—solution in the layer for
e = 0.004.

A comparison of the results for different values of € are gathered in the Table 1 in terms of the closing error
between the simulated result and the limit problem. Simulations for smaller € are already computationally
expensive and require additional computational capacities. For example, for e = 0.0008 it was not possible to
perform computations due to lack of memory on the system used.

Acknowledgements. This work was supported by the Deutsche Forschungsgemeinschaft (Grants No. OR
190/4-2 and OR 190/6-1).
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Surface: von Mises stress (N/m?)

Surface: ven Mises stress (N/m?)
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Figure 2: Simulation results

e | Muea] = [walll | Nueall | llodas = ofll | llodss — obll
01 | 29-10° [ 3-107° 1.05 1.1
002 | 25-10° [1.6-10° 0.59 0.6

0004 76-10° [77-10° 0.3 0.1

Table 1: Norms of the residual

A Appendix: Proofs of result of Sec. 3

Proof of Lemma 3.1. Applying the 2D—Poincaré-Wirtinger’s inequality we obtain the following estimate:

lu—Ullr2s; ) < Cr||Vullrzs; ), (A1)
where the constant does not depend on r and e.
Step 1. Estimate of R(0).
Recalling the definition of R from (3.2) and using / r1dxidry = / rodridry = 0, we can write
D, D
1
Va3 € [—8,0], Rl(.’lig) = ﬁ/ T (U3(£L‘) —Z/{g(xg))dxldxz.
2T Jp,
By Cauchy’s inequality
Vs € [—¢,0], IRy (x3)]* < — 8/ 2’dzidzs ></ (us(x) — Us(x3))*dwydas
I3r® Jp, D,
c 2
< (us(x) — Us(z3)) dxide,.

T D,

Integrating with respect to x3 gives
0 C
/ Ry (25) P < & / (u(e) — Ulws))2da.
—€ r B, .
Using (A.1), we can write
C
Rillz2(—e,0) < 7HVU||L2(B;,E)- (A.2)

The derivative of R is equal to

dR1
dCEg

(z3)

1
o 127'4 D,

14

Ous(z)
2

8$3

dzridzs



for a.e. x3 € (—¢,0). Then proceeding as above, we obtain for a.e. x5 € (—¢,0)

dR,, |> _C dus(z) |’
<L daydas.
‘dm( ) _r4/DT SO 4y
Hence IR oo
H g\“g < S IVulliaca .
a3 |2y = 7 1923 | e

We recall following classical estimates for ¢ € H'(—a,0), where a > 0

2 a
6(0)]* < E”¢H%2(7(L,O) + §||¢/H%2(7a70)’
61172 a0y < 2a]0(0)* + a? |19 |72(_a.0)-

Due to (A.2)-(A.3), (A.4); with a =r and € > 7, R1(0) satisfies
C
R1(0)]? < ,,T;),HVUH%Z(B’T,E)‘

The estimates for R2(0), R3(0) are obtained in the same way. Hence we get (3.6);.

Step 2. Estimate of [|R| 20,6

Poincaré’s inequality yields
dR

IR~ RO)0s <6

12(0,8)
From (3.5)3, (A.4)2 and (3.6); we get

dR
d’l} 3

52
IRIIZ(0.5) < 20| R(0)[* + 67

L2(0, 5)
Hence (3.6)3 is proved.

Step 3. Estimate of U — U(0).
Applying the inequality (3.5)4 from Theorem 3.1 the following estimates on U hold:

H d:Eg

vy

C
drs < 7||8(u)||L2(Br,5),

L£2(0,6)

C
< IR z2(0,5) + 7||€(U)||L2(Br,<s)'

L2(0,9)

Combining (A.6)2 with (A.5) gives

6 52 C
O IVUllaqm, ) +C o le(@aa, 5 + w5 le@3am, .

H dxs 12(0,5)

||VU||L2 B!, )+C 4” e(u )H%Z(Bms)'

(A.3)

(A.4)

(A.5)

Taking into account assumption (2.7)2, we obtain (3.6)s. Then by (3.6)3, (A.6); and Poincaré’s inequality

formulas (3.6)4, (3.6)5 follow.
Step 4. We prove the estimate (3.6)¢.

By Korn’s inequality, there exists a rigid displacement r

r(:r)za—{—b/\(:v—«—%e;:,),
1

a=— u(z) dx,
g W,
6 €
b= = (m + §e3) Au(z)dz,
We

such that

lu—r| 20wy < Celle(u)| 2w.),
[V(u—71)llL2w.) < Clle(uw) 2 w.)-
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Besides, by Poincaré-Wirtinger inequality we have
||u — a”Lz(WE) S CE||VU||L2(WE).

