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Exact and asymptotic reductions of surface radiation integrals
with complex phases to contour integrals

J.M.L. Bernard
CEA-DIF, DAM, 91297 Arpajon, and, LRC MESO, CMLA, ENS Cachan, 61 av. du Prés.

Wilson, 94235, France

Summary : We develop here an efficient method for the reduction of surface radiation integrals to non-singular
contour integrals, when we suppose known, as in Physical Optics (PO), the analytic expression of surface
currents whose electromagnetic radiation is calculated. This method applies to a large class of oscillatory
surface integrals with complex phase, allowing to save computer time as the surface dimensions increase.
Although many authors have studied this problem, we present here a novel practical solution, leading to simple
non-singular contour expressions (without any special function),
(a) in monostatic case, for the radiation of PO currents carried by a perfectly or imperfectly reflective surface,
excited by a point source whose radiation can be of arbitrary pattern, without any approximation in the phase of
the integrand,
(b) in bistatic case, when the integrand has a complex phase which is a quadratic function of the coordinates, as
in the case of gaussian beam propagation or in second order phase approximation for the free space Green
function at large distance,
which apply from infinity to a short distance to the source (near-field case) for plates of arbitrary contours. The
complex scaling used in case (b), is used to specifically extend the results of case (a) for
(c) the radiation of PO currents on curved plates whose principal curvatures have arbitrary signs, for purely
convex, purely concave or saddle surfaces.
Comparisons with classic surface integration results show excellent agreements for all cases.

Keywords: electromagnetic scattering; physical optics; surface integrals; contour integral; complex plane

1) Introduction

We present here an efficient method for the reduction of surface radiation integrals to non-
singular contour integrals, when we suppose known, as in Physical Optics (PO) [1]-[5], the
analytic expression of surface currents whose electromagnetic radiation is calculated. This
method applies to a large class of oscillatory surface integrals with complex phase, allowing
to save computer time as the surface dimensions increase. In what follows, we look for near-
field solutions, which signifies here that we seek for expressions which give a correct result
from infinity to a short distance to the surface, when the illumination is not necessarily plane
but only locally plane on the surface. Although many authors have studied this type of
problems [6]-[22], we present here a novel practical solution, leading to simple non-singular
expressions [23], in the case of large planar or moderately curved surfaces :
(a) in monostatic near-field case, for the radiation of PO currents carried by a perfectly or
imperfectly reflective surface, excited by a point source whose radiation can be of arbitrary
pattern, without any approximation in the phase of the integrand,
(b) in bistatic near-field case, when we consider integrands that have a complex phase which
is a quadratic function of the coordinates, as for gaussian beam propagation or in second
order phase approximation of the radiation Green function at large distance.
(c) in monostatic near-field case, for the radiation of PO currents supported by curved plates
whose principal curvatures have arbitrary signs, for convex, concave or saddle surfaces.
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It is worth noticing that the functions involved in case (a) and (b) are clearly different, so that
a reduction in case (a) cannot be considered as a limit of a reduction in case (b). The case (c)
profits of complex scaling transformations developed in case (b) to extend the results of case
(a) to curved surfaces. The already known methods are not general enough to solve our
problems, either because they depend too closely on Helmholtz or Maxwell equations [6]-
[12], or they assume specific geometries [9]-[11],[13]-[15] or specific illuminations [16]-
[20], or they don't allow to consider complex phases [17] or complex surfaces due to a
change of variables [6]-[22]; besides, they often don't propose non-singular general
expressions [6],[8],[12],[19],[22], which leads to severe drawbacks, either for an exact
calculus (see sect. 1 of [12] on the use of Asvestas works [9]-[11]) or for asymptotic
derivations (see sect. 4 of [6]).  In contrast, our global reduction approach does not assume
that integrands depend on Helmholtz or Maxwell  equations, it gives explicit non singular
reduction and avoids the use of special function, and it allows to consider changes of
variables with complex coordinates.
The paper is organized as follows. After presenting the problem in chapter 2, we develop our
method for an analytic reduction of surface integrals in chapter 3, then detail its application
to case (a) (chapters 4 and 5) and to case (b) (chapter 6). Developed first for plane surfaces of
integration, the method is extended to surfaces with low curvatures (case (c)) in chapter 7.
Comparisons with classic surface integration results show excellent agreements for both
cases (a), (b) and (c) cases (chapter 8). Some developments are given in appendices,
concerning in particular the reductions for imperfectly reflective surfaces.

2) Formulation

Let  be a regular open surface of low curvature, defined, in the  cartesianW ÐB ß C ß D Ñw w w

coordinate system of origin , as a smooth perturbation of a surface  of the plane S W D œ !w w w

with unit normal . We develop a method that allows the reduction to a contour integralDs
along  of the electric  and magnetic  fields in free space of impedance  and`W ^w

!I L
wavenumber , radiated by surface currents  and  on  [1, sect. 1.26], following,5 œ W#1
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where  is the observation point and  is the current point of< + <œ Ð  D Ñ Â W ß Ð  D Ñs sD Dw w

integration on , with , . We then assume that  and  areW D œ Ð Ñ œ B  C − Ws sw w w w w w
=' < < N QB C

analytically defined. For example, we can consider that the currents, when excited by a point
source at , are of the form,<!
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In what follows, we study the reduction of different classes of integrals derived from (1),
- in monostatic case, when , and thus  in 0 , for a planar (case (a)) or< < V Vœ œ  Ð Ñ! !

moderately curved (case (c)) surface without any approximation in the phase of the
integrand,
- in bistatic case, when  and  can be distinct, for  with low curvature and complex< <! W
illuminations of gaussian type (case (b)), when the integrals can be approximated in the form,

/

< <µ µ / 2Ð Ñ.W ß Ð Ñ
35Ð < Ñµ µ

! W

Ð B  C ÑÐ B  C  B C Ñ w w
< !

w

" # " # $
w w # w w ww #( ! ! " " " < 3

with some smooth function , , , and some complex constants2Ð Ñ < œ Þ < œ Þµ µ< < < < <w
! ! !È È

! "3 4
w, ; In this situation, exact results, in particular when  is a polynomial, are obtained.2Ð Ñ<

It is worth noticing that we don't need to suppose here that  and  derive from fieldsN Q
satisfying  as in [6]-[12], so that we can consider a largeHelmholtz or Maxwell equations
class of functions or asymptotic approximations of integrands.
We develop, two fundamental ways of investigation for the reduction of a surface integral,
then some basic examples illustrating their complementarity, which subsequently leads us to
efficient solutions for our problems. For that, complex changes of variables, and thus
domains of integration with complex coordinates will be considered for the reduction.

3) A combination of two fundamental ways for an efficient reduction to a contour integral

The reduction that we propose is carried out by a correct combination of two fundamental
ways of investigation and associated basic results, that are perfectly adapted to solve in a
simple manner the class of problems that we study.

Definition 1
Let the plane  be defined with unit normal , and a unit standard basis composed of D œ ! Ds sB
and . Each point is denoted  in  coordinates. In theC B < B Cs s s s sœ ‚ œ B  C ÐB ß C ÑD w w w w w

applications, analytical changes of variables can transform the initial domain of integration
with real coordinates into a domain with complex coordinates. The dot and cross products of
vectors with complex coordinates are here considered as in real space (without complex
conjugation), with  when  and .? @ B C @ B CÞ œ ? @  ? @ œ ?  ? œ @  @B B C C B C B C? s s s s
In this situation, we assume that  is a subset of a complex manifold  of the plane W W D œ !ßw w

!

both simply connected and oriented, with . The domain  results from the_ ´ `W Ww w
!

transformation of a simply connected (2-dimensional) real oriented manifold of the plane
D œ ! T, by an invertible function , that we suppose thereafter linear to simplify. Letting
TÐ Ñ œ T Ð Ñ  T Ð Ñ T Ð Ñ T Ð Ñ œ ÐT Ð Ñ „ 3T Ð ÑÑ? ? B ? C ? ? ? ?B C B Cs s, we notice that . .#

„

3.1) First way
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3.1.1) Some elements of analysis in real space

Let  be a real domain in cylindrical coordinates  and  be a function which isW Ð ß Ñ JÐ ß Ñw #3 : 3 :
regular on any straight line from the origin to any point of real , we can write,Ww
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where  is positively oriented. In this expression,  with  the current point_ : 3 3. œ Ð ‚ ÑÞ.sD
3
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of integration. We can recover it with the Stokes theorem [1, equ. 34  chap.2.9], by using,Ð Ñ
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when , ,  is analytic on , so that we have,JÐ Ñ  JÐ! Ñ W3 : :# w
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Shifting the origin to a real point (fig. 1) with, + < + B C 3 œ  ß s sw < +
< +

w
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Ð  ÑÈ œ  ßcos sin: :

figure 1 : geometry and shift of the origin

we can write, when , ,  remains analytic on ,JÐÐ  Ñ Ñ  JÐ! Ñ W< +w # w: :

( (
W

w # w

w # w #
w w # w

w

`ÐJÐÐ  Ñ ÑÑ " 

`ÐÐ  Ñ Ñ # Ð  Ñ
.W œ ÐJÐÐ  Ñ Ñ  JÐ! ÑÑÐ ‚ ÑÞ. ß Ð Ñs
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< + < +
< + <
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, ,  7

:
: :
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D

with  if  and  if , for real  and .' '
_ _. œ # − W . œ ! Â W: 1 :+ + +w w wW

3.1.2) Reduction in complex coordinates
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The Stokes theorem, usually used in a domain with real coordinates, can be extended to
domains with complex coordinates [24, p.213] by the formalism of exterior differential forms
on complex manifolds, letting  [25],[26, chap.7],[26, chap.3]..W œ Ð. • .w B C Ñw w

Definition 2
Let  with  denote a point of the 4-dimensional plane with complex< B C C Bw w wœ B  C œ ‚s s s s sD
coordinates  and , and  denote a fixed complex point, we can write,B C œ +  +s sw w

B C+ B C

D œ B „ 3C  Ð+ „ 3+ Ñ œ ÐB  + Ñ „ 3ÐC  + Ñ œ Ð  ÑÞÐ „ 3 Ñßs s
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w w
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" "
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 œ  œ D / Ð  Ñß Ð Ñ
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# #3
s s s s

#

w w …3
w w w w
   

„< + B C B Ccos sin: : 8

where the functions .  and .  are analytical, apart from branch cuts. We notice that, inÐ Ñ Ð Ñ"Î# ln
complex coordinates, the set of points verifying  are the 2-dimensional straightÐ  Ñ œ !< +w #

lines  where , with complex number , while we remark that< +w
„œ  >Ð „ 3 Ñ D œ ! >B Cs s

B Cs s„ 3 œ Á !- -„3 ‚
…3

#Ds
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It is worth noticing that  is independent of the choice of   and , and it. œ ‚: B C Bs s s sD
vanishes along any line , with variable  and constant  On this occasion, we< + @ @w œ  > > .
remark that  describes a closed contour along any closed path in the -plane.D

D
w w

w

w


ÐB ß C Ñ

Definition 3
Let  be a complex point, a function  is said to be c-regular+ B C < +œ +  + JÐÐ  Ñ ß ÑB C

w #s s :

relatively to   on  ('c' for 'centered'), if it exists a 4-dimensional complex vicinity of ,<w w w
! !W W

where  is analytic relatively to  andJÐÐ  Ñ ß Ñ  JÐ!ß Ñ ÐÐ  Ñ Ñ œ ÐB  Ñ< + < +w # w # w
B: : :

"
# cos +
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C

`ÐJ ÐÐ  Ñ ß ÑÑ
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w #sin: + , and vanishes when , while  is< +
< +

:

bounded. Noticing that the set of points verifying  is only a 2-dimensionalÐ  Ñ œ !< +w #

manifold (see definition 2),  is also analytic relatively to  and`ÐJ ÐÐ  Ñ ß ÑÑ
`ÐÐ  Ñ Ñ

w
B

< +
< +

w #

w #

: ÐB  Ñ+

ÐC  + Ñ Ww w
C ! on  [28, sect. 23.2].

We then define the condition of continuation for  relatively to , from JÐÐ  Ñ ß Ñ œ< + + +w # w: +
to , as follows : it exists an open connected finite domain  of complex points  (4-+ +on W!

w [
dimensional set) including  and a point of , where  remains c-regular on +w w w

! !W J W Þ
We remark that, if is an entire function of  independent of then the c-regularity onJÐ>ß =Ñ > =ß
W JÐÐ  Ñ ß Ñ Ww w # w

! is verified for any . If  is c-regular on , then it is also the case for+ < + :

Ð  Ñ ÐJÐÐ  Ñ ß Ñ  JÐ!ß ÑÑ ÐJÐ>ß Ñ  JÐ!ß ÑÑ.>< + < +w # w # Ð  Ñ
: : : :, and for any primitive ' < +w #

defined on  and at points with .W Ð  Ñ œ !!
w w #< +

Theorem 1
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Let  be a subdomain of a complex manifold both simply connected oriented complexW W ßw w
!

manifolds, with , where  results from a linear transformation of real manifold as_ ´ `W Ww w
!

in definition 1, and  be a complex function satisfying the c-regularity in JÐÐ  Ñ ß Ñ W< +w # w
!:

given in definition 3, then the equality

( (
W

w # w

w # w #
w w # w

w

`ÐJÐÐ  Ñ ß ÑÑ " 

`ÐÐ  Ñ Ñ # Ð  Ñ
.W œ ÐJÐÐ  Ñ ß Ñ  JÐ!ß ÑÑÒÐ ÑÞ. ÓÐ Ñ

< + < +

< + < +
< + <

:
: :

_

Ds ‚  10

is valid for , and for any  verifying the condition of continuation in  to given in+ +− W W! !
w w[

definition 3. This equality is based on analytical continuation from real to complex
cooordinates, where it is worth noticing that  does no more imply .Ð  Ñ œ ! œ< +w # w< +

Proof. The equality 10  corresponds to a continuation of 7  for points with complexÐ Ñ Ð Ñ
coordinates, in the domain of regularity of . We first state 10  for . From theJ Ð Ñ − W+ !

w

properties of the exterior product and the definition of  and  in 8 , we can write,D D Ð Ñ 
w w

.W œ Ð. • . œ Ð. • . . •
3  3
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11ln < + :

