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Abstract

Mixed effects models are popular tools for analyzing longitudinal data from several individuals si-
multaneously. Individuals are described by N independent stochastic processes (X;(t),¢ € [0,T]),
i=1,...,N, defined by a stochastic differential equation with random effects. We assume that the
drift term depends linearly on a random vector ®; and the diffusion coefficient depends on another
linear random effect ¥;. For the random effects, we consider a joint parametric distribution leading to
explicit approximate likelihood functions for discrete observations of the processes X; on a fixed time
interval. The asymptotic behaviour of the associated estimators is studied when both the number of
individuals and the number of observations per individual tend to infinity. The estimation methods

are investigated on simulated and real neuronal data.

Key Words: asymptotic properties, discrete observations, estimating equations, parametric inference,

random effects models, stochastic differential equations.

1 Introduction

Mixed effects models are popular tools for analyzing longitudinal data from several individuals simulta-
neously. In these models, the individuals are described by the same structural model and the inclusion
of some random effects enables the description of the inter-individual variability which is inherent to the
data (see Pinheiro and Bates (2000) for instance). The qualification "mixed-effects" comes from the fact
that these models often include two kinds of parameters: the fixed effects that are common to all indi-
viduals and the random effects that vary from one individual to another according to a given probability
distribution. Such models are especially suited in the biomedical field where typical experiments often
consist of repeated measurements on several patients or experimental animals. In stochastic differential
equations with mixed effects (SDEMEs), the structural model is a set of stochastic differential equations.
The use of SDEMEs is comparatively recent. It has first been motivated by pharmacological applications
(see Ditlevsen and De Gaetano (2005), Donnet and Samson (2008), Delattre and Lavielle (2013), Leander
et al. (2015), Forman and Picchini (2016) and many others) but also neurobiological ones (as in Dion

(2016) for example). The main issue in mixed-effects models as well as in SDEMEs is the estimation
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of the parameters of the distribution of the random effects. It is often difficult in practice due to the
untractable likelihood function. In the SDEMEs framework, many methods have now been proposed.
In Ditlevsen and De Gaetano (2005), the special case of a mixed-effects Brownian motion with drift is
treated. For general models, methods are based on various numerical approximations of the likelihood
(Picchini et al. (2010), Picchini and Ditlevsen (2011), Delattre and Lavielle (2013)). For what concerns
the exact likelihood approach or explicit estimating equations, the main contributions to our knowledge
are from Delattre et al. (2013), Delattre et al. (2015) and Delattre et al. (2016). In this paper, we ex-
tend the framework of these three papers, considering discrete observations adding simultaneous random
effects in the drift and diffusion coefficients by means of a joint parametric distribution. The problem of
estimating simultaneously the distributions of random effects in the drift and in the diffusion coeffcient
has never been studied theoretically to our knowledge.

More precisely, we consider N real valued stochastic processes (X;(t),t > 0),4 =1,..., N, with dynamics

ruled by the following random effects stochastic differential equation (SDE):
dX;(t) = ®b(X;(t))dt + V;0(X;(t))dWi(t), X;(0)=z,i=1,...,N, (1)

where (Wy,...,Wy) are N independent Wiener processes, ((®;,¥;),i = 1,...N) are N i.i.d R% x
(0, +00)-valued random variables, ((®;,¥;),i =1,...,N) and (W1,...,Wy) are independent and x is a
known real value. The functions o(.) : R — R and b(.) = (by(.),...,ba(.)) : R — R? are known. The
notation X’ for a vector or a matrix X denotes the transpose of X. Each process (X;(¢)) represents
an individual and the d + 1-dimensional random vector (®;, ¥;) represents the (multivariate) random
effect of individual 7. In Delattre et al. (2013), the N processes are assumed to be continuously observed
throughout a fixed time interval [0, 7], T > 0 and ¥; = v~'/2 is non random and known. When ®; follows
a Gaussian distribution Ny(p, 7~ 1€2), the exact likelihood associated with (X;(t),t € [0,7],i =1,...,N)
is explicitely computed and asymptotic properties of the exact maximum likelihood estimators are derived
under the asymptotic framework N — +o0. In Delattre et al. (2015), the case of b(.) = 0 and ¥; = F;l/z
with I'; following a Gamma distribution G(a, ) is investigated. The processes (X;(t)) are supposed
to be discretely observed on the fixed-length time interval [0,T] at n times t; = jT/n. With this
parametric distribution for the random effects ¥;, an explicit approximate likelihood is built and the
associated estimators are studied assuming that both the number N of individuals and the number n of
observations per individual tend to infinity. In Delattre et al. (2016), the previous papers are extended

—1/2

and improved by considering for model (1) the cases ®; ~ Ny(pu, 7 1Q), ¥; =~ non random but

unknown or ®; = ¢ non random and unknown and ¥; = F;l/ % with T'; following a Gamma distribution.
The joint estimation of respectively (v, p, ) and (), a, ) is studied.

Our aim here is to study the case where both ®; and ¥; are random and have a joint parametric
distribution. We assume that each process (X;(t)) is discretely observed on a fixed-length time interval
[0,T] at n times t; = jT/n. We consider a joint parametric distribution for the random effects (®;, ¥;)
and estimate the unknown parameters from the observations (X;(t;),7 = 1,...,n,i = 1,...,N). We
focus on distributions that give rise to explicit approximations of the likelihood functions so that the

construction of estimators is easy and their asymptotic study feasible. Joining the two cases of Delattre



et al. (2016) in a single one, we assume that (®;, ;) has the following distribution:

1
\Ili: F1/2’

I ~G(a,)\), and given T'; =, ®; ~ Ny(p, 7' Q). (2)
Thus, ®; and ¥; are dependent and the unknown parameter is ¥ = (A, a, u, ). Let us stress that,
contrary to the common Gaussian assumption for random effects, the marginal distribution of ®; is not
Gaussian: ®; — p = I‘;lmm, with n; ~ Ng(0,€), is a Student distribution. We propose two distinct
approximate likelihood functions which yield asymptotically equivalent estimators as both N and the
number n of observations per individual tend to infinity. We obtain consistent and /N-asymptotically
Gaussian estimators for all parameters under the condition N/n — 0. We compare the results with
estimation for direct observation of the random effects; we also compare the results with the analogous
ones based on continuous observation of the diffusions sample path.

The structure of the paper is the following. Some working assumptions and two approximations of the
model likelihood are introduced in Section 2. Two estimation methods are derived from these approximate
likelihoods in Section 3, and their respective asymptotic properties are studied. Section 4 provides
numerical simulation results for several examples of SDEMEs and illustrates the performances of the
proposed methods in practice. Section 5 concerns the implementation on a real neuronal dataset. Some

concluding remarks are given in Section 6. Theoretical proofs are gathered in the Appendix.

2 Approximate Likelihood.

Let (X;(¢t),t > 0), ¢ = 1,...,N be N real valued stochastic processes ruled by (1). The processes
(Wi,...,Wy) and the r.v.’s (;,¥,;),i = 1,..., N are defined on a common probability space (92, F,P)
and we set (F; = o(®;, U,;, W;i(s),s < t,i=1,...,N),t > 0). The set of assumptions is the same as in
Delattre et al. (2016). We assume that:

(H1) The real valued functions z — b;(z), j = 1,...,d and © — o(z) are C? on R with first and second
derivatives bounded by L. The function o(.) is lower bounded : 3 oy > 0,Vx € R, o(z) > 09.

(H2) There exists a constant K such that, Vz € R, [|b(z)| + |o(z)] < K.
(||| denotes the Euclidian norm of R9.)

Assumption (H1) ensures existence and uniqueness of solutions of (1) (see e.g. Delattre et al. (2013)).
Under (H1), for i = 1,..., N, for all deterministic (p,%) € R? x (0,400), the stochastic differential
equation

dX7 () = '0(XPY (8)dt + Yo (X (1) dWi(t), X77(0) =2 (3)

admits a unique strong solution process (X Y (t),¢ > 0) adapted to the filtration (F;). Moreover, the
stochastic differential equation with random effects (1) admits a unique strong solution adapted to (F;)
such that the joint process (®;,¥;, X;(t),t > 0) is strong Markov and the conditional distribution of
(Xi(t)) given ®; = ¢, ¥; = ¢ is identical to the distribution of (3). The processes (®;, ¥, (X;(t),t >
0)),i=1,...,N are i.i.d.. Assumption (H2) simplifies proofs.

The processes (X;(t)) are discretely observed with sampling interval A,, on a fixed time interval [0, T]



and we set:
T

A, =A= o Xin=Xi=Xi(tjn), tjn=t;=3T/n, j=1,...,n). (4)
The canonical space associated with one trajectory on [0,7] is defined by ((R? x (0,+00) x C7), Py)
where Cr denotes the space of real valued continuous functions on [0,T], Py denotes the distribution of
(®;, Uy, (X;(t),t € [0,T]) and ¥ the unknown parameter. For the N trajectories, the canonical space is
H?f:l((Rd x (0, +00) x Cr),Py = ®;, Py). Below, the true value of the parameter is denoted .
The likelihood of the i-th vector of observations is obtained by computing first the conditional likelihood
given ®; = ¢, ¥; = 1), and then integrate the result with respect to the joint distribution of (®;, ¥;). The
conditional likelihood given fixed values (¢, ), i.e. the likelihood of (Xf’w(tj),j =1,...,n) being not
explicit, is approximated by using the Euler scheme likelihood of (3). Setting ¢ = v~ 1/2 it is given by:

Ln(Xi,na Y 90) = Ln(Xia Y 90) = ’Yn/Z exp [_%(Si,n + QO/Vi,nQO - 2<P/Ui,n)]7 (5)
where )
1~ (Xilty) — Xi(tj-1))

Sin =81 =~ J 1 ) 6

’ AL Xty ) ©

Vi = Vi = ZAbk(Xi(tj—l))be(Xi(tj—l)) )

o2(Xi(tj-1)) ’
1<k,e<d

Uin=Ui= 3 br (Xi(t; 1)) (Xi(t;) — Xi(tj-1)) ()

= o?(Xi(tj-1))

1<k<d
Then, the unconditional likelihood is obtained integrating with respect to the joint distribution vy (dy, dp)
of the random effects (I'; = U2, ®;):

N
EN,n(ﬂ) = Hﬁn(Xi,naﬂ)a ﬁn(Xi,naﬁ) = /Ln(Xi,na%SD)Vﬁ(d%dSO)'

i=1

In general, this does not lead to a closed-form formula. The joint distribution (2) proposed here allows

to obtain an explicit formula for the above integral. Some additional assumptions are required.

