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Approximation of the allelic frequency spectrum in general

supercritical branching populations

BENOIT HENRY!

Abstract

We consider a general branching population where the lifetimes of individuals are i.i.d. with
arbitrary distribution and where each individual gives birth to new individuals at Poisson times
independently from each other. In addition, we suppose that individuals experience mutations
at Poissonian rate 6 under the infinitely many alleles and neutrality assumptions assuming that
types are transmitted from parents to offspring. This mechanism leads to a partition of the
population by type, called the allelic partition. The main object of this work is the frequency
spectrum A(k,t) which counts the number of families of size k in the population at time t.
The process (A(k,t), t € Ry) is an example of non-Markovian branching process belonging to
the class of general branching processes counted by random characteristics. In this work, we
propose methods of approximation to replace the frequency spectrum by simpler quantities. Our
main goal is study the asymptotic error made during these approximations through central limit
theorems. In a last section, we perform several numerical analysis using this model, in particular to
analyze the behavior of one of these approximations with respect to Sabeti’s Extended Haplotype
Homozygosity [20].

MSC 2000 subject classifications: Primary 60J80; secondary 92D10, 60J85, 60G51, 60K15, 60F05.

Key words and phrases. allelic partition — allelic frequency spectrum — branching processes — neutral
mutations — splitting tree — Central Limit Theorem.

1 Introduction

In this paper, we consider a general branching population where the lifetimes of the individuals
and their reproductions processes are independent and follow the same distribution. Moreover, we
assume that their lifetimes are distributed according to an arbitrary probability distribution Py and
that the births occur, during their lifetime, according to a Poisson process with constant rate b. The
tree underlying this dynamics is called a splitting tree. This class of random trees was introduced in
[13] by Geiger and Kersting and has been widely studied in the last decade [16], 17, 18].

We suppose, in addition, that neutral mutations occur on individuals and that each new mutation
confers to its holder a brand new type (i.e. never seen in the population): this is the infinitely many
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alleles assumption. This allows modeling the occurrence of a new type in a population (such as a new
species or a new phenotype in a given specie). We also suppose that every individual inherits the type
of its parent. This model leads to a partition of the population by types. The frequency spectrum
of the population alive at time ¢ is defined as the sequence of number (A(k,t), k € N*) (N* refers to
the set of positive integers) where, for each k, A(k,t) is the number of families (i.e. sets of individuals
carrying the same type) of size k in the population. The famous example of Ewens sampling formula
gives explicit expression for the law of the frequency spectrum [12] when the genealogy is given by
the Kingman’s coalescent. However, due to its central role in biology, the frequency spectrum has
been studied in many other population models. Among coalescent processes, the frequency spectrum
has, for instance, also been studied in the context of Beta [5], Bolthausen-Sznitman [3] or Lambda
4] coalescents. Other works studied similar quantities in the case of Galton-Waston branching
processes (see [6] or [I4]). In our model, the frequency spectrum has also been widely studied in the
past [9, 10, 1T, [§].

Another object of interest is the process (N, t € R;) which counts the number of living indi-
viduals in the population at a given time t. This process is known as binary homogeneous Crump-
Mode-Jagers process. One of the main result of the theory of such process is the law of large number
which gives in our particular case that e=*N; converges almost surely to a random variable £ which
is exponential conditionally on non-extinction (for some positive constant «).

As for e"* Ny, it is also known that the quantities e A(k,t) converge almost surely to ci&,
where ¢; is an explicit deterministic constant. This result can be easily obtained by conjunction
of the works of [9] and [19] using the theory of general branching processes counted by random
characteristics (a complete statement can be found in [I1]). An alternative proof avoiding the use of
the general branching processes theory can be found in [§].

It appears that the frequency spectrum (A(k,t), k € N*) is a quantity which is hard to manipulate
from the probabilistic point of view (see [0} 10, 8]). This implies that such a model is inconvenient for
practical applications. In this work we propose to use the laws of large numbers in order to replace
(A(k,t))r>1 by more manipulable quantities and propose to investigate the error made during this
approximation. The first possible approximation is the following.

Approximation 1:

(A(k,t), k € N*) = (cp)pz1™E.

However, this is unsatisfactory for practical applications since the random variable £ is not
observable at finite times. Another idea is to exploit the fact that the random variable appearing in
the law of large numbers for A(k,t) and for Ny is the same. This leads to the second approximation.

Approximation 2:
(A(k,t), k € N*) = (cx)k>1 Ve

In order to investigate the errors made during this approximation (at least asymptotically), one would
like to have central limit theorems associated to the law of large numbers for the frequency spectrum.

at/2 and

In a previous work [I5], we showed that the error in the convergence of e~**N; is of order e
obtained a central limit theorem for this error. An important aspect of the method introduced in [15]

is that it can be used to derive CLT's for other branching processes counted by random characteristics.



In particular, the main goal of this work is to obtain central limit theorems for the convergence of
the frequency spectrum. More precisely, we show that the error in both approximations converges
(when renormalized) to a Laplace random variable which is obtained through a Gaussian mixing
with the limiting random variable of ¢ N; (which also improve the results of [15]).

The original motivation of this study (and of other works on this model [9, 10, 8]) comes from
the works of Sabeti and al. [20] where the frequency spectrum is used to detect positive selection of
an allele in an increasing population. More specifically, suppose that you want to detect the positive
selection of an allele on a given gene. The main idea is that, under neutral evolution, the allele under
consideration needs a long time to reach a high frequency in the population. Hence, if the frequency
of the allele w.r.t. its age is significantly higher than the expected frequency (w.r.t. its age and under
neutral growth), this anomaly would suggest a positive selection of this allele. The main problem is
now to be able to estimate how old the allele is. Sabeti and al. remarked that the allelic partition can
be used as a clock to estimate the age of an allele. More precisely, the type is defined as a given part
of the genome (of the specie) of length = (measured in a meaningful unit such as kilo-bases). Hence,
two individuals have different types if this portion of DNA has differences in the sequence of basis.
As a consequence, the allelic partition of the subpopulation carrying the allele becomes thinner as
x increases (because the higher x is, the higher is the probability that a mutation occurred on a
sequence of x bases). Finally, the speed of fragmentation of the allelic partition, when x increases,
should give clues on the age of the allele. One of the purposes of this model is to understand how
the frequency spectrum evolves under neutral evolution and to provide tools to pursue such analysis.
In this work, we discuss some aspects of this idea and give some directions in order to construct
rigorous tests for the positive selection (see Section .

The paper is organized as follows. Section [2]is devoted to the mathematical description of the
model and to preliminary results which are used in the sequel. Section [3] gives the mains theoretical
results of this work and, in particular, central limit theorems which allow to study the error in our
proposed approximations. Section [4] gives an outline of the strategy of proof. Section [6] and [7] are
devoted to the proofs of Theorem and respectively. Finally, in Section [§] we perform some
numerical studies on the model to stress the quality of our approximation. The discussions about
the method of Sabeti and al. are given in this last section. An appendix contains some technical
proofs.

2 Model and preliminaries

In this work, we consider a branching population with the following dynamic: starting with a single
individual (called the ancestor) whose lifetime is distributed according to an arbitrary probability
distribution Py on (0, co], this ancestor gives birth to new individuals at a Poissonian rate b. Each
birth event giving a single new individual. From this point, each child of the ancestor lives and gives
birth according to the same mechanism independently from the other individuals in the population.
This formal description can be made rigorous through the definition of a probability distribution
on the set of chronological trees. For the details of such construction, we refer the reader to [16].
The first quantity of interest when studying such population is the number N; of alive individuals



in the population at a fixed time ¢ (assuming that the time ¢ = 0 is birth-date of the ancestor). The
process (N, t € R;) is known as binary homogeneous Crump-Mode-Jagers process and is a simple
example of non-Markovian branching process. In the sequel, we denote by W (t) the expectation of
N; conditionally on the non-extinction at time t. That is

W(t) :=E[N; | N; > 0].

In [16], the author shows that the random variable Ny is geometrically distributed conditionally

on {N; > 0} with parameter WL(t) In addition, the author of [16] showed that the Laplace transform

of W can be linked to the Laplace transform of Py, through the relation

1
W(s)e ™ ds = ——, YA > a,
[0,00) ®) P(A)

where

Y(z)=x— b/(o ] (1—e") Py(dr), =€Ry, (2.1)

and « is the largest root of 1,
a =sup{x € Ry | ¢(z) = 0}.
The function v is called the Laplace exponent of the tree and characterizes its law. In particular,
the Laplace transform of Py can be expressed in terms of v,

/ e N Py (dv) =1+ MA?)_A VA ER,. (2.2)
R4

In this work, we assume that « is a strictly positive real number. This case is called the super-
critical case and is equivalent to bE[V] > 1, where V is some random variable with distribution Py .
In the supercritical case, the real number « is called the Malthusian parameter of the population
because it corresponds to the mean exponential growth rate of the population. Before going further,
let us remark that equation leads easily to the following identity:

/ e~ Py (dv) = 1 — % (2.3)
R4

Many previous works [0} (10, [11] demonstrate that some properties of the splitting tree were easier
to study on the tree describing only the genealogical relation between the lineages of the individuals
alive at time ¢t. For instance, in the model with mutations, the difference between two individuals
in term of type lies only on the time past since their lineages has diverged. Hence, this particular
genealogical tree, known as coalescent point processes (CPP), contains the essential information
to study the allelic partition. In order to derive the law of that genealogical tree, one needs to
characterize the joint law of the times of coalescence between pairs of individuals in the population,
which are the times since their lineages have split.