From the definition 1,  results from a linear transformation of a simply connected realW!
w

manifold relatively to  coordinates, and when , it can be mapped from  to ÐB ß C Ñ − W _w w w
!+ +

at constant  with straight semi-lines, except on some cut(s) where  is constant on both: :
sides. In this case, we can integrate in the integral on  relatively to  variable fromW Ð  Ñw w #< +
Ð Ñ Ð Ñ − W11 , and derive the contour integral along  given in 10 . Let us notice, that, when ,_ + w

we integrate from  to a point of  at constant , while, when  but , the< + +w w w
!œ − W Â W+ _ :

limits of integration are two points of  at constant ._ :
From the condition of continuation given in definition 3, we can extend the validity of this
equality to any point  belonging to domain  which comprises a subset of . By+ +œ W Ww w w

![ +

definition of the c-regularity, the cuts in  continue to have no influence; the left-hand side:
of 10  is analytic relatively to complex coordinates  and ; the right-hand side,Ð Ñ + +B C

continuous at any point of , is analytic when  on . That restriction[ _Ð  Ñ Á !< +w #

disappears from the generalized principle of continuation [28, sect. 23.2], and the analyticity
extends at any point  of  by noticing that |  describes a piecewise+ < +[ Ð  Ñ œ !w #

−<w _

analytic -dimensional manifold with . Therefore, considering that we have the: : Ÿ $
analyticity in  and that 10  is stated on , we can use the identity theorem [28, sect. 6.1],[ Ð Ñ W+

w

and conclude the validity of 10  for any point of .Ð Ñ [

Since the integration in 10  is on  variable, the part of the contour integral, restricted to theÐ Ñ :
factor , could express in a simple form, and we now analyse it when .JÐ!ß Ñ JÐ!ß Ñ ´ ": :

Proposition 1
let  be a smooth semi-line of the complex plane from the origin to , and  a closedW _" _
contour of the plane . We have, when  on ,D œ ! Ð  Ñ Á !< +w # _
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where  (resp. N ) is the number of times that the complex  crosses in the positiveR  "
D
D

w

w


W

sense (resp. negative). For a surface  verifying definition 1, i.e. resulting from a linearWw

transformation of a real simply connected surface, we can write, when  on ,Ð  Ñ Á !< +w # _

(
_

Ð ÑÞ. œ Ð " Ð+  3+ Ñ  " Ð+  3+ ÑÑ Ð Ñ


Ð  Ñ
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< +

< +
<

w

w #
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W B C W B C1 % %w w
- -‡

, 13

where  are the constants  or , while  are the indicator functions of the domains%„ W "  " " w
-Ð‡Ñ

W W œ ÖB  3C ß QÐB ß C Ñ − W × W œ ÖB  3C ßw w w w w w w w w w
-Ð‡Ñ - -‡ of the complex plane, with  and 

QÐB ß C Ñ − W × W œ "w w w w „. For real simply connected surface  positively oriented, we have % .

Proof. From 9 , we have, when  on ,Ð Ñ Ð  Ñ Á !< +w # _

( (
_ _

Ð ÑÞ. œ . Ð Ñß Ð Ñs
  3

Ð  Ñ # D

D
D ‚

< +

< +
<

w

w # w
w 

w



ln 14

where the logarithm function is considered by analytic continuation along the closed path
covered by the uniform function  on . We then obtain 12 , since  is theD

D  

w

w


_ Ð Ñ ÐR R Ñ

number of turns done by  around the origin, along the closed contour . For 13 , weD
D

w

w


_ Ð Ñ

write,

( (
( (

_ _

_ _

Ð Ñ. œ Ð  Ñs
  3 .D

Ð  Ñ # D D

.D

œ 
 3 .ÐB  3C Ñ  3 .ÐB  3C Ñ

# B  3C  Ð+  3+ Ñ # B  3C  Ð+  3+ Ñ

œ " Ð+  3+ Ñ  "

D ‚
< +

< +
<

w w

w # w w
w 

w

 



w w w w

w w w w
B C B C

 
W B C

- -‡

w
-

% 1 % 1 W B Cw
-‡
Ð+  3+ Ñß Ð Ñ15

where the residue theorem on the complex contours  of the domain _-
w w w
-W œ ÖB  3C ß

QÐB ß C Ñ − W × W œ ÖB  3C ß QÐB ß C Ñ − W ×w w w w w w w w w
-‡ -‡ and  of the domain  is used._

Proposition 2
Let  be an open simply connected subset of the domain of analyticity ofj
`JÐÐ  Ñ ß Ñ

`Ð  Ñ
w w w w

!
< +
< +

w #

w #

: œ =Ð Ñ œ W Þ< , relatively to the complex coordinates of , that includes  and < < +

Considering two points such that  with , we< <1ß# #
w w Ð  Ñ œ > Ð  Ñ Ð  Ñ Á !< + < + +" #

w w #
"

suppose that it exists a complex path   from  to , defined so that g_ > œ > > œ " >Ð  Ñ "
w< + +#

remains in  along . In this case, by analytic continuation in an open simply connectedj g_
subset, we can integrate  relatively to  at constant  and write,=Ð Ñ Ð  Ñ< < +w w # :

JÐÐ  Ñ ß Ñ  JÐÐ  Ñ ß Ñ œ #Ð  Ñ =Ð>Ð  Ñ  Ñ >.>Þ Ð Ñ< <# "
w w+ + < + < + +# # w # w: : # #(

g_

16

which could be used in 10  of theorem 1 when Ð Ñ œ<"
w +.
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Proof. For that we integrate  along , relatively to  variable at constant , by= Ð  Ñg :_ <w #+
letting , and .<  + +w wœ >Ð  Ñ .Ð  Ñ œ Ð  Ñ >.>< + +# < <w # w #

#

Remark 1 :
Let us notice that a complex anisotropic scaling can lead us to work on a complex manifold.
If we dilate a real surface  by a factor  along the direction  with,W : Á !w -:

c : 17< < - - < - < -w w w w w w w w
: : : : :: : : :Ä œ B  C Ð Ñß B œ : Ð Þ Ñß C œ ÞÐ Ñß Ð Ñs s s s s sD D‚ ‚

where  (with , we obtain a complex surface , with-s œ W: Þ
w
:

-
- -
:

: :È -:
# Á ! : Á ! and )

.W œ B C œ : B C œ : .W ß

Þ Ð Ñ œ Ð ÑÞ Ð Ð ÑÑÞ Ð Ñ œ Ð : ÑÞ Þ Ð Ñs s

w w w w w w
: : :

w w w w

. • . . • .

@ < @ < @ < @ <c c c c,  18D D‚ ‚

Remark 2 : The choice to orient or not a domain stands out from the following equalities,

( ( ( (
; ;

;

ÐÒ+ß,ÓÑ Ò+ß,Ó Ð+Ñ +

w w
Ð,Ñ ,

0ÐBÑ.B œ 0Ð Ð>ÑÑl Ð>Ñl.>ß 0ÐBÑ.B œ 0Ð Ð>ÑÑ Ð>Ñ.> Ð Ñ; ; ; ; , 19

by noticing that the first one, contrarily to the second, cannot be applied to complex  and .+ ,

Remark 3 : Let us notice that on each straight part of  along  with  and_ @ @s sß . œ .=<w

< + < < + < < <w w w
! ! ! ! ! œ  =ß Ð Ð  ÑÑÞ. œ .= œs s s@ D 1 1 Dwe have , with constant  and .‚ ‚

3.2) Second way

We consider here, as in previous section, the formalism of exterior differential forms, with
.W œ Ð. • .w B C Ñw w  [25]-[26, chap.7].

Theorem 2
Let  be a simply connected oriented complex manifold, satisfying the definition 1, weWw

consider a function , , analytic relatively to  andJÐÐ  Ñ Ñ ÐÐ  Ñ Ñ œ ÐB  Ñ< + < +w # w # w
B: :

"
# cos +

ÐÐ  Ñ Ñ œ ÐC  + Ñ W< +w # w w
C

"
# sin:  on . We can write

( (
W

w # w w # w
! !

w

w, ,Þ ÐJÐÐ  Ñ Ñ  E Ñ.W œ ÐJÐÐ  Ñ Ñ  E ÑÐ ÑÞ. Ð Ñgrad< < + < + <, , 20: :
_

Ds ‚

where  and  are arbitrary constants, and the cut in  can be ignored. From, E! :

grad<w ÐÞÑ œ #Ð  Ñ  ß Ð Ñ
`ÐÞÑ Ð Ð  ÑÑ `ÐÞÑ

`ÐÐ  Ñ Ñ Ð  Ñ `
< +

< + < +

< +w
w # w #

wDs ‚

:
21
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we then have,

(
(

W

w w
w # w #

w # w #

w # w
!

w

Ð  ÑÞÐ  Ñ.W
`ÐJÐÐ  Ñ ÑÑ " Ð Ñ `ÐJÐÐ  Ñ ÑÑ

`ÐÐ  Ñ Ñ # Ð  Ñ `

œ ÐJÐÐ  Ñ Ñ  E ÑÐ ÑÞ. Þ Ð Ñ
"

#

< +
< + < +

< + < +

< + <

,
,

,

, ,

, 22

: :

:

:

D

D

s

s

‚

‚
_

Proof. In real coordinates, we could use the Stokes theorem [1, chap.2.9], in combination
with , , where  is a constant vector.grad curlÐJÐ ß ÑÑ œ Ð JÐ ÑÑs s sÐ  Ñ Ð  Ñ< + . . < + .w # w #: :‚
More generally, in the formalism of exterior forms for complex manifolds, we prefer here to
use gradient in cartesian coordinates with , following.W œ .B • .C œ  .C • .Bw w w w w

( ( (
W W W

w w w w w
w w

w w w

,Þ ÐJÑ.W œ ,Þ .B • .C  ,Þ .C • .B Þ Ð Ñs s
`J `J

`B `C
grad B C 23

From the analycity of  relatively to  and , the cut in  is omitted. We integrate J B C .Bw w w`J
`B: w

and  parts, while noticing , and obtain 20 . Then, from`J
`C

w w w w
w .C Ð ,ÑÞ. œ ,Þ .C  ,Þ .B Ð Ñs s sD ‚ < B C

.J œ .Ð  Ñ  . œ ÐJÑÞ.Ð  Ñß
`J `J

`Ð  Ñ `

.Ð  Ñ œ .Ð  Ñ  Ð  ÑÑ. ß Ð Ñ
" 

# Ð  Ñ
s

< +
< + < +

< + < + < +
< +

< +

w #
w # w

w w # w
w

w #

:
:

:

grad<w

D ‚ Ð 24

we derive 21 , which, combined with 20 , gives 22 .Ð Ñ Ð Ñ Ð Ñ

Proposition 3
Let  be a scalar function, analytic on , and  a vectorial function, whoseJ ÐÐ  Ñ Ñ W! !@

w # w< + J
each component is analytic on , we have,Ww

( (
( (
W

w w w # w!
w #

w # !

W

w w w # w!@
w #

w # !@

w

w

,ÞÐ  Ñ .W œ J ÐÐ  Ñ ÑÐ ,ÑÞ.
`ÐJ ÐÐ  Ñ ÑÑ "

`ÐÐ  Ñ Ñ #

Ð  ÑÞ .W œ Ð ÐÐ  Ñ ÑÞ. Ð
`Ð ÐÐ  Ñ ÑÑ "

`ÐÐ  Ñ Ñ #

< + < + <
< +

< +

< + < + <
< +

< +

_

_

D

D

s

s

‚

‚
J

J 25Ñ

Proof. Using the theorem 2, with ,  independent of , weJÐÐ  Ñ Ñ œ J ÐÐ  Ñ Ñ< + < +w # w #
!: :

obtain the first line, then the second line by considering each component of  as . OnJ!@ !J
this occasion, let us remark that,

if  then 

if  then 

`ÐJ ÐÐ  Ñ ÑÑ

`ÐÐ  Ñ Ñ

`ÐJ ÐÐ  Ñ ÑÑ

`ÐÐ  Ñ Ñ

!
w #

w #

!
w #

w #

< +

< +
< +

< +

< +
< +

œ / J ÐÐ  Ñ Ñ œ  Gß
 /

@

œ J ÐÐ  Ñ Ñ œ #
/

V
µ

@Ð  Ñ w #
!

@Ð  Ñ

@V
µ

!
w #

V
µ

< +
< +

w #

w #

( / .> œ  Gß Ð Ñ
 #/

@
@>

@V
µ

26

when , and ,  some arbitrary constants.V œ Þ œ Ð  Ñ  D G @
µ È ÈV V < +w # #
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Theorem 3
Let  be a function, analytic relatively to  andF ÐÐ  Ñ ß Ñ ÐÐ  Ñ Ñ œ ÐB  Ñ! B

w # w # w< + < +: :
"
# cos +

ÐÐ  Ñ Ñ œ ÐC  + Ñ W 8   !< +w # w w
C

"
# sin:  on , we have, for ,

. . < + < +

. < + < + . <

. . . < +

8" 4
W

w w # w
!

4 ! 8"
w w #

8" 7 4 !
W

w

Þ Ð Ð  ÑÑ Ð ÐÐ  Ñ ß ÑÑ.W

œ Ð Ð  ÑÑ ÐÐ  Ñ ß ÑÐ

 Þ Ð Ð  ÑÑ Ð

(
(

(

w

w

$
$

$

4œ"

8

4œ"

8

4Á7

8

.

.

  .

grad F

F ‚ ÑÞ.

F

:

:
_

Ds w

"
7œ"

8

Ð  Ñ ß Ñ.W Ð Ñ< +w # w: 27

where the  are constants  and we can let , , .. ÞÞ ÞÞ4
4

! " !

4Á7 4Á7

ß ÐÞÞÑ œ " Ð Ñ œ " Ð Ñ œ !# # #

Proof. Since  and , we have0 Ð2Ñ œ Ð02Ñ  2 Ð0Ñ Ð Þ Ñ œgrad grad grad grad . < .7 7
w

$
$ " $

4œ"

8

4œ"

8 8

7œ" 4Á7

Ð Ð  ÑÑ Ð ÐÐ  Ñ ß ÑÑ

œ Ð Ð Ð  ÑÑ ÐÐ  Ñ ß ÑÑ  Ð Ð  ÑÑ ÐÐ  Ñ ß Ñ Ð Ñ

. + < +

. < + < + . . < + < +

4
w w #

!

