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1 Introduction

The goal of this paper is to show that, if we carefully exploit some recent de-

velopments in stochastic calculus in infinite dimension, we can weaken some of

the hypotheses typically demanded in the literature of non-regular solutions of

Hamilton-Jacobi-Bellman (HJB) equations to prove verification theorems and

optimal syntheses of stochastic optimal control problems in Hilbert spaces.

As well-known, the study of a dynamic optimization problem can be linked,

via the dynamic programming to the analysis of the related HJB equation, that

is, in the context we are interested in, a second order infinite dimension PDE.

When this approach can be successfully applied, one can prove a verification

theorem and express the optimal control in feedback form (that is, at any time,

as a function of the state) using the solution of the HJB equation. In this case

the latter can be identified with the value function of the problem.

In the regular case (i.e. when the value function is C1,2, see for instance

Chapter 2 of [12]) the standard proof of the verification theorem is based on

the Itô formula. In this paper we show that some recent results in stochastic

calculus, in particular Fukushima-type decompositions explicitly suited for the

infinite dimensional context, can be used to prove the same kind of result for

less regular solutions of the HJB equation.

The idea is the following. In a previous paper ([13]) the authors introduced

the class of ν-weak Dirichlet processes (the definition is recalled in Section 2,

ν is a Banach space strictly associated with a suitable subspace ν0 of H) and

showed that convolution type processes, and in particular mild solutions of infi-

nite dimensional stochastic evolution equations (see e.g. [6], Chapter 4), belong

to this class. By applying this result to the solution of the state equation of a

class of stochastic optimal control problems in infinite dimension we are able to

show that the value process, that is the value of any given solution of the HJB

equation computed on the trajectory taken into account 1, is a (real-valued)

weak Dirichlet processes (with respect to a given filtration), a notion introduced

in [11] and subsequently analyzed in [26]. Such a process can be written as

the sum of a local martingale and a martingale orthogonal process, i.e. having

zero covariation with every continuous local martingale. Such decomposition is

unique and in Theorem 3.7, we exploit that uniqueness property to characterize

the martingale part of the value process as a suitable stochastic integral with

respect to a Girsanov-transformed Wiener process which allows to obtain a sub-

stitute of the Itô-Dynkin formula for solutions of the Hamilton-Jacobi-Bellman

equation. This is possible when the value process associated to the optimal con-

trol problem can be expressed by a C0,1([0, T [×H) function of the state process,

with however a stronger regularity on the first derivative. We finally use this

expression to prove the verification result stated in Theorem 4.12.

1The expression value process is sometime used for the value of the value function computed
on the trajectory, often the two definition equal but it not always the case.

2A similar approach is used, when H is finite-dimensional, in [25]. In that case things are
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We think the interest of our contribution is twofold. On the one hand we

show that recent developments in stochastic calculus in Banach spaces, see for

instance [9, 10], from which we adopt the framework related to generalized

covariations and Itô-Fukushima formulae, but also other approaches as [5, 28, 35]

may have important control theory counterpart applications. On the other

hand the method we present allows to improve some previous verification results

weakening a series of hypotheses.

We discuss here this second point in detail. There are several ways to in-

troduce non-regular solutions of second order HJB equations in Hilbert spaces.

They are more precisely surveyed in [12] but they essentially are viscosity so-

lutions, strong solutions and the study of the HJB equation through backward

SDEs. Viscosity solutions are defined, as in the finite-dimensional case, us-

ing test functions that locally “touch” the candidate solution. The viscosity

solution approach was first adapted to the second order Hamilton Jacobi equa-

tion in Hilbert space in [29, 30, 31] and then, for the “unbounded” case (i.e.

including a possibly unbounded generator of a strongly continuous semigroup

in the state equation, see e.g. equation (5)) in [34]. Several improvements of

those pioneering studies have been published, including extensions to several

specific equations but, differently from what happens in the finite-dimensional

case, there are no verification theorems available at the moment for stochastic

problems in infinite-dimension that use the notion of viscosity solution. The

backward SDE approach can be applied when the mild solution of the HJB

equation can be represented using the solution of a forward-backward system.

It was introduced in [32] in the finite dimensional setting and developed in sev-

eral works, among them [7, 15, 16, 17, 18]. This method only allows to find

optimal feedbacks in classes of problems satisfying a specific “structural condi-

tion”, imposing, roughly speaking, that the control acts within the image of the

noise. The same limitation concerns the L2
µ approach introduced and developed

in [1] and [20].

In the strong solutions approach, first introduced in [2], the solution is de-

fined as a proper limit of solutions of regularized problems. Verification results

in this framework are given in [21, 22, 23, 24]. They are collected and refined

in Chapter 4 of [12]. The results obtained using strong solutions are the main

term of comparison for ours both because in this context the verification results

are more developed and because we partially work in the same framework by

approximating the solution of the HJB equation using solutions of regularized

problems. With reference to them our method has some advantages 3: (i) the

assumptions on the cost structure are milder, notably they do not include any

continuity assumption on the running cost that is only asked to be a measur-

simpler and there is not need to use the notion of ν-weak Dirichlet processes and and results
that are specifically suited for the infinite dimensional case. In that case ν0 will be isomorphic
to the full space H.

3Results for specific cases, as boundary control problems and reaction-diffusion equation
(see [3, 4]) cannot be treated at the moment with the method we present here.
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able function; moreover the admissible controls are only asked to verify, together

with the related trajectories, a quasi-integrability condition of the functional,

see Hypothesis 3.3 and the subsequent paragraph; (ii) we work with a bigger set

of approximating functions because we do not require the approximating func-

tions and their derivatives to be uniformly bounded; (iii) the convergence of

the derivatives of the approximating solution is not necessary and it is replaced

by the weaker condition (16). This convergence, in different possible forms, is

unavoidable in the standard structure of the strong solutions approach and it is

avoided here only thanks to the use of Fukushima decomposition in the proof.

