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Projection estimators under constraint at a single point
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Abstract

This paper presents a general methodology for nonparametric estimation of a function s
related to a nonnegative real random variable X, under a constraint of type s(0) = ¢. When
a projection estimator of the target function is available, we explain how to modify it in
order to obtain an estimator which satisfies the constraint. We extend risk bounds from the
initial to the new estimator, and propose and study adaptive procedures for both estimators.
The example of cumulative distribution function estimation illustrates the method for two
different models: the multiplicative noise model (Y = XU is observed, with U following a
uniform distribution) and the additive noise model (Y = X + V is observed where V is a
nonnegative nuisance variable with known density).

Keywords. Adaptive estimation, constrained estimator, Laguerre basis, nonparametric pro-
jection estimator

AMS Classification. 62G05-62G07

1 Introduction

In this work we focus on a function s related to a nonnegative real random variable X which
satisfies s(0) = ¢. The idea is to take into account this additional knowledge in a new nonpara-
metric procedure of estimation. Indeed, if s is a survival function supported on R, it must
satisfy the constraint with ¢ = 1; there are also examples where densities should be constrained
by ¢ = 0. This starting value is subject to side effects and often badly estimated. Thus, including
the constraint in the procedure is likely to improve the estimator.

1.1 Main motivation

In the statistical literature, different types of global constraints have been studied from non-
parametric functional estimation point of view, such as convexity or monotonicity constraints.
Specific procedures have been proposed to obtain for instance decreasing density estimators, see
[17], [4]. We may also mention the proposal of [10] where an estimator of a weakly increasing
function is modified to get a weakly increasing estimator, with no influence on the risk value.
We are interested in a different question, namely: given an estimator built in an orthonormal
basis (denoted by §,,,), can we coherently modify it in order to fix its value in one specific point?
By coherently, we mean that we look for a global correction of the estimator, and not a single
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discontinuous change at the point. Indeed, correcting the value at 0 only automatically induces
a discontinuity of the new estimator.

More precisely, consider a square integrable function s with support R*, as this currently
occurs for lifetimes densities or survival functions in survival analysis, reliability and actuar-
ial sciences. When s is square integrable, a natural idea is to consider its development in an
orthonormal basis (¢;);>0 with support I = R™ or I = [0,a]. In other words, we write that
s =2 ;>00;(s)p; with a;(s) = (s, ;). Next we consider that observations Y3, ...,Y, related to

s are available and allow us to build a projection estimator s,, of s: 5, = ZT;()l ajp; where a; for

j=0,...,m—1 are known functions of the observations. Moreover we assume that E[a;] = a;(s)
and call 5, a projection estimator of s as it is an unbiased estimator of s,, = Z;':Ol a;(s)j, the
orthogonal projection of s on the m-dimensional space S,,, = span(®o, - - ., Pm—1)-

Now, instead of correcting the value in zero only, one may consider a new estimator defined by
Sm—3m(0)+s(0). This time the estimator is entirely modified and keeps its regularity: it is simply
translated. The resulting squared integrated bias of this estimator for (¢;); the trigonometric
basis on [0, a] (see SectionF for its definition) is the one of s, plus (1/2)(3 541 a;)?: this
is made obvious by Figure[l] This simple fact motivates the work hereafter and shows the need
for new ideas.

0.25-

Figure 1: Example of survival function estimation for n = 100, zoom on [0, 4]. Plain bold black
line: true survival function for a Gamma distribution. Dotted blue lines: 4 projection estimators
of the survival function. Left: plain red lines: translated projection estimators. Right: plain red
lines: proposed estimators.

1.2 Main contribution

To coherently modify the projection estimator s, into, say S, such that §,,(0) = ¢ (when
s(0) = ¢) we propose a general definition of the constrained estimator and prove that its global
mean-square integrated risk on RT is comparable to the risk of §,,,. The idea is to write the
projection estimator 5, as a minimum contrast estimator and then to modify this contrast by
standard Lagrange multiplier strategy. Then, if a model selection procedure of a relevant choice
of m is available for §,,, a modification is proposed, ensuring also a relevant choice of m for s,,,
under simple conditions.



Compared to the rearrangement procedure of [I0], this procedure only preserves the speed
of convergence of the original estimator (obtained without constraint). It does not improve it in
the general case because the additional information is only in one point, and not global, contrary
to monotonicity.

The procedure is described in full generality, but also illustrated through two examples. First,
the multiplicative censoring model is considered, introduced by [22] and related to the field of
survival analysis for example, see [21I]. In this model, the observations are the Y; = X;U; with
X; and U; independent and U; following a uniform distribution on [0, 1]. The random variables
(Xi)1<i<n are independent and identically distributed (i.i.d.) and so are the (U;)i<i<n. We
observe an i.i.d. sample of Y;’s while we are interested in the survival function of X.

This problem is studied as an inverse problem in [3]; projection wavelet estimators of the
density of X are studied by [I]; kernel estimators of the density and the survival function are
proposed in [8] and Laguerre projection estimators of the density are considered in [5]. Here, we
propose and study a new projection estimator of the survival function in two different bases: the
Fourier basis and the Laguerre basis. We obtain bounds for both estimators, without and with
constraint correction, which are also new.

A second example is the convolution model, Y; = X; 4+ V;, where all variables are nonneg-
ative, 4.i.d., and V is a nuisance process with known density; the function of interest is the
survival function of X; while only the Y;’s are observed. The convolution model has been widely
investigated, mainly with a Fourier approach [see [9] 16, 19 for example|. Recently, projection
estimators of the density and the survival function supported by R™ are proposed in [I8]. This
approach relies on a Laguerre projection estimator and can be used in the present work to deduce
a constrained estimator.

1.3 Organization of the paper

The paper is organized as follows. In Section [2| the general method is presented. The projection
estimator in the Fourier or Laguerre basis is constructed, and its constrained version is deduced,
their risks are compared. The conditions to obtain a model selection result for 5,, and s, are
given. Section [3.1]is dedicated to the multiplicative noise model case. The procedure is applied
to the additive model in Section A short simulation study is then provided. A last, Section [f]
shows that the procedure may be extended to other frameworks, but is then also more intricate:
the example of least-squares estimation of the survival function for interval censored data is
shortly presented.

