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STRESS REGULARITY IN QUASI-STATIC PERFECT PLASTICITY WITH A
PRESSURE DEPENDENT YIELD CRITERION

JEAN-FRANCOIS BABADJIAN AND MARIA GIOVANNA MORA

ABSTRACT. This work is devoted to establishing a regularity result for the stress tensor in quasi-
static planar isotropic linearly elastic — perfectly plastic materials obeying a Drucker-Prager
or Mohr-Coulomb yield criterion. Under suitable assumptions on the data, it is proved that
the stress tensor has a spatial gradient that is locally squared integrable. As a corollary, the
usual measure theoretical flow rule is expressed in a strong form using the quasi-continuous
representative of the stress.

1. INTRODUCTION

Perfect plasticity is a class of models in continuum solid mechanics involving a fixed threshold
criterion on the Cauchy stress. When the stress is below a critical value, the underlying mate-
rial behaves elastically, while the saturation of the constraint leads to permanent deformations
after unloading back to a stress-free configuration. Elasto-plasticity represents a typical inelastic
behavior, whose evolution is described by means of an internal variable, the plastic strain.

To formulate more precisely the problem, let us consider a bounded open set  C R™ (in the
following, only the dimension n = 2 will be considered), which stands for the reference configuration
of an elasto-plastic body. In the framework of small strain elasto-plasticity the natural kinematic
and static variables are the displacement field u : € x [0,7] — R™ and the stress tensor o :
Q x [0,7] — ML, where M is the set of n X n symmetric matrices. In quasi-statics the
equilibrium is described by the system of equations

—dive=f in Qx[0,7],

for some given body loads f:  x [0,T] — R™. Perfect plasticity is characterized by the existence
of a yield zone in which the stress is constrained to remain. The stress tensor must indeed belong

to a given closed and convex subset K of M;’yfg‘ with non empty interior:

ceK.

If o lies inside the interior of K, the material behaves elastically, so that unloading will bring the
body back to its initial configuration. On the other hand, if o reaches the boundary of K (called
the yield surface), a plastic flow may develop, so that, after unloading, a non-trivial permanent
plastic strain will remain. The total linearized strain, denoted by Eu := (Du + Du®)/2, is thus
additively decomposed as

Fu=e+np.
The elastic strain e : Q x [0,T] — MZX" is related to the stress through the usual Hooke’s law

sym
o := Ce,
Date: January 16, 2017.
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where C is the symmetric fourth order elasticity tensor. The evolution of the plastic strain p :
Q x [0,T] — M2 is described by means of the flow rule

p € Nk(0), (1.1)

where Nk (o) is the normal cone to K at 0. From convex analysis, Ng(o) = 0Ik(0), i.e., it
coincides with the subdifferential of the indicator function Ik of the set K (where Ix(c) = 0
if o € K, while Ix(c) = +o0o otherwise). Hence, from convex duality, the flow rule can be
equivalently written as

0ip=maxT:p=: H(p), (1.2)
where H : MZIX™ — [0, +00] is the support function of K. This last formulation (1.2) is nothing

sym
but Hill’s principle of maximum plastic work, and H(p) denotes the plastic dissipation.

Standard models used for most of metals or alloys are those of Von Mises and Tresca. These
kinds of materials are not sensitive to hydrostatic pressure, and plastic behavior is only generated
through critical shearing stresses. In these models, if op := 0 — trT"Id stands for the deviatoric
stress, the elasticity set K is of the form

{o e MX" 2 k(op) < k},

sym
where k£ > 0. The Von Mises yield criterion corresponds to k(op) = |op|, while that of Tresca
to k(op) = o, — 01 where o7 < --- < g, are the ordered principal stresses. The mathematical

analysis of such models has been performed in [28, 30, 5, 12].

On the other hand, in the context of soil mechanics, materials such as sand or concrete turn out
to develop permanent volumetric changes due to hydrostatic pressure. Typical models are those
of Drucker-Prager and Mohr-Coulomb (see [18]), which can be seen as generalizations of the Von
Mises and Tresca models, respectively. In these cases, the elasticity set K takes the form

{o e M" : k(op) + atro < k},

sym

where a, k > 0. The main difference between metals and soils, is that for the latter, there are in
general no directions along which the Cauchy stress is bounded. These models have been studied
in [9] (see also [25]).

A common feature to all the models of perfect plasticity described so far is that they develop
strain concentration leading to discontinuities of the displacement field. This has been a major
difficulty in defining a suitable functional framework for the study of such problems. It has been
overcome by the introduction of the space BD of functions of bounded deformation (see [29, 30])
and through a suitable relaxation procedure (see [7, 24]). Solutions in the energy space must at
least satisfy the following regularity: for all ¢ € [0, T,

u(t) € BD(Q), e(t), o(t) € L*(Q;M2X"),  p(t) € M(Q;M2X),

sym sym

where M(Q; M) stands for the space of bounded Radon measures in Q.

Higher regularity of solutions appears therefore as a natural question. For dynamical problems
it has (only recently) been established in [23] that for any elasticity set K the solutions are smooth
in short time, provided the data are smooth and compactly supported in space. Such a result does
not hold in the static or quasi-static cases (see the examples in [28, Section 2] or [17, Section 10]).
However, some partial regularity results are available for the stress in some particular situations.
Indeed, it has been proved in [10, 26, 17, 14] that for a Von Mises elasticity set, the Cauchy stress
satisfies

0 € L0, T Hypo (2 M)

Unfortunately, the proofs of these results are very rigid and do not easily extend to other types of
elasticity sets. A more general result has been obtained in [20], where it has been proved that the
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same regularity result holds if K = Kp @ RId, where Kp is a smooth compact convex subset of
deviatoric symmetric matrices, with positive curvature.

In the footsteps of [9], we address here the question of deriving similar regularity properties for
the stress tensor in the case of Drucker-Prager and Mohr-Coulomb elasticity sets. A result in this
direction has been obtained in [27] in the static case. The object of this present work is to extend
this result to the quasi-static case. We indeed prove that in dimension n = 2, the stress tensor has
the expected regularity o € L>(0,T}; H}.,(€; M2 2)) (see Theorem 2.7).

Our proof rests on a duality approach, analogous to that of [27] and [17]. Since the solutions
to the perfect plasticity model are singular, one needs first to regularize the problem. To this
aim we consider a visco-plastic approximation of Perzyna type (see [28]). In contrast with the
Kelvin-Voigt visco-elastic regularization used in [27, 17], it modifies the dissipation potential H
(see (1.2)) in such a way that the regularized flow rule is not given by a differential inclusion as in
(1.1), but is a differential equation. In other words, the regularized plastic strain rate is univocally
determined by the stress (see (3.3)). To the best of our knowledge, this is the first time that this
kind of approximation is used to establish regularity of the stress.

In the following we explain the strategy of our proof and the main difficulties. For simplicity
of exposition we neglect the terms due to the visco-plastic approximation (which are those e-
dependent), we assume the solution to be smooth, and we show how a uniform estimate on the
H (M2 )-norm of o(t) can be obtained.

In the static case [27] and in the absence of external body loads, the equilibrium states (u, e, p)
minimize the energy functional

1
(v,nvq)Hian:nder H(q)dx
Q Q

among all triples (v,7),q) satisfying the additive decomposition Ev = 1 + ¢ and the boundary
condition. Minimizing first with respect to ¢ shows that u is actually a minimizer of

vH/g(Ev)dw,
Q

where ¢ is the convex conjugate of the auxiliary energy 7 — %(C_lr : 7+ I (1), and the stress is
then given by
o = Dg(Eu). (1.3)
This formula for the stress is the starting point of the analysis. In order to get estimates on the
spatial gradient of o, it would be convenient to differentiate (1.3). Unfortunately, the function g
being only of class C* with Lipschitz continuous partial derivatives, the classical chain rule formula
for the composition of a Lipschitz function with a vector valued (Sobolev) function does not apply.
To overcome this problem, we compute explicitely the expression of g (see (3.13)) and use a general
chain rule formula established in [3] to get a formula of the type dyo = D?g(Ev)0yEv.
The study of the quasi-static case introduces further difficulties. In the case of Von Mises plas-
ticity [17], the previous method is applied to the incremental problem where (u;, e;, p;) minimizes

1
(v,n,q)Hi/Cn:ndﬂch/H(q—pifl)dm
Q Q

among all admissible triples (v,n,q) at time ¢;, or still u; minimizes
v / g(Ev —p;—1) dx.
Q

It is shown that the stress o; := Dg(Eu; —p;_1) satisfies an H}_(€; MZ¥"") estimate that is uniform
with respect to the viscosity parameter, but may possibly depend on the time step. Afterwards,

a uniform estimate with respect to the time step is established showing the desired regularity
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result. The main drawback of this approach is that it necessitates to perform twice almost the
same computations.

In contrast with [17], we directly work on a time continuous model, and use the underlying
variational structure to establish a similar formula (see (3.15)) for the stress as

o =Dg(¢), &i=e+p.

