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Abstract

The contact problem of a rough, rigid surface with an elastic or viscoelastic incompressible
semi-infinite body is studied in this paper. The problem is solved using a Boundary Element
Method coupled with a conjugate gradient method. Viscoelasticity is taken into account with a
‘State Variable’ approach, making it possible to tackle the transient problem efficiently. The results
are compared against Persson’s theory of transient viscoelastic contact, showing good agreement
in terms of contact area ratio and friction coefficient.
Keywords: Sliding contact; Boundary element method; Roughness

1. Introduction

Predicting the contact surface and friction of rubber materials on a road is of critical interest
for the tire industry. This particular contact problem is influenced by the viscoelasticity of rubber
and by the multi-scale surface roughness of the road.

There are two main analytical approaches for the contact problem. The first one is a multi-
asperity approach, initiated by the pioneering work of Greenwood and Williamson [1]. For a
Hertzian contact between a sphere and an elastic half-space analytical solutions exist for both a
normal and a tangential (friction) force [2]. The idea of a multi-asperity approach is to generalize
these relations by considering an infinite distribution of spherical indentors of different height and
different radii. The radius and height distribution are derived from the summit height distribution
and the summit curvature distribution of the rough surface under consideration. The approach can
be extended to viscoelastic frictional contacts as in [3]. However multi-asperity approaches suffer
from a major weakness: they do not account for the influence of the indentors on each other, so
they are only valid at small normal loads

The second approach is the one initiated in [4]. Normal displacements of the half space are
supposed to follow the same Power Spectral Density as the rough surface. From this hypothesis
the normal contact problem is solved and the friction is deduced in the case of a viscoelastic half
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space sliding at constant speed. This model is analytically exact for full contact but is less precise
as the contact ratio decreases. This defect was modified in [5] to improve results for low contact
ratios and has been widely tested by numerical simulations for both elastic [6] and viscoelastic
contact [7]. Shortly after his 2001 article, Persson adapted the model in [8] to handle transient
sliding. Transient sliding is of interest in tire modeling as the rubber resides in the contact zone for
only milliseconds and slides only millimeters. Under such conditions steady state modeling is not
accurate. It should be highlighted that in Persson-like approaches the friction is always deduced
from the viscoelastic losses in the half space and that no contact friction is taken into account.

A review and a comparison of the two approaches is available in [9].
To overcome the limitations of analytical solutions, numerical simulations are necessary. Nu-

merical simulations are limited by the fact that a very fine mesh is necessary to handle the different
length scales of the surface roughness. A 3-dimensional mesh would be excessively big. Using the
assumption that the rubber block is very large compared to the size of the simulation and under-
going small strains, simplifies the problem. Using Green’s functions, the surface displacements are
directly related to the surface stresses, so only the surface needs to be meshed.

Analyzing 2 or 3 length scales of surface roughness still requires more than a million degrees
of freedom and consequently long computation times. Typical roads have a surface roughness over
more than 6 length scales, which means the simulations should be very fast to take into account
as many length scales as possible. Using a multi-level multi-summation technique Brandt and
Lubrecht [10] obtain a reduction of the computational cost from O(N2) to O(N log(N)), N being
the number of degrees of freedom (DOF). A number of other techniques have since been developed.
Using Fast Fourier Transforms (FFT) as in [11] allows the same reduction provided the mesh is
regular and periodic. A slightly slower extension to non-periodic problems is found in [12]. A
comparison between multi-level and FFT methods is given in [13]. Another approach is to use a
mesh smart enough to reduce the number of DOF without impacting precision. This is achieved
by refining the mesh at the edges of contact clusters only and keeping a relatively coarse mesh in
the inner part. This ‘Active Sets’ method are developed in [14][15]. Molecular Dynamics solvers
were also developed: GFMD [16] [17] and RMD [7].

This paper uses Fast Fourier Transforms with a conjugate gradient iteration scheme.

2. Numerical model

Firstly, the contact between an elastic half space and a rigid body without friction is considered.
The relation between surface pressure P and surface normal displacement Uz was first found by
Boussinesq [18] and is given by:

Uz(x, y) =
1− ν

2πG

∫∫
Ω

P (ξ, η)√
(x− ξ)2 + (y − η)2

dξdη (1)

G is the shear modulus, ν the Poisson ratio, x, y, ξ and η are spatial variables.
Using the Boussinesq equations Love [19] found the normal displacements for a uniformly

distributed pressure over a polygonal region. Discretizing the surface into a uniform mesh with
square cells and using these results leads to Equation 2.