Using the following Sobolev embedding theorem

1
WP c Whe,  for s,p,t,q:sE€ER, s >t,pe Nand - = - —
q P
we get
H'Z2cL* or el < Cllelazpy, Vo€ HYA(Y).
Moreover, by definition of the H'/? norm for W =Y x (—1,0), we have

lellmizey < C(lellzowy + 1IVellzwy), Yo € HY(W).
Therefore,
lelzsery < C (lell2qwy + IVellzwy) s Vo € HY(W).
With the change of variables
Ye =y, for (y1,92) €Y, (y1,92,y3) €W,
and defining

Pe(ye) = (yf)

3
we obtain
Telledluscy <€ (pllodluany + Vel )« Vo € BV,
or
lellsony <€ (Hlellzaan + IVellsany ) . o € BV,

Therefore, (A.7) and the inequality above lead to
lu—r|psvy < Clle(w)|l 2w,y
From the identity
1
o7 ], ((a'0) — (e, 0)de’ =U(0) ~a—bA Tes,

the estimate (A.9) and Holder’s inequality we get

€ 1 4/3 3.1 o/ / ! 4 7,../ e c
‘Z/I(O)—a—b/\2eg’<ﬂ_r2</D 14/ dm) (/D lu(z’,0) — r(z’,0)] dx) SWHG(U)HM(Wgy

"

From Cauchy—Schwarz’s inequality and taking into account (A.8), we derive

C 5 N\ 1/2
|b| < = (/ ‘x—i— geg‘ dx) (/ lu(z) — a|2da;>
We We

3/2”

1/2

< C
— E . 5
b 23

Using (A.10) and (A.11), we obtain
€ € C c
(0) —al < [U(0) ~a—b A Ses| +|b A Ses| < ez + 75 Vul ..
The estimates (A.4) and (A.8) yield
lu(-, - 0) = allf2(y,) < CelVullizw,)-
Combining (A.12) and (A.13) gives
[u(,0) =UO)IZ2(r,y < Cllul, - 0) = allZaiyy + [14(0) = allZa ()
2
5
< Cel|Vulizaw,) + C—lle@zzqw.) + CellVaullZa,)
2
5
< Ce||VullZ2 . + Cj”d“)”%z(wsy

Hence we get (3.6).

16

C C
U= a||L2(W€) < M*‘:”VUHLQ(WE) < W”VUHLZ(WEy

(A.8)

(A.10)

(A.11)

(A.12)

(A.13)



Proof of Lemma 3.3. Using (3.6)¢ and then summing over all of the periodicity cells gives

lu(,0) =U(, -, 0)llF2.) < CellVullfeqo- )+C HUIIV
In the same way, the following estimate is derived:
a8 = e 8) By < OVl + Ol
Applying (3.7)2 we can write

~ 12
~ ~ OU:
Hu3('7 75) 71/{3('3 30)“%2(@5) < 6‘ =

< C’—
- Jul-

L2 (&% (0,0))

From (3.7)¢ we have

~ - 252 263 253
o (-5, 8) = Ual-, - 0)[72z,) < Cfllqu + Cfllu\lv < Cfllunv-

Using (A.16) and the estimates above we obtain (3.11), (3.12).
Proof of Lemma 3.4. From Korn’s inequality and the trace theorem we derive
lllpzy < Cllullmg < Cille(w) 2o,
[ullrory < C(”@(U)”LZ(Q;) + HU“Lz(z;))'
We know that there exists a rigid displacement r
Vr € R3, r(z) =a+bA (z — des), a, b € R?,

such that
||’LL — r“L"’(ZQ’) < C”U - r”Hl(Qg—) < CHe(u)HLQ(Qg—)’

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

where the constant does not depend on ¢ (since |S; | is independent of § and QF C QF and |QF\ QF | = |wld).

Then, we get
=)o) 2y < = vl ey < Clle()l 2,
Using
[u(s - 0)lz@.) < llullzs),
from (3.11) and (3.12) we obtain
53/2
ua (s Oz < C2Vull 2oy + C—5llullv + Cllullv,

251 /2

lus (-, 6)ll2@.) < CeY2|Vull o) + = [ullv + Cllullv.

Combining this with (A.19) gives

53/2
ITa (s 8)ll2@.) < Ce2(IVul pagry + C—5—llully + Clullv,

61 /2

Ie3(c,, 8)llz2 @,y < Ce2(Vull 2y +C [ullv + Cllullv.

Therefore,

53/2
a1 | + |aa| + [bs| < Ce'2|Vul| o) + C=—[lullv + Cllullv,

1/2

ed
| + [by| + [b2| < C'/?|Vul 2y + C [ullv + Cllullv-

These estimates together with (A.18) allow us to obtain estimates on g, ug, us. This yields
luall oz < C2(IVull 2 gty + - HUIIV + Cllullv,

61/2
lusll s o) < C2IIVull ooy + C——llully + Clully-
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Therefore,
£63/2
IVell 2y < C2IVul o + € llully + Clully.
For ¢ small enough the following holds true:
£63/2
IVull p207) < €= 5= llullv + Cllullv.