(H3) The matrix V;(T') is positive definite a.s., where

([ Oeone,
Vi(T) = </0 o?(Xi(s)) ! >1<k,f<d' !

(H4) The parameter set satisfies, for constants m, ¢y, c1, o, ¢1, g, 1,
||I»I/H S m, )\mam(n) S C1, 0< f() S A S El) 0< (7)) S a S ay,

where A4, (€2)) denotes the maximal eigenvalue of Q.

Assumption (H3) ensures that all the components of ®; can be estimated. If the functions (by/0?) are
not linearly independent, the dimension of ®; is not well defined and (H3) is not fulfilled. Note that, as
n tends to infinity, the matrix V; ,, defined in (7) converges a.s. to V;(T") so that, under (H3), for n large



enough, V; ,, is positive definite.
Assumption (H4) is classically used in a parametric setting. Under (H4), the matrix €2 may be non

invertible which allows including non random effects in the drift term.

2.1 First approximation of the likelihood

Let us now compute the approximate likelihood £,,(X; ,, ) of X; ,, integrating L, (X, ., 7, ¢) with respect
to the distribution (2). For this, we first integrate L,,(X;,~, ¢) with respect to the Gaussian distribution
Ny(p,7v~1€2). Then, we integrate the result w.r.t. the distribution of T';. At this point, a difficulty arises.
This second integration is only possible on a subset E;,,(¢) precised now. Let I; denote the identity
matrix of R¢ and set, fori=1,..., N,

Rin =V ' +Q=V_ (Ia+Vin®Q) = (Ia + QV; )V, (10)

i,n

which is well defined and invertible under (H3). Define

Ti,n(:u'a Q) = (/L - Vz_nle,n)/RZ; (/1' - ‘/Z;LIUZ,TL) - Ui/,nvi,_nlUi,n7 (11)
Ei,n(’ﬂ) = {Sz,n + Ti,n(“a Q) > 0} ) EN,n(ﬁ) = mivzlEi,n(ﬁ)' (12)

Proposition 1. Assume that, for i = 1,...,N, (®;,V;) has distribution (2). Under (H1)-(H3), an
explicit approzimate likelihood for the observation (X, n,i=1,...,N) is on the set En n(9) (see (12)),

N
Lyn(@) =] Ln(Xin,0),  where (13)
AT (a+ (n/2)) 1

En(Xi,nv 19) =

. 14
D) (h+ S+ Bl et (det(Ta + Vi $0) 17 "
We must now deal with the set Ey ,,(9). For each i, elementary properties of quadratic variations yield
that, as n tends to infinity, S;,,/n tends to I'; L in probability. On the other hand, the random matrix

Vi tends a.s. to the integral V;(T') and the random vector U, , tends in probability to the stochastic

Ul(T)(/o OZ(Xi(S))dXZ( )>1<k<d. 15

Therefore T; ,,(pt, ) /n tends to 0 (see (11)). This implies that, for all ¢ = 1,..., N and for all (6y,6),

Py, (Ei n(¥)) = 1 as n tends to infinity. However, we need the more precise result

integral

V1971907 ]P)’l% (Ean(’l?>) — L

Moreover, the set on which the approximate likelihood is considered should not depend on 9.
To this end, let us define, for @ > 0, using the notations of (H4),

Mi,n = max{01 + 2,2m2}(1 + ||Uz,n||2) 3 Fi,n = {S'L,n — Mi,n 2 a\/ﬁ} H FN,n = ﬂﬁilFi’n. (16)



Lemma 1. Assume (H1)-(H4). For all ¥ satisfying (H4) and all i, we have F; ,, C E; ,(9).
If ap > 4 and as N,n — oo, N = N(n) is such that N/n? — 0, then,

Vﬁo, ]P)ﬂo(FN,n) — 1.

Consequently, for all ¥, Py, ( En ,(9)) — 1 and (13) is well defined on the set F ,, which is independent
of ¥ and has probability tending to 1.

2.2 Second approximation of the likelihood

Formulae (13)-(14) suggest another approximation of the likelihood which is simpler and related to
the likelihood functions obtained in Delattre et al. (2013) and Delattre et al. (2015). We give this

approxmation without being rigorous. The formula is justified a posteriori. We can write:

Ln(Xin, 0) = LY (X, 9) x L (Xi0,9) (17)

AT (a + (n/2))
T(a)(A + 22 )at(n/2)
(}\+ L;)a+(n/2) 1

(A + Zgn 4 Tl yar(o/2) (det(La + Vin )2

LX) = LO(X;n, N a)=

KSLQ) (Xi,’rn 19)

The first term L'Sll)(Xi,n,ﬁ) only depends on (), a) and is equal to the approximate likelihood function
obtained in Delattre et al. (2015) for b = 0 and I'; ~ G(a, ). For the second term, we have:

@, 9 = —(a+ " 1 Tin(p,2) ) 1 :
log £;(Xin,9) (a + 2)log <1 + - (2% n Snin) 5 log (det(I4 + Vi n2)).

As for n tending to infinity, T}, (1, ©2) tends to a fixed limit and S;,,/n tends to I'; ', this yields:

(a+ %) T;n(p, Q)
n (2% 4 Sliﬂ)

n

log E,(f) (Xin, V) ~ —

1
~3 log (det(Ig + Vi n2))

n 1
~ 7mTi7n(u, Q) — 3 log (det(Ig + V; nS2)).

Now, the above expression only depends on (u,€2). Morevover, as the term U/ V, 'U; ,, in T, (u, Q)

,n " i,n

does not contain unknown parameters, we can forget it and set:

Vo Xin,¥) = V(X 0, N a) + VI (X, 1, Q) (18)

n



with

alog A —logT'(a) — (a + g)log()\ + %) +log'(a + (n/2))

1
(1= Vi Uin) B (1= Vi Uin) = 5 log (det (L + Vin )

VI (X0, A a)

n

V;Q)(Xi,nal'lwﬂ) 2S

and define the second approximation for the log-likelihood: V' ,,(9) = Zf\il V(X 5, ¥). Thus, estima-
tors of (A, a) and (u, Q) can be computed separately.

3 Asymptotic properties of estimators.

In this section, we study the asymptotic behaviour of the estimators based on the two approximate
likelihood functions of the previous section. A natural question arises which concerns the comparison
with the estimation when direct observation of an i.i.d. sample (®;,T;),s =1,..., N is available (details

are given in Section 8.3).

3.1 Estimation based on the first approximation of the likelihood

We study the estimation of ¥ = (A, a, p, ) using the approximate likelihood £y (1) given in Proposition
1 on the set FN n studied in Lemma 1 (see (13), (14), (16)).
Let

_ A+ (Si,n/Q) + (Ti,n(u’) Q)/Q)
a+mn/2

By (H4), using notations (16), we have A+ S; /2 + T; (1, )/2 > (Sin, — My n)/2. On the set F; ,,

Zin > af(yn+2(c1/y/n)) > 0 where o is defined in (H4). Instead of considering log £,,(X;,9) on F; ,,

to define a contrast, we replace log Z; , by 1r, , log Z; , and set Uy () = vazl U, (X;,9), with

Zi7n(a7)\al1'7ﬂ) = ZZ . (19)

U, (Xins¥) = alogh—logT(a) +logI(a + (n/2)) — (a+ (n/2))log(a + (n/2))
—% log det(Ig+ V; n§2) — (a + (n/2))1F, , log Z; n.
Define the gradient vector
Gnn(9) = VyUn n(9) (20)

We consider the estimators defined by the estimating equation:

Gnm(Onn) = 0. (21)

To investigate their asymptotic behaviour, we need to prove that Z; ,, defined in (19) is close to I';’ ! and

that 15 Z7!is close to I';. For this, we introduce the random variable

©,Mn i71’7,

L (Wity) — Wi(t;-))? 1
st = s = upy; Bl = o) @)
=1 '



[CORPTEY
which corresponds to S; ,, when b(.) = 0, 0(.) = 1. Then, we split Zz-yn—l“i_1 into Z; ,, — == —|—h—F and

n

study successively the two terms. The second term has explicit distribution as Cz(lrz has x?(n) distribution
and is independent of I';. The first term is treated below. We proceed analogously for 1p, HZM} r;
intoducing n/Sl(ln)

From now on, for simplicity of notations, we consider the case d = 1 (univariate random effect in the drift,
i.e. i = p,w? = ). The case of d > 1 does not present any additional difficulty. Let ¥ = (), a, u, w?).