Uz(i, j) =
1

G

∑
i′,j′ Azz(i− i′, j − j′)P (i′, j′) (2)
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Azz is the Influence Coefficient matrix, which is detailed in [20] and depends on the mesh size.
Equation 2 is a convolution and therefore can be computed very efficiently in Fourier space. Here
the problem is considered to be periodic, as periodic random rough surfaces will be used. Using
FFT and non-periodic surfaces is also possible with the appropriate zero-padding [12].

Solving the contact problem means finding the pressure in the contact zone satisfying:

P ≥ 0

Uz −H≥ 0

Uz =H in the contact zone

P = 0 outside the contact zone

(3)

Uz is the normal displacement calculated from the pressure (Equation 2) andH is the rigid substrate
height map.

An efficient and easy to implement way to find P is to use an iterative procedure, such as
the conjugate gradient method [21], [14], [15]. For a contact problem the procedure is slightly
different from a classical conjugate gradient as the contact surface is not constant. One solution
is to solve for a fixed contact surface and change the contact surface by removing the points with
negative pressures and including the points where the two surfaces interpenetrate. Then solve
again and continue the loop while the contact surface is not constant. This procedure guarantees
the existence and uniqueness of the solution and convergence [20]. It is rather slow though, as the
Conjugate Gradient has to be executed several times. The usual solution to avoid this is to update
the contact surface within the Conjugate Gradient algorithm, between each iteration. This is the
solution chosen here.

2.1. Viscoelasticity

Discretizing time into small time steps makes it possible to model the transient response of a
viscoelastic half space.

The Zener, or Standard Linear Solid viscoelastic model is used. It can be represented as a
spring and a dashpot connected in parallel (elastic shear modulus G1, viscosity η1), connected in
series to another spring (modulus G0) - see Figure 1.

Rubber is considered as an incompressible material. An incompressible viscoelastic material
with a Zener law follows the differential equation 4, where s and e are the deviatoric parts of
the stress and strain tensors, the dot denotes a time derivative. This differential formulation for
viscoelasticity is strictly equivalent to the integral formulation as mentioned in [22].

s

(
1 +

G1

G0

)
+

η1
G0

ṡ = 2G1e+ 2η1ė (4)

Now let us consider a contact problem with a normal pressure imposed on an incompressible
viscoelastic half space. This kind of problem can be treated using functional equations [22]. In
the Laplace domain, the problem is equivalent to an elastic contact problem, which means it is
possible to use analytical elastic solutions, in particular the Boussinesq potential. Going back to
the real domain, the viscoelastic Boussinesq equation is given by Equation 5.
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Figure 1: Representation of the Standard Linear Solid. G0 and G1 are the spring stiffness, η1 the dashpot damping
coefficient.

∫∫
Ω

1

4πρ

(
P (ξ, η)

(
1 +

G1

G0

)
+

η1
G0

Ṗ (ξ, η)

)
dξdη = G1Uz(x, y) + η1U̇z(x, y)

with ρ =
√

(x− ξ)2 + (y − η)2

(5)

For an implementation in BEM, Equation 5 is discretized in space and leads to Equation 6,
where i, i′, j and j′ denote the row and column of the considered mesh cell.

∑
i′,j′ Azz(i− i′, j − j′)P (i′, j′)

(
1 +

G1

G0

)
+

η1
G0

∑
i′,j′ Azz(i− i′, j − j′)Ṗ (i′, j′)

= G1U(i, j) + η1U̇(i, j)
(6)

Discretizing time t in the previous equation and removing the sum notations leads to:

AzzPt+δt

(
1 +

G1

G0

)
+

η1
G0

Azz
∆P

∆t
= G1Ut+δt + η1

∆U

∆t
(7)

∆P and ∆U are the variation of pressure and displacement between time step t and time step
t+∆t.

A generalized Zener model is a combination of different Zener models connected in parallel,
plus a branch with just one spring G∞. It is necessary to use it for rubber in order to model its
behavior over a large range of frequencies. The displacement in each branch is the same and the
pressures in each branch add up. Each branch k follows Equation 7. It leads to Equation 8.

