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Robust processing of phase dislocations based on combined unwrapping and inpainting approaches

This Letter proposes a robust processing of phase dislocations to recover continuous phase maps. The approach is based on combined unwrapping and inpainting methods. Phase dislocations are determined using an estimator based on the second order phase gradient. The algorithm is validated using a realistic simulation of phase dislocations, and the phase restoration exhibits only weak errors. A comparison with other inpainting algorithms is also provided, demonstrating the suitability of the approach. The approach is applied to experimental data from off-axis digital holographic interferometry. The phase dislocation from phase data from a wake flow at Mach 0.73 are identified and processed. Excellent phase restoration can be appreciated.

Phase retrieval and processing are unavoidable processes that can be encountered in many applications for which the phase is of primary interest, for example, synthetic aperture radar imaging [1], magnetic resonance imaging [2], surface shape measurement [3], digital holography [START_REF] Picart | New Techniques in Digital Holography[END_REF], and digital holographic microscopy [START_REF] Girshovitz | [END_REF]. Phase processing requires recording a set of images and application of the arctangent operator to get a wrapped (modulo 2π) phase. Then, unwrapping is a process of retrieving the actual unwrapped phase from this wrapped phase. From a practical point of view, phase unwrapping may be quite difficult because of the presence of residues, noise, or other phase singularities. Noise can be processed with adapted spatial filtering [6]. However, the existence of dislocations in the phase maps will make phase unwrapping fail. Dislocations are related to structural discontinuity in the phase fringe pattern. They may be due to structural discontinuities or to singularities of the measured field. For this kind of dislocations, the phase in the dislocation region does not need any restoration. Unfortunately, dislocations may be due to artifacts from noise reduction, or from under-sampling during recording (lack in spatial or temporal resolution) and, generally, they occur in regions where phase jumps are very close to one another. It follows that the phase in the dislocation region needs to be restored. In practical phase maps, dislocations include not only noise, residues, and discontinuities, but also continuous dislocations. In conventional phase unwrapping algorithms, residues, quality maps, and modulation are often used to deal with noise and discontinuities [START_REF] Ghiglia | Two-Dimensional Phase Unwrapping: Theory, Algorithms, and Software[END_REF]. In branch-cut algorithms, opposite residue charges are connected by branch cuts that define the paths that cannot be crossed in unwrapping. This approach can deal with some dislocations such as residues, but cannot deal with regional phase dislocations. A quality map is effective in dealing with the noisy regions in the phase map, but its ability to process real discontinuities is limited. Thus, conventional phase unwrapping approaches can only deal with discontinuities and noise, but not further with the continuous dislocations. In addition, conventional unwrapping approaches do not restore any phase dislocations such as branch cuts and low-quality regions. In this Letter, a robust approach for efficiently processing phase dislocations is proposed. The method is based on detecting dislocations with a second-order phase gradient, masking regional phase dislocations, least-squares unwrapping, and then inpainting the unwrapped phase.

Before processing, the dislocations need to be clearly identified in the phase map. Recently, Meng et al. [START_REF] Meng | [END_REF] used modulation to detect and mask out dislocations. Singularities were processed by exemplar-based algorithm before unwrapping. However, modulation calculation requires several phase fringe patterns and cannot be performed with one single phase map. In addition, an exemplar-based algorithm is suitable for inpainting texture figures and small data-missing regions, but not for large dislocation area (several tens of pixels). Thus, this approach is not suitable for the phase map with large dislocations. In this Letter, segmentation of the phase map to identify and isolate large dislocation areas is based on the second-order gradient of the phase. Consider φ ij to represent the true phase and ψ ij to represent the wrapped phase at the grid point (i, j)of a phase map, and note W φ ij ψ ij the wrapping operator [START_REF] Ghiglia | Two-Dimensional Phase Unwrapping: Theory, Algorithms, and Software[END_REF]. The wrapped phase derivatives are defined as

Δ x ij W ψ i1j -ψ ij ; Δ y ij W ψ ij1 -ψ ij ; (1) 
and the gradient of the true phase is expressed as

G ij j∇φ ij j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi Δ x ij 2 Δ y ij 2 q : (2) 
From Eqs. ( 1) and ( 2), the second-order wrapped phase derivatives are defined as