2 A general strategy

2.1 Notations

Let I C RT. The space L?(I) is the space of square integrable functions on I. The associated
L?-norm is denoted [|¢t]|? = [} |t(z)[*dz and (t,u) = [, t(z)u(z)dz for t,u € L*(I). Finally, the
supremum norm of a bounded function ¢ is denoted by ||t||cc = suplt(z)].

rel

In the following we focus on two orthogonal bases. First, the Laguerre basis is defined by

I=R" - —z b kN 29
=R", polz) =v2e", pp(r) = V2L(22)e " for k> 1, Li(z) = Z(_l)J (]) o
J=0 '



where Lj are the Laguerre polynomials Indeed, the Laguerre basis is orthonormal for the in-

tegral scalar product on RT, (s,t) = 0+°° s(x)t(x)dz. Tt satisfies the orthonormality property
(@), k) = 0j where §; is the Kronecker symbol, equal to 1 if j = k and to zero otherwise.

The following properties are used in the sequel:
Vi > 0,0;(0) = V2, and [lpjfle < V2 (2.1)

[see 2]. Any function of L2(R™) can be decomposed on this basis.
Secondly, the Fourier basis (or trigonometric basis) on I = [0, a] is defined by

po(@) = a2, j > 1,nj 1 (2) = \/2acos(2mja/a), o) = /2[asin(2mjz/a).

Note that

wo(0) =a 2 Vj>1, 09 1(0) = /2/a, ©2;(0) =0, Vj>0, [¢jllec <V/2/a (22)

For these two bases, we set
Sm = span{®o, ¥1, .., Pm-1}.

2.2 Estimation method and assumptions

Let us denote the sample of observations: (Y;)1<i<p related to the variables of interest (X;)i<i<n.
All along the paper our strategy is a L2-projection strategy requiring that the following condition
holds:

(A1)(s) sel?(I).
Under (A1)(s), the development s = .-, a;(s)p; with a;(s) = (s, ¢;), holds in L2(I). As

©;(0) is constant for the two bases described above, the following condition ensures that s(0)
exists and defines the constraint:

(A2)(5) Ypng las(s)] < +o0 and s(0) = c.
Note that, by (2.1)-(2.2)), (A2)(s) implies that s is continuous, bounded, and satisfies || s|cc <

€D o> lae(s)| < +oo with ¢ = V2 (Laguerre) or ¢ = /2/a (Fourier).
We assume that we can build an estimator 5, of s on the subspace S, as follows:

)

»

m—1
m = Z ajpj, where Vj € N, Ela;] = a;(s), a;(s) = (s,9;),
§=0

with @; computed from a known transformation of the observations Yi,...,Y,. This clearly im-
plies that E[s,,] = sy, = Z?:ol a;(s)pj, where sp, is the orthogonal projection of s on S,,. Thus
Sm 1s an unbiased estimator of s,, and is called a projection estimator of s. As a consequence,
the following decomposition of the MISE (Mean Integrated Squared Error) holds:

~ 2 ~
E |5 = sll’] = llsm = I + Ellm — swmll?)

The estimator S, can usefully be described as a minimum contrast estimator with respect
to the contrast
Yu(t) = It)? — 2(t,8m), fort € Sp. (2.3)



This can be seen by noticing that v, (t) = ||t — s ||? — [|5m]/?.
Now in order to propose an estimator s,, such that s,,(0) = ¢, we consider the Lagrange
multiplier method and the contrast

Tt ) = 9 (t) = A(H(0) =€) = [lI° — 2(t.5m) — MH(0) — ), for t € Sy

Minimizing 7, (¢, ) with respect to t € S,,, and A € R leads to the estimator
S =D Gjm@js  Gjm = j — Kmp;(0), (2.4)

with

> §m(0)
Ky, = a , 2.5
Zz 0 ‘Pz( ) (Z #0e(0 ) (25)

and w = 1/2 for the Laguerre basis, w = a for the Fourier basis and odd m. Note that when
m =1, ap1 = cy/w and §1(x) = cy/wpo(z), that is 51(z) = ce” 1+ (x) in the Laguerre case and
s1(w) = cljg o (7) in the Fourier case. The estimator can also be written

m—1
:Svm = /S\m - Ky, Z (Pj(o)(a@ja (26)
=0

with K,, given by (2.5). Clearly, if 5,,(0) = c i.e. directly satisfies the constraint, then Kn=0
and S, = Sp,. Otherwise, the new estimator has null risk at 0, i.e. 5,(0) = s(0), while s,
does not satisfy the constraint. Our aim is to compare the risk bound on s,, to the one on §,,,
globally.

2.3 Risk bound on the constrained estimator

As, under (A1)-(A2)(s), s(0) =c= Eezo ag(s)pe(0), we get E[I?m] = —(w/m) Zezm ag(s)pe(0).
Therefore, the new estimator is, in mean, a modification of s,, such that E[s,,] = s, +

- -1
E[Km] > 520 ¢i(0)¢;-
To evaluate the quality of this new estimator we prove the following result.

Proposition 2.1. Under (A1)-(A2)(s), the MISE of the estimator sy, of s, given by Equation
(12.4) satisfies,

E|l5m = 5I1*] = ElI$m — sl + B = Vam, (2.7)
where
2
w w e
B, = — ) o, (= — aip; . 2.
| 2 i) Vi = ZO a;0(0) (2.8)

The proof of Proposition as well as most other proofs, is relegated to Section [6]
Equation (2.7 implies that the MISE of s,,, has the same order as the risk of s,, up to two terms:

- B;, which depends only on m and increases the bias,

- Vi,m which is of variance type and decreases the variance.



The two terms correspond to the pointwise bias and variance of s, at 0, divided by m. For
well-chosen m, they should have the same order and thus compensate each other, making the
risks of 5, and &, essentially equal.

We provide hereafter a general study showing that, under mild assumptions, the additional
bias term B,, has the same order as ||s — s,,]|?, and thus does not change the order of the global
bias (while correcting the bias at 0).

2.4 Bias order on Sobolev spaces

Sobolev regularity spaces are generally of type

We(I,L)=Sp: I »R,pel*I), Y k*aj(p) <L <+oop with a>0,ca>0 (29)
k>0

where ay(p) = (p, ¢r). These spaces have been introduced for Laguerre basis, I = RT and ¢, = «
in [6] and the link with the coefficients of a function on a Laguerre basis was studied by [13|. For
the Fourier developments, where I = [0,a] and ¢, = 2a, they correspond to standard regularity
spaces, see [20].

Now for s € W*(I, L) defined by (2.9)), we have

s — smll®> = Z az(s) = Z az(s)kC k¢ < L™,
k=m k=m

If in addition, ¢, > 1, by Cauchy-Schwarz Inequality, under (A2)(s), it comes

2
B, = % Z ag(s) | < % Z [~ C Z (e a2(s) <

>m >m {>m

—Ca

m )

Co — 1
using that Y, €7 < m!=% /(c, — 1). Therefore, the additional bias term By, has the same
order in m as the standard bias term. The following Corollary summarizes this finding.