In [TI6], the author defines an order on the set of individuals alive at a fixed time ¢, conditionally on
{N; > 0}, and considers the sequence of times of coalescence (H;)o<i<n,—1 between two consecutive
individuals (that is H; is the time passed since the lineage of individuals 7 and i + 1 have diverged)



with the convention that the older lineage is the first one (i.e. Hy = t). Moreover, in [16], the author
shows that the random vector (H;)o<i<n,—1 can be produced from a sequence (H;);>1 of i.i.d. random
variable stopped at its first value greater than ¢ and such that

P(H1>S>: S€R+.

1

W(s)’

To summarize, given the population is still alive at time ¢, one can forget about the details of the
splitting tree and code the genealogy by a new object called the coalescent point process (CPP). Its
law is the law of a sequence (H;)y<;<y, 1, Where the family (H;);-, is i.i.d. with the same law as H,
stopped before its first value Hy, greater than ¢, and Hy is deterministic equal to ¢ (see Figure [1).

Although we do not use directly the CPP in this work, this object allowed us to obtain [§]
formulas for the moments of the frequency spectrum which are widely used in the sequel. For this
reason, we recall the properties needed to understand the methods.

Remark 2.1. Let N be a integer valued random vartable. In the sequel we said that a random vector
with random size (X;),<;<n form an i.i.d. family of random variables independent of N, if and only
if o

(X1,..., Xn) < (Xl,...,XN) ,

s a sequence of i.i.d. random variables distributed as X1 independent of N.

>1

where (Xz)

o 1 2 3 4 5 6 7 8 9 10 12 13 14 15

Figure 1: A coalescent point process for 16 individuals, hence 15 branches. (Image by A. Lambert)

Before going further, let us point out that if we define N; as the first value of the sequence (H;) i>1
greater than ¢, i.e.
Ny =inf{i > 1| H; > t},

then NV, is indeed geometric with the expected parameter. More precisely, for a positive integer k,

k—1
PN, = k| N, > 0) = — (1—W1(t)) . (2.4)



In particular,

Moreover, it can be showed (see [19]), that

E[N] =W(t) — W xPy(t), (2.6)
and
P(Nt>0):1—w, (2.7)
where
wW *Pv(t) = 04 W(t — S) Pv(ds).

Now, let us introduce the mathematical formalism for the mutation process used in this work (this
formalism comes from [8]). Since only the mutations occurring on the lineages of living individuals
at time ¢ can be observed, it follows from standard properties on Poisson point processes, that the
mutation process can be defined directly on the CPP. So, let P be a Poisson random measure on
[0,t] x N with intensity measure A ® C, where C is the counting measure on N, then the mutation
random measure N on the CPP is defined by

N (da, dZ) = ]lHi>t—a]1i<Nt 7) (da, dl) s

where an atom at (a, ) means that the ith branch experiences a mutation at time ¢t —a. We suppose
that each individual inherits the type of its parent. This rule yields a partition of the population by
types. The distribution of the sizes of the families in the population is called the frequency spectrum
and is defined as the sequence (A(k,t)),~,; where A(k,t) is the number of types carried by exactly k
individuals in the alive population at time t, excluding the family holding the ancestral type of the
population (i.e. individuals holding the same type as the root at time 0). This last family is called
clonal, as the ancestral type.

In the study of the frequency spectrum, an important role is played by the law of the clonal
family. We denote by Zy(t) the size of this family at time ¢.

To study this family, it is easier to consider the clonal splitting tree constructed from the original
splitting tree by cutting every branches beyond mutations. This clonal splitting tree is a standard
splitting tree without mutations, where individuals are killed as soon as they die or experience a
mutation. The new lifespan law is therefore the minimum between an exponential random variable
of parameter 6 and V. This distribution is denoted Py. It is straightforward by simple manipulations
of Laplace transforms that the Laplace exponent of the corresponding tree is

B . _wp(x+0)
¢0($)_x_/(o,m} (1—e) Pg(dr)_ﬁ.

We denote by Wy the corresponding scale function. This leads to,

k—1
P(Zo(t) = k | Zo(t) > 0) = ng(t) <1 _ W:(t)> L k>l




When « > 0 (resp. @ = 0, a < 0), this new tree is supercritical (resp. critical, sub-critical) and we
talk about clonal supercritical case (resp. critical, sub-critical case).
Moreover, the law of Zj conditionally on the event {IN; > 0} can be obtained, and is given by

e W (t) 1\
mir (~ww) o et (23)

For the rest of this paper, unless otherwise stated, the notation P; refers to P (. | Ny > 0) whereas

P(Zo(t) = k| N: > 0) =

P refers to the probability measure conditioned on the non-extinction event (which has positive
probability in the supercritical case).

Finally, we recall the asymptotic behaviors of the scale functions W (t) and Wy(t) which are
widely used in the sequel.

Lemma 2.2. ([§, Thm. 3.21]) There exist a positive constant y such that,
e Y (W (t)—1=0 (e ).

In the case that 0 < a (clonal supercritical case),
e(a—O)t

Wg(t) t:oo wg(a - 9) ’

In the case that 0 > o (clonal sub-critical case),

Wy(t) = w(ee) +0 <e—<9—a>t) .

In the case where § = o (clonal critical case),

ot
Wol) > way

For a purpose, a more precise description of the asymptotic behavior of W is needed. It is given
by the following result.

Lemma 2.3. [1], Prop. 5.1] There exists a positive non-increasing cadlag function F' such that

eat
W(t) = —eF(t), t>0,
(1) = Jigag ~ " F®
and
: at
Am e F ) o
with

b 7@[;]_1 if E[V] < oo,
0 otherwise,

where V' is some random variable with distribution Py .



From this lemma and ([2.7]), one can easily deduce that
P (N; > 0) —— P (NonEx) = =, (2.9)
t—o0 b

where NonEx refer to the non-extinction event.

In [8], we show that a CPP stopped at time ¢ with scale function W can be constructed by grafting
independent CPP stopped at a fixed time a < ¢t on a CPP stopped at time ¢t —a with an explicit scale
function different of W whose total population is denoted Nt(i)a (see Figure . Moreover, we showed

p) Pp(2) PpB3) p4)

EEEEEn= A=

t-a

¢ 4

Figure 2: Adjunction of independent CPPs on the blue CPP. Nt(i)a is the number of individual in
the blue CPP.

that the frequency spectrum can be expressed as an integral with respect to the random measure N/
along the CPP, that is

Ak 1) = / 1y N (da,du), V€N,
[0,¢]xN 0

where Z(gu) refers to the clonal family of the uth grafted sub-CPP (see Figure . In other words,
since the mass of A/ is concentrated on mutation points, this boils down to count, for each mutation,
if the clonal descent (of the newest type) is represented by k alive individuals at time ¢. Let us point
out that Z(()u)(a) can be interpreted (without grafting CPPs) as the number of individual at time ¢
which descend from the uth individual (among the individuals alive a time ¢t — a) and carrying the
same type as this uth individual.

More generally, denoting by (A™(k,a), k € N*) the frequency spectrum of the uth grafted

sub-CPP, we have, for any positive integers ki, --- , k; with [ € N*,
%
H (ki t) = Z/ Ly o D HA “) (kj,a) N (da, du), (2.10)
e [0,4]xN ~0 ull =1j—1
2]
(t)
where Zu " =1 denotes for the multi-sum
WO, N,
up=1 u—1=1



Moreover, in [8, Thm, 3.1], we show that the expectation of such integral can be computed as if the
process (u,a) — Zo(u)(a) (or (u,a) — A®(k,a) ) was independent of the random measure A (which
is clearly not the case). Equation is used later to obtain some moments estimates useful to
prove our theorems. In particular, this allows to prove that (see [8, Thm, 5.2]) for any positive

integer k and [,

t 6—95 k—1
Ak 0] = W) | vevg o <1— W:(S)> ds, (2.11)
and
t 96—95 1 96—95 1 -1
B Ak, AW 0] =2V | 370 <1 Wols ) Wols)? <1‘ W9(3)> @

~ W) /o 2 V;K( ) <1 WG >>l | oa vev;g; <1 - W:<s>>k_1 ds da

t e (a) 1 F=l ra ge—0s 1 =1
-wie) |20 S (1‘We<a>> ATACE (1‘We<s>> s da
+ W()E i OW (a)~" (E [A(k, @)1 zy(a)=1] + E [A(l, a)1 7, (a)=k] ) da

t 9679(1 1 k—1
+ 1 W(t) | Wyla)? (1 — Wg(a)) da. (2.12)

These tools also allow, for instance, to prove next two results [16, 1T} [§].
Theorem 2.4. There exists a random variable £, such that

e N, —— —— a.s. and in L°.

t—00 1/)’(04)’
Moreover, under Po,, £ is exponentially distributed with parameter 1.