Lemma 2. For all p > 1, we have

(1) P
, ,S' - - <i 2p 2p 4p 2p,/,2p
Ey Zin |\Ijz—7//a(1)z—§0 ~ p(lJrSﬁ + PP+ PP + P )
p
_ n 1 _ _ _
Eﬁ<uaéSm1aAwf—M@f—¢>sngl+u+w%xw2P+w4m+¢@+w@+w@w4%.

Using (7),(8), we set
Uin — Vi Vin
Apy =2 BYn g By, = ——in 23
" e, 0 T T TR e, 23)

Let ¢(u) = % denote the di-gamma function and F¢ denote the complementary set of F. We obtain

N
a-U'N,n o 1
o = ;(_Z )
ouU al
ag,n (19) = N(w(a—l—n/Q) —10g (a+n/2) — —|—10g)\ ; <1F1.7n logZim — 1F‘LL,77.) s
N N
OUnn 1 1 8 1
N9y = =S g Z ST (w 1p Z7 A0,
8/11 ) 2 ; Fz,n 1,1 a (lu' ) ; Fm,n 7,1 ’
N N
OUNn 1 Vin 1 0 1 —1 42
’ 19 = —_— —— ]- Z /-I—lbn 5 A - ZTL :
Ow? ) 2;(14—0.)2%”—'_ Finin 5,270 ) 2; FinZin )
Using (9),(15), we set
Ui(T) — pVi(T) 2 Vi(T)
AT pyw?) = ——~—"=2 and By(T; = 24
(Tipe?) = PSS and Bty = G (24)
and
J(9) = Egl'y By (T;w?) gLy A1(T; p,w?) Br(T5 w?) (25)
By Ay (T p,w?) By (T w?) By (1 A%(T; p,w?) By (T w?%) — L BY(T;w?)) .
Denote
a 1
Iy(\a)=| * A (26)
< -3 ¥'(a)
the Fisher information matrix associated with the direct observation (I'1,...,I'x) (see Section 8.3). We
now state:



Theorem 1. Assume (H1)-(Hj), a > 4, and that n and N = N(n) tend to infinity. Then, for all 9,

!
e IfN/n? =0, N~1/2 (%(ﬁ), atg,;,” (19)) converges in distribution under Py to the Gaussian law
NQ(Ov IO(A7 a))

!/
e If N/n — 0, N~1/2 (ag#(ﬁ),i =1,... ,4) converges in distribution under Py to Ny(0, T (9))

where
[ Lna)| o
J0) = ( 0 |Jw )

and the matriz J(¥) defined in (25) is the covariance matriz of the vector

141 (T: . %) ) . (27)

< 3 (T1A(T, p,w?) — B1(T;w?))

e Define the opposite of the Hessian of Uy n(9) by TInn(9) = (—#;9]_ Unn(9))ij=1,... 4. Then, if
a>6, asn and N = N(n) tend to infinity, N~ Jn () converges in Py-probability to J (19).

For the proof, we use that A;, (resp. B;,) converges to A;(T;u,w?) (resp. B;(T;w?)) as n tends to
infinity and that Zi_,élpm is close to I'; for large n. Note that Io(\, a) is invertible for all (A, a) € (0, +00)?

(see Section 8.3). We conclude:

Theorem 2. Assume (H1)-(H4), ag > 6, that n and N = N(n) tend to infinity with N/n — 0 and that
J(99) is invertible. Then, with probability tending to 1, a solution 1§N7n to (21) exists which is consistent
and such that N (On ., — o) converges in distribution to Ny(0, T~ 1(90)) under Py, for all 9.

For the first two components, the constraint N/n? — 0 is enough.

The proof of Theorem 2 is deduced standardly from the previous theorem and omitted.

Let us stress that the estimators of (), a) are asymptotically equivalent to the exact maximum likelihood
estimators of the same parameters based on the observation of (I';,;4 = 1,..., N) under the constraint
N/n? — 0. There is no loss of information for the parameters coming from the random effects in the
diffusion coefficient. For the other parameters (p,w?), which come from the random effects in the drift,

the constraint is N/n — 0 and there is a loss of information (see (67)) w.r.t. the direct observation of

((®;,T;),i=1,...,N). For instance, if w? is known, one can see that
EyT, By (T;w?) < Eglyw 2 = —2,
o1 B1(T5w”) < Eyl'w o2

On the other hand, if for all ¢, I'; = v is deterministic , there is no loss of information, for the estimation
of (u,w?), w.r.t. the continuous observation of the processes (X;(t),t € [0,T]) (see Delattre et al. (2013)).

3.2 Estimation based on the second approximation of the likelihood

Now, we consider the second approximation of the loglikelihood (18). We set

. A + (Sz,n/Q)

)



so that
VI (Xin, A a) = alog A = logT(a) +log T(a + (n/2)) — (a+ (n/2))log(a+ (n/2)) — (a+ (n/2)) log & n.

we need not truncate §; ,, as it is bounded from below. For the second term V£L2)(Xi,n, A, a), we need a

truncation to deal with n/S; ,, and make a slight modification. Let, for k a given constant,
n _ _ _ 1
W (X 1,0) = =i, i = Vi Ui R = Vi Usn) = 5 1og (det(Ta + Vi), (29)

and Wy, (u, Q) = Zi\il W, (Xin, 1, ). We set:
Hn () = (VaaVE, (A 0), VoW n (1, Q). (30)
We consider the estimators defined by the estimating equation:
HN () =0. (31)

The estimators (\y ,,,ay ,,) were studied in Delattre et al. (2015) in the case b(.) = 0. We see below that
the non null drift term does not modify their asymptotic behavior.

If we replace Ui, Vi, in (29) by Ui(T), Vi(T) (see (15) and (9)) and g*-1g,  >4.m by a constant value
7, the formula for W ,, becomes the exact log-likelihood studied in Deiéttre et al. (2013) for v known.
Thus, this second approximation of the loglikelihood clarifies (14).

We have the following result.

Proposition 2. Assume (H1)-(H4), ag > 6, that n and N = N(n) tend to infinity with N/n — 0
and that J(¥o) is invertible. Then, with probability tending to 1, a solution ¥y, to (81) exists which is
consistent and such that \/N(ﬂ’]"vn — o) converges in distribution to Ny(0, T ~1(9g)) under Py, for all
Jo (see (25), (26) and the statement of Theorem 2).

For the first two components, the constraint N/n? — 0 is enough.

The estimators J} ,, and J N, are asymptotically equivalent.

4 Simulation study

4.1 Models

Several models are simulated. We investigate both the case of singular (models 2-4) and non singular
(models 1-3) conditional covariance matrix for the random effects ®; in the drift. Only Model (1) satisfies
assumptions (H1)-(H2). However, the other models are classically used and the estimation results show

that our methods perform well even when (H1)-(H2) are not satified.

Model 1. Mixed effects Brownian motion:

dXi(t) = ®ydt +T72dWi(1), Xi(0) =0, Ty ~ G(a,\), illy =7 ~N(uy™'e?)  (32)
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Model 2. Mixed Ornstein-Uhlenbeck process :
AX;(t) = (p— X, (¢))dt + T,/ 2dWi(t), X:(0) =0, T; ~ G(a,A), ®i|T; =7 ~ Ny 'w?)  (33)
Model 3. Mixed Ornstein-Uhlenbeck process (continued):

dXi(t) = (@i Xi(t) + Dip)dt + T 2AWi(1), Xi(0) = 0, i ~ Gla,\), @i [Ty =7 ~ N (ur, 7y~ wd)

@205 =7 ~ N(u2, 7 'w3) (34)
with ®; 1, ®; o conditionnally independent.
Model 4. Mixed C.I.R. process :
AX;(t) = (p— ;. X,;(t))dt + T; 2 /[X(6)]dWi(t), X;(0) =2 > 0 . (35)

Some justification is required for this process. Let X7 denote the process corresponding to deterministic

values of ®; = p,I'; = ~:
dX77(t) = (p— X7 (t))dt + ATL/2 | X727 (6)|dW;(t), X;(0) = 2 > 0. (36)

Statistical inference for the parameters of this process has been extensively studied (see e.g. Overbeck
(1998), Ben Alaya and Kebaier (2012) and Ben Alaya and Kebaier (2013)). For p > 0 and ¢ € R, the
stochastic differential equation (36) admits a unique strong solution such that X7 (¢) > 0 for all ¢t > 0.
Let 79 = inf{t > 0, X7 (t) = 0} denote the first hitting time of the boundary 0. If p > 1/(2v), 70 = +00
a.s. and the process is strictly positive. Otherwise, the process can hit the value 0 and in this case, the
boundary 0 is instantaneously reflecting. In case 0 < p < 1/(2y) and ¢ > 0, 79 < +00 a.s.. In case
0<p<1/(2y) and ¢ < 0, P(1p < +00) € (0,1). To consider mixed effects in C.I.R. processes within
our framework (see (2)), we assume that p is deterministic and positive and that (®;,T';) are such that
T o G(a,N) , ®;|T; = ~ N(u,y 1w?). It is an example of singular Q. The process (35) is thus well
defined and nonnegative. As P(p < 1/(2I';)) = P(I'; > 1/(2p)) < 1, the sample path X;(¢) will hit 0 in
finite time with positive probability with an instantaneous reflection.