4 ! 7 4 !
w w # w w #

8

.

. . 28

< grad

grad

F

F F

:

: :

Multiplying this equation by  and integrating, then using 20 , we obtain the.8" Ð Ñ
proposition. This result will be useful, in particular when  is independent ofF!

w #ÐÐ  Ñ ß Ñ< + :
the variable , as we will see in theorem 4.:

3.3) Why these distinct ways are complementary: some basic results

The first and second theorems permit to consider respective reductions of surface integrals
for functions of types  and , which, correctlyJÐÐ  Ñ ß Ñ Ð  ÑJÐÐ  Ñ ß Ñ< + < + < +w w w# #: :

combined, avoid the use of fractional powers of  and of special functions. Let usÐ  Ñ< +w #

illustrate it by some basic results.

3.3.1) Exact reduction with successive primitives for polynomial factors

Let us show how to reduce to a contour integral, for arbitrary integer ,8  "   !

M œ Ð Ð  ÑÑJ ÐÐ  Ñ Ñ.W ß Ð Ñ8" 4
W

w w # w
!(

w

$
4œ"

8"

. < + < +. 29

with a polynomial . , with constant vectors  and . We now state,#
4œ"

8"

Ð Ð  ÑÑ. < + . ÞÞ4 4
w #

4œ"

!

Ð Ñ œ "

from theorem 1, a specific proposition for the even case , then, from the addition8  " œ #;
of theorem 2, a general proposition for arbitrary integer . We consider in what follows, that8
we are in an open connected domain of the variable  including a point of , where+ Ww

J ÐÐ  Ñ Ñ W ß!
w # w< +  remains analytic on  which allows the application of theorems 1 and 2.
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Proposition 4
We have, from the theorem 1, for ,8  " œ #;   !

M œ Ð Ð  ÑÑJ ÐÐ  Ñ Ñ.W

œ KÐ ÑÐ ÐÐ  Ñ Ñ  Ð!ÑÑÒÐ ÑÞ. Ó Ð Ñ
" 

# Ð  Ñ

#; 4 !
W

w w # w

#; #;
w # w

w

w #

(
(

w

$
4œ"

#;

. < + < +

< + <
< +

< +

.

30
_

: F F Ds ‚

where the  are constant, the case  is considered with .. , and,.4 ; œ ! Ð Ñ ´ "#
4œ"

!

F#; ! 4
w # ; w # ; w

Ð  Ñ

ÐÐ  Ñ Ñ œ > J Ð>Ñ.>ß KÐ ÑÐÐ  Ñ Ñ œ Ð  ÑÞ Ð Ñ< + < + . < +( < +w #

: $
4œ"

#;

. 31

Proof. Letting  in theorem 1, we obtain the`ÐJ ÐÐ  Ñ Ñß Ñ
`ÐÐ  Ñ Ñ

w #;< +
< +

w #

w #

: œ Ð  ÑKÐ Ñ J ÐÐ  Ñ Ñ: < + < +!
w #

equality 30 , where we notice that  depends on successive primitives of . It isÐ Ñ ;  " JF#; !

worth noticing that we have,

F

F

#; !
w # ; @> w # @Ð  Ñ

!

Ð  Ñ

#; !
w # # ; w #

D

V
µ

@> @V

7"

µ

7

ÐÐ  Ñ Ñ œ > / .>  G J ÐÐ  Ñ Ñ œ / ß

ÐÐ  Ñ Ñ œ # Ð>  D Ñ .>  G J ÐÐ  Ñ Ñ œ ß Ð
/ /

> V
µ

< + < +

< + < +

(
(

< +
< +

w #

w #

#

 if 

 if 32È
# Ñ

when ,  and  some constants. In these cases, theV œ Þ œ Ð  Ñ  D ß @ß G D
µ È ÈV V < + +w # #

function  can be expressed in closed form or asymptotically.F F#; #;
w #ÐÐ  Ñ Ñ  Ð!Ñ< +

A direct use of the theorem 1 for with odd , would lead to a contour integral withM 8  "8"

fractional powers of . To avoid it, we now state a relation that lowers the degree ofÐ  Ñ< +w #

the polynomial. The repeated use of it, in combination of results for  (proposition 3)8 œ !
and  (proposition 4), allows the reduction without fractional powers.8  " œ !

Theorem 4
We have, for arbitrary integer ,8   !

I .

.

 .

8" 8" 4
W

w w w # w
!

4 ! 8"
w w #

8" 7 4
W

w

œ ÞÐ  Ñ Ð Ð  ÑÑJ ÐÐ  Ñ Ñ.W

œ Ð Ð  ÑÑ ÐÐ  Ñ ÑÐ
"

#

 Ð Þ Ñ Ð Ð 
"

#

(
(

(

w

w

. < + . < + < +

. < + < + . <

. . . <

$
$

$

4œ"

8

4œ"

8

4Á7

8

_

F ‚ ÑÞ.Ds w

"
7œ"

8

+ < +ÑÑ ÐÐ  Ñ Ñ.W Ð ÑF!
w # w 33

where the , numbered from  to , are arbitrary constant vectors  is a primitive of ,.4 ! !" 8 ß JF

# # #
4

! " !

4Á7 4Á7

Ð Ñ œ " Ð Ñ œ " Ð Ñ œ ! 8  " 8  "ÞÞ ÞÞ ÞÞ, , and . If  is odd, or  is even, this equation allows,
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by repeated applications, to reduce  to a combination of contour integral, depending onM8"

ÚÐ8  $ÑÎ#Û J J ÐBÑ œ ÐB  >Ñ J Ð>Ñ.> successive primitives of , denoted .! !!
; "

;x

B ;'
Proof. Using the theorem 3 with the expression 21  of the gradient, we derive 33  of theÐ Ñ Ð Ñ
proposition. The case  corresponds to proposition 3. The equation 33 , after repeated8 œ ! Ð Ñ
applications, allows the reduction of the polynomial rank, to the rank  for odd orders (resp."
! for even orders) expressed in proposition 3 (resp. in proposition 4). The result then depend
on a set of  (i.e. ) successive primitives  of , which can beÚÐ8  "ÑÎ#Û ÚÐ8  $ÑÎ#Û " J J!

;
!

expressed by the use of integration by parts following .J ÐBÑ œ ÐB  >Ñ J Ð>Ñ.>!
; "

;x

B ;
!'

A generalization of the proposition is derived in chapter 7, by considering a function of e#

instead of , where  is an arbitrary polynomial of  and  of rank 2.Ð  Ñ B C< +w # # w we

Remark 4 :
The reduction to a contour integral is not unique. When we use the theorem 4, the order of
the  could have an influence on the final reduction..4

3.3.2) On the use of asymptotics for theorem 1

The reduction to a contour integral generally supposes the knowledge of a primitive. When it
cannot be expressed in closed form, its expression can often be derived asymptotically.

Proposition 5
Let  be analytic on , with . ForJ ÐÐ  Ñ Ñ œ W V œ Þ œ Ð  Ñ  D

µ
1 < + V V < +w # w/

V
µ

w # #ß:
@V

µ

8
È È

large  on , and constants ,  , we can write,@V W 8 @ß D Á !
µ w

"

(
(

W

" "
w #

w #
w

" " "
"

w #
w

"
"

w D

V
µ

Ð 

w

"

w

2Ð Ñ .W
D `ÐJ ÐÐ  Ñ ÑÑ

V
µ `ÐÐ  Ñ Ñ

µ Ð2Ð ß ÑJ ÐÐ  Ñ ÑÑÐ"  Ð Ð ß ÑÑÑ
" D " D 2 D

# 2V @V V V
µ µ µ µ

 J Ð!ÑÐ2Ð ß Ñ  Ñl
D

V @V
µ µ

2 Ð ß Ñ

,:

: :

:
:

< +

< +

< +
_

< +Ñ œ!

w

w #
w

# ÑÐ ÑÞ. Ð Ñ


Ð  Ñ
Ds ‚

< +

< +
< 34

if  theorem 1 applies with ,  integrals are convergent,`ÐJ ÐÐ  Ñ ß ÑÑ `ÐJ ÐÐ  Ñ ß ÑÑ
`ÐÐ  Ñ Ñ `ÐÐ  Ñ ÑV

µ
< + < +
< + < +

w # w #

w # w #
": :´ 2Ð ÑD" : ,

and   is bounded on . Using 2 we then have,2 ÐAß Ñ œ ` 2ÐAß Ñ W ` Ð V
µw w

A: : Ð  Ñ
w

< +w # V#Ñ œ ÐV Ñ
µ , 

(
(

W

"
@V

µ

8"
w

" "
@V @D w

µ

8 8 w #Ð  Ñ œ!
w

w

w #

2Ð Ñ .W
D V /

V
µ

µ

V
µ

µ Ð2Ð ß Ñ  Ð2Ð ß Ñ Ñl ÑÐ ÑÞ. Ð Ñ
 " D / D / 

@ D Ð  ÑV V
µ µ

V
µ

,
2

35

:

: :

ÐV Ñ
µ

s

w

_
< + D ‚

< +

< +
<
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Proof. Let us consider the theorem 1 with

`ÐJÐÐ  Ñ ß ÑÑ `ÐJ ÐÐ  Ñ Ñß Ñ

`ÐÐ  Ñ Ñ `ÐÐ  Ñ Ñ
œ 2Ð ß Ñ ß Ð Ñ

V
µ

< + < +

< + < +

w # w #

w # w #

": :
:

D"  36

when  and  are regular and bounded. In this case, we can generally obtained anD D" "

V V
µ µ

w2 Ð ß Ñ:

asymptotic expression of  if  has steep variation for large . For this, we notice thatJ J V ß
µ

"

(
(

`ÐJÐÐ  Ñ ß Ñ

`ÐÐ  Ñ Ñ
.Ð  Ñ œ

œ 2Ð ß ÑJ ÐÐ  Ñ ß Ñ  Ð Ñ.Ð  Ñ
V V V
µ µ µ

J ÐÐ  Ñ ß ÑÐV Ñ
µ 2 Ð ß Ñ

µ 2Ð ß ÑJ ÐÐ  Ñ ß Ñ 
V
µ

< +

< +
< +

< + < +
< +

< +

w #

w #
w #

"
w # w #

w # w w

V
µ

"
w #

:

: :
: :

: :

 

D D

D

" "
D

"

1
"

D"
D2 Ð ß Ñ

V
µ J ÐÐ  Ñ ß ÑÐV Ñ .Ð  Ñ Ð Ñ

µ
w

V
µ

#
w # w w #

" :
:( 1 < + < + 37

with , . Taking , and2 ÐAß Ñ œ ` 2Ð ` Ðw
A: Aß Ñ ÐV Ñ œ V Ñ J ÐÐ  Ñ Ñ œ

µ µ
: w w #

Ð  Ñ
/

V
µ< +w #

@V
µ

81 < +

( (J ÐÐ  Ñ ÑÐV Ñ .Ð  Ñ œ .V µ  J ÐÐ  Ñ Ñß Ð Ñ
µ µ/ "

V
µ @

1 1< + < + < +w # w w # w #
@V

µ

8 38

in 37 , we obtain 34  from theorem 1 when the integrals remain convergent, then 35 .Ð Ñ Ð Ñ Ð Ñ

3.3.3) On the use of asymptotics for theorem 2

Proposition 6
Let , , and  be analytic relativelyA œ Ð  Ñ œ A  D JÐAß Ñ œ J ÐAÑ2Ð KÐ ÑÑ< + Vw # # #

!
A: :

;

#;V

to  and  on . When  , we have,ÐAÑ œ ÐB  Ñ ÐAÑ œ ÐC  Ñ W J ÐAÑ œ
" "
# #

@V
µ

8"cos sin: :w w w
B C !

/

V
µ+ +

(
(

W

w w
w #;

#;

w # w

w

,

,

ÞÐ  Ñ2Ð KÐ ÑÑ .W
Ð  Ñ

µ JÐÐ  Ñ ß ÑÐ ÑÞ. ß Ð Ñ
"

#

< +
< + < +

V < +

< + <

:

:

`J ÐÐ  Ñ Ñ

`ÐÐ  Ñ Ñ

s

!
w #

w #

_

D ‚ 39

for large on , with , ,  some constants and , , . Generalizing@ W @ D Á ! 8 ;   " V œ
µ

V
µ  w #, ÈV

this result to a vector function  with we have,2 2@ @J ÐAß Ñ œ J ÐAÑ Ð KÐ ÑÑß@ !
A: :

;

#;V

(
(

W

w w
w #;

#;

@
w # w

w

Ð  Ñ Ð KÐ ÑÑ .W
Ð  Ñ

µ Ð J ÐÐ  Ñ ß ÑÑÞ. Þ Ð Ñ
"

#

< +
< + < +

V < +

< + <

.

40

2@ :

:

`J ÐÐ  Ñ Ñ

`ÐÐ  Ñ Ñ

s

!
w #

w #

_

D ‚

where . This remains valid as `J ÐÐ  Ñ Ñ @J ÐÐ  Ñ Ñ
`ÐÐ  Ñ Ñ #V

µ
# w! !

w # w

w #

#

w
< + < +
< + µ Ð Ñ Ð Ñ œ #Ð  Ñ  9Ð"ÑÞgrad< V < +
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Proof. Using and` 8
`ÐÐ  Ñ Ñ !

w # @J ÐÐ  Ñ Ñ

#V @V
µ µ< +
< +

w #
!

w #

ÐJ ÐÐ  Ñ ÑÑ œ ÑÐ"  Ñß< + Ð

` Ð  Ñ ; D Ð  Ñ Ð  Ñ

`ÐÐ  Ñ Ñ
Ð2Ð KÐ ÑÑÑ œ Ð KÐ Ñ2 Ð KÐ ÑÑÑß

" ` Ð  Ñ " Ð  Ñ

Ð  Ñ `
Ð2Ð KÐ ÑÑÑ œ Ð K

< + V V V V

< + < + < +

< + V V V

< + < +

w # #; # #; #;

w #; # w #;# w #;
w

w # #; # #;#

w #; w #;#

: : :

:
: w w

w #;

#;
Ð Ñ2 Ð KÐ ÑÑÑß Ð Ñ

Ð  Ñ
: :

< +

V
41

we have

2Ð KÐ ÑÑ ÐJ ÐÐ  Ñ ÑÑ µ ÐJÐÐ  Ñ ß ÑÑß Ð Ñ
Ð  Ñ< +

V
< + < +

w #;

#; !
w w# #: :grad grad< <w w 42

We can then derive 39  from theorem 2, and use it for each component of  to derive 40 .Ð Ñ Ð Ñ2@

4) Basic reduction in case (a) for pure dipolar illuminations : monostatic Physical Optics
diffracted fields and primitives for an exact reduction

We study here the reduction of Physical Optics radiation integrals belonging to case (a)
(defined in section 2) for pure electric and magnetic dipolar illumination, from results of
previous sections. A rewriting of the PO integrals, and the expressions of primitives involved
in the reduction, are given for flat surfaces. A generalization for non dipolar illuminations
and for the case of  with low curvature will be respectively given in section 5 and 7.W

figure 2 : diffraction by  illuminated by source at  (monostatic case)W œ< <!