Corollary 2.2. Assume that (A1)-(A2)(s) hold, and moreover that s € W (I, L) for co > 1,
then the MISE of the estimator s,, of s, given by Equation (2.4]) satisfies,

2¢c,

E [||§m - s||2} < L™ + E[[5n — sm?. (2.10)

" —
The consequence is that the order of the upper risk bounds of 5, and 5, are the same, and
thus, both estimators have the same rates of convergence. Therefore, the procedure improves
the estimator at 0 without degrading the rate of convergence.

2.5 Model selection

Let us describe now the empirical criterion used for selecting a relevant m, that is a value of
m leading to a data-driven squared bias-variance tradeoff. We start with a standard procedure
associated with 5, and explain how to extend it to 5,,.

With the bases we presented, the spaces S, are nested and, to select an adequate dimension,
we look for m in a finite set

Mn = {17 cee 7mmax}u



where, in any case, Mmpax < n. In the examples, mpyax is specifically defined in each context and
can depend on n. The contrast function defined by (2.3|) can thus be written, for any ¢t € S,,,

M(t) = [1#1% = 202, S (2.11)

This definition has the advantage that it no longer depends on m.

A selection procedure is generally defined for the estimator 5,,, by replacing in its risk decom-
position the squared bias term ||s — s,,,[|> and the variance bound E[||3,, — s, ||?] < V(m) by esti-
mators. For the first term, according to Pythagoras Theorem, we have: ||s—s.,||2 = [|s]|%—[|sm]|?.
The constant ||s]|? is dropped out, and —||s,,||? is estimated by —||5,||?. For the second term,
it is estimated by V(m) and a quantity pen,(m) = xV(m) is plugged in the criterion, for a
numerical constant x. Note that V(m) is taken equal to V (m), when all terms in the variance
bound are known. We get the following model choice:

M = argmin {—||5,,||> + pen, (m)},
me n

For the new estimator, we introduce an additional term of penalization pen, which can also

be computed from the observations, and takes the constraint into account as follows:

m

m—1 2
— — — — = w ~
pen(m) := pen;(m) + peny(m), peny(m) := %K% =5 (Z appe(0) — c> . (2.12)
=0

Heuristically, pen, contains both By, and V;, ,,, as given in (2.7)-(2.§]). Indeed, we have

2
__ w L
E[2pen,(m)] = —E (@ — ar(s)pe(0) = > ae(s)e(0) | | = B+ V- (2.13)
=0 1>m
Then we set
m = argmin {—||5,||? + pen(m)}. (2.14)

mGMn

Therefore, the estimate of the bias of 8, given by —||3,,||? is increased by the B,, term contained
in peny(m), and thus we get an estimate of the bias of 5,,,. The V}, ,, contribution increases the
variance part, but in a negligible way in most specific cases studied hereafter.

Now we can provide general conditions ensuring that both estimators are adaptive in the
sense that they automatically realize the squared bias-variance tradeoff.

Theorem 2.3. Assume that (A1)-(A2)(s) hold. Assume moreover that the centered empirical
process defined, fort € Sy, by

Vn(t) = <t7§mmax - Smmax>' (215)
satisfies, for some a € {0,1,2},
1 log®
E | sup v2(t)— -peny(mVm)| < CM, (2.16)
t€Bym i 4 . n

where C'is a constant, By, 5 = {t € Spvm, ||t|| = 1}, and peny(m) is such that

E[pen (m)] < 2pen;(m)  and  E [(pen ()  pom ()] < "B o)



Then

l a
s — sl?) <3_ing {lls — snl” + 2pen; om)} + "2 ), (2.18)

where C" 1s a constant depending on s but not on m or n.
Moreover, the final estimator sz defined by (2.4) and (2.14) satisfies the oracle-type inequality:

_ log®
£ (155 —sl?] <2_inf {3l snll? + 6peny (m) + Elpeny(m)]} + "5 ™ (219)

where C" is a constant which does not depend on n and a € {0,1,2}.

Inequality means that the classical projection estimator 55 is adaptive and realizes
the compromise between the bias term ||s — s,,,||? and the variance bound pen, (m).

The last inequality in Theoremstates the same result for sj,, taking into account the
additional terms associated with the risk bound of 5,,,. To see this, we can provide a general rough
bound on E[2pen,(m)] following from the fact that, by Schwarz inequality, Vi,m < E[||Sm —sml?],

and from (2.13):

2

E[2petiy(m)] < E[|5m — sm?] + % > a(s)ee(0) | =EllSm = sml’] + Bu.  (2:20)

>m

Thus, the terms in the infimum of are the ones involved in the risk of s, and the bound
states the automatic trade-off resulting from the model selection strategy.

Both results are up to a negligible residual term log®(n)/n. Note that if pen;(m) is deter-
ministic, then we take penj(m) = pen,; (m) and condition is automatically fulfilled.

3 Examples of applications

In this section, we show how the previous procedure applies to two different models. After a
short presentation of the context, the definition of the projection estimator is given, together
with its constrained version, with notation (aj,a;) for the coefficients of the estimator on the
Laguerre or Fourier basis. Then a specific risk bound is provided in each example.

3.1 Survival function estimation in the multiplicative noise model

In this section a multiplicative noise model is considered. The common unknown density and
survival function of i.i.d. X;’s are denoted by f and S (S(x) = P(X > x)) respectively, but we
observe

}/Z:XZUZ, izl,...,n, (31)
where the U;’s follow a uniform distribution on [0,1]: U; ~ U([0,1]), the (X;)i<i<n and the
(Ui)1<i<n being independent. Our aim is to estimate the survival function S associated with f

from observations (Y;)i1<i<n, when the X;’s are assumed to be nonnegative (lifetimes data).
The common density fy of the i.i.d. observations (Y;)i1<i<p is given by

+o0 T
fy(y) :/ fEU)d:c, y €0, 400l (3.2)

Moreover, another useful property, implied by the model, see [§], is that for ¢ : I — R a bounded,

derivable function, it holds
E[t(Yl) + Ylt,(Yl)] = E[t(Xl)] (3.3)



For any t € L?(R*), the following bound also holds [see [13]:
E[(Y1t(¥1))?] < [[t]”E[X4]. (3.4)

Lastly, the key formula obtained from (3.2)), is Sy (y) = S(y) — yfy(y), where Sy is the sur-
vival function of Y. Thus, the coefficients of this function on the Laguerre basis are such
that a;(S) = (S,¢;) = E[Y¢;(Y)] + (Sy,¢j). As a consequence, we estimate the projection
Sm =210 aj(S)@; of S on S, by

n

Sm = ) ajpj, ;= gz [/+ @j(x) Ly >edz + Yip; (Yi)| (3.5)
=0 i=1 /R

which obviously satisfies E(a;) = a;. Then we can prove the following result.

