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Exact convergence rates in central limit theorems for a
branching random walk with a random environment in time*

Zhigiang Gao! Quansheng Liu *
May 8, 2016

Abstract

Chen [Ann. Appl. Probab. 11 (2001), 1242-1262] derived exact convergence rates in a central limit
theorem and a local limit theorem for a supercritical branching Wiener process. We extend Chen’s results
to a branching random walk under weaker moment conditions. For the branching Wiener process, our
results sharpen Chen’s by relaxing the second moment condition used by Chen to a moment condition of
the form EX (In* X)*** < co. In the rate functions that we find for a branching random walk, we figure
out some new terms which didn’t appear in Chen’s work. The results are established in the more general
framework, i.e. for a branching random walk with a random environment in time. The lack of the second
moment condition for the offspring distribution and the fact that the exponential moment does not exist
necessarily for the displacements make the proof delicate; the difficulty is overcome by a careful analysis
of martingale convergence using a truncating argument. The analysis is significantly more awkward due
to the appearance of the random environment.

2000 Mathematics Subject Classification. Preliminary 60K37, 60J10, 60F05, 60J80.

Key Words and phrases. Branching random walk, random environment in time, central limit theorems,
convergence rate.

1 Introduction

The theory of branching random walk has been studied by many authors. It plays an important role, and
is closely related to many problems arising in a variety of applied probability setting, including branching
processes, multiplicative cascades, infinite particle systems, Quicksort algorithms and random fractals (see
e.g. [30L131]]). For recent developments of the subject, see e.g. Hu and Shi [23]], Shi [37]], Hu [22], Attia
and Barral [4] and the references therein.

In the classical branching random walk, the point processes indexed by the particles u, formulated by
the number of its children and their displacements, have a fixed constant distribution for all particles u. In
reality this distributions may vary from generation to generation according to a random environment, just
as in the case of a branching process in random environment introduced in [2} 3, [38]. In other words, the
distributions themselves may be realizations of a stochastic process, rather than being fixed. This property
makes the model be closer to the reality compared to the classical branching random walk. In this paper,
we shall consider such a model, called a branching random walk with a random environment in time .

Different kinds of branching random walks in random environments have been introduced and studied in
the literature. Baillon, Clément, Greven and den Hollander [6,(19] considered the case where the offspring
distribution of a particle situated at z € Z? depends on a random environment indexed by the location z,
while the moving mechanism is controlled by a fixed deterministic law. Comets and Popov [12,|13]] studied
the case where both the offspring distributions and the moving laws depend on a random environment
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indexed by the location. In the model studied in [9} 14, 24,133 40], the offspring distribution of a particle of
generation 7 situated at z € Z%(d > 1) depends on a random space-time environment indexed by {(z,n)},
while each particle performs a simple symmetric random walk on d-dimensional integer lattice Z%(d > 1).
The model that we study in this paper is different from those mentioned above. It should also be mentioned
that recently another different kind of branching random walks in time inhomogeneous environments has
been considered extensively, see e.g. Fang and Zeitouni (2012, [16]]), Zeitouni (2012, [42]) and Bovier and
Hartung(2014, [10]). The readers may refer to these articles and references therein for more information.

Denote by Z,,(+) the counting measure which counts the number of particles of generation n situated in
a given set. For the classical branching random walk, a central limit theorem on Z,, (-), first conjectured by
Harris (1963, [21]]), was shown by Asmussen and Kaplan (1976, [ 26]), and then extended to a general
case by Klebaner (1982, [27]) and Biggins (1990, [7]); for a branching Wiener process, Révész (1994,[35])
studied the convergence rates in the central limit theorems and conjectured the exact convergence rates,
which were confirmed by Chen (2001,[[11]). Kabluchko (2012,[41]]) generalized Chen’s partial results using
a different method. Révész, Rosen and Shi (2005,[36]) obtained a large time asymptotic expansion in the
local limit theorem for branching Wiener processes, generalizing Chen’s result.

The first objective of our present paper is to extend Chen’s results to the branching random walk under
weaker moment conditions. In our results about the exact convergence rate in the central limit theorem and
the local limit theorem, the rate functions that we find include some new terms which didn’t appear in Chen’s
paper [L1]. In Chen’s work, the second moment condition was assumed for the offspring distribution.
Although the setting we consider now is much more general, in our results the second moment condition
will be relaxed to a moment condition of the form EX (In* X)!** < oo . It has been well known that in
branching random walks, such a relaxation is quite delicate. Another interesting aspect is that we do not
assume the existence of exponential moments for the moving law, which holds automatically in the case of
the branching Wiener process. The lack of the second moment condition (resp. the exponential moment
condition) for the offspring distribution (resp. the moving law) makes the proof delicate. The difficulty
will be overcome via a careful analysis of the convergence of some associated martingales using truncating
arguments.

The second objective of our paper is to extend the results to the branching random walk with a random
environment in time. This model first appeared in Biggins and Kyprianou (2004, [8, Section 6]), where a
criterion was given for the non-degeneration of the limit of the natural martingale; see also Kuhlbusch (2004,
[28])) for the equivalent form of the criterion on weighted branching processes in random environment. For
Zy,(+) and related quantities on this model, Liu (2007,[32])) surveyed several limit theorems, including large
deviations theorems and a law of large numbers on the rightmost particle. In [18], Gao, Liu and Wang
showed a central limit theorem on the counting measure Z,(-) with appropriate norming. Here we study
the convergence rate in the central limit theorem and a local limit theorem for Z,,(-). Compared with the
classical branching random walk, the approach is significantly more difficult due to the appearance of the
random environment.

The article is organized as follows. In Section [2] we give a rigorous description of the model and
introduce the basic assumptions and notation, then we formulate our main results as Theorems [2.3|and 2.4}
In Section [3] we introduce some notation and recall a theorem on the Edgeworth expansions for sums of
independent random variables used in our proofs. We give the proofs of the main theorems in Section[5]and
[6] respectively. Whilst Section [] will be devoted to the proofs of the reminders.

2 Description of the model and the main results

2.1 Description of the model

We describe the model as follows ([18, 32]]). A random environment in time £ = (&,,) is formulated as
a sequence of random variables independent and identically distributed with values in some measurable
space (O, F). Each realization of &,, corresponds to two probability distributions: the offspring distribution
p(&n) = (po(&n),p1(&n),--+)onN = {0, 1, - }, and the moving distribution G(&,,) on R. Without loss of
generality, we can take &, as coordinate functions defined on the product space (O, F&N) equipped with
the product law 7 of some probability law 74 on (O, F), which is invariant and ergodic under the usual shift
transformation § on ON: (&g, &1, -+ ) = (&1, &2, -+ ).

When the environment { = (§,,) is given, the process can be described as follows. It begins at time 0
with one initial particle & of generation 0 located at Si = 0 € R; at time 1, it is replaced by N = Ny



new particles @i = i(1 < ¢ < N) of generation 1, located at S; = Lg;(1 <4 < N), where N, Ly, Lo, -
are mutually independent, N has the law p(&), and each L; has the law G(&p). In general, each particle
u = uq...u, of generation n is replaced at time n + 1 by N,, new particles ui(1 < i < N,,) of generation
n + 1, with displacements L,,;(1 < ¢ < N,), so that the i-th child ui is located at

Sui = Su + Luia

where Ny, L1, Ly, - - are mutually independent, NV, has the law p(,,), and each L,; has the same law
G(&,). By definition, given the environment &, the random variables N,, and L,,, indexed by all the finite
sequences u of positive integers, are independent of each other.