Theorem 2.5. For any positive integer k,

fat Ckg ; 2
Ak, t) — S D) a.s. and in L*,
where & is the random variable of the Theorem[2.]] and
0 96—0a ( 1 )kl
ck = — |l = — da. 2.13
o Wt ' W 21

3 Main results

The almost sure convergences stated in Section [2] suggests studying the second order properties of
these convergences to get central limit theorems. Our main result, Theorem allows to study
the asymptotic error in the second approximation proposed in the introduction of this work. In
addition, we prove more standard central limit theorem which are interesting from the theoretical
point of view.



Before going further, we recall that the Laplace distribution with mean p € R™ and covariance
matrix K is the probability distribution whose characteristic function is given by

1

AeER" — ,
L+ SONKN) — i, A)

where (-, -) denotes the standard Euclidean scalar product. This law is denoted by L (u, K). We also
recall that, if G is a Gaussian random vector with mean p and covariance matrix K and £ is an
exponential random variable with parameter 1 independent of G, then VEG is Laplace L (u, K).

3.1 Central limit theorem for the error between A(k,t) and ¢V,
Our first theorem concerns the error between A(k,t) and cNy.

Theorem 3.1. Suppose that 8 > «, then

! —at _ (d)
U (a) <e 2 (A(k,t) Cth))keN* = L w.r.t P,
where L is RY -valued random variable with distribution L(0, M) where the constants ci are defined

in (2.13) and the covariance matriz M is defined, for any positive integer I and k, by

, 00 96—6'(1 1 -1
M =2(0) [ (12 ) EalAk0)] - (o) do (3.1
, 00 0679(1 1 k—1
co(e) [T (1 ) el - W (@) do

() /0 T OW (@) Ea [(Aksa) — tNa) 15(01] da

—w/(a) [ OW @) B [(A o) - aNo) Lzy(0] do

0
00 06—93 1 k—1
+ 1= — 1= — ds.
: k/o Wo(s)? ( We(S)) ’

The above theorem can be enhanced to obtain more information on the limiting distribution.

Corollary 3.2. Under the hypothesis of Theorem . Let G be a centered RN -valued Gaussian
random variable, with covariance matriz M independent of the random variable £ of Theorem
then

¥/(@) (5 (A(h, 1) - cth))k 9D EG wrt. Pu.

eN* t—o0

In addition, this convergence holds jointly with the weak convergence of ¢'(a)e Ny to E.

Remark 3.3. o Let us point out that the above convergences has to be understood as convergence
of processes for the product topology of RN. In particular, it is well-known that for this topology
(see [1]) the convergence of finite dimensional distributions is enough to ensure the convergence
as processes.

10



e Note that an explicit formula for B, A(k,t)] is given by (2.11). Proposition 4.5 of [8] gives
explicit formulas for E; [A(k,t)]lzo(t):l]. And a formula for E; [Nt]lzo(t):k] can be found in
Proposition 4.1 of [9].

The proof of these results can be found in Section [7}

3.2 Central limit theorem for the convergence of Theorem

Our second result is a central limit theorem related to the convergence of Theorem

Theorem 3.4. Suppose that 0 > «. Then, we have, under Py,

(670‘% (¢ (a) Ak, t) — eatck5)> 9, L,

keN* t—o0

where £ is RN -valued random variable with distribution L(0, H) where the constants c; are defined
in (2.13) and the covariance matriz H is defined, for any positive integer k and 1, by

Hyy = My — W' (a)yepe — 2p (@), 4,5 > 1,
where 1 is defined in Lemma and
1 if E[V] < oo,
T { —a Py ({o0}) otherwise,
where V' is some random variable with distribution Py .

We have a similar extension for this theorem as for the previous one.

Corollary 3.5. Under the hypothesis of Theorem . Let G be a centered RY -valued Gaussian
random variable, with covariance matriz H independent of the random variable € of Theorem [2.7,
then

W/(@) (€75 (Al 1) - ) 9D, VEG wrt. P

keN* t—oo

In addition, this convergence holds jointly with the weak convergence of '(a)e Ny to E.
The proof of Theorem can be found in Section [6]

Remark 3.6. The proofs of the two theorems are very similar. Since the hardest case is the one of
Theorem [3.4), we only detail this case in the sequel. The proof of the corollaries are only detailed in
the case of Theorem in Section [ However, Remark [7.3 highlights the only difference between

the two cases.

11



4 Strategy of proof

The proof of this theorem is based on the proof of the central limit theorem for the process (N, t €
R4 ) given in [I5]. The structure of the proof follows the same lines and is detailed in Section 4 of [15].
In a sake of completeness, we recall the ideas. For this reason, the results which are straightforward
rewording of the proofs given in [I5] are not detailed. However, we think it is necessary to recall
some aspects of [15], in particular from [15, Section 4].

The idea of the proof is based on a decomposition of the tree as the one of Figure[3] More precisely,
if we fix two times u and ¢t with u < t, each individual composing the population at time w induces a
subtree of the whole tree made of its residual lifetime and its descent. To formalize this, let us recall
that, for any fixed time u, there is a natural order (for instance given by an exploration process [16],
see also Figure |3) of the individuals alive at this time. Moreover, we denote, for 1 < i < N,,, O; the
residual lifetime of the ith individual alive at time u. The tree of the ith individual is denoted T(O;)
where O; refers to the residual lifetime of individual 7. Indeed, since the descent of each of these
individuals are made of independent random quantities (by construction), it follows that the family
(Oi)1<i<n, is the only source of dependencies between the family (T(O;))1<i<n,. Roughly speaking,
in view of [I5], one would like to decompose the error

e 2t (A(k,t) — ciNy)

as the sum of the errors in each subtree,
Ny
e 20N " em 2 (ARt — u, 0;) — Ni(O3)) (4.1)
i=1

where A(k,t — u,O;) denotes the number of families of size k in tree T(O;) at time t — u (seen as a
standalone tree, i.e time 0 for T(O;) corresponds to time u in the whole tree). The notation N;_,(O;)
refers to the number of individual in tree T(O;) at time ¢t —u. Doing so, the error can be re-expressed
as a geometric sum (under P,) of errors with controlled moments, leading to a Laplace distribution
when N, gets big.

Unfortunately, one cannot decompose the error this way. This is due to the fact that subtrees
may share individuals with a common type. Hence, among the individuals of a family of size k
(which contribute to A(k,t)), some might belong to subtree T(O;) whereas some others might be in
T(O;) (for i # j). However, the decomposition of Equation holds true on the event

Iy = {"there is no family in the population at time t which is older than u"},

which occurs with high probability for u << t and € > « (since in the clonal subcritical case, the
families tend to extinct).
Another important aspect is to obtain estimates on the moments of the error. To get such
estimates, the following estimates which comes from [15, Corollary 6.3] are useful.
1 b b (@) o,

PN,>0) a a ° ° o(e™™). (4.2)

12



T(Oz) T(O3)
T(O1)

T(O4)
Oy

s

01 [ Og | Lo

Figure 3: Residual lifetimes with subtrees associated to living individuals at time w.

We also have
Qeat

E: [N ] = —— —

N @) T )

Finally, let us recall that the law of the vector (Oa,...,0On,) is given by the following lemma
which also comes from [15].

—3p+o(1). (4.3)

Lemma 4.1. Let u in Ry, we denote by O; for i an integer between 1 and N, the residual lifetime
of the ith individuals alive at time w. Then under P, the family (O;, i € {1,...,Ny}) form a family
of independent random variables, independent of N,, and, expect O1, having the same distribution,
given by, for 2 < i < Ny,

W(u—y)

P,(O; € dx) = —_—
( ) Ry W(u) -1

bP (V —y € dx) dy.

Moreover, it follows that the family (Ns(O;), s € Ry) ;< is an independent family of process, i.i.d.
for i > 2, and independent of N,,.

To end this reminder, let us recall the decomposition of the limiting random variable £ (defined
for instance in Theorem [2.4]) at a fixed time u. First, from the construction of the splitting tree (see
also [15]), we have, almost surely,

N(O:)) = [ Nt dosu €(du) + 10,5, VE>0,

where

1. (N¢, t € Ry);>1 is an i.i.d. family of random processes with the same law as (N, t € Ry),

13



2. & is some Poisson random measure with constant rate b,
3. the objects of item 1 and 2 are independent, and independent of O;,

4. &, denotes £(]0, a]).

The idea behind these equations is that the tree T(O;) is constructed by grafting on a branch with
length O; a random number of trees with the same distribution as the whole splitting tree T. Hence,
the number of individual in this tree at time ¢, is the number individual in each of the grafted trees
(taken at a time corresponding to ¢ minus the grafting time), plus 1 if the first branch has length
greater than ¢. In addition, in [I5] we showed that ¢/(a)e”**N;(O;) converges in L? to a random
variable £(0;), and that we have the following lemma.

Lemma 4.2. [15, Lemma 6.8] For any time u > 0, we have the following decomposition of € (see

Theoremfor the definition),
Ny,
E=e Z & (0), a.s.
i=1
Moreover, under Py, the random variables (£;(0;));>, are independent, independent of Ny, and

identically distributed for i > 2.