Proposition 3.1. If E[X;]| < 400, the estimator §m (3.5) is an unbiased estimator of Sy, and
it satisfies

m + 1
[Hs sz } < |1Sm — S|? +E[X1] (3.6)
In the case of the Laguerre basis, if E[X] x3/2 | < +o0, then, for any m > 1,
~ 2
E Msm—SH ] < 1S — S|% + ¢E [Xf”] \T (3.7)

where ¢ is a constant depending on the basis.

Note that E[X;] < +oo implies that S is integrable and thus S? also so that (A1)(S) is
fulfilled. Moreover, as E[Y;] = E[X;]E[U;] = E[X}]/2, the integrability condition can be set
indifferently on X7 or Yj.

Inequality is new; it can be compared to the result obtained in [§], where a kernel
estimator is studied. Inequality is specific to the Laguerre basis and improves the bound on
the variance with respect to (3.6)): it has order y/m/n instead of m/n under a slightly stronger
moment condition

Then, usmg the steps described in Section l we can define a new estimator S,, of S such

that S, (0) = 1, with . or . and K given by (2.5 . with ¢ = 1:
» R R m—1 R w m—1
Sm:Sm_KmZQOj(O)QOJ’ Km:E (ZaZWZ(O)_:l) :
7=0 =0

Then S, satisfies Proposition and we can moreover prove here:
Proposition 3.2. Assume that E[Y1] < 400 and (A2)(S) holds. Then Vy, ,» < 4E[Y1]/n and

_4E[vY]

~ ~ 2 ~
IS~ SI?] + B <& B - 5[] <0080 - 511+ B

where By, and Vy, n, are defined in (2.8)).

If S e W(I, L), then it follows from Sectionthat, using bound (3.6)) under E[X] < 4+o00
]

in the Fourier case and bound (3.7) under E[Xf ’] < +o0 in the Laguerre case, the adequate
choice of the projection space is m,, = O(n'/?*+1) in the Fourier case and m,, = O(n?/(2a+1)



in the Laguerre case (see the values of ¢, in Section . The rate of convergence of gmn to S
is thus of order n~2%/(a+1) in both cases.

For the selection procedure, we consider the Fourier basis case. We can prove that

m = argmrg/ia {—||:S’\m||2 +pen,(m)}, peny(m)=2k1Yym/n, M, ={1,...,n}, (3.8)

defines an estimate §m which makes a data driven bias variance trade-off.
This implies that the procedure of Section can be applied to select m and build the final

estimator Sy, defined by (2.12))-(2.14)).

Theorem 3.3. Assume that (A1)-(A2)(S) hold and that E[X{] < +oo. Let S, be defined by
(13.5) and (3.8). Then there exists a constant k9 such that for any k1 > K, we have

2
E[|Ss - S* <3 int (1S = Sull? + 2peny (m)} + 018 (),

n

where pen, (m) = k1 E[Y1]m/n and C is a constant depending on E[X}]. Moreover

. i
Bl — S < Cr_inf {18~ Syl + B + peny (m)} + €522 1),

where By, is defined in (2.8), C1 is a numerical constant and Co is a constant depending on
E[X{].

The proof of Theorem [3.3] relies on the study of the empirical process
1 n
I/n(t) = ﬁ Z/t(l’)]lyi>xd$ + Y;t(}/l) —E |:/ t(w)]lyizmdl’ + }/ﬂf(}/l)
i=1

which satisfies Assumption (2.16)) with pen;(m) = 2k1E[Y1]m/n. Moreover, pen; and pen,

satisfy Assumption (2.17) with a = 2.
The results can be adapted to the Laguerre with m replaced by /m and Y,, by n=! Yo Y
in the penalty. The numerical constant in the penalty is denoted ko.

3/2

3.2 Laguerre survival function estimator in the convolution model

Now we explain briefly that the constrained strategy also applies to the convolution model
Yi=X;+V;,, i=1,...,n (3.9)

where the (X;)i1<i<n and the (V;)i<i<, are two independent sequences of i.i.d. nonnegative
random variables. The X;’s still have unknown density denoted by f and unknown survival
function denoted by .S, while the V;’s have known density g. Here, the key property of the
Laguerre basis [see 2] is:

1

o % 03(z) = /0 " k(0 (@ — w)du = 5 (resl) = Puss). (3.10)

i.e., the convolution of two basis functions has a linear expression in function of two other basis
functions.

10



For the survival function estimation, it is noticed in [I8] that Sy is the survival function for
Y and Sy for V. Using relation (3.10)), the convolution equation can be used to write, on the
one hand:

—+00 +00

Sy(z) = Sv(z) = Sxg(y ZZ“J (9)pj * pr(x)

7=0 k=0
[e9) k
= D (@)Y 27 (ar—i(9) — ar—e-1(9))ac(S). (3.11)
k= =0

On the other hand,

o0

Sy () = Sy (x) =Y _(ak(Sy) — ar(Sv))pk(@).

k=0

Therefore, if we define the matrix G,, = ([Gm]i7j)1§,i,j§m, by
(Gl ;=2 12 (g, i(9) —ai—j—1(g)) if 5 >4, 0 otherwise,

and convention ¢; = 0 if j < 0, we have

G (Sx)m = (Sy)m — (Sv)m,

where (Sz)m = Yao(Sz),...,am-1(Sz)) for Z=Y,V,U and Sx = S. The matrix G, is known
as ¢g is known. An important feature of G,, is to be lower triangular and Toeplitz. As the
diagonal elements ag(g) = v2E[e™Y] > 0, the matrix G,, has nonzero determinant and can be

inverted. Therefore
(SxIm = Gl (S = (5vIm ).

In view of this and as a;(Sy) = (Sy,¢;) = E[(Ig);(Y1)] where (Ip);(y) = [) ¢j(x)dz, the
proposed estimator is

m—1

:Zaj $)g;, with Sy = G2 < )—(SVm>,

where S = @o,...,am-1) and (Sy), = (@ (Y),...,am_1(Y)),

The estimator §m is an unbiased estimator of S, satisfying the following MISE bound. If S
satisfies (A1)(S) and E[Y1] < 400, then [see Proposition 3.3 in [18§]

— E
Bl — S17 < 15— Sl + 0 a5 2,
Clearly,
m—1
Sin =8 — K, \[Zgojwmth—Qm Z\[G@—l
7=0
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satisfies the bound in Proposition 2.1} Here we can also prove

m—1

1 G lAE[Y;

Vi = — Var (§ ag> < 16w IFEM] (3.12)
m —o nm

In the case of a Gamma noise, i.e. if g ~ v(p,0), it is known [see [IT] that |G, }[|%/m =
O(m*~1) while |G, |12, = O(m?) so that the bound is such that V;, ,,, is negligible with
respect to the variance.