4.2 Simulation design and results

For each SDE model, 100 data sets are generated with N subjects on the same time interval [0, 7], T = 5.
Each data set is simulated as follows. First, the random effects are drawn, then, the diffusion sample
path are simulated with a very small discretization step-size 6 = 0.001. Exact simulation is performed
for Models 1, 2 and 3 whereas the approximate discretization scheme described in Alfonsi (2005) is used
for Model 4 and yields positive values. The time interval between consecutive observations is taken equal
to A = 0.01 or 0.05 with a resulting time interval [0,nA]. The model parameters are then estimated by
Method 1 (section 3.1) and Method 2 (section 3.2) from each simulated dataset. The empirical mean and

standard deviation of the estimates are computed from the 100 datasets (Tables 3 to 6) and are compared
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with those of the estimates based on a direct observation of the random effects (Tables 1 and 2). As the
parameters of Gamma distributions are uneasy to estimate in practice, we use an other parametrization
in terms of m = a/\ and t = ¥ (a) — log(\), and we present the estimates of m and t rather than the
estimates of @ and A.

Both estimation procedures require some truncations. Let us make some remarks about the truncation
used in the first estimation method. Although it performs well in theory, the truncation defined by
means of the sets Fj , is not adequate for a practical use. We have indeed observed that, even for very
small values of «, a large number of simulated trajectories do not belong to the sets F;,, (see (16)),
leading to poor estimation performances. For implementing the first method, we have thus replaced
lp,, by 1z, ,>c/ym) In the definition of U, (X; ,9) and then numerically optimized the corresponding
new contrast. Here, we choose ¢ = 0.1. The interest of introducing the sets F; , was that they do not
depend on the parameters and this simplifies differentiation. However, the main theoretical proof only
requires the condition Z; ,, > ¢/+/n) (see Lemma 2). The present simulation study shows that the method
performs well in practice. Concerning the second estimation method, we use k = 0.1 (see (29)).

We observe from Tables 3 to 6 that the two estimation methods have similar performances overall. Both
estimate the parameters with very little bias whatever the model and the values of n and N. The
standard deviations of the estimates are very close for the two methods as well, except in Model 4
where the estimates are more variable with method 1 than with method 2. We guess that the numerical
optimisation of the first contrast is more difficult than the one of the second contrast which decouples
the estimation of the parameters of the conditional Gaussian distribution from the estimation of the
parameters of the Gamma distribution. We can remark that the estimates for m and ¢ obtained from the
observations of the SDEs have similar standard deviations as those obtained from a direct observation of
the random effects, whereas they are higher for parameters p and €2 (except for Model 1 where they are
equal). This is expected from the theory (see remark following Theorem 2). The bias and the standard
deviations of the estimates generally decrease as N increases. When N is fixed, increasing the number
n of observations per trajectory decreases bias but does not have any impact on the estimates standard
deviations. This is in accordance with the theory since the asymptotic distribution of the estimates is
obtained when N/n — 0 or N/n? — 0 according to the parameters, and the rate of convergence is V'N.
Although n = 200 does not fulfill N/n — 0 in our simulation design, the results in this case are very
satisfactory which encourages the use of these two estimation methods not only for high but also moderate
values of n. Let us stress that assumptions (H1)-(H2) are not satified by Models 2, 3 and 4. This does
not deteriorate the performances of the estimation methods. Note also that although the matrix €2 is

singular in Models 2 and 4, the model parameters are well estimated.
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Direct observations of N i.i.d. (®;,I;) s.t. I'; ~ G(a,\), ®;|]; = v ~ N (u,7 1w?)

N =50 N =100
Parameter True value | Mean s.d. Theor. s.d. | Mean s.d. Theor. s.d.
1 -0.50 -0.51 0.06 0.05 -0.50 0.04 0.04
w? 0.50 0.50 0.09 0.10 0.49 0.08 0.07
m 4.00 3.99 0.23 0.20 3.99 0.14 0.14
t 1.32 1.32 0.06 0.05 1.32  0.04 0.04
1 -0.50 -0.50 0.02 0.02 -0.50 0.02 0.02
w? 0.10 0.10 0.02 0.02 0.10 0.01 0.01
m 4.00 4.00 0.21 0.20 4.02 0.14 0.14
t 1.32 1.32  0.05 0.05 1.33  0.03 0.04
1 -1.00 -1.00 0.02 0.02 -1.00 0.02 0.02
w? 0.10 0.10  0.02 0.02 0.10 0.02 0.01
m 4.00 3.98 0.19 0.20 4.01 0.14 0.14
t 1.32 1.32  0.05 0.05 1.33  0.04 0.04

Table 1: Empirical mean and standard deviation from 100 datasets; theoretical s.d. of estimators for
different values of N, u and w?, a =8, A =2, m = a/\, t = 1(a) — log \.

Direct observations of N i.i.d. (®;,I;) s.t. I'; ~ G(a,\), ®;|T; = v~ N(u,71Q)
with p = (1, p2) and Q = diag(w?, w3)

N =50 N =100
Parameter True value | Mean s.d. Theor. s.d. | Mean s.d. Theor. s.d.
41 -0.50 -0.50 0.02 0.02 -0.50 0.01 0.02
123 1.00 1.00 0.05 0.05 1.00 0.03 0.04
w? 0.10 0.10 0.02 0.02 0.10 0.01 0.01
w3 0.50 0.51 0.11 0.10 0.50 0.07 0.07
m 4.00 4.01 0.21 0.20 4.01 0.12 0.14
t 1.32 1.33  0.05 0.05 1.33  0.03 0.04

Table 2: Empirical mean and standard deviation from 100 datasets; theoretical s.d. of estimators for
different values of N, a =8, A =2, m =a/\, t = ¢¥(a) —log \.
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Model 1: dX;(t)

= ®;dt+T; " QdWi(t), X;(0) =
%)

Parameter

Method 1
w2
m
t
Method 2

I
2

w
m
t

True
value

-0.50
0.50
4.00
1.32

-0.50
0.50
4.00

Pi NdG(a’7>\)a(I)Z‘F2:’yNN(Mu w
. N =50 N =100
A =002 A =0.005 A=0.025 A=0.005
(n=200)  (n = 1000) (n=200) (n = 1000)
-0.51 (0.06) -0.51 (0.06) -0.50 (0.05) -0.50 (0.05)
0.49 (0.12)  0.50 (0.13) 0.48 (0.10)  0.48 (0.10)
4.00 (0.24)  3.99 (0.23) 4.02 (0.15)  4.00 (0.15)
1.28 (0.06)  1.31 (0.06) 1.28 (0.04)  1.31 (0.04)
-0.49 (0.06) -0.51 (0.06) -0.48 (0.05)  -0.50 (0.05)
0.45 (0. 11) 0.49 (0.12) 0.44 (0.09)  0.48 (0.10)
3.85 (0.22)  3.96 (0.23) 3.87 (0.14)  3.97 (0.14)
1.24 (0.06)  1.30 (0.06) 1.24 (0.04)  1.30 (0.04)

1.32

Table 3: Empirical mean and (empirical s.d.) of estimators for different values of N and n, truncations
c=k=01m=a/\ t=1(a) —logA.

Model 2: dX;(t) = (p — ®;X;(t))dt + T, 2dW,(t), X;(0) = 0
T ~ G(a,\), &[0 =5~ N(p,y'w?)
Parameter True N =50 N =100

value A =0.025 A =0.005 A =002 A=0.005

(n=200) (n = 1000) (n=200) (n = 1000)
Method 1

p 1.00  1.00 (0.08) 1.00 (0.08) 0.99 (0.05) 1.00 (0.05)

L 0.50  0.50 (0.06) 0.50 (0.06) 0.49 (0.04)  0.50 (0.05)

w? 0.10  0.10 (0.05) 0.09 (0.04) 0.10 (0.04)  0.10 (0.04)

m 4.00  4.10 (0.22) 4.01 (0.21) 4.12 (0.16)  4.03 (0.16)

t 1.32  1.30 (0.05) 1.31 (0.05) 1.31 (0.04) 1.32 (0.04)
Method 2

p 1.00  0.99 (0.07) 1.00 (0.08) 0.98 (0.05)  0.99 (0.05)

L 0.50  0.49 (0.06) 0.50 (0.06) 0.48 (0.04)  0.49 (0.04)

w? 0.10  0.08 (0.04) 0.09 (0.04) 0.09 (0.03)  0.09 (0.04)

m 4.00 3.95(0.21) 3.99 (0.21) 3.97 (0.14)  4.01 (0.14)

t 1.32  1.26 (0.05) 1.30 (0.05) 1.27 (0.04) 1.31 (0.03)

Table 4: Empirical mean and (empirical s.d.) of estimators for different values of N and n, truncations
c=k=01 m=a/\ t=1(a) —log A\
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Model 3: dX;(t) = (®;1X;(t) + ®;0)dt + T /2dW;(t), X;(0) = 0
r; i Gla,\) , ®ia|Di =y ~ N(p1, 7 'wi) , @il = ~ N(p2, 7 'w3)
Parameter  True N =50 N =100

value A =0.025 A = 0.005 A =0.025 A =0.005

(n=200) (n=1000) (n=200) (n=1000)
Method 1

111 0.50  -0.50 (0.10) -0.50 (0.08)  -0.51 (0.08) -0.51 (0.05)

b2 1.00  1.01 (0.14)  1.01 (0.13) 1.01 (0.10)  1.00 (0.07)

w? 0.10  0.13 (0.14)  0.14 (0.22) 0.16 (0.20)  0.12 (0.07)

w3 0.50  0.61 (0.35)  0.59 (0.35) 0.63 (0.45)  0.55 (0.20)

m 4.00 4.09 (0.31) 4.02 (0.22) 4.05 (0.20) 4.01 (0.15)

t 1.32  1.31(0.08) 1.33 (0.06) 1.30 (0.05)  1.32 (0.04)
Method 2

" 050 -0.48 (0.07) -0.49 (0.07)  -0.49 (0.04) -0.50 (0.04)

1o 100 0.97 (0.11) 0.9 (0.11) 0.97 (0.06) 0.9 (0.06)

w? 0.10  0.09 (0.06)  0.09 (0.06) 0.09 (0.05)  0.10 (0.05)

w3 0.50  0.49 (0.20)  0.52 (0.23) 0.48 (0.13)  0.50 (0.13)

m 400  3.96 (0.22)  4.00 (0.21) 3.95 (0.12)  4.00 (0.12)

t 1.32  1.27 (0.06)  1.31 (0.05) 1.26 (0.03)  1.31 (0.03)

Table 5: Empirical mean and (empirical s.d.) of estimators for different values of N and n, truncations
c=k=0.1m=a/\ t=1y(a)—logA.

