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The Cauchy problem for weakly hyperbolic systems

F.CoLOMBINI* GUY METIVIER '

October 14, 2016

Abstract

We consider the well-posedness of the Cauchy problem in Gevrey
spaces for N x N first order weakly hyperbolic systems. The ques-
tion is to know wether the general results of M.D.Bronstein [Br| and
K.Kajitani [Ka2] can be improved when the coefficients depend only on
time and are smooth, as it has been done for the scalar wave equation
in [CJS]. The anwser is no for general systems, and yes when the sys-
tem is uniformly diagonalizable: in this case we show that the Cauchy
problem is well posed in all Gevrey classes G° when the coefficients
are C°°. Moreover, for 2 x 2 systems and some other special cases, we
prove that the Cauchy problem is well posed in G* for s < 1+ k when
the coefficients are C*, which is sharp following the counterexamples
of S.Tarama [Tal]. The main new ingredient is the construction, for
all hyperbolic matrix A, of a family of approximate symmetrizers, S,
the coefficients of which are polynomials of £ and the coefficients of A
and A*.

MSC Classification : 35 L 50, 35 L 45, 35 L 40.
Keywords: hyperbolic systems, Cauchy problem, symmetrizers, well posed-
ness, Gevrey spaces.

1 Introduction

It is now well known that the Cauchy problem is not necessarily well posed
in C for general weakly hyperbolic equations or systems (see e.g. [CDGS]
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[CS] for counterexamples and [IvPe] for necessary conditions). On the other
hand, in [Br], M.D.Bronstein has proved that the Cauchy problem for weakly
hyperbolic equations and systems is well posed in Gevrey spaces G* for
s < 141/(m—1) where m is the maximum multiplicity of the characteristics,
provided that the coefficients themselves have the Gevrey regularity G* with
respect to the space variables and are sufficiently differentiable in time, see
also [Kal] for systems. A different proof, based on symmetrizer technics,
is given in [CNR]. The result has also been extended to nonlinear systems,
[Ka3].

For systems, not only the algebraic multiplicities are important, but also
the diagonalizability properties play a role. In particular, for uniformly
diagonalizable systems, it is shown in [Ka2] that the Cauchy problem is well
posed in G*, for s < 2, independently of the multiplicities.

It has been noticed that the general result can be improved in some
special cases, in particular when the coefficients depend only on time. For
the wave equation

(1.1) 0fu =" a1 (t)0;0nu = f,

with ) a;;(t)§;&§ > 0 for all ¢ and &, it is proved in [CJS] that the Cauchy
problem is well posed in Gevrey spaces G° for s < 1+ k/2 if the coefficients
aj are C*. In the same paper, the authors prove that the threshold index
1+ k/2 is sharp. This result has been extended to 2 x 2 uniformly diag-
onalizable systems in [CoNi]. However, S.Tarama has proved in [Tal] that
the Cauchy problem is well posed in Gevrey classes G* for s < 1+ k for a
class of 2 x 2 uniformly diagonalizable systems, and, by counterexamples,
that this index is sharp. We will show that Tarama’s result extends to all
2 x 2 uniformly diagonalizable weakly hyperbolic systems.

More generally, this paper is concerned with the well posedness of the
Cauchy problem in Gevrey spaces for N x N weakly hyperbolic systems

d
(1.2) Lu =0+ Y Aj(t)0a;u = Opu + A(t, 0 )u.
j=1
The matrices A; are defined for ¢ in some interval [0,7]. Below, we always
assume that L is weakly hyperbolic, that is that for all £ and ¢ € R?, the
eigenvalues of A(t,&) = > §;A;(t) are real.
Before stating our results, let us recall some definitions. For s > 1 and
Q C RY, the Gevrey space G*(1) is the set of C™ functions v on Q such
that for all compact set K C Q there is a constant C' such that

(1.3) Va e N, |0%ull e (i) < O (fall)e.