Survival function estimation in the additive convolution model [see [18] relies on the study of

the empirical process vy (£) = (£, Sy, — Smua,) With Sp defined by
— 253?11 —
peny (m) = IG5 113, log(n)

n

and M = argmingen, {—||Sm? + pen,(m)} for M,, = {m, 1G; |2, log(n)/n < 1}. The
empirical process fulfills (2.16) and the penalties pen; and pen, (m) satisfy condition (2.17) with
a = 0. Thus, here again the procedure of Section can be applied to Sy,.

4 Numerical illustrations

4.1 Description of the practical procedure

In this section, we compare the new constrained estimator to the standard adaptive projection
estimator in different cases. We illustrate the two cases of survival function reconstruction
presented in Section [3] The samples size is n = 100 or n = 1000. The variable of interest X is
simulated from two different distributions:

e X ~ x%(10)/+/20 (denoted X ~ x?),

e X ~0.5I'(2,0.4) + 0.5I'(11, 0.5) (denoted X ~ MT)
and in the additive model 7 we choose to illustrate

e V ~T(2,1/V/8) (denoted V ~ TI),

o VV ~exp(2).

First, a preliminary calibration step is conducted. The universal constants x;, i = 1, 2, 3 appear-
ing in each of the procedures are calibrated with a large choice of setups, different from the ones
of the simulation study. Empirical MISE are computed via 1000 Monte-Carlo experiments. In
the multiplicative noise model, the first penalty (pen;) is 2k2(} ;" 1@3/2)\/ﬁ/n2 with kg = 1.
For the additive model, the penalty is 2rk3(> ;" Yi)HG;LIng log(n)/n with k3 = 0.001.

Then, we also illustrate the estimation of the density function in both cases with our proce-
dure. Indeed, the two densities have the constraint to be null in 0. We also illustrate the example
of the exponential density £(2) which is 2 in 0. In the densities examples, we assume that the
value at 0 is known, a case which may occur in physical experiments or in economics. For the
multiplicative case the density estimator is derived from [5] and from [I8] for the additive case.
In the additive case we illustrate the case of an exponential noise density V ~ £(2).

12



4.2 Tllustrations

Figure 2: In black bold the true survival function S, in dotted blue 5 estimators Sm, in red 5
estimators S with Laguerre basis and X ~ MT with n = 100. Left: multiplicative model (3
Right: additive model ( with V ~ T

Figure 3: In black bold the true density fx, in dotted blue 5 estimators ]? in red 5 estimators
fw with Laguerre basis, X ~ £(2), n = 100. Left: multiplicative model 1} Right: additive
model with V ~ T

13



Figure 4: In black bold, the true density fx, in dotted blue 5 estimators f in red 5 estimators
fm with Laguerre basis, for X ~ MTI', n = 100. Left: multiplicative model 1} Right: additive
model (3.9) with V' ~ £(2).

Figures and [ illustrate the estimation procedure detailed in the paper for the multiplicative
model (left plots), see and the additive noise model (right plots), see (3.9). Figure [2
illustrates the reconstruction of the survival function of X and Figures B] and @ show density
estimations. We compare estimated survival functions Sm in dotted blue and corrected estimators
Sm in red on Figure |2 I when X has a mixed Gamma distribution. These graphs show the typical
behavior of the procedures. For the additive noise model, all the estimators seem close to the
true function S in bold black, even if the sample size is not large (n = 100). Nevertheless, the
constrained estimator fits better the curve than the classical projection one, near zero. For the
multiplicative case (left graphs) the estimation seems harder. The correction clearly improves
the behavior of the estimators. These remarks are confirmed by Table [I] below.

_ Figure |3 presents estimated density functions fm in dotted blue and corrected estimators
fm in red, when X follows an exponential distribution (f(0) = 2); the case of X following a
mixed-gamma distribution (f(0) = 0) is given in Figure |4, On these graphs, the improvement
brought by the estimator f; for two different densities with two different noise distributions,
appears clearly.

4.3 Detailed study

X ~ 2 X ~MT

n| 100 1000 | 100 1000
Smult | 1.993  0.194 | 3.721  0.455
Szt 1,966 0.185 | 3.556 0.423
Sadd 1 0.915 0.075 | 1.539  0.247
Sadd | 0.955 0.064 | 1.494 0.244

Table 1: Survival function estimation with Laguerre basis. MISE x100 with 1000 repetitions.
S%mlt, S%“ﬂt: survival function estimators in the multiplicative model. S’%dd, S’%fd: survival
function estimators in the additive case, with V ~ I'.
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X ~ 2 X ~MT

n || 100 1000 | 100 1000
foult | 3705 0.515 | 3.719  0.442
Fouit 3315 0.442 | 2,678 0.384
f29d 11 0.635 0.185 | 1.438  0.260
F294 110,532 0.189 | 0.821 0.248

Table 2: Density function estimation with Laguerre basis. MISE x100 with 1000 repetitions.

add, f;indd: density estimators in the

7mult  rFmult. . . . SRT .
fEUY, 2 density estimators in the multiplicative case. f2
additive case, with noise V' ~ £(2).

Table[T]gives the empirical MISE multiplied by 100, for the survival function estimators computed
in the Laguerre basis. As expected, increasing the sample size improves the results: the larger n,
the smaller the MISE. Nevertheless, we can see that the new procedure gives better results in most
cases: indeed, the estimator S has smaller risks than the uncorrected projection estimator §ﬁ1
The improvement is not large, but it is systematic. Table [2] gives the empirical MISE multiplied
by 100, for the density function estimators computed in the Laguerre basis. The same conclusion
can be drawn here, with a more pronounced improvement, for example in the bi-modal mixed
gamma distribution. This confirms the theoretical result which states that the rate of convergence
for the constrained and the non-constrained strategy should have the same order (see Corollary
. But this numerical study goes further and claims that the new estimator performs better
and gives a better fit of the estimated function than the unconstrained one.

10 100

. . g ‘ g . g ' selection
25 50 75 100 25 50 75 100

25 50 75 100 25 50 75 10.0

Figure 5: Curves m — ||S,, — S||? for ten simulated samples, with n = 10 (top-left), n = 100
(top right), n = 200 (bottom left), n = 500 (bottom right). The selected m is in red. S is the
survival function for X ~ MT in the multiplicative noise case.
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Figure 6: Curves m — —||S,,||> + peni(m) for ten simulated samples, with n = 10 (top-left),
n = 100 (top right), n = 200 (bottom left), n = 500 (bottom right). The selected m is in red. S
is the survival function estimation for X ~ MT in the multiplicative noise case.