The strategy consists then in differentiating the equilibrium equation, take (Oxw)1) as test function
(where 1) is a suitable cut-off function), and deduce an inequality that provides a bound on 0o
(see Proposition 5.1). The main difficulty in doing so is to deal with a term of the form (see (5.13))

t
|| 1ouolit ds as, (1.4)
0 Q

since & is only bounded in L*(€ x (0,T); MZ"). We thus need to absorb this term by some of the
coercivity terms of the left hand side

t t
/ / Or0 : Opop dx ds +/ / Oxo : Op€ dx ds.
0 Ja 0 Ja

To this end, we use the special structure of the function g, together with the formula Jxo =
D?g(€)0k&, to show that the integral in (1.4) can be controled by

+ 1/2
M </0 /Qak()' : akfﬁ)diﬂ d8> s

where M only depends on various norms of (u,e,p) in the energy space (see (5.23)—(5.24)).

Note that the estimates performed in the proof of Proposition 5.1 should actually hold true in
any space dimension. However, since the final estimate (5.27) involves the L?(€ x (0, T"); R™)-norm
of @ and this is controled only in dimension n = 2 owing to the continuous embedding of BD()
into L2(2;R?)!, this estimate turns out to be uniform with respect to the viscosity parameter only
in dimension n = 2. This special role played by the dimension n = 2 was already observed in the
papers [9, 25, 27], and is a recurrent feature in plasticity models where the elasticity set has no
bounded directions.

A direct consequence of this result is that, by means of the quasi-continuous representative of
the stress with respect to the H'-capacity, one can express the flow rule in a pointwise strong form.
Indeed, since o(t) € L*(Q; MZ%2) and p(t) € M(;ML5), the product between o(t) and p(t) is in
general not well defined. This issue is usually overcome by introducing a distributional notion of
duality o(t) : p(t) as in [22]. In the present situation the precise representative, denoted by &(t),
is defined up to a set of zero capacity and thus it turns out to be |p(t)|-measurable. This enables
one to give a sense to the pointwise product of the (quasi-continuous) stress &(t) with the measure

p(t), and, in particular, to express Hill’s principle of maximal plastic work (1.2) in a strong sense.

The paper is organised as follows. In Section 2 we introduce the precise mathematical setting
to formulate accurately the model of perfect plasticity, and state our main regularity result, The-
orem 2.7. In Section 3 we approximate the perfect plasticity model by means of a visco-plastic
regularization, and establish the convergence of the solutions, as well as some (non uniform) reg-
ularity properties of the approximating solutions. Section 4 is devoted to establish a chain rule
type formula for the stress which, as explained above, is instrumental for the subsequent analysis.
In Section 5 we prove an estimate on the (visco-plastic) stress in L>(0,T; Hy, . (€; M2%2)), which
is uniform with respect to the viscosity parameter. Owing to this estimate we complete the proof
of Theorem 2.7. The last section is devoted to show the validity of the flow rule by means of the
quasi-continuous representative of the stress.

n dimension n = 3, BD(f2) only embeds into L3/2(Q;R3)
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2. MATHEMATICAL FORMULATION OF THE PROBLEM

2.1. Notation.

2.1.1. Vectors and matrices. If a,b € R™, we write a - b for the Euclidean scalar product, and we
denote by |a| = v/a - a the associated norm.

nxXn

We write M"*™ for the set of real n X n matrices, and M for that of all real symmetric

n X n matrices. Given two matrices A and B € M"™*", we use the Frobenius scalar product
A : B = /tr(ATB) (where AT is the transpose of A, and trA is its trace), and we denote
by |A] = VA: A the associated norm. If A € M"*", we denote by Ap := A — 1(trA)Id the
deviatoric part of A, which is a trace free matrix. We recall that for any two vectors a,b € R"”,
a®b:=ab” € M™*" stands for the tensor product, and a ©b := (a®b+b®a)/2 € M denotes
the symmetric tensor product.

2.1.2. Functional spaces. We use standard notation for Lebesgue and Sobolev spaces.

Let X C R™ be a locally compact set and Y be an Euclidean space. We write M(X;Y) (or
simply M(X) if Y = R) for the space of bounded Radon measures in X with values in Y, endowed
with the norm |u|(X), where |u| € M(X) is the variation of the measure p. The Lebesgue measure
in R” is denoted by £, and the (n — 1)-dimensional Hausdorff measure by H" 1.

If U C R™ is an open set, BD(U) stands for the space of functions of bounded deformation in
U, ie., u € BD(U) if u € L'Y(U;R") and Eu € M(U;MZ%"), where Eu := (Du + Du”)/2 and
Du is the distributional derivative of u. We recall that, if U C R™ is bounded and has a Lipschitz
boundary, BD(U) can be embedded into L™ (=1 (U; R™). We refer to [30] for general properties

of this space.

2.1.3. Capacity. We finally recall the definition and several facts about capacity (see [1]). Let
Q) C R"™ be an open set. The capacity of a set A C Q in € is defined by

Cap(A) := inf {/ |Vu|?>dz :uw € Hy(Q), u>1 L -a.e. in a neighborhood of A} .
Q

One of the interests of capacity is that it enables one to give an accurate sense to the pointwise
value of Sobolev functions (see [1, Section 6.1]). More precisely, every u € H'(Q2) has a quasi-
continuous representative %, which is uniquely defined except on a set of capacity zero in €. It
means that @ = v £L"-a.e. in €2, and that, for each € > 0, there exists a closed set A. C € such that
Cap(Q2\ A.) < € and 1|4, is continuous on A.. In addition (see [1, Theorem 6.2.1]), there exists a
Borel set Z C Q2 with Cap(Z) = 0 such that

1
lim ——————— dy = U fi 11 Q\ Z.
2o LB, (2) N Q) /B,,mm“(” y=i(z) forallz ey

2.2. Description of the model.
2.2.1. The reference configuration. We denote by

Q c R? a bounded connected open set with Lipschitz boundary (471)

the reference configuration of an elasto-plastic material.

2.2.2. Boundary condition. We assume that the body is subjected to a time-dependent boundary
displacement, which is the trace on 99 of a function w(t) : Q — R? with

w € AC([0, T]; H'(€; R?)). (As)
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2.2.3. The elastic energy. We consider an isotropic body whose fourth order elasticity tensor C is
given by
Ce = A(tre)Id 4 2ue  for all e € M2X2 (A3)

sym?

where A and p are the Lamé coeflicients satisfying ;1 > 0 and A + p > 0. Note that there exist two
constants cg, ¢; > 0 such that

cole]> < Ce:e<clef*  for all e € M2X2 (2.1)

sym*
Setting Ky := A + u, the inverse of C can be represented as

_ 1 1
Clg — m(tro—)Id + 210 for all o € M2

We define the elastic energy, for all e € L2(£2; M2X2), by

Qle) := %/Q(Ce(x) e(z) dx.

2.2.4. The elasticity set. In this paper we are interested in the Drucker-Prager and Mohr-Coulomb?
models, where the elasticity domain is a closed and convex cone with vertex lying on the axis of
hydrostatic stresses given by

K :={0 e M2X2 : |op| + atro < k}. (As)

sym

In the previous formula o > 0 and k > 0 are positive constants related to the cohesion and the
coefficient of internal friction of the material, respectively.

2.2.5. External forces. We consider a time-dependent body load f(t) : 2 — R? satisfying
f € AC([0, T]; L* (9 R?)), (4s)

which satisfies the usual safe-load condition: there exist x € AC([0,T]; L*(Q; MZ%?)) and a con-
stant 0 € (0, k) such that for every ¢ € [0, 7
{—divx(t) = f(t) inQ,

IXp(t)| + atrx(t) <k -5 in Q. (As)

2.2.6. The dissipation energy. We define the support function H : ngxrfl — [0, 4+00] of K by

2X2
sym *

H(p):=supo:p forallpeM
ceK

Since K is closed and convex, H is convex, lower semicontinuous, and positively 1-homogeneous.
In addition, since 0 belongs to the interior of K, the functions H enjoys the following coercivity
property: there exists co > 0

H(p) > calp| for all p € MZ%2

sym*

It is easy to establish the following explicit formula for the function H.

Lemma 2.1. For all p € M2X2

sym’

Ktrp . trp
if lpp| < 5,

2 2

H(p) = o
. p
+00 if [pp| > —.

2

2Note that in dimension n = 2 the two models are equivalent because of the algebraic identity v/2|op| =
Omax — Omin, Where omax (resp. omin) is the largest (resp. lowest) eigenvalue of op.
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The dissipated energy functional is then defined, for all p € L'(Q;M2X2), by

)i= [ Hpw)do

As a consequence of the previous properties of H, we infer that H is sequentially weakly lower

semicontinuous in L'(€; MZ%2). Since L'(£; ngxrfl) is not reflexive (bounded sequences in that

space are only weakly* sequentially compact in the space of measures), it will also be useful to
extend the definition of H when p € M(;MZ72). According to [21], we define the non-negative
Borel measure

) =t (1) o,

where % is the Radon-Nikodym derivative of p with respect to its variation |p|. In general, the

measure H (p) is not even locally finite. However, if further H(p) has finite mass, i.e., if H(p) is a
bounded Radon measure, we can define the dissipation functional

In that case, the results of [15, 16] apply and H (p) can be expressed by means of a duality formula.
If H(p) € M(Q), we get that (see [9])

/gde(p)zsup{/goa:dp :UECOO(Q;K)}, (2.2)
Q Q
for any ¢ € C(Q) with ¢ > 0, and in particular

H(p):sup{/g;atdp ZO'ECOO(Q;K)}. (2.3)

Note also that the Reshetnyak Theorem (see [4, Theorem 2.38]) applies here, so that H is sequen-

tially weakly* lower semicontinuous in M (Q; M22).