Our method allows to study the PO diffraction for perfectly and imperfectly conducting
surfaces. To simplify the reading, we choose to describe the latter case (surface with
impedance boundary conditions) in an appendice.

4.1) Basic expansion of kernels in radiation surface integral expressions

Let us consider the expressions of the electric and magnetic fields,  and , radiated byI L
electric and magnetic currents  and  impressed on a real surface , in free space withN Q W
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impedance  and wavenumber , at the observation point  [1], given in^ 5 œ Ð  D Ñ Â Ws!
#1
-

+ D

(1), where    and <ÐV Ñ œ ß V œ Þ ß œ  D  Ð  D Ñ œ V ß Ð  D Ñ
µ µ µ

s s s/

V
µ

w w w w35V
µ ÈV V V + < ? <D D D

is the point of integration on . We can write,W

Ð  5 ÑÐ Ñ œ V Ð Ñ Ð Þ Ñ   5 ß
µ

V V
µ µ

Ð Ñ œ  œ ß Ð Ñ
V
µ

grad div

curl grad

< <

< <

# w #
w w

w

< <
< <

< <
<

N N ? ? N N

N N V N‚ ‚ 43

where  and ; from , and < < ?< <w w $ w #
V V
µ µ

V V V V V
µ µ µ µ µ

"
Vœ ` Ð Ñ œ ` Ð Ñ œ ÐÐV Ñ Ñ V Ð Ñ  5 œ  $

µ µ< < < < <w w w w w

#

with , we derive,Ð Þ Ñ œ Ð Ñ N ? ? ? ? N N‚ ‚

Ð  5 ÑÐ Ñ œ V Ð Ñ Ð Ñ  Þ Ð Ñ
µ

V V
µ µ

#
grad div< <

# w
w w

<
< <

N ? ? N N‚ ‚ 44

This gives us, at ,Ð  D Ñ Â Ws+ D

I ? ? N N V Q

L V N ? ? Q Q

œ ÐV Ð Ñ Ð Ñ  Ñ.W  .Wß
^ # "

% 35 %

µ

V V V
µ µ µ

^ œ .W  ÐV Ð Ñ Ð Ñ  Ñ.WÞ Ð Ñ
^ " #

% % 35V V V
µ µ µ

µ

!

W W

w w w
w

!
!

W W

w w w
w

1 1

< < <

1 1

< < <

( (
( (

‚ ‚ ‚

‚ ‚ ‚ 45

We now study the case where  is equal to its projection  on the plane . AW W D œ !w

generalization for the case of  with low curvature will be given in section 7.W

4.2) Exact reduction to contour integrals for perfectly conducting flat plate

In monostatic case, the primary point source and the observation point have the same
position. The Physical Optics radiation integrals in perfectly conducting case ( ), forQ l œ !W

electric and magnetic dipolar illuminations, can be then reworked in such a form that they
can be exactly reduced to contour integrals, with all required primitives in closed forms.

Lemma 1
Let us consider a surface integral on  which is a combination of integrals of the type,Ww

( ( (
W W W

# w w w # w
# ##

#
w w w

FÐ Ñ.W ß KÐ Ñ.W Ð  ÑFÐ Ñ.W ß Ð Ñ
FÐ ÑÐ  D Ñ

V + < V
V V

V
:  and 46

where , , with  and  some constants. If theV < + .# w ## ÐÐ  ÑÞ ÑÐ  Ñ

Ð  Ñ
œ Ð  Ñ  D KÐ Ñ œ D Á !:

< + . < +

< +

w w

w #

s s

point  an open connected domain which includes a point of , where + V belongs to W FÐ Ñw #

and  is analytic on , we can, with analytic expressions of primitives of FÐ ÑÎ W FÐ>ÑV V# # w

and , reduce the integral to a non-singular contour integral, by using the propositionFÐ>ÑÎ>
4 (derived from theorem 1), and the proposition 3 (derived from theorem 2).



                                                                                                                             - 16 -

Proof. To reduce the integrals to contour integrals, we let successively  as`ÐJ ÐÐ  Ñ ß ÑÑ
`ÐÐ  Ñ Ñ

< +
< +

w #

w #

:

FÐ Ñ KÐ Ñ FÐ>Ñ FÐ>ÑÎ>V# FÐ ÑÐ D Ñ and  in proposition 4, involving the primitives of  and ,V V
V

# ##

# :

and  as  in proposition 3, involving the primitive of  .`ÐJ ÐÐ  Ñ Ñ
`ÐÐ  Ñ Ñ

#< +
< +

w #

w # FÐ Ñ FÐ>ÑV

4.2.1) Physical Optics diffracted fields and reduction, for an electric dipolar source

Theorem 5
The Physical Optics diffracted field, radiated by a perfectly conducting surface  of theWw

plane , when illuminated by a electric dipole , can be written, atD œ ! œ Ð  Ñw w
! !N . < <s$

< + < <œ D  Â W œDs w
!, when  (monostatic case), following,

I ? . ?
.

. . .
+ <

œ DV ÐÐ Ñ Ñ .W  DV ÐÐ Ñ Ñ Ð Þ Ñ .W 
 ^ ^

"' 35 "' 35

µ µ

V V
µ µ

 Ð Ñ Ð  Ñ.W 
^ Ð Þ Ñ ^ DÐÐ Þ Ñ  Ñ

% 35 % 35V
µ

! !

# #
W W

w w
# w w # w w

! !

# #
W W

w
# w w

s
s

s s ss s s

1 1

< <

1 1

<

( (
( (

w w

w w

D D D
Ð Ñ .W ß
V
µ

œ D Ð Ñ .W ß Ð Ñ


) V
µ

<

1

<

w
# w

#
W

w
# wL V

.s
‚ (

w

47

with , and,ÐÞÑ ´ ` ÐÞÑß ÐV Ñ œ V œ Þ
µ µw

V
µ /

V
µ<
35V

µ

, ,ÈV V V < +# w ##œ Ð  Ñ  D

Ð Þ Ñ œ   Ð Ñs Ð Þ Ñ D Ð Þ  Ð ÞÐÞÑÑÑDÐ  Ñ  D ÐÐ  ÑÞ ÑÐ  Ñs s s ss s s s

Ð  Ñ
? . ?

. . . + < V < + . < +

V V V < +

D D D D# w # # w w

# # # w # 48

Using the following exact primitives,

( (
(

" Ð"  #35V Ñ

V V V
µ µ µÐÐ Ñ Ñ . œ # / ß Ð Ñ . œ  / ß

Ð35  Ñ µ

#

V ÐÐ Ñ Ñ . œ #Ð  5   Ñ ß Ð Ñ
µ

V V
µ µ

$35 $ /

#

< <

<

w w
# w 3#5V # 3#5V

"

V
µ

#

% %

µ µ

w 3#5V
# w #

#

µ

V V
V V

V V

# #

#
#

V 49

the lemma 1 applies, and we can exactly reduce every integral of 47  to a non-singularÐ Ñ
contour integral whose integrand involves no special function.

Proof. We can write the Physical Optics field with 45 , considering that  andÐ Ñ œ #sN LD ‚ 3

Q L N . < <œ ! W œ Ð  Ñs on , where  is radiated by the source , and thusw w
3 ! !$

# œ Ð Ñ œ Ð Þ Ñ  D ß œ Ð  Ñ Ð Ñs s
V V V
µ µ µs s s1
< < <

N V . . V . V < <D D‚ ‚! ! ! ! !
! ! !
w w w

! ! !

w 50

In the monostatic case, when  and  , we can write,< < + V V ?œ œ D  Â W œ  œ Vs
µ

! !
wD
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I ? ? . . V .

.
? . ?

œ DV Ð Ñ Ð Ñ  #Ð Ñ ÐÐ Þ Ñ  D Ñ.W ß
^

) 35

µ

V V V
µ µ µs s ss

œ DV ÐÐ Ñ Ñ .W  DV ÐÐ Ñ Ñ Ð Þ Ñ .W 
 ^ ^s

"' 35 "' 35

µ µ

V V
µ µ s

!

#
W

w w w
w # w

! !

# #
W W

w w
# w w # w w

1

< < <

1 1

< <

(
( (

w

w w

‚ ‚ D

 Ð Ñ Ð  Ñ.W  DÐ Ñ .W ß Ð Ñ
^ Ð Þ Ñ ^ ÐÐ Þ Ñ  Ñs s ss s s

% 35 % 35V V
µ µ

! !

# #
W W

w w
# w w # wD D D. . .
+ <

1 1

< <( (
w w

51

and

L V V . V
.

œ Ð Ñ Ð Ð ÑÑ.W œ D Ð Ñ .W ß Ð Ñ
 " 

) )V V
µ µs s

s

1 1

< <
# #

W W

w w
# w # w( (

w w

‚ ‚ ‚ ‚D 52

and thus 47 The lemma 1 then applies, and we can reduce the expressions of  and toÐ ÑÞ I L  
contour integrals, by using the exact primitives given in 49 (derived in appendice A). Let usÐ Ñ

notice that, for large ,5V
µ

I ? . ? . L V
.

µ ÐÐ Ñ Ñ .W ß µ D Ð Ñ .W Ð Ñ
^ DV 

) 35 # )

µ

V V
µ µs s

s
!

# #
W W

w w
# w w # w

1 1

< <( (
w w

ÐÐ Þ Ñ  Ñ ‚ . 53

4.2.2) Physical Optics diffracted fields and reduction, for a magnetic dipolar source

Theorem 6
The Physical Optics diffracted field, radiated by a perfectly conducting surface  of theWw

plane , when illuminated by a magnetic dipole , can be written, atD œ ! œ Ð  Ñw w
! !Q . < <s$

< + < <œ D  Â W œDs w
!, when  (monostatic case), following,

I V .

? ? . . .

L . ? ?

œ DÐ Ñ Ð Ñ Ð Ñ.W 
"

)Ð 35Ñ V V
µ µ

 ÐV ÐÐ Ñ Ñ Ð Ð Þ Ñ  Ñ  #Ð Ñ Ñ.W ß
"

%Ð 35Ñ

µ

V V
µ µ

œ V ÐÐ Ñ Ñ Ð  Ð
" D

) 35^ #

µ

V
µ

1

< <

1

< <

1

<

#
W

w w
w w w

#
W

w w
# w # w

#
! W

w
# w

(
(

(

w

w

w

‚

‚

s

s s s s

s

D

Þ ÑÑ  #Ð Ñ .W ß Ð Ñ
V
µ. V .s s<w

# w‚ 54

with . Using the exact primitives given in 49 and,ÐÞÑ ´ ` ÐÞÑß ÐV Ñ œ Ð Ñ Ð
µw

V
µ /

V
µ<
35V

µ

 and 48 Ñ

( Ð Ñ Ð Ñ . œ 35  $Ð Ñ Ð  Ð35  Ñ Ñß Ð Ñ
V V V V V
µ µ µ µ µ

5 "

#

< < < <w w # #
w w # $ # #V 55

the lemma 1 applies, and we can exactly reduce every integral of to non-singularÐ Ñ54  
contour integral whose integrand involves no special function.

Proof. We can write the Physical Optics field with 45 , considering that the sourcesÐ Ñ

N L Q L Q . < <œ # œ ! W œ Ð  Ñs sD ‚ 3 3 ! !
w w and  on , where  is radiated by , and thus,$
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N ? ? . . V < < ?
V

œ ÐV Ð Ñ Ð Ñ  Ñß œ Ð  Ñß œ ß Ð Ñ
" #

# 35^
s

µ

V V V
µ µ µs s

1

< <

!
! ! ! ! ! !

!
w w

! !

w w !
D ‚ ‚ ‚ 56

In the monostatic case  , we then obtain,V V + <œ  œ D  s!
wD

I ? . ? ? .

? ? . .

œ DV Ð Ñ Ð Ð Ñ Ñ  V Ð Ñ Ð Ð ÑÑ.W 
" #

)Ð 35Ñ

µ µ

V V V V
µ µ µ µs ss

 ÐV Ð Ñ Ð Ñ  Ñ.W
" # #

)Ð 35Ñ V V V
µ µ µs

µ s s

œ
"

)Ð 35Ñ

1

< < < <

1

< < <

1

#
W

w w w w
w w w w

#
W

w w w
w w

#

(
(
(

w

w
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D

D

W

w w
w w w

#
W

w w
# w # w

w

w

DÐ Ñ Ð Ñ Ð Ñ.W 
V V
µ µ s

 ÐV ÐÐ Ñ Ñ Ð Ð Þ Ñ  Ñ  #Ð Ñ Ñ.W ß Ð Ñ
"

%Ð 35Ñ
s

µ

V V
µ µs s s

< <

1
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V .

? ? . . .

‚

‚( D 57

and

L V ? ? . .

. ? ? . V .

œ Ð ÐV Ð Ñ Ð Ñ  ÑÑ.W
" #

) 35^ V V V
µ µ µs

µ s s

œ V ÐÐ Ñ Ñ Ð  Ð Þ ÑÑ  #Ð Ñ .W Þ Ð Ñ
" D

) 35^ #

µ

V V
µ µs s s
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#
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(
(
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‚
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58

and thus 54 . Considering these expressions with 48 , the lemma 1 applies, and we canÐ Ñ Ð Ñ
completely reduce them to contour integrals, by using the primitives given in 49 and 55Ð Ñ Ð Ñ

(derived in appendice A). Let us notice that, for large ,5V
µ

I V L
. . ? ? .