ΔG x ij G i1j -G ij ; ΔG y ij G ij1 -G ij : (3) 
The second-order phase gradient can be computed with

j∇G ij j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ΔG x ij 2 ΔG y ij 2 q : (4) 
For a continuous phase map, the values of the second-order phase gradient are weak. However, at the borders of the phase dislocations, its values are relatively large. Hence, it can be considered as a pertinent indicator to detect the borders of dislocations and, by choosing a threshold, a binary mask can be generated from its contour. Because the second-order phase gradient values of few points inside the dislocation area are minor, these points are set to zero in the mask. According to the residue theorem for phase unwrapping [START_REF] Ghiglia | Two-Dimensional Phase Unwrapping: Theory, Algorithms, and Software[END_REF], the residues will cause path dependent results and make unwrapping fail. The sign of the residue is referred to as its polarity or charge. A mask can be used to connect the residues of opposite polarity or residues and the border of the phase map to avoid path-dependent results. In a masked region, the number of positive and negative residues should be equal, or the mask connects the residue and the border. A second-order phase gradient can detect residues, and automatic mask generation can be obtained using additional dilation. After applying the mask on the wrapped phase to mask out phase dislocations, the masked wrapped phase is unwrapped by a phase unwrapping algorithm based on leastsquares and iteration. The algorithm is described in [9] and is referred to in this Letter as PULSI. This choice is related to a previously published paper [10] that demonstrates that its calibrated version is the most robust to noise.

An inpainting algorithm based on linear interpolation is used to restore the phase in the masked areas after unwrapping. The reason is that dislocations are mainly located in regions with close fringes, where the phase varies linearly. The twodimensional interpolation of smooth images can be formulated as a variation problem of finding the function φx; y that minimizes the integral in the masked regions [11] [Eq. ( 5)], under the condition that φx; y reaches the given values along the contours. The calculation of the variation is used to find the conditions under which J assumes a stationary value:

J ZZ ∂φ ∂x 2 ∂φ ∂y 2 dxdy: (5) 
Therefore, the function φx; y that minimizes J must be the solution of the partial differential equation that results from the appropriate Euler-Lagrange equation

∂ 2 φ ∂x 2 ∂ 2 φ ∂y 2 0; (6) 
under the condition that φx; y reaches the given values along the contours. Approximating Eq. ( 6), using finite differences for partial derivatives, and considering the unwrapped phase to be processed, implies that at any node in the grid, the inpainted value is given by the average of its four neighbors according to

φ ij 1 4 φ i-1j φ i1j φ ij-1 φ ij1 : (7) 
If there are n points in the masked region, one obtains n linear equations. Thus, recovering missing data in the masked region is performed by solving the set of linear equations. In summary, the proposed approach to processing large dislocated phase areas is, first, detection and masking out dislocations with second-order phase gradients; second, unwrapping with PULSI; and, finally, inpainting by interpolation. This approach is referred to as PULSI+INTERP in the following.

In order to evaluate the robustness of the proposed approach, a numerical simulation was carried out to produce phase maps with realistic phase dislocations. For the simulation, a mathematical modeling with spatial variations is used to compute a phase (peaks Matlab function with 1024 × 1024 pixels). The number of modulo 2π fringes in the wrapped phase is controlled by the peak-to-valley. To generate dislocations, a strong moving average filter is applied to the sine and cosine of the phase. Then, after filtering, the phase is computed anew using the arctangent formula. In zones where the fringe density is high, compared to the size of the filtering kernel, phase dislocations are generated. To evaluate the performances of the proposed approach, the exact phase is computed by applying the same filtering to the original phase (that is, the continuous phase). With an initial phase at 1024 × 1024 pixels and a moving average filter of 25 × 25, one gets a simulated phase map of 975 × 975 with dislocations (pixels at the borders are removed). shows the generated wrapped phase with dislocations. There are two large dislocation areas that can be observed in the upper lobe and the lower lobe of Fig. 1(b). As can be seen, the continuity of the fringes is broken, and unwrapping cannot be applied to these areas. When applying the proposed method, the phase dislocations can be selected and masked. When generating the mask of the dislocated phase maps, the threshold of the second-order phase gradient was set to 0.0045. This threshold was selected from the observation of the histogram of the second-order gradient. Figure 1(c) shows the masked areas. Figure 1(d) exhibits the unwrapped phase from PULSI, on which can be observed the masked zones. The last step is to apply inpainting to phase from Fig. 1(d). Figure 2(a) shows the final phase obtained from the full processing. At the naked eye, the result appears to be in very good agreement with the original phase from Fig. 1(a).

Note that there exist other approaches to inpaint image data. In order to demonstrate the suitability of the method proposed in this Letter for phase data, we compared the phase from Fig. 2(a) with other inpainting algorithms. Figure 2(b) shows the phase obtained after applying anisotropic diffusion (referred as PULSI+DIFF, with 100 iterations) [12]; Fig. 2(c) shows the phase obtained from sparse representation with over-complete discrete cosine transform dictionary [13] (referred as PULSI + SRDCT); and Fig. 2(d) shows the phase obtained with exemplar-based algorithm [14] (referred to PULSI+EB).