2.2.7. Spaces of admissible fields. Given a prescribed boundary displacement w € H!(Q;R?), we
will consider the following spaces of kinematically admissible fields:

A, (@) := {(v,n,q) € H (Q;R?) x L*(; ngﬁﬁ) x L*(%; Mg;j) :

Ev=n+gqgae inQ, v=1wH'-ae on 8Q},

and

sym sym

Af) = {(v,n,q) € BD(Q) x L2(;M22) x M(0; M2%2) :
Ev=n+qinQ, ¢=@@-v)ovH onaQ},

where v is the outer unit normal to 0f).
The space of plastically admissible stresses is defined by

K:={re L2(Q M2X2) :7(x) € K for ae. x € Q},

sym
and the space of statically admissible stresses is given by

S = {r e L*(MZ%2) : divr € L*(;R?)}.

sym
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2.2.8. Stress/strain duality. The duality pairing between stresses and plastic strains is a priori not
well defined, since the former are only squared Lebesgue integrable, while the latter are possibly
singular measures. Following [22], we define the following distributional notion of duality.

Definition 2.2. Let 0 € S and (u,e,p) € A(w) with 1 € H*(;R?). We define the distribution
[o0:p] € D'(R?) supported in Q by
([o:p], ) = / o —u) - divadx+/
Q Q
for every ¢ € C2°(R?). The duality product is then defined as
(o,p) = ([o:p],1) = /(11) —u) ~divad:c—|—/ o: (Bw—e)dx.
Q Q

Remark 2.3. Note that the first and second integrals in (2.4) are well defined since BD(f?) is
embedded into L?(;R?) for n = 2. Moreover, according to the integration by parts formula in
BD(Q) (see [8, Theorem 3.2]), if o € S N CH(Q; M2%2), we have

sSym

<[o:p],<p>:/ﬁ<p0:dp for all ¢ € C°(R?). (2.5)

o:[(W—u)®Vy] dx—!—/ﬂo’ (Bw —e)pdr (2.4)

A convolution argument shows that (2.5) remains true provided o € SNC(Q; M2%2) and ¢ € C>(Q).

sym

Using this notion of stress/strain duality, the duality formulas (2.2) and (2.3) can be now
extended to less regular statically and plastically admissible stresses. If p € M(Q; ngxnzl) with
H(p) < +oo0,

/gde(p) = sup {<[0:p],s0> 1o € /CﬂS},
Q
for all ¢ € C°°(Q2) with ¢ > 0, and in particular,

H(p) = sup{(mp) io € ICﬂS}.

The following result establishes a coercivity property of the functional p — H(p) — (x(t),p) (see
e.g. [9, Proposition 6.1]).

Proposition 2.4. Let w € H'(Q;R?) and (u,e,p) € A(w). Then there exists a constant Cs 4,
depending on 6 and «, such that the following coercivity estimate holds:

H(p) = (X(1);p) = Csallpll mmnazy2

sym)

for every t € [0,T).

2.2.9. Initial condition. We finally consider an initial datum (ug, eg, po) € A(w(0)) and o¢ := Ceq
satisfying the stability conditions

oo € K, —divag = f(0) in . (A7)

We are now in position to state the existence result obtained in [9].
Theorem 2.5. Assume (A1)-(A7). Then there exist

u € AC([0,T]; BD(Q2)),
e, o € AC([0,T]; L*( M),
p € AC([0, T); M(Q; MZ)),
with
(u(0),(0),p(0)) = (uo, €0, po)
that satisfy, for allt € [0,T]:



STRESS REGULARITY IN QUASI-STATIC PERFECT PLASTICITY 9

(i) the kinematic compatibility

{ u(t) = e(t) + p(t) in Q,
( =

) = (w(t) — u(t)) © vH! on 09,
(ii) the static and plastic admissibility
a(t) = Ce(t),
—divo(t) = f(t) in Q,
o(t) e K,

(iii) the energy balance

H(p(s)) ds = Qlep) o: FEwdrds+ f (4 —w)dxds. (2.6)
0 [ I, I

Moreover, the stress o is unique, and for a.e. t € [0,T] the distribution [o(t) : p(t)] is well defined,
and it is a measure in M(Q) satisfying Hill’s principle of mazimum plastic work

H(p(t)) = [o(t) : p(t)]  in M(Q). (2.7)
Remark 2.6. According to Lemma 2.1, the flow rule can be equivalently written as
K tr p(t) . : trp(t) a
—_— = : < .
P~ o) p), and o] < T2 i M@)

The main result of this work is the following regularity result.

Theorem 2.7. Assume (A;)- (A7) and that o # 1/v/2 in (A4). Under the additional hypotheses
that w € H([0, T); (@ R?)), x € Who2([0,T]; L=(9; M2X2)) 0 H([0, T]; H' (9 M22), f €
L0, T; HY(Q;R?) N L2(0, T; H* (4 R?)) N L=(2 % (0, T); R?) and eg € Hyp (4 M2)2), the stress
tensor satisfies

0 € L%(0, T Hioo (% M)

sym

3. PERZYNA VISCO-PLASTIC APPROXIMATIONS

In order to prove Theorem 2.7, we will need to consider a regularized problem. This will be done
by means of a so-called Perzyna visco-plastic approximation. The following result, formulated here
in a modern language, has been established in [28].

Since the initial data (ug, eg, po) given in (A7) does not belong to the right energy space associ-
ated to the visco-plastic model, we first need to regularize it. According to [13, Lemma 5.1], there
exists a sequence (up.) C H1(€;R?) such that up. = w(0) H'-a.e. on 9Q, ug. — ug strongly
in L'(Q;R?), and Fug. — Eug weakly* in M(Q;M2%?). Setting po. = Fug,. — €9, we get that
(uO,m eOapO,E) € .AT(U}(O))

Proposition 3.1. Assume (A1)-(A7). Lete > 0 and let (ug e, €0, po,e) € Ar(w(0)) be constructed
as above. Then there exists a unique triple

(te, e, p:) € AC([0, T); H' (Q;R?)) x AC([0, T); L* (2 M) x AC([0, T1; L* (4 MZ(2))

sym Sym

such that (uc(0), es(0),ps(0)) = (vo.e, €0, Po,c), for all t € [0,T]

(ue(t), ec(t),p=(t)) € Ar(w(t), oc(t) = Cec(t), —divoe(t) = f(t) inQ,
and for a.e. t € [0,T]
oe(t) —epe(t) € OH(p:(t)) in Q. (3.1)
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Remark 3.2. For every g € Mﬁ;j, we define the function
€
He(g) == H(q) + 3lal*.

The convex conjugate of H, is given, for all 7 € M2X2, by

sym?’
|7 — Pr(7)
2¢ ’
where Px stands for the orthogonal projection onto the nonempty closed convex set K. The
function H? turns out to be of class C! and its differential is given by

DH*(r) = %K(T). (3.2)

With these notation, the flow rule (3.1), can be equivalently written, for a.e. ¢ € [0,T], as
Us(t) € aHE(ps(t)) in Q,

H(1) =

or still, by convex analysis,
P(t) = DH:(0.(t) in Q. (3.3)

We will show that the solution (ue,ec,pe) of the visco-plastic model given by Proposition 3.1
converges to a solution of the perfectly plastic model, in the sense of Theorem 2.5.

Proposition 3.3. Assume that (A1)- (A7) hold, and in addition that w € H'([0,T]; H*(£;R?))
and x € WHeo([0,T]; L= (;M2%2)). Then, up to a subsequence (not relabeled), (uc,ec,pe) —

sym

(u,e,p) weakly* in H'([0,T); BD(Q)) x H([0,T); L2(; MZ2X2)) x H([0,T]; M(2; M2X2)), where

sym sym
(u,e,p) is a solution of the perfectly plastic model as in Theorem 2.5.

Note that this result was already proven in [28] for different type of elasticity sets that are
bounded in the direction of deviatoric stresses (see also [12]). However we give below a slightly
different and simplified argument since some finer estimates established along the proof will be
useful in that of our regularity result Theorem 2.7.

3.1. A priori estimates. We first establish some uniform a priori estimates which will enable one
to get weak compactness on the families (ue)es0, (€c)es0, and (pe)eso-

3.1.1. First energy estimates. Standard arguments show that the following energy balance holds:
for all t € [0,T],

Qe + [ Hinds e [ [ o aw s

ZQ(60)+/0t/QUs1Ewd$d8+/0t/gf'(fte—w)d$d3’ (3.4)

or still, using the safe load condition (Ag), together with an integration by parts in time,

t t t
Qle(t)) —|—/ H(pe(s)) ds —/ / X : Pe dxds—|—5/ / |pe|* dx ds
0 0 JQ 0o Ja
t t
:Q(e())+/ /UE:Ewdxds—/ /)'(:(eg—Ew)dacds
0o Jo 0o Ja

+/ X(t) : (ec(t) — Ew(t)) dx — / x(0) : (eg — Ew(0))dx. (3.5)
Q Q
Therefore, an application of Proposition 2.4 leads to the following first energy estimates:

51;% (Hef||L°°(O7T;L2(Q;M§;<,§)) + ||p€||L1(0,T;L1(Q;M§yX,3)) +\/g||p8HLZ(O,T;L2(Q;MD2.Y>§[2,))) < +o00.  (3.6)
I
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3.1.2. Second energy estimates. Writing the additive decomposition for the rates yields Eu. =
é- +pe in Q x (0,7, taking the scalar product with . — x and integrating over € x (0,7") leads to

2/ Q(é.(s) — (C_l)'((s)) ds

// Euedxds—// padxds—//(C X (6. — ) duds. (37)

By integrating by parts in space and by using the equilibrium equation, together with the safe load
condition (Ag), we can rewrite the first integral at the right hand side of (3.7) as

// Eugd:rdsf// : Bwdrds.