For each realization £ € O of the environment sequence, let (T', G, P¢) be the probability space under
which the process is defined (when the environment & is fixed to the given realization). The probability
P¢ is usually called quenched law. The total probability space can be formulated as the product space
(ON x T, &N ® G,P), where P = E(J¢ ® P¢) with & the Dirac measure at ¢ and |E the expectation with
respect to the random variable &, so that for all measurable and positive g defined on O x T, we have

/ g(x,y)dP(z,y) =]E/9(€7y)dPs(y)-
oNxT T

The total probability P is usually called annealed law. The quenched law P may be considered to be the
conditional probability of P given £. The expectation with respect to [P will still be denoted by E; there will
be no confusion for reason of consistence. The expectation with respect to IP¢ will be denoted by E,.

Let T be the genealogical tree with {N,,} as defining elements. By definition, we have: (a) & € T; (b)
ut € T implies u € T; (c) ifu € T, then uz € T ifand only if 1 <¢ < N,,. Let

T,={ueT:|u=n}
be the set of particles of generation n, where |u| denotes the length of the sequence u and represents the
number of generation to which u belongs.

2.2 Main results

Let Z,(+) be the counting measure of particles of generation n: for B C R,

Zn(B) =Y 15(S.).

u€T,

Then {Z,,(R)} constitutes a branching process in a random environment (see e.g. [2 3, 38]). For n > 0,
let Ny, (resp. L) be a random variable with distribution p(&,,) (resp. G(&,,)) under the law P¢, and define

mp = m(gn) = Efj\\fn; I, =mg---mp—1, Ih=1

It is well known that the normalized sequence

1
W, = —Z,(R), >1
T Z®), n

constitutes a martingale with respect to the filtration (.%#,,) defined by
Fo=10,9}, F,=0(& N, :|ul <n), forn>1.

Throughout the paper, we shall always assume the following conditions:
1 -~ ~ \ 1+A
Elnmo >0 and E [N()(lrﬁ NO) ] < o0, @.1)
mo

where the value of A > 0 is to be specified in the hypothesis of the theorems. Under these conditions,
the underlying branching process {Z,,(R)} is supercritical, Z, (R) — oo with positive probability, and the
limit

W = hTILn W,



verifies EW = 1 and W > 0 almost surely (a.s.) on the explosion event {7, — oo} (cf. e.g. [31 39]).
For n > 0, define

ly=EcLy, o) =Ee(L, —1,)", forv>2;

n—1 n—1
én:lem SELV):ZO—](CV)7 fOI'V22, Sp = (85742))5,
k=0

k=0

We will need the following conditions on the motion of particles:

]P’(limsup|]E§eitE°| < 1) >0 and E(|Lo|") < oo, 2.2)

[t]—o0

where the value of 7 > 1 is to be specified in the hypothesis of the theorems. The first hypothesis means
that Cramér’s condition about the characteristic function of L holds with positive probability.
Let { N, } and { N3 5, } be two sequences of random variables, defined respectively by

- Z l,) and Ny, = — H Z ( £n)2_531)~

I u€T, u€T,
We shall prove that they are martingales with respect to the filtration (%,,) defined by
Do ={0,9}, Dy =0(& Ny, Lyi : i > 1,]u| <n), forn > 1.

More precisely,we have the following propositions.

Proposition 2.1. Assume (2.1) and E(ln7 mo) < oo for some A > 1, and E(|f0|fi) < oo for some

n > 2. Then the sequence {(N1 ,,, Dy)} is a martingale and converges a.s.:

Vi = lim Ny, exists a.s. in R.
n—oo

Proposition 2.2. Assume Q2.1) and E( In™ mo)H_}\ < oo for some A\ > 2, and E(|E0|71) < oo for some

n > 4. Then the sequence {(Ns ,, D,,)} is a martingale and converges a.s.:

Vo := lim Ny, exists a.s. in R.
n—oo
Our main results are the following two theorems. The first theorem concerns the exact convergence rate
in the central limit theorem about the counting measure Z,,, while the second one is a local limit theorem.
We shall use the notation

Zo(t) = Zn((—00,4)), qb(t):\/%e_tzﬂ, (I)(t):/_ s(x)dr, teR.

Theorem 2.3. Assume [2.1) for some \ > 8, 2.2) for some 1 > 12 and Emg° < oo for some § > 0. Then
forallt € R,

\/ﬁ[nizn(én + snt) — @(t)W] 1Y) as., 2.3)
where
Vo) = 2OV Ea?) (L) o) W

(Eoy)1/2 6(Eay”)/2

Theorem 2.4. Assume 2-1)for some \ > 16, 2.2 for some 1 > 16 and Emg° < oo for some § > 0. Then
Sfor any bounded measurable set A C R with Lebesgue measure |A| > 0,

n—oo

n|V2rs I 2, (A +£,) — W/ ¢ 3 dy| 1 w(A)  as., 2.4
A




where

|A] ¢(4)

A
1(A) S(Ee)?

B 2]Efa(()2)

(—V2+25AV1)+

1
WithT 4 = |A|/ xdx and
A

(1) _ g0 (22 ®) . 5(Eaf”)’
90

Remark 2.5. For a branching Wiener process, Theorems|[2.3|and 2.4]improve Theorems 3.1 and 3.2 of Chen
(2001,[[11]]) by relaxing the second moment condition used by Chen to the moment condition of the form
EX (In" X)"* < oo (cf. ). For a branching random walk with a constant or random environment, the
second terms in V(-) and p(-) are new: they did not appear in Chen’s results [[11] for a branching Wiener

. . . . 2
process; the reason is that in the case of a Brownian motion, we have 063) = 064) - 3(062)) =0.

Remark 2.6. As will be seen in the proof, the numbers 8, 12, 16, 16 listed in the conditions are due to
technical reasons. It is interesting to find the best bounds for A and 7, which seems to be delicate.

Remark 2.7. In the deterministic case (with constant environment), Theorem [2.3]reduces to [17, Theorem
1.2] which itself improves a result by Kabluchko [41, Theorem 5 and Remark 2] obtained under the stronger
second moment condition EZ?(R) < oo on the branching mechanism.

Remark 2.8. When the Cramér condition P(lim SUP|¢| 00 |]Ege“zo| < 1) > 0 fails, the situation is

different. Actually, while revising our manuscript we find that for a branching random walk on Z in a
constant environment, a different lattice version (while the Cramér condition fails) of Theorems[2.3]and 2.4]
has been established very recently in [20].

For simplicity and without loss of generality, hereafter we always assume that /,, = 0 (otherwise, we
only need to replace L,; by L,; — [,,) and hence ¢,, = 0. In the following, we will write K, for a constant
depending on the environment, whose value may vary from lines to lines.

3 Notation and Preliminary results

In this section, we introduce some notation and important lemmas which will be used in the sequel.

3.1 Notation

In addition to the o—fields .%,, and 2, the following o-fields will also be used:
Jo=1{0,}, S = (&, Nu,Lui 1k <n,i>1,Jul <n)forn>1.
For conditional probabilities and expectations, we write:
Pen() =Pe(-|Zn), Een() =Ec(1Zn); Pu()) =P(|Fn), En()) = E([SF).