µ D ÐÐ Ñ Ñ .W ß µ .W Ð Ñ
 "s

) Ð35Ñ ) ^ #35V
µ

DÐV ÐÐ Ñ Ñ Ð  Ð Þ ÑÑ
µ s s‚

1 1

<
# # #

W W

w
w # w w

!

V
µ

# w( (
w w

w<

. 59

5) Reduction to contour integrals in case (a) for a perfectly conducting flat plate
illuminated by a non pure dipolar illumination

5.1) Asymptotic surface integral expressions for a weighted dipolar illumination

We now consider the incident field, as a combination of radiations for electric and magnetic
dipoles  and  weighted by , following,N < < Q . < < ?! ! ! 2 ! /ß2 !/

w wœ Ð  Ñ œ Ð  Ñ 0 Ð Ñs s. $ $
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I < ? ? ? ? V .

? ? ? ? ? .
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35V
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1
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"

% 35^ V V
µ µs s
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35 /
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µ s s
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1

!
/ ! ! ! 2 ! ! ! 2

! !
w w

! !
/

w

!

35V
µ

!

/ ! ! ! 2 ! ! ! 2/

? V ? V ? .

? ? ? ? ? .

‚ ‚ ‚

‚ ‚ ‚
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60

for large , where , , and the functions5V œ  œ V V œ Þ
µ µ µ
! ! ! ! ! ! ! !

wV < < ? V VÈ
0 Ð ÑÐ Ñ − W Â W Ð Ñ µ  ^ Ð Ñs
/ß2 ! ! 2 ! 3 ! ! 3

w w w w w? ? . < < I < ? L <‚ ‚ are analytic as , , with .
In this case, the near-field monostatic diffracted field expressions at for a< <œ Â W!

w, 
perfectly conducting plate  illuminated by a source of arbitrary radiation pattern, Ww valid
from infinity to a distance qualified to be short relatively to the dimensions of , can beWw

derived from 45  with  and  on .Ð Ñ œ # œ ! WsN L QD ‚ 3
w

Therefore, we obtain the combination of 53  and 59  weighted by , following,Ð Ñ Ð Ñ 0/ß2

I < ? V ? .

? V .

L < ? V

Ð Ñ

Ð Ñ

µ Ð D0 Ð  Ñ ÐÐ Ñ Ñ Ð ^ ÑÑ.W
" 35

) Ð35Ñ # V
µ s

 D0 Ð  ÑÐÐ Ñ Ñ Ð Ñ.W Ñ
V
µ s

µ Ð D0 Ð  ÑÐ35Ñ Ð Ñ Ð
"

) Ð35Ñ ^ V
µ

1

<

<

1

<

# #
W

/ ! /

w
# w w

W
2 2

w
w # w

# #
! W

/
# #

w

(
(

(

w

w

w

Ð ‚ ‚

‚ ,

‚

‚ ‚

^ Ñ.Ws

 D0 Ð  Ñ ÐÐ Ñ Ñ Ð ÑÑ.W Ñß Ð Ñ
35

# V
µ s

! /
w

W
2 2

w
# w w

.

? V ? .(
w

<
Ð 61

for large  with , , , .5V ß œ œ  D V œ Þ œ V œ  D 
µ µ µ

s s< < + V V V ? + < ? œ ?! !
wD DÈ

In this frame, let us notice, that, if we want to consider a source with a spherical pattern,
instead of a dipole with toric pattern, we can apply the weighting factors
0 Ð Ñ œ Î Ð Ñ Ð Ñ œ "  Ð Þ Ñs s s
/ß 2 ! /ß2 ! /ß2 ! /ß2 ! /ß2

# # #? ? . ? . ? ." É ‚ ‚ , with .

5.2) Reduction to contour integrals for even and odd weight functions 0/ß 2

Thereafter, we reduce  in (61) to a contour integral, for  (resp. ), when I 0 ´ ! 0 ´ ! 02 / /

(resp. ) is even or odd relatively to coordinates of , in the cases where 0 Þ œ !Þs s2 /ß2

V

< +w

. D

5.2.1) Electric case with , 0 ´ ! œs s
2 /. .

Let us consider the case with , . The plate  is then illuminated by,0 ´ ! œ Ws s
2 /

w. .
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I ? ? ? . .3 / ! ! !
!

35V
µ

!

µ 0 Ð ÑÐ Ð Þ Ñ Ñ Ð Ñ
35^ /

% V
µ s s

1

!

, 62

and the PO diffracted field at , when  (monostatic case), is given by,< + < <œ  D Â W œsD w
!

I ? ? . ? .µ  DV ÐÐ Ñ Ñ 0 Ð  ÑÐÐ Þ Ñ  Ñ.W Þ Ð Ñ
^ 3

) 5

µ

V
µ s s!

#
W

w
# w w

/
1 -

<(
w

63

Theorem 7

When  and , the integral reduces to,0 Ð  Ñ œ œ Þ œ !/
0Ð Ñ0Ð Ñ 1Ð Ñ

#
"Ð Þ Ñ

? .
D  D  D 

V V V V V V
µ µ µ µ µ µ

w w w

#

, , ,< <+ + + <

É ? .s
s sD

I < + ? <
< +

< +

< + ? . <

µ Ð ÐJ ÐÐ  Ñ ß Ñ  J Ð!ß Ñ1 " !ÑÑÒÐ ÑÞ. ÓÑ 
 3 " 
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-
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-

(
(
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_
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w # w

w

w #
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0 Ð  Ñ Ð s

0 Ð  Ñ Ð s s

/

/

,

, 64

D

D

‚

‚ Ñ

where  is oriented counterclockwise, and the primitives  and  are written,_ ´ `W J Jw
" #

J œ ÐÐ Ñ Ñ Ð  Ñ. ß J œ ÐÐ Ñ Ñ .
^ D Ð  Ñ KÐ Ñ ^ D "

) 5 ) 5
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for , with ,  and ,D Á ! KÐ Ñ œ J Ð!ß Ñ œ J Ð!Ñ œ : :
ÐÐ  ÑÞ ÑÐ  Ñs s s< + . < +

< +
.w w

Ð  Ñ " #
^ ^
% D % D

/ /
w #

! !
#35D #35D

#1 1
D

0 Ð  Ñ s s
/ ? I . < . regular on . The VV polarization term is given by  when .W Þ Þ œ !w

!

Proof. We detail 63 , and notice that, when , we haveÐ Ñ Þ œ !s s. D

Ð Þ Ñ  œ   D ßKÐ Ñ œ Ð Ñs s sÐ  Ñ KÐ Ñ Ð  ÑÞ ÐÐ  ÑÞ ÑÐ  Ñs s
s? . ? . .

< + + < . < + . < +

V V < +

w # w w w:
:

# # w #D
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66

Considering that  is a regular even function of  for ,  we use the theorem 1
1 Ñ

"Ð Þ Ñ

Ð

s



V
µ

D  w

#

V V
µ µ w,+ <

É ? .

+ < D Á !  

with the proposition 5 for the part of the integrand with  factor, then theÐ  ÑsÐ  Ñ KÐ Ñ< +
V

w # :
# .

proposition 6 for the part of the integrand with  factor, and thus derive 64 .Ð  ÑÞ Ð Ñs+ < .w

For an illumination with an isotropic pattern, we can choose , and write,1 ´ "

I . < + <
.

< +
Þ µ  Ð ÒÐ Ð  ÑÑÞ. ÓÑß Ð Ñs ^ 3 "

% # Ð  Ñ

Ð "  Ð Þ Ñ  Ñs
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!

D/ /Ð  Ñ
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µ
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( É
_

#35V #35D
µ

#

w

V
< +

D ‚ 67

which is the  polarization term when .VV < .!Þ œ !s

Let us notice that,  is constant on each straight part of  along , and that,Ð Ð  ÑÑÞs s sD @ @‚ < +w _

for real , the parts of the integrals with  factor vanish.+ Â Ww /
D

#35D
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Theorem 8
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where, for , the primitives  and are written following,D Á ! J J" #
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with ,  ,  oriented counterclockwise.KÐ Ñ œ W ´ `W: _
ÐÐ  ÑÞ ÑÐ  Ñs

/
< + . < +

< +

w w

Ð  Ñ
w w

w # 0 Ð  Ñ?  regular on

The VV polarization term is given by  when .I . < .Þ Þ œ !s s
!

Proof. Considering that  is a regular even function of the coordinates of ,
2Ð Ñ

"Ð Þ Ñs
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.sÞ œ ! Ð ÑsD , we use the proposition 6 and the theorem 1 with proposition 5, and derive 68 .

5.2.2) Magnetic case with , 0 ´ ! œs s
/ 2. .

Let us consider the case with , . The plate  is then illuminated by0 ´ ! œ W ßs s
/ 2

w. .
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and the PO diffracted field at , when  (manostatic case), satisfies,< + < <œ  D Â W œsD w
!
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Theorem 9
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where For , with A! ! !µœ œ Þ œ !s s s s s@ . @ . . < .‚ . . , we have,! œ Ð Ñ‚ <!
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denoted the HH polarization term. The contour  is oriented counterclockwise._ ´ `Ww

Proof. Noticing that , and  isA Þ œ  ÞÐ  Ñ  DA 0 Ð  Ñ œ! ! !D 2
w 0Ð Ñ0Ð Ñ
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From the proposition 5, we derive , and thus 72  For polarizationJ µ 0 Ð  Ñ Ð ÑÞ35 " D/
% 35 V

µ 21
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For an illumination with isotropic pattern, i.e  and , we have,1 ´ " 0 Ð  Ñ œ2
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Let us notice that,  is constant on each straight part of  along , and that,Ð Ð  ÑÑÞs s sD @ @‚ < +w _

for real , the parts of the integrals with  factor vanish.+ Â Ww /
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For  with  is the HH polarization term.@ . . <! !œ Ð Ñ ß Þs s œ ! œ œ‚ < <!
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Proof.  is a regular even function of the coordinates of  with . We can
2Ð Ñ

"Ð Þ Ñs
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then use the proposition 6 and the theorem 1 with proposition 5, and derive 77 .Ð Ñ

6) Reduction in case (b) : complex scaling and exact reduction of radiation integrals with
an exponential term whose argument is an arbitrary polynomial of rank 2.

As defined in section 2, we consider the case (b) and study a surface radiation integral whose
integrand has an exponential term with an argument that can be approximated by a complex
polynomial of rank 2. This form is particularly used when the scatterer  is illuminated by aWw

gaussian beam [13]-[15], or when the largest dimension  of  is such that  and H W H 5Hw $È
are much smaller than the source and observation distances from [2]-[4].Ww

We consider in this section the exact reduction to a contour integral for the surface integral,

(
W

w # w w
" #

w

#

/ .W œ Ð B  C Ñ Ð Ñe with  78e ! !  35Ð2 B  2 C  2 B C Ñß" # $
w w w w# #

for arbitrary  and , without any special function, by using complex scaling!3 42
transformation, which will be considered for more complex integrands in chapter 7.

6.1) Transformation of the polynomial argument e#

6.1.1) quadratic reduction

Proposition 7
We can write, for any  coefficients with ,2 2 Á %2 24 " #

#
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Proof. Letting,
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we obtain 98  with 80 , then . Thus,Ð Ñ Ð Ñ #- - œ  2 Î ß - œ "  2 Î ß - œ "  2 Î:ßB :ßC $ " #:ßB :ßC
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Proposition 8
We can write,
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with , and thus 84 . Notice that .+: " " ##35 %35 #
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6.2) Reduction of the surface integral to a contour integral

Following the expression of , we change of variables and derive a reduction of integrals.<w:

6.2.1) Complex scaling and definition of Ww
:

Definition 4
Using  of 84 we consider , the anisotropic dilation (or scaling) by a factor<w: Ð Ñß c

: œ "  œ ÎsÉ É- - - -: ::
## #

: : along the vector    (with given by,- Á !), 

c: 87< B B < - - < - < -w w w w w w w w w w
: : : : :: : : :œ B  C Ð Ñ Ä œ B  C Ð Ñß B œ : Ð Þ Ñß C œ ÞÐ Ñ Ñs s s s s s s s s ÐD D D‚ ‚ ‚

where , i.e.  and  is invertible. Let us notice that we have  when2 Á %2 2 Á ! Ð Ñ ´# w
$ " # : c c \<

: œ " Ð1Ð ÑÑ œ Ð Ð1Ð ÑÑÑ, and grad grad . As in definition 1, we then define a complex< <w w
:

< <w wc

manifold  with contour  as the transformation by  of the real manifold  with contourW Ww w
: :_ c

_Þ .W œ .B • .C .W œ .B • .C : .W œ .W Letting  and , we have .w w w w w w w w
: : : :
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6.2.2) First reduction along _:

Proposition 9
Considering , ,  and  in 84 , and an arbitrary constant , we can write<:
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where  (resp. ) is the number of times  crosses  in positive sense (resp.R R Ð Ñ  "
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We can then apply the theorem 1 to the surface integral, following,
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and derive 88 , which is non-singular for . We obtain 89  from proposition 2.Ð Ñ E œ / Ð Ñ!
@"
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then  does not run round the origin, the winding number is null, and  in 89 .D
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6.2.3) Some properties of  to analyse and transform 88cÐ Ñ œ Ð Ñ< <w w
:

Considering the definition, we have  , and: Ð Ñ œ Ð Þ Ñ  :Ð  Ð Þ ÑÑs s s sc"
: : : :? - ? - ? - - ?
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Proposition 11
We can write,
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Proposition 12
Let , where  withD œ B „ 3C  œ B  C Ð Ñw w w w w w
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and deduce last statement. Let us remark that .  and .? @- - " #
# #2
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6.2.4) Derivation of the contour integral along _

Theorem 11
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We can reduce the integral of an exponential with quadratic argument on , to an integralWw

along the contour  of , following,_ Ww
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where  (resp. ) is the number of times the complex  crosses any smooth semi-R R Ð Ð ÑÑ 
w; c <

line  from the origin to , in positive sense (resp. negative), with ,W ; c"
w B 3C

B 3C_ Ð Ð ÑÑ œ<
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Proof. For that, we rewrite the proposition 9 with the use of propositions 8 and 11.
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7) More general uses of complex scaling, and application to case (c) for radiation of
curved plates

We now consider that the integrand of the surface integral is a function  which1Ð Ñ0Ð Ñ<w #e
verify the condition of continuation given in definition 3, where  is a polynomial ofe#

coordinates. For the reduction of integrals, we define  of contour  as a transformation ofWw
: :_

W .W œ B C .W œ B C .W œ .W Î:w w w w w w w w w
: : : : by a complex scaling , with , , and .c . • . . • .