Ut+∆t

G∞ +
∑
k

Gk
1 +

ηk1
∆t

1 +
Gk

1

Gk
0

+
ηk1

Gk
0∆t

 = Azz
∑
k

P k
t+∆t + Ut

∑
k

ηk1
∆t

1 +
Gk

1

Gk
0

+
ηk1

Gk
0∆t

−
∑
k

AzzP
k
t

ηk1
Gk

0∆t

1 +
Gk

1

Gk
0

+
ηk1

Gk
0∆t

(8)
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It is then possible to use the ’elastic’ Conjugate Gradient contact solver using P ′, U ′
z and H ′

instead of P , Uz and H according to Equation 9. This yields Ut+∆t and
∑
k

P k
t+∆t, which is the

total pressure acting on the surface.

P ′ =
∑
k

P k
t+∆t

U ′
z = AzzP

′

H ′ = H

G∞ +
∑
k

Gk
1 +

ηk1
∆t

1 +
Gk

1

Gk
0

+
ηk1

Gk
0∆t

− Ut
∑
k

ηk1
∆t

1 +
Gk

1

Gk
0

+
ηk1

Gk
0∆t

+
∑
k

AzzP
k
t

ηk1
Gk

0∆t

1 +
Gk

1

Gk
0

+
ηk1

Gk
0∆t

(9)

It should be highlighted that it is necessary to compute and to store the state variables AzzP
k
t

for each branch of the generalized Zener model using Equation 7. This makes the viscoelastic solver
more memory intensive than the elastic one.

Ideally, the time steps should be small compared to the smallest characteristic time τk =
ηk1

Gk
0 +Gk

1

of the generalized Zener model.

The integral formulation of viscoelasticity as introduced in [23] and used for contact simulations
in [24], [25], [26] and [27] requires to store the pressure map of all the previous time steps . The
differential formulation used in the current model (and also in [28]) only requires one state variable
map at the previous time step and one state variable map per branch of the generalized Zener
model to be stored. This latter approach is called a ‘State variable approach’ in [29].

During sliding, the rigid substrate, which defines the normal displacement input, is translated
by one cell in the sliding direction at each step. The duration of the time step is deduced from the
velocity and cell length. Translation by more than one cell reduces precision: one might as well
use a coarser mesh to speed up the computation. Translation by less than one cell is possible but a
careful interpolation of the rigid substrate is required, leading to noticeably longer computing times.
Indeed the rigid substrate is defined only on a discrete number of points, so when it is translated
by less than one cell length the position of the intermediate points needs to be computed. It might
be necessary in some cases to avoid too long time steps at low speeds.

2.2. Hertzian contact

In order to validate our model, a comparison is made against results from [24] and [15], who
both investigated the contact of a rigid sphere with a viscoelastic half space. Carbone et al.
[15] focused on the steady-state response while Koumi et al. [24] modeled the transient phase.
The viscoelastic material characteristics are G0 = 2.75MPa, G0/G∞ = 10 and τ0 = 0.01 where
G∞ = 1/(1/G1 + 1/G0) is the long term shear modulus and τ0 = η1/G1 is the characteristic time
of the creep compliance function. The radius of the sphere is 10mm. The speed and pressure are

5



0 1 2 3 4 5
0

0.02

0.04

0.06

µ

t
*

 

 

V*= 0.4

V*= 0.8

V*= 1.2

Figure 2: Apparent coefficient of friction for different velocities. Solid lines are for the current model, dashed lines
are from [24]

normalized using the Hertzian contact parameters with the instantaneous elastic shear modulus
G0 = 2.75MPa. The contact radius is a∗ and the mean pressure in the contact area p0. The
normalized time and speed are t∗ = t/τ0 and V ∗ = V τ0/a

∗.
The values of G0 and G∞ are not the same as in [24] as they use a Poisson ratio of ν = 0.3

while the current model is for incompressible solids ν = 0.5. The ratio (1 − ν)/G, which is the
only material parameter appearing in Boussinesq’s equation, is kept constant so that the results
are comparable.

The mesh used is a non-periodic (zero-padded) 1024×1024 regular mesh and the domain length
is L = 10mm ≈ 21a∗ for figures 2 and 3. The evolution of friction with velocity presented in Figure
4 is calculated with a 512× 512 mesh with L = 12mm.

The apparent friction coefficient µ is the absolute value of the tangential force divided by the
normal force. The tangential force Ft is computed from Equation 10 where Sc is the contact surface
and H the height map of the rigid substrate - in the present case the sphere.