We denote by G§(£2) the subset of functions which are compactly supported
in Q. For functions depending also on time, u(t, z) with (¢, z) € Q a relatively
open subset of [0, T[xRY, we say that v € C°G*(Q) if all the derivatives 0%u
are continuous on Q and for all compact set K C  there is a constant C
such that

(1.4) Va € N |05 Ul oo gy < C1TH(Jaf!)*.

Note that it is required that these estimates are valid up to ¢ = 0 (when
there are such points in §2).
We use the following terminology:

Definition 1.1. We say that the Cauchy problem for (1.2) is locally well-
posed in G* if for all neighborhood Q@ C R of the origin, there is a neigh-
borhood Q of 0 in [0, T[xR? such that for all f € C°G*(Q)) and h € G*(Q)
the problem

(1.5) Lu = f, up—o = h,

has a unique solution u € COG*(Q).

We say that the problem is globally well posed in G* if for Q) = R? one
can take Q1 = [0, T[xRZ.

Our main question is to know wether the smoothness in time of the
coefficients improves Bronstein’s threshold index m/(m — 1). In general the
answer is no:

Theorem 1.2. There are weakly hyperbolic systems (1.2) with analytic co-
efficients such that the Cauchy Problem is not locally well posed in G° for
s> N/(N —1).

This result is quite elementary, but not in the literature to the knowledge
of the authors. It is proved in Section 2. The idea is that, in general, the
variation in time of the coeflicients have the same effect as adding a general
zero-th order term B to L, and even in the constant coefficient case, the well
posedness is stable by such perturbations only if s < m/(m — 1).

This shows the importance of the uniform diagonalizability assumptions
in the papers [Ka2, CoNi, Tal] cited above, because in sharp contrast, the
well-posedness of the Cauchy problem remains valid for all bounded pertur-
bation B(t). Recall the definition:

Definition 1.3. The system (1.2) is said to be uniformly diagonalizable if
for all t and £ the matriz A(t,§) is diagonalizable and the eigenprojectors
are bounded uniformly with respect to t and &.



There are several equivalent conditions (see e.g. [Me] where this condi-
tion is called strong hyperbolicity of the symbol). One of them is that there
exists a bounded family of symmetrizers, that is a family of self adjoint and
positive matrices S(t,£) such that S(¢,&)A(t,€) is self adjoint and S and
S~! are uniformly bounded.

Under this condition, the Gevrey index can be improved when the coef-
ficients are smooth in time. For k& € N, x €]0, 1], we denote by C*#(]0,T1)
the space of C* functions on [0, 7] such that their k-th derivative satisfies a
Holder condition of order p (Lipschitz if p = 1).

When k+ > m(m—1), the following result improves the general result
of K.Kajitani [Ka2] who proved the well posedness for s < 2.

Theorem 1.4. Consider a uniformly diagonalizable weakly hyperbolic sys-
tem (1.2), with C** coefficients. Then, for all bounded matriz B(t), the
Cauchy problem for L+ B is locally and globally well posed in Gevrey spaces
G* with s <1+ (k+ p)/m(m — 1) where m is the mazximal multiplicity of
the eigenvalues.

Corollary 1.5. Consider a uniformly diagonalizable weakly hyperbolic sys-
tem (1.2), with C*° coefficients. Then, for all bounded matriz B(t), the
Cauchy problem for L + B is locally and globally well posed in all Gevrey
spaces G* with s € [1,00][.

When m = 2 the computations are more explicit and we are able to get
a better control of the symmetrizers. We will obtain in Section 5 the well
posedness for s < 1+ k + p for coefficients in the class C*#. This is sharp
by S.Tarama’s result [Tal].

Theorem 1.6. Consider a uniformly diagonalizable weakly hyperbolic sys-
tem (1.2) with coefficients in C**([0,T]), k € N, u €]0,1]. If the multiplic-
ity of the eigenvalues is at most 2, then , for all bounded matriz B(t), the
Cauchy problem is locally and globally well posed in Gevrey spaces G° with
s<14+Ek+p.