As usual, we set N* = {1,2,3,---} and denote by

oo

U=Jm)"

n=0

the set of all finite sequences, where (N*)° = {@} contains the null sequence @.

For all w € U, let T(u) be the shifted tree of T at u with defining elements {N,,}: we have 1)
@€ T(u),2)vi € T(u) = v € T(u) and 3) if v € T(u), then vi € T(u) if and only if 1 < i < Ny,
Define Ty, (u) = {v € T(u) : [v] = n}. Then T = T(@) and T,, = T, ().

For every integer m > 0, let H,,, be the Chebyshev-Hermite polynomial of degree m ([34]):

[%] .
_ 2 (_1)kxm—2k



The first few Chebyshev-Hermite polynomials relevant to us are:

Hy(x) =2?—1, Hs(z)=2°—3z, Hy(z)=2z"—62>+3,

Hs(x) = 2° — 102 + 152, Hg(x) = 2% — 152* + 4522 — 15,

Hy(z) = 2" — 212° + 1052 — 1052, Hg(x) = 2® — 282° 4 2102* — 42022 + 105.
It is known that ([34])) : for every integer m > 0

dm+1
O (2) = () = (—1)" () ().

3.2 Two preliminary lemmas
We first give an elementary lemma which will be often used in Section 4]

Lemma 3.1. (a) Forz,y > 0,

Int(z+y)<1l+Intz+InTy, In(1+2)<1+In"z. (3.2)

(b) For each A > 0, there exists a constant K > 0, such that

(In" )"t < Kz, 2 >0, (3.3)

(c) For each \ > 0, the function
(In(e* + 2))'** is concave for = > 0. 3.4

Proof. Part (a) holds since In™ (z + y) < In™(2max{z,y}) <1+ 1InT 2+ InT y. Parts (b) and (c) can be
verified easily. O

We next present the Edgeworth expansion for sums of independent random variables, that we shall need
in Sections[5]and[6]to prove the main theorems. Let us recall the theorem used in this paper obtained by Bai
and Zhao(1986, [3]), that generalizing the case for i.i.d random variables (cf. [34, P.159, Theorem 1]).

Let { X} be independent random variables, s atisfying for each j > 1

EX; = 0,E|X;|* < oo with some integer k > 3. (3.5)

We write B2 = Z?Zl EX J2 and only consider the nontrivial case B,, > 0. Let +y,,; be the v-order cumulant
of X; for each j > 1. Write

AV,TL — n(V*Q)/2B7:V Z,yuj’ v = 37 4 ceey k’
Jj=1

km
Qual) = 30 (12002 () H ()
v 1 2 km
’ m+2,n
‘r)ZHqu% 1 Hk‘ <m+2)> )

where the summation " is carried out over all nonnegative integer solutions (ky, ..., k,) of the equation
k1 +2ky+---4+vk, =v,ands=k; +--- + k,.
For1 < j <mandx € R, define

F,(x) = ]P’(anl zn:Xj < x), v;(t) = Be's;
j=1

_ (@ _ (@ _
Yoj = Xj1l{x;1<B,} Zng = Xjl{x;1<B,0412)} Way' = X51{x,> B, (1+2])}-

The Edgeworth expansion theorem can be stated as follows.



Lemma 3.2 ([S]). Letn > 1 and X1,--- , X, be a sequence of independent random variables satisfying
(3.5) and B,, > 0. Then for the integer k > 3,

k—2
[Fo(2) = @(x) = Y Qual)n /2| < C(k){(l + =) B Zﬁlw(m
v=1

Jj=1

(1+|m|)—k—1B;k—1ZE‘ZT(LJ;)|k+1 ( -‘r‘JJD k—1 k(k+1)/2( sup *Z‘ Vj |‘|‘ ) }7

=1 [t|>6, T

where 6,, = —BQ Z E|Y,,;|*)~*, C(k) > 0 is a constant depending only on k.

4 Convergence of the martingales {(Ny,, Z,)} and {(N2,,, Z,)}

Now we can proceed to prove the convergence of the two martingales defined in Section

4.1 Convergence of the martingale {(N, ,, Z,)}

The fact that {(Ny ,,, Z,,)} is a martingale can be easily shown: it suffices to notice that

E¢nNipns1 = ( Z S. > ]E£n< Z Z Sy + Lui >
ue'ﬂ“n+1 ueT, =1
1 S
i 2 e 3505 )
1
= Hn+1 uez’]rn mnSu = Nl,n~

We shall prove the a.s. convergence of the martingale by showing that the series

Z I,, convergesa.s., with I, = Ny 41— Ny “.1)

n=1

To this end, we first establish a lemma. For n > 1 and |u| = n, set

N, I
Xy =5y -1 “
S <m|u > JFZTTL

)
ful

4.2)

and let )?n be a generic random variable of X, i.e. )A(n has the same distribution with X, (for |u| = n).

Recall that N,, has the same distribution as N,,, lu| = n.
We proceed the proof by proving the following lemma:

Lemma 4.1. Under the conditions of Proposition[2.1} we have

~

&(IHJr N 4+ (In~ mn)H)‘) , 4.3)

n

Ee|X,|(Int [ X)) < Ken ((m n)' A 4 R

where K¢ is a constant.

Proof. Foru € T,

Ny
Nu) ’Zizl Lyi
- + L

Mn

Xu] < |4] (1 4



Ny

1

" oi=1

In* [ X,| <2+ In"[S,| + In(1 + N,/m,) +In"

)

N, 1+A
A7 (I (X, < 2 (0[5, ) (1“ (1 * m“> ) " (W

n

Hence we get that

8
Xt X)) < 30T,
i=1
with

N, N,
I =228, (1 + u) ) Jo = |S.|(In™ [S,))t > (1 + ") ,
My m

n

Nu Nu 1+ Nu 1 N, 14+
somtsa (102 (i (0 20) ™ sz (12 (| $50])
m, M M My =

91+A | N (Int ]S, )+ | NN 1 X
Js= Y Lu|, Jo= TS L J7<ln<1+“)> o 2 Ll
noli=1 Mn i=1 Mn Mn i35
1 N 1 N 14
JS:E Z;Luz <1H+ minZ;Luz ) .
Since

I~ =+ ~
] — |4 —= q =
nhﬂn;o - Z;E£|LJ| E|L1]? < 00, ¢=1,2,
=
there exists a constant K¢ < oo depending only on ¢ such that for n > 1 and |u| = n,
Ee|Ln| < Ken, EelSu| <Y BelLj| < Ken, EelSu* = Ee|L;|* < Ken. “.4

Jj=1 Jj=1

By the definition of the model, S,,, IV,, and L,; are mutually independent under P¢. On the basis of the
above estimates, we have the following inequalities, where K¢ is a constant depending on &, whose value
may be different from lines to lines: for n > 1 and |u| = n,

Ny
Eng = 21+/\E§|SU|E£ <1 + ) S KETL;

M|

EcJe <g3 KAEe(|Sul® + [Sul) < Ken

N, N, 14+
EeJs < Ee|SuEe (1 T ) (m (1 + ) )
m‘u| my,
No o+ 5 V1A - A
< K¢n (Kg +E;—(In" N,) + (ln mn) > :
my,
Nu 14+A
N, 1
(1+ u) (ln(e)‘—l— ZLW- ))
m|u‘ m|u‘ i=1
Nu 14+A
N, 1
14 v 11&3(A - Lui‘Nu)
( +m|u>(n e\ +m\u|;| |

(by Jensen’s inequality under E¢(+|V,,) using the concavity of (In(e* + x))1 )

N 1 Ny 1+
= (Ken)Ee [ 1+ u)(ln(ek—l— E Lui)>
(Kenee (14 = i el

No( In* Nu) H—)\) +2(In" my,) 1+>\)

EeJy < Eg|5u‘ E¢

< (Ken)Ee

S Kgn <K5(lnn)l+>‘ + Eg (m
Jul



1+ 1+
) .