[
grse

THIHE ®
EEE

HT

Figure 7: Left: Empirical MISE for the survival function estimation in the multiplicative noise
case, for X ~ MT', with different values of n. Right: boxplots of the m for the survival function
estimation in the multiplicative noise case, for X ~ MT', with different values of n and 1000
repetitions.

Let us look more precisely at the selection procedure. In Figure |5 m — [|S, — S|? is
plotted, for 10 samples from the multiplicative model (3.1), with X ~ MT', the four picture
correspond to different values of n € {10,100,200,500}. The red points correspond to the
selected dimension for each of the 10 simulations. In comparison, Figure [6] shows the penalized
criterion behavior. We see that the criterion has the same behavior as ||S — Sp||2 and the
minimizer of the penalized criterion is often the oracle. This is what was expected. Figure [7Heft
shows m +— E[||Sp — S||?], where the expectation is computed as mean over 1000 Monte-Carlo
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repetitions (mean behavior of the individual one, shown on Figure [5)), each curve corresponds
to a value in n € {10, 100, 200, 500}. Figure righ shows the boxplots for the selected values of
m, for the same 4 values of n. The illustrated case is the multiplicative model , where X
is distributed according to the mixed gamma distribution. The oracle of the L2-risk is m* = 3
according to the left graph of Figure[7]for n = 10 the trajectory of the MISE is easy to minimize
and the selection procedure chooses most of the time m = 2 or 3. Note that for n = 100 and
n = 500, flat boxes mean that the selected dimension is almost always equal to 4, the oracle
value.

5 Extension to regression setting: the example of interval cen-
sored data

We mention in this section that the question may be studied for projection estimators in regres-
sion framework. In this context, the estimator is built in a different way and is not an unbiased
estimator of the projection. To be more precise, we present a specific example: the problem of
survival function estimation for interval censored data.

In this model, the variable of interest is still denoted by X, with unknown survival function S
and density f. Now, the observations are (U;, d;)1<i<n Where 6; = 1x,<y, and both (X;)1<i<, and
(Ui)1<i<n are i.i.d., the two sequences being independent. Relying on the equality E[1 — §;|U;] =
S(U;), a least-squares regression contrast has been proposed in [7] to define a projection estimator
of S:

g _ ; IS~ 2NN s
S = arg min (), %(t)_n;t(m) nZu St (Uy).

" i=1
We find that S, = Z;n:_ol ajp; with
ap

. 1
?m = : = (tq)mq)m) ®,,1 — 3, D, = (9 (Ui))i<i<n,0<j<m—1

Am—1

“_) A~ ~
and 1 —0 = {1—0y,...,1—0,), provided that ®,,®,,is invertible a.s. Let us define two norms
specific to this problem:

I = S and el = [ £
=1

where fi7 is the common density of the U;’s. Then, it is easy to prove [see [7] that

~ 1m
E[|[Sm — S|2] < inf ||t —S|f + ~—. 5.1
180~ SI) < inf e~ SR+ 6.1
Note that the risk is computed with respect to the empirical norm ||.||,, and the bias refers to
the weighted norm ||.||y. N
As previously, to obtain an estimator satisfying S,,,(0) = 1 (i.e. ¢ = 1), we can define

Sm = argmin {7, (t) — A(t(0) — 1)}.
t€Sm AER
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Then we obtain, denoting by m = Y0(0),...,0m-1(0)),
e R (G ST B GO Sa-1
G = i — Ko ((@n®1) (0}, Ko = A om .
() (0] (@) o0}

~ N |
Note that all additional terms in S,, involve the matrix St@mq)m) , and this makes a clear

difference with respect to the setting of Sections [2] and
Proposition 2.1} but with more technicalities:

(5.2)

We can prove a similar result to

Proposition 5.1. Assume that (A1)-(A2)(S) hold, that ®,,®,, is a.s. invertible, and that fy
is bounded. Then for any m < n/log?(n),

E[ISm — S2] < 2E[|Sm — SII7] +2 — + =

where ¢ is a positive constant depending on || fur|co-

Proposition [5.1] shows that we recover a bound of the same type as before, but in a less
accurate way: the risk of the constrained estimator S, is bounded by the risk of §m plus the
attenuated risk at point 0, E[(S,,(0) — S(0))2]/m = B, + Vi,m, see inequality (2.7)-(2.-8) in
Proposition . Therefore, the global correction of §m should not deteriorate the rate.

However, the norms involved in the result are empirical norms, leading to weighted integrated
norms when taking expectations. This is what makes the context different from the one presented
in Section 2] Moreover, the point-wise risk is also more difficult to handle in this framework.

Model selection is left for further research but would be much more intricate than in the
previous class of examples [see [I5] for a description of the steps.]

6 Proofs

6.1 Proof of Proposition [2.1
We have the general equality

E [|[5m — sI%] = IE[Sm] — sl + E [||5m — E[Sm]l|*] - (6.1)

For the bias term, we have E[s;,] = s, + (w/m) (Zezm ads)w(O)) Z;n;()l ©;(0)p;. As a conse-
quence

2 m—1
Bl — sl = S a3s)+ (2) [ 2 arls)ee) (Zsﬁ(m)
j > k=0

j>m £>m
2
w
= aj(s) + p. Z ar(s)ee(0) | - (6.2)
j>m >m
For the variance term, we have
m—1 m—1
~ ~ ~ wp;(0 -
S~ Elfn] = [ — ()~ 29N g 0) - ae(S)W(O))] o
7=0 =0
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and thus

m—1 m—1 2
I5m — EBmll® = D | — a (s —a(s 5(0)]
j= Z:O
m—1 m—1 w2¢2 m—1 2% m—1 2
= @ —a;(s)* + > ] Z (@ — ae(s))ee(0))* — . ( (a; — aj(s))soj(0)>
=0 =0 =0 =0
m—1 w m—1 2
= (@ — aj(s))? — p- (Z(ae - ae(S))w(O)) -
=0 =0
This y1e1ds E [Hsm —E[sn]|?] = Z;-”:_Ol Var(a;) — £Var (Z?:_ol a@w(())), and plugging this and

into gives equality . ]

6.2 Proof of Theorem [2.3

We consider the estimator S, as a minimum contrast estimator associated with ~,, defined by
[.11). Tt satisfies v, (5m) = —||8ml|?; S = argmin v, (t). For v,(-) defined by (2.15)), it yields
t

m

the relation for any m,m’ € M,, and t € S,,,, u € S,

T(t) = n(u) = [t = s> = lu—s|> +2(t — u,s) — 2(t — U, Spypar)
= ||t—s||2— ||u—s||2—21/n(t—u). (6.3)

According to the relation: S, = Sy — Km > it 90]( )gj our strategy is to prove a result on the
estimator 5 and to deduce one for sz, Notlce that the definitions of m and 5, give that, for
all m € M,,,

(5) + DE(T) < Yo(5m) + PEA() < Yo (570) + D).