Before proving Theorem [3.4] we need an important number of estimates on the moments of the
error. This is the point of the next section.

5 Preliminary moment estimates

As explained in Section |4, one needs to have estimates on the error in the sum of Equation (4.1)).
There are two steps to obtain these estimates:

e Get the estimates when the lifetime Vj of the ancestral individual is distributed according to
Py .

e Deduce the estimates when Vj follows an arbitrary distribution, and finally take law of O; for
Vi-

In both case, the lifetime distribution of the other individuals is still assumed to be Py,. So, according
to plan, we begin with the standard splitting tree case.
L
5.1 Case Vj =Py
One of the main difficulties is to get estimates on moments like
E [(¢'(a)A(k,t) — e*cx€)"] , for n.=2 or 3.

or

E[(A(k,t) — cxNy)"], for n =2 or 3.
We begin with the following lemma.

14



Lemma 5.1. Let k and | be two positive integers, then
e™E [(e ¢/ (a) Ak, t) — ¢/ (a)cke " Ny) (e~ () A(L, t) — cre™ ' (a) Ny) | = M.
where M is defined in Equation (3.1).

Proof. We give the details for [ £ k, the case | = k is a direct adaptation of what follows with the
indicator function 1;— of (2.12)) in mind. We recall that using the calculus made in Remark 5.6 of
[8], we have

By [A(k, t)N] = 2W (t)%cx(t) — 2W (2) 0P, (Zo(a) = k) da
[0,

+W(t) o ]9W( @) 'Eq [Nol zo(a)t] da,
t

with

t ge—ba 1 k—1
cx(t) == STAGE (1 - Wg(a)> da, Vk>1,1teR,.
Moreover, from and Lemma we have

V' (@)’ Ee [Alk, )A(L, 1)) = 2W () ex(t)er(t) + RW () + o(e™™"),
with

R —v/(a) /0  20W (a) Py (Zo(a) = k) Ea [A(L a)] da
+4/(a) [ 20W (@) 1B, (Zofa) = ) Ba [A(k, )| da
0

+ 1//(04) /0 GW(a)_l (Et [A(k7 a)]lZO(a):l] + Eq [A(l7 a)]lZO(a):k]) da.
These identities allow us to obtain, using also that IV; is geometrically distributed under P,
E: [(A(k,1) — ok Np) (A(L 1) — iNp)] = 2W (1)2cq(B)er(t) + e 'R+ ofe ™)

— 21, ()W (£)? + QCZW(t)/[Ot] 0P, (Zo(a) = k) da — ;W (t) /[0 ] OW (a)~! Eq [Na L 2,(a)=k k| da

- QCkCl(t)W(t)2 + QCZW(t)/

0P, (Zo(a) = l)da—ckW(t)/ OW (a) 'Eq [Nal zy(a)=1] da
[0,1]
+ CkClW(t)Q <2 - W/l(t)>

[0,]

—o R —Q
= 2W (t)* (cr(t) — ) (a(t) — ) + e tw,(a) +o(e™),
+ 2, W (t) 0P, (Zo(a) = k) da — c;W (t) OW (a) "Eq [Nall zo(a)=k] da
[0,¢] [0,¢]
+ 2, W (t) 0P, (Zo(a) = 1) da — cx W (1) OW (a) 'Eq [Nal zy(a)=1] da
[0,4 [0,
— e W (t).



Taking the limit as ¢ goes to infinity leads to

My, = tingo%b'(a)Qe_atEt [(A(k, 1) — cxNe) (A(L ) — ciNy)]

2 oP, (Z k) da — N,1 d
T2/ (@)er /[o,oo) (Zo(a) = k) da /[O . Eo [Nal zy(a—] da
20 0P, (Z 1) da — N,1 d
+ w(a)q/[opo) (Zo(a) =1)da /Ooo) Eq [Nal zo(a)=] da
—wl(a)ckcl.
O

Our next goal is to get the same type of results for the error in the CLT involving £ of Theorem
B.4] For this, we need the following lemma.

Lemma 5.2. Consider £(O2) as defined in Section [ Then, we have

E¢ [£(02)] = /R ae” P02 > u) du = ' (a) +¢'(a)ye™* +o(e™)

with

7::{ 1 if E[V] < oo

—a Py ({oo})  otherwise.
In particular, if V' is not integrable and P(V = o0o) = 0, then v = 0.
Proof. As recalled in Section [4], we have that there exists

e an i.i.d. family of random processes (N}, t € R );>1 (corresponding to the population counting
processes induced by each child of individual 2) with the same distribution as (N, t € Ry),

e a Poisson random measure £ with constant rate b independent of the above family,

such that all these objects are independent of Oy (under P;) and
Ny(02) = /[0 ) N{“ o>y €(du) + Loy, VE >0,
where &, := £([0,u]). In addition, as shown in Lemma 6.6 of [I5], in L! |
V(@) N(02) > €(00) = | e uso, €,

with
V' (a)e N} == &, almost surely and in L'.
—00

Hence, it follows from Lebesgue’s theorem that

Y (a)e E; [Ne(02)] = ¢/(a) /[O ) e~ e WE [N,_ | P(Oy > w)b du + ¢/ (a)e” Py(Oy > 1),
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converges, as t goes to infinity, to

/ ae” P (O > u) du,
Ry

which is equal to E; [£(O2)]. Now, according to Lemma we have that

/ ae ““Pt(02>u)du—/ ae” / L) P(V > u+vy) dy du.
R, R, )—1

which gives, thanks to Lemma [2.3]

/ ae” YP(O2 > u) du
Ry

a(t—y)
=b(W(t) — 1)1/ aea“/ £ - TRt —y) | P(V > u+y) dy du
Ry g\ ¥

(@)

/ ae WPV > u +y) dy du
) R+><[0 t

(04) (t) -
bu / e YMP(V >u+y) dy du
W(t) -1 R, x[0, t]
b / P (L — y)) ae” “P(V > u+vy) dy du,
W(t) =1 Jr, «p, t]

where we recall that p is defined in Lemma In particular, we have

/ ae_o‘(“+”)IP’(V >u+v) dudv= / aue” "P(V > u) du
R2 R+

:/ <1_€_me—a$> Py (dz),
Ry o

which gives using (2.3) and (2.1)),

/
/ ae IRV > u + 0) du dv = v (04).
R2 b

In addition,

/ ae—a(u—i—v)]p(v >u+v) du dv = / ae” “P(V > u)(u—t) du
Ry % (t,00) (,00)

o0
= e_o‘t/ aue” “P(V >t 4+ u) du.
0

Thanks to Lebesgue’s theorem, we hence have

/ aue” “P(V > t+u) du = o Py ({o0}),
0 o

17
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which is eventually 0 if Py, does not have mass at infinity. As usual, let V' be a random variable with
distribution Py. Then, if E[V] < oo, similar computations give

1
/ ae” P(V>u+y)dy du=E[V] - - = —.
R+XR+ b

Finally, plugging the above computations in (5.1 gives

. ) (@) + ¢ (a)e ™ + o(em) if E[V] < oo,
/R+ ae P (02 2 u) du = { W () — ¥ (@)e o~ Py ({oo}) + o(e~) otherwise.

O

Using the preceding lemma, we can now get the quadratic error in the convergence of the frequency
spectrum.

Lemma 5.3 (Quadratic error for the convergence of A(k,t).). Let k and | two positive integers.
Then under the hypothesis of Theorem we have

ey [(¢ () A(k,t) — e*Eck) (VW ()AL, t) — e*Eq)) ] o Mg - 4 (a)yerer — 2’ (),

where the sequence (cx);> is defined by (2.13)), v is defined in Lemma and p is defined in Lemma
23

Proof. The proof of this lemma is based on the decomposition of £ as
Ny
E=e) £(0).
i=1
According to Lemma[4.1] we know that the family (£(0;))1<i<n, is (under IP;) a family of independent
random variable (which is i.i.d. for ¢ > 2), independent of N;. Hence,
B¢ [A(k, 1)E] = e By [A(k, t)(Ny — DE; [E(02)]] + e Eq [A(k, )] E [E(01)] .

First of all, we have that the r.h.s. of the above equality is bounded si e~ *'E;[A(k, )] converges as t
goes to infinity. From this, we get

Eq [(¢/ ()™ Ak, t) — Eci) (¥ (a)e " AL, t) — Ear)]
=/ ()2 2K, [(A(k, t) — Nicr) (AL, 1) — Nyey)]

+ ¢ (@)e 2 Ry [Ak, t)N] (¢ () — B¢ [E(O)])
+ 1 (@) e > e By [A(L )Ny (¢ () — By [E(O2)])
+ ¢/ ()’ *ME, [N?] — By [€7]

+o(e™)
Now, according to Lemma [7.1] and Lemma [5.2] we have

P (a)?e 2 By [A(k, t)Ny] x e (1 — B4 [£(O2))) o T2ack

18



where ~ is defined in Lemma Now, using (4.2)), we get
2 — By[€%] = 2u1)/ (a)e™ + o(e™),
which leads, using Lemma [2.3] to
at / 2 —2at 27 _ 2 _ /
e (¢ (a)%e E; [Nt] E; [5 ]) m) 2u’ (a).
Finally, using Lemma [5.1] we get

E; [(w'(a)e*“tA(k:,t) - Sck) (w’(a)e*atA(l,t) - Scl)] == My, — dyepe — 2uy’ ().