The quantitative appraisal of the phase quality obtained from these four inpainting approaches can be estimated by computing the phase error from the original unwrapped phase. Figure 3 exhibits the four error maps corresponding to the four restored phase maps from Fig. 2. As can be seen in Fig. 3, the error given by PULSI+INTERP is the lowest compared to the three other restorations. The quantitative evaluation of these error maps is provided in Table 1 which gives the global standard deviations σ err , the standard deviations in the masked areas σ errM , the global peak-to-valley error PV err , and the peak-tovalley error in the masked areas PV errM . From Table 1, it can be seen that standard deviation and peak-to-valley errors are the lowest with the proposed restoration approach. In addition, Table 1 gives the computation times (t) for the four-phase computation of Fig. 2. The PULSI+INTERP method exhibits the best performance.

The proposed approach was applied to experimental phase maps obtained from flow experiments. The setup is described in Fig. 4 which shows a digital off-axis holographic interferometer. The processing of the data is based on the twodimensional Fourier transform to extract the optical phase [15]. The phenomenon of interest is a wake flow at Mach 0.73 propagating in the wind tunnel that is schematized by the glass windows in Fig. 4. A cylinder is inserted in the wind tunnel, and vortices are generated at upper side of the cylinder. The sensor is triggered, and the acousto-optic modulator (AOM) provides very short light pulses at 100 ns. However, at Mach 0.73, the exposure time provided by the pulse width may be not short enough to correctly record the high gradients of the refractive index. It follows that such high-speed transient variations generate phase dislocations in the phase maps due to the lack of temporal resolution. Figure 5 exhibits results obtained 
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 1 a) shows the original continuous phase, and Fig. 1(b)

Fig. 1 .

 1 Fig. 1. (a) Original phase, (b) wrapped phase with dislocations, (c) masked wrapped phase, and (d) unwrapped phase.

Fig. 2 .

 2 Fig. 2. Inpainted phase with dislocation restoration from unwrapped phase (a) with PULSI+INTERP, (b) with PULSI+DIFF, (c) with PULSI+SRDCT, and (d) with PULSI+EB.

Fig. 3 .

 3 Fig. 3. Errors for restored phases (a) with PULSI+INTERP, (b) with PULSI+DIFF, (c) with PULSI+SRDCT, and (d) with PULSI+EB.

Fig. 4 .

 4 Fig. 4. Experimental setup, AOM, and acousto-optic modulator; the wind tunnel is represented by the two glass windows.

Fig. 5 .

 5 Fig. 5. Restoration of experimental phase maps by the proposed approach. (a) Raw wrapped phase (red circles indicate the dislocation areas), (b) masked wrapped phase, (c) unwrapped phase by PULSI, and (d) restored phase.

Fig. 6 .

 6 Fig. 6. (a) Cosine fringe of original wrapped phase and (b) cosine fringe of restored phase.

Table 1 .

 1 Statistics of Errors and Computation Time for the Four Different Inpainting Algorithms (PV is the Peakto-Valley of the Unwrapped True Phase Map)

			σ err	σ errM	PV err	PV errM	PV err ∕PV
	Method	ts	rad	rad	rad	rad	%
	PULSI+INTERP 27 0.061 0.386 2.01	1.85	3.4
	PULSI+DIFF	165 0.209 1.000 5.19	4.31	8.9
	PULSI+SRDCT 2665 0.146 1.236 6.15	6.15	10.5
	PULSI+EB	169 0.127 1.073 5.66	5.66	9.7
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from the processing of the phase. Figure 5(a) shows the wrapped phase from hologram processing. The red circles indicate areas in which phase dislocations can be observed. The masks generated by the proposed approach are shown in Fig. 5(b) with the uniform gray regions. The unwrapped phase from PULSI is given in Fig. 5(c). The final restored phase with INTERP is shown in Fig. 5(d). As can be seen, the continuity of the phase map in the discolorations areas is quite good. The effectiveness of the phase restoration can be appraised also from the cosine of the wrapped phase fringe pattern, as shown in Fig. 6(a).

Compared with the cosine fringes of the restored phase map, as shown in Fig. 6(b), one can appreciate that the restored fringes are in excellent agreement with those of the wrapped phase in the regions without dislocations. In the dislocation areas, the fringe continuity appears to be very well restored.

In conclusion, this Letter proposes a robust processing of phase dislocations to recover the continuous phase maps. The approach is based on combined unwrapping and inpainting methods. The processing requires detection and masking of the phase dislocations. The regions of interest are determined using an estimator based on the second-order phase gradient. The algorithm has been validated using a realistic simulation of the phase dislocations. Comparisons with three other inpainting algorithms demonstrated that the proposed method provides phase restoration with weak errors. In addition, the computation time was found to be the shortest of the set of tested algorithms. The approach was applied to the experimental data from off-axis digital holographic interferometry. Phase dislocation from the phase data from the wake flow at Mach 0.73 were identified and masked.

Then, unwrapping and inpainting yielded excellent phase estimation which was appreciated by analyzing the cosine of the phase fringe pattern. In the near future, the proposed method will be intensively applied to the phase restoration of the phase data from wake flow experiments up to Mach 2.0. Future work includes investigation of the robustness of the proposed approach to mix between strong speckle noise and phase dislocations.