1 ~ ~
< Ken(lnn)'* + KenEe— N, (InT N,) 7" + Ken(In™my,) s
My,

EeJs < 2 Ee|L,| < Kgn'
Nu

Lufb Luz
o Z 2

< (In(e* + Eslsul))lﬂ]Efanl < (In(K¢n))' " Ken < Ken(ln n)lﬂ;
N,
1 <= N, 1A
E <E¢ | — E¢|Lyi|){ In (1 + — by the ind d bet N, and L,;
eJ7 < Ee [mn él( ¢ |)( n(1+ mn)) ] (by the independence between N, an )

EeJo = E¢(In' |Su|)1+AE§ < Ee(In(e? +[Su)) T Ee—

Ml

< KenEe [ N,3* (1 + (InT N 4 (In~ mn)l""\)]

1+A 14+

< Ken + KgnEgm—Nn(ln+ N 4 Ken(Inmmy)
Ny 14+
<1n+ ‘Z Lyi| +1n~ mn> ]
A
2>‘((ln ‘ZLM )1+ (In™ mn)l'”)]

2 A A 1 Al
+2 (1117 mn)1+ mi]Eg‘ZLuz

ui

1
E:Js < Ee¢ lm

7‘2111”

2

<gm Ky —F ) Lo

<@ Ko, Eeld
N,

< KA*]Ef D EelLuil* + 2 (In" m )1“”7]]5521@5‘%1
=1 n

< Ken+ Ken(In™ my, )t

Hence we get that for n > 1 and |u| = n,
E€|XU|<IH+ X ) < Ken ((lnn)1+)‘ +Ee—

This gives (@.3).

Proof of Proposition[2.1} We have already seen that {(N,,,, Z,,)} is a martingale. We now prove its con-
vergence by showing the a.s. convergence of » _ I, (cf. (4.1)). Notice that

1
In = Nl,n+l *Nl,n = f Z Xu

"™ weT,

We shall use a truncating argument to prove the convergence. Let

1
Xi=Xulgx i<,y and Il = > X[,

n

u€T,
The following decomposition will play an important role:
N => (I, — 1)+ > (I, —Eenl}, +ZE§ oI, (4.6)
n=0 n=0 n=0

We shall prove that each of the three series on the right hand side converges a.s. To this end, let us first
prove that

Z 1+/\E§|Xn\(ln+ X)) <0 as. @.7)

n:l



Since lim,, o InII,, /n = Elnmg > 0 a.s., for a given constant 0 < 67 < [E Inm and for n large enough,
InII, > d1n,
so that, by Lemma[d.T]

1
(In1L,,) 1>

o s Ke 1 N, o
Ee| X, |(InT | X, )+ < 5155 l(lnn)H)‘ + Ee—"(In" N,)' A 4 (In™ my, )1
1 n

Observe that for A > 1,
[IEg(ln+ Np)' A 4 (In~ mn)l"’/\]
> 1 [ N, -~
=y = {Eo(ln+ No)' ™ + E(In™ mo)l“] < 00,

which implies that

Therefore [@.7) holds.
For the first series >~ (I, — I},) in (4.6), we observe that

1
Bello = Il = Be|m D Xulx,psn,

n u€T,

1
Ee {H > E£,7»(Xu|1{|xu>nn})}

n ueT,

IN

= E¢(|Xn1
< 1
= (InII,)L+A

(1%)51.)

Ee| X, |(In™ | X, [)' .

From this and (#.7)),
I, -1

oo
Ee Z
n=0

whence Y (I, — I,) converges a.s.
For the third series Y- E¢ .1}, as E¢ ,,I,, = 0, we have

o
<D Eell — L] <0,
n=0

Ee Y [Benly| = Be Y [Ben(In — 1) < Y Eell, — I,| < o0,
n=0 n=0 n=0

so that Z?:o Ee¢ . I}, converges a.s. It remains to prove that the second series

o0

Z(L’l — Ee¢,,I},) converges a.s. (4.8)

n=0

By using the fact that Y ;' _, (I} — E¢ I}.) is a martingale w.r.t. {Z,,+1} and by the a.s. convergence of an
L? bounded martingale (see e.g. [13| P. 251, Ex. 4.9]), we only need to show that the series >~ E¢(I] —
E¢,,1},)? converges a.s. Notice

2
1 1
Ee(I}, — B¢ nl},)? = Ee <Hn (X - Es,nXL)> =E¢ <Hz > Een(Xy - Ef,nX{f)
u€T, " ueT,
< Ee— e X2 = —Ee(X21
=22 Z &niu = ¢(Xn {|>?nwgnn})
" weT, n

10



~

1 2 v2
= qp e (an{u?usnn}l{u?usw} +an{l)?n|§nn}1{|}?n|>e2*})
e 1 X200,(InIL,) (N

<S4 —Ec =
M, ' T, °|X,|[(In" [X,))~0+)
)717A

(because z(Inx is increasing for z > e**)

64A

1 ~ ~
= — + ————Ee| Xo|(Int | X ]) .
I, +'OHILJ1+A E‘ |(In™ | Xo)

Therefore by [@7), we see that Y~ E¢ (I}, — E¢ ,,I])* < oo a.s.. This implies [#-8).
Combining the above results, we see that the series » | I,, converges a.s., so that V- 1,n CONVETEES a.s. to

oo

Vi= Z(Nl,n+1 — Niyn) + Ny

n=1

4.2 Convergence of the martingale {(N,, Z,,)}

To see that {(Na,,, Z5,) } is a martingale, it suffices to notice that (remind that we have assumed ¢,, = 0)

1
EenNopy1 = ]Ef,n(H Z (53_5721+1))

n+1

ueTrL+l
1 il
_ Ee.. ((Su FLy)? - 82 ))
1 Al
= Z Ee¢ n Z(S?L + 28y Lui + LY — s0q)
i weT, i=1
1 Al
- i 2 Ee( Do {ist s 2t )
ntl oeT, i=1
1 2 2 2 1 2 2
- Hn+1 Z mn(Su + 0—7(1) - sn+1) = fn Z (Su - sn) = NQ,n~

u€eTy, u€T,

As in the case of {(N1,,, Z,)}, we will prove the convergence of the martingale {(Na,,, Z,)} by
showing that

oo
E (N2,n+1 — Na ) converges a.s.,
n=1

following the same lines as before. For n > 1 and |u| = n, we will still use the notation X,, and I,,, but
this time they are defined by:

N, 1 2
Xy = (82 -2 (= -1)+—> (L% -0+ =5, Ly 4.9
(S = 5n) (- )+mn;( wi = o)+ ; , (4.9)
1
In = Naps1 = Now = - %Tj X (4.10)