In terms of the last just mentioned two points, our notion of solution is weaker

than those used in the mentioned works, we need nevertheless to assume that the

gradient of the solution of the HJB equation is continuous as an D(A∗)-valued

function.

The paper proceeds as follows. Section 2 is devoted to some preliminary

notions, notably the definition of ν-weak-Dirichlet process and some related

results. Section 3 focuses on the optimal control problem and the related HJB

equation. It includes the key decomposition Theorem 3.7. Section 4 concerns

the verification theorem.

2 Some preliminary definitions and result

Consider a complete probability space (Ω,F ,P). Fix T > 0 and s ∈ [0, T [.

Let {F s
t }t≥s be a filtration satisfying the usual conditions. Each time we use

expressions as “adapted”, “martingale”, etc... we always mean “with respect to

the filtration {F s
t }t≥s”.

Given a metric space S we denote by B(S) the Borel σ-field on S. Consider

two real Hilbert spaces H and G. By default we assume that all the processes

X : [s, T ] × Ω → H are measurable functions with respect to the product σ-

algebra B([s, T ])⊗ F with values in (H,B(H)). Similar conventions are done

for G-valued processes. We denote by H⊗̂πG the projective tensor product of

H and G, see [33] for details.

Definition 2.1. A real process X : [s, T ]×Ω → R is called weak Dirichlet process

if it can be written as X = M + A, where M is a local martingale and A is a

process such that A(s) = 0 and [A,N ] = 0 for every continuous local martingale

N .

The following result is proved in Remarks 3.5 and 3.2 of [26].

Theorem 2.2. 1. The decomposition described in Definition 2.1 is unique.

2. A semimartingale is a weak Dirichlet process.

We recall that, following [8, 10], a Chi-subspace (of (H⊗̂πG)∗) is defined as

any Banach subspace (χ, | · |χ) which is continuously embedded into (H⊗̂πG)∗

4



and, following [13], given a Chi-subspace χ we introduce the notion of χ-

covariation as follows.

Definition 2.3. Given two process X : [s, T ] → H and X : [s, T ] → G, we say

that (X,Y) admits a χ-covariation if the two following conditions are satisfied.

H1 For any sequence of positive real numbers ǫn ց 0 there exists a subsequence

ǫnk
such that

sup
k

∫ T

s

|(J (X(r + ǫnk
)− X(r)) ⊗ (Y(r + ǫnk

)− Y(r)))|χ∗

ǫnk

dr < ∞ a.s.,

(1)

where J : H⊗̂πG −→ (H⊗̂πG)∗∗ is the canonical injection between a space

and its bidual.

H2 If we denote by [X,Y]ǫχ the application











[X,Y]ǫχ : χ −→ C([s, T ])

φ 7→

∫ ·

s

〈

φ,
J ((X(r + ǫ)− X(r)) ⊗ (Y(r + ǫ)− Y(r)))

ǫ

〉

χ χ∗

dr,
(2)

the following two properties hold.

(i) There exists an application, denoted by [X,Y]χ, defined on χ with

values in C([s, T ]), satisfying

[X,Y]ǫχ(φ)
ucp

−−−−→
ǫ−→0+

[X,Y]χ(φ), (3)

for every φ ∈ χ ⊂ (H⊗̂πG)∗.

(ii) There exists a Bochner measurable process [̃X,Y]χ : Ω× [s, T ] −→ χ∗,

such that

• for almost all ω ∈ Ω, [̃X,Y]χ(ω, ·) is a (càdlàg) bounded variation

process,

• [̃X,Y]χ(·, t)(φ) = [X,Y]χ(φ)(·, t) a.s. for all φ ∈ χ, t ∈ [s, T ].

If (X,Y) admits a χ-covariation we call [̃X,Y] χ-covariation of (X,Y). If

[̃X,Y] vanishes we also write that [X, Y ]χ = 0. We say that a process X admits

a χ-quadratic variation if (X,X) admits a χ-covariation. In that case [̃X,X] is

called χ-quadratic variation of X.

Definition 2.4. Let H and G be two separable Hilbert spaces. Let ν ⊆ (H⊗̂πG)∗

be a Chi-subspace. A continuous adapted H-valued process A : [s, T ]×Ω → H is

said to be ν-martingale-orthogonal if [A,N]ν = 0, for any G-valued continuous

local martingale N.
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Lemma 2.5. Let H and G be two separable Hilbert spaces, V : [s, T ]× Ω → H

a bounded variation process. Then the two items below hold.

1. Given any continuous process Z : [s, T ] × Ω → G and any Chi-subspace

ν ⊆ (H⊗̂πG)∗, we have [V,Z]ν = 0.

2. In particular, for any any Chi-subspace ν ⊆ (H⊗̂πG)∗, V is ν-martingale-

orthogonal.