Model 4: dX;(t) = (pX;(t) — ®;)dt + T, *\/1X;(£)[dW;(t
Ly ~ Gla, ) <I>|F =y~ Nty 1w)
Parameter  True =50 =100

value A =0. 025 A = 0.005 A= 0.025 A =0.005

(n=200) (n = 1000) (n=200) (n = 1000)
Method 1

P 4.00  3.97 (0.68) 4.04 (0.69) 3.85 (0.58) 3.88 (0.61)

M 1.00  0.99 (0.16) 1.01 (0.17) 0.96 (0.14)  0.97 (0.15)

w? 0.10  0.10 (0.06) 0.10 (0.06) 0.11 (0.06)  0.10 (0.05)

m 4.00  4.09 (0.25) 3.98 (0.21) 4.14 (0.23)  4.02 (0.15)

t 1.32  1.30 (0.06) 1.31 (0.05) 1.32 (0.05) 1.32 (0.04)
Method 2

p 4.00  3.95 (0.49) 4.02 (0.48) 3.82 (0.33)  3.90 (0.34)

M 1.00  0.99 (0.12) 1.00 (0.12) 0.95 (0.08)  0.97 (0.09)

w? 0.10  0.09 (0.04) 0.10 (0.04) 0.09 (0.03)  0.09 (0.03)

m 4.00  4.03 (0.20) 3.9 (0.19) 4.08 (0.15)  4.02 (0.15)

t 1.32  1.28 (0.05) 1.31 (0.05) 1.30 (0.04) 1.32 (0.04)

Table 6: Empirical mean and (empirical s.d.) of estimators for different values of N and n, truncations
c=k=0.1m=a/\ t=1y(a)—logA.
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5 Implementation on real data

We now analyze some real neuronal data that are available in the R-package mixedsde. These data were
first studied by Picchini et al. (2008, 2010). A complete description can be found in Dion (2016). The
dataset is composed of N = 240 membrane potential trajectories. The observations are expressed in
Volts. Each trajectory is observed at n = 2000 equidistant time points on a common time interval [0, T
with 7" = 0.3s. Hence, the sampling time interval is A = 0.00015s. Models of the form:

dX;(t) = (®i1 — 02X (2))dt + ¥0(X;(1)dW;i(t) , X;(0) =z, (37)

have been proposed for describing this kind of data. This formalism includes the Ornstein-Uhlenbeck
model (OU): o(x) = 1, and the Cox-Ingersoll-Ross model (CIR): o(z) = /|z|. Note that fixed ef-
fect Ornstein-Uhlenbeck diffusions are often used for neuronal data. The fixed effect CIR model was
investigated by Hopfner (2007).

The parameters in (37) have a biological meaning: ®; 1 represents the local average input received by the
neuron after the i*" spike, and ®; 5 is the time constant of the neuron. The parameters ®; 1, ®; 2 and
W, can either be fixed or random but to our knowledge, only models with fixed effects in the diffusion
coefficient were used for describing the present dataset (see Picchini et al. (2008, 2010); Dion (2016); Dion

et al. (2016)). Here, we try to answer two questions:

1) Which of the OU or the CIR is the most appropriate SDE for describing the data?

2) Which parameter should be fixed or random?

For that purpose, we estimate the OU in different configurations:

a. ®; 1 random s.t. ®; 1|Ti~N (u1,wi/T;), ®io = po fixed, ¥; = 1/y/T; random, I';~G(a, N), ,
b. ®; 1 =y fixed, ®; » random s.t. ®; 5|T; ~ N(p2,w3/T;), ¥; = 1/y/T; random, I';~G(a, \),

C. (IDZ'J and (big random s.t. ¢i71|FiNN(,LL1,W%/Fi) and ‘I)i72|FiNN(M2,w%/Fi), (I)i,hq)i,Q independent,
U, = 1//T; random, I';~G(a, \).

and the CIR in configuration b. (see remarks about the CIR in the simulation section).

To allow the estimation of both CIR and OU, the two trajectories taking negative values are omitted,
leading to N = 238. The observations take very small values (9 x 1073 Volts on average). This can
cause numerical difficulties such as lack of precision of the calculations. To avoid this, we change volts in
millivolts and seconds in milliseconds (7" = 300 ms). Parameter estimation can be performed by means
of the methods described above. We favor the second method which is more stable numerically. We then
identify the most appropriate model by comparing the BIC values. BIC is defined as —2log L+ dlog(N)
where £ denotes the likelihood of the observations evaluated at the parameter estimate and d is the
number of model parameters. Here, £ is not explicit, thus approximated by the approximate likelihood
given by equations (13) and (14). The different BIC values and the parameter estimates are reported
in Table 5. Note that E(1/T;) = A/(a — 1) is a more relevant value in this model as it represents the
expectation of the square of the random effect ¥;. From the BIC criterion, the Cox-Ingersoll-Ross model

better suits to the data than Ornstein-Uhlenbeck models. To our knowledge, there does not exist any
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Model | w? 142 w3 a A A(a—1) BIC

OU.a | 0.380 - 0.039 | 2.89 x 10~% | 16.203 | 2.932 0.193 8.80 x108
OU.b | 0.379 | 0.015 | 0.037 - 16.203 | 2.932 0.193 8.80 x108
OU.c | 0.377 | 0.017 | 0.038 | 3.37 x 10> | 16.203 | 2.932 0.193 8.80 x108
CIR.b | 0.482 - 0.049 0.003 12.836 | 0.349 0.029 1.05 x10%

Table 7: Neuronal data: BIC values of the different candidate models.

analysis of these data by means of Cox-Ingersoll-Ross models. The parameter estimations obtained with
the Ornstein-Uhlenbeck models are nevertheless consistent with those available in the literature (Picchini
et al. (2008, 2010); Dion (2016); Dion et al. (2016)) while taking into account the change of scale.

6 Concluding remarks

In this paper, we study one-dimensional stochastic differential equations including linear random effects

1/2 in the diffusion coefficient. Such framework

®; in the drift and one multiplicative random effect I";”
covers many examples of the literature in which it is often relevant to consider random effects in the drift
and in the diffusion coefficient. We assume that I'; follows a Gamma distribution, whereas conditional
on I';, ®; is multivariate Gaussian. In this specific case, we propose two methods for the estimation of
the model parameters from discrete observations of N trajectories on a fixed length time interval. The
asymptotic properties of the parameter estimates are studied in both cases and lead to asymptotically
equivalent estimators. A simulation study shows that the two methodologies perform well in practice.
Both methods are implemented on a real dataset.

The proofs are derived by assuming the same initial condition for the IV trajectories, but the two esti-
mation methods can also be used with different initial conditions, which occurs in the application on the
neuronal data presented in the last section.

The present study opens up many perspectives. First, a direct extension of this work would be to consider

multidimensional diffusion with mixed effects:
dX;(t) = B(X;(t)®;dt + ¥, 35(X;(t)) dW;(t), X;(0)==z,i=1,...,N, (38)

where X;(t) € R¥, for B(z) is a (k,d)- matrix, ®; is a d-dimensional random effect, X(z) is a (k, k)-
matrix and W; is a R*-Brownian motion. Under the assumption that C(z) = X(x)¥(x)’ is invertible, the
likelihood of the Euler scheme is easily computed and can be integrated with respect to the distribution
(2) of (®;,T;) to obtain the extension of the formula (14).

Second, the proposed estimation methods require a large number of observations per trajectory. Building
specific estimation methods for fixed n would be an interesting working perspective from a practical point
of view.

Finally, as illustrated in the application, real data analysis raises the difficult question of model selection
and especially the choice of considering fixed or random effects in the drift and in the diffusion coefficient.
We have suggested the use of the Bayesian Information Criterion (BIC) but as pointed out in Delattre
et al. (2014) and Delattre and Poursat (2016), the use of BIC may be inadequate in mixed models.
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Building statistical testing methods to decide which parameter is a challenging perspective.
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7 Appendix

7.1 Proof of Proposition 1

Assume first that Q is invertible. Integrating (5) with respect to the distribution N (u,y~1§2) yields the

expression:
d/2
An Xz n Q = /2 _lsi n 7
( s y Yy s ) Y eXp( 2 ) )(27T)d/2(d6t(ﬂ))1/2 x
1 ¥ _
| exP (VUi = 5¢'Vinp)) exp (=5 (¢ = ) Q7 (0 = p))dip
1/2
— Am/2 _15. M —lT- Q
2 esp (<35 () e (-3 Tl )

where

Tin(p, Q) = p'Q7 ' — m} 2 my (39)
and

Ei,n = Q(Id + ‘/;7n9)—17 m;, = Eiﬁn(Ui,n + Q_llj/)-

Computations using matrices equalities and (7),(8), (10) yield that T}, (u, €2) is equal to the expression

given in (11), i.e.:

Tin (1, 2) = (0 — V' Uin) Ry (0= Vi Ui ) = UL Vi Ui
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Noting that dzte(tz(:;i;) = (det(Ig + V;,n$2)) "1, we get

An (Xi,na Vs My Q) = 771/2 (det(ld + Vz‘,nﬂ))il/2 exp [_% (Si,n + Ti,n(“’v Q))} .