Lemma 5.4 (Boundedness of the third moment). Let ki, ko, k3 three positive integers, then

[II‘ Alkit) — e*cy,)

—0(1).

Proof. We have,

3 / ot 3 / at 3
Ak, t) — A(k;, t) — .
H ) € ng S H E (,l/] (Oé) ( a)t € Eckz)
: e

=1 =1
Hence, we only have to prove the Lemma for ky = ko = k3 = k. Hence,

/ _ Lot 3 / 3 _ Late|3

. (w@muhg e“tEcy) <8EU¢@@A@£) N, +8£EUN2538 l
ez €2

The last term have been treated in the proof of [I5, Lemma 6.4], and the boundedness of

I

follows from the following Lemma and Holder’s inequality.

‘W Ak, t) — cp Ny

O‘t

Lemma 5.5. For all k> 1,

1s bounded.

Due to technicality, the proof of this lemma is postponed to the end in appendix.
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5.2 Arbitrary initial distribution case

The following lemmas are the counter part of Lemmas 6.5, 6.6, and 6.7 of [I5]. They play the same
role in the proof of Theorem as in the proof of the central limit theorem given in [I5]. In the
sequel, we denote by (A(k,t,Z)),~,, the frequency spectrum of the splitting tree where the lifetime
of the ancestral individual is = but where the other individuals have lifetimes distributed according
to Py. This is done in the same spirit as for N; (£) in [15], which denotes the number of individuals
at time t in a splitting tree where the first individual has lifetime =. So, from the construction of
the splitting tree, it is easily seen that there exists an i.i.d. family of processes (N}, t € Ry )i>1, and
an independent Poisson point measure & on R with intensity b such that

Ny(E) = /[O ' N 1zs, €(du) + 125, Vit e R,
,t

Now defining
E = lim ¢'(a)e ' N/,Vi > 1, almost surely,

t—o0
we can set

E(E):= /[0700) Eenye Mzsy E(du).
With this in hands, we can study the asymptotic behavior of the moments of
V' (a)A(k,t,Z) — e E(Z)cy.
This first lemma gives the asymptotic of the quadratic error.

Lemma 5.6 (L? convergence in the general case). Consider the general frequency spectrum
(A(ka t) E))k21 )
then, for all k, ¢'(a)e **A(k,t,Z) converge to £ (Z) (see in L? as t goes to infinity. Moreover,
e “E [(¢/(a)A(k,t,E) — eEE)ck) (¢ (a)A(l,t,E) — e*E(E)e)]

converges, as t goes to infinity, to

a

HkJ/ e P (Z > u) bdu,
b fa

where the convergence is uniform w.r.t. =, and Hy,; is defined in Theorem .
In the case where = is distributed as Oy foru= Pt and 0 < f < %, we get

e E [(¢'(a)A(k, t, 02) — ' E(O2)ex) (V' () A(l 1, O9) — e*E(O2)cr) ] o V(@)K
This next two lemma give bounds on the first and third moment of the error.

Lemma 5.7 (First moment). The first moments are asymptotically bounded, that is, for all k > 1,
E (¢'(a)A(k,t,E) — e*c,E(2)) < O(1),

uniformly with respect to =.
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Lemma 5.8 (Boundedness in the general case.). Let k1, ko, ks three positive integers, then

ﬁ (& (@) Ak 1, Z) — e*E(E)ex, )

a
§t

E

]:0(1),

i=1 €

uniformly with respect to Z.

We do not detail the proofs of these results since they are direct adaptations of the proofs of
Lemmas 6.5, 6.6, and 6.7 of [15].

6 Proof of Theorem (3.4

The following result is based on the fact that, in the clonal sub-critical case, the lifetime of a family
is expected to be small. It follows that one can expect that all the family of size k live in different
subtrees as soon as t >> u. This is the point of the following lemma.

Lemma 6.1. Suppose that o < 0. If we denote by I'y, ; the event,
Lyt = {"there is no family in the population at time t which is older than u”},
then, for all B in (0,1 —3), we have

Pﬁt (Fﬁt,t) — 1.

t—o0

Proof. The proof of this lemma, as the calculation of the moments of A(k,t) relies on the represen-

tation of the genealogy of the living population at time ¢ as a coalescent point process [8, Prop. 5.1].

Moreover, we denote by N the number of living individuals at time uw who have alive descent at
W (t—u)

time t. In [§], we showed that, under P, ]\Nh(f) is geometrically distributed with parameter wa

Now, 1r,, can be rewritten as

N
Ip,, = H ]l{Zé(t—u):O}’
i=1

where Z}(t —u) denotes the number of individuals alive at time ¢ descending from the ith individual

alive at time u and carrying its type (in Figure [2 the clonal type of the sub-CPP). Moreover, from

Proposition 4.3 of [§], we know that that under P, the family Zéi) (t —u) is an i.i.d. family of random

variables distributed as Zy(t — u) under P;_,, and N s independent of Z(gi) (t —w) (still under Py).
Then,

o Py (Zo(t — u) = 0) 2w
Py (Cut) = By |Proy (Zo(t — u) = 0)™ ] = W(tv)v(t—u) '
1 =Py (Zo(t —u)=0) (1 T TWE )
Using ([2.8)), some calculus leads to,
1
Py () =1— . 6.1
t ( ,t) 1 N _g‘(/f_(i;;’/) (1 _ 679(t7u)1j/(t7u)> ( )
e (t) Wg(t u)
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Now, since,

P(N,>0) Py, Ny =0,N,>0)
P, (T ;) = Py, (T ~ 2 ,
t (Pt ( ’t)]P’(Nt>O) P (N, > 0)

taking u = [3t, we obtain, using Lemma 2.2 in (6.1)), and that

P (N =0,Ng >0) =P (Ng >0) —P (N, >0) tj 0,
the desired result. O

Proof of Theorem[3.]] Fix 0 < u < t. Note that the event I',; of Lemma [6.1] can be rewritten as

Ny,
Ir,, = H L 23 (1,000} (6.2)
=1

where Z}(t — u, O;) denote the number of individuals alive at time ¢ carrying the same type as the
ith alive individual at time u, that is the ancestral family of the tree constructed from the residual
lifetime of the ith individual and its descent (see Section .

Let N be a positive integer and K = (ky,--- , ky) be a multi-integer. We denote by £ (resp.
A(K,t)) the random vector (£, ... LFV) (vesp. (A(k1,t),..., A(kn,t))) with

P () Ak, t) — cpe™E

e2t

Lr = (6.3)

On the event I'y ¢, we have almost surely,
Ny,
Ak, t) =S AD(kyt —u,0;), VI=1,...,N,
i=1

where the family (A(i) (ki,t —u, 0;))
Hence, using Lemma [4.2]

|<i<n, Stands for the frequency spectrum the subtrees (T(O04))1<i<N, -

Nu / ) —
AD (kp, t — u, 0;) — et E(O;
£fl :z :7!}(04) ( ls qu) € 5(0 )Ckl' (64)
=1

e%ueg(tfu)

In the sequel, we denote, for all [ and i > 1,

P (@) AD (K, t — u, 0;) — e*EWE(O)ey,

AD (kyt —u,04) = P

o3

A (K,t — u,O;) denotes the corresponding random vector. In particular, according to Lemma
and Lemma we have that the family (A® (k;,t — u, 0;))1<i<n, is independent (under P,,).
Now, let

exp (z < A(K,t—u,0y),¢ >> 1Zg(t—u,02)=0i| )

exp <’L <A (K,t—u,01),& >> 1Zé(t—u,01)=0:| )

©

=

o
i
=

—
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with (-, -) denotes the standard Euclidean scalar product.
From this point, following closely the proof of Theorem 3.2 of [15]: that is, using Lemmas
and and Equation (6.4]), we have that

. (K) - _aB _aB _
Est {eKct ’€>]1th,t} = Prle” 2 "OEg |pr(e 2 )N 1]’

for u = ft with 8 € (O, % A(1— %)) This gives using that Ng; has geometric distribution under Pg;

that
1

- (K) ~ _aB
Eﬁt [€Z<Li 7§>1F3t,t} = goK(e 2 t&) “aB, (6.5)
W(Bt) — (W(Bt) — Dpx (e 27E)
Now, a Taylor expansion of g gives
|K| 3 1 |K|
§=1+i) &R [A(kpv (1-28), 02)123((17;3)@02):0} ~3 D My, (D&pEq + Ra—py (),
=1 pyq=1

where |K| is the length of the multi-integer K and

M, i; (t) :Z]E[ (wl(a)A(Z (ki, (1 = B)t, O;) — X172, (Oz)clw)

o3 (- B)t)

(Y @AY (&, (1= B)t, ;) — e TIVE (Oy)cy,
o5 (- B)t)