Inserting this in (A.23) we derive (3.13)-(3.14). O

Proof of Lemma 3.5. From the estimates in Theorem 3.1, (3.6)2 and (3.6)3 and after summation over all the
beams, we get (making use of the assumption (2.7)2)

52

r2

1) 52
Vel < (IVulla + Sle@IBagy, ) < O lul}- (A.24)

From (A.14) and (A.17)4, it follows that

2
~ 9
Y WP = U, 0)lIFa,) < C—|lulls + Cllulf,

‘EEEE
1 1
> WP < (54 %)l

§EE.

Using (3.5)4, (3.6)3, (A.4), we obtain

Ue 2|2 <C 9 572 2
Z | 573||L2(0,6) > 7 T ([wlli

o= ez r
= - (A.25)
[Ue allZ2005) <C | = + =1 ) lullf-
ez 7
EEE:
Additionally,
S el ) < Cr2llew) By < Cr?lul (4.26)
5655
Then (3.6)2, (A.25) and (A.26) give
r?§ &t 728 263
5 galaqm, < € (S + 554042l < 5 (14 50 ) Il
EGEE
) 72§ 26
5 sl =€ (55 +0% 52 lull < €27 (14 52 ) -
geEE
From the last inequalities, we derive (3.17)5 and (3.17)3. O

B Properties of the periodic unfolding operators. Estimates for the
compactness.

Lemma B.1. (Properties of the operators Tz, T, )
1. Yo,w € L*(w x (0,0))

Vo,w € L*(w x By.5)

2. Yu € L' (w x (0,9))
5/ Te(u) dsy dse dX3 = / udsy dso drs,
wx(0,1) @e%x(0,6)

Yu € Ll(w X B,«,g)

7"25/ TEI (u) dsy dsg dX7 dXodXs3 = / wdsy dse dxy dxs dxs.
wX By GeXBys
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3. Yu € L*(w x (0,0))
HTs(U)HL?(wx(m 7||U||L2(w><(0 5))»

g

Vu € L*(w X By.s)
I @l < =l o
4. Let u be in L?(w, H'(0,0)). Then we have
0T(Vaau) = Vi, Te(w).
Let u be in L*(w, H'(B,s)). Then we have

7. (Vg u) = VXQTC.,(u), 57’5,(V$3u) = VXSTC.,(U), where o = 1, 2.

Proof. Properties 1-3 are obtained similarly to the proof of Lemma 5.1 of [2].
Property 4 is the direct consequence of the chain rule:

5(7:(“))74;'(8“), a=12

0X,, O0xq T
O(Te(u)) _ Ou (T (w) _ 3u

From Lemmas 3.2 and B.1 we obtain the following result.

Lemma B.2. There exists a constant C, independent of €, § and r, such that

7= (U, 2w,z (0,1)) < C, (B.1)
- T
|72 (Ue.5) — Ue (-, O L2 (w1 (0,1)) < 06 (B.2)
~ C
1 Te(Re)ll £z (w, 11 (0,1) g (B.3)
OT-(Ue) ~ r
- £ £ S ) B.4
H 0X3 07e(Re) 1 e3‘ L2(wx (0,1)) 06 (B-4)
2
! o~ T
17 ()| L2 (wx 0,1), 5 (D)) < 067’ (B.5)
OT, (i) r
—_ &=/ < C-. )
9X;3 < CJ (B.6)
L2(wXxBy)

Proof of Proposotion 4.1. The convergences in (4.1)—(4.3), (4.5), (4.6), (4.8), (4.12) and (4.14) follow from
estimate (3.23) and those in Lemma B.2.

The equalities in (4.4) are consequences of (3.8)1—(3.8)2. To obtain (4.11), take into account that from (4.14)
we have

o
X5 Rz
ou ~ OU. ~
—RAea = 2 =0
X5 s ox,
oUs
0X;
. . Uy . .
Then (4.4) yields (4.10). Equalities in (4.7) are the consequences of X = 0 and estimates (3.9), (3.10). Again
3
due to (3.9), (3.10), we obtain
Uy (2',0) = Ug ("), Uy (2',1) = u;r‘z(x’), for a.e. 2’ € w.
From Lemma B.2 we have |7, ()| 22w, 51 (By)) < Cg. From this and (4.12) we deduce (4.13). O
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The strain tensor of the displacement u. is

