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Exact and asymptotic reductions of surface radiation integrals
with complex exponential arguments to efficient contour integrals

J.M.L. Bernard

1) Introduction

We present here an efficient method for the reduction of surface radiation integrals to non-
singular contour integrals, when we suppose known, as in Physical Optics (PO) [1]-[5], the
analytic expression of surface currents whose electromagnetic radiation is calculated. This
method applies to a large class of oscillatory surface integrals with complex exponential
arguments, allowing to save computer time as the surface dimensions increase. In what
follows, we look for near-field solutions, which signifies here that we seek for expressions
which give a correct result from infinity to a short distance to the surface, when the
illumination is not necessarily plane but only locally plane on the surface. Although many
authors have studied this type of problems [6]-[22], we present here a novel practical
solution, leading to simple non-singular expressions [23], in the case of large planar or
moderately curved surfaces :

(a) in monostatic near-field case, for the radiation of PO currents carried by a perfectly or
imperfectly reflective surface, excited by a point source whose radiation can be of arbitrary
pattern, without any approximation in the complex exponential argument of the integrand,

(b) in bistatic near-field case, when we consider integrands that have complex exponential
arguments which are quadratic functions of the coordinates, as for gaussian beam propagation
and scattering problems, or when the exponential argument of the Green function for the
radiation of plane or curved plates is approached by second order approximation.

(c) in monostatic near-field case, for the radiation of PO currents supported by curved plates
whose principal curvatures have arbitrary signs, for convex, concave or saddle geometries.

It is worth noticing that the functions involved in case (a) and case (b) are clearly different,
even if case (b) can also be considered for a reduction in monostatic case. The case (c) profits
of complex scaling transformations and exact results developed in case (b) to extend the
results of case (a) to curved surfaces.

The already known methods are not general enough to solve our problems, either because
they depend too closely on Helmholtz or Maxwell equations [6]-[12], or they assume specific
geometries [9]-[11],[13]-[15] or specific illuminations [16]-[20], or they don't allow to
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consider complex exponential arguments [17] or complex surfaces due to a complex change
of variables [6]-[22]; besides, they often don't propose non-singular general expressions
[6],[8],[12],[19],[22], which leads to severe drawbacks, either for an exact calculus (see sect.
1 of [12] on the use of Asvestas works [9]-[11]) or for asymptotic derivations (see sect. 4 of
[6]). In contrast, our global reduction approach does not assume that integrands depend on
Helmbholtz or Maxwell equations, it gives explicit non singular reduction and avoids the use
of special function, and it allows to consider changes of variables with complex coordinates.

This chapter is organized as follows. After presenting the problem in section 2, we develop
our method for an analytic reduction of surface integrals in section 3, then detail its
application to case (a) (sections 4 and 5) and to case (b) with complex scaling (section 6).
The use of complex scaling is then generalized in sections 7 and 8, and the results, developed
initially in case (a) for plane plates, are extended to surfaces with low curvatures (case (c)) in
section 9. The comparisons with classic surface integration results show excellent agreements
for both cases (a), (b) and (c) cases, in section 11 on numerical results. Some developments
are given in appendices, concerning in particular the reductions for imperfectly reflective

surfaces.
2) Formulation

Let S be a regular open surface of low curvature, defined, in the (2/,%/,2") cartesian
coordinate system of origin O’, as a smooth perturbation of a surface S’ of the plane 2’ = 0
with unit normal zZ. We search to develop a method that allows the reduction to a contour
integral along 0.5’ of the electric £ and magnetic H fields, in free space of impedance 7
and wavenumber k = 27”, for a time dependence e, which are radiated by surface currents
J and M on S [1, sect. 1.26] following,

Z 1
E(r) = ‘?k / (grad,div, + k*)(¥J)dS — — / curl, (v M)dS,
T S 471' S
2o 1 . 5
ZoH(r) = 47T/Scurlr(wJ)dS + ik S(grad,,dlv,. + k%) (v M)dS,
—ikR N
¢(R)=eﬁ R =VRR, R=a+22—(r'+22)=Ru, (1)

where 7 = (a + 22) ¢ S is the observation point,and (7' + 2'Z) is the current point of
integration on S, with 2/ = (;(v'), ¥ = 2/Z + y'y € S’. We then assume that J and M are
analytically defined. For example, we can consider that the currents, when excited by a point

source at g, are of the form,



;fn(uo) (kﬁo)n, (2>

—~ ~ R .
where Ry = (' 4+ 2'2) — ro, Ry = / Ry. Ry, ug = ?g, and the f,, are regular functions.

In what follows, we study the reduction of different classes of integrals derived from (1),

- in monostatic case, when r = r(, and thus R = — Ry in (1), for a planar (case (a)) or
moderately curved (case (c)) surface without any approximation of the exponential arguments
in the integrand,

- in bistatic case, when r and 7y can be distinct, for S with low curvature and complex

illuminations of gaussian type (case (b)), when the integrals can be approximated in the form,

—ik(T+70)

e ¢ 0 p o =p) 12 I

— /e(aw 0y )+ (B12 >+ 62y +ﬁ3'1’y)h(r')d5', (3)
T Ty '

with some smooth function h(7’), 7 = \/r.r, 'y = \/r.70, and some complex constants

«;, 3;; In this situation, exact results, in particular when i (') is a polynomial, are obtained.
It is worth noticing that we don't need to suppose here that J and M derive from fields
satisfying Helmholtz or Maxwell equations as in [6]-[12], so that we can consider a large
class of functions or asymptotic approximations of integrands.

We develop, two fundamental ways of investigation for the reduction of a surface integral,
then some basic examples illustrating their complementarity, which subsequently leads us to
efficient solutions for our problems. For that, complex changes of variables, and thus

domains of integration with complex coordinates will be considered for the reduction.
3) A combination of two fundamental ways for an efficient reduction to a contour integral

The reduction that we propose is carried out by a correct combination of two fundamental
ways of investigation and associated general basic results, that are perfectly adapted to solve

in a simple manner the class of problems that we study.

Definition 1

Let the plane z = 0 be defined with unit normal z, and a unit standard basis composed of T
and Yy =72 X Z. Each point is denoted v = x'T +y'y in (2',y) coordinates. In the
applications, analytical changes of variables can transform the initial domain of integration
with real coordinates into a domain with complex coordinates, The dot and cross products of

vectors with complex coordinates are here considered as in real space (without complex



conjugation), following,

UV = Uy Uy + UyVy, (u)2 = U.U = UpUy + UylUy,
U X V= (Uply — UV )2, Z X U = — Uy T + U, Y, (4)

when u = u,x + u,y and v = v, T + v,y express with complex numbers ) and v,,).

In this situation, we assume that S' is a subset of a complex manifold S|, of the plane z = 0,
both simply connected and oriented. The domains S| and S’ both result from the
transformation of simply connected (2-dimensional) real manifolds of the plane z = 0 with
contours positively oriented, by an invertible function P, that we suppose thereafter linear to
simplify, with oriented contours both resulting from the transform by P of the real contours.
Letting P(u) = P,(u)Z + P,(u)y, we notice that P(u).P(u) = [[(Ps(u) £ iP,(u)).

+

On this occasion, we have used that a linear invertible transform of a (closed) simply
connected domain is a (closed) simply connected domain (note : for an injective continuous

transform, see the Browner's domain invariance theorem).

Remark : if we remove a simply connected subset from a simply connected domain, we
create a hole, but this new domain remains the union of two simply connected domains.
Consequently, it can be assumed that our results on reduction of integrals on simply
connected surfaces, described in what follows, can be extended to multiply connected

domains of integration.

3.1) First way

3.1.1) Some elements of analysis in real space

Let S’ be first a real domain in cylindrical coordinates (p, ), and F'(p?, p) be a function

which is regular on any straight line from the origin to any point of real S’, we can write,
8F 2 gp 1
; oy dS = // OV -9 ipag - 2/£(F(p2,so) — F(0,¢))dep. (5)
' 0+

where L is positively oriented. In this expression, dy = (Z X %).dﬁ with p the current point

of integration. By another way, we can recover it from the Stokes theorem [1, equ. (34)



chap.2.9], using,

%(Fw,so) — F(0.0))) = 2div( 2 (F(p2.0) — F(0.9)))

20((p.5)(F(p*p) — F(0,9))) 5 20(F(p*p))

9(p?) a(p?) ©)

curl(z x

)

=z

when F(p?,¢) — F(0,p) is analytic on S’, so that we have,

AF (%) ;v 1 5% P\ a5
/fa(TdS = §/£(F(p2,sa) — F(0,0))(2 x —).dp. (7)

p
We note that, shifting the origin to a real point a (fig. 1), with p=7"—a,

r'—a __

Jor—ay — Zcosp + ysing,

figure 1 : geometry and shift of the origin

we can write, when F((r' — a)?,¢) — F(0,¢) remains analytic on 5,

(Gt D) SV O
// o —ap) 073 /L,<F<< ).0) = F(0.0))

zx (r' —a)
2

- dr', (8)

(r'—a)

with [.do =2rifa € S'and [.dp =0ifa ¢ S, for real S" and a.
3.1.2) Reduction in complex coordinates

The Stokes theorem, usually used in a domain with real coordinates, can be extended to
domains with complex coordinates [24, p.213] by the formalism of exterior differential forms
on complex manifolds, letting dS” = (dx’ A dy') [25],[26, chap.7],[26, chap.3]. Considering
the definition 1, S’ is now a subset of a complex manifold S, of the plane z = 0, both simply
connected, resulting from a linear invertible transform of real connected domains with
positively oriented contours.



Definition 2
Let ¥ = 2'Z + y'y denote a point of the 4-dimensional plane with complex coordinates x'
and y', and a = a,% + a,y denote a fixed complex point, with z X T =9 and Yy X 2 = T,
we can write,
2y =2 iy — (ay £iay) = (@' —ay) iy — ay) = (r' — a@).(Z £ i),
/
4

= = Fin( ) (0 —a) = 2 = (e
(20} (20 )h
1 Z4+ Z+ -1 . 1 24+ Z+ -1
Cosp = - + , SINY = — — ,
v 2((z;z’_)% ((zﬁrz’_)% ) 22((zﬁrz’_)% ((z;z’_)%) )
2 4o o ‘ '
r—a= (2 5 7)53+ ( +2, ’)’g:z’ie“@(cosgofc\—i—smgo/g), (9)
i

where the functions (.)"/? and In(.) are analytical, apart from branch cuts, and the numbers
2 2" and ¢ can be complex. We notice that z, = z_ = 0 only if ¥’ = a, but that, in complex
coordinates, the set of points satisfying (r' — a)?> = 0 are the two 2-dimensional straight
lines verifying,

' = a + t(Z + iy) where 2. = 0, with arbitrary complex number t,

+12Z X
while T + iy = wfor any complex vector ¢ with c* # 0. (10)
¢y Ficy

(note : if (r' — a)* — 0 while 7' does not tend to a, cosyp and sing tend to infinity). We also

note that we have,

2! —i,dz, dzl . r—a )
oty — — = ——)dr. 11
= ST - o (11)

dy = _TZdln(

where the logarithm function has to be considered apart from its branch cut, or, more
generally, by analytic continuation across it. The term d is independent of the choice of T
and §y = Z X X, and it vanishes along any line ' = a + tv, with variable t and constant v,

so that ¢ remains identical for ¥ — a = tv as t varies. On this occasion, we also remark
that = describes a closed contour along any closed path in the (', y')-plane.

Definition 3
Considering a = a,Z + a,§ a complex point of the plane, a function F((r' — a)?, p) is said

to be c-regular relatively to v = 2'Z + y'y on S| (¢’ for 'centered’), if it exists a 4-

dimensional complex vicinity of S}, where F((r' — a)?, ) — F(0, @) is analytic relatively to
/

(7' — a)?)zcosp = (z' — a,) and ((r' —a)?)zsing = (v — ay), and vanishes when

(r' —a)? — 0, while %:?;3@) is bounded. Noticing that the set of points verifying
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r —a)? =0 is only a 2-dimensional manifold (see definition 2), w is also
I((r'—a)?)
analytic relatively to (x' — a,) and (y' — a,) on S [28, sect. 23.2].

Let us assume that F((r' — a)?

, ) is c-regular on S|, for any complex point a belonging to
it. We define the condition of continuation for F((r' — a)?, ) relatively to a, from a = a’ to
a complex point a on S|, as follows : it exists an open connected finite domain H of complex

points a (4-dimensional set) including a' and a point of S|, where F' remains c-regular on

st

Remark : considering c-regular functions (7' — a)?(2' — a)" and (' — a)*(y' — )", n >0,
we note that their partial derivatives with respects to (' — a)? are (1 +n/2)(z' — a)" and
(1+n/2)(y —a)".

Remark : if F'(¢, s) is an entire function of ¢ independent of s, then the c-regularity on S’ is
verified for any a. If F((r —a)? ¢) is c-regular on S), then it is also the case for
(v —a)* (F((r' —a)?,¢) — F(0,¢)), and for any primitive f(rlfay(F(t, ) — F(0,9))dt

definite on S}, and at points with (' — a)? = 0.

Theorem 1

Let S' be a subdomain of a complex manifold S|, both simply connected oriented complex
manifolds, where S| and thus S’ result from a linear invertible transform of a real simply
connected domain with positively oriented contours, as indicated in definition 1, with L the
oriented contour of S’ resulting from this transformation. We consider F((r' — a)?, @) as a
complex function satisfying the c-regularity on S|, described in definition 3, for any point a
belonging to it. The equality

8(F((r/ B a)2790)) I 1 / Z X (r/ B a’) /
[ Das - L[ (#( — o) - P00 E S, (12

applies for a € S|, and for any a verifying the condition of continuation in H to S| given in
definition 3 (note : v’ denotes ©'T + 'y with y =2 X T and T = gy X z). This equality is
based on analytical continuation from real to complex cooordinates, where it is worth

noticing that (r' — a)* = 0 does no more imply r' = a.

Proof. The equality (12) corresponds to a continuation of (8) for points with complex

coordinates, in the domain of regularity of F. We first state (12) for a € S|. From the
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properties of the exterior product and the definition of 2/, and 2’ in (9), we can write,
!/

dzl,  dz_ )

/

/
Zy 2

dS' = (di' Ndy') = i(dzﬁr NdZ') = _Tl(z/_alzﬁr + 2 dzl) A (
1 ! g— 1 / 2
= Ed(erz ) A dln(z—) = 2d('r —a)* Ndy, (13)

From the definition 1, S results from a linear transformation of a simply connected real
manifold relatively to (2',y’) coordinates, and when a € S|, it can be mapped from a to co
at constant ¢ with straight semi-lines, except on some cut(s) where ¢ is constant on both

2 yariable from

sides. In this case, we can integrate in the integral on S’ relatively to (7' — a)
(13), and derive the contour integral along £ given in (12). Let us notice, that, when a € S’,
we integrate from ' = a to a point of £ at constant ¢, while, when a € S but a ¢ S’, the
limits of integration are two points of £ at constant ¢.

From the condition of continuation given in definition 3, we can extend the validity of this
equality to any point @ = a’ belonging to the domain H which comprises a subset S, of \S}).
By definition of the c-regularity, the cuts in ¢ continue to have no influence; the left-hand
side of (12) is analytic relatively to complex coordinates a, and a,; the right-hand side,
continuous at any point of H, is analytic when (' —a)?# 0 on L. That restriction
disappears from the generalized principle of continuation [28, sect. 23.2], and the analyticity
extends at any point a of H by noticing that (' — a)?|ve, = 0 describes a piecewise analytic
p-dimensional manifold with p < 3. Therefore, considering that we have the analyticity in H
and that (12) is stated on S/, we can use the identity theorem [28, sect. 6.1], and conclude the
validity of (12) for any point of H.

Since the integration in (12) is on ¢ variable, the part of the contour integral, restricted to the

factor F'(0, ), could express in a simple form, and we now analyse it when F'(0, ¢) = 1.

Proposition 1
let D1 be a smooth semi-line of the complex plane from the origin to oo, and L a closed

oriented contour of points v = x'T + y'y with complex coordinates x' and y'. We have,
when (r' —a)? # 0on L,

/E(z r-a dr——/dln 7(Ny — N_) (14)

(r'—a)?

. . 2 . ..
where N (resp. N_)is the number of times that the complex - crosses Dy in the positive

sense (resp. negative).
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For a complex surface S" with complex contour L verifying definition 1, i.e. resulting from a
invertible linear transformation of a real simply connected surface with positively oriented
contour, we can write, when (' — a)? # 0 on L,
. r —a dn
L:(Z X m) T (6 15’/ (CLr + ZCLy) +¢€ 15’/ ( - my)) (15)
Letting z!. = Re(x' £iy'),y. = Im(2' £1iy'), and noting that x| + iy, =2’ iy, the

functions 1g, are the indicator functions of the domains S', of the complex plane, defined

following,
1 d(z!, + iy, , /
5.(2) 2mi( £ €F) /L:i x iy — =z ifz €5y, iz ¢ 5,
S =1z, log(2) =1} ={z= ¥ iy, M(2',y') € S'}, (16)

where L and € verify,

Li={z=20 4+ (=2 +w&), as Mz, y") follows the contour L},
+ et =1 (resp. ¢ = — 1) for L positively (vesp. negatively) oriented.  (17)

Let us note that, for a real positively oriented contour L and a point a with real coordinates,
we have 1g (a, +iay) = g (a, — iay), while the contours L, and L_ are respectively

positively and negatively oriented, so that e* = 1.