Using the flow rule (3.3), we have p. = DH(0.), so that, owing to the chain rule formula and a
derivation under the integral sign, we get for a.e. ¢t € [0, 7],

/Qas(t) Pe(t) d:z:f/DH (02) : 6o(t) dz = — /H oot

Thus, since og € K,

//0'5 pe /H JE d.’E+/H 0(] d{E</H 0'(] d(E—O

Finally, using the safe load condition (Ag), together with (2.1) and Holder’s inequality, we obtain
from (3.7) the following estimate:

. .12 . .
e = X2 0,722 @aezizyy < WXl Loe oo, mymaz 1Pl Lo o,7snr (i)

+C (||Ew||L2(07T;L2(Q;M§;§n2)) + ||X||L2(0,T;L2(Q;M§y§§))) |6 — XHL?(O,T;LZ(Q;M?%E))’
where C' > 0 is independent of . By the first energy estimate (3.6) we infer that

Sub 1ell L2 (0,712 (uuazy2)) < +00- (3.8)
€

3.1.3. Third energy estimates. Writing next the energy balance (3.5) between two arbitrary times
t1 and to, and integrating by parts in times yield

to ta to
Q(ec(t2)) + ’H(ps(s))dsf/ /X:ps da:dere/ / |p<|? da: ds
t1

t
' tz t2
= Q(e.(t1)) / /05 Ewdxds—l—/ / — Fw)dzds.
tl tl

By applying Proposition 2.4, together with estimate (3.6), we deduce that

to
Cs,allpe(t2) _ps(tl)HLl(Q M52 < C5a/ HpE(S)HLl(Q M2x2) 48
t1

sym Sym)

< [ HGueyds— [ [ xepedrds< %/Qm(tl)m(m)) eeltn) — eolt2)) do

to to to
/ /O’E Ewd:cder/ / — Ew) d:vds</ he(s) ds,
t1

where h. € L*(0,T) is defined, for a.e. s € [0,7], by

he(s) == M (||é€<s>||L2(Q m2x2) T HEw(S)||L2(Q;M§yX,§)> - /QX(S) : Ei(s) du,

sym)
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and

M= 51;18 HUa”Lw(o,T;Lz(Q mzx2)) HX||L<>°(0,T;L2(Q;M§;H?))-
g
According to [11, Proposition A.3] and (3.8), this implies that p. € H'([0,T]; L' (;MZ2)),
sup ||p5||L2(0,T;L1(Q;M§;<,§)) § sup ||h€||L2(O7T) < +OO, (39)
e>0 : e>0

and owing to the Poincaré-Korn inequality (see [30, Chap. 2, Rmk. 2.5(ii)]), that

sup ||tel|L2(0,7;BD(0)) < +00. (3.10)
e>0

3.2. Passage to the limit in . According to (3.8), (3.9), and (3.10), there exists a subse-
quence (not relabeled) and functions u € H'([0,T); BD(2)), e € H([0,T]; L*(; ngxlﬁ))’ and
p € HY([0, T); M(Q; M2%2)) such that

Sym

e. —e  weakly in H([0,T]; L?(2; M2X2)),

sym

pe —=p  weakly® in H([0, T]; M(Q; M2%2)).

sym

ue —u  weakly* in H'([0,T]; BD(Q)),
0

An application of the Ascoli-Arzela Theorem also shows that

ue(t) = u(t) weakly* in BD(Q),
ec(t) —e(t) weakly in L2(Q;M2X2),
pe(t) =
=(0),p

sym
p(t

) weakly* in M(Q; M2X2)
=(0)) = (uo,e, €0,D0.e), by passing to the limit we deduce that

Sym
for all t € [0,T]. Since (u.(0),e
the initial condition (u(0),e(0),p(0)) = (uo,eo,po) is satisfied. Note also that, according to [12,
Lemma 2.1], we have that (u(t),e(t),p(t)) € A(w(t)) for all t € [0,T]. Moreover, defining o := Ce,
we get that —divo(t) = f(¢) in Q for all ¢ € [0, 7.

We then prove the validity of the stress constraint. Owing to (3.6) and (3.8), the fact that Pk
is 1-Lipschitz and that 0 € K, up to another subsequence, we have

Pg(o.) — T weakly in H'([0,T]; L*(Q; M22)),
Pr(oc(t)) = 7(t)  weakly in L*(;MZ2%?) for all t € [0, 7],

for some 7 € H'([0,T]; L*(Q; M22)) with 7(t) € K for all t € [0,T]. According to the flow rule
(3.3), (3.2), and (3.6), we get
— Pk(0.) = ep. — 0 strongly in L2(0,T; L*(£; MS;H%))

which implies that ¢ = 7 and thus, that o(t) € K for all ¢ € [0, T].

It remains to show the energy balance. According to the weak convergences established so far,
it is possible to pass to the lower limit in the energy balance (3.4) to get, for all ¢ € [0, T,

/H ))ds < Qeg) + //a Ewdxds+//f U — w) dx ds.

The converse inequality, and thus equality (2.6), can be proved using a standard argument of
rate independent processes (see [12, Theorem 4.7]) by noticing that the conditions

ot)ye KNS, —dive(t) = f(t)in Q

are equivalent to the minimality property

/f (t)dz < Q(n) + H(qg — p(t /f ~vdx



STRESS REGULARITY IN QUASI-STATIC PERFECT PLASTICITY 13

for all (v,n,q) € A(w(t)). This can be seen by adapting the argument of [12, Theorem 3.6], which
only requires the stress-strain duality pairing to be well defined.

3.3. Higher regularity properties. In the proof of our regularity result Theorem 2.7, we will
need some higher regularity properties for the solution of the visco-plastic model.

Proposition 3.4. Assume that (A1)—(A7) hold, and, in addition, that w € H*([0,T]; H?(Q; R?)),
X € Whee([0,T); L (2 MESR)) 0 HY([0, T); HY (3 MESY)). f € L>(0, T3 HY (4 R?)), and e €
HE (Q;M2%2). Then

sym

e € L2(0,T; H2 (Q;R?)), e., 0. € HY([0,T]; HL (9 M2%2)),  p. € L(0,T; H.(Q; M2X2)).

sym sym
Let us introduce the following notation: given a generic function ¢ : R? — R, we write

¢(@ + hey) — ¢(x)
h

Mp(z) == for k € {1,2} and h > 0 small.

3.3.1. Fourth energy estimates. Using the linearity of the equilibrium equations, we get that for
all t € [0,T],
—div (9o (t)) =0 f(t) a.e. in {x € Q: dist(zx,00) > h}.

Let ¢ € C°(Q) be a cut-off function with h < dist(supp ¢, Q). We multiply the previous equation
by @28,';128 and integrate by parts in the space variables. In this way we get

t t t
/ / ©?Oto. : N B, dx ds + / / oMo, : (Ve opa.) de ds = / / Q2N f - O dx ds.
0o Ja 0o Ja 0o Jo

Using the additive decomposition a,QEuE = ,?ég + 8,?}55, the regularized flow rule (3.1), and the
monotonicity of the subdifferential of a convex function, we obtain

t
Q(go@,?es(t))Jre/ /<p2|8£1')5|2da:d5
o Ja

¢ ¢
< Q(pdtey) +/O /99028,@]” oM. dx ds — 2/0 /9908,};05 (Vo © 0t dr ds

<C ||eo|\§{1 Qm2x2y T Hf||L<><>(o,T;Hl(Q;H@))HV%HL1 0,T;L2(Q;M2%2
Toe (Mg ( ( ym))

h .
+||00y, UE||L00(0,T;L2(Q;M§§(§))”vu5”Ll(O,T;Lz(Q;M?yXuf))) ’

where, here and in the following, C' denotes a positive constant independent of h and e, but possibly
depending on . Thanks to (2.1) and Young’s inequality, we infer that

h h -
[0y, JsHioc(o,T;Lz(Q;ngxrg)) + €||<pakp5HiQ(QT;L?(Q;Mfﬁf))

< C (He()”?{lloc(Q?Mg;rg) + ||f||%°°(O,T;H1(Q;]R2)) + ”VQE”il(O,T;L2(Q;M§;§§))) .

According to Korn’s inequality in H}(Q;R?), we have
[ [Vie(t) = Vo) de < 2/Q B (t) — Eu(t)? de,
hence
HwagasHiW(O,T;LQ(Q;Min,E)) + EHC'Oa’}CLpE”iQ(O,T;LQ(Q;Mfﬁf))

<C <H60||i]lloc(Q;M§;<m2) + ”f”%m(O,T;Hl(Q;]RZ))H + ”Eue“22(0,T;L2(Q;M§;ﬁf)) + ”wH%?(O,T;Hl(Q;Rz))) :
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Thus, using (3.6) and (3.8), we get that

C

h 2 h,. 112
10050l e 0 112 0a252)) T ENPOkPEN 20 12022y < 7

Letting h \, 0, we then obtain that for every open set ' CC €, there exists a constant C > 0
(independent of ¢) such that

C
HakO—EHLm(O T:L2(Q; MQXZ)) + EHakps||L2(0 T:L2(Q; MZXmZ)) < ; (311)
In particular, we get the following higher regularity properties:
€e, Oc € Loo(ovT; flllor:(Q Mz;n%)) pe € LQ(O’T; 1{110(:(Q Mf;irzx)) (3'12)

3.3.2. Fifth energy estimate. Using the additive decomposition, we have
E(0Mi.) = Oé. + OPp.  in {x € Q: dist(z,00) > h} x (0,T).