Instead of Lemma 4.1} we have:

Lemma 4.2. Forn > 1 and |u| = n, let X,, be a random variable with the common distribution of Xy
defined by (#.9), under the law P¢. If the conditions of Proposition[2.2] holds, then

. . N, .
Ee| X, |(InT | X, )T < Ken? [Ee—(In" N,,)*™ + (In™ m,, )™ + 1. (4.11)
, , p

11



Proof. Observe that for |u| = n,

Ny

LS e -1

m
™ oi=1

Ny
| Xu| <|s7—Sal(1+ =)+
Mo,

)

+ [Sul

N,
2
m E Lui
" oi=1
N,

LS e -1y

N,
Int|X,| <2+Int|s2 —S?| +In(1+ —2) +In*
My, My,

i=1

+In* +1n" ]S,

9

N
672 (I X, [)T A < 28 4 (I s — ST 4 (In(1 4 )T

n

14X 1+A
+]_1 — @) _ 72 +] 2 W + 1+
+ (In EZ(Un = L) + | In EZLW + (In™ [Su )
i=1 =1

Therefore .
671X, |t X)) < K,
=1
with
N N, 1> al o
Jr u
Ky =|s; — Sal(1+ =) [21“ + (1n(1 + m—“)) + <1n+ — D (0 — L) )
n n n Z:1
1+
+ 2 Al
+ (In —_ Lui )
Mn i3
N,
Ko =16 - SE(1-+ o) [ 3 = 2+ (' J5ul) 2,
N,
1 u
Ky = |13 (0@ - 12) [21“+<1n+|si—sz|>1“+<1n+|suW],
my “
=1
N,
1 = N, 1+
Ki=|—— Y (0@ - 12)] (m(1+ %))
my o1 my,
1 N, 2 N, 1+ 1 N, 1+X
Ko = |1 S50 - 12, (w sz) + (w RIS Qe Lz») ,
M i=1 M, i=1 M i=1

N,
5 M
Ko= |- ;_1 Lui| |Su] [21“ + (In*[s2 = S2)" + (InF ISuI)l“}

N,

2 = N, 1A

Ky =|—Y Lu |Su|(ln(1+m—)> :
i=1

My < n

5 Mo 5 Mo 1+ | M 14+A
Ks=|— ZLui |Sul <ln+ — ZLui > + (hﬁ — Z(Uﬁf) - L) )
Mn 5 Mn 5 Mn 5

It is clear that (4.4) remains valid here; similarly, we get
Eelo?) — Lyl = Elo? — L3* < Ken

(recall that En is a random variable with the same distribution as L,,; for any |u| = n and ¢ > 1). By the
definition of the model, S, IN,, and L,,; are mutually independent under [P¢. On the basis of the above
estimates, we have the following inequalities: for |u| = n,

142 1 Y e
1 (A — 3 Eelo® - 12,])
+<n e +mn; elow? — Ll

1A 4 (1n(1 + %))

n

N,
EeKy < Ee|S2 + s2|Ee(1 + m—)

n

12



1+
)\ 2 Nu 9 3 b
+ | In (e +o Z E5|Lui\) (by Jensen’s inequality under E¢(-|N,,))
™i=1

< K¢n [Ké + E&%(lrﬁ N (07 m,) T () A

EcKy < 2(Ee| Sy |25 + |5n]|?H°) < Ken?;

N.
s
EeKs < E¢(— > Eelo® — L%,]) (21“ + (In(e* + Eels2 — 82)))'** + (In(e? +Eg|su|>>1“)
™ oi=1

< Ken(lnn)t+
N, N, \ 1+
E Ky < Ken + K, ]E—“(l 1 —“) :
¢Ky < Ken + Ken S n( +mn)

b

N,

Ny
Z(US) - Liz)‘ l(hﬁ ’ ZLui
i=1 i=1

2(In" my) 41

1 14X
EeKs < 3°Ee—— ) T+

n

N,

14+ u
) (3ot — 22

=1

1 Nu ) ) 2 N 242
gKAm—E5 ‘Z(ap_Lm) +(ln+‘ZLui> +
n i=1 i=1
N, 2
1| N
KaEe—| > (01 = L2)| + Ken(n™m,)"** 1) (by &3) and 2ab < a? + %)
nli=1

Lui

N N

) . . ; )

<@g Kx— Ee[E Eg(o£2>—Lii)2]+KAmes[§ Ee }+Kgn((ln mp) N 4 1)
" i=1 " i=1

< Kgn((hf mp) T+ 1);
N,
5 M
EeKo < Ee (m ZE£|LM|>E5 ISl (14 (0 [Su])1 2+ (n s2) )]
" =1

S@ KgTLEE {|Su|2 + |Su| + 8721):| § KETLQ;

N.
N, N\ 1A 2 =
n " i=1

N 142
< K5n2 [Ef—u ( In" Nu> + (In™ mn)lJr)‘} ;
My
EKg < Ken? ((In~ mp) 1 + 1) (similar reason as in the estimation for EcK5).

Combining the above estimates, we get that

-~

- ~ N N 14X
Ee| X, |(InT [ X, )+ < Ken? (Eg"(hﬁ Nn> + (In™ mp) '+ 1) 4.12)
, e Be

This ends the proof of Lemma.2]

Proof of Proposition[2.2]. The proof is almost the same as that of Proposition[2.T} we still use the decom-
position {@.6), but with I,, and X,, defined by (#I0) and (#9), and Lemma [.2] instead of Lemma [d.1] to

prove that the series >~ (N2 ;41 — Na,,) converges a.s., yielding that { N, ,,} converges a.s. to

oo

= T - 1 st
Va Z(Nz 41— Nop)+ Nos

n=1

13



5 Proof of Theorem

5.1 A key decomposition
For u € (N*)*(k > 0) and n > 1, write for B C R,
Zn(u,B) = > 15(Suv — Su).
veET, (u)
It can be easily seen that the law of Z,,(u, B) under P is the same as that of Z,,(B) under Pyx,. Define
W (u, B) = Zy(u, B) /T, (0%€), Wi (u,t) = Wy (u, (—00,1]),
Wo(B) = Z,(B)/T,,, W,(t) = W,((—o00,t]).
By definition, we have IT,,(0¥¢) = mp - - - Mpsn_1, Zn(B) = Z,(@, B), Wo(B) = W,(2,B), W,, =
W, (R). The following decomposition will play a key role in our approach: for k < n,
Zn(B) =Y Zn_k(u,B - Sy). (5.1)
u€eTy
Remark that by our definition, for u € Ty,
Zp1(u,B—S,) = > 15(Suvy vy _4)
’Ul""Un_k,GTn,_k,(u)

represents number of the descendants of u at time n situated in B.
For each n, we choose an integer k, < n as follows. Let 3 be a real number such that max {%, %} <

B8 < % and set k,, = |n”], the integral part of n”. Then on the basis of (5.1), the following decomposition
will hold:

0, ' Z,(snt) — ()W = A, + B, + C,, (5.2)
where

1
An - Hi Z [ankn (Ua snt - Su) - E{,kn ankn (ua Snt - Su)] )

kn u€Tg,,

1
B, = - > [Ber, War, (1, 50t — Su) — ®(t)],

kn weTy

kn

C, = (W, —W)P(t).