Proof. From (11), we have, when (' — a)? # 0 on L,

/5(2 (: __: )dr = —/dln (18)

where the logarithm function is considered by analytic continuation along the closed path
covered by the uniform function % on L. We then obtain (14), since (N, — N_) is the
number of turns done by % around the origin, along the closed contour L. For (15), (16) and

(17), we write,

/ . d / d ’
@ i = 5 [ =)
r (7./ _ a)? 2 r Z/+ 2
1 d(z' +1iy') 1 d(z' —iy)
20 ¥+ iy — (ap +iay) 20, 2 — iy — (ap — iay)

= ' nlg (a, +ia,) + € mlg (a, — zay) (19)
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where the residue theorem is used, on the oriented complex contours £y = {z’ +iy/, as
M(z',y') follows the oriented contour £} which limit the complex connected domains
S, ={d' iy, M(2',y") € '}, noticing that =’ £+ i/ = Re(a’ £iy') + ilm(a’ £ iy/).

Remark : A linear invertible transform of a (closed) simply connected domain is a (closed)
simply connected domain (note : more generally, for an injective continuous transform, see

the Browner's domain invariance theorem).

Proposition 2

Let W be an open simply connected subset of the domain of analyticity of

OF((r' —al9) _
a(r/_a)g - ( )? (20)

relatively to the complex coordinates of r' = x'Z + y'y, that includes v = a and S'.
Considering two points T, such that (v} —a)=1(ry —a) with (rh—a)>#0, we
suppose that it exists a complex path T, from t=1t, to t=1, defined such that
r' = t(rl, — a) + a remains in W, for which, by definition, the complex angle ¢ of (r' — a)
remains the same as t varies (see definition 2). Therefore, by analytic continuation in an

/

open simply connected subset, we can integrate s(r') relatively to (r' — a)? at constant ¢

along T and write,
F((rh = )% 0) = F((r — a)'0) =2(rh — o) [ slilr—a) + @)t (21)
T
which could be used in (12) of theorem 1 when | = a.

2

Proof. For that we integrate s along 7, relatively to (' — a)® variable at constant ¢, by

letting 7’ — a = t(rh — a), and d(r' — a)? = 2(rh, — a)*tdt.

Remark : Let us notice that a complex anisotropic scaling can lead us to work on a complex

manifold. If we dilate a real surface S’ by a factor p # 0 along the direction ¢, with,
P:r— r; = x;/ép + y;,(% X €p), x;, =p(r'e,), y; =7.(2 x¢p), (22)
where ¢, = \/% (with c]% # 0 and p # 0), we obtain a complex surface Sz/)’ with

dS, = dx, Ndy, = pdz' Ndy = pdS’,
v.P(r') = Pw).r, (ZxP)).P) = (2 x pv).r. (23)
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Remark : The choice to orient or not a domain stands out from the following equalities,

x(b

) b

x(a)

by noticing that the first one, contrarily to the second, cannot be applied to complex a and b.

Remark : Let us notice that on each straight part of £ along v, with dr’ = vds and

r —a = r{+ s, we have (Z x (' — a)).dr’ = gyds, with constant 7, and gy = 2 X 7.
3.2) Second way

We consider here, as in previous section, the formalism of exterior differential forms, with
dS’' = (dx' A dy') [25]-[26, chap.7].

Theorem 2
Let S’ be a simply connected oriented complex manifold of complex points ¥ = x'Z + /'y,
satisfying the definition 1 and limited by the oriented contour L, and a complex constant
vector a = a,% + a,j. We consider a function F((r' —a)% ), analytic relatively to
((r' — a)?)2cosp = (&' — a,) and ((r' — a)?)2sing = (y — ay) on S'. We can write

/ b.grad,. (F((r' —a)% ) — Ay)dS = /(F((r’ —a)%p) — Ag)(Z x b).dr', (25)

! L

where b and Aq are arbitrary constants, grad,. is the gradient restricted to complex (x',y)
coordinates of the plane z = 0, and the cut in p can be ignored. From

o) Ex('-a)d() 26)

grad, () = 2(r' — a) ((r — a)?) (r'—a)? O’

we then have,

[0 - BT 0 L Gx0) SR~ 0f0)

r —a)?) 2(r' —a)? o5
:‘L@«f—aﬁW—Aw@xwdﬂ (27)

Proof. In real coordinates, we could use the Stokes theorem [1, chap.2.9], in combination
with grad(F((r' — a)?,¢)) x d = curl (dF((r' — a)2,p)), where d is a constant vector.
More generally, in the formalism of exterior forms for complex manifolds, we prefer here to
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use gradient in cartesian coordinates with dS’ = dx’ A dy = — dy’ A da’, following
F F
/ b.grad (F)dS' = / 2 —dz' Ndy — / b.@a—dy' Adx'. (28)
' 8 ! S’ 3y’

From the analycity of F' relatively to z’ and ¢/, the cut in ¢ is omitted. We integrate aF, dx’'
and %dy parts, while noticing (z x b).dr’ = b.Zdy' — b.ydx’, and obtain (25). Then, from

_ OF , ,  OF ,
dF = a0 —a)? a)2d(r —a)” + 9 de = grad,.(F).d(r' — a),
d(r' — )—177', ad(’— Y+ (zZx(r —a)d (29)
r—a)= 27 —a)? r—a zx (r' —a))dp,

we derive (26), which, combined with (25), gives (27).

Remark : We can simply recover the Cauchy integral theorem from (25). Letting e = + 1 or
—1, we take b= }(Z +ieg) and Ay =0 in (25), with F((r' —a)%¢) = u(zy, 2_)
analytical on S’. We can use that b.grad, = %(% +iea%), (2 x b) = — £(2 +iey),
(Z + iey).dr’ = dz., and write from (25),

/,(%+ e%) (2+,2-)dS" = —ieLu(Z+,z-)dze- (30)

In the particular case where u(zy,z_) = v(z), considering the regularity on S’, we have
Q(W iza_y') v(zy) = %U(Zi) [82; (z4£)]v(2£) =0 on ', and we recover the Cauchy

integral theorem,

/v(zi)dzi = (0 when v'(z4) exists on whole S’. (31)
L
Remark : Using (25) with F((r' — a)%¢) = g(v') F1((7' — a)?), we have,

[ bt () Fi((r = af)as’ = [ (o()F((F — @)~ Az x Bar', (32

L

and it is worth noticing that, in asymptotics, when F;((r' — a)?) is highly oscillatory and
g(r') remains smooth as (' — a)? varies, we have,

grady (g(r') F((r' — a)*)) = grad,(g(r')) F((' — a)*)

/ / 8F((7J _ a)Q) / /
+2(r' — a)g(r)m ~2(r — a)g(r)m.
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Proposition 3
Let Fy((r' — a)?) be a scalar function of complex points v = x'Z + y'y analytic on S’, and

Fy, a vectorial function, whose each component is analytic on S’, we have,

[t -a) OB ~a)) ;g1 ;/ﬁFo((r’—a)Q)(E % b).dr

o((r' —ap)
'_a (FO((TI_G‘))) / 1 3 % r — a)?).dr
[ —a 2 is 5 [ xR —apyar. 69

Proof. Using the theorem 2, with F((r' — a)?,¢) = Fy((r' — a)?) independent of ¢, we
obtain the first line, then the second line by considering each component of Fj, as Fj. On

this occasion, let us remark that,

~

O —a)) R N L
lf 8((7"/_01)2) = ﬁ thenFo((r’_a,) ) :2/ e tdt: T+C,

. 8F0((’l"/ — a)2) o u(r'—a)? , o e_v(,,./_a)z

if a((,r/ _ a,)2) =e then FO((T a) ) — . + C, (35)

where B = /R.R = V(" — a)? + 22, and C, v are some arbitrary constants.

Theorem 3
Let By((r' — @)%, ¢) be a function, analytic relatively to ((r' — a)?)2cosp = (¢/ — a,) and
((r' — a)?)zsing = (v — ay) on S', we have, for n > 0,

dny1. S/H1 (r' — a)) grad(By((r' — a)*,¢))dS’

H (' —a))By((r' — a)?,¢)(Z X dyyy).dr’

— dn+1.z H (' —a))By((r' — a)?, ¢)dS"), (36)

m=1 S j#m

0 1
where the d; are constants, and we can let T[(..) =1, [ (..) = 1L, I (..) = 0.
J J#m j#m

Proof. Since fgrad(h) = grad(fh) — h grad(f) and grad(d,,.r") = d,,,, we have
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n n

(dj.(r' — a))grad(Bo((r' — @), ¢)) = grad([](d;.(+' — @) Bo((r' — a)?,¢))

i1 i1

= Y] [(di(r ~ @) Bo((r' ~ @)’ 0), (37)

Multiplying this equation by d,,; and integrating, then using (25), we obtain the proposition.
This result will be useful, in particular when By((r' — a)?, ¢) is independent of the variable

©, as we will see in theorem 4.
3.3) Why these distinct ways are complementary: a practical example

The first and second theorems permit to consider respective reductions of surface integrals

for functions of types F((r' —a)?,¢) and (r' —a)F((r' —a)?

,p), which, correctly
combined, avoid the use of fractional powers of (' — a,)2 and of special functions. Let us
illustrate it by some basic results.

For that, let us us show how to reduce, for arbitrary integer n + 1 > 0,

La = [ 1@ = a)Fo((r' ~ @), (39)
S

/j:1
with Iy = / Fo((r' — a)?)ds’,

n+1
to a contour integral of the plane z = 0, where the polynomial ﬁ (dj.(r'" — a)) is defined

j=1

0
with arbitrary complex constant vectors d; of the plane z = 0, and [](..) = 1.
j=1

We now state, from theorem 1, a specific proposition for the even case n + 1 = 2q, then,
using the theorem 2, a general proposition for arbitrary integer n. In this example, the use of
both theorem will be necessary to solve the problem in whole generality. We consider in what
follows, that we are in an open connected domain of the variable a including a point of S,
where Fy((r' — a)?) remains analytic on S’, which allows the application of theorems 1 and
2.

3.3.1) Exact reduction for an even polynomial factors

Proposition 4
We have, from the theorem I, forn +1 = 2q > 0,
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L, = /, ﬁ(dj.('r" —a))Fy((r' —a)*)dS’

=1

r —a

- %/Equ(W)(qu((rr' — a)2) — By, (0))[(z x m)_dr/] (39

where,

2q

(r'—a)?
Bultr' —af) = [ tRdt Goy(o) (' — aP)' = [[d, '~ a),

J=1

(r'-a)®
BQ((T/ — a)2) = / Fo(t)dt, GQ(QO) = 1, (40)

0
with constant d;, and the case q = 0 is considered with T](..) = 1.
j=1

Proof. Letting %:Z))?)’@ = Gy (¢)(r — @) Fy((r' — @)?) in theorem 1, we obtain the
equality (39), where we notice that By, depends on g — 1 successive primitives of Fj. It is
worth noticing that we have,

2

(r'—a)? ,
Byy((r' — a)?) = / tle "t dt + C if Fy((r' — a)?) = e /""",
0

R efvt eva

Boy((r' — a)?) = 2/\/_2(t2 — )4 pr! dt + C if Fy((r' —a)?) = ?, (41)

where B = /R.R = V(' —a)?+ 22, ¥ =2/ + y'y, while a, v, C and z are some

constants. In these cases, the function By, ((r' — a)?) — Ba,(0) can be expressed in closed

form or asymptotically.
3.3.2) Exact reduction for polynomial factors of arbitrary order

A direct use of the theorem 1 for I,,,; with odd n + 1, would lead to a contour integral with
fractional powers of (7' — a)?. To avoid it, we now state a relation that lowers the degree of
the polynomial in whole generality. The repeated use of it, in combination of results for
n = 0 (proposition 3) and n + 1 = 0 (proposition 4), allows the reduction without fractional

powers for polynomial factors of arbitrary order.

Theorem 4
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We have,

I = / Fo((r — a))ds’

1 r —a

N E/L»(BO((’”' = a)) = BoO)IE x (—y3)-dr'] (42)
and for arbitrary integer n > 0,

]71,+1 = / n+1- ’I‘ —a H ’l" - a’ FO((r, - a’)Q)dS,
i G=1

= %/[, ﬂ(dj-(r/ —a))By((r' —a)*)(Z x diy).dr’

i=1

1 n
- 5 Z n+1- dm H ’I‘ - a' BO(("J - a')Q)dS,)a (43)
m=1 S'j#m
where By is a primitive of Fy, the dj, numbered from 1 to n+ 1, are arbitrary constant
vectors of the plane z =0, a = a,Z + a,y is a constant vector, v = 2'Z +y'y is the

0 1 0
current point of integration on the plane, and [[(..) = L [ (..) =1, and ] (..) =
J JEm J#Em

When n + 1 is odd or even, this equation allows, by repeated applications, to reduce I, to
a combination of contour integrals, depending on M = |(n + 3)/2] successive primitives of
Fy, denoted Fy V() = L [“(x — )1 Fy(t)dt, ¢ = 0, ..., M — 1.

Proof. Using the theorem 3 with the expression (26) of the gradient, we derive (43) of the
proposition. The case n = 0 corresponds to proposition 3. The equation (43), after repeated
applications, allows the reduction of the polynomial rank in surface integral term, until a
complete reduction of /,,;; to a combination of contour integrals. The result then depend on a
set of [(n+1)/2] +1 (i.e. [(n+ 3)/2]) successive primitives F,? of Fy, which can be
expressed by the use of integration by parts following F|, /(z) = i f x — 1)1 Fy(t)dt.

A generalization of the proposition will be derived in theorem 13, by considering a function
of R? instead of (' — a)?, where R? is an arbitrary polynomial of 2’ and 3 of rank 2.

Remark : The reduction to a contour integral is not unique. When we use the theorem 4, the
order of the d; could have an influence on the form of final reduction.
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Remark : Letting I, .1 = d,,+1.Z,, we note that,

Z,- [ ¢~ @)l ~ @) Fol(r' ~a)as

J=1

_ ‘71 H (' — a)) Bo((r' — a)?)dr)

+> (dn H (' —a))By((r' — a)*)dS")). (44)

m=1 S'j#m
Remark : The reduction to a contour integral generally supposes the knowledge of a primitive
relatively to (7' — a)?. When it cannot be expressed in closed form, its expression can often

be derived asymptotically as in lemma 2 (see appendix).

4) Reduction to contour integrals in case (a), for a pure dipolar illumination of a large

perfectly conducting flat plate

We study here the reduction of Physical Optics radiation integrals belonging to case (a) for
pure electric and magnetic dipolar illumination, from results of previous sections. A rewriting
of the PO integrals, and the expressions of primitives involved in the reduction, are given for
flat surfaces. A generalization for non dipolar illuminations and for the case of S with low

curvature will be respectively given in section 5 and 9.

p P:PO
=r R=MP

figure 2 : diffraction by S illuminated by source at Ty = T (monostatic case)
Our method allows to study the PO diffraction for perfectly and imperfectly conducting
surfaces. To simplify the reading, we choose to describe the latter case (surface with

impedance boundary conditions) in appendix.
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4.1) Basic expansion of kernels in general radiation surface integral expressions

Let us consider the expressions of the electric and magnetic fields, £ and H, radiated by
electric and magnetic currents J and M impressed on a real arbitrary surface S, in free space

with impedance Z, and wavenumber k = =T, at the observation point r = (a + 22) ¢ S [1],
given in (1) of section 2, where w( ) = R =VRR, R=a+z2z—(r+27%),

R=T u, and (7' + 2/2) is the point of inte ratlon on S. We can write in this expression,
p g p

(grad div, + k*)(vJ) = R ( Qg ) (J.u)u + E/J + ko,

/
curl, (YJ) = — J x grad,.ip = %R X J, (45)
where 1 = ¢ and (d—/)’ (%) To simplify, from Ay = & ((R )3 %) = — k%, we
then note that & ( Y 4 k2= — dw and with (J.u)u = u x (u x J) + J, we derive,
Ry 2¢/
(grad, div, + k*)(vJ) = (f) ux (uxJ)— EJ (46)

This gives us, atr = (a + 22) ¢ S,

270 ~ QZ)/ / 277/}, 1 / 77/},
E = — L — — | =R x Mds,
47?2'1{:/5(R (=) ux(uxdJ)— J)dS g 8 R x MdS
21/

230 77/}, 1 / ~ d}/ /
JoH=—| —RxJ + R(=)ux(uxM)—- M 4
0 4[9% X JdS 4ik‘5( (R) X (u X ) R )dS. (47)

We now study the case where S is equal to its projection S’ on the plane z =0. A

generalization for the case of S with low curvature will be given in sections 8 and 9.
Remark : letting E = [(G.dS and H = [,G,dS, we have G, ~ Zy(G), x u) for large kR .
4.2) Exact reduction to contour integrals when S is a flat plate S’ perfectly conducting

In monostatic case, the primary point source and the observation point have the same
position. The monostatic Physical Optics radiation integrals in perfectly conducting case
(M|s = 0), for electric and magnetic dipolar illuminations, can be then reworked in such a
form that all surface integrals can be exactly reduced to contour integrals, with all required

primitives in closed forms.
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Lemma 1
Let us consider a surface integral on a flat plate S' of the plane z =0, which is a

combination of integrals of the type,

/B(RQ)dS’,/ B(RQ)(RRj_ZQ)G((p)dS’ and/ (a — 7)B(RY)dS',  (48)

where R? = (r' —a)® + 22, G(y) = %, with z # 0 and d some constants. If the

point a belongs to an open connected domain H of analyticity which includes a point of S’
(see definition 3), where B(R®) and B(R?*)/R* are analytic on S', we can, with
expressions of primitives of B(t) and B(t)/t, reduce the surface integrals to non-singular
contour integrals, from the proposition 4 (derived from theorem 1) and the proposition 3
(derived from theorem 2).