Let ¢ € C2°(Q2) be a cut-off function with h < dist(supp ¢, 9Q). Taking the scalar product of the
previous relation with ¢?(97¢. — 9'%) and integrating over Q x (0,T) yield

T
2/ Q((p(@,@ég(s)—(C lakx ds-/ / akag akx) ((“),’jitg) dx ds
0

/ / (OrG. — OX) 8kp6dxds—/ / C7olx) : (06, — P x) dx ds.
0 0

We now look at the first integral on the right hand side. Integrating by parts in space and using
the equilibrium equations, together with the safe load condition (A4g), yield

T T
/ / O (M. — X)) : B(Of.) de ds = / / O (M. — X)) : E(OPb) dz ds.
0o Jo 0o Jo

According to (3.2), DHZ is Lipschitz continuous with Lipschitz constant less than 1/e. Therefore,
the flow rule p. = DH* (05) implies that [07p.| < |0f0.|/e in Q x (0,T). Therefore, the Cauchy-
Schwarz inequality, together with (2.1), yields

||%0(31}$5fa - a/?X)HB(o,T;L?(Q;M“?))

1
<C (5”‘91}506'LQ(O,T;L%Q;MEYXTS» Hlwlla o,y; 2 0:m2)) + ”X”Hl([mTJ;Hl(Q;szi%))) )

where C' > 0 is a constant independent of h and e. Therefore using (3.11), and passing to the limit
as h — 0, we get the following estimate: for every open set ' CC , there exists a constant C' > 0
independent of ¢ such that
. C
Hakee||L2(0,T;L2(Q';M§;,§)) < 2"
As a consequence of this last estimate, together with (3.12), the additive decomposition Fu. =
e: + pe, and Korn’s inequality, we deduce the following higher regularity properties:
e.0. € H'(0,T): HL(MZ2)), . € L2(0, T; Hp (5 M22)).

Sym sym
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3.4. A useful formula for the stress. Following the strategy of [27], we introduce the function
g : M2X2 5 R defined by

sym
Ko, .» , .
— ()" + ulép| if 2u)¢p| + 20Kotré < K,
9€) =1 wtre w2 o e \2 (3.13)
20 8a’K, +h <|£D| T 2 + 4a2K0> if 2ulép| + 2aKptré > k&,
+

-1
1 1
B = (ﬂ n WKO) |

According to the results of [25, 27], g is the convex conjugate of the function 7 — %(C’lT s T+ (7).
Consequently, we have

sym?’

1
g (1) = 5((:717' c7 4+ Ig(1)  for all 7 € M2X2

and, in particular, g is convex, lower semicontinuous, and locally Lipschitz continuous. One can
check that g is actually of class C!, and that its differential is given by

Ko(tré)Id + 21 p if 2u|ép| + 2aKptré < K,

K tré K ¢(p 1 .
S 1a42 SR ) (82 S ) 2 20 Kot
20T *8<|5D| 2a+4oz2K0>+(|§D| 2 ) if 2ulp| + 20Kotrg > 1

for every & € M2, In addition, there exists a constant ag > 0 (only depending on «, , Ko) such
that

Dg(§)=

g(&) > aol€)?,  if 2ulép| + 2aKotré < k. (3.14)

According to convex analysis, the regularized flow rule (3.1) can be equivalently written, for a.e.
t €10,T], as

ps(t) € dlk (Js(t) - Eps(t)) in €,
or still
ps(t) + ee(t) - 8@71]')5@) € 89* (Us(t) - €ﬁ5(t)) in .

Again by convex duality we can rewrite the regularized flow rule in terms of the following formula,
which will be instrumental in the subsequent analysis: for a.e. t € [0, T],

oc(t) — epe(t) = Dg(pe(t) + ec(t) —eC™'p=(t)) in Q. (3.15)

4. A CHAIN RULE FORMULA FOR THE WEAK DERIVATIVES OF THE STRESS

In order to prove Theorem 2.7, we will show that o € L>(0,T; H\ (€ MZ%?2)) with a bound
on its norm that is uniform with respect to . To do that, it will be useful to differentiate formula
(3.15) with respect to the space variables. Unfortunately, the function g is only of class C!, with
Lipschitz continuous partial derivatives, so that the classical chain rule formula for vector-valued
Sobolev functions does not apply. To overcome this issue, we will use the special form of g given

in (3.13), together with the generalized chain rule formula established in [3, Corollary 3.2].

4.1. Some geometrical preliminaries. We first establish several technical results which will be
of use in the proof of that result. Let us introduce some notation: let G : ngxnzl — ngxrﬁ be
defined, for all £ € M2X2, by

sym?

G(€) = Dyg (5 + m’}(}ld) .
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We define the open sets

A = {€eMZi2: plép| + aKotré < 0},
Ay = {feMEJéwé |<”’5}
As = Mg;n% (.Al U.AQ).

pr |
M As

As
L

T — (O

y "
‘

FIGURE 1. Representation of the sets A;, Ao and Ajs.

The sets A; and A are open cones in Mg;ﬁ (which is a three-dimensional space) with same vertex

at the origin, d.A; N 0.A; = {0}, and axis given by the hydrostatic matrices (see Figure 1). Note,
in particular, that if £ € As, then — 4= |¢p| < tr{ < 2a[¢p|, so that

|€] < clép|] for all £ € As, (4.1)
for some constant ¢ > 0 only depending on pu, «, and Ky. It follows that
Ko(tr)Id + 2uép it £ € Ay,
T . _
(laDl ) (—D - —Id> if € € A3\ {0}.
ol 2
2X2

Note that G is Lipschitz continuous on MEJS, and its restriction to the open sets A, Az, and As
is smooth. The only non differentiability points lie at the interfaces 0.4; Ud.As. Let us also define,
for all ¢ and n € M2X2

sym >’
Ko(trn)Id + 2unp if £ € Ay,
0 if£ e AU {0},

_ Ep:np  try ép
GlEm =128 ( ) 2a>(|§D| 2a1d)

+2ﬁ(|£D| trg) ( gfg ff’fp) if ¢ € A3\ {0}.

Note that if £ € A; U A3 U A3, then

G(&m) = DG( n—D2< >n
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Remark 4.1. Since, for each £ € M2%2, the bilinear form (1y,72) + G(&,m1) : 72 is symmetric and

sym
non-negative, if follows from the Cauchy-Schwarz inequality (applied to this bilinear form) that

g(fﬂh) 112 < \/g(fﬂh) : nl\/g(€7772) t12
In addition, there exists a constant C, > 0, depending only on Ky, pu,

2X2
sym *

for every &£,m1,m2 € M
«a, and k, such that

G(&m) :n < Culnl?
for all £, € M2X2

sym*
Lemma 4.2. Let 0 € (0A; U9dAz) \ {0}, and 11,75 € MZ)2. We define the set
T = {0—1—217'1 + 29T 1 2 ERQ}.
Assume that G| is differentiable at o. Then,

71 :v(0) =12 :v(0) =0,

where o
I D+ aKold if o € 0A,
D 214 ifoedAs
lop| 2«

is normal to 0.A; U0 Ay at o and oriented from A; U Ay to As.
Proof. Suppose first that o € Az, so that

tro

= —. 4.3
lopl = < (4.3)
Assume by contradiction that 74, : v(0) # 0 for some ko € {1,2}, i.e.,
op: (Tke)D  tITk,
— 0. 4.4
(olp_ 20 (4.4)

Then, for ¢ € R small enough so that o + t7, # 0, we can assume that o + t1,, € A if t < 0,
while o + tg, € As if ¢ > 0. Since the restriction of G to Ajg is constant, and {o + t7y, : t € R} is
a direction in T along which (by assumption) G is differentiable at o, we deduce that

0 Glr](0) = tli%l_ G(o + tT;;U) — G(o)

Similarly, we use the differentiability of G in A3 to get that

0 (Gl7](0) = Tim G(o +tr,) — G(o)

0Tk, t—0+ t

- UD:(TkO)D_terO op _i
<o (e -t ) (22 o)
+ 206 (|0D - tm) L ((Tko)D _ 9D \Tho)D (TkU)D0D> . (4.6)

2a ) |op]

According to (4.3), the second term in the right hand side of the previous identity vanishes. On
the other hand, the combination of (4.5), (4.6), and the assumption (4.4) yield {22 = -LId, which

lop]

5 = 0. (4.5)

is impossible.
Assume now that o € A1, and, again by contradiction, that 73, : v(o) # 0 for some ko € {1, 2},
i.e.,

op : (Tke) D

+ aKy(trrg, ) # 0. (4.7
lop
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Then, for ¢ € R small enough so that o + t7, # 0, we can assume that o + t1,, € A; if ¢t <0,
while o + t13,, € Az if t > 0. An analogous argument as before shows that

0 [G|7](6) = lim G(o +t7h,) = Glo) _ Ko (trm )Id + 24(7h, ) (4.8)
0Tk, t—0- t
and
B .. Glo+tm,) — G(o)
0Tk, [Glrl(e) = t1—1>r(§1+ t

+2p (|O'D - tm) L ((Tko)D - CrD:(TkO)DUp) . (4.9)
2a ) |op]
Equating (4.8) and (4.9), and taking the trace yield
1 1 1 fop: (7 tr
(,u + WK0> Kotrry, = *a < L U(Dk|g)D - 2(;60) )
which is against (4.7). O
Let us denote by T5(0.A;) (resp. T5(0.Az2)) the tangent space to d.A; (resp. dAz) at o.