7.1) Exact reduction of 'W # w
w1Ð Ñ<w 0 Ð Ñ.We

Let us consider the polynomial  of order  with arbitrary coefficients,e# #

e ! !# w w w w w w w #
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:œ .  Ð B  C Ñ  35Ð2 B  2 C  2 B C Ñ œ .  @Ð  Ñ  @ ßÐ Ñ< + 106

following the propositions 8 and 10 of previous chapter  with .ß œ Ð Ñ< <w w
: c
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7.1.1) Reduction when 1 ´ "

Theorem 12
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Considering the proposition 11, we then derive (107)Þ

7.1.2) Exact reduction when  is a polynomial of coordinates1Ð Ñ<w

Considering that , we notice, from Taylor expansion, that we have for any< <w " wœ Ð Ñc :

polynomial  of order ,1 8

1Ð Ñ œ Ð Ñ
"

4
s s< B < + C < +w

4œ!

8

5œ!

4" "
x 5

4 ` 1l

`B `C
Ò Ð  ÑÑ Ð Ð  ÑÑ ÓÞŒ  4

œ Ð Ñ

w w5 45 : :
w 5 w 45

: :
< +w "

:c
Ð Ð ÑÞ Ð ÑÞc c" " 111

Theorem 13
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Considering I .  with constant , we have,8" 8" : 4 : 4W : :
w w wœ ÞÐ  Ñ Ð Ð  ÑÑ .W'

w. < + . < + .#
4œ"

8

0Ð Ñe#

I .

. 112

8" 4 : @ 8":
w

8" 7 4 : @
W

:
w w

œ Ð Ð Ð  ÑÑJ Ð
 "

#

 Ð Þ Ñ Ð Ð  ÑÑJ .W Ñß Ð Ñ

35 :

"
Ð Ñ s

Ð Ñ

0
e c

e

(
(
_

$
$
4œ"

8

4Á7

8

. < + . <

. . . < +

#

8
#

D ‚ ÑÞ. w

"
7œ" w

for , where  is a primitive of , and . , . , and . , and8   ! J 0 Ð ÞÑ œ " Ð ÞÑ œ " Ð ÞÑ œ !@ # # #
4œ"

! " !

4Á3 4Á3

Ð :Ñ œ 2 2  Ð2 Î#Ñ M0 # #
" # $ 8". A repeated application then allows to reduce  to a combination

of contour integrals, depending on  successive primitives of .ÚÐ8  $ÑÎ#Û 0

Proof. Taking up the theorem 4,  and  instead of  and , withÐ  Ñ .W Ð  Ñ .W< + < +: :
w w w w

:

@ œ  35 .W ´ :.W Ð Ñ0 and , we derive 112 . By repeated applications, we can decrease the:
w w

rank, and using theorem 12, reduce  to a combination of contour integrals for any .M 8   !8"

Remark 7 : Let us notice that, with  and  ,@ œ  350 Ð :Ñ œ œ 2 2  Ð2 Î#Ñ0 0 0# #
  " # $

( (
(

W W

w " # w " w # w
: ::

@ !
#

" w

w w
:

. + .

D .

ÞÐ  Ð ÑÑ0Ð Ñ.W œ Ð ÑÞÐ  Ñ0Ð Ñ.W
"

:

œ Ò Ð Ð ÑÑÞ. ÓÞ Ð Ñ
" ÒJ Ð Ñ  E Ó

#: @
s

< < +

<

c e c e

e
c c

:

_

  113‚

7.2) Asymptotic reduction of  when  or , while'
W

w # w # # /
w

# #

#
1Ð Ñ0Ð Ñ.W 0Ð Ñ œ / 0Ð Ñ œ< e e ee

e

ÈeÈ
1Ð Ñ W<w w is a smooth analytical function on .

7.2.1) the case with , when  is a polynomial of order 0Ð Ñ œ / #e e# #e#

Let us note  a polynomial of order  as in 106 , with , , ande c# w # w
: : :
#

:# Ð Ñ œ Ð  Ñ œ Ð2w < + < <wÑ

consider asymptotic reductions when  has large variations on  at constant 0Ð Ñ œ / W Þe :# w
:

e#

Proposition 13
Considering the proposition 2 (with  and ), let us assume that, at any+ œ +c"

: @=Ð Ñ J ´ @J
point , it exists a path  in the -complex plane from  to , defined so that<w w− W > > œ ! > œ "g_
>Ð  Ñ  œ< +w w + +w w with  remains in an open simply connected subset  of thec j"

: =Ð Ñ+

domain of analyticity of . A primitive  of  relatively to , can be then expressed,= J = @@= :
#2w

J Ð Ñ  J Ð Ñ œ #@ / 1Ð>Ð  Ñ  Ñ / >.>Þ Ð Ñ@= @= :
# . @ w > @< +w w 2w 2! "

#
:
#(

g_

< + +w w w

114

Proof. From its definition, the function  verifiesJ@=
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J Ð œ Ð Ñ  Ñ  J Ð œ Ð ÑÑ œ =Ð Ð Ñ  Ñ@.2

œ #@Ð  Ñ 1Ð> Ð  Ñ  Ð ÑÑ 0Ð.  @  > @ Ñ>.>ß Ð

@= : @= : :
" " " w

:
!

@
#

w # " w " #
: : :: : : ! "

#

< <w wc c c

c c

+ ? + + ?2 2

2

w w
2

w

: :

g

: :

:
#

(
(

w

< + < + +
_

115Ñ

For that, we have let  as a new variable of integration, with ,2 2 2w w wœ >  œ Ð Ñ: : :
w

:< + c ?::

2w
: :
# w # "

: : :œ Ð  Ñ œ Ð  Ñß Ð ÑÞs s< + B C,  which finally implies 114?::
c : :cos sin

Theorem 14
When the proposition 13 applies, the surface integral   can be reduced'

W
w w

w

#
1Ð Ñ/ .W< e

asymptotically for large by changing in theorem 12,  for   for@ß 0Ð Ñ 1Ð Ñ/ ß J Ð Ñe# w
@< e#
e#

J Ð Ñ J Ð  . Ñ !+ @ !
w

%35<  and  for , whereAw
7

#

0

J Ð Ñ œ Ð Ñ  Y Ðl@ l  , ÑÐ Ð ÑÑß Ð Ñ+ = = = 6
w

:
#

< ^ ^< <w w2w 116

with , and, letting u ,@ œ @Ð  Ñ Ð>Ñ œ 1Ð> Ð  Ñ  Ð ÑÑ2w
: : :
# w # " w "

: : :< + < + +c c

^

^

6
> > =

: :
# #

Ð@ . @ Ñ Ð> @ . @ Ñ

=

= :
# . @ > @

!

Ð Ñ œ Ð?Ð Ñ  Ñ/  Ð?Ð Ñ  Ñ/
` Ð"Ñ ` ?Ð> Ñ

#@ #> @

Ð Ñ œ #@ / ?Ð>Ñ / >.>ß Ð

<

<

w

w

" >
u
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2 2

2

w w

2 2

w 2

w w

w

: = :
# #

! " ! "
#

! "

=
#

:
#

=

( t
Ñ

with . The number  is a constant, ,> œ "  Y Ðl@ l  , ÑÐ  "Ñ , Y ÐBÑ œ l= = = = =:
# ,

l@ l ! B!
" B !2w

2É =

:
#w if 

if 

while  remains analytic on the integration path. In   is the asymptotic expression?Ð>Ñ Ð Ñ116 , ^6

of the part of integral with  , when , for some large .> @   , l@ l   , ,#
: :
# #

= = =2 2w w

Proof. For large , we can use an integration by parts in 114 , and remark that,> @  , Ð Ñ#
:
#

=2w

#@ / 1Ð>Ð  Ð ÑÑ  Ð ÑÑ Ð/ >Ñ.>

œ / Ð " /  >  ` 1Ð>Ð  Ð ÑÑ  Ð ÑÑÑ/ .>

2w 2

2 2

:
# . @ w " " > @

>

"
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. @ @ w " " > @
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>

"

! "

=

#
:
#

! " : :
# #

=

#

(
(

< + +

< + +

c c

c c

w

w w

?Ð Ñ ?Ð Ñ/> @#= :
#2w

Ñ

µ " > Ð Ñ/ ÐÐ?Ð Ñ  Ñ/  Ð?Ð Ñ  Ñ/ Ñ
` ?Ð"Ñ ` ?Ð> Ñ

#@ #@
. @ @ > @> > =

: :
# #

=

! " : = :
# ##

2 2w w

2 2w w

= t
, 118

Dividing the path of integration in 114  into two parts, we then derive 116 .Ð Ñ Ð Ñ

Remark 8 : From proposition 12, we have, when  are not real, two roots 
…3 2 2 Ð Ñ 

2
w
„

É " #
2 2$ $
# #

#

#
<

with  on the real plane, and if ,  from,2w
:
# "

:
1Ð< Ñ1Ð Ð ÑÑÑ

œ ! 1Ð Ñ œ 1Ð Ð ÑÑ  _< +„
Ð< + ÑÐ +

Ð< + Ñc :
w

:

:
w #

:

w "
:c
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Ð<  + Ñ
Ð<  + Ñ

:
w

:
+ + +

:
w

:

+„

1Ð< Ñ  1Ð< Ñ Ð<  < Ñ

D D D D
l œ Ò Þ Ð1Ð ÑÑÓl  _Þ Ð Ñ

w
„ „

w w w
 …

<Ä< < <Ä<w„ „
wgrad <w 119

7.2.2) The case with  to generalize the results of chapter 50Ð Ñ œe# /
Èe#

#Èe

If we want to generalize the results of chapter 5 and take account of a moderate curvature of
the surface of integration, we have to consider  instead of  in (61), with first orderÐD  D Ñ Dw

approximation of  relatively to  and  coordinates. The case  has alreadyD B C 0Ð Ñ œw w w # /e
Èe#

#Èe

been studied in the propositions 5 and 6, and we now add the special case where,

È É
É
É

e

%

%

# w # w w # w w #
B " #C

# #

w w
" #

w w # w w # w w w
B C

#

w # w w
: : ! "

œ  35 ÐB  + Ñ  ÐC  + Ñ  ÐD  ÐG B  G C ÑÑ

œ  35 2 ÐB  + Ñ  2 ÐC  + Ñ  D  ÐB ß C Ñ

œ  35 Ð  Ñ  .  @  ÐB ß C Ñ Ð Ñ< + 120

for  and , , , , with5 D ¦ " 2 œ "  #DG ß + œ + œ D œ D  Ð +  + Ñw w w w w # # #
4 B C B C4

+
2 2 2 2

+ # "2 "2B
w w w w
" # " #

C
w w
" #

0Ðe# w
Ð  Ñ 5Ñ l5l Ä _ß Ð` Ñ  " W Þ that remains bounded as  when  can be neglected on < +w #

: :

#

#
e

Theorem 15
Letting , we can write for large ,0Ð Ñ œ /e# /

Èe#

#

#È È
e

e and J œ # 5@

( (
W

# w
"
# @ @

# w w

# w w # w w #w w
" #B Cw

1Ð Ñ0Ð Ñ.W µ Ð Ñ
Ð1Ð ÑJ Ð Ñ  1Ð ÑJ Ð ÑÑÐ Ð  ÑÑÞ.s

 5 Ð2 ÐB  + Ñ  2 ÐC  + Ñ Ñ
<

< + < + <w
w

e
e

_

w wDw# D ‚
121

From proposition 5, this equation is valid when  can be neglected on , ifÐ` Ñ  " WÐ  Ñ 5
w

< +w #
: :

#

#
e

the  are both real and of the same sign. When the  are of different signs, we will consider2 2w w
4 4

2  3 2 ß Ð Ð35ÑÑ Ä ! Þw w 
j j$ $ instead of  in the denominator of the integrand with sign arg

Proof. This expression is directly derived from the proposition 5. The  term permits to avoid$

any line of singularities. Concerning the sign of , we choose it so that  when$ /  _
Èe#

<w Ä _ l Î# !  and , and thus sign .arg argÐ35Ñl œ Ð Ð35ÑÑ ¥ "1 $
This theorem will be used in next section 7.3 and validated in numerical results. On this
occasion, let us notice that grad   and grad grad , so that we` ´ Þ ´ Ð ÑÐ  Ñ

Ð  Ñ

#Ð  Ñ
"

< +
< +

< + < < <w #
: :

w
: :
w #
: :

w w w
: :

c

have, grad .` ´ ÞÐ  Ñ
Ð  Ð ÑÑ
#Ð  Ñ< +
< +

< + <w #
: :

w "
:

w #
: :

w
c

7.3) Application to case (c) : reduction of Physical Optics radiation integrals for curved
plates
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Let us consider the expressions of the electric , radiated by electric currents  excited on aI N
real perfectly conducting surface  by weighted dipolar illuminations defined with  inW 0/ß2
(61) of chapter 5, in free space with impedance  and wavenumber  We take thi^ 5 œ Þ!

#1
-

s
time a curved plate  instead of a flat one, defined by  withW  Ð Ñ< <w w'= Ds

'= " # 4 4
w w# #Ð Ñ œ ÐG B  G C Ñ G  ! G  !<w  (note :  (resp. ) for convex (resp. concave) surface

inflection). The surface on the plane , with the current pointW Ww is the projection of  D œ ! <w 
of integration on it, and ._ the contour of Ww

7.3.1) Reduction to a contour integral for radiation of curved plates when .0 ´ !2

7.3.1.1) A contour integral at finite but large distance

We consider the Physical Optics (PO) diffracted field at , when < + < <œ  D Â W œsD !

(monostatic case), given by,

I ? ? . ? .µ  ÒÐ ÑN ÓÐ ÑV ÐÐ Ñ Ñ 0 Ð  ÑÐÐ Þ Ñ  Ñ.W Þ Ð Ñ
^ 35

)Ð 5Ñ #

µ

V
µ s s!