Proof. To reduce the integrals to contour integrals, we let successively %ﬁ‘fj)z’)@) as

B(R?)(R>-2?) . ... . . .
and ==—— G (¢) in proposition 4, involving the primitives of B(t) and B(t)/t,
(

and a(a((r,—fa)g)?) as B(R?) in proposition 3, involving the primitive of B(t) .
4.2.1) Physical Optics diffracted fields and reduction, for an electric dipolar source

Theorem 5
The Physical Optics diffracted field, radiated by a perfectly conducting flat surface S’ of the
plane 2’ = 0, when illuminated by a electric dipole Jy(r1) = d&(ry — 1), can be written, at

r=2Z+a¢ S whenry=r (ie in monostatic case), following,

~

ot [ Cas 4 i [ RSP s

~ 1672k Js 1672ik B
Z)(2.d) / Voo e, Z0((2.d)2 —d) / Vo
T 5.7 _~ - d . ~ d )
+ 4m2ik /( R) (@ —r)dS + 4m2ik ,( R) s
_8 77// 2 /
H=— )%,
- x/lzR( ~)ds (49)
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(), 1/1(% ) = &=, R = /R.R, while noting that, on S’ (i.e. at 2/ = 0), we
have R = (a — ')+ 2% R> = (r' —a)* + 2% and,

(u.d)u = 7t ' R
R? - 22 ((r" —a).d)(r —a) (50)
R? (r' — a)?
In this case, using the following exact primitives,
/((%V)’CZR2 _ 2(ik + £)%e i /(g)Qng (14 20kR e
R R4 )R 2R ’
~ 1/)/ ik 3 —iQkR
/R ((f)2)/dR2:2( ]C2+E+2—_R2)?, (51)

(see details in appendix), the lemma 1 applies, and we can exactly reduce every integral of

(49) to a non-singular contour integral whose integrand involves no special function.

Proof. We can write the Physical Optics field with (47), considering that J = 22z x H; and
M =0 on S’, where H; is radiated by the source Jo(r1) = d§(r; — 7), and thus

/ /
0T =% % (Rox 2d) = ) LR + 2203, Ry = — 1), (52)
Ro Ry Ry
In the monostatic case, whenr =rp =22 +a ¢ S"and R = — Ry = R u, We can write,

Zo /IZR(W)W( « L)+ 2L (AR - 2d)ds

= 82k B R R
_ZOE W / ZO / > W 2\/ 3 /
16,#%.,{/,/,2}% (s + g | R () (wdyuds’ +
Zozd) [V e Zo((E.E)%—E)/ VAN
T Jo U e T S s %)
and
W, ,  —d / ANy
H= w ()R x (2 (R x d)ds' = —5 x [ 2R( =) s, (34)

and thus (49). The lemma 1 then applies, and we can reduce the expressions of E and H to

contour integrals, by using the exact primitives given in (51) (derived in appendice A). Let us
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notice that, for large kR in the integrals,

Zy
8m2ik

2R ((£)2) . d
/, ((23) ) (w.d)u — d)dS', H ~ Qf X //zR( Qg )2dS’.  (55)

4.2.2) Physical Optics diffracted fields and reduction, for a magnetic dipolar source

Theorem 6
The Physical Optics diffracted field, radiated by a perfectly conducting surface S’ of the
plane 2’ = 0, when illuminated by a magnetic dipole My(r) = dé(ry — 1), can be written,

atr = 2z +a ¢ S’, when vy = r (monostatic case), following,

— 1 ﬂ/ﬂ/ 3 I
E=—— /S/z(w)(ﬁ)(Rxd)dS

8(mik)? R
1 ~ / . N o
- 4(71.1']{)2/5/2 x (R ((%)2)/(’&(’1&61) —d) — 2(%)260515’,
1 ~ / - = / R
= Sk Zo //5R ((%W(d — u(u.d)) — 2(3)23 x (z x d)dS',  (56)
with () = 9y(.), 1/)(% ) = ;ﬁ and (50). Using the exact primitives given in (51) and,
v v 2 3¢_2 i L 1
/(R)(R)dR ZkR+3(§)(2 (zk+R)) (57)

the lemma 1 applies, and we can exactly reduce every integral of (56) to non-singular

contour integral whose integrand involves no special function.

Proof. We can write the Physical Optics field with (47), considering that the sources

J =2z x H;and M = 0 on S’, where H; is radiated by M(r,) = 86(7‘1 — 7g), and thus,
S s
< (B (4)un x (uo x @)~ %) R

Ry = (r — 58
omikZ » By = (1 —mo), up = R (58)

bvz|c\

J:
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In the monostatic case R = — Ry = 22z + a — 7/, we then obtain,

_ 1 ZN W/ux W w/ o ’U,><’u,><A ,
E_8(m'k)2/S,R( ) (R)) 2/ (= ) X (u x (ux d))dS

i
8(w1ik)2[9,%3 x (R (%)’u x (uxd) - 2;:, d)ds’
N 8(%@2/&2(?/)/(%)’(1? x d)dS' —
- 4(7rlzk)2 /f’ x (R <<%>2>’<u<u d) - d) — 222y, (59)
and
N 87r2z1k;zo S g Rx(zx (R (%)’u X (ux d) - 2%’ ))dS’
N 87r2;kZo /gﬁ ((%)2)’(8 ~u(ud)) - 2(%)21? < (zxd)dS'.  (60)

and thus (56). Considering these expressions with (50), the lemma 1 applies, and we can
completely reduce them to contour integrals, by using the primitives given in (51) and (57)
(derived in appendice A). Let us notice that, for large kR,

—dx Ve 1 AR (5D (d-u(ud)

5) Reduction to contour integrals in case (a), for a weighted dipolar illumination of a large
perfectly conducting flat plate

5.1) Asymptotic surface integral expressions for a weighted dipolar illumination
We now consider the incident field, as the combination of the radiations of electric and

magnetic dipoles Jy(r1) = El\eé('rl —1y) and My(ry) = 8;,,6(7*1 — r9) weighted by fe 5 (uo),
following,
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E;i(r) ~ L-(fe(uo)ﬁo(wwé) (uo x (ug X Zod,))—ik fr(uo) Qrp\? Ry x dj)
RO RO

~ = (fo(w0) (wo X (ug x Zod,)) + fu(uo) (wo x dy)),

- 4m$€ZO (Zkfe(uo);i (Ro % Zode) + fh(uO)(%)/Ro x (ug x dy))

0 0
ik e’ikﬁ”

TanZy R,

(— fe(wo)(uo x Zode) + fa(wo)(uo x (uo x dy))), (62)

for large k:ﬁo, where Ry=171—17)= ﬁo ug, ﬁo = \/m, and the functions
Jen(uo)(up X Zi\h) are analytic, with E;(r) ~ — Zyug x H;(r).

In this case, the near-field monostatic diffracted field expressions at » = ry ¢ S’, for a
perfectly conducting plate .S’ illuminated by a source of arbitrary radiation pattern, can be
derived in PO from (47) with J = 22z x H; and M = 0 on S’. These PO expressions then
remains valid from infinity to a distance qualified to be large relatively to the wavelength A,
but that can be small relatively to the dimensions of S’.

Therefore, we obtain, in monostatic case, from a combination of (55) and (61) weighted by
fe.n, the expressions,

ik, Y

B(r) ~ gz [ 2~ w5 (G Y (B x (wx 20

+ [ (=GP (R x @)as),
1 -7 \2 77// 2 3 /
H(r) ~ g | 2= w0 G (B 20 s
k /
- / 2~ ) S (2P (R x (u x d3))as’), (63)
s R
forlargek:ﬁ, withr:r0:a+zﬁ,§ =\/R.R,R:§u=a+22—r’,u= — ug.

In this frame, let us notice, that, if we want to consider a source with a spherical pattern,

instead of a dipole with toric pattern, we can apply the weighting factors
fon(wo) = Ben/\/ (wo X dep)? , with (ug x Ee,h)Q =1 — (up.des)?

5.2) Reduction to contour integrals for even or odd weight functions f, j,

Thereafter, we reduce E in (63) to a contour integral, for f;, =0 (resp. f. = 0), when f,

(resp. f3) is even or odd relatively to coordinates of ”E“ in the integral expressions, for the

cases withd. 5.z = 0.
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5.2.1) Electric case with f;, = 0, d = 86

Let us consider the case with f;, =0, d = d.. The plate S’ is then illuminated by,

ikZy e ~ihf N
E;, ~ p d)—d), 64
et Je(uo)(uo(up.d)—d) (64)
and the PO diffracted field at » = a + 22 ¢ S’, when » = r(; (monostatic case), is given by,
Zo i [ om0 .
B~ -2 X//zR (55 £ = ) (w)u — s’ (65)
Theorem 7
When f.(—u) = f(%f%“);-f(%,“g) = \;(é’:i; and d.Z = 0, the integral reduces to,
1—(u.
B~ 3G (R = o, o)1~ w) = RO, pg(L0)E x S 2.ar') +
)\ 2[: 1 a(P e 1 7909 » (7"—@)2.
1,1 S
+ 3G LB = )1~ ) = RO)g(L0)[(2 x D) (66)
where L = 05’ is oriented counterclockwise, and the primitives Iy and Fy satisfy,
Zoz (53, ¥ oy (P —a)’Gle) 4 s
= [R(Cr(TS, )
d}/
FQZZOzz R(( ))dRQ,
8mk? R?
ZQZ€ 2k (7,/ a)QG(go) R Z 22/\ —2ikR
Fi~ — —d), B~ -2 7
1 AT R2 ( R2 d)7 2 AT RA ’ (6 )
for z#0, with G(p) = %, Fi(0, p) = %@ and F5(0) = — f—;ze;ikz,
d=%d=

f.(— w) regular on S’. The VV polarization term is given by E.d when ro.d

"% _ ag 1y x 2 # 0.

e d = 705

Proof. We can detail (65), noticing that, when d.z = 0, we have
r — a).a)(r’ —a) (68)

2 Y

~. (' —a)’Gly)  (a—7)d _(
(u.d)u = R? + Rz % G(p) = v —a)

/

a—r ) . L
£ is a regular even function of “ﬁr for z # 0, we use the theorem 1

1—(u.d)?

:lZl o

Considering that -2
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(r'—a)?G(yp
R

- d)
factor, then the proposition 14 (see appendix) for the part of the integrand with (a — 7). d
factor, and thus derive (66).

For an illumination with an isotropic pattern, we can choose g = 1, and write,

with the proposition 13 (see appendix) for the part of the integrand with (

27kR —2ikz

o Zyi Vo) /
Edn~ — 4_72X(§/ (r _a)2 (2 x (7 — a)).dr]),  (69)

7‘0><Z

which is the V'V polarization term when ro.d =0,ie.d= T 8810 X z #0.

Let us notice that, (zZ X (' — a)).? is constant on each straight part of £ along v, and that,

for real @ ¢ S’, the parts of the integrals with ejm factor vanish.

Theorem 8

When fe( - u’) =

i1 9 zZ a—rT ,
B~ = (3[R0 - @2 0lE x A, A=) ar) +
N IRl A N A
+2/£F2(( ) ]”\%“ )[( (,r/_a)z)d ])7 (70)

where, for z # 0, the primitives F| and F, are written following,

R = o (e = dyare py = 222 [ yyar,

R R? 8mk? s
7 e —2ikR Y — a)2C R 7 222672%%
| ~ _ =0 (( )2 ((p)—d),FQN ——ON—, (71)
4t T R2? R 4T R R?

with G(p) = %, fe(— w) regular on S’, L = 0S5’ oriented counterclockwise. The
VV polarization term is given by E.d, when d =

0 XZ

(rgp AST0 X 2 # 0.

z a—r

h(%,%
Proof. Considering that \/% is a regular even function of the coordinates of
—(u.d

R
w.d)?

r'—a
~

d.z =0, we use the proposition 14 and the theorem 1 with proposition 13 (see appendix),
and derive (70) with (71).

5.2.2) Magnetic case with f, = 0, d= Eh

Let us consider the case with f, =0, d = dj. The plate S’ is then illuminated by,
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i~ E(’U’o X )flz,(uO)Toa (72)

and the PO diffracted field at » = a + 22 ¢ S’, when r = r(; (monostatic case), satisfies,

R Z w/ . ~
E.vy ~ W/,((f),)QwO'R fr(—u)dS" with wy = vy x d.

(73)
Theorem 9
When fr(—u) = 16T );f(%’ i) _ g(%’z; and d.z = 0, the integral reduces fo,
1—(u.
ze~2kR (—u R e 22 g(1,0)\ /1~ —wy(r'—a)?+(r' —a) (2w,
. i R/;;( ) % Zy( ))(zx o )tR( )( o))d / -
vy~ — dr
O Ar ), Ar(r’ — a)?
where wy = v X d. For vy = (8 X :N—g) with d = &—Xé)z as rg X z # 0, we have,
g e M (cw) R ehg(10) / 3 TRy
k - —a)R —
By~ [ T (A T ) )
A J dr(r' — a)? & R
denoted the HH polarization term. The contour L = 0.5’ is oriented counterclockwise.
. _ , FZ 2+ (F5F) .
Proof. Noticing that wg.R = — wy.(r' — a) + 2wy, and fr( — u) 5 is
even relatively to the coordinates of =2

, we derive, from the theorem 1 and proposition 14,

i1 , R r —a ,
B ~ 15 [P = @) = FO)@ % (= w0 + e (un.))r
F= i [ (G2l ~ wa R,

(76)

Ze—2ikR

= fn( —w), and thus (74).

.. ) . .
From the proposition 13 (see appendix), we derive F' ~ +-
For polarization HH, vy = (d x %) with d= 2

\/Wasr0><27£0andw0:TU = atzZ
we then derive (78) from,

~ —
To T0

b

—wy(r' — a)? + (' — a)(zwp.) = (_T/J“(r/_“))(%_ @) +(r'—a) . (77)

For an illumination with isotropic pattern, i.e g = 1 and f,( — u) = \/%, we have,
1—(u.d)?
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se—2kE _ E C—Qik‘z)
PN vy i R ey
By~ [ BV Ex(TZof T =ary o (g
4 /. 4dr(r' — a)? 0 R

Let us notice that, (Z x (' — a)).® is constant on each straight part of £ along 9, and that,
gnt p g

for real @ ¢ S’, the parts of the integrals with £ <™ factor vanish.
p g z z

Theorem 10
%Z”‘/T*a _ *_Z’a;r’ Fa h é’azr’ -~ )
When fi( —u) = 15 )Qf(R i) = ).\/ii(ja; and d.z = 0, the integral reduces to,
. —2ikR ( (wo.(a=1")) f(—u)
B~ E([2 T o)y
w\J, 47 R? (r' —a)?

(79)

For vy = (Ex :N—g) with d = \/(T:O—XX—AZE)Q asrTo X 2 # 0, and wy = L = ¢EZ  E v is the HH

~
70 To

polarization term.

2z a /

—~
=Sk

h(=,% . . . _ R P
Proof. ﬁ is a regular even function of the coordinates of Tﬁ“ with d.z = 0. We can
1—(u.

|
ST

then use the proposition 14 and the theorem 1 with proposition 13 (see appendix), and derive
(79).

6) Definition of complex scaling in case (b) and elementary exact surface integral reduction

As defined in section 2, we consider the case (b) and study the reduction of a plane surface
radiation integral whose integrand has an exponential term with an argument composed of a
complex polynomial of rank 2 relatively to plane coordinates. This form is usually
encountered, if the surface of integration S’ is a plane scatterer (a flat plate), when it is
illuminated by a gaussian beam [13]-[15], or when its largest dimension D is such that
\/ﬁ is much smaller than the source and observation distances from S’ [2]-[4] (see (208)
in appendix). In the latter case, it is worth noticing that, if the scatterer is flat (a flat plate), the
importance of the non linear part of the polynomial vanishes in the far field region (i.e. at
large distance d relatively to A, with d > 2D?/) so that phase tolerance is within /8 [1]),
while it remains significant if the scatterer is curved (a curved plate).