Therefore, v, (57) — Yn(sm) < pen(m) — pen(m) and with we get
155 — slI* = lIs = smll* — 2vn (57 — sm) < pen(m) — pen(m).
Therefore, denoting by By, s = {t € Spvmy, ||t]] = 1}, we have
157 = sl < lls = swl* + pen(m) + 2Vn(§m — $m) — peny (m) — peny (1)

s — sml|* 4+ pen(m) + stm—smH +4 sup v2(t) — pen,(m) — peny(m).

te m,m

IN

Writing that [|37 — sml|? < 2|57 — s]|? + 2||s — sm|? and gathering the terms implies
L 2 3 2, —— 2 1 ~
L —sI2 < 2lls— sl +penm) +4 sup (v2() — Speny (i v m)
2 2 1B 4 .

+peny (M V m) — pen; (m) — peny(m)
2

3 . 1 - -
s = sl pe(m) +4 sup (43(0) ~ gpems (v m) )+ peny ()
+

IN

S m,m

+pen, (m) — peny (m) — peny(m)
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as pen;(m VvV m) < pen;(m) + pen; (m). Now taking expectation and using Assumption (2.16)
and E[pen; (m)] < 2pen; (m) we get, Vm € M,,

~ _ 8C
E[llS5 = 5] < 3lls = sm[* + 6peny (m) + 2E[peny (m)] + —

+2E pen, () — peny ()] — 2E[5en, ().

This result implies Inequality (2.18): indeed, for peny(m) = 0, m = m. R
As for all m € My, [|$m — s[|? < 2[5 — s||> + 2(m/w) K2, taking m = m with mK2 /(2w) =
peny(m) leads to

IN

E[57 — sII’] 2E[|[57 — sl*] + 4E [peniy(m)]
16C L

< 6]ls — smll* + 12pen; (m) + 4E[peny(m)] + —— + 4E[(pen; () — peti; (m))+].
According to conditions (2.17) and (2.20)), we get for any m € M,, the result of Theorem 2.3} O

6.3 Proof of Proposition

We study here the risk of the projection estimator (/)\f the survival function in the multiplicative
model. We have E[||S,, — SN2 = 1Sm — S|I? + E[||Sm — Sm]|I?], and we upper bound the term:
E[l|Sm — Sm]l1?]-

E [H?m - SmHQ] - il_lVar(aj) = nfvm (/]R+ 0;(2) 1y, 50dz + Y1<pj(Y1)>

<

where ®;(z) = [ ¢;j(u)du. Now write that E {(CI)j(Yl) + Ylgoj(Yl))ﬂ = E[®5(Y1)+2Y19;(Y1)p; (Y1)]+

E[Y{ goj( 1)] Now we note that, by Formula (3.3)) applied to t = @?, the first rhs term is equal to
E[@?(Xl)]. Moreover, it follows from (3.4) that E [(Y1¢;(Y1))?] < E[X1]|l¢;]|* = E[X1]. There-

fore,
. 2 1 2 =
E[Hsm—sm\”snjzo (/R () Ly (2) ) P
I 1m 3 m m+1
< ~E ]z;%,nm ]Z;Exl | < E[||11X1> 7] + Bl = B T

This is the first result of Proposition [3.1]
From Lemma 8.2 in [14], specifically for the Laguerre basis, if E[Yg/ ?] < +o0, then E[Y7p?(Y1)] <

cE[Ylg/z]/\/j for ¢ a constant. This implies that Z;-n:_ol E[YPe3(Y1)] < c’E[Yg/Q]\/ﬁ and thus
the second result of Proposition O

6.4 Proof of Proposition

We study here the additional variance term of the constrained estimator of the survival function
in the multiplicative model. As previously, we apply Formula (3.3|) applied to ¢ = (ZT:_Ol $;)?

20



(recall that ®;(z) = [ ¢;(u)du), and we find

m—1 ? s ;
Var (Zﬁggpg(O)) < —E (Z/ ©e(0)pe(u )]1X1>udu> + ]E (ZYNPE Yl)w<0))

=0 =0

Now, we write by using Cauchy Schwarz and || 375" ¢¢(0)@e||?> = m/w,

m—1 2 1 9
(; /R+ we(o)st(u)nxzudu) < /R+ (; w(om(u)> du/R+ Ly = "z,

and we obtain n_lE[(ZZnZBI Jr+ ©e(0)pe(u)l x, >y du)?] < E[Xi]m/(nw). Besides, we use the
property (3.4). It comes,

m—1 2
%E <Y1 > SDZ(O)(PE(Yl)) < BX)

=0

E[Xl]n

w

We obtain finally: Var(3/" ! Gepe(0)) < 2E[X:]m/(nw) = 4E[Yi]m/(nw), and thus the bound
given in Proposition [3.2] O

6.5 Proof of Theorem 3.3

Let us now prove the oracle-type inequality for the survival function estimator in the multi-
plicative noise context. We prove that Assumptions — are fulfilled. The first part of
Assumption is obviously fulfilled as Epen, (m) = 2pen;(m). The second part follows from
standard moment inequalities (see e.g. (iv) of Lemma 5.4 in [12]). Now we check (2.16). We set
p(m,m’) = pen(m VvV m’) and we write

E | sup Vi(t)—p(m,fr\z)] < 3E
tEBmyffl n

sup v, () — p(m, m)]
t€Bp, n

+3E| ) RA1)

sup 1/2 5(t)
teBan

+3E

1 n
where v 1(t) = ~ > (Yit(Yi)lyi<e, — EYit(Yi)lyi<e,]),

=1

n

1
vna(t) =~ (it(Yi)ly,se, — EYit(Vi)lysc,))
i=1

n

1
and R, (t) = - Z </t(w)]1yi2$d:n — E[/t(x)]lYind:co . First, as the models are nested,

=1

MMmax — n 2
<t o Ri(t))] <E| Y (/ (00 D (hviae = 8 >>d:c> < "Ml 6.
EBm,m + j=1 i=1

B
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Next we apply Talagrand’s inequality (Theorem A.1 in supplementary material) to v, 1 and to
that aim, we compute H?,v and M. Denoting m* = m V m/, we have E[supteBm » 1/7%71(25)] <