Proof. By Lemma 3.2 of [13] it is enough to show that

A(ε) :=

∫ T

s

sup
Φ∈ν,

‖Φ‖ν≤1

∣

∣

∣

〈

J
(

(V(t+ ε)− V(t))⊗ (Z(t+ ε)− Z(t))
)

,Φ
〉∣

∣

∣
dt

ε→0
−−−→ 0

in probability (the processes are extended on ]T, T +ε] by defining, for instance,

Z(t) = Z(T ) for any t ∈]T, T + ε]). Now, since ν is continuously embedded in

(H⊗̂πG)∗, there exists a constant C such that ‖ · ‖(H⊗̂πG)∗ ≤ C‖ · ‖ν so that

A(ε) ≤ C

∫ T

s

sup
Φ∈ν,

‖Φ‖(H⊗̂πG)∗≤1

∣

∣

∣

〈

J
(

(V(t+ ε)− V(t)) ⊗ (Z(t+ ε)− Z(t))
)

,Φ
〉∣

∣

∣
dt

≤ C

∫ T

s

∥

∥

∥
J
(

(V(t+ ε)− V(t))⊗ (Z(t+ ε)− Z(t))
)∥

∥

∥

(H⊗̂πG)∗∗
dt

= C

∫ T

s

∥

∥

∥

(

(V(t+ ε)− V(t))⊗ (Z(t+ ε)− Z(t))
)∥

∥

∥

(H⊗̂πG)
dt

= C

∫ T

s

‖(V(t+ ε)− V(t))‖H ‖(Z(t+ ε)− Z(t))‖G dt, (4)

where the last step follows by Proposition 2.1 page 16 of [33]. Now, denoting

t 7→ |||Y|||(t) the real total variation function of an H-valued bounded variation

function Y defined on the interval [s, T ] we get

‖Y(t+ ε)− Y(t)‖ =

∥

∥

∥

∥

∫ t+ε

t

dY (r)

∥

∥

∥

∥

≤

∫ t+ε)

t

d|||Y |||(r).

So, by using Fubini’s theorem in (4),

A(ε) ≤ Cδ(Z; ε)

∫ T+ε

s

d|||V|||(r),

where δ(Z; ε) is the modulus of continuity of Z. Finally this converges to zero

almost surely and then in probability.

Definition 2.6. Let H and G be two separable Hilbert spaces. Let ν ⊆ (H⊗̂πG)∗

be a Chi-subspace. A continuous H-valued process X : [s, T ]× Ω → H is called

ν-weak-Dirichlet process if it is adapted and there exists a decomposition X =

M+ A where
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(i) M is an H-valued continuous local martingale,

(ii) A is an ν-martingale-orthogonal process with A(s) = 0.

The theorem below was the object of Theorem 3.19 of [13].

Theorem 2.7. Let ν0 be a Banach subspace continuously embedded in H. De-

fine ν := ν0⊗̂πR and χ := ν0⊗̂πν0. Let F : [s, T ]×H → R be a C0,1-function.

Denote with ∂xF the Fréchet derivative of F with respect to x and assume

that the mapping (t, x) 7→ ∂xF (t, x) is continuous from [s, T ] × H to ν0. Let

X(t) = M(t) + A(t) for t ∈ [s, T ] be an ν-weak-Dirichlet process with finite χ-

quadratic variation. Then Y (t) := F (t,X(t)) is a real weak Dirichlet process

with local martingale part

R(t) = F (s,X(s)) +

∫ t

s

〈∂xF (r,X(r)), dM(r)〉 , t ∈ [s, T ].

3 The setting of the problem and HJB equation

In this section we introduce a class of infinite dimensional optimal control prob-

lems and we prove a decomposition result for the strong solutions of the related

Hamilton-Jacobi-Bellman equation. We refer the reader to [36] and [6] respec-

tively for the classical notions of functional analysis and stochastic calculus in

infinite dimension we use.

3.1 The optimal control problem

Assume from now that H and U are real separable Hilbert spaces, Q ∈ L(U),

U0 := Q1/2(U). Assume that WQ = {WQ(t) : s ≤ t ≤ T } is an U -valued

F t
s -Q-Wiener process (with WQ(s) = 0, P a.s.) and denote by L2(U0, H) the

Hilbert space of the Hilbert-Schmidt operators from U0 to H .

We denote by A : D(A) ⊆ H → H the generator of the C0-semigroup etA

(for t ≥ 0) on H . A∗ denotes the adjoint of A. Recall that D(A) and D(A∗) are

Banach spaces when endowed with the graph norm. Let Λ be a Polish space.

We formulate the following standard assumptions that will be needed to

ensure the existence and the uniqueness of the solution of the state equation.

Hypothesis 3.1. b : [0, T ]×H×Λ → H is a continuous function and satisfies,

for some C > 0,
|b(s, x, a)− b(s, y, a)| ≤ C|x− y|,

|b(s, x, a)| ≤ C(1 + |x|),

for all x, y ∈ H, s ∈ [0, T ], a ∈ Λ. σ : [0, T ] × H → L2(U0, H) is continuous

and, for some C > 0, satisfies,

‖σ(s, x)− σ(s, y)‖L2(U0,H) ≤ C|x− y|,

‖σ(s, x)‖L2(U0,H) ≤ C(1 + |x|),
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for all x, y ∈ H, s ∈ [0, T ].

Given an adapted process a = a(·) : [s, T ] × Ω → Λ, we consider the state

equation
{

dX(t) = (AX(t) + b(t,X(t), a(t))) dt+ σ(t,X(t)) dWQ(t)

X(s) = x.
(5)

The solution of (5) is understood in the mild sense: an H-valued adapted

process X(·) is a solution if

P

{

∫ T

s

(

|X(r)| + |b(r,X(r), a(r))| + ‖σ(r,X(r))‖2L2(U0,H)

)

dr < +∞

}

= 1

and

X(t) = e(t−s)Ax+

∫ t

s

e(t−r)Ab(r,X(r), a(r)) dr +

∫ t

s

e(t−r)Aσ(r,X(r)) dWQ(r)

(6)

P-a.s. for every t ∈ [s, T ]. Thanks to Theorem 3.3 of [19], given Hypothe-

sis 3.1, there exists a unique (up to modifications) continuous (mild) solution

X(·; s, x, a(·)) of (5).