We analyse in this section the exact reduction of the elementary surface integral,
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/ R dS" with R? = (1@’ + any') — k(x> + hay'® + hyz'y)), (80)

for arbitrary complex «; and hj, to a contour integral without any use of special functions.
For that, we define a complex scaling transformation to extend the domain of application of
results given in previous sections. More complex integrands will be considered in sections 7
and 8.

6.1) Transformation of the polynomial argument R>

We begin by developing a particular rewriting of polynomial R?. This will lead us to an
efficient complex scaling transform which will permit the extension of our contour reduction
method.

Proposition 5
We can write, for any h; coefficients with h3 # 4hyhs,

hiz® + hoy® + hgzy = £((1 — cfw)ac2 +(1- 012,41),7;2 — 2Cp2CpyTY), (81)

where ¢y, and ¢y, are the (complex) coordinates of a vector c,. Subsequently, we have,

2¢p:Cpy = — h3/&, c;x =1—hy/¢, c;y =1— hy/¢,

h h hi — h9)? + h2
§:( 1+ 2)+€\/2(1 2)? + 8 (82)

where the choice of € = + 1or — 1 is free. We can then let,

Cpa = €/ 1 —h1 /€, cpy = €,\/1— hy/E,
—h3/¢
2¢/1 = hy/E\/1 = hy /€

;2 ;2
€, =¢, =1 ¢

for hg # 0, (83)

6/_
y =

/

or

Cpﬂc:ex\/g_hl/\/g, Cp7y:€y\/€—h2/\/g7

—h
=€ =1, ee, = 5 for hy # 0, (84)
’ Y hE—h

where we can choose arbitrarily €, (or €,) equal to + 1 or — 1, and take indifferently — ¢,

in place of ¢, (note : in the case hy = 0, every €,(,) and e;b can be chosen either + 1 or

0)
— 1 freely). Letting (cp)c for ¢, when € = =£ 1, it is worth noticing that,
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(cpz)e (cpy)—c 1
- C(e)? —1= : (85)
(Cpy) (cpa)—c’ " (cp)?e—1
and thus,
(cpy)e (cpy)e
(ep)e = (= (cpy)—eZ + (cpr)-cY) = (Z % (ep)-o),
g (cpu)—e " " (Cpz)—e g
(cp)z _ (pr)f _ (CPT)E _ ( )2 -1 (86)
(2 (ew)e (e 0T
P/ —e¢ Pr)—e PYy/—e¢
For the particular case where hy = 0, we obtain, after choosing e = + 1 ore = — 1 in the
definition of &,

Szhl,cpx 0 pr \/hl hg/\/ p —1— hg/hl,
§=hs,cpe =V ho—hi/\/ha,cpy =0,p" =1—( p) = hi/hs. (87)

We also note that, when h§ — 4hyho,we can take & = hy + ho and write,

(hl.’EIQ + hgy,2 + hg.’l?/y,) — (\/ hl.'lf/ - 6/\/ hgy/)Q, 6, = — hg/(2\/ hl AV hg),
Vh Vv h
_ v —d—Y—L— pPP=1—(c,)?=0. (88)

=h +h,07x: y Cpy = € )
St g hithy 0\l o
Proof. Letting,
(e’ + hay'” + hga'y/) = £(()” = (ep-')?), (89)

we obtain (81) with (82), then 2¢,.c,,, = — hs/&, ci, =1 —hi/€, ¢, =1 — hy/&. Thus,
4(1 = h1/&)(1 — hy/€) = (h3/€)? and we have,

5 _ (h1 —|— hg) —|— 6\/(h1 - h2)2 + 4(h3/2)2
9 )

Cpow = €/ 1 — Ny /€= 61—”\5/__}“, Cpy = e;\/l — hy/€ = Ey—‘\g/g_hQ,

— hs/(2) _ — h3/2 > 2

o Jim i T e T

=1,  (90)
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where the choice of ¢, ¢, and €/, either + 1 or — 1, is free (note : we can take — ¢, in place

of ¢,). Letting & and (¢,)., specifying the choice of ¢, in place of £ and ¢,, we can write,

(Cpx)e _ (Cpx)e(cpy)e _ - h3 _ - h3
(code  (epyle(epy)e  2(& — ha) (hy — hy) + e\/(hl — hy)? + h2
B (h1 — ha) — 6\/(h1 — hg)? + h% B (Cpy)—c
B h3 T (cp.’lt)—e,
(cp)§:2_h1+h2:1_2 — &+ (h + ha)
e (hy + hy) + 6\/(h1 — h9)? + h%
(hy + ho) + e\/(hl — hg)? + 2 1—(e))? (e —1

Proposition 6

We can write,

(a1’ + coy') — ik(haz'” + hoy'” + haz'y') = w'.r' — iké((r')? = (cpr)?)

= w;n"r;) - Zk}f(’l";})Q = 'U(’I";) - a’P)Q + v1, (92)
with w'.r' = a2’ + aoy/, w.or' =w,.r, (r)= ()= (e,.7)’ v= —iké and ¢,

defined in proposition 5. Letting ¢, = \/c3 ¢, and p = /1 — c3, the complex points T,

, .
w,,, and a,, verify,

Ty = (p(cp.r')/c\p + (' = Ep(ep-"'/)) =7 - cp(cp-"'/)/(l + D),

; (Epwl)/\ N AN / 1
Wy, = D ¢y + (W' —¢y(epw')) = w' + ¢yp(cpw’)/(p(1 + p)),
w , W 2
where & and p satisfy,
( (h1+h2)+€\/(h1 — hg)? + I3 B 2(hihy — (h3/2)?)

2 (h1+h2)—6\/(h1—h2)2+h§’

(hl + hg) — € (hl — h2)2 + h2
p:,/l—c%Z\/‘1+h1+h2= v )

3 (ha + ha) + e/ (B — o) + 13

withe = +1or — 1, (pf)Q = hihy — (%)2
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This can be considered in general, and for some particular cases, in the sense of the limit.
So, if h3/(4hihy) — 1, following the choice of € for & we have & — 0 with p — oo or
& — hy + ho with p — 0, and we can take,

T VAL S VAL WP e G ) S
e \/m, by hi + hg’ 4h1h2_h§ ’

\/ "N/ 4hiho—h?
Cpx = h2 Cpy = VAL ———— withp ~ et e M 32 — 0, (95)
’ v h + v/ h1 + hs 4(h1 + he)

with € = \/—h“f— Besides, if — h2/(h1 — hy)* — 1, we have & — @ with p — 1, and

thus cp — 0 (note : c]% = 0 does not imply ¢, = 0 in complex coordinates), and we can take,

 Vha—h \/hl hQ — hs 96)
Tt T Tk " Vhs iy

which implies, for (hy — hs) and hg — 0, that we have ¢, — 0 and,

w/
iké

Proof. Considering (92), we choose wyj, and 7, verifying,

r, =T, w, —>w, e, — with & — hy(2). (97)
w,. vl =w.r =ar +ay, (r)? = ((r') = (c,.r)?), (98)
asin (93), with ¢, = \/% and ¢, defined in proposition 5. We then have,

(o’ + aoy') — ik(hyx’ + hoy'” + hsa'y') =
/ ;2

o . / wm 2 wm o / 2
- wm p - Zké( ) - Zké((rp - 22k‘€) - (27,]{35)2) - U(rp - a’P) + v, (99)
with a, = 21&, v= —ik€ v = %,gz, which completes (93). Using p ~ 1 —¢2/2 when

cf? — 0, we derive (96). On this occasion, let us notice that we could have chosen to take

p= —4/1—cjinplace of p= /1 — c2 in the definitions.

6.2) Reduction of the surface integral to a contour integral

Considering the expression of complex points 7, given in proposition 6, we define a complex

change of variables (complex scaling) and an efficient reduction to contours integrals.
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6.2.1) Complex scaling transform P and definition of S,

Definition 4
Using 1/, given in (93) of proposition 6, we consider P, the complex anisotropic dilation (or

scaling) by a factor p = /1 — c2 along the vector ¢, = c,//c3 (with c]% # (), defined by,

P:r' =a2'8+y (2 xZ) —r, =26, +y,(2 x¢),

with z;, = p (r'€,),y, = r'.(Z X €,), (100)

when h3 # 4hyhs, i.e. p # 0. This function is linear invertible, and satisfies,

/
P(r') = (p(/c\p.'r/)/ép + (7' _/C\p(/c\p-"'/)) =7 - %}7-;) - T;’
_ (epr),) . ~ cy(epr))
P l(r;)) = : Cp + ('l";) - Cp(cp'l";))) = ’l"; + p(l + ]5) = ,’
P(cy) = pep, P((Z X ¢p)) = (Z X ¢p), (101)

As in definition 1, we then define a complex simply connected manifold S, and its oriented
contour L, as the transformation by P of a real simply connected manifold of the plane
2z =0, now named S', and its real positively oriented contour L. Letting dS’ = dz' N dy/
and dS), = dx, A\ dy,, we have pdS’ = dS,,

Besides, we remark that,

grady (g(r')) = P(grady (9(r'))),

PA(r) =7 — (cp)ey, PP () = p*r' + (cp.7)cy, (102)
and notice, in the limit case — h3/(hy — hy)* — 1, i.e. when p — 1 and thus (c,)* — 0,
(e,.7)e, _ (ep,.w')e,
r,=P@') —r - L F 5 Land w, = P (w) - w + L 2L 5 2 (103)

ctizxe
cpFicy

¢ with ¢, F icy # 0). Therefore, for (hy — hy) — 0 and hy — 0, we have ¢, — 0 and,

(note : (c,)* — 0 implies ¢, — A1(Z + 1Y), where T + iy = for any complex vector

P(r') — r' and w), = P~ (w') — w' with § — hy(s). (104)

Remark : For hg = 0, we note that we have the two following choices ,

£=h, e, =90 = ho/ 1, P(r') = (&.1)Z + p (§.r')3,
Y

5 = hQaep = ﬁa p2 = hl/h27 P(’l"/) = p(ﬁ?‘/)ﬁ + (@.7'/) . (105}
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Remark : We note that, forn > 1,

n—1
732n - Zp% )(cp.r cp, 73271-{—1(,’,/) = P(r) — (pr%)(cp.r')cp, (106)
k=0
n—1
with 37 p?* = “m(¢) from P~1(e,) = ¢,/p.
k=0

Remark : From (26), we have 8%_%)2 = 2((:/?:232.gradr% and using grad,, = P~(grad,),

(r=P! (ap))
2(rh,—a,)?

we note that B(T/p_ap)z .grad,..

6.2.2) First reduction of integrals along the transformed contour £,

Proposition 7
Considering 7, = P(r'), with a, = %ﬁ’g v and p given in (93), and an arbitrary constant

Ay, we can write,

/ e(al:17’+o¢2y’)—ik(hlm’2+h2y’2+h3m’y’).dSl _
!

B A s DI
- . / 2 P

2pJe, w,.r), — ikE(r))? — T

;2

(Ao_eﬁ'f)/ = r;—ap ’

—_— —).d 107
LI 2ikpé o (r, — ap)Q) Tps (107)

;2
where w),,.r!, — ik&(r),)* — Zz%g =v(r), — a,)?, v= —ikE Let Dy be a smooth semi-line of

the complex plane from the origin to oo, we note that, when (1, — a,)? #0on L,

/L(z (r — % d’——/dln ) = (N, — N), (108)

, r—ap)?

where N, (resp. N_) is the number of times X(r;) crosses Dy in positive sense (resp.

negative) along the closed contour L,, and,

= 1, zpy = x, £y, as T, — ap = x,€p + Y, (Z X E)). (109)

/ 2
The first contour integral in (107) is in whole generality non singular as we take Ay = e W

but, when (v, —a,)?> #0 on L, the choice Ay =0 could be suitable for asymptotic

p
evaluations as v is large.
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Proof. From the proposition 6 and pdS’ = dS,,, we have,

/e(alx’+a2y’)—ik(hlx/2+h2y/2+h3$/y/)dS/ — 1/ ev(T;—ap)Q-ﬁ-UldSI’). (110)
i Y4 '

We can then apply the theorem 1 to the surface integral, following,

ol —a )24 1 Z X (7" — ap)(e_ikf(r;_”’p)?-ﬁ-m _ AO)
Jeterenas, = 5( [ = el +

v(r), — ap)?

/

+(A —e”l)/ (EXM)CIW) (111)
’ ., o(ry, —ay)? P

and derive (107), definite for (), — a,)? # 0 on L,, or, in whole generality, for Ay = e"'.
We obtain (108) from proposition 1.

Remark : When the terms % are small as 7, € L, we note that,
(r,+ z(’r’px’f\)).’ip
max|Im(In( ((jg E“A;)) Ny, < 1, (112)
 (ay—ia,x2))e,
and thus, the term Im(ln(z‘:’—f)) little varies, == does not run round the origin, Ny = N_ and

the winding number (N, — N_) is null in (108).
6.2.3) Some properties of P(r') = 7, to analyse and transform (107)

Proposition 8
From the definitions of P and P~ (see definition 4), we have,

P(u)v=uP),P(Zxu)=p2xP u), P(ZxPW)=pZxv), (113
for any vectors u and v of the plane. Thus, we can write,
w.dr, = P(u).dr', (Z x r,).dr, = p(Z xr').dr (114)
and consider that, as wy,.r), = w'.v’ with v, = P(r'),
Plw,) =, w, =P (). (115)

Concerning the properties relatively to the choice of € = + 1 (factor used in (90) for £), we

can let (cy)+ = (€p)+y/(c2)s, pi, &, (P)+ and (7))s, be the respective terms

(cp) = (€p)r/(c2), & p, Pand (1)) for e = + 1, and notice that,
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py = % = piw (€a1pe)® = (Ex1pe)® = €& = hihy — (h3/2)?,
2
B=1- (e = — 1+ T () = pa(r))s, (Pl = pe(P)s,
(€))r = €4(Z X (€p)x), €cx = GE )z = - (€a)z ) (116)
! e (cpe)= (cp)Qi (cpy)+ (cp)ft

where (e.)> =1, and —e = F as e = . We remark that £ = 0 implies h3 = 4hyhy,
& =hi+ hy, and (cg)6 =1 if hi+ho #0, while (cg)6 =1 implies & .=0 and
& = hy + ho, and notice that (cf?)6 =0 implies (cf))_E =0,26L =hy+ hy and pL = 1.
(note : even if (£p)? = hihs — (h3/2)% we have not to calculate p¢ as +/(p€)?, but with

each term p and & determined independently, to avoid the cut of square root).

Proof. The properties in (113) derives from linearity. For (116), we consider (82) and notice
that,

hi+hy &5
1-— c% = - 14+—="=—F
()= §+ £ 1—(c2)+
(pr)e _ (CPIL')E(CPZJ)E _ — hs — — hs
(Cpye  (cpyle(Cpy)e  2(& — ha) (hy — hy) + 6\/(h1 — hy)? + h2
_ _ _Bo\2 2 N
_ (h1 — he) 6\/(h1 ha)? + hg _ (epy)—c _ (cpy)_g‘ (117)
h3 (cp.”lf)—é (Epm)—e
Proposition 9
Let from now on,
M(w') = pP N (wy,), as pP(Z x w),) =2 x M(w'),
;2 )2
_ . 2 Wy N(w'))
N(w') =pwl,, as vy = iké(a,)” = Tike Tk (118)
with a, = .;”,'w =P (w), and p = — c?. We can write, for ', = P(r’),
ha,= 5% w, =P (w), and 1—c2 W for !, =P(r
(% x ((;j:_‘j:)l).dr; - L@ x (v — 2))).dr!
2ik B - 2 2 N (w))?’ (119)
— 2ikpg w' v’ — ik(hyx'* + hoy'* + hgx'y') — T
cplepry)

where, 'P*l(’r;) _ &r)

D EP + ('I";) - EP(EP"”;))) = ’l";) + =T

p(1+p)
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M(w) _pia) (1-c)w + (cpw)e,
2ikép? P 2ikép?
1 , haw, , hsw!,

and,
W@)?  w? (1=’ + (ew)?
4ikép?  LikE 4ikép?
(how!,” + hlwff — haw,w,), (121)

 4ik(Ep)?

with (£p)? = £,.&_ = hihgy — (h3/2)%. Let us notice that when hy = 0 and hy = hy — 0,

5% )y oy
(zx('r' a))d (EX’UJ’)
b - dr'. 122
~ Sikpt wy " 122)

Proof. Considering (92) and (114)-(118), we obtain (119), then we derive (120) from,
M(w') = p’P7*(w)

(epw)e, + (1 - Cg)(w/ —¢y(cpw’)) = (1 - '32)"1/ + (epw)ey
h +h h . h _ h
= (- 15 2)w/+(1—§) : +(1—?2) Y —2—2(w1x+w,y)
1 hs
= E(th Z + hw,y — 5 (w;:’v\ +w.g))
1 haw,, hsw!, | __
= g((hﬂU 3 D& + (hyw, — 5 )Y), (123)
and,
w;nQ _ n
(W) = T2 = (P (W) = @+ (1= D)W~ &y, w))
=(1- c]%)w’2 + (cpw')?
hi+h
A RSN RS PG LS P SO
£ Y £ &€ Y
1
= g(hgu;;C2 + hlw;2 hgw;w'y) (124)

Proposition 10
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Let =z, = (v, — a,).(Z +1y) =z, T iy, where 7, —a,=1x,¢,~+y,(Z2x¢,) with
r, = P(r'), then z, = 0 on lines ' = P~ (a,) + tu,, u, = Ep +ip(z x ¢,). For real 7/,
Tt p§+ B (_

each equation z. . = 0 has no or an infinity of solutions if hg) is real, and a

+ip&+
single one Ty else. In the latter case, we notice that v =r_ =P (a,) if P (a,) is a

point with real coordinates, for example when a,, and P(r') are real.