In particular, this extends Tarama’s result [Tal] to general 2 x 2 weakly
hyperbolic systems. We will also show that the threshold index 1+ k +
is also valid for a special class of N x N systems (see Theorem 7.4 below).
For general m, the index 1+ (k + p)/m(m — 1) is likely to be not optimal,
but it is sufficient to imply Corollary 1.5.

The paper is organized as follows. We prove Theorem 1.2 in Section 2.
Next, in Section 3, we reduce the proof of the well-posedness in G® to the



construction of approximate symmetrizers S(t,£) for the matrices A(t,§) =
> &jA;. In practice, for [w| = 1, one constructs families of approximate
symmetrizers S.(t,w) of A(t,w) depending on the parameter ¢ > 0 and next
one chooses

(1.6) S(t,6) = Seltiw),  w=-, =g,

T e

Two conditions are in competitions in the proof of the energy estimate:

(1 7) Im Ss(t7w)‘4(tﬂ 5) SJ 5‘5’55(757(*‘))7
' 9 Se(t,w) < we(t,w)e PS.(t,w)

where the . (-, w) are bounded in L!. The exponent of ¢ in the first estimate
is just a normalization, while the exponent [ is the key element of the
analysis. One chooses 7 in (1.6) to balance the two terms ¢|¢| and e~7,
that is v = 1/(8 + 1), so they are both equal to [£|* with a = /(8 + 1).
By Gronwall’s lemma, the amplification factor for the o.d.e. deduced by
Fourier transform of equation Lu = 0, is e“l¥I”. From here, one deduces the
existence of solutions when the Fourier transforms of the data decay faster
than e~ CI¢l”  and finally when the data belong to G* when s < 1/a = 141/8.

For Lipschitz coefficients and uniformly diagonalizable systems, one eas-
ily construct symmetrizers such that 9;S. < e71'S., recovering the well
posedness for s < 2 obtained in general in [Ka2]. All our analysis aims
to improve this estimate of the time derivative of the symmetrizers. For
this, the new ingredient is the construction of new families of symmetriz-
ers, the coefficients of which are polynomials of £ and of the coefficients of
A(t,w), thus of class C**. Because of this regularity, and using the posi-
tivity of S., we can use the estimates of [CJS, Ta2], to obtain the bound in
(1.7) for 0.S. with a parameter 8 < 1, at least if k is large enough. The
Colombini-Jannelli-Spagnolo-Tarama estimate is recalled in Section 4, while
the construction of symmetrizers is performed in Sections 5 to 7, first for
2 x 2 systems, and then in general.

2 The general case

For general N x N system and maximal multiplicity N, the threshold index
is N/(N — 1) the index given by Bronstein’s theorem.

Proof of Theorem 1.2. The counterexample is in dimension d = 1. Consider



the nilpotent N x N matrix

[en}

(2.1) Ay =
1
0

and the rotations in the plane generated by the first and the last vector of
the basis:

cost 0 —sint
(2.2) Qt) = 0 Idn_9 0
sint 0 cost

We consider the system L = 0; + A(t)0; with
(2.3) A(t) = Q1) A1 Q7 L(2).

Note that A(t) is an analytic function of ¢t. For v(t) = Q7 1(t)u(t), the
equation Lu = f is transformed to

Oyv + A10,v + By = Q_lf,

where
00 —1
B=Q190=[0 0 o0
10 0

Thus we are reduced to the perturbation of a constant coefficient nilpotent
matrix, and we know that the optimal Gevrey index for the well posedness
is N/(N —1): the eigenvalues of i{A + B are the roots of

N — (N 47N =0

and their imaginary part grow like ¢[¢|N"1D/N | with ¢ > 0. This implies
Theorem 1.2. O

3 The general strategy for proving the well posed-
ness

Our analysis follows the original ideas of [CDGS, CJS, CoNi, Tal] and relies
on an energy method. We consider the Cauchy problem

(3.1) Oput > Ajt)0pu+Bl)u=f,  wo=h.