Proposition 3.2. Set ν̄0 = D(A∗), ν = ν̄0⊗̂πR, χ̄ = ν̄0⊗̂π ν̄0. The process

X(·; s, x, a(·)) is ν-weak-Dirichlet process admitting a χ̄-quadratic variation with

decomposition M + A where M is the local martingale defined by M(t) = x +
∫ t

s σ(r,X(r)) dWQ(r) and A is a ν-martingale-orthogonal process.

Proof. See Corollary 4.6 of [13].

Hypothesis 3.3. Let l : [0, T ]×H×Λ → R (the running cost) be a measurable

function and g : H → R (the terminal cost) a continuous function.

We consider the class Us of admissible controls constituted by

the adapted processes a : [s, T ] × Ω → Λ such that (r, ω) 7→

l(r,X(r, s, x, a(·)), a(r))+g(X(T, s, x, a(·))) is dr⊗ dP- is quasi-integrable. This

means that, either its positive or negative part are integrable.

We consider the problem of minimizing, over all a(·) ∈ Us, the cost functional

J(s, x; a(·)) = E

[
∫ T

s

l(r,X(r; s, x, a(·)), a(r)) dr + g(X(T ; s, x, a(·)))

]

. (7)

The value function of this problem is defined, as usual, as

V (s, x) = inf
a(·)∈Us

J(s, x; a(·)). (8)

As usual we say that the control a∗(·) ∈ Us is optimal at (s, x) if a∗(·)

minimizes (7) among the controls in Us, i.e. if J(s, x; a∗(·)) = V (s, x). In this

case the pair (a∗(·),X∗(·)), where X∗(·) := X(·; s, x, a∗(·)), is called an optimal

couple at (s, x).
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3.2 The HJB equation

The HJB equation associated with the minimization problem above is















∂sv + 〈A∗∂xv, x〉 +
1
2Tr

[

σ(s, x)σ∗(s, x)∂2
xxv

]

+ infa∈Λ

{

〈∂xv, b(s, x, a)〉+ l(s, x, a)
}

= 0,

v(T, x) = g(x).

(9)

In the above equation ∂xv (respectively ∂2
xxv) is the first (respectively second)

Fréchet derivatives of v with respect to the x variable; it is identified (via Riesz

Representation Theorem, see [36], Theorem III.3) with elements of H , respec-

tively (see [14], statement 3.5.7, page 192) with a symmetric bounded operator

on H ; ∂sv is the derivative with respect to the time variable. The function

FCV (s, x, p, a) := 〈p, b(s, x, a)〉+l(s, x, a), (s, x, p, a) ∈ [0, T ]×H×H×Λ, (10)

is called the current value Hamiltonian of the system and its infimum over a ∈ Λ

F (s, x, p) := inf
a∈Λ

{〈p, b(s, x, a)〉+ l(s, x, a)} (11)

is called the Hamiltonian. Using this notation the HJB equation (9) can be

rewritten as
{

∂sv + 〈A∗∂xv, x〉+
1
2Tr

[

σ(s, x)σ∗(s, x)∂2
xv

]

+ F (s, x, ∂xv) = 0,

v(T, x) = g(x).
(12)

The hypothesis below will be used in the sequel.

Hypothesis 3.4. The Hamiltonian F (s, x, p) is well-defined and finite for all

(s, x, p) ∈ [0, T ]×H ×H and it is continuous in the three variables.

We introduce the operator L0 on C([0, T ]×H) defined as

{

D(L0) :=
{

ϕ ∈ C1,2([0, T ]×H) : ∂xϕ ∈ C([0, T ]×H ;D(A∗))
}

L0(ϕ)(s, x) := ∂sϕ(s, x) + 〈A∗∂xϕ(s, x), x〉 +
1
2Tr

[

σ(s, x)σ∗(s, x)∂2
xxϕ(s, x)

]

,

(13)

so that the HJB equation (12) can be formally rewritten as

{

L0(v)(s, x) = −F (s, x, ∂xv(s, x))

v(T, x) = g(x).
(14)

Recalling that we suppose the validity of Hypotheses 3.3 and 3.4, we consider

the two following definitions of solution of the HJB equation.

Definition 3.5. We say that v ∈ C([0, T ] × H) is a strict solution of (14) if

v ∈ D(L0) and (14) is satisfied.

9



Definition 3.6. Given h ∈ C([0, T ] × H) and g ∈ C(H) we say that v ∈

C0,1([0, T [×H) ∩ C0([0, T ] × H) with ∂xv ∈ UC([0, T [×H ;D(A∗)) is a strong

solution of (14) if there exist three sequences: {vn} ⊆ D(L0), {hn} ⊆ C([0, T ]×

H) and {gn} ⊆ C(H) fulfilling the following.

(i) For any n ∈ N, vn is a strict solution of the problem

{

L0(vn)(s, x) = hn(s, x)

vn(T, x) = gn(x).
(15)

(ii) The following convergences hold:







vn → v in C([0, T ]×H)

hn → −F (·, ·, ∂xv(·, ·)) in C([0, T ]×H)

gn → g in C(H),

where the convergences in C([0, T ]×H) and C(H) are meant in the sense

of uniform convergence on compact sets.

3.3 Decomposition for solutions of the HJB equation

Theorem 3.7. Suppose Hypotheses 3.1 and 3.4 are satisfied. Suppose that

v ∈ C0,1([0, T [×H) ∩ C0([0, T ] × H) with ∂xv ∈ UC([0, T [×H ;D(A∗)) is a

strong solution of (14). Let X(·) := X(·; t, x, a(·)) be the solution of (5) starting

at time s at some x ∈ H and driven by some control a(·) ∈ Us. Assume that b

is of the form

b(t, x, a) = bg(t, x, a) + bi(t, x, a), (16)

where bg and bi satisfy the following conditions.