).(Z £1ig), (Z +i9)? =0 and & £ iy = EEX a5 ¢? £ 0, we

¢, Ficy
(r'=P" 1(“17)) Ve

¢ Ficy

with v. = P(e, £iZ X ¢,) = pc, = iZ X ¢,; we can consider solutions of v..7”’" = 0 with

/ _ /
Proof. From z,, = (), — a,

have 2, = 0 as ' = P~ '(a,) + tu., u. = pP~' (€, £ i(Z X ¢))), and 2. =

Vo per Tic,  Fip(e; +cp) +cocy(p? — 1)

Vey Py Eicy prci +c2
1-— 62 hg ’

and deduce last statement. Let us remark that u..v. = 0 and (p€)? = hihy — (73)2
6.2.4) Derivation of integrals along the initial contour £

Theorem 11
We can reduce the integral of an exponential with quadratic argument on S’, to an integral

along the contour L of S’, following,

/ ew’.r’—ik(lzlx’2+lL2y’2+iL3:E’y’)dSl _
!

1 (el = oy thsa) A
=3/, 7]

2)c w . — ik(hiz'? 4 hoy'* + hsz'y') — 41;126
2
M(w') (Ao—eﬁ)/ r—a,
zx(r — Ar'] + ——— Zx L) .dr! 126
with 5 k(f 2) and % v Zg detailed in proposmon 9, arbztrary Ay, and y = Z x z. The integral on

L is non-singular when Ay = e 4ﬂff. For Ay # e e | we notice that, when (r), — a,)’ # 0 on

E}

/5(2 (r — %) dr, ——/dln = (N, — N_), (127)

; r/ —a,p)
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where N, (resp. N_) is the number of times the complex x(P(r)) crosses any smooth semi-
x, iy,

! —gq 2
T =y,

line Dy from the origin to oo, in positive sense (resp. negative), with x(P(r')) =
P(r') —ap = x,Cp + y,(2 XCp), P(r') =1, Let us notice that, when a, is large and
satisfies (112), in particular if hyhy — (hs/2)?, we have [ dIn(x(P(r'))) = 0.

'U.),2

The first contour integral is in whole generality non singular as we take Ay = e,
However, when the parameters give no divergence of integrands along L, the choice Ay = 0

could be suitable for an asymptotic evaluation as k is large.
Proof. For that, we rewrite the proposition 7 with the use of propositions 8 and 9.

Remark : From (9), we have,
/

r =P a,) + h;, Uy, Uy = P (cosp, Z + sing, 9), h;Q = (r, — a,)?, (128)
except on lines ' = P~'(a,) + tu. with u. = ¢, & ip(z x €,) where (7, — a,)* = 0 and
u,,, 1s undefined.

7) Complex scaling and extended cases of applications for exact reductions

We now consider the surface integral of a function g(7') f(R?), where R? is a polynomial of

coordinates,

RQ = do + (al.’E, + ozzy/) — ik(hl.%/Q + hgy/Q + hgib‘ly/)
= dy+ (7}, — ap)* + v, (129)

with ), = P(7'), and P a complex scaling, following the proposition 6 and definition 4. For

the reduction of the surface integral,
[ atris®2as' (130)

we then define S; of contour £, as the transform of S’ by P, with dS’ = da' A dy/,
dS, = dxj, A dy,, and dS" = dS, /p, while the primitive of f, satisfying the conditions given
in definition 3, is known, and g(7’) is a polynomial of coordinates.

7.1) Exact reduction when g = 1

Theorem 12
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Let F, be a primitive of f, we can write,

[rras =5 [ =2 (- ey ar

2 2 (w’
R —(ﬁ + dp)

;2
AO_FU(Z;—Zé—i_dO)/ . r—a
c

—r—).dr 131
— 2ikpé % (), — a,p)Q) T (131)
where Ay is an arbitrary constant, p = /1 — c2, and,
1 h3w/ hgw,
-1 L)) = h / o AV~ h / T\
'w;n2 1 12 ’2 ’o
(hgwm + hlwy - hgwxwy), (132)

4ik€ ~ 4ik(hihs — (h3/2)?)

while [, (2 x (Tfap

instead to calculate p€ on second line of (131) as +/(p€)?, it will be preferable to determine

each term p and & separately, to avoid problems with the cut of square root.)

).dr, can be determined with (127). (note : for most generality,

Proof. In proposition 7 and theorem 11, we change the exponential function for f, and let,

F(R?) _

1
/f(do +o(r, — ap)® + v1)d(r), — a,)* = ;/f(R2)dR2. (133)
We can then write,

F(RAS = [ fdy+o(r, — a)? + v1)dS,

s bJs,
. / FU(RQ) - AO (/2 X (’I";) - ai)))’d’r;
N L, 2p RZ—(’Ul + d())
(AO—F(Ul-i‘do))/ L Ty ,
— ). 134
A T ARl A E (139

and (131) from (2 x (v}, — a@,)).dr), = p(z x (' — P~ '(a,))).dr'.

p

7.2) Exact reduction when g(7') is a polynomial of coordinates

Considering that 7 = P~'(r},), and

-(""/ - Pil(a’p)) =
(r' =P Yay) =g P (1, —ay) = P (§).(r, — ap), (135)

Q )
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we notice, from Taylor expansion, that we have, for any polynomial g(') of order m,
m ] 0 glr—p-1(a,)
Z Z 0 x/kz 0 y/ i—k

[(7’_1(53\)(7‘; - ap))k(P_l@)(?‘; —a,))’"]. (136)

Theorem 13
Considering a polynomial g(r') of order m, we can develop the exact reduction of the
integral [4,g(r") f(R?)dS" on the surface S’ of the plane. For that, we need the reduction of

integral

f(R»dS', (137)
o

given by theorem 12 in (131), and of the elementary integrals,

It = /S dor (v — a)[[(dy.(r) — a,)) f(R?)dS', (138)
! j=1
with 1 < n+1 < m, constants d;, and complex scaling P for (129). For that, we generalize

the theorem 4, and write,

—-1.1 n , R ,
Iny = Tk&(;_o/ﬁ ]1—[1(dj.(7'p —a,))Fo(RHP(Z x dyysr).dr

n

= ((dnt1-dn) H (r, — @) F,(R?)dS")), (139)

m=1 S’ j#m
where F, is a primitive of f, P(Z X d,.1) = p 2 x P~ Y(d,11), and ]g[() =1, f[() =
=1 i#i

0
and T](..) = 0. Subsequently, we have decreased the rank of polynomial in surface integral
i

term, and it becomes possible, by a repeated application of (139), to reduce I,.1 to a
combination of contour integrals depending on M = | (n + 3)/2| successive primitives of f,
denoted ,f t)f(t)dt, q=0,...,M — 1.

Proof. Taking up the theorem 4, (7, —a,) and dS, instead of (' —a) and dS’, with
v = —ik§ and dS, = pdS’, we derive (139). By repeated applications, we can decrease the

rank, and using theorem 12, reduce [, to a combination of contour integrals for any n > 0,
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using repeated integrals of f (see the results given in appendix for successive primitives and
their asymptotics).

Remark : Letting 1,1 = P (d,11)-Z, in (139), we use P(Z x d11) = p2 X P 1(d,41)
and d,,1.d,, = P~'(d,;1).P(d,), and then note that,

1 n
T, = %(2« « /ﬁ ]Hl(dj.(r; ~a))Fy(RY)dr

+> (P H (7!, — ap)) F,(R*)dS")). (140)
m=1 S j#m
Remark : When (h1 — hy) — 0 and hy — 0, we have ), — 7', p — 1, @), — ﬁ%, £ — hi(2),
and using 2% — [ f(R?)d (7}, — @,)? with v = — ik&, we recover the theorem 4.

Remark : From (139), we note that,

//d.(r’ — PY(ay) f(RD)dS' = = Pl(d).(r, — ay) f(R?)dS,,

bJs,
1 [F,,(R2) — AO] = -1 /
= — d)).d 141
20 )e ” [P (2 x P (d)).dr], (141)
where P(zxg) Q(d)) = (Exp;(d))A with sz(d) = 'ingp + & (zxcp)z X ¢,. For hy = 0, we have,
using (87), g(d) = d T+ ,—y@

8) Complex scaling and applications to asymptotic reductions

We now consider asymptotic reduction of [gg(r f(RQ)dS’ when f(R?) =e® or

f(R?) = e are highly oscillating function, while g(7’) is a smooth analytical function on
VR?
S" and R? is a polynomial.

8.1) The case with f(R2) = ¢®* and semi-asymptotic reduction
To simplify the reading, we choose to detail the case with f(R?2) = &, for R? given by a

polynomial of order 2 like (129), and a large class of smooth function g(7’), in appendix,

with proposition 15 and semi-asymptotic reduction given in theorem 19.

8.2) The case with f(R?) = G\Q/—;_j and asymptotic reduction for curved plate
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If we want to generalize the results of section 5 and take account of a moderate curvature of
the surface of integration in the radiation of surface currents, we have to consider (z — 2’)
instead of z in (63) with polynomial approximation of 2’ relatively to «’ and 3 coordinates,
as 2/ = (Cy2'* 4+ Cyy'?), and derive plane surface integral from the use of a projection and its
Jacobian. For that, we let,

v RQ = = Zk\/(x/ - ax)Q + (y, - ay)2 + ((Cll"Q + ng’Q) — 2)2
= - Zk\/hi(x' —al)? +hy(y — %)2 + 2% + (2!, )
= \/Rg — ke(@',y), (142)

with e(2/,y') = (Ciz’* + Cyy'*)? and,

/ /
Gz 2 L—hy 5 L1—hy
h,=1-22Cj,a, = —,a, = —2,2"" =27~ ( a; + ———=a;)
7 WA T 70 Y 70 / x / Y/
h hy hy hy

VRE= ik (@ — )+ by — a2+ 2, (143)

as k and 2" are large, when €(2’,y') < z2. Similarly to (105), we can use one of complex
scaling P verifying,
? = hy/B,P(r') = (B.r)Z + p

r
p* = hy/hy, P(r') = p(@.r)& + (Gr')g,€ = Iy, (144)

such that,

(sl @) = W — al)? + By — )P, do+or = 2

with v}, = P(r'), P (a,) = a,@ + a,y, v = &, (145)

which then permits to reduce asymptotically the surface integral [g,g(r')f(R*)dS" with

2V R2

f(R?) = ¢ NG from theorems 1, 12 and lemma 2.

Theorem 14
Letting f(R?) = "‘\2/%722 , we have for its primitive F,(R?) = VR We can use the theorems

1 and 12, with lemma 2 and complex scaling ‘P, and then write, for large k,
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[ atr)1(R3pas

- oG EURR(r)) — 9(a) Eu(RY@))(Z x (r' — P~ (ay))) dr”
p — R (@ — )2+ Ry — 0 )

o Lo(r) E(RE(r)) — g(a') Fy(R3(a)) (2 x (¢ — a)).dr’
p — KRR — )2+ My — 0 ) |

(146)

/ g(r')\/R2
For small e(z',y'), we can then choose to take gy Ry _ o) 0 2 (VR - \/T' in place of

f(RE) VR2
g(r"), and obtain,
[ atr)s®as
(g1 () F(R* () — 91( NE(R*(a')(Z x (r' — a’)).dr’
N/E — k2(hy (2" — al)? + hy(y — ) ) ) (147)

)/ R2
with g1(r') = g(}ﬁ\ﬁ

when the h’. are both real and of the same sign. Besides, in order to

2VR2 g(r') .
consider (\/—n in place of “— \/—2, we can let /R in place of g(r') in (147).

For more generality, in particular to cover the case of real h;- of different signs, we take,

h; — i6 instead of h;, then ésign(arg(ik)) — 0", (148)

as 0 < |arg(ik)| < 7/2, to avoid any line of singularities of denominator in (147).

Proof. These expressions are derived from theorems 1 and 12, used for primitives defined
asymptotically with the lemma 2 (see appendix). For that, we take g(r')f(R?) in place of
f(R?) in the theorem 12, considering that its primitive is asymptotically ~ g(r')F,(R?)
from lemma 2. The small real parameter ¢ permits to avoid any line of singularities.
Concerning the sign of 6, we choose it so that VR < oo when ' — oo and
0 < |arg(ik)| < /2, which implies 0 < ésign(arg(ik)) — 0.

This theorem will be used in next section and validated in numerical results, letting
g1(r) = g(r').

Remark : Considering (92), we can let,
v'(r), — a/)2 = (b} —i6)(z' — al)? + (hh, — i6) (v — a;)2 =

_H [(h; —i8) (' — al)) £ iy/(hy —i6)(y — al)), (149)
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with small real 6 # 0 such that (k] —i6) # — (h}, —i6), and v = £. The sign chosen for 6

has a crucial influence. For example, we note, from proposition 9 and 1, that,

/ %(zx(r a')).dr’ / 7' —a T gy
£ (1 = i8)(a — al)? + (hy — i8)(y — a2 2pE r a )
m(e" g, (a), +iay) + e 1g (a] — ia,;))

= - — , 150
. hl—ib 7 .
where £ = (h] —i6) and p = \/% ~ \/ﬁ(l — zé(i - ﬁ)) (see (105)). For real A} and
h!, of opposite signs, we note the importance of the sign of 6, since we have,
lim (2p¢) = = ik sn(hy)/ — (ki /). (151)

6—0+

Remark : It is worth noticing that we have not to take the term p¢ as \/(p€)?, but as the
product of the terms p and £ evaluated separetely. Indeed, for example, we note that, for real
8, the term (1 — id) % is defined, while the term /(1 —6)( — 1 — i6) is not, since
(1 —46)(—1—146) = — 1 — 62 is on the cut of the square root function.

9) Detailed reduction in case (c) for surface radiation integrals on curved plates

Let us consider the expressions of the electric E in (47), radiated by electric and magnetic
currents, J = 2z x H; and M = 0, excited on a real perfectly conducting curved surface S
by weighted dipolar illuminations, as defined with f.j in (62) (note : for flat plate, E was
given by (63) of section 5).

We take this time a curved plate S instead of a flat one, with current point R’ defined by,

R =1 +((r)7, ((r) = Cia”” + Coy”, (,(0) = 0, (152)

with C; < 0 (resp. C; > 0) for convex (resp. concave) surface inflections. We note that, for
purely convex (resp. purely concave) surface with C1Cy > 0, S is below (resp. above) the
plane z = 0, while, for saddle surfaces with C;Cs < 0, S is partly below and partly above the
plane.

In what follows, the surface S’ is the projection of S on the plane z = 0, R’ is the current
point of integration on S while 7’ is the one on S’, L is the positively oriented contour of S’,
R, = (a + 2 2) is the observation point, and R is the vector between the observation point

and the current point of .S, following,



- 45 -

R=R - R = (a+22)— (r+ ((r)2),
R*(r') = (¢/ —a,)> + (f — a,)* + (C12"” + Coy'®) — 2)?, (153)

for which we can consider the equalities in (142)-(145) and the theorem 14, when we are in
the region Q¢ defined with z > (Cy2’* + Cyy'?) and large k+v/ R2.

1

In Physical Optics, the radii of curvature 30T
J

are assumed to be large relatively to A, and it is

worth noticing that, with this assumption, the region {2¢ is generally much wider than the far

field region, where |R;| > dp = Smax(%), k|R;| is large and |R'|/| R;| is small (note :

dr = 2D?/\ is Fraunhofer distance [1], D = 2max(|R'|3)).

1
il

Remark : Considering R, :min(Q‘T), we notice that |Ciz? + Coy?ls < ZA% with

20,2\ . .
2\ = max(%) = 2, and thus, that |Cy2* + Chy?|g < £ when z > zF(%) is verified.