#
W

= # w w
w

/
1

<(
w

8ÞV <s w 122

with . We use that , folllowing8 Q Q V <sN œ ` l • ` l œ Ð  Ñ  D  Ð Ñ= # w # w
B W C W

#< +: : % w

V <

8ÞV <s

# w w w # w w # w
" #B C

#

w w w # # #
B C B C

B " #

" # " #

C #

=

Ð< Ñ œ Ð"  #DG ÑÐB  + Ñ  Ð"  #DG ÑÐC  + Ñ  D  Ð Ñ

+ œ ß + œ D œ D  Ð +  + Ñß
+ #DG #DG

"  #DG "  #DG "  #DG "  #DG

+

ÒÐ ÑN ÓÐ

% w

, 
w wÑ œ  #ÐG B Ð+  B Ñ  G C Ð+  C ÑÑ  D  Ð Ñ Ð Ñ" B # C

w w w w '= < 123

where  and . In what follows, we consider that the term%Ð Ñ œ<w ÐG B  G C Ñ" #
w w ## # + +:

wœ Ð Ñc

%ÐBß CÑ Ñ  " has moderate influence on terms in front of exponential terms, and ` ÐÐ  Ñ< +: :
w # V#

can be neglected on . For that, |W ÐG B  G C Ñl ¥ DÞw # #
" # Wwe take  sufficiently large so that D l

Theorem 16
Considering the theorem 15, we can write the surface integral 122 , when  is large andÐ Ñ 5
lG B  G C l ¥ D" # W

# # , as the contour integral,

I µ  ß Ð
^ 35

Ð% Ñ Ð"  #DG  3 ÑÐB  + Ñ  Ð"  #DG  3 ÑÐC  + Ñ

Ð Ð Ñ  Ð Ñ ÑÒÐ ‚ Ð  ÑÑÞ.< Ó
!

# w w # w w #

/ /
V Ð Ñ V Ð Ñ/ /

w

" #B C1 $ $

j j(
_

#35VÐ Ñ #35VÐ Ñ
µ µ

# #

< +w w

w w< +
w w w w< + D < +s

124Ñ

with , ,V Ð Ñ œ Ð Ñ  Ð Ð Ñ œ 0 Ð  ÑÐ  Ð Þ Ñ ÑÒÐ Ñ ÓÐ Ñ
µ s s s< <  + < 8ÞV <sw w wwÈ #

/ /'=Ð Ñ  DÑ<w # j ? . ? . ? N =

and  the contour of  on the plane . The term  is a small positive real constant_ $W D œ !w

tending to , in particular necessary for the cases where .! Ð"  #DG ÑÐ"  #DG Ñ  !" #

When  and 0 Ð  Ñ œ ÞD œ !ß Þ.s ss/
"

"Ð Þ Ñs
? .É ? . #

we then have the VV polarisation term I

(already considered for a flat plate 67 ) following,in Ð Ñ
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IÞ.s œ 
^ 35

Ð% Ñ Ð"  #

Ð  Ñ
!

#

ÒÐ Ñ ÓÐ Ñ/ "Ð Þ.Ñ ÒÐ Ñ ÓÐ Ñ/ "Ð Þ.Ñs s

V Ð Ñ V Ð Ñ

1
(
_

8ÞV < 8ÞV +s s

< +

N N= =w < w +w w

< +w w

w w

#35VÐ Ñ #35VÐ Ñ
µ µÐ< +Ñ Ð+ +Ñw w

VÐ Ñ VÐ Ñ
µ µ# #

# #

Ê Ê
DG  3 ÑÐB  + Ñ  Ð"  #DG  3 ÑÐC  + Ñ

ÒÐ ‚ Ð  ÑÑÞ.< ÓÞ Ð Ñ

" #
w w # w w #

B C
w

$ $

D < +s w w 125

Remark 9 : Since  with  in PO,  in far field-
- -#V #lG l-

" ÐB C Ñ

- 4

# #
W¥ " V œ Ð Ñ D œ Ð Ñ  D ßmin max |

and  we notice that  for .lG B  G C l  D ß G B  G C l ¥ D D ¦ D" # W 0 " # W
# # # #

#V #V
- -

-
- -

l

7.3.1.2) Asymptotic cases : at very large distance or at focal points

For , we can take in surface and contour integral,D Ä _

ÈV < < + +
< <

s#
! !

! !

w w w w wµ <  ÞÐ  D Ð ÑÑ D µ <  ÞÐ  D Ð ÑÑ Ð Ñµ µ
< <µ µs
! !

' '= =, ,  126

with and thus, the expression 0ÒÐ ÑN ÓÐ Ñ Ä  #ÐG B +  G C + Ñ  D8ÞV <s = w w
" B # C

w ,  becomes,Ð Ñ

I µ  0 Ð  ÑÐ  Ð Þ Ñ Ñ
^ 35 /

Ð% Ñ < < << µ µ µ
s s

Ð Ñ/  Ð Ñ/

Ð  3 ÑÐ

!

#

#35<µ

#
!

/
! ! !

#35Ð ÞÐ D Ð ÑÑ #35Ð ÞÐ D Ð ÑÑs

#DG "
#D

1

[ [

$

!

< <! !
µ µ

w w w w

"

< < <

< +

! ! !

w w< < + +s

. .

(
_

< <! !' '= =

B  + Ñ  Ð  3 ÑÐC  + Ñ
ÒÐD ‚ Ð ÑÑÞ. Óß Ð Ñs

w w # w w #
B C

#DG "
#D
# $

<  + <w w w 127

where .[Ð Ñ œ ÐG B Ð Ñ  G C Ð Ñ  Ñ<w " #
w w+

D D #
+ "B C

At focal points, as , we have  and , but^7 4 4œ"ß#
w w#œ Ð"  #DG Ñl Ä ! + Ä _ D Ä _min

+ ÎD +w w w#
7 and  tend to finite constant vectors, and we can write for ^ Ð Ñ125 ,

I µ
Ð Ð Ñ  Ð Ñ ÑÒÐD ‚ ÑÞ.< Ós^ 35

Ð% Ñ
Ð

Ð  D  Ð ÑÑ  Ð +  +

!

#

7

7
# # ##DG #DG

Ð"#DG Ñ Ð"#DG ÑB
1

^

^ %
(
_

^ ^

/ /
V Ð Ñ V Ð Ñ/ /

w#35VÐ Ñ #35VÐ Ñ
µ µ

# #

< +w w

w w< +
w w wj j< + +

V <w " 7 # 7

" #

#
CÑ

Ð Ñ128

7.3.2) Reduction to a contour integral for diffraction by curved plates when .0 ´ !/

7.3.2.1) A contour integral at finite but large distance

The PO diffracted field at , when  (monostatic case), satisfies,< + < <œ  D Â W œsD w
!

I @ ?Þ µ ÒÐ ÑN ÓÐ ÑÐÐ Ñ Ñ Þ 0 Ð  Ñ.W ß Ð Ñ
 "

)Ð 35Ñ V
µ! ! 2#

W

= w # w
w

1

<(
w

8ÞV < A Vs w 129

Considering that  with  andA ÞV œ A Þ V V V Ð< Ñ œ + + < Ds! ! " # #
w w wÐ Ñ Ð  ÐD  Ð ÑÑ Ñ'=

V < œ +  < A Vs
" ! ! "

w w wÐ Ñ Ð Ñ œ Ð Ñ, , we could use 113  for the part with  term, as@ . ‚
already used in theorem 8, but we here prefer to directly use the theorem 15.
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Theorem 17
Considering the theorem 15 we can write the surface integral 129 , when  is large andß Ð Ñ 5
lÐG B  G C Ñl ¥ D" # W

# # | , as the contour integral,

I @
< + <

Þ µ ß Ð
35

Ð% Ñ Ð"  #DG  3 ÑÐB  + Ñ  Ð"  #DG  3 ÑÐC  + Ñ

Ð  ÑÐ Ð  ÑÑÞ.s
! # w w # w w #

Ð Ñ/ Ð Ñ/

ÐVÐ ÑÑ ÐVÐ ÑÑ
µ µ
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" #B C1 $ $
(
_

j j2 2
#35VÐ Ñ #35VÐ Ñ

µ µ
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< +

< +

w < w +w w

w w
D ‚ w

130Ñ

where 123  is used, . The HH polarization isÐ Ñ Ð Ñ œ 0 Ð  ÑÒÐ Ñ ÓÐ ÑÒ Þ ÓÐ Ñj2 2 !< 8ÞV < A V <sw w w? N =

then obtained when we let . We can consider (as in 76  for a flat plate) anA!
Dsœ œ Ð Ñ< +!

< <! !
µ µ

D

isotropic illumination with  , . .0 Ð Ñ œ "Î "  Ð Þ Ñ œ Þ œ !s s s2 ! !
Ð Ñ

V
µ

#? . DsÉ < +w

. < .

7.3.2.2) Asymptotic cases : at very large distance or at focal points

For , we use 126  in previous expression  and we can write,D Ä _ Ð Ñ ß

I @Þ µ 0 Ð  ÑÐ Ñ
35 /

Ð% Ñ <<µ
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where .[Ð Ñ œ ÐG B Ð Ñ  G C Ð Ñ  Ñ<w " #
w w+

D D #
+ "B C

At focal points, as , we have  and , but^7 4 4œ"ß#
w w#œ Ðl"  #DG l Ñ Ä ! + Ä _ D Ä _min

+wÎDw# tends to a finite constant vector, and we can then write
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Remark :  for , we have .!  lÐ-BÑ  C l  ¥ " ¶ Ò Ð ÑÓ# #
B  Î# B  Î#
B  Î# @ÐBÑ.B 3@ÐB Ñ

Ð-BÑ C #-C 3C-B
3C-B B  Î#

? '
w w

w

# #

w w

? ?

? ?ln

7.4) Miscellaneous results

Proposition 14
We have, for arbitrary constants  and ,. E!

( ( (
W W

w # w # w # w
" @ !

w w

Ð Þ Ñ0Ð Ñ.W œ E Ð ÒJ Ð Ñ  E Ó.  Ð 0Ð Ñ.W Ñß Ð Ñ. < <e e e. 133
_

Ds ‚ ÑAw

where  is a primitive of  and . This implies, in particular,J 0 E œ"
Ð Ð ÑÑ
#35:

c c
0

Ds‚ " .

Ð 0Ð Ñ.W l œ ÒJÐ Ñ  E Ó. l Þ Ð ÑDs ‚ ÑA <w ( (
W

# w # w
Ä! ! Ä!

w

e e0 0
_

134
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Proof. Using that , then the proposition 3, we derive,. . .Þ œ Ð ÑÞÐ  Ñ  Ð ÑÞ< < + +w " w "
: : :c c
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and thus 133  if we notice that . For Ð Ñ Ð ÑÞ œ Ä ! Dsc 0"
:

Ð Ð ÑÑÞÐ Ñs s
#35:. . œ -+ c c

0
D . D

:
‚ ‚" Aw

,  ‚

implies ; left side of 133  being bounded, we then derive 134 .c c
0

Ð Ð.ÑÑÞs
#35:

D‚ "

Ä _ Ð Ñ Ð Ñ

Proposition 15
Let  be a primitive of , we have, for the limit case  where ,J 0 Ä ! Ä Þ@

# w w0 e A <

( (
W

w w w w w w
w

w # @ @
w

0Ð Þ Ñ.W œ ÐJ Ð Þ Ñ  J Ð!ÑÑ. ß Ð Ñ
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A
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Proof. We can obtain this equality from 134 , or by using grad .Ð Ñ ÐJ Ð Þ ÑÑ œ J Ð Þ Ñ@
w w w w w w

@A A A< <

8) Numerical results

8.1) Reduction of a surface integral whose integrand has an exponential term with a
quadratic argument

8.1.1) For   integrand in surface integral/A Þw w w w< < - <35 Ð Ð Þ Ñ Ñ0 # #
:

We choose to validate our reduction given in theorem 11, by verifying,

5 5 Ð/  / Ñ
/ .W œ Ò Ó

# Ð Þ  35 Ðl l  Ð Þ Ñ ÑÑ 
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ß Ð Ñ137

when  and  vary, in the figures 3 and 4. We take , a square of m side length, whoseAw w-: W "

center is at , , cm , m. The term<-
3œ Ð!Þ&  !Þ& Ñ 5 œ # Î œ # ß œ / Îl l l l œ "s sB C < <1 - - 0 F

- œ B C -: :sin cos sin sin) : ) : : 1 )s s œ Î% œ #35 is considered for  as  varies, and . TheAw

modulus of each side in 137  are given in , for  with ,  andÐ Ñ .F œ / Îl l œ ! œ 0 F F3
")

F 1<

F œ  1
#  . The respective complexity of integrands in surface and line integrals are equal,

and the save in computation time grows linearly with the ratio of surface to its contour. We
notice the perfect agreement of the respective results (less than 0.01dB).
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 .F

)

figure 3 : contour integral term in 137 , for  with  (green),  (red) and  (blue curve)Ð Ñ œ / Îl l œ ! œ  œ 0 F F F3
") #

F 1 1<

 dB

)

figure 4 : surface integral term in , for  with  (green ),  (red) and  (blue)Ð137Ñ œ / Îl l œ ! œ  œ 0 F F F3
") #

F 1 1<

8.1.2) For   integrand in surface integralÈ+  , B  -B /w w w w# 35 Ð Ð Þ Ñ ÑA Þw w w w< < - <0 # #
:

We choose to validate our reduction given in theorem 4 with , for the example with" , œ %=È+  , B  -B /w w w w# A Þ 35 Ðl l Ð Þ Ñ Ñw w w # w #< < - <0 :  integrand. The exponential argument is similar to the
ones considered in previous section with . The constants   and  considered inF œ  + ß , -1

4
w w w
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figure 5 are respectively   with and  with  Theß + œ " , œ - œ !ß + œ " , œ - œ "!!Þw w w w w w

agreement of results given by contour and surface integrals are excellent.
                         dB

   )
figure 5 : amplitude in dB of  the 'surface' integrals with integrand, and its 'contour'È+  , B  -B /w w w w# A Þ< 35 Ðl< l Ð- Þ< Ñ Ñw w w # w #

:0

reduction given by theorem 14 : for  with  ,  with  in yellow (contour) and green0 F 1œ / Îl l œ  Î% + œ " , œ - œ !3 w w wF <

(surface) curves, and  with  in blue (contour) and red (surface) curves.+ œ " , œ - œ "!!w w w

8.2) Near-field radiation surface integral in Physical Optics for a large plate illuminated
by a point source with spherical pattern.

  
figure 6 : Geometry for the near-field RCS for a source at  illuminating  with a spherical patternQ) Ww

8.2.1) Large flat plates

We consider the monostatic Physical Optics radiation term  in polarisationY œ ÞsI . VV 
(resp.  in ) at constant  , for a point source withY œ ÞI @! HH : when  varies (fig. 6))

isotropic pattern, and its reduction 67  (resp. 76 ) from theorem 7 (resp. 9), for a plate Ð Ñ ÐÐ ÑÑ Ww

of large dimension. We then compare the backscattering pattern  (RCS) given byÈ% Yµ

lI l l
1 <
3 Sw

contour and surface integral expressions, in figures 7 and 8, when we consider a square plate
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with m side length, shifted from the origin  and centered at m , observed in the" S Ð!ß !Þ& Ñw

plane at the distance m  cm.: œ #! deg, , for< <µ µœ œ " œ #! -

 RCS ( )                     RCS ( ).F .F

) )
figure 7 : RCS for polarisation VV, contour (left-hand) and surface (right-hand) integrals

In figure 9, we consider a larger shift of the plate center, disposed at , and weÐ!ß $ Ñm
observe the field at d< < œ )!µ µœ œ $Þ&! m in the plane : eg. We distinguish more clearly
differences between the polarisations and (in figure 8,  (black/green curves) isVV HH VV
clearly larger than  (brown/red curves)), and notice that the agreement between ourHH
contour integral and the initial surface integral continues to be excellent.