(i) σ(t,X(t))−1bg(t,X(t), a(t)) is bounded (being σ(t,X(t))−1 the pseudo-

inverse of σ);

(ii) bi satisfies

lim
n→∞

∫ ·

s

〈∂xvn(r,X(r)) − ∂xv(r,X(r)), bi(r,X(r), a(r))〉 dr = 0 ucp on [s, T0],

(17)

for each s < T0 < T .

Then

v(t,X(t))− v(s,X(s)) = v(t,X(t))− v(s, x) = −

∫ t

s

F (r,X(r), ∂xv(r,X(r))) dr

+

∫ t

s

〈∂xv(r,X(r)), b(r,X(r), a(r))〉 dr+

∫ t

s

〈∂xv(r,X(r)), σ(r,X(r)) dWQ(r)〉 , t ∈ [s, T [.

(18)
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Proof. We fix T0 in ]s, T [. We denote by vn the sequence of smooth solutions of

the approximating problems prescribed by Definition 3.6, which converges to v.

Thanks to Itô formula for convolution type processes (see e.g. Corollary 4.10 in

[13]), every vn verifies

vn(t,X(t)) = vn(s, x) +

∫ t

s

∂rvn(r,X(r)) dr

+

∫ t

s

〈A∗∂xvn(r,X(r)),X(r)〉 dr +

∫ t

s

〈∂xvn(r,X(r)), b(r,X(r), a(r))〉 dr

+
1

2

∫ t

s

Tr
[(

σ(r,X(r))Q1/2
)(

σ(r,X(r))Q1/2
)∗

∂2
xxvn(r,X(r))

]

dr

+

∫ t

s

〈∂xvn(r,X(r)), σ(r,X(r)) dWQ(r)〉 , t ∈ [s, T ]. P− a.s. (19)

Using Girsanov’s Theorem (see [6] Theorem 10.14) we can observe that

βQ(t) := WQ(t) +

∫ t

s

σ(r,X(r))−1bg(r,X(r), a(r)) dr,

is a Q-Wiener process with respect to a probability Q equivalent to P on the

whole interval [s, T ]. We can rewrite (19) as

vn(t,X(t)) = vn(s, x) +

∫ t

s

∂rvn(r,X(r)) dr

+

∫ t

s

〈A∗∂xvn(r,X(r)),X(r)〉 dr +

∫ t

s

〈∂xvn(r,X(r)), bi(r,X(r), a(r))〉 dr,

+
1

2

∫ t

s

Tr
[(

σ(r,X(r))Q1/2
)(

σ(r,X(r))Q1/2
)∗

∂2
xxvn(r,X(r))

]

dr

+

∫ t

s

〈∂xvn(r,X(r)), σ(r,X(r)) dβQ(r)〉 . P− a.s. (20)

Since vn is a strict solution of (15), the expression above gives

vn(t,X(t)) = vn(s, x) +

∫ t

s

hn(r,X(r)) dr

+

∫ t

s

〈∂xvn(r,X(r)), bi(r,X(r), a(r))〉 dr+

∫ t

s

〈∂xvn(r,X(r)), σ(r,X(r)) dβQ(r)〉 .

(21)

Since we wish to take the limit for n → ∞, we define

Mn(t) := vn(t,X(t)) − vn(s, x)−

∫ t

s

hn(r,X(r)) dr

−

∫ t

s

〈∂xvn(r,X(r)), bi(r,X(r), a(r))〉 dr. (22)
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{Mn}n∈N is a sequence of real Q-local martingales converging ucp, thanks to

the definition of strong solution and Hypothesis (17), to

M(t) := v(t,X(t))− v(s, x) +

∫ t

s

F (r,X(r), ∂xv(r,X(r))) dr

−

∫ t

s

〈∂xv(r,X(r)), bi(r,X(r), a(r))〉 dr, t ∈ [s, T0]. (23)

Since the space of real continuous local martingales equipped with the ucp

topology is closed (see e.g. Proposition 4.4 of [26]) then M is a continuous

Q-local martingale indexed by t ∈ [s, T0].

We have now gathered all the ingredients to conclude the proof. We set

ν̄0 = D(A∗), ν = ν̄0⊗̂πR, χ̄ = ν̄0⊗̂π ν̄0. Proposition 3.2 ensures that X(·) is a

ν-weak Dirichlet process admitting a χ̄-quadratic variation with decomposition

M + A where M is the local martingale (with respect to P) defined by M(t) =

x+
∫ t

s
σ(r,X(r)) dWQ(r) and A is a ν-martingale-orthogonal process. Now

X(t) = M̃(t) + V(t) + A(t), t ∈ [s, T0],

where M̃(t) = x +
∫ t

s σ(r,X(r)) dβQ(r) and V(t) = −
∫ t

s bg(r,X(r), a(r))dr,
t ∈ [s, T0] is a bounded variation process. Thanks to [27] Theorem 2.14 page 14-

15, M̃ is a Q-local martingale. Moreover V is a bounded variation process and

then, thanks to Lemma 2.5, it is a Q−ν-martingale orthogonal process. So V+A
is a again (one can easily verify that the sum of two ν-martingale-orthogonal

processes is again a ν-martingale-orthogonal process) a Q − ν-martingale or-

thogonal process and X is a ν-weak Dirichlet process with local martingale part

M̃, with respect to Q. Still under Q, since v ∈ C0,1([0, T0] ×H), Theorem 2.7

ensures that the process v(·,X(·)) is a real weak Dirichlet process on [s, T0],

whose local martingale part being equal to

N(t) =

∫ t

s

〈∂xv(r,X(r)), σ(r,X(r)) dβQ(r)〉 , t ∈ [s, T0].