Ft =

∫
Sc

P
∂H

∂x
dS (10)

The results show good agreement for both the apparent friction coefficient (Figures 2 and 4)
and the pressure distribution (Figure 3).
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Figure 3: Normalized contact pressure profile along the sliding direction, for a dimensionless velocity of 0.4, 0.8 and
1.2 top to bottom. Solid lines are for the current model, dashed lines are from [24]
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3. Sliding on a rough surface

A crucial characteristic of rough surfaces is their Power Spectral Density Φ, which can be
defined from the continuous Fourier Transform Ĥ of a surface H by:

Φ(kx, ky) =
|Ĥ(kx, ky)|2

A
(11)

where A is the total surface area and kx, ky are wave vectors. For a discrete surface of M × N
points:

Φ(kx, ky) =
A

(MN)2
|FFT(H)(kx, ky)|2 (12)

FFT denotes the discrete Fast Fourier Transform.
Road surfaces can be considered as isotropic random self-affine surfaces, with the following

Power Spectral Density. [30]:

Φ(|k|) =


C kl < |k| < kr

C

(
|k|
kr

)−2(1+H)

kr < |k| < ks

0 otherwise

(13)

Generating random surfaces from a given PSD can be done in several ways, see for example
[14] or [31]. Both these methods are equivalent, though the latter is more general and can also be
used to generate non-isotropic surfaces.
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Figure 5: Representation of the rough surface used in the simulations

A particular attention is required concerning the wavenumber cut-offs kl and ks. Yastrebov
et al. [30] highlighted that the largest wavelength must be small compared to the size of the
simulation (kl > 2π/L) in order to achieve meaningful results. Otherwise, the surfaces are non
Gaussian, and sometimes non isotropic. The smallest wavelength should also be larger than the
size of a cell to achieve a reasonable precision: ks < 2πN/L.

3.1. Comparison with Persson’s analytical model

An implementation of Persson’s nonstationary model [8] is made, modified to include the cor-
rection factor introduced in [5] which gives good results at low contact area ratios [6]. This
correction factor aims at reducing the predicted friction in the case of partial contact. It depends
on a parameter γ ∈ [0, 1]. When γ = 1 the correction factor has no influence. Friction decreases
as γ decreases. In the following section, the parameter γ = 0.45 - the same value as in [6].

The examples given in [8] use the following sliding history: rubber is sliding at constant velocity
V0. At t = 0 the velocity is changed to V1. When V1 > V0 the contact area decreases, a maximum
of the friction coefficient curve µmax can occur before the steady state is reached. The steady state
friction coefficient is named µdyn.

Simulations are run comparing the current model to Persson’s. The simulation are run on a
L = 1mm large square with a N×N = 2048×2048 mesh. The random surface H has the following
properties: kl = kr = 2π ∗ 4/L, ks = 2π ∗ 128/L,

√
< (∇H)2 > = 0.02 and a Hurst exponent

9



10
−7

10
−6

10
−3

10
−2

10
−1

Mesh cell length (m)

( 
 µ

*  −
 µ

 )
 /
 µ

*   

 

 

Mesh/time convergence

Mesh convergence

Time convergence

Figure 6: Convergence study for mesh/time refinement, mesh refinement and time refinement. The x scale for the
time convergence curve is the mesh cell length l equivalent to one time step ∆t : l = ∆t/V

H = 0.9, which yields C = 1.26 · 10−21m4. The random surface is represented in Figure 5. The
normal pressure is P0 = 0.1MPa. In the following section, the initial velocity is V0 = 0.01m/s
and V1 is between 0.1 and 100m/s. The material chosen is a typical tire material, modeled using
a generalized Zener model. Its characteristics are shown in Figure 7.

A convergence study is performed for the lowest speed studied in this paragraph V = 0.1m/s,
for which the time steps are the longest. Firstly the mesh cell length and time steps are refined
accordingly, so the imposed displacement is of one cell length per time step. The precision of the
results in terms of µmax is ≈ 4% for the 2048×2048 mesh compared to the 8192×8192 mesh. The
error is proportional to the mesh cell length to a power of 1.4. In Figure 6 the reference value µ∗

is calculated using Equation 14, where lmax and lmin are the maximum and minimum mesh cell
length.

µ∗ =
µmax(lmax)− (lmax/lmin)

1.4µmax(lmin)

1− (lmax/lmin)1.4
(14)

µ∗ is an estimation of the solution that would be obtained with an infinitely fine mesh and infinitely
small time steps.