TE/ (g(—it/e))ij - TE’ ((;(—{L/E)Lj’ hi=12
. (v

) (
7;’(@)23=;<<§W§)@+7;<7€“>>+g 7% >X1)+z'(@>23,

><
B

(=Y 10TUes) [ 7 OTe(Ren),, T
7. (e(“f)) =5 axs 5 oxs 5 ax3 te
)

Define the field v/ € L%(w x (0,1), H*(D1,R?)) by
W =g,  Us=1ls+ X171+ XoZs.
Then

ou's  Ous ou's  Ous
= — 4+ 7 = 7
X, ox, b 0X,  0Xy ¥

C Appendix: Derivation of the limit problem

C.1 Equations for the domain Q'

Proof. (of Proposition 5.1)
Step 1. Obtain the limit equations in Q.
We will use the following test function:

£ (3)- 2550 ()

o) = e () + 20 () SER
o (3)- g (3 ot de ()

where 1 € C2°(w), ¢3 and ¢4 € H}(0,1), o1 and @2 € H3(0,1). Computation of the symmetric strain tensor
gives

2o — e dpy
0 O -
2 r ddX3
r Loy — & dpy .
e(’UE) - ﬁw(‘Sg) e 0 2 r ng m 55 + B1~
dps T e&1 d2901 T2 = 23 d2<,02
dX; r dxz r dxz
Then
dSD4
0 O —
) ddX3
) AN Sarhan
77—5 (e(vg)) @) .. 0 ] f; df;é B =V(2',X) strongly in L?(w x By).
Y3 P1 P2
- X - X
dXs “ldaxz  TPdx2
Moreover,

Unfolding the integral over Q¢, we obtain

/A o :e(ve)dx = Z /£+B Oc : e/(\_/vg)dx
L = Ve &

IS=
=r% Z T (02) : T (e(ve) ) da’ dXy1 dXo dXs
£EE,
7'2(5 ’ , ,
=5 [ T(eo): T (elvr)) e’ dXy dXy X,
€ wX By

20



In the same way, integrating the forces we get
r2s
Jevedr = —- (fg) (ve)dm dX;dXodXs5.
Qi €% JoxB:
Taking the limit gives

4 2

K m
;g ©:Vda'dX =) / Fm(z!, X)p(2' ) o (X)da' dX. (C.1)
1 Jwx By a=1 wXx By

We can localize the equation above. This gives

TEG m / IR3 dips APt 4ot axc, 4 T T o / Oy dps — 0°Uy d2py 02Uy d%py
4”? wx(0,1) an dX3 4 wx(0,1) 0X3 dX3 8X§ dX§ 8X§ dX32

) Ydr' dXs
_ / (Fron + B ) pa’ dXs. (C2)
wx(0,1)

The density of the tensor product C®°(w) ® H(0,1) (resp. CX(w) ® HZ(0,1)) in L?(w; HL(0,1)) (resp.
L?(w; H3(0,1))) implies

4 4 17 277 92 277 92
@um/ OR3 0, i dX3+7mOEm/ <4au3 0%; | U DBy | U 0 <I>2> i X,
wx(0,1)

4r3 «(0,1) 0X3 0X3 43 0X30Xs  0XZ 0XZ ' 0X2 0X?

:/ (ﬁ{%l + ﬁ;@z) de’'dXsz V&3, &, € L*(w; Hy(0,1)), Yy, Oy € L*(w; HZ(0,1)).
wx(0,1)

-~ (C.3)
Step 2. Obtain R, Us.
Since 3 € H(0,1) is not in the right-hand side of equation (C.2), we obtain
Uy deps U, .
—dX35=0 = =0 .e. 0,1). C4
/0 X, X, 3 = e a.e. in wx (0,1) (C.4)
Moreover, we have U}(a/,0) = 0 for a.e. 2/ € w. Therefore, there exists a € L*(w) such that
Us(z', Xs) = Xga(z'), forae. (2/,X3) €wx(0,1).
Similarly, recalling ¢, € H}(0,1) and taking ¢1 = 2 = @3 = 0 in (C.2), leads to
LOR; doy R .
dX = —5 =0 .e. 0,1).
| 9X, dXs 3 = X2 a.e. in wx (0,1)
This together with the boundary conditions (4.4) from Proposition 4.1 gives 75,3 = 0. O

The variational problem (5.1) and the boundary conditions (4.9)—(4.10) allow us to determine U, (o = 1,2)
in terms of the applied forces FJ* and the traces u:‘z.

C.2 Equations for the macroscopic domain
C.2.1 Determination of 1/73:

Proof. (of Lemma 5.1) For the sake of simplicity we extend ¢ to a function belonging to W1>°(R?) which is
still denoted by ¢. We take

[1I?