]lzg((1,3)t,02)=0]- (6.6)

We now need to handle the indicator function 17, 0,)—0 in the Taylor development of ¢k-.
We show how it can be done for one of the second order terms, the method is similar for the other
terms. It follows from Hoélder’s inequality that

. 2
V() AD (K, (1= B)t,0;) — e =PV E(O))ey,
E Lz2((1-p)t,00)>0

(@AY

2
3|3

<E

‘W() (b, 0= 31,00 — €00 | p 2 g0 50 0

)
cI( By

from which it follows, using Lemma that the r.h.s. of this last inequality is
1
6] (P (Z2((1 = B)t, 03) > 0) 3) .
Now, using (6.2) and Lemma it is easily seen that
2 J—
Finally, using Cauchy-Schwarz inequality in and Lemma we get

!
M ey (1) ——— V(@) Hi, ;.
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where H is defined in Theorem (see also Lemma [5.3).
Now, in , we have, using similar methods and Lemma that

_aB = _a
) [A(kp, (1- 5)t,02)1125((1_6)t702):0} = O(e~%h).
Finally, using the above computations, we get with

|K|
_aB —aBt 1 _aB _a
P(em T = 1= ™0 37 M, (D6 + Ra—gple”71€) + 0(7"), (6.8)
p,q=1

and a similar treatment for the third order term in the reminder R using Lemma [5.8| gives
Rau_py(e 27 =0(e" 27").
Putting all these together in (6.5) (and taking into account that 8 < 1 A (1 — %)) entails

1
L e (86)5 S50 €665 M, (8) + 0(1)

These allow us to conclude, from , that

. A(K)
Eg [ez«:t 7§>]]'F,8t,t:| _

1
N 9
o0 1 5 300 iy &6

. A(K)

where K is the multi-integer (k1,...,kx). To end the proof, note that,

]lNonEx . ]lNBt>0]lFﬁt,t
P (NonEx) P (Ng > 0)

. A (K) o p(K)
‘Eoo [€z<£t ,5>} — Eg [€z<£t ,5>]1F6m}

o

} — 0,
t—o00

thanks to Lemma [6.1] O

7 Proof of Theorem [3.1]

Since all the ideas of the proof of this theorem have been developed the preceding sections, we do
not detail all the proof. We only details the steps which need clarification.

7.1 More on moments

Our first step is the computation of the covariance matrix M of the Laplace limit law. According
to the proof of Theorem it is given, for two positive integer [ and k, by

W (@) AD (k, (1= B)t,0;) — ¢/ (a)cr N gy,
2 (@AY

W(pt)

eaﬁt E

My = lim
’ t—o0

y ¢,(Q)A(Z) (l, (1 — ﬁ)t, Oz) — ClN(lfB)t "
e5((1=p)t) Z3((1-B)t,02)>0 | »
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which is equal, thanks to , Lemma and an easy adaptation of Lemma 6.6 in [15], to
by’ t
My — fin 20 WD)

too eaft

R [(e*atA(k, t) — cke*“tNt) (e*atA(l, t) — clefatNt)] = M.

Now, in order to obtain the joint convergence, we need some new moment estimates.

Lemma 7.1. Let k be some positive integer, then

E |:eatNt <A(k7t) - Cth>:| 0
t—o00

«
e2t

Proof. In order to have an explicit expression for
Et [Nt (A(k’, t) — Ck-Nt)] s

we use again Remark 5.6 of [§] to get

E, [N, A(k, 1)) = Q/OtW(t)z (1 - W(“)> be " (1 - 1>k1 da

Wy (a)
+W(t) /0 P [N;} (Za(’)(“)’“] da.

Now, using that N; has a geometric distribution under P; (with parameter W (¢)~1), we get

Combining this two equality leads to

v [C 0 (1
B¢ [Ny (A(k, 1) — cxNi)| = 2W (1) . Wy(a)? ( Wo(a)

Now, since Lemma (clonal sub-critical case) and that W (t) ~ ¢’'(a)e* (Lemma [2.2] also) entails

e—%tw(t)Q o ge—0a <1 B 1 )k’—l da— O <e_32atW(t)2 /‘X’ ge—ta da)
t Wila)? Wy (a) t ’

we then get the result using (2.9)) and that 6 > «. O

k—1
) da + O(tW (2)).

Remark 7.2. In the case of Theorem one would need that
/ Alk. 1) — at
E|:6atNt <¢ (a) ( ) ) Cg€ 8):| t ,0’
—00

[e]
ezt

to obtain the joint convergence with e~“*N; as stated in the theorem. In fact, this result easily follows
from the above proof and the estimate

E; [Ni€] — ¢/ (a)e™ By [N7] = 1#2/6(2) — 2/ (a)e” W (t)* + o(e2’) = o(e2"),

which is deduced using (4.3, Lemma and the geometric law of Ny under Py.
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7.2 Insights for the joint convergence

In this section, we detail the points which require clarification to obtain the joint convergence as
stated in Theorems [3.4 and 3.1} In the case of Theorem [3.I] this means the joint convergence of

<w'(a)6_o‘t]\ft, e 2t (A(k,t) — cth)k21> ,
as t goes to infinity. To this end, rather than considering the characteristic function

; C(K),
E, |:6Z< ) £>]1Fu,t ,

as in Section@ (we also recall that EgK) and I',; are respectively defined in Equation (6.3) and
Lemma , we consider

E, [exp (z < £ e > 1ixg/(a)e —ath) 11%} , (7.1)
with, this time,
ko P (@) AD (K, t 0;) — ¢ () Ny—u(O;) i,
Ly = Z o2 e%(t—u) :

and, for all [ and 7 > 1,

P (@) AW (it —u, 0;) = /(@) Ne—u(Oi) e,

o3 (t—u) ’

A(Z) (kla t—u, O’L) =

where we refers the reader to Section for the definition of N;_,,(O;). Equation (7.1)) can be rewritten,
following the proof of Theorem as

Br(E N [pre(e 36,7 TNV = prelem e 73N

with, this time,
K (660) = [exp (i < A(K,t —1,05),€ >+ (@)™ N, _4(05)) 153,000
b (€,0) = E [exp (z <AK,t—u,01),6> —i—z'/\w’(a)e’a(t’“)Nt_u(Ol)) llzgu_u,ol):o} .

Now, a simple Taylor expansion gives

|K|

P(EN) =1+i Z & [Alkp,t =1, 02)] + NE [¢/(0)e ™I N;_, (03)]

|K]

5 D B [Alhyt 1, 00) Alky £ — 0, 02)] &6,

pq 1
IKI

- Z ema(t—u) [A kpot — 1, 02)¢'(a)Nt_u(02)] EN+ Re_u(€,N). (7.3
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Remark 7.3. In the above expression, the moments does not involve 1zi; ., 0,)=o ot will. Since
according to the proof of Theorem these indicator functions can be neglect, their presence is
hidden in the reminder R;_,.

Hence, plugging (7.3]) in Equation (7.2]) gives

e, e Ny [pre (e e NN

! - —a(t—u)y /
= W [1 — (1 —=W(u) 1)(1 + e t=v) iR [¢ (a)Nt—u(OQ)]
1 |K| .
_ 2p;1 c—OUR [fl(kp, t —u,02)A(kg, t — u, Oz)} Epéq + R, u))] :

for some R satisfying R(St,t) = o(e~Pt)(with the same choice of 3 as in the proof of Theorem .
Now, setting u = St as in the proof of Theorem and taking the limit as ¢ goes to infinity shows
the convergence of the above quantity to

1

. K ’
14+ Xi+ % ZL,qu Mm‘fpfq

Indeed, the one main difference with the proof of Theorem [3.4] lies on the moment

E [A(kp, t—u, Oz)Nt—u(O2)]

in the Taylor development of ¢, which can be shown to go to 0 using Lemma [7.1]and an adaptation
of Lemma 6.6 in [15].

To end the proof let us remark that if G is some Gaussian random variable with null mean and
covariance matrix K independent of a random variable £ (with exponential distribution and mean
1), then the characteristic function of the couple (VEG, €) is given by

1
1+ Xi+ 3(¢ K¢€)'

(6, )) €eRIX R —

where (-, -) denotes the standard Euclidean scalar product.

8 Numerical studies

The purpose of this section is to analyze our approximation method and the estimation of the error
by virtue of numerical experiments. There are several practical difficulties appearing when one tries
to perform such study.

The first problem, which involves no conceptual difficulties, lies only on the implementation of
the formulas appearing in Theorems and In particular, the computation of the moments of
type E[A(k, 1)1 z,+)—] are particularly complicated (see Proposition 5.4 in [§]).
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Another difficulty is to obtain numerical approximations of the scale functions W and Wy. For
instance, these functions appear in the computation of the covariance matrix of Theorems [3.4] and
B.1] or when one wants to simulate the coalescent point process. To obtain such approximations, we
need to apply numerically the Laplace inversion operator to the functions i and %

Unfortunately, the Laplace numerical inversion is a rather difficult problem (see for instance
1] or [2]) which is often computationally expensive. As a consequence, the computational cost of
performing multiple numerical integration involving W or Wy can be important when done with a
crude method. Moreover, these methods presents rough numerical instabilities when the original
function is exponentially increasing (inverting A — ﬁ, whose inverse is x — €*, is already a tough
numerical problem).