Refining the mesh size only without changing the duration of the time steps (mesh convergence)
or refining the time steps alone (time convergence) yields the two top curves in Figure 6. Using a
very fine mesh size with large time steps or very small time steps with a coarse mesh is useless as
it does not improve precision but leads to longer computing times.

Figure 8 shows that both models give the same evolution of the contact area ratio and of the
friction coefficient µ with time, which validates the transient aspect of the current model.
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Both models give very similar contact area ratios, for a large range of velocities and pressures
(see Figures 9 and 10) - Persson’s model underestimating the contact area by less than 15%.

Concerning the friction coefficient, results are not as good. The difference between the models
is around 30% for the steady state friction coefficient µdyn and up to 50% for the maximum
friction coefficient µmax at high velocities. The steady state friction coefficient is approximated by
averaging the friction during the last ≈ 3/4 of the total sliding distance, which is 0.5mm. It is
an approximation: as the size of the simulation is 1mm, sliding for several millimeters would be
necessary to reach steady state.

Persson’s model gives an exact solution for full contact. That is why at high pressures, when
the contact area ratio is close to 1, the two models agree perfectly. From these results it seems that
the reduction factor of 0.45 in Persson’s model (which only applies for partial contacts) is slightly
too low for the problem considered, although a 30% difference is still acceptable considering the
huge differences between the hypotheses (and the computing time) of the two models.

The velocity at which steady state friction is maximum for the current problem with a nominal
pressure of P0 = 0.1MPa is Vmax = 0.3m/s for both models. Contrary to the conclusions in [8],
we find that a maximum of the friction curve can appear even if V0 and V1 are both lower than
Vmax. Contrary to the steady state friction µdyn, µmax is constantly increasing with speed.

Interestingly, both µdyn and µmax are only slightly dependent on pressure at low pressures. At
high pressures there is almost complete contact. In this case the viscoelastic losses do not depend
on pressure, leading to decreasing values of the apparent friction coefficient.

3.2. Tire friction

Let us now focus on a piece of rubber in a tire. Simulating the tire contact with the current
model allows one to estimate the viscoelastic dissipation in a tire and its evolution with pressure
and sliding speed. It should be kept in mind that other physical phenomena are likely to occur in
tire contact such as interface friction and adhesive forces. Interface friction acts in the tangential
direction and therefore does not influence the normal displacements and viscoelastic dissipation
due to the normal displacements. Adhesive forces on the other hand may influence it but their
effect is out of the scope of the present study.

As the wheel turns, the rubber enters the contact area. At first no sliding occurs: the rubber
block is just sheared in the direction of the external force. The direction and intensity of this force
depend on the situation: acceleration, breaking, cornering... Rubber then begins to slide. The
sliding velocity depends on the force’s direction and intensity and on the rotating speed of the
wheel.

This sliding history is simulated as follows: first a normal pressure is applied, as rubber enters
the contact zone. For 1ms no sliding occurs as the rubber block is sheared. Then sliding starts at
constant velocity V ≈ 1ms−1. The material and surface are the same as in the previous paragraph.

As in the previous paragraph, the friction curve goes through a maximum at the the beginning
of sliding (see Figure 11). In this case it can be easily explained. During the first millisecond,
the contact area increases as the rubber is pushed on the rough surface. When sliding starts, the
rubber rises and the contact area decreases, which causes a maximum in the friction coefficient
µmax. As the sliding distance increases, the system reaches a steady state and a constant friction
coefficient µdyn.

Persson’s model gives similar results as the simulation, though it underestimates µdyn and
especially µmax as in the previous paragraph. The evolution with velocity and pressure is the same
as in the previous paragraph and thus are not shown here.
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Figure 11: Validation against Persson’s model for a tire-like experiment. P0 = 0.1MPa, V1 = 3m.s−1
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4. Conclusion

The model developed in this paper analyses a transient viscoelastic contact using a ‘State
variable’ approach. The model is validated against results from the literature. Comparison with
Persson’s model shows a good agreement in terms of contact area ratio and friction coefficient.
The maximum of friction µmax shows a small discrepancy at high velocity, which is not fully
understood. Both models are of similar interest for prediction purposes, but lack several features
to be representative of real life tire friction on a dry road. The adhesive forces which occur at
small scales between the road and the tire lead to an attraction of the two surfaces. This increases
the contact area and leads to tangential friction forces at the interface. These two effects will
be implemented in the current model. The small strain and small slope hypotheses can also be
criticized, but are difficult to overcome without a full Finite Element simulation, which seems
extremely costly.
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