={eez?; (e +ev)nw 0},
Observe that =, C EE. Consider the following estimate:
60 = dlmo = (G {z},) (0CL2),) —9)l e = 0 N (P00 —otee 4]

= s (- 0tet) -t e ) < el 190l

(C.5)
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The partial derivative of ¢, , — ¢ with respect to z, is
PP = Lo (L)) (oC[E],) —o) (T, ) gmete. ormen sl

0 er / 0 / ! / 9 / = 4
Hoer 2 (og 4 oyf) = X (2 (60c8) — plet + /) X (S0) ot +eyf), €€ e, forae. yf €Y.

Since x has compact support in R?, there exists R > 0 such that supp(x) C Dg. Thus, the support of the
o, EN . . . . ,
function y’ —— X(;y ) is included in the disc D, r/.. As a consequence we get for a.e. y' € D,.g/.
6(£€) — ¢(e€ + ey)| < TRV | oo (r2)-
Using the above estimate, the norms of the derivatives satisfy
a(¢e,r —¢) ox (g \ o) — p(e§ +¢) € ¢
H 0y 0X,, (r) r _X( ')axa(EHg')
< CT2||VXHZ£oo(]R2)vaﬁw(w)-

p p

2

r

Lr(e€+eY) Lr(Y)

The constant C' does not depend on € and r. Combining the above estimates for £ € EE, that gives

r

2/p
IV(er =)oy C(5) " 19Xl VOl e )- (C.6)

The constant does not depend on r and . Hence, estimates (C.5) and (C.6) imply that ¢. strongly converges
toward ¢ in WHP(w). O

Proof. (of Lemma 5.2)
For any 93 € C'(w x [0,1]) satisfying ¥3(2’,0) = 0 for every 2’ € w, we consider the following test function:
Ve,a(x) =0 forae. € Q., a=1,2,

ve(x) =0 for a.e. z € Q7
! !/ !

Ve 3(T) = g[wg(wl, 1)(1 - X(;{%}y)) +w3<5[%}y,1)x<§{%}y>}, for a.e. z € QF,
x3

ve3(x) = gwg (5 [%]Y, 5 ), for a.e. x € Qz

r ,
If — is small enough, v, is an admissible test function. The symmetric strain tensor in €2 is given by
€

0 0 0
e(ve) = ;—2 SR : a.e. in £ + B, 5.
()
o g 6
Then
0 0 0
2 —
6—7'5 (e(ve)) S 0 0 =V(a/,X) strongly in L*(w x By).
" a¢3 (xl X )
8X3 y <23

The elements of the symmetric strain tensor in QF are written as follows:

e11(ve) = e (v:) = era(ve) = es3(ve) =0,

Coalte) = €aa(0) = 55 D =) + g5 (e = (2| ] 1))

.'LJ

Whereyzg{—} .
rlely

Using Lemma 5.1 and taking into account g — 0, the following convergences hold:

v(- + de3z) — 0 strongly in H'(Q1;R?),
e(v-) — 0 strongly in L?(Q;R?).
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Moreover,
T!(v.) — 0 strongly in H'(w x By;R?).

Using v, as a test function in (2.9) and passing to the limit in the unfolded formulation, gives

ot 03 / s
X X3) da' dX =  X3)da' dX = 0.
/x(o,n o, (7 X) g, (o Ko 01 (@) gx, @ Xs) do

Hence a = 0. Since the test functions are dense in
V, = {xp € L2(w; H'(0,1)) | ¥(z',0) = 0 aee. in w}

we obtain

oy, ov ,
X X3)de' dX = T eV, .
/M(OJ) 8X3( 3)8X (2, X3) da 0 v¥e (C.7)

C.2.2 Determination of v} and us

Proof. (of Theorem 5.1)
For any v € V such that vjq- € Whee(Q~,R3) and v+ € Whee(QF R?), we first define the displacement v, -
in the following way:

/ / /

UE,T(x):v(x)<1—x(§{%}Y)> +v(€[%]y,x3>x(§{%}y), for a.e. 2 € Q- UQT. (C.8)

Then let h denote the following function belonging to W (—L, L):

x3+ L
h(.’ﬂg) = L ’
) T3 2 0.

xr3 € [—L,O],

Now consider the test displacement

v;(;v) =v(z )(1 — h(z )) + ver(z)h(23), for a.e. x € Q7

(x) = (2, w3 — 6 for a.e. x € QF,

{ (2],

8

o (5[€}Y, %) for a.e. x € O,
era o x’ T3
)75{5}1/ 8X3({ :|Y 6)
where 1, € CH(w;C3([0,1])), = 1,2, satisfies
VYa(x',0) = vaj0-(2',0),  Ya(2',1) = vaj0+(2',0) for every 7’ € w.

r
If — is small enough, v, is an admissible test displacement.
€

Due to Lemma 5.1, the following convergences hold:

vL(-+ deg) —> v strongly in Hl(QJF;Rfi)’
vl — v strongly in H'(Q;R?),
e(v)) — e(v)  strongly in L*(Qt UQ~;RY).