9.1) Reduction to a contour integral for radiation of curved plates when f;, = 0.
9.1.1) A contour integral for radiation at finite distance, large relatively to wavelength

The Physical Optics (PO) diffracted field at » = a + 22z ¢ S, when r = r( (monostatic case)
and f), = 0, satisfies,

Zy ik [ . sV oy = O
B~ - 2 [ (@RIER () = w)(wdyu - Das'. (15)

where ©.J% = 9, R'|s x 9,R'|s, S’ is the projection on the plane z =0 of the curved
surface S of points R’ and outward normal vector 7, (R ) = e};ﬂ, (.)) = 0%(.). We then

use that,

R*(r') = (1 —22C)) (2 —al)* + (1 — 22C) (v — a;,)2 + 27 4 €(r),

o Ay ;o Gy n2 2 _ 22’01 2 22’02 2
Ol s A w s R RS g wro Tl s wo A
OR' OR' OR' OR' OR' OR'
as(,J\ __ YRV =
T = oz oy ,n (890’ % 8y’>/’8x’ % oy I’
[(m.R)J](r') = —2(Ch2/(a, — o) + Coy/(ay — ¥)) + 2 — (), (155)

where €(r') = ((())2, ((r') = Cia”? + Coy’”, and let R? = v(r), — ap)? + 2" + (1)
with a, = P(a’) as in (142)-(145). In what follows, we consider that the term ¢(z, y) has
moderate influence on the terms in front of exponential terms. For that, we take 2 sufficiently
large so that |(C12% + Coy?)|s < 2.
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Theorem 15
Considering the theorem 14, we can write the surface integral (154), when k is large and

|C12? + C’zyQ\g < z, as the contour integral,

—2ikR(r e 2ikE () o
_zMé/<Rﬁymuww—ﬁﬁ%wwmvnux<W—w»dﬂ
(

B Ty Li-20— 0@ -ar+ (1-2G-o)y -aqp 7
where,
B () =\t — @) 4+ () - 2)2
Welr') = = fo( — w)((u.d)@ — d)[(R.R)J*|(r'), (157)

with L the positively oriented contour of S’ on the plane z = 0. The term 6 is a small real
constant tending to 0, with Osign(arg(ik)) — 0, necessary for the cases where
(1 —2201)(1 — 22Cy) < 0.

When f.( —u) = ———, we then have the VV polarisation term E.d, with d = —">Z

1—(u.d)? (roxz)*

as rg X 2 # 0, (already considered for a flat plate in (69)) following,

Ba— _ Lk /E V)G x (' — a')).dr],

(4m)?
[(ﬁ.R)J‘*](r’)e’Zikﬁ(T’) /1_((T2 )3) [(ﬁ.R)JKS](aI)ef2ik§(al) 1_((%’(;7)).3)2
V(') = ) _ F(e) (158

) = 50 —i6) @ =) + (1= 2:Cs—i6)(y = al)? (158)
9.1.2) Particular asymptotic cases : at very large distance or at focal points
For z — o0, we can take in surface and contour integral,

To ~ T —~
VR~ — =2 (¢ +26(r), 2 ~ T — —.(a' +3¢(a)), (159)

To To
with (7. R)J**|(r') — — 2(C12’a,; + Cyy'ay) + 2, and the expression (156) becomes,
Zoik e~ 2k -~ To -5, To
(— = )d—(=.d)=
@ —5—Je( 0)( (- dw)
H(r/) Qlk(‘ ( +ZCS(’I" )) _ H(a/) Qik(r,wo.(a’-i-’écs(a’))
/ﬁ(zzc1 L 1i6)(2! —al)? + (ZZC2 +1i6)(y' — aj,)

E ~ —

5 [(Z x (r' — a')).dr'], (160)

where H(r') = (C1a/ (%) + Coy/ (%) — 3).
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At focal points, as C,;, = min(1 — 22C})|j=12 — 0, we have a’ — oo and 2"* — o, but
a'/z" % and K,,,a’ tend to finite constant vectors, and we can write for (156),

—2ikR(a’)

e~ 2ikR () o2 o
Zyik (W%We(rl) — Sy We(@)[(Z X Kina').dr]

~ ( zC1 K 2CoIC
(4m)2 ) Ko (RE — 22 — e(r)) + (F50a5 0% + 3525 a2)

_(161)

with R? = (1 — 22C1—i6)(z' — al,)? + (1 — 22C2—i8)(y — a})? + 2" + e(r').
9.2) Reduction to a contour integral for diffraction by curved plates when f, = 0.
9.2.1) A contour integral for radiation at finite distance, large relatively to wavelength

The PO diffracted field at r = a + 2z ¢ S’, when r = 7y (monostatic case) and f, =0,
satisfies,
/

5 LRI PR fi(~was'. (162

By~ ———
YO S (mik)? J

where vy = (d x #) with d= \/— asrg X Z2#0, wp =2 = “fozz and (m.R)J* is
defined as previously.
Considering that wo.R = wy.(R1 + Rg) with Ra(r') = (a —a' + (2 — (s(r'))2) and

R;(r") = (@’ —1'), we could use (141) for the part with R; term, as already used in
theorem 8, but we here prefer to directly apply the theorem 14.

Theorem 16
Considering the theorem 14, we can write the surface integral (162), when k is large and

[(C12% + C29?)||s < z, as the contour integral,

E.’Uo ~

W, o 2ikR(r") W (a'e szR(a, NN
i / ( }((]N{)(r'))% _ W( )( o )(z 5 (,r/ . a,’)).d'r’
(

(®
(4m)2 ) (1 = 2201 — i6)(2/ — a,)2 + (1 — 22Cy — i6)(y' — a})?’ (163)

with Wy (7)) = fi( — w)[(®.R)J*|(v')[wo.R|(r'). The term 6 is a small real constant
tending to 0, with Osign(arg(ik)) — 0%, necessary for the cases where we have
(1 —22C1)(1 — 22C5) < 0. The HH polarization is obtained when we let wo = &2

0

We can then consider (as in (78) for a flat plate) an isotropic illumination with
—1/\/1 r_aA 2d= "% gsryx2#0, and wgzrgz%ﬁ.

(roxz)? LA

9.2.2) Particular asymptotic cases : at very large distance or at focal points
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For z — oo, we use (159) in previous expression, and we can write,

ik e kR 70
By~ g il — o) (wn.
N~ )2 ~ fn( ro)(wo 7o)
H(r’) 2ik;(%0.(r’+2<s(r')) — H(a')e 2i1<;(%0.(a'+245(a')) R
/ 2zcl s N2 22(12 (2 — o 2(2 x (r' —a')).dr’, (164)
c(B5 +id) (2 — a2 + (BE +id) (2 — ap)

where H(r') = (Cra/ (%) + Coy/ (%) — ).
At focal points, as K, = min(|1 — 22C}|j=12) — 0, we have a’ — oo and 2> — oo, but

2 : .
a' /7" tends to a finite constant vector, and we can then write

2kR () R(
. —ik/ (e — - e )<a>> (@ X Knd) (165)
.'UON z 4 m
(4m)? [ K (RE = 22 — e(r)) + (32503502 + 325%8502)

with RS = (1 - 22C,~i6) (o — a2 + (1 - 2:Co—i8)(y/ — a2 + 2" + e(r).

Remark : Considering = € [2/ — A/2,2’ + A/2] with 0 < |(cx)* + | < 1, 0 < A K 1,
T +A/2 v(x)ds | iv(a) [ln(iy-i-c:z;)]xurA/Q
—A/2 (cx)?+y?> — 2y iy—cx /la'—A/2°

and smooth function v(x), we can generally write [

10) Miscellaneous results

Proposition 11

Considering

R? = (1@ + aoy') — ik(hiz” + hoy'” + hyz'y')
= w' . —ik(hia"” + hoy'” + hyz'y), (166)

we have, for arbitrary constants d and A,

//(d.r’)f(RQ)dS’ = Al.(/ﬁ[FU(RQ) — Agldr’ — (2 x w') S,f(”RQ)d,S’), (167)

PExPHd))

where F), is a primitive of f and A, = it

. In the particular cases,

(h1 —|— hg) — 6\/(h1 - h2)2 + 4(h3/2)2

pE= 5 -0,
ore = () +e/ (hl2 —ha)? +4(hs/27 (168)



-49 -

we have,

h3/(4hihy) — 1, i.e. 2€'\/hihy — hs with (€')* = 1,
(ha’” + hoy/” + hsa'y)) — (Vhiz' + €/ hay')?, (169)

In these circumstances, the equality (167) has for consequence that,

~

lim [ f(R?)dS = lim — 2 / [F(R?) — Agldr,
L

£—0 S £—0 cp_(/z\ X wl) .
fim R?)dS" = lim — (? Xfp) / F(R?) — Apldr'. 170
p?6—0 S’f( ) P26 —0 (Z X cp).(z X ’LU/) [:[ ( ) O] ( )

Letting
/ ~ - h3 —~
o = ((§—h)E+ —9) for € # hu,

orv = ( _2h355+(§—h2)@)f0r§75h2, (171)

we can then write, for & # hy or & # ho,

/

lim [ f(R*)dS =lim L./[F(W) — Apldr,
L

-0 Jg -0 .(Z x w')

= /
li 248’ = li (z x ) /F 2y _ A ldr 172
nggo S/f(R ) S p2g30 (/2 X ’Ul).(/i X w') E[ (R ) O] T ( )

while, for € = hy = hy, which implies hy = 0 and p*¢ = £, we have,

(z x ') Elirr(l) f(R*dS' = %in% [F(R?) — Agldr'. (173)
— S/ — £

Proof. Using that d.r' = P~'(d).(r, — a,) + P~'(d).a,, then the proposition 3, we derive,

/d.r’f(Rz)dS’ =P N(d).a, | f(R*)dS + ]19/ PHd).(r}, — a,) f(R?)dS,
: s :

A [P (2 x P~Y(d)).dr'], (174)

. ;1 [[F(R?) -
=P (d).a, S/f(RQ)dS + 2—p/£ »

and thus (167), if we notice that,

P_l(d)-ap = (/2 X P_l(d))(/i % ap) _ Zx P (dQ)Z/]jg( P~ (w/)

_2xPd).PExw)  PExP(d).(Exw) (175)
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where we have used (113)-(114) with a, = %,(:g,) Considering that,

Pz xPHd) (zxP*d)

23 3 ’
Pd) _de,, . d.(2x2)

3 e 3

we note that, in right side of (167), %;(d))

side of (167) is finite for arbitrary bounded d. We can then write,

X &, (176)

tends to oo for &€ — 0 or p?¢ — 0, while left

lim €,.[(Z x w') | f(R*)dS' — /[F(Rz) — Agldr'] =0,
£¢—0 5 c

lim (2 x¢,).[(Z x w) Slf(RQ)dS’ — /E[F(RQ) — Agldr'] = 0, (177)

p*§—0
and thus (170). We then obtain (172), if we use (82)-(84) and,

Cp@:ex\/g_hl/\/a Cp7y:€y\/§—h2/\/ga

—h
6226221,66$=€—y=€—$= 3 ,
T e g 26—/ Dy
(hl + hg) + 6\/(h1 — h2)2 + h§
¢ = ) ,
(h1 + hz) - 6\/(h1 — h2)2 + h%
(Cp)? =1- )
(ha + ha) + e/ (B — o) + 13
(hl + hz) — € (hl — h2)2 + h%
P =1 (e 1 = v . (178)

2
and (173) from (177), noticing that p?¢ — & when & — hy = hs.

Remark : Using (116) of proposition 8, we have, as e = + 1,

(8p)s = £ ee(Z % (€)7), (1°€)x = (O,

d.(¢c,) . d.(zx¢y) .
——(c, =(———FZ xX¢,)+, 179
( e (€p))+ = ( ¢ p)F (179)
with (e.)? = 1, and we then note that,
—2(d dec, d.(z xe,
Pd) _ v, + (2 x CI)E X ¢, is independent of e. (180)

& pe’ §
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Proposition 12
Let F, be a primitive of f, and & = hy = hy, we then have hy = 0, and R*> — w'.r' for

& — 0. Therefore, we can write, from proposition 11,

o ,_(Exw’) w . — r
Sl ds' = 2 ./ﬁ(Fv( ) — F,(0))dr. (181)

Proof. We can obtain this equality from (173), or by using grad(F,(w'.7')) = w' f(w'.7').

Remark : Letting w' = aw) with a — 0, we note from (181) that,
/dS’— zxwl / w.r (182)

11) Numerical results

11.1) Exact contour reduction of a surface integral whose integrand has an exponential term

with a quadratic argument
11.1.1) For W ke —(ep 1)) integrand in surface integral

We choose to validate our reduction given in theorem 11, by verifying,

oW T =ikE(7)? = (e,)?) g 67 —

e
Vrls

/ w ' —ik&((r')—(epr')?) _ e47k§) ]
2/m)e o — k(1 — (o)) —
M(w')

[(%x(r’—m

))-dr'], (183)
when w' and ¢, vary, in the figures 3a and 3b. We take .S’, a square of 1m side length, whose
center is at r. = (0.5Z +0.5y), k =27/\, A =2cm, £ = ¢'®/|r|, |r| = 1m. The term
¢, = sinfcospZ + sinfsinpy is considered for ¢ = 7/4 as @ varies, and w’ = 2ike,. The
modulus of each side in (183) are given in dB, for £ = ¢'®/|r| with ® =0, ® = — % and
® = — 7. The respective complexity of integrands in surface and contour integrals are equal,
and the save in computation time grows linearly with the ratio of surface to its contour. We

notice the perfect agreement of the respective results.
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50 ; i ;

0 20 40 60 B‘D 0
figure 3a : contour integral term in (183), for £ = ¢® /|| with & = 0 (green), ® = — 7 (red) and & = — 7 (blue curve)
dB
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figure 3b : surface integral term in (183), for & = ¢'® /|| with ® = 0 (green ), ® = — % (red) and @ = — I (blue)

11.1.2) For Va' + b'a’ + ca’2e?’ ™' =ik&r"~(es')*) integrand in surface integral

We here choose to study the example with \/a' + b2’ + ca/2e?’ "' ~k&("P=(e1')) integrand.
The exponential argument is similar to the ones considered in previous section with
® = — 7. The constants a’, b’ and ¢’ considered in figure 4 are respectively, a’ = 1 with
b =c =0,and o/ =1 with ¥ = ¢/ = 100. In both cases, we then apply the theorem 19 of

appendix with b, = 4. The agreement of results given by contour and surface integrals are

excellent. dB

10

. o 5 10 15 20 25 30 35 40 0
figure 4 : amplitude in dB of the 'surface' integrals with \/a' 4+ b'2’ + ca’ 2e“’/’/_ik{(W'Z_(CP’/)Z)integrand, and its 'contour'
reduction given by theorem 19 in appendix : for £ = €/®/|r| with ® = — /4, a’ = 1 with ¥’ = ¢/ = 0 in yellow (contour)

and green (surface) curves, and @’ = 1 with ¥’ = ¢ = 100 in blue (contour) and red (surface) curves.
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11.2) Asymptotic contour reduction for near-field radiation surface integral in Physical

Optics for a large plate illuminated by a point source with spherical pattern.

(P)

y .ﬁ 0 /10 /f/ "*"u.u.u»
"J_u.f.uA

J
JJJ-’JJ_u.uJ

figure 5 : Geometry for the near-field RCS for a source illuminating scatterers with a spherical pattern

11.2.1) Asymptotic reduction for large flat plates

We consider the monostatic Physical Optics radiation term U = Ed in Vv polarisation
(resp. U = E.v) in HH) at constant ¢ when 6 varies (figure 5), for a point source at ry with
isotropic pattern, where d = \/% and vy = d 7 as ) x Z # 0, and its reduction (69)

(resp. ((78))) from theorem 7 (resp. 9), for a flat plate S’ of large dimension. We then
\/ETU

compare the backscattering pattern TR (RCS) given by contour and surface integral

expressions, in figure 6, when we consider a square plate with 1 m side length, shifted from
the origin O" and centered at (0,0.5m), observed in the plane ¢ = 20 deg, at the distance

T =7y =1m, for A\ = 2cm.

RCS (dB) RCS (dB)
10 10 T T
" l, Ia'8 \/] \\
A \
0 | \\\
5 \\‘
SlEa X w """
" e

-20

25 25 i i i L i i
0 10 20 30 40 50 60 70 9 0 10 20 30 40 50 60 709

figure 6 : RCS for polarisation VV at 1m, contour (left-hand) and surface (right-hand) integrals at ¢ = 20°

In figure 7, we consider a larger shift of the plate center, disposed at (0, 3 m), and we observe
the field at 7 =7; = 3.5m in the plane ¢ = 80deg. We distinguish more clearly
differences between the polarizations V'V and HH (VV is clearly larger than HH), and notice
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that the agreement between our contour integral and the initial surface integral continues to
be excellent.
RCS (dB) RCS (dB)

figure 7 : RCS for polarisation VV and HH at 3.5m, contour (left-hand) and surface (right-hand) integrals at ¢ = 80°
11.2.2) Asymptotic reduction for large curved plates : convex, concave and saddle surfaces

We consider the monostatic Physical Optics radiation term U = Ed in Vv polarisation
(resp. U = E.vy in HH) at constant ¢ when 6 varies (fig. 5), for a point source at r, with

isotropic pattern, where d = \/% and vg = d x 2 as rg x z # 0. Its contour reduction
0

is calculated by (158) (resp. (163)) from theorem 15 (resp. 16), for a curved plate S whose
projection is a square of side length D = 1m, centered at the origin, and observed in planes

¢ = 70° and 20°, at different distances, for k = 1007 (A = 2cm), with |C} 2| D? < 42. We
VAT YU

|Eilor]

then compare the backscattering pattern given by contour and surface integral

expressions, and analyse the modifications as distance, angles, and curvatures vary, for

convex, concave and saddle surfaces.