For all these reasons, we provide with this work a Matlab toolbox which handle all these difficulties
and allows users to perform numerical experiments without having to take care of these issues. This
toolbox is available on the author personal homepage.

In this whole section, we are interested in the approximation of the frequency spectrum at a fixed
time t by the sequence Ny(cg)r>1 (we recall that ¢ is defined in equation (2.13))). As a consequence,
the errors in this approximation are computed thanks to Theorem [3.1] The parameters of the model
are set as follows:

e Py is a Rice distribution with shape parameter 1 and scale parameter 1.

For such parameters « approximately equals to 0.5. Figure [4] shows the evolution of the frequency
spectrum (for k£ between 1 and 10) through time. The different quantities seem to growth expo-
nentially with rate o with a time-shift which depend on k. An interesting open question would
be to understand the behavior of these shifts. In order to stress our methods of approximation,
the first idea is to look to the renormalized frequency spectrum (#k’t))kzl which is expected to
look like (¢, t € R4). As showed in Figure |5, the approximation seems to be quite accurate for
k =1,2. However, a more quantitative analysis is required. Figure [ shows the absolute error in the
approximation of A(1,t) by ¢;N;. This error is a little disappointing since it since to diverge when
t goes to infinity. However, even if, according to Figure [6] the absolute error at time 20 is of order
103, the relative error shows that this error is quite small with respect to the value of A(1,20).

Another question is about the speed of convergence in the central limit theorem stated in Theorem
The red curve of Figure [7] shows the density of the Laplace distribution given in Theorem in
the case of A(1,t) whereas the blue histogram shows the distribution of w’(a)(e_a% (A(1,t) — cpNy))
for t = 10 (at ~ 5 and E[/V¢] ~ 300) from 10000 simulations. This figure highlights the fact that
even if the taken time ¢ is quite small the distribution w’(a)(e_o‘%(A(l,t) — ¢ Ny)) seems already
close to the limiting distribution. Figure [8| shows the same kind of behavior in the multidimensional
case. To be more quantitative, Figure [9] shows the evolution in time of the distance between the
density of limit distribution given in Theorem [3.1] and a kernel estimation of the distribution of

w’(a)(efa%(A(l,t) — ¢ Nt)) (the estimation is made from 10000 simulations at each time). This
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Figure 4: A simulation of the evolution of the frequency spectrum under the given model.
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Figure 5: Evolution of the renormalized frequency spectrum (A(k,t)/ck)r>1 under the given model.
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Figure 6: Absolute error (left picture) and relative (right picture) in the approximation of A(1,t) by
Cth.

suggest an exponential rate of convergence in Theorem In the view of Figure [0] one may think
that Berry-Essen type results for Theorem would be quite interesting, in particular to under-
stand how the speed of convergence is related to choice of the parameters.  Another interesting
question which could be partially probed by simulation is the study of the behavior of the error in
the clonal supercritical case. Figure [10| shows a kernel estimation (from 10000 simulations) of the

density of w/(a)(e_o‘%(A(l,t) — ¢, Ny)) in the clonal supercritical case (6 = 0.2 < «). Figure

suggest a totally different behavior with a limit distribution which is asymmetric with respect to 0.
In particular, in the view of the shape of the distribution, one could conjecture that the limit is a
skew stable distribution.

To end this section, let us goes back to one of the motivation of this work. The following discussion
do not claim to be rigorous and is essentially formal. We recall that the Extended Haplotype
Homozygosity (EHH) can be used to detect positive selection in a population [20]. In particular, the
behavior of the frequency spectrum we are interested in the behavior of the frequency spectrum as
the mutation rate increases. In order to have a rigorous model to describe this type phenomenon,
we need to introduce a new mutation measure which is different from the one given in Section
We define it directly on the CPP but this could be equivalently defined on the splitting tree. So let
P be a Poisson random measure on [0,¢] x N x R, with intensity measure A ® C' ® A, where C is
the counting measure on N. Then, for any mutation rate 6 in R, we define the #-mutation random
measure Ny by

Ny (A x B) = / 1g,>t—alicn;, P (di,da,dx),
AxBx[0,0]

where, as before, an atom at (a,7) means that the ith branch experiences a mutation at time ¢ — a.
This construction allows to increase the mutation rate in consistent manner. This allows to model
the type of an individual at a distance = (such that the mutation rate is a function of x) from the
core region of DNA (we refer the reader to [20] for more details). Now, following [8], we can define
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Figure 7: Distribution of the renormalized error and expected limit distribution given by our CLT.

Figure 8: Joint distribution of the renormalized error (left figure) and expected limit distribution
(right figure) given by our CLT.
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Figure 10: Kernel estimate of the probability density function of the limit distribution in the clonal
supercritical case.
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the frequency spectrum at mutation rate 6 by
At = [ ga-Noldisda)
[0,t]xN

where Zy(i,a) is the number of individual at time ¢ carrying the type of the ith individual at time
t —a (see [8] for more details). Let us also define Z§(t) the number of individuals carrying the type
of the first individual at time 0 when the mutation measure is given by Ny. As expected, the allelic
partition of the population becomes thinner as 6 growth.

Now, the definition of the EHH Gy(t) is the probability that two uniformly sampled individuals
in the population have the same type, that is

ZEW(Z8(t) = 1) + Yjor k(k = DA% (K, 1)
Gi(0) = AR 11) :
Using that

Ny = Z{(t) + > kA% (k. 1),
k>1

this rewrite

(Ni = 3oy kA% (R, 1) (Ve = Sopoy KA (s 1) — 1) + Fopoy Kk — 1A (K 8)
Ne(Ny — 1) '

G(0) =

Finally, using the approximation
(A(k,t))k>1 ~ (ck)r>1 Ve

proposed in this work, one could expect that

~ >i>1 k(k—1)cy _ I 209 (Wy(z) — 1)d:c.

Gul0) N, N,

We stress the fact that the above expression makes sens only in the clonal subcritical case (in the
other cases the integral in not finite). Now, we can look at the accuracy of this approximation in view
of numerical simulation. Figure [L1{shows the value of the EHH (when 6 increase) from a simulation
of the model (blue curve) and the one obtained using our approximation (red curve). In view of
Figure the approximation seems pretty accurate. In order to be more quantitative, Figure [I2]
shows the relative error between the EHH and its approximation for one simulation. This shows that
the error, as least for sufficiently large 0, remains under 8%. To end, let us highlight that Theorem
B] can be used to give confidence intervals for fixed § but in order the construct tests of selection
from curves like these of Figure one would need to have functional CLT in long time for the
process ((A%(k,t) — Cth)kzl, 0cRy).
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from simulated data (blue curve)

relative error (in percent)

mutation rate 6

Figure 12: Relative error in the approximation of the EHH
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A  Formula for the fourth moment of the error

Lemma A.1.

+
W
0

_l’_
E\EQE\
T S|s s

+
)
=~

+8/[07ﬂ03//((2))22 <1 = 3//((?)) P, (Zo(a) = k) E, [(A(k,a) A }da

a8 /[0 J]GVV&(Z))Z (1 - VWV/((CZ))) o [£ 74001 Ak, @)] Bq [(A(k. ) — eV,)”] da
+72/[0,t]9;(/v((2))2 (1— ?fv(@) )E [tk (A(k, 0) = € Na)] Ea [(A(k, 0) = cxNo)] da
72 /[O ; vag((?; (1 - zVV((j)) >2Pa (Zo(a) = W) By [(A(k.a) — cxN.)?] Ea [A(k.0) ~ Nocy] da
+96 /[Ot]egj((i); <1 - g//((z)))gﬂ”a (Zo(a) = k) Ea [(A(k, a) — cx N da + BN

Proof. The proof of this Lemma lies on the calculation of the expectation of each term in the
development of
(A(k,t) — cuNy)*.

To make this, we intensively use the relation (2.10) and the method developed in [8]. We begin by
computing

E; [A(k,t)"] .
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Formula (2.10)) gives us,

@

Ak, t)* :4/ 12t (0 Z HA”J (k,a)N (da, di)
[O,t]XN Ul.3= 1] 1
i#]

4 / 1y i ATk, @) AT (, @) Ak, ) (da, di)
[0,t]xN

N,
4 / Limr S A (k@) A% (k, a) A (k, )N (da, di)
[0.4]%N J1,J2,j3=1
J1FJe#I3#i
X0,
+12 / 1ok ALk, @) A (k) S AT (k, @) (da, di)
J=1,j#i

(t)

+4/[0 15 (a)= Z Al (k,a)®N (da, di)
] xN

J=Llj#i
112 /
0,t] %

N(t)
Iy / oAl a) Y AT (k) AT (b, a)N (da, di)
[0:4]% Ji=Lj1#i
N,
+12 /[OﬂXNnZé(a)_k ST A (k)2 A% (k, a)N (da, di). (A1)
’ J1,j2=1,j1#j2#1

N,

LywaAi(k,e) > A (k,a)A(k,a)N (da, di)
Ji.g2=1j1#£jeFi

]1Z

The decomposition of the sum in form
(t)
Ntfa

u1.3=1
has then been made to distinguish independence properties in our calculation. Actually, as soon
as, i # j, A'(k,a) is independent from A%(k,a) (see [§] for details). It is essential to note that the
expectation of these integrals with respect to the random measure N are all calculated thanks to
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Theorem 3.1 of [§]. So, taking the expectation now leads to,

E, [A(k, t)"] =4 /

OE, [Nt(i)a] E, []lZo(a)ZkA(k’ a’)3] fda
[0.,2]

. 0P, (Zo(a) = k) E, [(Nt(?a)(4)] E, [A(k, a)]® da

+12 / 0E, []lzo(a):kA(k,a)Q]Ea{(Nt(f)a> ]EQ[A(k,a)]da
[0,t] ©)

+4 / 0P, (Zo(a) = k) E, [(Nt(?a)@)] E, [A(k,a)®] da

112 / 0P, (Zo(a) = k) Eq [(tha)(gj E, [A(k, a)?] Eq [A(K, a)] da.