Computing the strain tensor in QY gives
ei(vl) =0 (i) # (3,3),

eas(v2) = 76% (Xlg?(/}??l(g{i]y’)(g) +X222;(%2(5[i}y’)(3)> ‘
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Therefore,
Y1(2', X3)
TI(wL) — | (2, X3) strongly in L?(w x By;R?),
v3(', 0)

& ’ 7133 Y1
=T (e())) — - (XlaXd( Xa)+ X502

Pty
0X2

Unfolding and taking the limit in (2.9) gives

4 82’(/J 621/1
* . e(v)d —E/ 0:(x, 28 4+ x, 22 g dx
/Qi" e(v) d w3 Jon, Yoxz T x|

> (2, Xg)) strongly in L*(w x By).

:/ del‘—f—/ (Flmwl—‘ngnd)g—FFg’Ug)dx/dX.
Q* wX By

Since the space W1°°(Q;R3) is dense in H!(QF;R?), the space of these functions in W1>°(Q~ R3) vanishing
on I is dense in H'(Q~;R3) and since the space C!(w; C3([0,1])) is dense in L?(w; H(0,1)), the equality above

holds for every v in V and every 11, ¥ in L?(w; H'(0,1)) satisfying
Va(2',0) = vaj0- (2',0), ha(z',1) = vyo+(2',0) for a.e. 2’ € w.

Finally, integrating over D; and making use of (C.3), (C.7) and (5.2) yields the result.

C.2.3 Case (i)

We introduce the classical unfolding operator.

Definition C.1. For a Lebesgue—measurable function ¢ on w, the unfolding operator T!' is defined as follows:

s ~
T (0)(s,9) = @(5{2}Y + 5y>, for a.e. (s,y) € W XY,
0, fora.e. (s,y) € A X Y.

Recall that (see [8]) the following lemma holds true.
Lemma C.1. Let ¢ be in W (w) and let ¢. be defined by

/ / /

o) =x({Z), )21, + 12, oter o s

T/ (¢e) — & strongly in L*(w; H'(Y)),
T/ (Vé.) — Vé  strongly in L*(w x Y).

Then we have

Theorem C.1. The variational formulation for the problem (2.9) in the case (i) is given by

:|: 7TKO m 82¢a a u /
o de + —F / z'dX
/sﬁusr e(v) 451 wx(0,1) 5 Z 8X3 8X3 ’

4 i
- IR Oy / Uy 9%
+— m ———dr’dX + Em dz' dX;
4’ﬁu /w><(0 1) 0X3 0X3 ° wx(0,1) 0X3 X5

:/ Fode+ Zsz/;adx ng—i—/F;nvgdx',
QtuQ-

wx(0,1) ,
V(Uywlﬂﬁzall)sﬂ/%) EVT7 V(I)B c LQ(UJ,H&(O,l))
Proof. Step 1. Take the limit in the weak formulation.
In addition to (4.1) and (4.2) we have
T (ue) = u~  weakly in L*(Q; HY(Y)),
T (Vue) = Vu~™ + V4~ weakly in L*(Q~ x Y),
T (uo)(- + des, ) = ut  weakly in L*(QT; HY(Y)),
T (Vue)(- + des, ) — Vut + V,at  weakly in L*(QF x Y),

where 4~ belongs to L2(Q~; H!,,.(Y;R?)) and u™t belongs to L%(Q+; H!,,.(Y;R?)).

per per
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Remark C.1. Here the third variable of u. is considered as a parameter, on which the unfolding operator T’
does not have any effect.

Step 2. Determination of U5.

To determine the function a introduced in Proposition 5.1, take 13 € C*(@ x [0, 1]), satisfying ¥3(2’,0) = 0
for every 2’ € w, and consider the following test function:

Ve,a(x) =0 for a.e. z € Q., a=1,2,
ve(x) =0 for a.e. x € Q7

/

o= (11 ({E],)) + e[ O (Z)] e s

ve 3( )—51/31/)3< [ }Y 52/3) ({ } ) for a.e. x € QL.

We obtain the following convergences:

v.(- + dez) — 0 strongly in H'(QT UQ™;R?),
e(v:) — 0 strongly in L2(QT UQ™;R?),
T!(v.) — 0 strongly in H'(w x By;R?).

Unfolding and taking the limit as in the Subsection C.2.1 we obtain that a = 0.