Here we remind that the random variables W, (u, s,t — S,,) are independent of each other under the
conditional probability P¢ . .

5.2 Proof of Theorem[2.3

First, observe that the condition Emg° < oo implies that E(ln_ 171())"C < oo for all kK > 0. So the
hypotheses of Propositions [2.1]and [2.2] are satisfied under the conditions of Theorem [2.3]
By virtue of the decomposition (5.2)), we shall divide the proof into three lemmas.

)

Lemma 5.1. Under the hypothesis of Theorem|2.3)

n— 00

ViA, 272 0 as. (5.3)

Lemma 5.2. Under the hypothesis of Theorem

1

VnB,, 122 61[*3063) (Eol?) ™3 (1 = 2)p(t)W — (BEol?)"2¢(t) Vi a.s. (5.4)

Lemma 5.3. Under the hypothesis of Theorem2.3]

VnC, 222 0 a.s. (5.5)

14



Now we go to prove the lemmas subsequently.

Proof of Lemmal[5.1] For ease of notation, we define for |u| = k,,

Xn,u = n—kn (uv Spt — Su) - Eé,kn ankn (ua Spt — Su)7 Xn,u = Xn,u1{|XT,,7,j,|<Hkn}a

_ 1 _
" u€Tg,,
Then we see that | X,, .| < W, (u) + 1.
To prove Lemmal5.1] we will use the extended Borel-Cantelli Lemma. We can obtain the required result

once we prove that Ve > 0,
oo

> P, ([VnAy| > 2e) < o (5.6)

n=1

Notice that

€
Pr (|A,] > 2—
o (14n] > 272)
- - - € - €
< Pr,(An # An) + Pr, ([An — Eg 1, An| > ﬁ) + P, ([Eg i, An| > ﬁ)'
We will proceed the proof in 3 steps.
Step 1 We first prove that
> Pr, (An # 4y) < 0. (5.7)
n=1

To this end, define
W* = sup W,,
n

and we need the following result :
Lemma 5.4. (/29 Th. 1.2]) Assume @for some A\ > 0 and Em55 < oo for some § > 0. Then
E(W* +1)(In(W* +1))* < c0. (5.8)
We observe that

Pk, (An # Zn) < Z Py, (Xn,u # Yn,u) = Z ]P/cn(|Xn7u| > i,)

ueTkn HGTkn
< > P, (Waek, () +1 > 1Ly,
UETkn

=W, [TnP(ankn +1> Tn)}

Tn:Hk:n

< Wy, [E((ankn + 1)1{W,L,k.”+12rn}):|

Tn:Hk,n
< Wi, [E((W* + Dl 4120,) | §
Tn=— kn
< W*(InTly, ) E(W* + 1)(In(W* + 1))
< KW ME(W* + 1) (In(W* + 1)),

where the last inequality holds since
1
-~ Inll, - Elnmgy > 0a.s. (5.9)

and k,, ~ . By the choice of 3 and Lemmal5.4} we obtain (5.7).
Step 2. We next prove that Ve > 0,

9

Py, (A, —Eer An
> P €k |>\/ﬁ

n=1

) < 0. (5.10)
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Take a constant b € (1,e"™0). Observe that Vu € Ty, ,n > 1,

B, X2, = 2P, (| Xpu| > 2)dx = 2/ 2P, (| Xnul1{x, <1, } > 2)da
0 0
Hkn Hkn
< 2/ 2Py, ([Wh—g, (u) + 1| > x)dz = 2/ 2P(|Wh—k, + 1| > z)dz
0 0
M,
< 2/ eP(W* 41> x)dx
0
Hkn
< 2/ (Inz) *E(W* + 1)(In(W* + 1)) dz + 9
bkn Iy,
< 2E(W* 4+ 1)(In(W* 4 1))* (/ (Inz) Mz +/ (m;@-&m) +9
e bkn
< 2E(W* 4+ 1) (In(W* + 1) (0P + (T, — ") (k, Inb) ™) 4+ 9

Then we have that

> — — €
Pi. (|4, — Be g, An| > —
Z ko ( ¢ kn An| \/ﬁ)
g
Z ng |A —EgkA|>%)
Yo, (12 Y e X | = Yon (12 Y ELX
= u€T,, u€Ty,
= nW,
<e?y "H b [9R(W™ + 1) (In(W* + 1)*) (0 + (T, — 6" ) (ky Inb) ) + 9]
n=1 kn
—2rr7* * * A = n kn - = —2717* .- 7”
26 2WE(W* 4 1)(In(W* + 1) )(;Hknb +;n(kznlnb) >+95 W ;Hk

By (3.9) and \3 > 2, the three series in the last expression above converge under our hypothesis and hence

(3-10) is proved.
Py, (IEs,kn An| > )
£

Step 3. Observe

1 _
< \fEk|gkA| 72153571%)(”7“
" u€Ty,
vn 1
g kn Iy, UEXT; (—E¢ .k, Xnu1{ix,,. 210, })
= e Hkn ue%; Ex.( (u) + Dliw, ., (w)+1>10,, )
nW,
_ VWi, B, + Dlw,y150]
N =g,
w* y
< T VR[EWV 4 Dl s,
c r":Hkn
w*  n N
< — X EW*+ 1) In"(W* +1
= "¢ (Inl, ) (W + 1) I (W* + 1)
W* 1
< TKan_A'BE(W*+1)1H>\(W*+1),
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Then by (3.9) and A\ > 2, it follows that

> - €
Zpkn <]E€7knf4n > \/ﬁ> < 0.

n=1
Combining Steps 1-3, we obtain (3.6). Hence the lemma is proved. O
Proof of Lemma(5.2]. For ease of notation, set
s® _ 323)

Di(t) = 1 =8)e(t), = 6(s2 — 52 )32

Observe that
B, = B +Bn2+Bn3+]Bn4, (5.11)

where
1 Snt*Su Snti‘SU .
B 2 (E“ o S"’*“ﬁw)“v"“(ww))
_ b
11y,

% (@) ),

Brs = k10— > (Dl (W> - Dl(t>> ;

kn uGTkn

n

IBTL4 - Kllﬂ’bDl (t)Wkn'

Then the lemma will be proved once we show that

VB 2255 0; (5.12)

VB 2% —(Bol) 24 ()Wh; (5.13)

VnB,; 2225 0; (5.14)
n oo 1 — 2

VB, 222 EEUSS) (Eol?)~3 Dy (1)W. (5.15)

We will prove these results subsequently.
We first prove (3.12). The proof will mainly be based on the following result about asymptotic expansion
of the distribution of the sum of independent random variables:

Proposition 5.5. Under the hypothesis of Theorem[2.3} for a.e. &,

— Ek n—ro0
en =n'/?sup Pf((i;%)lm < x) — ®(x) — k1 nD1(x) 2720,

z€R

Proof. Let Xj, =0for0 <k <k, —1and X} = Ek for k,, < k < n — 1. Then the random variables
{X}} are independent under P¢. Denote by vy (+) the characteristic function of Xy: vy (t) := Eget®Xs,
Using the Markov inequality and Lemma[3.2] we obtain the following result:

L
sup | P 7" <z|—®(x)—kinDi(x)
z€eR (8 )

<K¢Q (s2—st.) Z IE§|L |* +nS sup (k + Z v (¢ >+

= jt]>

By our conditions on the environment, we know that

lim n(s;, —s7,) Z]E5|Lk|4 E|Lo[*/(Ea$?)2. (5.16)
j=kn
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By @), L,, satisfies
P(limsup|vn(t)| < 1) > 0.