Using the same method for all the other terms and that, for any positive real number a lower than ¢,

N,

Ny= Y N,

i=1

we get Lemma [A ] by reassembling similar terms together. The last term is obtained using the
geometric distribution of N; under P;. O

B Boundedness of the fourth moment

Lemma B.1. We begin the proof of the boundedness of the fourth moment by some estimates.

B¢ [(A(, 1) = g Ny)] = O (e70=)1) | (i)
E, [(A(k,t) - cth)?’] =0 (W(1)?), (ii)
E, [(A(k,t) . cth)Q] —OW(), (i)

EN! = O(e™), neN*, (iv)

Py (Zo(t) = k) = O(el@= ), (v)
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Proof. Relation ({i) is easily obtained using the expectation of N; and A(k,t) using , and
the behaviour of W provided by Proposition The relation has been obtained in the proof
of Theorem 6.1 in [8]. The two last relations are easily obtained from , and Lemma
The relation is obtained using the following estimation,

‘Et [(A(k, £) — cth)ﬂ ] <F, [Nt (A(k,t) — cth)Q} .

We begin the proof by computing the r.h.s. of the previous inequality using the same techniques

as in Appendix A.

E [A(k,t)?

Finally,

E[Nt(A(k: £) — e lNy)? —2/ 9

N =2 Otex(?)ﬁz [NoA(k, a)1 7,4y da
+4 Otev‘?//((i); (1 gg‘g)E[Nanzo(a)_k]E[A(k,a)] da
+4 Otavw[:((i); (1 - Ig/ii;) E [A(k, a)1 2, (q)=k] E [Nq] da
+4 Ot QVW[;((?)Z (1 - ;V/((‘ZD P, (Zo(a) = k) E[A(k, a)N,] da
112 Otex((z); <1 - VV[V/((‘ZDQPQ (Zo(a) = k) E[A(k, a)] E[N] da

LW ()2 W (a)
+8 i 9W<a>2 <1 W(t))IE [Nal ()=t E [N da
LW (t)? W (a) B
+4 i HW(Q)Q (1 — W(t))IPa (Zo(a) = k)E [N?] da
EWRS [ W) 2 — 2,
w2 [0l (1 W(t)) P (Zo(a) = k) E[N,J2d

a)
4 / W E (1 ;V,(é‘)’) E [Nl 2 (a)—t) E[A(E, @) — ¢ N,] da
tOW(t)? W (a)
+4 ; 9W<a>2 <1 - W(t)> E [(A(k,a) — cxNa) Lz (a)=k) E [Na] da
LW (t)? W (a)
+4 ; HW(a)Q <1 - W(t)) P, (Zo(a) = k)E [N, (A(k,a) — cxN,)| da
LR W)\ _
+12 ; GW(CL)?’ <1 - W(t)) P, (Zo(a) = k) E [Ny E[A(k,a) — cxNy] da
+ciE,N}
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Now, an analysis similar to the one of Lemma leads to the result. O

Proof of Lemma[5.5. The ideas of the proof, is to analyses one to one every terms of the expression
of
B [(A(k.1) — )]

given by Lemma using Lemma to show that they behave as O (W(t)Q) Since the ideas are
the same for every terms, we just give a few examples.
First of all, we consider

/[O,t] 5VV((2)) Ea |12 (a2 (A(k, @) — & No)? | da.

Using Lemma , we have

Wi(t)
/M o) Ee [nZO(a):k (A(k,a) — ckNa)?’} da =0 (W(t)?).

Now take the term

2
/M 5VV((2))2E [12o()= Nz | Ea [(A(k, @) — 1 Na)] da,

we have from Lemma and ,

E, [NZ] e~ 0=agq = O (W(t)?).

W(t)? ; / W (t)2
——Ey |17, (0= NS | Eo [(A(k,a) — cxNg)] da <

/[\Ovt} W(a)2 [ Zo( ) k ] [( ( ) )] [07t} W(a)2

Every term in W (t) or W (t)? are treated this way. Now, we consider the term in W (¢)* which is

I:= 96/[“] S//((Z?;Pa (Zo(a) = k) Eq [(A(k, a) — cxN,)]? da + 24W (t)*¢f,

since NN, is geometrically distributed under P;, and that
E: N} = 24W (1) — 36W ()3 + O(W (1)?). (B.1)

On the other hand, using the law of Zy(t) given by (2.8)) and the expectation of A(k,t) given by
(2.11) (under P%), we have,

4
96 /[O ) mﬂva (Zola) = k) Eq [(A(k, a) — ¢xN,)]* da

L 4 t ge—ta 1 k-l @ e bs 1 k1 ’
R T <1 We(@)> <0 W(s)? <1 W9(5)> ) da

B A t 0679(1 B 1 k-1 4
=2 (0 Woy(a)? <1 We(a)> da) '
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Finally,

o ge—ta k—1 4
I =24W () ( t I/f/g Ok (1 - ng(a)> da> o) <W(t)4e_49t) = o(1).

The last example is the most technical and relies with the term in W (¢)3, which is, using (B.1))
and Lemma

3
! ::72/[015] V%E“ [ (@)= (A(k, @) = exNa)] Eq [(A(k, a) — ¢xNo)J* da

3
e /0 [0,¢] W((:L))3Pa (Zo(a) - k) Ea |:(A(k’ CL) B CkNa)Z} IEa [A(k7 a) - NaCk] da
t

— 288 /[O ) XVV((Q); Po (Zo(a) = k) Eq [(A(k, a) — cixNo)]? da — 36¢EW ().

On the other hand, using the calculus made in the proof of Theorem 6.3 of [§], we have

E, [(A(k, a) — ckNa)Q}

L W@?R(, W(s)
= o W(s)? (1 W(a)

> Ps (Zo(s) = k) Es (A(k,s) — ek Ns) ds

W(s) 2 2 1
+ 2/[07(1] Wa) E []lZo(s):k: (A(k,s) — cst)] ds + c;W(a) <2 — W(a)) .

Substituting this last expression in J leads to

3 a) =
J=—144 /[0 ) mEa [1 2 (a)=k (Ak, @) — c;.N,)] / WES [(A(k, s) — cx Ny)] dsda

[a,00] W<8>2

1
) e s (A0 —a)] [ s

—44e? / W b (Zo(a) = k) Ea [A(k. @) — Nocy] da

Ps (Zo(s) = k) Es [A(k, s) — Nscg] da

+144 /[O t] WO b (Z(a) = k) Ea [A(k, a) — Nocyl® da

a)
a il a)= B 5) = s)—c¢ s a) — Nyci| da
288/{ot1 Wiap Al )_k)/w e (Zols) = W Es (Al 5) = o) dsBa [ Ak, ) = Naci) d

+ 72 W(t)gp (Zo(a) = k) c3 (2 — W1> E, [A(k,a) — Nyci] da

0.4 W(a) ¢ (a)
3
— 288 /[0 ] 3//((2))3[% (Zo(a) = k) Eq [(A(k, a) — cxNo)]* da — 36 W (1)3.
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Using many times that,

O (Zo(a) = k) I
/m] Wer e l(Alk5) — o)l d

/ Ge—0s <1 1 >k_1/ GeOu (1 1 >k_1 dud
_ - — uds
0.4 Wo(s)? W (s) (s,00] Wo(u)? W (u)

2

2 —0s k—1
_% 1 / Oe 5 <1 — 1 > ds | ,
2 2\ Jptool Wa(s) Wy(s)

thanks to (2.8]), (2.11]), and (2.6), we finally get
w(t)®
J=—144 (Ci - Ck(t)Q) W(a)3Ea []IZO(a):k (A(k’, a) - CkNa)] da
[0,¢]

2 4
+36W ()3 | & ( /t - W((Z);Ea [A(k, a) —Nack]?’da> — ( /[t . wEa [A(k, a) —Nack]3da>

+ 144 (¢, — cx(t))? o W((Q; E, [A(k, a) — Nyci] da

+ 36W (£) (cx — ci(t)*.

This shows that J is O (W (t)?). O
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