The main part of the analysis consists in solving this equation when f and
h have compact support in z. In this case, we perform a Fourier transform
in the space variables. Denoting by u(t,£) the Fourier transform of u, we
are reduced to solve:

(3.2) Qi +iA(t, )i+ Bty = f, Gy = h.

The main idea from [CDGS] is to use an energy method for this family of or-
dinary differential system depending on the parameter £. More precisely we
aim to construct approzimate symmetrizers S(t, &) which have the following
properties:

(S1) For (t,&) € [0,T] x R, S(t,€) is a self-adjoint positive definite
matrix; moreover there is a positive scalar function A(t,£) and there are
constants C' and M such that for all (¢,€)

(3.3) CTA(LOId < S(t,€) < CA®L )14,
(3.4) oM <A e) <coMf.

where we use the notation () = (1 + |£|2)%

(S2) For all ¢ € RY, S(-,&) is absolutely continuous on [0,7] and there
is a function ¢(-, &) € L([0,T]), a constant C and « € [0, 1[ such that

(35) HSO(.’g)HLl([QT}) < C
(3.6) 9pS(t,6) < (§)%(t,£)5(t,§) ae. t €[0,T],

(S3) There is a constant C such that for all (¢,&) € [0,T] x R?
(3.7) I (S(1, ) A(1,€)) < CLES(1,€).

Theorem 3.1. Suppose that there is a family of approrimate symmetrizers
which satisfy the properties (S1), (S2) and (S3) above. Suppose that B €
L*>([0,T7). Then, for all index s < 1/, the Cauchy problem (3.1) is locally
and globally well posed in G*.

Proof. a) Estimates for the solutions of (3.2).
Fix ¢ € R%. For f € L'([0,7],CV) and h € CV consider the solution
u € C°([0,T]; CN) of the differential system

(3.8) O+ 1A(t,)u+ B(t)u = f, Ujp—g = h.
The energy E(t) = (S(t,&)u(t), u(t)) is in WH([0,T]) and
(3.9) & =2Re (Su, f) + (0:Su,u) + 2(Im SAu, u)) — 2(Re SBu,u))
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For all ¢ and £, (3.3) implies that
|(SBu,u)| < CA||B||ps|ul* < C'(Su,u).
Therefore
O < 2Re (Su, f) + (C(p(t,€) +1)(€)" + C")E(1).

This implies that there are constant Cy, C; and C5 such that

o=

(S(t. €)u(t), u(t))? < CoeCr®OE+Ca (5(0, £)n, 1)

(3.10) t
+ Coel1 M HC: / (S, F(E), £(t))
0

N
QU
~

~

with

By (3.5) the function ® are uniformly bounded and, using (3.3) and (3.4),
we obtain that there is a constant v such that

t
(3.11) Ju(t)] §01<§>2M67<5>a<]h\+/0 NGIEaE

b) Existence of solutions for compactly supported data.
If f and h are compactly supported in x are G° functions, there are C'
and § > 0 such that

(3.12) V(t}f), ‘f(t,f)‘ < Ce—6<£>1/57 ‘iL(f)‘ < Ce_(;ml/s’

for some ¢ > 0 and finite C'. By step a) the solutions (-, &) of the family of
o.d.e. (3.2) satisty

(3.13) at,€))| < Cr (€)Mt =30

By assumption a < 1/s, and thus for §’ < ¢ there is a constant Cs such that

(3.14) at, €)| < Coe™EM"

This implies that @(t) is the Fourier transform of a function wu(t) of class G*
in z € R?, solution of (3.1) on [0, 7] x R4



c) Propagation of the support.