Step 3. For any v € V such that vjq- € W (Q~;R?) and v+ € Whoe(QF;R3), we define the displacement
v, in the following way:

ve(x) :v(x)(l—x({i/}y)) +v<€{%’}y,x3)x<{g}y>, for a.e. 1 € Q- UQT. (C.15)

Consider the following test displacement:

3

V() = v(@)(1 = h(xs)) + ve(2)h(xs) + W) (2, 25)0 <{x}y> . forae zeQ,

/
v (x) = ve (2!, 3 — 0) + 0D (2 23 — 6)D ({a; } ) , for a.e. z € QF,
1%

for a.e. x € Qi,

where
« GEHL (VR
e Y, € CH(w;C3([0,1])), a = 1,2, satisfies
Vo x',0) = vaj0-(2',0),  Ya(2',1) = v40+(2',0) for every 7’ € w,
o U c Wheo(Q™), ) € Whee(QF) satisfies
TE (2,0) =0, ae. inw, () =0 on T,

o h(x3) is defined as in (C.9).

Using (5.2), we obtain the following convergences:

T/ (W.(-, ) —> v strongly in L*(Q~; H*(Y)),
T (Vl(- ) — Vo + ¥V, T strongly in L2(Q~ x Y),
T/ (vL(- + Ses,--)) — v strongly in L*(QT; H'(Y)),

T (Vl(- + des, ) — Vo + ¥V, T strongly in L*(QF x V).
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Moreover,

1 (2, X3)
TA(T(0)) — | ¥a(af, X3) strongly in L?(w; H (Y x By)),
’Ug(iCI,O)
2 2 2
6—7} (T (e33(vl))) — —Xle;(w’,Xg) — Xga ¢22 (', X3) strongly in LQ(w xY x By).
r 0X3 0X3

Unfolding and taking the limit, we obtain

4 82w 62¢
£ 155 v&He, (3 —@/ (X Sk Xy o2 ) da! dX =
/Qixy(a +07) (e(v) + ey(v)> dzdy =l . © e + e dx'd

Qi UJXBl

Since oF and e(v) do not depend on y and due to the periodicity of the fields ¥ and u*t, the equality above
reads

4 2 2
£, At a(£), _’fo/ . 0%t b\ o
: d U dxd : 0:(X X dr' dX =
/Qi 7 e(v) v + / 7 ey(v) v y 3 wX By ( ! a 32 + 2 6X§ !

QExY Ky

:/ F'de—f—/ (F{nwl—‘ermwQ-l-Fg’Ug)d(E/dX
Qi w><Bl

Step 3. To determine & we first take v = 0. We then obtain

>
9X2

0%y

Xo—2
+ 28X§

4
/ 5t U Be, (D) dady — 0 0 (X1
QExY

K1 wXx By

) o' dX = (FIMpy + Fi'py) da’ dX.

wX By

Since the right—hand side does not contain v,
/ % v He, (T) dedy = 0,
QEXY

which corresponds to the strong formulation

3 ~+

0o
Y =2 =0, inQ*xY,
j=1 8yj

3
> 55=0, ondQ*xY),
j=1

for i = 1,2,3. Therefore, = = 0, and (C.16) is rewritten as

4 82’(/) 621/}
+, d—@/ 0:(x, 28 1 x, 22 g ax =
/Qia e(v)dx p; s, 18X§+ 23X32 T

= dex—l—/ (F™py + F™py + Fyvs) da’ dX. (C.17)
Q= wx By

Since the space W1 (Q1;R3) is dense in H*(2; R3), since the space of functions in W>°(2~, R3) vanishing
on T is dense in H'(Q~;R3) and since the space C!(@; C3([0,1])) is dense in L?(w; H(0,1)), the equality above
holds for every v in V and every vy, ¥ in L?(w; H'(0,1)) satisfying

wa(xlvo) = ValQ- (.Z'/,O), "/}a(x/a 1) = Va|Q+ (33/, 0) for a.e. o' € w.

Finally, integrating over D; and using (5.2), we obtain the result. O

C.3 Convergences

Theorem C.2. Under the assumptions (3.22) on the applied forces, we first have (convergence of the stress

energy)

2
dr' dX3. (C.18)

4 2,02,
lim &€ (u :/ ot :eu dx+@Em/ o
=0 (1e) Q+uQ- ) 4k} wx((),l)z:l X3

a=

The sequence (ue,o0:) shows the following convergence behavior:
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o u. — u~ strongly in H'(Q7),
us(- + deg) — ut strongly in HY(QF),
e o. — o~ strongly in L*(Q7),

o.(- + deg) — ot strongly in L?(QF),

52
o —T!(0.) — O strongly in L*(w x By), where
r

92Uy 92U, .
87)(§+X287X§>’ (4,7) = (3,3),

0, otherwise,

0, = _Em(Xl

e T:(Ren) = Ra, «=1,2 strongly in L2(w; H*(0,1)),
o Te(Ueo) = Uy, a=1,2 strongly in L*(w; H(0,1)),

Te(Ue.3) = u(-,0) strongly in L?(w; H(0,1)),

5 - -
;7}(?/{573 —U.3(+,+,0)) = 0 strongly in L*(w; H*(0,1)).