Lemma 4.3. For every o € 0A; \ {0} (i =1,2), there exists some p > 0 such that
T,(0A;) N B(o,p) C As.

Proof. Let us check this property for i = 2. Let 0 € 0As \ {0}. Since o # 0, there exists some
p > 0 such that B(o,p) N A; = (. We define the convex function

1
a(t) = |mp| — %trT
for every 7 € MZ2X2. Since o # 0, the function a is differentiable at ¢ with gradient equal to v(0),
and for every 7 € T, (0.A2) N B(o, p), we have
a(t) > a(o) +v(o) : (T — o).
Since o € 9. Az, we have that a(c) = 0, while the fact that 7—o € T, (0A2) yields v(0) : (T—0) = 0.
Therefore a(7) > 0, that is, 7 € As, and since 7 ¢ A; neither, then 7 € A3 (see Figure 2). a

4.2. Proof of the chain rule formula. As a consequence of the previous results, we get that a
chain rule type formula holds.

Corollary 4.4. Let us set £ :=p. +e. — eClp. — ~L—1d. Then for all k € {1,2},

4a Ky
Kotr(0,69)1d + 210,65, a.e. in AS
0 a.e. in Ags,
B S € ey £ - akg% . tr(akfe) ) - i
Our = <D = 06 07) = 26 (21 20 W) (B )
a_ﬁ L 5_§%Zak§%5 : &°
w2 (1661 55 ) e (e - ) e
where
AV = {(2,0) € Q% (0,T): & (x,t) € Ay},
AS = {(z,t) € Q% (0,T): & (x,t) € Ay U{0}},

A = {(z,t) € QA% (0,T): € (x,t) € A3\ {0}}.



STRESS REGULARITY IN QUASI-STATIC PERFECT PLASTICITY 19

|

T5(0A)

o As

./41 A2

FIGURE 2. The tangent space T,(0A;) of 0A; at o € 0A; \ {0} might intersect
As, but not in a small neighborhood B(g, p) of o.

Proof. In order not to overburden notation, we omit the subscript €. Using the regularity properties
(3.12), we deduce that £ € L?(0,T; HL . (92; MZ2%2)), and by (3.15), we get 0 —ep = Go&. According

sym
to the generalized chain rule formula established in [3, Corollary 3.2], if we denote the affine space
passing through £(z,t) by

T(;t) = {f(m,t) + 01&(x,t)z1 + &(x,t)22: 2z € RQ} ,
then we have that G|7-(Ez,t) is differentiable at £(z, t) for a.e. (z,t) € 2x(0,T), and forall 1 < i,j < 2,
Voij = eV = V(Gilze )OVE (4.10)
First, since V€ = 0 a.e. in {{ = 0}, it results from formula (4.10) that Vo —eVp = 0 a.e. in
{€ =0}, and as {€ = 0} C A5, we deduce that
Oro —ekp = G(,01E)  ae. in {€ = 0}. (4.11)

Secondly, if &(z,t) € A; for some i € {1,2,3}, then &(z,t) is a differentiability point of G, and
using again (4.10),

3
Opo — e0pp = DG(E) 1 0p€ = G(€,04¢)  ae.in | J{€ € A} (4.12)

i=1

It thus remains to check the formula when £(z,t) € A3\ {0} = (0.4; UOA2) \ {0}. According
to Lemma 4.2, we deduce that for a.e. (x,t) in that set,

Oké(x,t) : v(€(x,t)) =0 forall k € {1,2},
and thus, 7-(i,t) C Te(2,4)(0AL) U Te(5,4)(0Az). Using next Lemma 4.3 yields that
7'(i’t) N B(&(x,t), p(z,t)) C Az
for some p(z,t) > 0. Thus, according to the expression (4.2) of G in Ajz together with (4.10),

Oko —edp = G(&,0,E) a.e.in {€ € A3\ {0}}. (4.13)
Gathering (4.11), (4.12), and (4.13) leads to the desired expression for the derivatives of o. O
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5. A UNIFORM BOUND FOR THE SOBOLEV NORM OF THE STRESS

We next show that the L>(0,T; Hj,.(Q; M2x2)) norm of 0. can be uniformly controled with
respect to €.

Proposition 5.1. Under the same assumptions of Theorem 2.7, we have that, for every open set
Q' ccQ,

sup 10l Lo (0,151 (122 < +00-
Proof. All constants appearing in this proof are independent of ¢. In order to lighten the notation,

we do not explicitely write the various dx, ds inside the integrals. As in Corollary 4.4, we also
omit the subscript € and we write

. 1. K
E=p+e—cClp— ok, Id € L*(0,T; Hy,. (4 MZ2)).
We start with the equilibrium equation
—dive = f in Q x (0,7). (5.1)

Let Q' cC Q" cC Q and ¢ € C°(2;[0,1]) be a cut-off function satisfying ¢ =1 on Q" and ¢ =0
on Q\Q”. By Proposition 3.4, if ¢ € [0,T] is arbitrary, we have ©®(9yi) x4 € L*(0,T; Hg (€ R?)).
We then take the partial derivative of (5.1) with respect to xx (k = 1,2), and use the previous
function as test function. Denoting by Q; := Q x (0,¢) the space-time cylinder, we get

/ ko : (Ey1) " +/ 0o+ (Ot @ Vb)) = / O f - (Op1) %, (5.2)
Qt Qt Q:

where, from now on, we use the summation convention over repeated indexes. Then, writing
ak’dj = 2Ekjit - @uk, we find

/ OLo : (ﬁku (24 V(pG) = 2/ akO'ij(Ekj’ll)ai(pé" — / akdij ajfl,k 8i<p6.
Q: Q: Q:

An integration by parts in the last integral at the right hand side, together with (5.1), yields

/ akUijajﬂkai@GZ/ 5kfiitk5itp6—// Uy, Oxoij 0;0;°,
Q1 Q1 t

and thus, using the previous identities in (5.2),

/ akU : (Eak’ll)g@fi = —2[/ akoij(Ekj’ll)aigofi — // I'Lk akUij 6jai(p6
Q1 Qt Q1
+ // (—Af . fL(pG —Ocf - ﬂakgOG + akfi’tlkﬁz'(pG) . (5.3)

Using the additive decomposition and the definition of ¢, we have
K

B = ¢ . S (C_l.
u=c+p, p=&§—ete p+4aK0

Id. (5.4)

Hence

/ aka;(Eaku)¢6:/ akazakéapG—l—E// O : Op °
Q1 Q: Q

+ // (Oko — €0p) : (Ok€ — Oke +eC10,p) ",



STRESS REGULARITY IN QUASI-STATIC PERFECT PLASTICITY 21

and inserting inside (5.3) yields
/Q Ok = Opé 8 +5/Q Op : Opp ° + // (0o — €0kp) : O °
= _2/Q Ok (Epju) 0i0° — // Uy, Ooij 0;0;0°
+ // C 1 (Opo — edpp) : (Opo — €0kp)®

[ (afeigt oo +ofindiet) . (59

Step 1. We first bound from below the left hand side of (5.5). First, by Corollary 4.4 we have
that Oyo — edkp = G(§, OrE), and thus

2
Z Ko (troR€)? + 2u|okép | a.e. in AS,
k=1
0 a.e. in Ag,
(8ko—58kp) : 8k£ - 2 fD : 8ka tr8k£>2 (5’6)
2 _
,; B< [95) 2a
2 tre\ 1 2 (&p : Okép)? B
+;25 <§D|—2a> 3] (|8k§D TR ) a.e. in A3.

On the other hand, according to Remark 4.1, we get that

(Oko — 0kp) : (Oro — €0kp) = G(&, Ok€) : (Oko — €0kp)
< VG(E 0kE) : OkEN/G(E, Oko — €0P) : (Oko — €01P)
§ \/(8k0 — Eakp) : 8k§\/C* (8kO' — €akp) : (8kO' — 68[45),

so that
(Opo — €0kp) : (Oxo — eOkp) < Cy(Opo — €Okp) : OE.
Thus, applying this inequality in (5.5), we get that

/ 00 : O ° —i—E/ P+ Op °
Q¢ Qt

1 1
+ B // (8kO' — 8614')) 2 Op€ (,06 + 50 // (akd — 6(9]43) : (akd — 63}43)506

< —2/ O0ij (Eyjir) 9i0° — // Uy, 90 0; 03"
Q :
+ // (Cfl(aka — e0kp) : (Opo — €8kp)<P6
Q

+ // (“Af i — Of - 4de® + O frindig®) . (5.7)

Step 2. We now bound from above the right hand side of (5.7). Since 8;0% = ¢*(6020;), and
0;0;0° = 3 (30000 p + 6p20;0;), we deduce from the Cauchy-Schwarz and Young inequalities
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that
// (=Af - 1p® — O f - wOk® + O fit0i°) < C (||f||2L2(o,T;H2(Q;R2)) + HﬁH%z(QT;Rz)) )

t

1
- // Uy Oy 0;0;0° < C (2/ Opo = Oge ¥ dx ds + u||2L2(QT;R2)> ,
t Qt
and
Oro : Oge go6 + 62/

/ CY(Opo — €0p) : (Bpo — edpp)p® < C (1/ Op - akwﬁ) .
Q. 2 g, Q.