[t]—o0
So there exists a constant ¢,, < 1 depending on &, such that

sup |v,(t)| <e¢, and P(e, <1)>0.
[t|>T

Then Ecy < 1. By the Birkhoff ergodic theorem, we have

n—1 n—1
1 1
sup (n E |vj(t)|> < - E c; = Eco < 1.
J=kn

[t|>T =1

Then for n large enough,

n

1 — 1
sup — | k, + ’U:t)-i— =o(n™™), ¥Vm >0.
aup = X In0l) +5; )=o)

From (5.16) and (5.17)), we get the conclusion of the proposition.
From Proposition[5.3] it is easy to see that
n—o0

\/E|Bn1| < Wkntfn — 0.

Hence (5.12)) is proved.
We next prove (5.13). Observe that

B2 = By21 + Bpoo + Byaz + Bpos + Bios,

(5.17)

. 1 Spt — Sy Spt — Sy
with Buan = - 2 [CD(W) -0t -0 5 —t)] Hisuish

n uETkn n n
1 Snt - Su
B 29 = — (I)(> —‘I)(t) 1 Sul>kn}s
1 Spt— S
B2z = —— (H —t>¢(t)1 Sul>kn}s
M, 2\ -7 B
1

B4 = m(sn - (531 - Sin)l/Q)Wans(t)t’

n

1
IBn25 = - 1/2 (b(t)NLkn'

(s% = si,)

n

By Taylor’s formula and the choice of 5 and k,,, we get

~ Spt—y Spt—y
=i sup |0 oY) < 00 - o0 ‘)
wi<ks |\ (57 — 87,2 (sh — sk, )2
Spt— vy 2
<Vnosup |———2 — ¢ 2220
lyl<ka | (5% — s, )Y/?

Thus
VBt | < Wi, & —— 0.

We continue to prove that

n—oo

VnBpga 2225 0; VnBpas —— 0.

This will follow from the facts:

]. n o0 ]- n o0
Hi Z |Su|1{|Su|>kn}’1_>0 a.s.; \/ﬁf Z 1{5u|>kn}~_—>—+0a.s.

" u€Ty,, kn u€Ty,,

18
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In order to prove (5.20), we firstly observe that

Z D 1Sultgs sk

kn uETk
00 R 0o R 0o . kn—1 R 0o ia
SDSCCNINNINES ST SEENS STED SN i
— n=1 n=1 =0 n=1
Z\f > Lsulska)
kn u€Ty,,
k ,—1

= VAElg opy < D VakEISE, |7 < Z\/ﬁkn Z E|L;|" = ka S| o[,
n=1 n=1 n=1

The assumptions on f3, k,, and n ensure that the series in the right hand side of the above two expressions
converge. Hence

Z > 1Sullgs, sk, < o0, Z\f D 1S sk, <00 as.,

kn ueTy, Fn ey,

which deduce (5.20), and consequently, (5.19) is proved.
By the Birkhoff ergodic theorem, we have

2
lim 22 = Eo(?, (5.21)

n—oo n

whence by the choice of 8 < 1/4 and the conditions on the environment,

P = - Wi, o(t)t : 5.22
\/ﬁ 24 (s%*skn)l/Qs +(S2 78k )1/2 kn¢( ) —0 ( )

Due to Proposition 2.T]and (5.21)), we conclude that
By 222 —(Re(P) T g(H)Vh as. (5.23)

From (3.18), (3.19), (5:22) and (5.23), we derive (3.13).
Now we turn to the proof of (3.14).
According to the hypothesis of Theorem[2.3] it follows from the Birkhoff ergodic theorem that

1 E
lim /sy, = E(EUSQ))—?’/QEO—(@. (5.24)

n—oQ

1 Snt_Su
—_— Di| —————s—= | —Di(t
I ( (e s%;nwz) ! ’)
Spt— S
D1<H>—D1(t)
CEENIE

2 1

< g 2 Wsaka TR 2

I, II
" u€Ty, " u€Ty,

The first term in the last expression above tends to 0 a.s. by (5.20), and the second one tends to 0 a.s.

because the martingale {IV,,} converges and

Snt_y
Di| ———=+ | —Di(t)
<<sa—sz >1/2>

n

Notice that

{8, <kn}

sup 7% 0.

ly|<kn

Combining the above results, we obtain (3.14).
It remains to prove (5.13), which is immediate from (5.24) and the fact W,, "= TV
So Lemma [5.2] has been proved. O
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Proof of Lemma[5.3] This lemma follows from the following result given in [23]].
Proposition 5.6 ( [25] ). Assume the condition 2.1). Then

wW-w, = o(n”‘) a.s.
By the choice of § and k,,, we see that

V(W — Wy, ) = o(nz—8) 222 0,

Now Theorem [2.3]follows from the decomposition (3.2) and Lemmas[5.1]-[5.3]

6 Proof of Theorem 2.4

We will follow the similar procedure as in the proof of Theorem 2.3}
We remind that A, 7 > 16 in the current setting. Hereafter we will choose max{%, %} <p< % and let

kn = [n?] (the integral part of n®).
By (3.1)), we have

V2rs, 11 Z, (A W/ exp{— }dx = A1+ Aoy + Asp, (6.1)

with Ay, = V27s,II Z (Wn (U, A —Sy) —Ee g, Wi, (u, A — Su)>;

uGTkn

2
Ay, = H,:l E (\/27rsnIE5,kan_kn(u,A—Su)—/exp{—2i2 }dm);
A n

UETkn
1,2
Now = W, = W) [ expl= e

On basis of this decomposition, we shall divide the proof of Theorem [2.4]into the following lemmas.
Lemma 6.1. Under the hypothesis of Theorem[2.4) a.s.

n— oo

nAy,, 222 0. (6.2)

Lemma 6.2. Under the hypothesis of Theorem[2.4) a.s.

nha "= (Eol?)” (—%V2 +7aV1)|A] + %Eog@ (Eos?)"2(Vi — TaW)| A
+ é(EaéQ))_2E(oé4) 3022w 4] - %(EUéQ))_?’(]EaéB))QWM\. ©63)
Lemma 6.3. Under the hypothesis of Theorem[2.4} a.s.
nhs,, —— 0. (6.4)

Now we go to prove the lemmas subsequently.