On the other hand, with respect to Q, (23) implies that

v(t,X(t)) =

[

v(s, x) −

∫ t

s

F (r,X(r), ∂xv(r,X(r))) dr

+

∫ t

s

〈∂xv(r,X(r)), bi(r,X(r), a(r))〉 dr

]

+N(t), t ∈ [s, T0], (24)

is a decomposition of v(·,X(·)) as Q- semimartingale, which is also in particular,

a Q-weak Dirichlet process. By Theorem 2.2 such a decomposition is unique on

[s, T0] and so M(t) = N(t), t ∈ [s, T0], so M(t) = N(t), t ∈ [s, T [.
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Consequently

M(t) =

∫ t

s

〈∂xv(r,X(r)), σ(r,X(r)) dβQ(r)〉

=

∫ t

s

〈∂xv(r,X(r)), bg(r,X(r), a(r)) dr〉

+

∫ t

s

〈∂xv(r,X(r)), σ(r,X(r)) dWQ(r)〉 , t ∈ [s, T ]. (25)

Example 3.8. The decomposition (16) with validity of Hypotheses (i) and (ii)

in Theorem 3.7 are satisfied if v is a strong solution of the HJB equation in the

sense of Definition 3.6 and, moreover the sequence of corresponding functions

∂xvn converge to ∂xv in C([0, T ]×H). In that case we simply set bg = 0 and

b = bi. This is the typical assumption required in the standard strong solutions

literature.

Example 3.9. Again the decomposition (16) with validity of Hypotheses (i) and

(ii) in Theorem 3.7 is fulfilled if the following assumption is satisfied.

σ(t,X(t))−1b(t,X(t), a(t)) is bounded,

for all choice of admissible controls a(·). In this case we apply Theorem 3.7 with

bi = 0 and b = bg.

4 Verification Theorem

In this section, as anticipated in the introduction, we use the decomposition

result of Theorem 3.7 to prove a verification theorem.

Theorem 4.1. Assume that Hypotheses 3.1, 3.3 and 3.4 are satisfied and that

the value function is finite for any (s, x) ∈ [0, T ]×H. Let v ∈ C0,1([0, T [×H)∩

C0([0, T ]×H) with ∂xv ∈ UC([0, T [×H ;D(A∗)) be a strong solution of (9) such

that ∂xv has most polynomial growth in the x variable.

Assume that for all initial data (s, x) ∈ [0, T ]×H and every control a(·) ∈ Us

b can be written as b(t, x, a) = bg(t, x, a) + bi(t, x, a) with bi and bg satisfying

hypotheses (i) and (ii) of Theorem 3.7. Then we have the following.

(i) v ≤ V on [0, T ]×H.

(ii) Suppose that, for some s ∈ [0, T ), there exists a predictable process a(·) =

a∗(·) ∈ Us such that, denoting X (·; s, x, a∗(·)) simply by X∗(·), we have

F (t,X∗ (t) , ∂xv (t,X
∗ (t))) = FCV (t,X∗ (t) , ∂xv (t,X

∗ (t)) ; a∗ (t)) , (26)

dt⊗ dP a.e. Then a∗(·) is optimal at (s, x); moreover v (s, x) = V (s, x).
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Proof. We choose a control a(·) ∈ Us and call X the related trajectory. We

make use of (18) in Theorem 3.7. Then we need to extend (18) to the case

when t ∈ [s, T ]. This is possible since v is continuous, ∂xv is locally bounded

and F is uniformly continuous on compact sets, also using Hypothesis 3.1 for b

and σ. At this point, setting t = T we can write

g(X(T )) = v(T,X(T )) = v(s, x)−

∫ T

s

F (r,X(r), ∂xv(r,X(r))) dr

+

∫ T

s

〈∂xv(r,X(r)), b(r,X(r), a(r))〉 dr+

∫ T

s

〈∂xv(r,X(r)), σ(r,X(r)) dWQ(r)〉 .

(27)

Since both sides of (27) are a. s. finite, we can add
∫ T

s
l(r,X(r), a(r)) dr to

them, obtaining

g(X(T ))+

∫ T

s

l(r,X(r), a(r)) dr = v(s, x)+

∫ T

s

〈∂xv(r,X(r)), σ(r,X(r)) dWQ(r)〉

+

∫ T

s

(−F (r,X(r), ∂xv(r,X(r))) + FCV (r,X(r), ∂xv(r,X(r)))) dr. (28)

Observe now that, by definition of F and FCV we know that

−F (r,X(r), ∂xv(r,X(r))) + FCV (r,X(r), ∂xv(r,X(r)))

is always positive. So its expectation always exists even if it could be +∞,

but not −∞ on an event of positive probability. This shows a posteriori that
∫ T

s l(r,X(r), a(r)) dr cannot be −∞ on a set of positive probability.

By Proposition 7.4 in [6], all the momenta of supr∈[s,T ] |X(r)| are finite. On the

other hand, σ is Lipschitz-continuous, v(s, x) is deterministic and, since ∂xv has

polynomial growth, then

E

∫ T

s

〈

∂xv(r,X(r)),
(

σ(r,X(r))Q1/2
)(

σ(r,X(r))Q1/2
)∗

∂xv(r,X(r))
〉

dr

is finite. Consequently (see [6] Sections 4.3, in particular Theorem 4.27 and

4.7),
∫ ·

s

〈∂xv(r,X(r)), σ(r,X(r)) dWQ(r)〉 ,

is a true martingale vanishing at s. Consequently, its expectation is zero. So

the expectation of the right-hand side of (28) exists even if it could be +∞;

consequently the same holds for the left-hand side.
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By definition of J , we have

J(s, x, a(·)) = E

[

g(X(T )) +

∫ T

s

l(r,X(r), a(r)) dr

]

= v(s, x)

+ E

∫ T

s

(

− F (r,X(r), ∂xv(r,X(r))) + FCV (r,X(r), ∂xv(r,X(r)), a(r))
)

dr.