 RCS ( )           RCS ( ).F .F

 ) )    
figure 9 : RCS for polarisation VV and HH, contour (left-hand) and surface (right-hand) integrals
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8.2.2) Large curved plates

We consider the monostatic Physical Optics radiation term  in polarisationY œ ÞsI . VV 
(resp.  in ) at constant  , for a point source withY œ ÞI @! HH : when  varies (fig. 6))

isotropic pattern, and its reduction  (resp. 0 ) from theorem 16 (resp. 18), for a curvedÐ Ñ125 Ð Ñ

plate  with side length m, centered at the origin, observed in planes W H œ " : œ 70° and
20°, at different distances, for  ( ), as . We then compare the5 œ "!! œ #-71 - lG lH ¥ #D"ß#

#

backscattering pattern  given by contour and surface integral expressions. In figureÈ% Yµ

lI l l
1 <
3 Sw

10, at large distance m when , we note the influence of curvature on the widthD œ "!! œ !)

of the plateau, which is similar for convex and concave case, and vanishes when the plate is
flat.
 RCS (dB)                                                         RCS (dB)                                                     RCS (dB)

) ) )

figure 10 : RCS VV at 100m , for flat plate  (left) for convex plate with - 6 (middle), or concave withG œ ! ß G œ !Þ"ß# "ß#

G œ !Þ œ (!"ß# + 6 (right), with surface integral (blue) and contour integral (red) (perfect agreement) at °:

In figure 11 and 12, we let vary the curvature in the near field, at a distance of 6m when
) œ !, and give the results from surface and contour integrals, in convex and concave cases.
                  (dB)                                                                            (dB)VGW VGW

) ) 
figure 11: RCS VV and HH at 6m for surface integral (on left) et contour integral (on right),

 for  (green) et  (blue) (purely convex), at °G œ G œ  !Þ% G œ G œ  !Þ' œ (!" # " # :
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      RCS (dB)                                                                                  RCS (dB)

) ) 
figure 12: RCS VV and HH at 6m for surface integral (on left) et contour integral (on right),

 for  (blue) and  (green) (purely concave), at °G œ G œ !Þ% G œ G œ !Þ' œ (!" # " # :

At 3m, the figures 13, 14 and 15 show the variation of patterns as we let vary the curvature.
In figure 15, we detail the concave case, and show a minimum of the width of the plateau
near the focal point when , or varies monotically else. In figure 16, we let vary"  #DG œ !

the distance and observe that the plateau, very different in near field, becomes similar at
large distance. In figure 17 and 18, we give results for a saddle surface. The asymetry of the
plate is illustrated by the change of pattern in the cases  and  in figure 17,: :œ (! œ #!‰ ‰

and we observe the changes as we let vary the distance in figure 18. In all these cases, we
notice the very good agreement of the surface and our contour integrals.

               RCS (dB)                                                                               RCS (dB)

  ) )

figure 13 : Comparison of RCS VV and HH at m for surface integral (on left) et contour integral (on right),$

for 2(red), (green), (blue) at °G œ G œ  !Þ œ  !Þ$ œ  !Þ% œ (!" # :
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                  RCS (dB)                                                                         RCS (dB)

) )

figure 14 : Comparison of RCS VV and HH at m for surface integral (on left) et contour integral (on right),$

for  2(green), (blue)  (red) at °G œ G œ !Þ œ !Þ$ ß œ !Þ% œ (!" # :

                                                          RCS (dB)

)

figure 15 : Variation in purely concave cases with , in vicinity of   (focal case) at G œ G "  #DG œ ! $7ß4

G œ !Þ% G œ !Þ$ G œ !Þ# G œ !Þ" G œ !Þ (red),  (vert),  (blue),  (clear blue),  (black)

                                                               RCS (dB)

)

figure 16 : purely convex cases with negative  (dashed lines) ou concave cases with positive  (continuous lines),G G4 4

for C C , at 3m  (red), 6m (green), et 100m (blue)l l œ l l œ !Þ$" #
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       (dB)                                                                           (dB)VGW VGW

           ) )

figure 17: Comparison of the RCS VV for surface integral (on left) et contour integral (on right),

at m, for saddle surface with  et  at ° (in blue) and at 2 ° (in red)' G œ !Þ$ G œ  !Þ$ œ (! œ !" # : :

         RCS (dB)                                                              RCS (dB)

           ) )

figure 18: Comparison of the RCS VV for surface integral (on left) et contour integral (on right),

at m, m and m, for  et  (saddle surface, convex in the plane of incidence at °)' #! "!! G œ !Þ$ G œ  !Þ$ œ (!" # :

9) Conclusion

How to reduce fast oscillating surface integrals with complex phases, often encountered in
wave physics, to a line integral was studied in this paper. So, we have derived a general
method of reduction to a non-singular contour integral, for a large class of radiation surface
integrals, when the currents are analytically defined on the surface of integration, as in
Physical Optics, that can cover a large domain of applications.
We have presented simple near-field expressions in monostatic case, with neither special
function nor singularity, that are valid from small to large distance, which applies for
arbitrary dimensions of objects, illumination patterns, and impedance boundary conditions
(perfectly or imperfectly reflective surfaces), for large planar or moderately curved plates.
Secondly, specific original expressions are presented in bistatic cases, in particular for the
reduction of surface integrals whose integrands have a phase that is an arbitrary complex
polynomial of rank 2, corresponding to quadratic approximations whichof the coordinates 
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are commonly used for Green's function or in gaussian beam propagation problems. Because
the respective complexity of integrands in surface and line integrals are equal, the save in
computation time grows linearly with the ratio of surface to its contour. As made evident by
the numerical examples in sect. 8, the presented formulae are highly accurate, and they ought
to find wide applications in accelerating the computation.
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Appendice A : Primitives in theorems 5 and 6, and properties

A.1) Primitives for the theorem 5

Let us show that,
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35V
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V < +# w ##œ Ð  Ñ  D

trivial since , while the second and third line need some manipulations.. V .V
µ µ

V# œ #
We remark first that  verifies  as , and thus,< ?< < 5 œ ! Á !# V#

"
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which multiplied by , leads us to<w

V
µ
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Considering that we have, by integration by parts,
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we can use 140 , and write,Ð Ñ
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We can then rewrite 141 , and derive the third line of 138 ,Ð Ñ Ð Ñ
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A.2) Primitives for the theorem 6

For the theorem 6, we have to complete 138 . For this, we write,Ð Ñ
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where we have successively used 139 , an integration by parts, and 143Ð Ñ Ð ÑÞ

A3) Some exact and asymptotic properties of primitives '_V /
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with while, for  successive primitives, we haveV œ Þ ß : ß
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where we remark that the first asymptotic orders of the sum, when , vanish. Thus,@V ¦ "
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Appendice B : Reduction of Pysical Optics radiation integrals for imperfectly
conducting surface

In the hypothesis of a point source illuminating at large distance an impedance flat surface of
normal  [29]-[30], we can consider the incident field as a locally plane wave,  combinationDs
of polarisations  ( // surface) and  (  //  surface), respectively denoted XI X Ð ß ÑI L I LQ / /

3 3

and . The currents and , respectively denoted  andÐ ß Ñ l œ sI L N Q N L2 2
3 3

/Ð2Ñ /Ð2ÑW D ‚

Q I/Ð2Ñ /Ð2ÑWl œ  sD ‚ , then satisfy,

N L Q N/Ð2Ñ /Ð2Ñ /Ð2Ñ
w 3 w
/Ð2Ñ /Ð2Ñ/Ð2Ñœ #, Ð ÑÐ Ñß œ  + Ð ÑÐ Ñ Ð Ñ

D D

V V
µ µs sD D‚ ‚ 149

where  and  are regular functions. In the case of constant impedance,   and + , , +w w
/ß2 /ß2 /Ð2Ñ /Ð2Ñ

are constants, which are  and  in perfectly conducting case. Thereafter, we, ´ " + ´ !w w
/Ð2Ñ /Ð2Ñ

suppress the indices  and  for the use in the expression 45 ./ 2 Ð Ñ
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B.1) Physical Optics diffracted fields and reduction, for an electric dipolar source

Theorem 18
The Physical Optics field, diffracted by the surface  with an impedance condition,Ww

illuminated by the electric dipole  is given  by  with 149 . It can beN . < <! !
wœ Ð  Ñ Ð Ñs Ð Ñ$ 45

written, in monostatic case, when , following .sÞ œsD !
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for large , with , . Considering the5V - ´ + , Ð Þ Ñ œ 
µ w w D Ð ÞÐ  ÑÑ Ð D Ñ Ð ÞÐ  ÑÑÐ  ÑÑ
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propositions 5 and 6, we can use,
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and reduce asymptotically each integral to a non-singular contour integralÞ

Proof. We consider, using 149 , that  is illuminated by the radiation of the electricalÐ Ñ Ww

dipole  with  ( //plane), and thusN . < < . .! !
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where we suppose , , and  regular as . In the case where + Ð@Ñ , Ð@Ñ -Ð@Ñ @ − Ò!ß "Ó œ w w
!V V

œ D  sD + <w (monostatic case), we then obtain,
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and thus 150  We can then, following the theorems 1 and 2, and the propositions 5 and 6,Ð ÑÞ
reduce the field  to a contour integral. For this, we can use 138 , and also,I Ð Ñ
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B.2) Physical Optics diffracted fields and reduction, for a magnetic dipolar source

Theorem 19
The Physical Optics field, diffracted by the surface  with an impedance condition,Ww

illuminated by the magnetic dipole , is given  by  with 149 . It can beQ . < <! !
wœ Ð  Ñ Ð Ñs Ð Ñ$ 45

written, in monostatic case, when  , following.sÞ œ !sD

I . V

V V .
V

. V

µ , Ð Ñ ÐÐ Ñ Ñ .W
 D D

)Ð 35Ñ

 Ð Ñ ÐÐ Ñ Ñ Ð Ð Þ ÑÑ.W
" D

) 35^ #

-Ð Ñ

 ÐÐ Ñ Ñ .
"

) 35^ #

-Ð Ñ

1

<

1

<

1

<

#
w w # w

w

# #
!

D w
# w w

#
!

D w
# w

s
V V
µ µ

s s V
µ

V
µ s

s V
µ

V
µ

‚

‚ ‚

‚

(
(
(

W

W

V
µ

W

V
µ

w

w

w

D D

W Ð Ñw 155

for large , with , . Considering the5V - ´ + , Ð ÑÐ Þ Ñ œ Ð  D Ñ
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propositions 5 and 6, we can use,
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and reduce asymptotically each surface integral to a non-singular contour integralÞ

Proof. We consider, using 149 , that  is illuminated by the radiation of the magneticÐ Ñ Ww
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where we suppose , , and  regular as . In the case where + Ð@Ñ , Ð@Ñ -Ð@Ñ @ − Ò!ß "Ó œ w w
!V V

œ D  sD + <w (monostatic case), we then obtain,



                                                                                                                             - 50 -

I .

? ? . . .

V

œ D, Ð ÑÐ Ñ Ð Ñ ÐV Ñ.W
" D

)Ð 35Ñ V V V
µ µ µ s

 , Ð Ñ ÐV ÐÐ Ñ Ñ Ð Ð Þ Ñ  Ñ  #Ð Ñ Ñ.W
" D

%Ð 35Ñ V
s

µ

V V
µ µs s s

 -Ð Ñ
" D

) 35^ V V
µ µ

1

< <

1

< <

1

<

#
W

w w w w
w w

#
W

w # w # w
w w

#
! W

w

(
(
(

w

w

w

‚

‚D

‚ ‚ ‚ ‚ ‚

‚

‚ ‚ ‚

Ð Ð ÐV Ð Ñ Ð Ñ  ÑÑÑ.Ws s
µ

V V
µ µs s#

µ , Ð ÑÐÐ Ñ Ñ V.W
 D D

)Ð 35Ñ
s

V V
µ µ

 -Ð ÑV Ð ÑÐ ÞÐ Ð ÑÑÐ Ñ .
" D

) 35^ V V V
µ µ µ

µ
s s s

D D

V D D

< <

1

<

1

< <

w w
w w

#
W

w w # w
w

#
!

w w
w

? ? . .

.

? ? .

(
(

w

W

 -Ð ÑV ÐÐ Ñ Ð ÑÑ.W Ð Ñ
" D

) 35^ V V V
µ µ µ

µ s

w

#
!

w w
w w

1

< <( V ‚ ‚ ‚? ? . 158

and thus 155 . We can then, following the theorems 1 and 2, and the propositions 5 and 6,Ð Ñ
reduce the field  to a contour integral. For this, we can use 138 , (145), andI Ð Ñ
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