Proof of Lemma[6.1] The proof of Lemmal6.T|follows the same procedure as that of Lemma5.1]with minor
changes in scaling. We omit the details. O

Proof of Lemmal[6.2] We start the proof by introducing some notation: set

1 1
Hl,n :7(82 - Si )73/2(8(3) - Sgg?;))a HQ,n = 7(5121 - sin)ii;(ss)) - 5533)2,

6 on "~ Fhn n 7
L N () %
/4:37774 24 - Sk Z ( ) ).
j=kn
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Define for z € R,
Di(z) = — Ha(2)¢(z), D2(2) = —Hs(x)¢(z), D3(x) = —Hs(z)¢(z),

NONNOMN 517 (0 — 10606
Ry(z) =— 1256( 2 _ :2 >)9/2H8(37)¢(33) — k{;g(;z _ % )5/2 i )H4(37)¢(33)
(k) 25, (o7 3407
- 144(82 — )7/2 Hﬁ(x)¢(x)a

where H,,, are Chebyshev-Hermite polynomials defined in (3.1I). We decompose A ,, into 7 terms:

Ao =Ao 1 + Ao o + Ag 3 + Ao s + Ao s + Ao s + Ao 7,

where

A2,n1=\/%5n1_[1:n1 UEXT;C lEﬁ,kn,Wn—k (u, A= Sy) ( ((s — 1/2)
(i) ()]

Az,nzzﬂ;;l UGZT; 1{|Su|§kn}/A [(5%_2%71)1/2 exp{— ((n S:ﬁ)j)} {— }}

Az s = mﬂ IHEZE:% 1{|Sulikn}/ADé<(5;_5]2il)1/2>dx’

Ag s = m ’11211% L{|Su|<kn }ADS(m>d$a

A = <ﬁ>/“ </A <¢<<sax—_s£">1/2> & ()

2

, T — Sy Sp, \ 1/2
+Z”WD ( 7 )1/z> - (1* ;2 ) ¢(9€/5n)>d93>1{su>kn}-

The lemma will follow once we prove that a.s.

n—oo

TLAle —_— 0,

n—oo — 1 —
nhauz * (Bog) (5 Ve + TaV)| Al

n—oo. 1 (3)

nAsns “5 SEof’) (Baf?)2(Vi — 4 W) Al

n—,oo 5 —
nha s "7 — o (Bog?) " (Bay” ) WA,

n oo 1 —
nhaus = (o) Ry — 3(0g”)?) WA,
n—oo

22,

—
nA27n7 w 0.

nA2 16

(6.5)

(6.6)

6.7)
(6.8)
(6.9)

(6.10)

6.11)
(6.12)

The proof of (6.6) is based on the following result on the asymptotic expansion of the distribution of the

sum of independent random variables:
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Proposition 6.4. Under the hypothesis of Theorem[2.4) for a.e. &,

n—1 5 3
i Lk
Pe <(i§’%)1p = w) —®(z) = Y kynDy(x) — Ru(2)
" v=1

Proof. Let X, =0for0 < k <k, —1and X} = Ek for k,, < k < n — 1. Then the random variables
{X}} are independent under P;. By Markov’s inequality and Lemma we obtain the following result:

n— oo

n3/? sup 0.

zeR

o L 5
k=kn
b <<_>/ <5) =80~ S nnbile) ol

sup
z€R
1 1
<K¢ 2—sp) ZEAL\ +n'® [ sup — | k, +Z|vj +7
[t|>T T
By our conditions on the environment, we know that
2 . 6 76 (2)\3
lim (s, — s, Z Ee|Li|® = E|Lo|®/(Ea$?)3. (6.13)
J=kn
The required proposition concludes from (6.13) and (5-17). O

Using Proposition[6.4] we deduce that
nA2n1| < \/ﬂsnn*%Wknen 220,
and (6.6) is proved.

Next we turn to the proof of (6.7). Using Taylor’s expansion and the boundedness of the set A, together
with the choice of 5 and k,,, we get that

Sn (z —y)? z? 1 s
@ g ey o) Ty U T R el

uniformly for all |y| < k,, and x € A as n — oo. By the same arguments as in the proof of (5.20), we can
show that for > 16, with 3, k,, chosen above,

Il ! Z 1{isu|5kn} ——> 0 and ;! Z S21{5u|5kn} ——> 0  as. (6.14)
u€Ty,, u€Ty,,

Therefore as n tends to infinity, we have a.s.

1 —1 2 2
nho no = nm ( — A > (82— i )15 <k,

uGTkn

+2/ wdrll; Z Sulys,|<k,y to(1 ))
A

ue']I‘k
n

- 2(527—%)( — Nog, |Al + 2| A[Z 4 N1 g, + o(1))

n

= (2Eo$?) " (=Va + 224V1)| A + o(1),

which proves (6.7).
To prove (6.8), we observe that

_ K1,nSn -1 ($ - Su)3 3(:2 - Su) %
Az = (s2 _Szn)l/QHk" Z 1{\Su|3kn}/A ((s% — 2 )32 - (s2 —s2 )12 € Fnda

u€Ty,,

n

= Ao n31 + Ao n32 + Ao n33 + Ao pn3a,
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with

(z—Suy)
__ KinSn 1 (x = 8.)° —sezotrs
Az g1 = mnkn > 1{|Su|<kn}/A<82_W€ Fn’ d;
n n uGTkn n n
(z—Su)?
K1,n5n -1 3(z — Su) BT
Aopzz = 555U 15, 1<kn /7 1—e 7% |dx;
n (3% — 32" )1/2 n UEZT,C" { <kn} A (S% _ Sin)l/Q )
K1 nsn
Aopzz = — — 1/2 Z 1/2dx'
(s7, e
R1,nSn 1 3(1‘ — Su)
Aopss = 5711 15,15k, /76&
n (8% . sin)l/Q kn uezm” {ISul } " (8721 _ sin)ug
It is clear that
NK1,nS . N
n‘A2,n31| < ﬁ /A(|{E‘ + kn)ddIWkn i—o—o—> Oa.s.,
n n
3
n|Ag n32| < %/ —(Jz| + kn)?’dekn I27%% 0as. (1-e*<u, forz>0),
(sh =53, )% Ja2
n(ss’) Sl(f’))s _
nhAg n33 = -3|A|(N1g, — TaWy,)

6(sp — s7,)%/
n o0 1 —_ —
neo, 51Ea§;“>>(1@a0) 2(V, — Z4W)|A] as.,

3NK1 nSn _ —
1Az n3a| < (82_82)(/A|$|dﬁﬂﬂkn1 > Agsuiskgy HIAILE Y |Su1{|Su|>kn}>
n kn

uw€Ty, u€Tg,,

L= 0as. (by (320)),

whence (6.8) follows.
By the Birkhoff ergodic theorem, we see that

NK2 nSn (EJ(()3))2 . NK3,nSn _ ]E(J(()g) — 3(0(()2))2) (6 15)

lim = , im
n—oo (52 — 57 )1/ 72(150(()2))3 n—oo (52 — 57 )1/2 24(E0(()2))2

Elementary calculus shows that, uniformly for |y| < k,,

. r—Yy v (x—y)2 n—oo
fr>1 - = — d 0a.s. 6.16
ty21, /A(@z—sin)l/z) eXp( 2<szszn>) v (10

(v — y)z n—0o0
d — d 1 as. 6.17
an /Aexp ( 3052 = Sin) x a.s (6.17)

Combining (6.14),(6-13), (6.16) and (6.17), we deduce (6.9) and (6.10).
By the Birkhoff ergodic theorem and the definition of H,,(z) and ¢(x), we see that

1
(W)7

sup | R, (z)] = O
z€R

whence (6.17)) follows.
Finally because |As 7| is bounded by K¢ - IT,, Zueh 1415, >k, }» (6:14) implies (6.12).
So the required result (6.3)) follows from @ ~ ©.12). O

Proof of Lemmal[6.3] By Proposition[5.6], under our assumption, we have
W —W, =o(n™?) a.s.
By the choice of 3 and k,,, we see that

(W = Wy,) = o(n# =) 222 0.
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