In figure 8, at large distance z = 100m, we note the influence of curvature on the width of the

plateau, which is similar for convex and concave case, and vanishes when the plate is flat.
RCS (dB) RCS (dB) RCS (dB)

10 10

5 h/\ 5 f\/\
2 BIVLIVV VN VAT e AV W

40 B

20 |-

=20 -20
0 10 20 30 40 500 o 10 20 30 40 500 0 10 20 30 40 509

g

-40

-60

figure 8 : RCS VV at 100m , for flat plate C o = 0 (left), for convex plate with C; 2 = — 0.6 (middle), or concave with

C1,2 = +0.6 (right), with surface integral (blue) and contour integral (red) (perfect agreement) at ¢ = 70°
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In figure 9 and 10, we let vary the curvature in the near field, at a distance of 6m, and give the

results from surface and contour integrals, in convex and concave cases.

RCS (dB)

10

-20

BAA r\/h/\/’"\—/a\ ey

TR

RCS (dB)
5 oo AL "‘x‘\" X
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I“v@a."‘"\\
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500 o 10

20

30

40

500

figure 9: RCS VV and HH at 6m for surface integral (on left) et contour integral (on right),

for Cy = Cy = — 0.4 (green) et C; = Cy = — 0.6 (blue) (purely convex), at ¢ = 70°
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figure 10: RCS VV and HH at 6m for surface integral (on left) et contour integral (on right),

for Cy = Cy = 0.4 (blue) and C} = Cy = 0.6 (green) (purely concave), at p = 70°

At 3m, the figures 11, 12 and 13 show the variation of patterns as we let vary the curvature.

In figure 13, we detail the concave case, and show a minimum of the width of the plateau

near the focal point when 1 — 22C' = 0, which varies monotically else. In figure 14, we let

vary the distance and observe that the plateau, very different in near field, becomes similar at

large distance.

RCS (dB) RCS (dB)
" ki e A R,
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figure 11 : Comparison of RCS VV and HH at 3m for surface integral (on left) et contour integral (on right),

for Cy = Cy = — 0.2(red), = — 0.3(green), = — 0.4(blue)at p = 70°
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RCS (dB) RCS (dB)
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figure 12 : Comparison of RCS VV and HH at 3m for surface integral (on left) et contour integral (on right),
for C1 = Cy = 0.2(green), = 0.3(blue), = 0.4(red)at p = 70°
RCS (dB)
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figure 13 : Variation in purely concave cases with C; = C, in vicinity of 1 — 22C' = 0 (focal case) at 3m in VV,
C = 0.4 (red), C' = 0.3 (vert), C' = 0.2 (blue), C' = 0.1 (clear blue), C' = 0. (black) at ¢ = 70°
RCS (dB)

20

15 \I\.f\'l
10 m Y

EPRPOY

f o NP

figure 14 : purely convex cases with negative C; (dashed lines) ou concave cases with positive C;; (continuous lines) in VV,

for |Cy| = |C2| = 0.3, at 3m (red), 6m (green), et 100m (blue) at ¢ = 70°

In figure 15 and 16, we give results for a saddle surface. The asymetry of the plate is
illustrated by the change of pattern in the cases ¢ = 70° and ¢ = 20° in figure 15, and we
observe the changes as we let vary the distance in figure 16. In all these cases, we notice the

very good agreement of the surface and our contour integrals.
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RCS (dB) RCS (dB)

20 T T 20 | T T T

-40 -20 0 20 40 9 -40 -20 0 20 40 9

figure 15: Comparison of the RCS VV for surface integral (on left) et contour integral (on right),
at 6m, for saddle surface with C; = 0.3 et Cy = — 0.3 at ¢ = 70° (in blue) and at ¢ = 20° (in red)
RCS (dB) RCS (dB)
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figure 16: Comparison of the RCS VV for surface integral (on left) et contour integral (on right), at 6m (green),

20m(red) and 100m(blue), for C; = 0.3 et C, = — 0.3 (saddle surface, convex in the plane of incidence at ¢ = 70°)

12) Conclusion

How to reduce fast oscillating surface integrals with exponentials of complex arguments, an
important problem commonly encountered in wave physics, was studied in this chapter. For
that, we have here derived a general method of reduction to non-singular contour integrals,
for a large class of radiation surface integrals, when the currents are analytically defined on
the surface of integration, as in Physical Optics.

We began first with simple near-field reductions in monostatic case, without special function,
that are valid from small to large distance, which applies for arbitrary dimensions of objects,
illumination patterns, impedance boundary conditions (perfectly or imperfectly reflective
surfaces), and for large planar or moderately curved plates. Secondly, specific original
expressions are presented in bistatic cases, in particular for the reduction of surface integrals

whose integrands have exponentials with complex arguments, that are arbitrary complex
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polynomial of the coordinates of rank 2, corresponding to quadratic approximations which
are commonly used for Green's function, or in gaussian beam propagation problems. Because
the respective complexity of integrands in surface and line integrals are equal, the save in
computation time grows linearly with the ratio of surface to its contour. As made evident by
the numerical examples, the presented formulae are highly accurate, and they ought to find

wide domains of applications in accelerating the computation.
Appendix A : Primitives for theorems 5 and 6, and properties
A.1) Primitives for the theorem 5

Let us show that,

R* ’
AT (L+2kR) o5
[ ram = -
W/ ) 3ik 3 e K
—9 A 184
JR(Crrar —2(-r+ 32 + o) 5 (184)
with B = /R.R, () = 0x(. w(ﬁ):67}:%,R2:(r’—a)2+227é0. The first line is

trivial since dR? = 2R dR , while the second and third line need some manipulations.
We remark first that v verifies Ay + k%¢ = 0 as R? # 0, and thus,

~ 3 ,l/)/ ,l/)/ /

1
— (R (=) +3% = — k'Y, 185
rrF () =R () +3 (185)
which multiplied by % leads us to
~ d/ ,17/} 2\/ d)/
Ry = - oo (186)
Considering that we have, by integration by parts,
R ( Yoyl = @) —2 [ (L)% aB 18
(R)) (W) - (f) , (187)

we can use (186), and write,

12 NI ﬂzNN: ne NP D
/k((w))dR /6(§)RdR W) 2/(N)RdR, (188)
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so that we obtain the second line of (184) following,

¢2

JE PRl = J(Her - @) = - Qi+ =)

R R 4R( 41R? )

We can then rewrite (187), and derive the third line of (184),

AN SR ) et U2 ORI U S B
JRCyyRiR = TS (g S

A.2) Primitives for the theorem 6

For the theorem 6, we have to complete (184). For this, we write,

ot g Yy 5
[y yar = <2 [ (Coy v + 3R -

R R / |
:(—2k2¢Rw+k22/(w )?dR?) — (%)2 |
— 202k + %)E — Rkt o)t - 3()?
— kQ(ik‘ + E)% — 3(ik + %)2(%)2,

where we have successively used (185), an integration by parts, and (189).

. . . . .. *ﬂﬁ
A3) Some expressions and properties of successive primitives of CFT

Let R = \/R.R with R% = (r' —a)® + 22 # 0. We have forn > 1,

R® R —vR
~ 2 —1 ~
/ CdR? =2"%V, J(0R )~ — (1= s 4 L) ifVR — 0

9] R v R a vR
tet E,(u) e n  n(n+1)

Vo (u) =/ rdt= =~ Valu) ~ = (L= e =),
1 e—u

Eni(u) = —(e™ —uBy(u)), Va(u) + 0V (u) = —

(191)

(192)
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while, for p successive primitives, we can write,

R/Q R/? e_UR R/Q e_UR
(p—1)!/ dR*..... / dR* — :/ (R” - R*)' ' dR’
R

~Y
o oo R oo

— ( . 1)1)—1—m 'm (ﬁ/ )Qm

p—1 ~ n—2(p—1-m)
0<m<p-—-1 o]
_ QZ ( _ 1)p717mclr)7i1(R/ )2m(Uni?(pilim)iz‘/;L—Q(p—l—WL)—l(UR/ ))
0<m<p-—1
= — QZ (— 1)1)—1—m m (ﬁ/ )Qm(E”—Q(P—l—m)—l(vR/ ))
i p—1 (ﬁf yr=2(p=1-m)-2
-2 p—1—m m Ay
Z ( - 1)1 ! ICp—/lEan(pflfm)fl(vR/ )7 (193)

(R )" y<mzp

where we remark that the first asymptotic orders of the sum, when vR > 1, vanish. For

example, using >>  (—1)P"'""C" | = 0 in this expression for p = 2, we have,

0<m<p-—1
|R'? |R'|? —UR
/. dR/ -
_UlRI Z ( l)p 1— mCm ( n — 2(p - m) + 1)|
~ - ~ =2
v ﬁ n-(e- 1%<m§1 vR/ b
4 e VIR 4 eI
N (O = = 194
v? (Rl )TL—(Qp—Qagnz;Sl( ) 1‘p 2 V2 (R/ )71,—2 ( )
Remark : we note that, from,
R/2 _ Ue_vﬁ(l + LN) 2 —Uﬁl
/ ~ n+l ot dR2 = ef\J n (195)
0 R R
we have,
(vR')”e”ﬁ/(Vn(vﬁl) + nVnH(vg’ ) = —1. (196)

Appendix B : Reduction of Physical Optics surface integrals to contour integrals in bistatic
case, and quadratic approximation of exponential arguments

B.1) Physical Optics surface integrals and asymptotics
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Let us consider (47) for the fields, diffracted by the surface S, when it is illuminated by
incident field E; and H;, with tangential fields on scatterer approximated as in Physical

Optics (PO). At the observation point Ry = a + 2z ¢ .S, we can then write,

Zy (4 2¢/ 1/¢’
E = — 2 J)dS - — | —R x MdS,
4m,k/(R(R)u><(u><J) - 0)is - - [ LR« Mas
ZoH = 2 /WR JdS + /(%(%’)’ < (ux M) — L anas
4mik R ’
J:nXHN'nXHgo,M— —nx E~ —’ﬁXEgo, (197)
where,
- o~ kT -~
Y(R) = = . ()=0%(),R = VR.R,
R=R,— R =Ru, R =+\/R|.Ru, (198)

with R = (v’ 4+ 2'Z) the point of integration on S. The fields Ego and Hgo, derive from

the Geometrical Optics fields on S, and we can write,

Ho ~ Dr(uo, Fi(uo); R)W(R:), Eco ~ Dr(uo, Fi(u); R)U(E,),

Ro == R,—Ri = RoUO, Ro = \/ Ro.Ro, Rz = \/ RlRl'u,l,

E; = ug X fi(uo)¢(ﬁo)> ZoH; = ug X Ej, (199)

where R; = (a; + z;2) ¢ S is the origin of phase for E; and H; (see (62) for an example of
E; and H;). We take the example of a curved plate S defined by,

R =1+ ((r')z, () = Cia”” + Coy”, ((0) = 0, (200)

with C; < 0 (resp. C; > 0) for convex (resp. concave) surface inflection, where 7’ is the

current point on .S, the projection of S on the plane z = 0. We then have,

R = (a+22)—(r + ((r)2),
RX(r) = (2 —a.)* + (¢ — a,)? + (C12”” + Coy/?) — 2)?, (201)
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and we can express the fields as integrals on S’, following,

E- ZO/(?%("‘”/)ux(uxJp) 2§/J)dS

47TZ'k: R
/
- — —R X MpdS,,
47r " R
1 ~ w/ ,lp/
ZoH = — M. dS,
: 47m'k:/5(R(R) « (wx M) — S M)iS,
/—R Jpd Sy,
J ~ an ) X Hgo, Mp ~ — ﬁJS(T,) X Ego, (202)
where
’8R' 8R' _ (8R’ 8R’>/‘8R’ 8R’
9 - ax 9
nJ® ('r = —2Clxx—202yy+z (203)

Considering large kR, we can neglect high order of 1/ R in the integral, following,

7 N o
g- k% / R x (R x Jp)dS + —= / e R x M,dS,
Am(R )? /s 47r(R )2Js
ZOH:LE:ZO/ —szRXJd5+ — / ‘“”NBRX(Rpr)dS, (204)
4m(R )2 /s Ar (R)
where,

e—ik}N%U
JpNﬁJS X HGO ~nJ® x

Dy (uo, Fi(uo); R'),
Ry
e—z’kﬁo

Mp ~ - ﬁJS(T,) X EGO ~ —nJ®x DE(UO,E(U()); RI), (205)

Ry

with = J*(r') = — 2C12'% — 20y + 2.
B.2) An asymptotic development of R

Let us consider the asymptotics of B = /R2 when R = Ry — Ry as |Ry| > | Ry|. For
that, we write,

R?=(R1— Ry)* = (\/ Riu1 — Ry)*
= (y/R} — Ry.u1)* + R — (Rp.u1)?, (206)



-63 -

which leads us to,

R2 — (Rp.u1)?
VR2 = (\/E Ry.u1) + \/_+\/— Rz.ul)’

/2 _ 2
R2 =1- Rz.u; + 2 Rl2 \/(Ri}},l“) Ro.ug\y (207)
R; Ry 2R1(1+§((\/_R7_1)_—R%))
Letting 6,5 = 3 (( g —1) - I?Rll) we can then write,
R2 ul R% — (R2.’LL1)2
/ 'R 2R}
R - (R — 8as) VL
y B Byw) <Z< gy S0 (208)

2B S L+ Bus

which gives us a complete asymptotics of \/ R? for |R;| > |R2| at any order N with

explicit remaining term.

B.3) Quadratic approximation of exponential arguments and reduction of surface integrals to

contour ones

Let us consider quadratic exponential arguments approximations in (204) from (208),

following,
~ R, i
Ry~ R - R+ B ") ,
2,/ R
~ R _ R,. 2
B ~/R— R uy+ (Rlw)” (209)
2,/R?

as y/R? and / R} are large relatively to |R'|\/k|R’|, so that higher order terms can be

neglected. We then obtain (204) as combinations of elementary integrals of the form,

[ ot r3as 210
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where f is the exponential function, while R? and g(r') are the polynomial functions,

R? = (a1’ + ay)) — z'k:(hlx’2 + hoy/? + hax'y')
= v(r, — a,)? + v,
N P 1J j ajg|7":73’1(ap) 1/~ / A
g(r') —;)ﬁl;)(k)W[(P (@).(r}, — ap))
(P (@).-(r), — ap))’ ], (211)

with ), = P(r') the complex scaling considered in (135) and (136). We can then reduce the

surface integrals to contour integrals, using the theorems 12 and 13.

Remark : we can also write,

R(r) = (¢ — a.)’ + (v — )" + ((C1a”” + Coy”) = 2)°
= (1—-22C1) (0" —al,)* + (1 — 22Cy)(y — a})* + 27 4 e(r),
Qg / Gy n2 2 _( 22!01 2 22’02 2

_ 2R 212
1-220, T 1= zzc*z“y)’ (212)

A Y
T T 2:0 M T 1220
with €(r') = (¢ ()2, G(r') = Cia’* + Coy'” (note : R? = (7!, — a,)? + 2" + (') with
a, = P(a’)).

Appendix C : Reduction of Pysical Optics radiation integrals in monostatic case for

imperfectly conducting surface

We consider a point source illuminating at large distance (relatively to the wavelength) an
isotropic impedance flat surface with normal Z. We consider the incident field as locally
plane, combination of T'E (E//surface) and T'M (H//surface) waves, respectively denoted
(E!,H!) and (E;, Hj). The currents J and M, respectively denoted J.()|s = Z x H,)
and M, )|s = — 2 X E, ), then satisfy,

Jeny = 26500 (— w0 2)[2 X Hly)l, Moy = — ¢'(— uw0.2)[Z X T, (213)

where ¢’ and b, ;, are regular functions, depending on the angle of the incidence vector uy
with Z. In the case of constant impedance, the terms bé(h) and ¢’ are constants [29]-[30],

which are b},) = 1 and ¢’ = 0 in perfectly conducting case.

C.1) Physical Optics diffracted fields and reduction, for an electric dipolar source
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Theorem 17
The Physical Optics field, diffracted by the surface S' with an impedance condition,
illuminated by the electric dipole Jy = dé(r' — ry) is given by (47) with (213). It can be
written, in monostatic case, when d.z = 0, following,
/
8520“{/ “R(( ;i )2) (w.h)u — h)dS' +
z R? -2 (r' —a)

1 / "\ 2 -~ / ~
+ 51 WP T (e < B @) x 20
+ ((uh)u —h))dS’, (214)
for large kﬁ , where,
h= bg(%)(ﬁﬂl)al + b’e(%)(a.%)&,
4=l d =z xa,
_ 22(h(a—7))  (R*-2%) (h(a—1"))(a—1"))
(u.h)u = R R2 (a — )2

Considering the propositions 13 and 14, we can use,

ike—z?k:ﬁ w/ 2%k Ze—z2k:R
Jwrar: ~ —F—, (R (CGpyyar~ - 25— @19)

and reduce asymptotically each integral to a non-singular contour integral.