Proof. Step 1. We prove (C.18).
We first recall a classical identity: if 7" is a symmetric 3 x 3 matrix we have

Em
AT ( 2 = E"T; Ti1 + Tog + 20™T33)?
i Z w 33+(1+Vm)(1—2Vm)(11+ 22 2" )
ij=1 (C.19)
Em
+ 21 +vm) [(Thy — Ta2)? + 4Ty + Tt + Ts3)).
Now, we consider the total elastic energy of the displacement w,., given by (2.10):
E(UE) = / Oc - e(us) dr = / fe - uc dw. (C.QO)
Qs QE

The left-hand side of (C.20)

5(u5):/ o e(u

€

/ ot e(ug)dx + /7» ot e(ue)dx + /Q+ ot e(ue)dx (C.21)

2

{O

€

/ oe i e(ug)dr + —— o /wal T (o:) : TE'(e(uE))dx’dX—l-/ oe @ e(ug)dx.

52 Q;r

{O

The second term of the right—hand side in the equation above is transformed using identity (C.19):

| T Tetu)arax
wX By

= /wa (Em e35(uc) + i+ um])E(T— ) (eu(ug) + eaa(ue) + 2yme33(u5))2

TR A (en ()~ egz<u€))2 + 4((e12(1)) + (e13(ue))® + (eas(ue))?) | )da'dX.
2(1+vm)
Then by standard weak lower semi—continuity, Lemma 4.1 and (4.16) give (we recall that Rs = 0)
K
/ oF se(u)dr + -2 E™ 2 (u) de’'dX < liminf & (u.). (C.22)
Q+tuQ- K3 Jux, €0

Besides, the convergences in Proposition 4.1 lead to

limsup £(u:) = hmsup/ fe usdx = hm fe - uedx
QE

e—0 e—0

:/ F. udz+/ ZF’”Z/{ dx’ dX3+/F?U3dx'.
QtuQ-— wx(0,1)
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Hence

lim sup €(u.) < liminf & (u.).
e—0 e—0

Therefore (we recall that U} = 0),

2

2 277
OUal® 1t ax,. (C.23)

x(0.1) ‘= 1 0X3

lim & (u )—/ o* 'e(u)d;v—&—ﬂﬁéEm/
=0 Jorua- ' 4k} w

Step 2. As an immediate consequence of the convergence (C.23) above, we have

o. — o~ strongly in L?(Q27),
o.(-+ deg) = o™ strongly in L*(QV), (C.24)

52
—T.(0.) — © strongly in L?*(w x By).
T

Hence

e(us) — e(u™)  strongly in L*(Q7),
e(us(- +des)) — e(u™) strongly in L*(Q7), (C.25)
6727;/(5(17;)) — X strongly in L*(w x By).
From (C.25); and Korn’s inequality (2.11) in Q~, we deduce that
u. — u~  strongly in H'(Q7).
The strong convergence above and the estimates (3.9)—(3.10) yield

ue(+,0)1g, — ujy = U(-,0) strongly in L*(%). (C.26)

From (C.25)3 and (4.15)4 we derive that

§OT.Ue3) | OT(Ren) OT:(Re2)
_ > X, — 5
CToxs T Tax, e T07ox,

62 1 - 87’%1 67"?1,2
X+ 77; ((e(ue))ss — 07)(3)(2 T X,

Xy
strongly in L?(w x By).

Hence, the equalities (3.4)1—(3.4)3 with the estimates (3.8); - (3.11) and the convergence in (C.26) lead to

6T:(Re) = Ra, a=1,2 strongly in L*(w; H'(0,1)), (C.27)

5~ -

;7'5(1/{5,3 —U.3(-,-,0)) = 0 strongly in L?(w; H'(0,1)), (C.28)
Te(Ue3) — Uy = u;'lz strongly in L?(w, H'(0,1)). (C.29)

The fourth estimate in Lemma B.2, the convergences in (C.26)—(C.27) and the equalities (4.11) imply that
TeUen) = Uy, a=1,2 strongly in L*(w; H(0,1)). (C.30)

From the convergences in (C.29)—(C.30) and the estimates (3.11)—(3.12) we obtain

Ue(+,0)15, — uE =U(-,1) strongly in L?(X). (C.31)
Finally, due to the strong convergence above together with (C.25)s and (A.17)2, we get u.(- + deg) — u™
strongly in H*(Q1). O
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