We multiply Ay, (X;n,7, @, Q) by the Gamma density (A%/T'(a))y*~ ! exp (—Ay) and, on the set E; , (V)
(see (12)), we can integrate w.r.t. to v on (0, +00). This gives £, (X; n, ).

At this point, we observe that the formula (14) and the set E; ,, () are still well defined for non invertible
Q. Consequently, we can consider £, (X, V) as an approximate likelihood for non invertible €. O

We now consider the set Fy ,, introduced in (16) which is defined under (H4). Let us stress that this set

does not depend on unknown parameters.

7.2 Proof of Lemma 1

By (10)-(11), we have, using p — Vi;LlUim = Vijl(Vi,nu —Uin),

n
Tin (1, ) = @' Vin (La+ 2V, ) " 4 U;, (Lo + QVip) ™ = L] Vi Uiy =20 Vi (Ia+ 2V, ) 7'V Ui

For two nonnegative symmetric matrices A, B, we have A < B if and only if for all vector z, 2’ Az < 2’ Bx

and in this case, for all vectors x,y, 2¢'Ay < (z +y)' B(z + y). We write:
(Ta+ Vi)™ = Ia = (Ia+ Qi) " Lo — (Ia + QVin)] = —(La + QViy) 712V, < 0.

Therefore, using (H4) and the previous inequality with A =V, (I + m/;,n)—IV*l B =1, yields

T,m

Ul [T+ Qi)™ = L] Vi Uiy = =U] ,(Ia + QV;,) ' QU > —U] QU > —c1||[Uin1?,

7M.

=20V, (Ig + Vi) WV Ui > = (0 + Ui) (4 Uin) > =2(|Uinll? + m?).

This yields
Ti,n(ﬂw Q) Z - [(Cl + 2)||Uz,n

1 +2m?].

We consider (see (12)-(16)): M;,, = max{ci + 2,2m?}(||U;»||*> + 1), and for « > 0, the set F;, =
{%(Si,n - M;,) > %} Then, for all ¥, we have F; ,, C E; ,(9).

For simplicity of notations, we continue the proof for d = 1.

Fix a value ). We study the probability of F;, and Fy , under Py,. For all fixed i =1,...,N, as n
tends to infinity, U; ,, tends to U;(T) and V; ,, tends to V;(T'). Hence, M;,,/n tends to 0 in probability.
Moreover, %Sm tends to Fi_l. Thus, Py, (F;,,) tends to 1 as n tends to infinity. This is not enough
for our purpose because we have to deal with the N trajectories simultaneously. Thus, we look for a
condition on N, n ensuring that Py, (Fnn) = Nnotoo 1. As Py, (Uf;lan) < NIP’gO(Ffm), we will find a
condition ensuring that NPy, (FY,,) tends to 0. More precisely, we prove that, if ag > 4,
1

IP)190 (Flc,n) 5 2

. (10)
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which explains the constraint N/n? — 0.

Let us study the set Ff,, = {1(S1n, — Myi,) < %} For the rest of the proof, as we consider only the
process X; and let n tend to infinity, we set X1 = X, ¥y = U, Iy =T =02 &, = ¢, 5y, = 5, (X),
My, = My(X), U, = Up(X), Vi, = Vo (X). We split successively by {M,(X)/n > a/y/n} and by
{¥? < 4a/y/n} and obtain:

1 ! M, (X) @ Sp(X) 2«
Py, (= (Sp(X) — My(X)) < —2)<Py (22 2y p <2
RS0 = ML(X) < Zo) <Ry (FE > L) py, (i < 28
M, (X) a s 4da s Sn(X) 1.,
< P —) + Py, (¥° < —) + Py, (V° — > -7,
190( n > \/ﬁ)+ 190( <\/ﬁ)+ 790( n =9 )
The last part is obtained as follows. Note that (02 > 47%) = (0?2 - 2—‘; > ‘1’7) Therefore,
(Sn(X) S 2704 \112 > 470‘)) (\1,2 _ Sn(X) Z \112 _ 27057\112 Z 470‘)) C (\1,2 _ Sn(X) Z 1\112)
n vn’ Vn n Vn n n 2

We study successively the rates of convergence to 0 of the three terms of the bound of Py, (L (S, (X) —

M, (X) < %) Using the Markov inequality for the middle term,

4o n 4o _
Py, (¥? < ﬁ) =Py, (I" > %) < (%)41&9;4 <n?

For the first term, we now check that, if Ey,I'=* < +o0, i.e. ag > 4,
Py, (M (X) > ay/m) Sn2. (41)
For this, we have to study Ey, (U, (X)%|®, ¥) (see (16)). We write U,,(X) = U + U, where

WX (1) [P K
Ur(ll) ) 7j/ b(X (s))ds, U7(L1) < |9
S R S, M <19

Therefore, By, (USY)8]®, ¥) < ®8. Next,

T
U :/0 Jrdw, _\1121@1 Lt (5 b(();%] 11))))0()((3)).

For s € [0,7], |J"| < WK2/o2. This yields, by the B-D-G inequality, By, ((US?)8|®, ¥) < CK60; 0WST4,
Now, Eg,®® < u® + wBEy,I'~* and Ey, ¥® = Ey,I'~*. Hence (41).

It remains to study Py, (V2 — w > 11?) which is the most difficult term.

Lemma 3. Under (H1)-(H2), if ag > 2,

Sn(X) >

1
Py, (U2 — 5xIﬂ) <n 2
n
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Proof of Lemma 3. We use the following classical development (see Comte et al. 2007, p.522):

(X((+1)A)) = X(jA))?

= VP(X(jA) + PV (X) + 20V T ()

A
+ 200V (X) + Rja (@, ¥, X),
where
" 1 G+1)A G+1A
VR = 5 (/A o<X<s>>dW<s>) [ s (42)
) (G+DA
VAN =% [ G+ DA - 0o (X@)e (X W (w (13)
G+nA
VR0 =bxXGA) [ o (s)aws) (14)
JA
2 G+nA ?
Ria(®,0,X) = i(/A b(X(s))ds) (45)
G+1A G+1)A
[ e XA [ (X ()dw(s)
JjA JjA

G+1A
_,_%/A ((j+ DA - u)Kg g (X (u))du

where K¢ ¢(.)) = U2[@2boo’ + U20%(0?)"]. Therefore,

(X
57(1 ) w0 @ 1 . (46)
And 4
Sn(X) _ 1 ) o v
2> Sn 1 s ¥
Py, (¥ . 2\IJ |®, W) < ;:1]1%0( vy 2 4 12,0)

For the term containing 1/,(11), we apply Lemma 3 of Comte et al. (2007, p.536) which states that, for

a continous process X adapted to (F%), when the function o(x) is upper bounded by K and for ¢(x) a

continous function:

€2/2
2K40? 4 €||t|| o K20

P> HX(GA)VY (X) = ne, [[1]2 < v°) < exp [~Cn

Jj=1

]

where C is a universal constant and [[t[|7 = n~" 37, t*(X(jA)).
We apply this result conditoning on ® = ¢, ¥ = ¢ with t(z) = —1/02(z), v*> = 55 %, |[t|lee = 0 2. Noting
that

gl L Loy
W 2 gy e ) )
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we choose € = 1/8 and simplifying by W2, this yields

1/(2 x 82)
Py, (—v ) > 02 /8|d = o, U = 1) < <—c .
190( vy’ 2 / ‘ ¥ ¢) = exp n2K40_64 T (1/8)0’64K2

The upper bound is deterministic so Pgo(—m(ll) > W?2/8) < exp (—cn), where ¢ depends on K and oy.

Next, we study u( ).

—y,?):‘lig / nAHn(s)dW(s), with (48)
n Jo
nfl
((+ DA = s)o’ (X (s))o*(X(s)) LK?
;0 A2 (X(jA)) La,G+1al(s), |Hn(S)IS7(2)~
Hence,
Py, (—vD > WP /810 = o, U = ¢)) = MJ[LE$MW®ZnNW)¢=%W=W
AW A o 8W LK\
< (n) Bl [ HA)isID = ¥ =) < (n 08) T

Therefore, provided that Ey,I'~! < 400, i.e. ag > 1, ]P’lgo(—m(f) > U2/8) <n2
Next, we study

—®) = v / " K,(s)dW(s) with (49)
nJo
n—1 . 2
> Lsagenai(e) IRk o) < 2y
Thus,
Pan(of¥ 2 W slo =0 =) = o[ Ku(IV(E) 20058 = ¥ =)

8\? K?
< — X 40’ T(—
(nw) el
We have Ey, (0282) = Ey, (uv/T +we)? < 2(u2Eg, T +w?) < +00. Therefore, Py, (—v5> > ¥2/8) < n~2.

There remains to study:
n—1
1 iA(P, U, X
I/(4) o 2 :RJA( s Xy ) (50)

n 2 o (X(A))

n

We have:

Py, (—vi) 2 W2 /8]0 =, ¥ = ¢) < 1/,41%0( v = o, ¥ =)

A

1/14E19°R2A(¢’ U, X) |0 =@, T =1),
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where (see (45)) RIA(®, ¥, X) S A% (94 4 (PU? + U)?) + A~2402P2[7  and

(G+1A

(G+1A
B[00 —ax G [ a(xX () G

iA JA
Using Lemma 5 below, we find Ey, (Ij2|<1> =, U =) < A*(p? +9?). Finally,

82 _ _

FJE%R?A(Q U, X)|0 =0, 0 =09) A (¢! + 9 + 0* + 9 720Y). (52)
Therefore, we have IE19082\II_44R]2-A(<I>7\I/,X) S A% By, (U104 + 04 + 92 + U7204) < 400 de
Ey, (I ~2) < +00 which holds for ag > 2.