(29)

So minimizing J(s, x, a(·)) over a(·) is equivalent to minimize

E

∫ T

s

(

− F (r,X(r), ∂xv(r,X(r))) + FCV (r,X(r), ∂xv(r,X(r)), a(r))
)

dr, (30)

which is a non-negative quantity. As mentioned above, the integrand of such

an expression is always nonnegative and then a lower bound for (30) is 0. If

the conditions of point (ii) are satisfied such a bound is attained by the control

a∗(·), that in this way is proved to be optimal.

Concerning the proof of (i), since the integrand in (30) is nonnegative, (29)

gives

J(s, x, a(·)) ≥ v(s, x).

Taking the inf over a(·) we get V (s, x) ≥ v(s, x), which concludes the proof.

Remark 4.2. 1. The first part of the proof does not make use that a belongs

to Us, but only that r 7→ l(r,X(·, s, x, a(·)), a(·)) is a.s. strictly bigger then

−∞. Under that only assumption, a(·) is forced to be admissible, i.e. to

belong to Us.

2. Let v be a strong solution of HJB equation. Observe that the condition

(26) can be rewritten as

a∗(t) ∈ argmin
a∈Λ

[

FCV (t,X∗ (t) , ∂xv (t,X
∗ (t)) ; a)

]

.

Suppose that for any (t, y) ∈ [0, T ] × H, φ(t, y) =

argmina∈Λ

(

FCV (t, y, ∂xv(t, y); a)
)

is measurable and single-valued.

Suppose moreover that

∫ T

s

l(r,X∗(r), a∗(r))dr > −∞ a.s. (31)

Suppose that the equation
{

dX(t) = (AX(t) + b(t,X(t), φ(t,X(t)) dt+ σ(t,X(t)) dWQ(t)

X(s) = x,
(32)

admits a unique mild solution X∗. Now (31) and Remark 4.2 1. imply that

a∗(·) is admissible. Then X∗ is the optimal trajectory of the state variable
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and a∗(t) = φ(t,X∗(t)), t ∈ [0, T ] is the optimal control. The function φ is

the optimal feedback of the system since it gives the optimal control as a

function of the state.

Remark 4.3. Observe that, using exactly the same arguments we used in this

section one could treat the (slightly) more general case in which b has the form:

b(t, x, a) = b0(t, x) + bg(t, x, a) + bi(t, x, a).

where bg and bi satisfy condition of Theorem 3.7 and b0 : [0, T ] × H → H is

continuous. In this case the addendum b0 can be included in the expression of

L0 that becomes the following

{

D(L b0
0 ) :=

{

ϕ ∈ C1,2([0, T ]×H) : ∂xϕ ∈ C([0, T ]×H ;D(A∗))
}

L
b0
0 (ϕ) := ∂sϕ+ 〈A∗∂xϕ, x〉 + 〈∂xϕ, b0(t, x)〉 +

1
2Tr

[

σ(s, x)σ∗(s, x)∂2
xxϕ

]

.

(33)

Consequently in the definition of regular solution the operator L
b0
0 appears in-

stead L0.

ACKNOWLEDGEMENTS: The research was partially supported by the

ANR Project MASTERIE 2010 BLAN-0121-01. It was partially written during

the stay of the second named author at Bielefeld University, SFB 701 (Mathe-

matik). The work of the first named author was partially supported has been

developed in the framework of the center of excellence LABEX MME-DII (ANR-

11-LABX-0023-01).

References

[1] N. U. Ahmed. Generalized solutions of HJB equations applied to stochastic con-
trol on Hilbert space. Nonlinear Anal., 54(3):495–523, 2003.

[2] V. Barbu and G. Da Prato. Hamilton-Jacobi equations in Hilbert spaces. Pitman
(Advanced Publishing Program), Boston, MA, 1983.

[3] S. Cerrai. Optimal control problems for stochastic reaction-diffusion systems with
non-Lipschitz coefficients. SIAM J. Control Optim., 39(6):1779–1816, 2001.

[4] S. Cerrai. Stationary Hamilton-Jacobi equations in Hilbert spaces and applica-
tions to a stochastic optimal control problem. SIAM J. Control Optim., 40(3):824–
852, 2001.

[5] A. Cosso and F. Russo. Functional Itô versus Banach space stochastic calculus
and strict solutions of semilinear path-dependent equations. Infin. Dimens. Anal.

Quantum Probab. Relat. Top., 19(4):1650024, 44, 2016.

16



[6] G. Da Prato and J. Zabczyk. Stochastic equations in infinite dimensions, volume
152 of Encyclopedia of Mathematics and its Applications. Cambridge university
press, Cambridge, 2014.

[7] A. Debussche, M. Fuhrman, and G. Tessitore. Optimal control of a stochastic
heat equation with boundary-noise and boundary-control. ESAIM Control Optim.

Calc. Var., 13(1):178–205 (electronic), 2007.

[8] C. Di Girolami and F. Russo. Infinite dimensional stochastic calculus via regular-
ization. Preprint HAL-INRIA, unpublished, http://hal.archives-ouvertes.fr/inria-
00473947/fr/, 2010.