EXajm® ZE[Y;]W* := H?. Clearly here, H? can be obtained of order v/m/n in the Laguerre

n

case, and the proof would hold. Next using (3.4)), we get

sup Var(Vit(Y1)1ly;<c,) < sup E[YZ#3(Y1)] < sup E[X1]|t]]* = 2E[Y7] :=
[[¢ll=1 1¢]=1 l[¢l=1

Lastly, sup|;|=1 supyer+ [Yt(¥)1y<c,| < ¢nv/2m* = M. Then we obtain, by taking o = 1/4 in
Theorem A.1, that, for p(m, m’) = 3E[Y1]m*/n
( sup V2 () —p(mﬂn)) ]
teB,, "

( sup u%(t)—p(m,m)) ] S E
t€Bym N vl
oy <E[y1]e—bm*/4+ci’fe—c'¢wﬁ/6n)

n
m’GMn

where C and ¢ are two numerical constants. Therefore, choosing ¢, = (¢//v/2)\/E[Y1]n/log(n)
and using that card(M,,) < n and m* < n, yields

E

IA

K
E sup 2 1(t) = p(m,m) <=2 (6.5)
t€Bm m 4 n
mVm Mmax 1 Mmax
Now, E | sup V22(t)] < E Z V121,2(<Pj) <E Z ’/7%,2(%) < n Var (Y1 (Y1)1y,>c,)
tEBm w j=1 j=1 7j=1
E[Y{] E[Y{ log?
< 2E[Y12]1Y1>cn] < 9 [ 1] — [ 1] og (n) ) (66)

C% E [Yl] n

Finally gathering (6.4]), (6.5)), leads to (2.16]) and, by Theorem, to the result of Theorem
B3 O

6.6 Proof of Inequality (3.12))

Let (I¢)m = {(I9)o(Y1),..., (Ip)m—1(Y1)). The result follows from:

. . - 2
nVar (;;1@) = Var ( 1 [G;nl(fcp mL> <E (Z:l [anl(ISO mL)

£=0 =0
m—1m—1 m—1 m—1
< E YUIGHE D Ui || S IGLHIFE [ Y (Ie)i()
(=0 j=0 =0 =0
< |IGLUFEN]. O
6.7 Proof of Proposition
It follows from the definition of the coefficients given in ([5.2)) that
’\ n m—1 2
1Sm = SI7 < 2[1Sm — SII2 + 2= Ko, Z @) 2 (0)]05 (U) | - (6.7)
=1 ]:0
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In the following, we denote by ||Z||grr the euclidean norm of the vector Z belonging to RP.
We study the second term of the right hand side of ,

2

n m—1
S U @) o0 (U) | = (B BnBr) o0 = GO)( B Br) (0],
i=1 \ j=0

o0, using the definition of K, in (5.2), we want to bound

2

A n m—1 ral 2
B,) o 0f)y) | =k | L GO SO
Z 2 () o0 n G0} @) 0 0]

Let us define, ¥, = ([ i@ fu)o<jk<m—1 and \T/m =(1/n) @mt/ﬁm, so that E[\Tlm] = U,,, and let
| M||op denote the operator norm of the matrix M, that is || M|lop = v/ Amax( M M) the square
root of the largest eigenvalue of ‘M M. Also, let

Q, = {H\I'm - \IlmHOP < H\I]mHOP/Z}'

Our assumptions imply that (I\’m is invertible, so that this matrix and its inverse are symmetric
positive definite. We have

1 D00 Bra®) " 2(0) 2 Amin (T 9(0) 2 = ——— ; ( ||ﬂ||Rm (6.8)
max

First, has the vector basis ¢; are bounded,

~ e 1 ~
)\max(\ljm) = sup ! \Ilml‘ = — sup ||\Ilm$||Rm
(|Z]|gm =1 )& ||gm =1
n m—1 2 1 n m—1 m
2
< — sup Z 5UJSOJ(U2) < n Z (P](UZ) < o

On the other hand, as Amax(¥m) = SUP|z|m=1 T, 7, we get

m—1
Ae(T) = sUD / ng (wW)du < | fulle  sup /<ijsoj<u>>2du=ufzf||oo.
: 2

[|Z][rm =1 [|Z]| g =1
Therefore
)‘maX(‘f’ ) = H(I}mHOP = H:I}m||0p19%1 + H:I}m||0p19m
m ~
< ;192,1 + (H\I’m - \IlmHOP + H\IImHOP)]‘Qm
m 3 m 3
< ;19% + iH\I’mHoplQm < ;lﬁgn + §||fU||OO]‘Qm (6-9)

Therefore, using that ng(O;Hﬁm = m/w for our two bases, we get by plugging into
that

j 2 m
o
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With (S,,(0) — S(0))2 < 2(5,,(0))2 + 2, this implies that

30| fr[|oe B [(gm(o) —5(0))

2 m

(Sm(0))?
1o(0) Wi (0

1o | +2P(Q5,) + (6.10)

Next, we have

(00 @)™ DT — 82 < [[( By @)/ 20(0) o [ B @) /2 By T — 620
D05 (D) p(0) T = 3By ( DyyBr) 2 @, 1 — 3
< (0} D Pr) P (0)]T— 820 < 1 (0@ pn®r) " 0(0) = (0} T75(0),

where we used that || @, (@, Py, )~ Y/2 ), |lop = 1 as it is a projection matrix. Therefore, we get
P proj

from (610,

(8 (0))

IN

30l fullos E [ (Sm(0) = 50))?]

2 m

E < 4P(QF,) + (6.11)

Now, using Proposition 3.1 in [I5], we get that

c = C
P(2) < P([Wm = Ynllop > [l fullee/2) =

for m < n/log?(n). Plugging this in (6.11)) and then in (6.7) implies the result. O

A Integrated Talagrand’s inequality

The following result follows from the Talagrand concentration inequality (see Klein and Rio (2005)).

Theorem A.1. Consider n € N*, F a class at most countable of measurable functions, and

(Xi)iequ,..,ny @ family of real independent random variables. Define, for f € F, vn(f) =

(1/n) >0 (f(Xs) — E[f(X))]), and assume that there are three positive constants M, H and

v such that sup|| fllec < M, E[sup|vn(f)|] < H, and sup(1/n)> " Var(f(X;)) <v. Then for
feF feF feF

all a > 0, setting C(a) = (V1+a—1)A1, and b=1/6,

E [(sup\un(f)\2 —2(1+ 204)H2> ]
n

ferF

4 (v nH? 49 M2 V2bC(a)y/anH
< | = — + eV .
b <n P ( ba v > bC?(a)n? P < 7 M
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