Proof. We consider, using (213), that S’ is illuminated by the radiation of the electrical
dipole Jy = dé(r' — o) with d.z2 = 0 (d//plane). We distinguish locally TE et TM waves in

incident waves and apply b, ;, coefficients. We can then write,

< ?Po

27TJ|SN(R)ZX(RQX )

Ry

2mMls ~ —¢/()(@ x (2 x (B x ]ﬁo h)))
= —c(—= X ¢_6 Z— X ¢_6
= (= = )((Z.(Ro x =h))Z — (R 7 h)),

z ~ o~

~ z ~ o~ o~ o~
h = b;,}(g)(d.dl)dl + b;(g)(d.dg)db d, =

-~

= r,)z,ag =%z xd;, (216)

with Ry = (7' — r() and uy = %. In the case where R = — Ry = 2z + a — r’ (monostatic
0
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case), we then obtain,

ZO Z W 2\/ /
~ o | R (G twx (wx mas
z

LNy T

Tl = R)(—Rx?(%.(Rxh)HRx(Rxh))ds, (217)

and thus (214). We can then, following the theorems 1 and 2, and the propositions 13 and

14, reduce the field E to a contour integral. For this, we can use (184), and also,

/ (¥)*dR* = / R%%)Qdm - & ;p Ea. / @;ﬁ?’dm

(3+ 2ik R ) ik /eizkﬁ 2 _ ik o 1
- - - - ? — —dR = — = L 1 + O T~ . 218
2R? ¢ 2R! i ( (kR o 21

C.2) Physical Optics diffracted fields and reduction, for a magnetic dipolar source

Theorem 18

The Physical Optics field, diffracted by the surface S' with an impedance condition,
illuminated by the magnetic dipole My = d&(r' — 1), is given by (47) with (213). It can be
written, in monostatic case, when d.z = 0, following

—z wIIQ /

1 C( > 2\ 70!
1 v , 219
87r2¢k20/5,hXR p T(l=)7)ds (219)
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Considering the propositions 13 and 14, we can use,

[ircgram w2 a2

R R B R R?
wl 2 2k267i2k’R
~ dR - 220
[y - (220)

and reduce asymptotically each surface integral to a non-singular contour integral.

Proof. We consider, using (213), that S is illuminated by the radiation of the magnetic
dipole M, = dé(r' — o) with d.z = 0 (d//plane), and thus

b(2) o o
Tls = gige® * (o (e w  (wo x ) = o), Ry = (¢ = ro)
/
h= 0 () (@d)d + b () dd)ds, dy = — 22T G —zxd,
e = )(d.d1)d + b, ( = )(d.dy)d;, d, @ e % 1
Mg = _C/(%)AX(AX(RV(K/)’ % (0 % B) — 22 ) (221)
ST mikz, 0T\ Ve r
where Ry = (' — 1), up = %. In the case where R = — Ry = 22z + a — 7’/ (monostatic
case), we then obtain,
1 (GO T /
= - ) (= h)d
s L) Gy x s
o [ 2 % () () — b) = 2
A(mik)? J o R R

+87T2;I<:ZO/,CI( - )%RX@X@X( (g)uX(uxh)
z

2w' ) W /
h)))dS" ~ /,(( R)) h x RdS
! gy Vo
- 87r2ikZ0/c( ﬁ )R = % (R xZ)(2.(u x (ux h))(_ﬁ )'dS

1 i 'Q/J’ /
N 87r2ikZ0/ (= 3 i =Rx (= )u % (ux h))dS', (222)

and thus (219). We can then, following the theorems 1 and 2, and the propositions 13 and 14,
reduce the field E to a contour integral. For this, we use (184), (191), and

(R.h) _ R?2 - 22 (h.(a—17))((a—1)x2)
R? Jz; (a—17')? ’

:UZ

(R xZ)

(223)
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Appendix D : Particular uses of asymptotics with theorems 1 and 2

The reduction to a contour integral generally supposes the knowledge of a primitive, as in
theorems 1 and 2. When it cannot be expressed in closed form, its expression can often be

derived asymptotically.

Lemma 2

Let Fi((r' —a)?,p) = CIN;;R be analytic on the surface S’ of complex points ¥ = ©'Z + iy

of the plane z =0, with R = VR.R=/(r"—a)>+ 2% constants n and v with

Re(v) > 0,n > 1, and,

HE( —al ) _ o O~ a)e)
o —ap) O ey 224

which is O(e ") as we let, from any definite point on S', the parameter w = (' — a)*

varies from 0 to co at ¢ constant. Considering go(w,p) and % as analytic function,

relatively to ' — a, and y' — a, variables, bounded and smooth as w and v vary, we can

write, for large vR ,

o)
[ Tt
=) 90 (w
— (' = @B~ aP) - [ P )

= r —a)? r —a)? R 32 o(1/v
= Bl — @ o)+ —a)'p) + Do) oap) (229

More generally, with the assumption that %\7’5) is bounded and smooth when w varies from

0 to oo, we can write for large vz,

/ e O(F (w, )

T e = R — el @) o) + O =) (229

which can be used in combination with the theorems 1 and 2.
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Proof. The function Fi((7' — a)?, ¢) = %—f is analytic on S’. We note that

(r=a)? gg—F (r=af ge—B 2R
[ Ay —ap = [T 2k~ - 2R -0, 27

~ n—1 ~ n—1
0 R 0

Y

with (R ) = 5(w—a)2(§ ) = 1/2R , and considering that the branch point of R is not on 5,

we can derive (225) from the use of integration by parts. More generally, if

g1 (\/E) = 8;?%?‘)’) remains smooth when w varies from 0 to oo, we note that, for large vz,
(r'—a)? ) (r'—a)’ Io) —oR
go(wp) / 2y/wdgo(w,p) e
[ e At [ SRS S
e v

R
:/ (r'—a)? gl(u)e_”\/u2+z2d B O(/Ogl(u)

—vy/ u+z2 l/zn—l
T U= 7

2 2 2 2

vV u 4+ z 00 v uc+ 2z

which implies (226).
D.1) A particular use of lemma 2 with theorem 1

Proposition 13
Let Fi((r' —a)?,p) = "}%—R on a flat real plate S, with B = VR.R = \/(r' — a)? + 22.
For large vRR on S', and constants n, v, z # 0, we can write,

4 B —a)?) .,
G N —ap) °

1 ( 2 ;e 1z hy, =z
~ 3 ho(=<-,¢)F1((r —a - < (=7 (=
2/, (R )E(( It vR(RhO(R )
P2, 2 x
21 z ol ) zx(r—-a), .,
— F(0)(ho(ZL, ) = 2L Ry dr', 229
1()(0(R ) el =0 ) ( 7 —a) ).dr (229)
when 8(2((((:,_2))22’)@)) = ho(%.¢) 8(%(%,’,’,':3’5’“"” and hy(T,¢) = 0:ho(T, ) is smooth, with
T = % Using Oy —q2(R?) = 2R (% ) =1and == o(1), we then have,

).dr. (230)

(note : this expression remains valid when +/(r' — a)Qh{)(%, ©) has a smooth behaviour).
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Proof. Let us consider the theorem 1 with
21

JF( —alp) . m OF( —a)).e)
o —ap) O T ey

(231)

when % and h’ (%, ) are regular and bounded. In this case, we can generally obtained an

asymptotic expression of F' if F} has steep variation for large R . For this, letting

(' — a)? = w in the expressions, we consider the lemma 2, writing,

/““—“)2 OF(w.p)

. a(r)
(-a? p Ty by (2, 0)
:ho(%,@)Fl(('r/—a)Q,@)‘F/ l(waf)( ) O,ﬁ dw
R 0 R R
P zhl(2,p) ey -
~ (=, )P (7 — a)?, ) + —— 2~ Fi(w,¢)(R)dw,  (232)
R 00

~Y ~Y

with hg(7, ) = 0-ho(T,¢), (R ) = Op_q2(R ). We then obtain (229) from theorem 1
when the integrals remain convergent, then (230). More generally, from lemma 2, (230) can
be also applied when +/ (77 — a)Qh()(%, ) has a smooth behaviour.

D.2) A particular use of lemma 2 with theorem 2

Proposition 14

Let w= (r' —a)’, R* =w+ 2% and F(w, ) = Fy(w)hi($5G(p)) be analytic relatively
to (w)cosp = (&' — a,) and (w)zsing = (y — ay) on a flat real plate S’. Considering
Fy(w) = g—ﬁ with R = \/ﬁ we have,

[o a2 ) U= el g
1 , ~ /
N 5/EF((T — )%, ¢)(Z x b).dr, (233)

for large vﬁ on S', with v, b, z # 0 some constants, and n, q > 1. Generalizing this result

to a vector function hy, with F,(w, o) = Fy(w)hy(55G()), we have,

/

/ - a).hv(”;—;;)qc:(w)) agé)((y__a(),,g) Jas’
1

~3 /,& X F,((r' — a)’,p)).dr. (234)
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OF((r'~a)®)

where N—ay) ™ (_’URFU((T’_G

2R?

2
))). Let us note that these results remain valid for not

constant z as grad. (VR?) = 2v(r’ — a) + o(1) for large vR on S

Proof. Using a(( s (Fo(r — a)?)) = (—UIN%F%(I({Q’—G)Q))(l + ), and
O(hy G 22 (' —a)*? ' —a)X
CHZC)) o (2 1 gy
(i ("m- G r—a)¥? ., (r—a)X
CHE CD) L (i Gy,
we have, for large vl ,
n( 2 G rad (A~ @)) ~ arado(F((F — @) 0). (236

We can then derive (233) from theorem 2, and use it for each component of h, to derive
(234).

Appendix E : Complements on the use of proposition 2 when s(7/) = g(')f(R?), as
f(R?) = e®* and g(+') is a smooth analytical function on 5.

Let us note R? a polynomial of order 2 as in (129), with h;2 = (v, —ay)? ), =P(r),

R? = do + (12’ + asy') — ik(ha'” + hoy” + hsa'y') = dy + vh),* + vy, (237)

We detail here the reduction of [,,g(r’) f(R?)dS’, when f(R?) = e*’ has large variations on
S’ at constant ¢, from theorems 1 and 2 in combination with proposition 2. We give here

some complements on evaluation of primitives using in parts asymptotics for this purpose.

Proposition 15
We consider the proposition 2 with

OF((r' —a)*, )
a(r —a)?

= s(r') = g(r)e", (238)

with a = P~ (a,) and F,s = vF, assuming that, at any point v’ € S', it exists a path T in
the t-complex plane from t = 0 to t = 1, defined so that t(r' — a') + @', with a’ = P~(a,),
remains in an open simply connected subset W of the domain of analyticity of s. A primitive

F,s = vF of s relatively to vhp , satisfying
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2
B —ap )= g(r)e™, (239)
verifies,
Fos(r') — Fus(a’) = 20h)7 et / gt — a') + a’) M Lt (240)
Tz

Proof. From its definition and proposition 2, the function F, verifies

Fos(r' =P Ya,) + h;, uy,) — Fo(r' = P (a,))
vh;,2
= / s(P Hayp) + 1 ugpp)valh’2
0

= 2u(r), — a,)’ / g(tP7H(r, — ay) + P~ Y(a,)) f(do + vy + ol)P)tdt,  (241)
T
For that, we have let h' = th;, as a new variable of integration, with 7, — a, = h;P(u,,),

h;,Q = (v}, — @)%, u,, = P~ (cosp, & + sinp, §), which finally implies (240).

Theorem 19
When the proposition 15 applies, the surface integral [ g(r' )eR’dS" can be reduced semi-
asymptotically for large v, by changing in theorem 12, f(R2) for g(v')e®’, F,(R2) for

Fy(r') and FU(ZJ,;,;; + dy) for 0, taking,

Fu(r') = Ky(r') + U([ohl)?| — bo) (Ka(r')), (242)

with vh;,2 = v(r, — a,)? while, letting u(t) = g(tP~' (v}, — a,) + P~ (ay,)), we write,

8tu(1) 72 . atu(ts) 2,712
K ’I" — (u(1) = 2227 e(vhp +dot+v1) u(ty) — —22 e(tsvhp +d0+v1),
() = () = ) )~ i)
t
Ks(r') = 2vh;,2 ed0+”1/ u(t) et (243)
0

with t, =1+ U9(|Uh;)2| — bs) (4 /# —1) <1, Uyz) = |(1)Z:E8 The number by is some

chosen arbitrary large constant, and K; is the asymptotic expression of the part of integral
with t%hf > b, used in (242) for \vh;Q\ > by.
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Proof. For large t2vh;,2 > b,, we can use an integration by parts in (240), and remark that,

! 2
20h,” et / gt — P Y(a,)) + P Ya,)) (e t)dt
ts
— edg-l—vl(u(l)evh/p _ U(t )etfvhf

1 2
—AaﬂﬂW—PW%»+P1WM)m”d)

&gu(ts)
20h§72ts

~ et ((u(y) - LU (ugr,) -

2un/?
20,2 e, (244)
p

Dividing the path of integration in (240) into two parts, we then derive (242).

?74/ hlhz (TS) +IT3

Remark : From proposition 10, we have, when h2 are not real, two roots 7/
with h;2 = 0 on the real plane, and if g(ry) = g(P(a,)), (T;’_a”)(?g:j)(f “@)) o from,
g(r') —g(rs (ry—ap) (' = s
o= ap @y O Tl ) g (g, < o (249
Za+Ra— ZG? Fat

Appendix F : Complements on theorem 19 for some complicated case

Usual methods (as Filon's) can be used for K in (242) with some precaution concerning
analyticity =~ of w. For example, we can let fo (s1t + so)e’ "M tdt

~ Y el ohy” e " g(s1t + so)tdt. Generally, we can assume that g(sit + so) is such that,
0<t, , <t

when the path from 0 to ¢, is real, it does not cross any branch cut of g. When cuts are present
on S’, we can split S’, which is equivalent to arbitrarily suppress the part of integration
through the cut.

In many cases, a closed form primitive of tg(sit+ sg) can be used. When
g(r') = Va +ba' + 'z, ie. g(sit + so) = v a + bt + ct?, the primitive

) . ) b(—14,/1—4ac)
— ["t\/Rdt with R =a+0bt+ct? = ZEEN — lp(p— ), 1y = (271’2
+

A’ = 4ac — b?, is given by (see [31] 2.262.2),

Hlo = \/_\/—\/—CR (2ct + )by bA 2\/_\/_+2ct+b))

8 16 b /1 _ 4(1,(
2tV R AVR t*\/a
5

Hlo—op20 = 3 182 , Hl|empo =

(246)
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Considering a Taylor expansion for H||.|<|q|,/c|«|s) When 0 <t < 1, we have,

V R(J:O((% - 3;)R( =0 +a )R =0 — CLB)

H‘\c\<<|(1,\,\c\<<|b\7é0 ~ H|c=0,b7$0 +c )

t3
H|\c\<<|b\<<|a\ NH|C:0,|b<<|a+c/2 /a+b / a+b t
¢ tt 1 tb
~ Hl|.— b—r=(5 —b— AL A R T
lo—p—o + )+C4\/E(2 a(5+12))

2\/‘ 3 16a

In practice, we can consider for (247) that v < v if u < v/20.

(247)

2n—1 n—1
Remark : Let Py,(z) = z*" +Z arpz® = 22(1+ 2713 ap 28172, For g = (Py,)Y?, it
=0 k=0

exists a polynomial gy(z) = 2"(1 + Z brz %) such that g(z) = go(2) + O(z71).

Appendix G : Some equalities in relation with proposition 11

The expression of sz(d) , used in proof of proposition 11 and given by,

_9 ~ o~
P g(d) _ dzcg,A N d.(zgx cp)%

is independent of the choice of the term e used in the expression of . In this expression, we

X &, (248)

have,
d.(VE— 7+ \E— gy
(e, = TVE I VEE ) e )
e\/(h1 — hy)2 + h2 €
hi)Z + g _
LT D (o ey
(€ = hu)ey/ (hy — ha)2 + 13
—hy A~ _ - B
d. (5T + (£ — h)y) ha’j3 L (€= h)), (249)

(e he i hp i 2
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and,

o~ €y f—hg/\
—h))d.(§— 2V —
(@6 xe))(5 x &) = el een D o Ve Ty

e e
)y - g -
_ d.(({—h)y— 5°2) (€= )y — thf)
(€ = h)ey/ (b — )2 + 13
Shag (¢ —hy)R) | —
_ A(5* T ()2 (25— (e hy)a), (250)

(= h2)€\/(h1 —ho)?+ k] 2

where e\/ (h1 — h2)? + h2 = &(cp)?. We note, for example, that we have,

FPR) (@) @(Exe))? 1 f—h  E—h

e g T € Eer e o)
1 ﬂ:(hg-h1)+€\/(hl — h2)? + B3
B f(%)?g (hy + h) F 5\/(h1 — hg)? + h3
Ahoey /(b — ha)? + b3 1
- E(cy)? (o) ey (= ha)? + 13
h

= Ol — 12/ (251)
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