If Ce < 1/2, the last integral can be absorbed by the second one at the left hand side of (5.7). We
then replace in (5.7) to get

/ 0o = Opé b + E// Op = Opp p°
Q: 2 Q:

1 . 1 . .
+ 3 // (Ogo — €0kp) : Ok€ o5+ 50 // (Oko — €0kp) : (Oro — Eakp)gp6

1 .
<C <2 //Q 0o : e’ + ||U||%2(QT;R2) + ”fI%Z(O,T;Hz(Q;]R?)))
—2/ akUij(Ekjﬂ)ai(p6. (5.8)
Qt

Using again (5.4), we have

/ On0ij (Erju)0ip® = // érj Onoiy 030 + 5// Prj Oxbij 0"
Qt t t
. 1. K
+ //@ (Okoij — €0kpij) <§kj — erj +e(CTp)k; + 1ok, 5kj> 9;°.

Applying again the Cauchy-Schwarz and Young inequalities, we get that

- 2/ M0 (Eju)0ip® < —2// (Ok0i; — €0kPij)ns 0ip®
1 6 2 12
+O(1+3 o, Oco 2 Ore ¢” + el o ry;r2@azzy) T NP2 @rmazi2)

+ Z // Okp : Okp e + 4C // (k0 — D) : (Oro — e0kp)°.
Q: * MG

Inserting inside (5.8) yields

/ Ok = Opé b + E// Orp : Op ¢°
Qt 4 Qt

1 . 1 . .
+ 3 // (Opo — 0kp) : Op€ 8 + e // (o — €0p) : (Opo — eOkP) "

. 1 .
< —2// (Ok0ij — €0kPij)Enj i + C(l + 3 // o = e b + ||u||%2(QT;R2)
t Qt

+ ||€||?q1([07T];L2(Q;ngxrg)) + 5Hp||2L2(QT;M§er3) + ||f||%2(O,T;H2(Q;R2))>' (5.9)
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The remaining of the proof consists in absorbing the integral

// (Ok0ij — €OkPij)Exj 0ip®

by the left hand side of (5.9).

Step 3. We consider the following decomposition:

3
// (Ok0ij — €0kPij )6k 0i® = > // (Okoij — €0kPij)Ens 0i°.
t —1 M ARNQ,
We first observe that, according to Corollary 4.4, Oyo — edip = 0 a.e. in Ag, so that
// (Okoij — €0kpij)Ers 0ip® = 0. (5.10)
ASNQ,

For 7 = 1, using that 9;¢° = ¢3(61%0;¢), together with the Cauchy-Schwarz and Young inequali-
ties, yields

‘// (Ok0i; — €0kPij)rs 0ip®
ASNQ:

1
8C.

<

// (Opo — e0p) : (Opo — €0kP)® + Cllglli?(Af;Mfyxn?)' (5.11)
t
By formula (3.15) we have that

K
—ep=D — _1d).
o—ep g<£+4aK0 )

By convexity of g this implies that

0=00)2 9 (£+ 1 510) ~ 0 -2 (6+ )

a.e. in Q x (0,7). Integrating the previous inequality over A§ and using the coercivity property

(3.14) of g yield
ao//A§ 2§/[4§g<£+4a;01d)§//4§(05p):(£+4anKOId>.

Owing to the Cauchy-Schwarz inequality, we deduce that
2
1 .
// I3 <= // lo — 5p|27
AS ag T

I8 sty < © (1 1ozt + 1nopamzsy)- (512

Sym) T

£+

K
Id
40(K0

+

K
Id
404K0

and therefore,
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Inserting (5.10), (5.11), and (5.12) inside (5.9), leads to

/ Ok = Opé b + E// Op : Oup °
Qt 4 Q¢

1
t3 // (Oko — £0P) = O ©° +

1 . .
5C // (Oko — €0kp) : (Ono — c0P)°

1 . 6 - (12 2
: O<1 *3 //Qt O s Oke "+ ilza@rimey + €l o 71102 02z

2
+elilngumt + 1o rmemn + 2 |ako—eakp||f||aiso6>.

ik=1""A3NQ:

According to (4.1), and by definition of the set A§, we have |¢] < ¢[¢p| a.e. in A§, hence

/ Ok 2 Opé @b + = // Op : Okp ¢°
Q: 4 Q:

1 . 1 . .
+ 5 // (Ogo — €0kp) : OkE o5+ 0 // (Oko — €0kp) : (Oro — E@kp)gp6

1 .
: C<1 "2 /Q 00 : Ope 9° + [l 22 orm2) + el o722 0252))
t

2
+E||p||i2(QT;M§;<r§) 172 0,72 0m2)) + Z //AE o |3k0—53kp||§D||3i<P6|>- (5.13)
ik=1 3NEe

Step 4. We next focus on the last term
2
ik=1

I 10w couiliolion|
, A3ﬂQt

in the right hand side of (5.13). We will show that this term can be absorbed by the left hand side
of (5.13) by using the explicit expression (3.15) of ¢ — ep. Let us consider the functions

tI‘f £D 1
=2 -2, B=22
=2 <|€D 204) lépl  2a
According to (3.15) and (4.2), we have
o—¢ep= %Id +hB ae.in Ag, (5.14)
and by Corollary 4.4 we obtain
. h : 0 .
0o — edkp = (Okh)B + @ <3k§D — §D|§D|k2§D£D) a.e. in Ag. (5.15)

As a consequence, since |B|] < 1+ a~!, we deduce that

// 10k0 — ek |Ep] V6]
ASNQ:

g(ua*)// |Vh|\sD||wﬁ|+// h
A5NQ, A5NQ:

&p : Okép

Okép — ép
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We start by estimating the first integral in the right hand side of (5.16). Let us show that there
exists a constant ¢, > 0 (only depending on «) such that

1/2

IVh| < cac(Onp : Orp)™/* + Cal [Z <|81€D2 W) +calf| ae in AS. (5.17)

|§ | $pl

Writing componentwise the equilibrium equation (5.1) yields —0;0;; = f; in Q x (0,T), and using
(5.15),

h 1 0;
€d;pi; + (0jh)B; ‘5 | ( i (€ED)ij £D|£D]2§D (fD)ij) + fi=0 ae. in Ag.

According to [27, Lemma 3.1], the matrix B is invertible if and only if o # 1/4/2, and in that case,
|B~1| < ¢, for some constant ¢, > 0. Hence

O = —=(B ) Oy = e (B (aj@D) - <5D>kj) S (B Ve ae in 45,
and
2 ]2
V| < cac(@u: 0+ 220 3 Joeon 2O eoh| | +eals
(0P ¢ Op)Y? + |£°“h| [Z <|algD|2 W) 1/2+ca|f| a.e. in A,

which proves (5.17). According to this estimate, the fact that V¢® = p3(6¢?>V ), and the Cauchy-
Schwarz inequality, we get that

// VAlED] V] < cac // (O - 00) /2 [Ep IV |
A5NQ: A5NQ:

//A5 . l <|al§D2_W> 1/2
Qe | 1=

/
V%) + ca //Q FlIEnlIVe|

- 1€p]?
1/2 1/2
.. . 6 2 4 2
< beae <//A§mQt Okp : Okp ) (//Wt I€p]"¢ Vel )
h 2 (b : 9i€p)? )
6cy, - 0€pl? h Vol|?
+6¢ <\//5ﬂQt ‘§D| lz < l§D| |§ |2 ﬂ r‘]Qt ‘€D|§0 ‘ 90|
+6€a||f||L°°(QT RQ)”gD”Ll (QriM2%2)
<

1/2 /2
. 5 O 6 2
6c <E/Qtakp kpcp) < // bl |V<P|>
1/2
6 . a o a . :a 6 h 4v 2
+ 6¢ (//A%Qt( k0 — €OLP) kf@) <//A§ﬂQt 1€ple™ |Vl )

+6¢all flloe @) 101 L1 (@rmazi2y» (5.18)

where we used (5.6) in the last inequality.
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We next estimate the second integral in the right hand side of (5.16). Using again that V5 =
©3(60>V), together with the Cauchy-Schwarz inequality, we infer that
§p : Okép

Zﬂstt ‘£D|2
/2
= <//A§ﬁQt 1353 LZ (ak€D| 3 ¥ //AémQt h|Ep|e® |Vl

1/2

1/2
— 5) - 6 4 9
<6 <//A§mQt(aka e0kp) : O ) (//Agn@ hléple® |Vl ) . (5.19)

where, once more, we used (5.6) in the last inequality. Gathering (5.16), (5.18), (5.19), inserting
inside (5.13), and using Young’s inequality yield

Okép — Ep| VO

1/2

/ Ok = Opé @b + E/ Op : Okp ¢°
Q: 8 Q1

+ i//t(akg — cOp)