[9] C. Di Girolami and F. Russo. Generalized covariation and extended Fukushima
decomposition for Banach space-valued processes. Applications to windows of
Dirichlet processes. Infin. Dimens. Anal. Quantum Probab. Relat. Top., 15(2),
2012.

[10] C. Di Girolami and F. Russo. Generalized covariation for Banach space valued
processes, Itô formula and applications. Osaka J. Math., 51(3):729–783, 2014.

[11] M. Errami and F. Russo. n-covariation, generalized Dirichlet processes and cal-
culus with respect to finite cubic variation processes. Stochastic Process. Appl.,
104(2):259–299, 2003.

[12] G. Fabbri, F. Gozzi, and A. Swiech. Stochastic Optimal Control in Infinite Di-

mensions: Dynamic Programming and HJB Equations, volume 82 of Probabil-

ity Theory and Stochastic Modelling. Springer, Berlin, 2017. Chapter 6 by M.
Fuhrman and G. Tessitore.

[13] G. Fabbri and F. Russo. Infinite dimensional weak Dirichlet processes and con-
volution type processes. Stochastic Process. Appl., 127(1):325–357, 2017.

[14] T. M. Flett. Differential Analysis: differentiation, differential equations, and

differential inequalities. Cambridge University Press, Cambridge, 1980.

[15] M. Fuhrman, Y. Hu, and G. Tessitore. Stochastic control and BSDEs with
quadratic growth. In Control theory and related topics, pages 80–86. World Sci.
Publ., Hackensack, NJ, 2007.

[16] M. Fuhrman, F. Masiero, and G. Tessitore. Stochastic equations with delay:
optimal control via BSDEs and regular solutions of Hamilton-Jacobi-Bellman
equations. SIAM J. Control Optim., 48(7):4624–4651, 2010.

[17] M. Fuhrman and G. Tessitore. Nonlinear Kolmogorov equations in infinite di-
mensional spaces: the backward stochastic differential equations approach and
applications to optimal control. Ann. Probab., 30(3):1397–1465, 2002.

[18] M. Fuhrman and G. Tessitore. Infinite horizon backward stochastic differential
equations and elliptic equations in Hilbert spaces. Ann. Probab., 32(1B):607–660,
2004.

[19] L. Gawarecki and V Mandrekar. Stochastic differential equations in infinite di-

mensions with applications to stochastic partial differential equations. Springer,
Heidelberg, 2011.

[20] B. Goldys and F. Gozzi. Second order parabolic Hamilton-Jacobi-Bellman equa-
tions in Hilbert spaces and stochastic control: L

2

µ approach. Stochastic Process.

Appl., 116(12):1932–1963, 2006.

17



[21] F. Gozzi. Regularity of solutions of a second order Hamilton-Jacobi equation and
application to a control problem. Comm. Partial Differential Equations, 20(5-
6):775–826, 1995.

[22] F. Gozzi. Global regular solutions of second order hamilton-jacobi equations
in hilbert spaces with locally lipschitz nonlinearities. J. Math. Anal. App.,
198(2):399–443, 1996.

[23] F. Gozzi. Second order Hamilton-Jacobi equations in Hilbert spaces and stochas-
tic optimal control. In G. Da Prato and L. Tubaro, editors, Stochastic partial

differential equations and applications, volume 227 of Lecture Notes in Pure and

Applied Mathematics, pages 255–285. Dekker, New York, 2002.

[24] F. Gozzi and E. Rouy. Regular solutions of second-order stationary Hamilton
Jacobi equations. J. Differ. Equations, 130:210–234, 1996.

[25] F. Gozzi and F. Russo. Verification theorems for stochastic optimal control prob-
lems via a time dependent Fukushima-Dirichlet decomposition. Stochastic Pro-

cess. Appl., 116(11):1530–1562, 2006.

[26] F. Gozzi and F. Russo. Weak Dirichlet processes with a stochastic control per-
spective. Stochastic Process. Appl., 116(11):1563–1583, 2006.

[27] N. V. Krylov and B. L. Rozovskii. Stochastic evolution equations. In P. H. Bax-
endale and S. V. Lototsky, editors, Stochastic differential equations: theory and

applications, volume 2 of Interdisciplinary Mathematical Sciences, pages 1–70.
World Scientific, 2007. Translated from Itogi Naukii Tekhniki, Seriya Sovremen-
nye Problemy Matematiki.

[28] D. Leão, A. Ohashi, and A. B. Simas. Weak functional Itô calculus and applica-
tions. Preprint arXiv:1408.1423v2, 2014.

[29] P. L. Lions. Optimal control of diffusion processes and Hamilton-Jacobi-Bellman
equations. I. The dynamic programming principle and applications. Comm. Par-

tial Differential Equations, 8(10):1101–1174, 1983.

[30] P. L. Lions. Optimal control of diffusion processes and Hamilton-Jacobi-Bellman
equations. II. Viscosity solutions and uniqueness. Comm. Partial Differential

Equations, 8(11):1229–1276, 1983.

[31] P. L. Lions. Optimal control of diffusion processes and Hamilton-Jacobi-Bellman
equations. III. Regularity of the optimal cost function. In Nonlinear partial differ-

ential equations and their applications. Collège de France seminar, Vol. V (Paris,

1981/1982), volume 93 of Res. Notes in Math., pages 95–205. Pitman, Boston,
MA, 1983.

[32] M. C. Quenez. Stochastic control and BSDEs. In Backward stochastic differential

equations, volume 364, pages 83–99. Longman. Pitman Res. Notes Math. Ser. 364,
2007.

[33] R. A. Ryan. Introduction to tensor products of Banach spaces. Springer, London,
2002.
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