This ends the proof of Lemma 3. [J

The proof of Lemma 1 is now complete. [J

7.3 Proof of Theorem 1

Proof of Lemma 2
Recall that we consider d = 1 (univariate effect in the drift). For simplicity of notations, we omit the
index n but keep the index ¢ for the i-th sample path. We have (see (19 and (22)):

g S0 n sosY) 2 8Y AT
! n  2a+n'n n 2a+n n 2a +n '
Note that, using (11):
V; U\> U? U2 U,
ﬂ 2y " _ _ i Th (2 2 _9 i 53
(N,W ) (1+W2V;) < ‘/z) V; (1+w2‘/z)(,uf w) M(l—‘erV)’ ( )

By the Holder inequality, we obtain using (8) and (53):

P g P M\
zi— S < Si_ Sy 14+ WP (Cf ) + U
n n n n

Now, we apply Lemmas 8 and 6 of Section 8.2 and (64) of Section 8.1 and this yields the first inequality.

For the second inequality, we write:

2 2 2
(1) (1)
Zz‘_l — Ll B Zz‘_l Si -7 + o S — 7.
sM s n s n

On F;, Z; > ¢/+/n, so:

—1 n
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Consequently,

P 2p (1) 2p (1) P
- ) g e (S, Si_ _ 5
Z; SO lr S (Ci(l)> v; n " Zi| + " Zi (54)

Now, we take conditional expectation w.r.t. ¥; = 1, ®; = ¢ and apply the Cauchy-Schwarz inequality.
We use that, for n large enough, (see (64) of Section 8.1):

4p 4p
n n
Eﬁ((@'(l)) |\I’i=¢7@¢=¢):E<C§1)> =0(1).

And, we apply the first inequality to get the result. [
Now, we start proving Theorem 1. Omitting the index n in A;,,, B; », we have (see (20), (23), (24))

N

ou a
—1/2 N,n _ —1/2 Z T,
~17290UnNn _ ~1/2 /
N B () = Z a) +log A +1ogl';) + Ry + R5,
N
N-1200Nn g 12N A Ry = NOV2 ST AT g w?) + R+ R
T) = Zii+ 3 = Zzz( ;p,w?) + Ry + Rs
i=1 i=1
N
ou 1
—-1/2YYNn _ —-1/21 A2 .
52 9) = N 2;(F1Ai B;) + Ry

N
N*W% > (TiAH(T: p,w?) — Bi(T,w?)) + R} + Ry.

=1

The remainder terms are:

N N
R, = N‘l/QZ(Fi—Zjllpi), RzzN—l/QZ(logZ;l 1p, —logTy),
i=1 '
N
Ry = NY2(p(a+(n/2) —log(a+(n/2)) + N~/2 > 1p,
=1
1 N
Ry — 1/2ZA Z7p = Ti), Ra=N"V20% ANZ7 g, — 1),
R, = N—1/2Zri<Ai—Ai(T;u,w2>>,
i=1
1 N
Ry = NT0N(Bi- BiT,w?) ~ Tu(A} - A2 (T5p,07))).
=1

The most difficult remainder terms are R;, Ro, R3, R4. They are treated in Lemma 4 below. For the term
RY, we use that (¢(a + (n/2)) —log (a + (n/2))) = 0(n™!) (see (63)) and that, for a > 4, Py(F¢) <n~?
(see (40)) to get that Ry = Op(v/N/n).
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Using Lemma 6 in Section 8.2, it is easy to check that R4 and R} are Op(/N/n).

Therefore, there remains to find the limiting distribution of:

N_l/QZzl'Vzl (% _Fi)v

N=12 5N | (—ip(a) +log A +logT)),
N2 T A (T w?),
N=12LSN (Bi(T,w?) — D A2 (T; i, w?))

The first two components are exactly the score function corresponding to the exact observation of (I';,i =
1,...,N) (see section 8.3). Hence, the first part of Theorem 1 is proved.

The whole vector is ruled by the standard central limit theorem. To compute the limiting distribution, we
use results from Delattre et al. (2013) which deals with the case of T'; = v fixed and ®; ~ N (p, v~ 1w?).
It is proved in this paper that

Ey(Ai(T; p,w?)|Ti =) = 0, Eg(Bi(T,w?) = T A (T 1, w?))|T; = ) = 0.

Hence, the third and fourth component are centered and the covariances between the first two components

and the last two ones are null. Moreover, it is also proved that

Eo(A(T; p,w?)|T; =) = Bi(T;w?),

2
By (5 0ARTi ) =~ Bi(T56) ) T =) = 5Bo(29 AT ) BiT:?) = BT )T =)
By Au(T: 1, ) (AT 1, 0%) — BT )T = 7) = B AT %) (BT, %)L = )

Hence, the covariance matrix of the last two components is equal to J(¢) defined in (25).

The proof of the last item relies on the same tools with more cumbersome computations but no additional
difficulty. Note that this part only requires that N, n both tend to infinity without further constraint. So
the proof is complete. [

Lemma 4. Recall (19). Then, for a > 4, (see (16) for the definition of F;,), R1, Ry are OP(@),
R37R4 are Op(\/ %)

Proof. The proof goes in several steps. We have introduced

SO = w2 ST (Wilty) — Wity 1))* =T e

We know the exact distribution of Si(l): Ci(l) is independent of I'; and has distribution x2(n) = G(n/2,1/2).

By exact computations, using Gamma distributions (see Section 8)), we obtain:

2
n _ 2 no _ 2n +38 _ 1
Ey (Ci(l) — 1) =1+ 5 Ey <C-(1) 1) S w1 O(n™),

2

Eglog C") /2 —log (n/2) = 1(n/2) — log (n/2) = O(n~"), Vary(log C\" /2) = 4/ (n/2) = O(n™1).

26



Thus,
N
1 n N 1 n VN
P> (sf“ ) Fi) —0r(S0) R 2 <10g5<1> - 108‘”) =Op(= 7). (55)

Then, we have to study

We write:

1 B B L SR
(s 20 ) - (- 25 ) e

For a > 4, Py(Ff) < n~2 (see (40)). This implies, after developping and applying the Cauchy-Schwarz

inequality, noting that I'; = \11;2 has moments of any order,

2
1 n N
Es <NZ (1)1F5> =0(—), for a>4 (57)

Next, apply Lemma 2,

2

Ey S—Ey (14 (14 07)(T;? + U7 + @F + U + &0 1).

n

1 N n
(Zi_l - )1Fi
BT

As noted above, ¥; = 1";1/2, Eg(¥;7) < +oo for all ¢ > 0. We can write ®; = u + w¥;e; with ¢; a

standard Gaussian variable independent of ¥;. We have
Eﬂfbf\lli_z = ]Elg(ullli_l + we;)? < 400, IEg(I)?\IJ;‘l = Eg(,ullli_Q + (,L;\Ili_lei)2 < 400, and for a > 2,

Ey®f <1+ EyUf =14+Eyl 2 < 4o0.

Thus, for a > 4,
N
1 1 n vN
N > <Zi Ip — S(l)> = OP(T)~ (58)
i=1 i

Joining (55)(left)-(56)(left)-(57)-(58), we obtain that, for a > 4, R; = Op ().
Analogously,

n n n
log (Z; )1p, —log ——~ | = [log (Z; ') —log — | 1p, — 1pc log —.
( S(l) S(l) d S(l)

4 i %

As above, we have

2
E, L Nl L _oY f 4 59
9 ﬁ; og@ Fe | = (ﬁ)a or a>4. (59)
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And:

(1)
log (Z;7) log% = 5 log Z;
S
(1) 1
1 1 1
= (SZ *Z’)/ ds &) m &)
n 5 5!
0 —+(1—-5)Z; L L
1 5" 1 5" ! (1-s)
- S@( n —Zi)+ S?”( n _Zi)2/ d s
;L ;7, 0 S ;L +(1*5)Zz
On Fj,
L]0 o
log (Z;” )—log@ S,Wq’; ;L —Zi| +Vn(—— — Z;) (60)

Now, we take conditional expectation w.r.t. ®; = ¢, U; = 9, and apply first the Cauchy-Schwarz
inequality and then Lemma 2. This yields:

We have to check that the expectation above is finite. The worst term is Ey¥¢ = EyI'; 3 which requires

log (Z;") — log 1 +9720+ %) + 921+ ¢") + ¢ + " +9°). (61)

1
n

n
W |(I)i:§07\1’i:'€[}>

i
the constraint a > 3. Thus, for a > 3, we have:
N

_ n
Z(log (Z; 1) — log W)lFi

i=1 )

Es

e

1
VN -

Therefore, we have proved that Ry, Ry are Op(v/N/n).

For Rg3, Ry, we proceed analogously but we have to deal with the terms A;, A?. We write again:

Z7 Mg -1y = (27!

n n n

Using Lemma 6 and 7, we obtain:

Es

1 N n
TN A

Applying now Lemma 2, we obtain:

el
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This requires the constraint Ey W3 = EﬂF;S/z < 400, i.e. a > 3/2.