1 6 - 12 2
< C(l + 5 //Qt akO' : 8ke<p + ||u||L2(QT;]R2) + HeHHl([O,T];LZ(Q Mz;ﬁ))

+ €||p||iz(QT;Mz;<n%) + €||€D||i2(QT§M§;<rE) + ||£D||il(QT M2X2

Sym)

- / (O — 0p) : Oy — eOkP)®

120,712 um2)) + 1o (@2 +//A£ o h|§D|<P4V<P|2>- (5.20)
3NQe

By the definition of £ we obtain

IN

Cﬁ||p||L2(QT;M2X2) + HQHL’Z(QT;Mg;ﬁ))a (5.21)

sym

\@”é'D”L?(QT;ngXf,)

A

ol r@rpzzty < C (19l ez + el 2@rnezizy )

Thus, equation (5.20) can be rewritten as
/ Oko : Ogé 4,06 + E/‘ OkD : 8kp<p6
Q: 8 /g,
1 i 1 . .
+1 // (Oro — €0p) : 5O // (Oko — eOkp) : (Opo — £0kp)°

1 .
- C<1 T3 // 00 : ke @® + N[z (@rme) + el o, mysn2 ozt

+5|\P||2Lz iM2X2) +||P|| L(QriM2X2) +||f||L2(0TH2(QR2 +||fHL°°(QT R2)

+//A§nQ,, hlfplw“V«pIQ)- (5.22)

Step 5. We now estimate the last term

// hléplet |Vl
ASNQ,
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in the right hand side of (5.22). To simplify notation, let us denote by v := ©*|Vyp|?. Firstly,
according to (5.14), we have that op—epp = hép/|¢p| ae. in A§, and thus h|¢p| = (op—epp) : €
a.e. in Ag. This implies that

//4§th hléply = //Angt (ocp —epp) : Ep. (5.23)

According to (3.15) and (4.2), we have that op —epp = 0 a.e. in A5, and thus the Cauchy-Schwarz
inequality yields

// hléplY < // (00 —epp) : Ep¥ + Cllo = epll L2 (g ramziz) 1€l 12 A8 M2%2)
A§NQ, Q: v Y

On the other hand, the definition of £ and the additive decomposition (5.4) yield

//t(UD —&pp) : {ptp < //t o: (Bu)y — ;//t(tra)(divu)w

+ ||U||L2(QT;M§;§) (”e”Hl([07T];L2(Q:M§;ﬁ)) + EHp||L2(QT§M§;<m2))

Fellbll e ranzz) 101l 12 @ aizgzy- (5:24)

Inserting (5.23) and (5.24) into (5.22), and using (5.21) lead to

. £ . .
/ Ok = e @b + g/ Op : Op ¢°
Qt t

Q1
1 . 1 . .
t1 //t(akff — e0kp) : 6 sC. t( )+ (B0 — £0kP)°

1 .
- C<1 3 // 00 : ke @® + N[l 2 (@rme) + el o zysne ozt

+ 5|\P||2Lz 2x2y T+ ||P|| Qr2x2) T ”f”%Z(O,T;H?(Q;R?)) + ”fH%OO(QT;R?)

QT3Msym
i //Q 7 (B - // t(tra)(divuw). (5.25)

Step 6. We finally estimate both last integrals in the right hand side of (5.25). Integrating by
parts, and using again the Cauchy-Schwarz and Young inequalities yield

//ta C(Ba)yy — ;//t(tra)(divu //1 (dive) - i) — //t i ® V)
+;//tv(tr0)~ﬂw+2//ttm(u.v¢)

1 6 2 <112
<0 (g J]) o 0 el miss il gyt )-
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Inserting this ultimate relation inside (5.25) leads to

/ Ok = Opé b + = // b : O ©°
Qt 8 Q¢
1

1 . . .
+ 1 // (Opo — cORD) : DRl % + 0 // (Opo — €OD) : (Opo — €0kp)®

1 . .
= C<1 T3 //Q 00 : Oe @® + l[allz2qrimey + el o ryo@anzizy) T ENPINL2 g mizz)
t
+ ||p||il(QT;M§;j) + ”fH%?(O,T;H?(Q;]R?)) + ||f||2L°°(QT;R2))' (5.26)

Step 7. The final step rests on an application of Gronwall’s Lemma. For all ¢ € [0,T] let us
denote

q(t) :== %/Q(?ka(t) s Ope(t) 8 da.

Neglecting nonnegative terms at the left hand side of (5.26) (note that the third integral at the
left hand side of (5.26) is nonnegative by (5.6)), we can write (5.26) as

i) <a0) +a( [ atsyas+v).

where a := C and

b:=1+ Hu||%2(QT;R2) + ”eHiIl([O,T];LQ(Q;MferE)) + 6||ﬁ”i2(QT;M§;<H?)

+ ”pHil(QT;I\/JfXQ) + Hf

Sym

%Z(O,T;HZ(Q;]W)) + ||f||%°°(QT;]R2)'
By applying Gronwall’s inequality we deduce that
q(t) < (q(0) + ab)e™  for all t € [0, T].

Using (2.1), together with the fact that ¢ = 1 on ', ¢ = 0 on Q\ ©” and ¢ > 0, the previous
inequality leads to

Oko(t) : Ogo(t)dz < C (1 + HeO”ip(Qu;ngXn?) + ||u||%2(QT;]R2) + HeH21([0,T];L2(Q;M§yﬁ3))

194

FellB oz + 112 gparzit) + 1120 msrrscamay + 1 e quipn) - (5:27)
Using this inequality, the a priori estimates (3.6), (3.8), and (3.10), and the continuous embedding
of BD() into L?(;R?), we conclude that the right hand side of (5.27) is uniformly bounded
with respect to . (Il

We are now in position to complete the proof of our regularity result.

Proof of Theorem 2.7. According to Propositions 3.1, 3.3, and 5.1, the solution o. to the vis-
coplastic model is uniformly bounded in L*(0,T; HJ (€ MZ%2)) and converges to o weakly in

HY([0,T]; L2(£; M2%2)), where o is the solution of the perfectly plastic model. By uniqueness of

sym

weak limits, we infer that o € L>(0,T; Hy, . (Q; M2)2)). O
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6. STRONG FORM OF THE FLOW RULE

In this section we use the Sobolev regularity property established in Theorem 2.7 to define a
suitable intrisic representative of the stress, for which the flow rule holds in a pointwise form, and
not only in the measure theoretical sense of (2.7) (see [6, 12, 19] for analogous results). To this
aim we define the averages of the stress as follows: for all (z,t) € Q x [0,T], and all 7 > 0, let

! / (y,t) dy
—_—_— o(y, .
L2(Br(x) N Q) /B, (2)n0

From Theorem 2.7, we know that o(t) € H[ (Q;MZ2%2) for a.e. t € [0,7]. Therefore, for a.e.

sym
t € [0,T] there exists a quasi-continuous representative of o(t), denoted by &(¢), such that

or(x,t) =

o-(t) = a(t) inQ\ Z,
where Z; C ) is a Borel set of zero capacity in €.

Theorem 6.1. For a.e. t € [0,T] the quasi-continuous representative of the stress a(t) is |p(t)|-

measurable and
H <dp(t)) “a): O e in 0

dlp(t) ~dlp(t)]
Proof. Since for a.e. t € [0,T], o(t) € L?(Q; MZ%2) with divo(t) € L*(Q;R?), we have that

on(t) = o(t) in L2(Q: MES2),
divo,(t) — dive(t) in L*(Q;R?),
as 7 — 07. As a consequence of the definition (2.4) of the stress/strain duality, we infer that,
[0.(t) : p(t)] = [o(t) : p(t)]  weakly™ in D' (R?). (6.1)

Since Cap(Z;) = 0, we have H!(Z;) = 0. Thus, since u(t) € BD(f2), by [2, Remark 3.3] we get
that |Fu(t)|(Z:) = 0, and thus |p(¢)|(Z:) = 0. It thus follows that for a.e. ¢t € [0, T,
or-(t) = a(t) |p(t)]-a.e. in Q,

and since o,.(t) € C(Q; M2X2), it results that 5(t) is |p(t)|-measurable. Using next that o,.(z,t) € K

sym

for all ¢t € [0,T] and all z € Q, we get that

1 (G5@) 2 ooty GE @) o i) ne. 2 €

AP ()| 0]
and, passing to the limit as r — 07,
H (;Tﬁg&(a?)) >0 (x,t): dcfgggl(m) for |p(t)|-a.e. x € Q. (6.2)

According to Fatou’s Lemma, we infer that for all ¢ € C°(€Q) with ¢ > 0,

[, 1 (i)~ ey ool

=gt |1 (i) =0 iy e

< liminf/ {H ( dp(t)
r—0t Jq d|p(t)|
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Since 0,.(t) € C(SMZ%2) NS, we can use Remark 2.3 together with the convergence (6.1) to get
that

J, [ i) =0 ] e

g/wmwmmemw@me>
Q

r—0+

= [ diG®) = (o) 0. ) = 0. (63)
where we used the flow rule (2.7) in the last equality. Finally, gathering (6.2) and (6.3), we obtain
that for a.e. ¢ € [0, T7,

H ( dp(t) ) _ot): PO s lae 9,

dlp(t)] dlp(t)]
as required. (I
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