We proceed analogously for R, and find that Ry = Op(+y/N/n) for a > 2. O

The second order derivatives of —N~'Uy ,,(¥) are as follows. First, the derivatives corresponding to

(A a):

L () = Aol
Noxz v TN N(a+(@n/2) &=
1 2 1 1 AR
= —-——4 — Z 1
“N 9xga V¥ ) )\+N(a+(n/2)); i 1R

L ) - w'<a>—w'<a+n/2>+;§?1
N a2 N,n - N(a+n/2)) i=1 e

Then, the cross derivatives w.r.t. (X, a), (1, w?):

1 8 1 N
—— U " 9 - - 1 .Z»_QAi,
N aag N(a+<n/2>>; o
1 02 N
U n 1_9 = 1 '7214-2
TN (%) N(a+ n/2 Z Z; “A
1 92 1 N
—-—— U n 3 e — 1 _ZflAi,
waan N = N ) 2
0?2 1 N
755U n ) = —-——— 1 vZ‘_lAZ.
a0 = N Gy 2
Then, the derivatives corresponding to (u, w2);
_lﬁU (19) = izN:l Z-_lBl Zl 2A2
N@/LQ N,n ]\fi_1 F; 45 i /2 Fz i
e W) = ~ 3 1p, 27  AiB; — Zl 77243,
N 5u8w2 N,n - N v F; 45 iDi n/2 P
_iilLU W) = ii(l 2Zf1A2B._B2)_;i1 72 44
N 0wrow o 2N nESE T T AN (e + (n/2)) i=1 nee

By applying Lemmas 7 and 2, we can prove that the terms of the form N ! Zf;l 1p, 2 O‘Af Bf converge,
as N, n tend to infinity, to EﬁP?A? (T; p, w?)BS (T;w?). This implies that all terms of the form N~!(a +
(n/2))~t Zf\il 1p, Z{“A?Bf converge to 0. So, all cross derivatives tend to 0 and the rest of derivatives
gives the limit J (). However, this requires to evaluate the moment conditions implied by Lemmas 7

and 2. The worst term is the last one above and yields that a > 6. [
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7.4 Proof of Proposition 2

We only give a sketch of the proof and assume d = 1 for simplicity. We compute Hy () (see (30)) and
set Gy = {Sin > ky/n}. We have:

8V§\17)n al a -1
(N a) = ;(A—sm),
(1)

8\/an

e (A,a) = N(@(a+n/2)—log(a+n/2)—(a)+logA) — Zlog&n,
OW N al _

85’ (Man) = ZlG“lg 1Ain7
OWnNn, 1Y L

902 (p,w?) = 5; le, & Ain — )

We can prove that, under (H1)-(H2), if ag > 2, Py, (G5,,) S n~? under analogous and simpler tools as in
Lemma 1. The result of Lemma 2 holds with &; ,, instead of Z; ,, and without 1,

.- This allows to prove
that:

—1/2 avg\})n 2l a
N T()\,a) = Z;(/\—Fi)-i-?"l,
vy >
N_I/QT(A, a) = N/|—¢(a)+log))+ Z logT’; | + 72
i=1

where r; and r are Op(\/ﬁ/n).
The result of Lemma 2 holds with S, ,,/n instead of Z;,, and G, ,, instead of F; ,, (and the proof is much
simpler). This implies that:

N
N-120WNn oy NN AT pw?) + 7
Bu My = i (L5 M, 3
i=1
N‘UQLUN’" (n,w?) = N_l/zliv:(FiAz(T',u w?) = Bi(T,w?)) + 14
80.)2 9 2 i s My 9 9

i=1

and we can prove that r3 and r4 are Op(N/n).

8 Auxiliary results

8.1 Properties of the Gamma distribution

The digamma function ¢¥(a) = I'(a)/T'(a) admits the following integral representation: ¥ (z) = —vy +
fo —t*71 /(1 — t)dt. (where v = 9(1) = I(1)). For all positive a, we have 9'(a) = — 01 sl ja=1gy,
Consequently, using an integration by part, —ai)’(a) = —1 — fo t*g(t)dt, where g(t) = (logt/(1 —1t)). A

simple study yields that t%g(t) integrable on (0,1) and positive except at ¢ = 1. Thus, 1 — at)’(a) # 0.
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The following asymptotic expansions as a tends to infinity hold:

logT'(a) = (a—%)loga—a—i—%logQﬂ'—l—O(é), (62)
1 1 1 1
bla) = loga — o+ 0(1), /(a) =+ +0(). (63)

The following results are classical.

If X has distribution G(a, \), then AX has distribution G(a, 1). For all integer k, E(AX)F = Fgf(z)k) For
a>k EAX)"F = F(Fa(i;)k) Moreover, Elog (AX) = ¢(a), Var [log (AX)] = ¢'(a).

In particular, if X = 37", €7 where the ¢;’s are i.i.d. N(0,1), then X ~ x*(n) = G(n/2,1/2). Therefore,
EX P < +o00 for n > 2p and as n — 400,

X\? n\P

E <n> ~0(1), E (f) = 0(1). (64)

Using the Rosenthal inequality, for all p > 2
E(E — 1P <epmnP (nE\€2 — 1| + (nE(e? — 1)2)17/2) < O(L) (65)

n — P 7 % ~ ’/lp/2 ’
and for n > 4p,

B < (2(M) e (X 1) 1/2<0 ! 66
-0 (2(3) E(5- < O0Com) (66)

8.2 Approximation results for discretizations.

The following lemmas are proved in Delattre et al. (2016). In the first two lemmas, we set X;(t) =
X(t),®; =D,y = .

Lemma 5. Under (H1)-(H2), for s <t andt—s<1,p>1,

Ey(|X (1) = X(s)P|® =, ¥ = 9) S KP(t — 8)"2(|io]” + 7).

For ¢t — H(t, X.) a predictable process, let V(H;T) = fOT

The following results can be standardly proved.

H(s,X.)ds and U(H;T) = [ H(s, X.)dX (s).

Lemma 6. Assume (H1)-(H2) and p > 1. If H is bounded, Ey(|[U(H;T)|P|® = ¢, ¥ =) < |p|P + ¢P.
Consider f : R — R and set H(s,X.) = f(X(s)), Hn(s,X.) = Z_?:l FX(G = DAY G—nya,ia)(s). If f
s Lipschitz,

Eo(|V(H;T) = V(Hu T)PI® =0, ¥ =9) S AP(jp” + 7).

If f 45 C? with f', f" bounded

Es(|UH;T) ~U(HyT))P|® =, U =9) S AP2(p% + [Py + 4% +977).
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Lemma 7. Recall notations (23)-(24). Under (H1)-(H2),

Eo(|Bin — Bi(T;0?)P|®i = 0, Wi =) S AP2(Jf? +¢P)
Eo(|Ain — Ai(T5 1, )P @5 = 0, U5 = ) S AP (0 4 477)
Eo(|Ai(T; 1, w?)P|®5 = 0, Wi =9)) < (ll” +97).

Let

1 1 (Wilty) = Wilt;-1)))?
Sin =12 A :

3 ]:1
Lemma 8. Then, for allp > 1,

p

(1
SR = 0, Wy = ) S AP(PP + 4P + o)

Eﬁ%, n

8.3 Direct observation of the random effects

Assume that a sample (®;,T;),i = 1,..., N is observed and that d = 1 for simplicity. The Gamma distri-
bution with parameters (a,A) (a > 0, X > 0) G(a, A), has density vq,x(2) = (A*/T'(a))z* e "1 100) (),
where I'(a) is the Gamma fonction. We set ¢(a) = I"(a)/T'(a). The log-likelihood £ (1)) of the N-sample
(®;,T),i=1,..., N has score function Sy (¥) = (B%EN@?) Loy (9) 8MEN( ) BWQEN(ﬂ)>I given by

0 Y a ) al
a0 = 3 (5-1) o-tw) = 3 (~(a) +logA +logT).
0 al 0 1 &
g _ -2 e o _ 1 d N2 2
a/Nw) w Zrl(@z W v =5 2 (Ti(®; — p)* —w?) .
By standard properties, we have, under Py, (N =128y (9) —p Ni(0, To()), where
IO(/\va) ‘
Jo(¥) =
o) ( 0 ‘ N\ a, pyw
. (0
Io(Na) = ; v Jo(Aa, pw) = w* : (67)
-5 ¢'(a) 0 57

Using properties of the di-gamma function (av’(a) —1 # 0), Iy(a, A) is invertible for all (a, ) € (0, +00)2.
The maximum likelihood estimator based on the observation of (®;,T;,;i = 1,...,N), denoted ¥y =
In(®;,Tii = 1,...,N) is consistent and satisfies VN (I — ) —p Ni(0, J5 *(9)) under Py as N tends
to infinity.

In the simulations presented in Section 4, we took a = 8 and observed that estimations of a are biased

with a large standard deviation. This can be seen on I;'(), a):

N¢/(a) M/(a) ) _ (68)

_1 1
IO (/\7(1) aw/( ) 1( )\¢/(G) .

32



If a large, a/(ay)’(a) — 1) = O(a?).
However, natural parameters for Gamma distributions are m = a/\t = ¥(a) — log A with unbiased

estimators m = N1 Zivzl I, t =N Zf\il logI'; which are asymptotically Gaussian with limiting

covariance matrix
1 1
—_— )\ . 69

The asymptotic variance of £ is ¢/(a) = O(a~"') and both parameters (m,t) are well estimated.

>|= {,‘m

Let us stress that the marginal distribution of ®; is not Gaussian. It is a translated rescaled Student
distribution. Indeed we can write ®; = u + wFfl/Zei with €; ~ A(0,1) independent of T';. In particular,
E|®;|” < +o0 if and only if a > p/2.

Note also that I'; converges in probability to the constant m if both a = ay and A = A\ tend to infinity

with k at the same rate, e.g. a = mk, A = k.
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