Following [CDGS], we use the Paley-Wiener theorem to prove that the
solutions found in step b) have compact support in . Indeed, if f and h
are supported in the ball {|x| < R}, their Fourier transform is an entire
function of ¢ which satisfy for (¢,¢) € [0,T] x C%:

(3.15) ‘f(t’g)‘ < Ce—5<£>1/56R\Im§I7 ‘ﬁ(g)‘ < Ce Ok gRImE|

The solution of the o.d.e. (3.2) is defined for all ¢ € C¢ and clearly holo-
morphic in . We can estimate it using the symmetrizer S(¢,Re&). There
is a new term in the right hand side of (3.9): Re (S(t,Re&)A(t,Im&)u, u).
By (3.3), we know that
|(S(t,Re ) A(t, Im&)u, u)| < CA(t,Re€) [Im¢| |ul®
<y Im&|(S(t, Re&)u,u).
Continuing as in step a), instead of (3.13) we obtain that for £ € C,

(3.16) at, o) < ¢ (£)2M 1O p(Ftmt)|im]| RIGEA

By Paley-Wiener theorem, this implies that wu(t,-) is supported in the ball
{lz| < R+ mit}.

d) Local uniqueness and end of the proof of the theorem.

By classical duality arguments, solving the backward Cauchy problem
for data with compact support, one obtains the local uniqueness of solutions
of (3.1), even in spaces of ultra-distributions (G*®)’.

When f € C%[0,7],G*%) and h € G?¥, we can split them into locally
finite sums of compactly supported functions, using a G*° partition of unity.
We can solve the Cauchy Problem for each piece by step a), and glue the
pieces together using the finite speed of propagation of step c¢) and the local
uniqueness result. ]

Remark 3.2. The constant v = v(T") in (3.13) is estimated by

T
C'sup / o(t, &)dt.
& Jo

Therefore, for the critical exponent sp = 1/«, the proof above would provide
a local in time solution on [0, 7] x R? in G*°, as long as v = y(T) < 6. It is
not clear that this can be achieved simply by choosing T small because we
do not know wether the ¢(-,£) are uniformly integrable or not.

Remark 3.3. Of course, when a = 0, there is no exponential loss in (3.13),
and the Cauchy problem is well posed in C°.



4 Colombini-Jannelli-Spagnolo-Tarama’s lemma and
extensions

In [Tal], S.Tarama proved the following extension of a result obtained in
[CJS] for nonnegative functions.

Lemma 4.1. Given 0 < <1 and k + p > 1, there is a constant C such
that for all a € C**([0,T)) and § > 0:

g |Ora(t)] 1/ (ki)
(1) /0 (Ia(t)!+5)1*1/<k+u)dt<CH I

This can be extended to 6 = 0 and to functions with values in R™ in the
following way.

Proposition 4.2. Given 0 < u <1 and k+ p > 1, there is a constant C
such that for all a € C**([0,T],R"), there is a nonnegative function a* in
LY([0,T)) such that for almost all t € [0, T

(42) pa(t)] < ab(t) a(t)] "/ B,
and
(4.3) Ha HLl o) S C|la Hé/klfr“

Proof. Consider first the scalar case n = 1. The sequence

Dra()
(la(®)] + 1/) -1/

is nondecreasing in j, hence by Beppo Levi’s lemma its limit af(t) € [0, +o0]
satisfies

T T dra(t)|
L) dt = li 10 dt < C
/0 0= et 1) S

and hence af € LY([0,T]). Moreover, for all ¢ and j
18a(t)] < at(t) (Ja(t)] + 1/5) 1/ ),

One can pass to the limit at every point where af is finite, that is almost
everywhere, and thus (4.2) follows.

10



If a = (a,...,a,) takes its values in R", we can find functions ag- in L'
such that the estimate (4.2) is satisfied for all j. Choosing a* of the form
c> ag, the proposition follows. O

Remark 4.3. On the open set {a # 0}, the construction above gives

|Oa(t)]
la(t)| =1/ (ktm)”

(4.4) af(t) =

On the set {a(t) = dia(t) = 0}, the inequality (4.2) is satisfied for arbitrary
finite a®(t), and for instance we can choose af(t) = 0. The set {a = 0, 0sa #
0} has Lebesgue measure equal to 0, since it is the union of the finite sets
{a = 0,|0ta| > 1/j}. Therefore, we can define a* by (4.4) when a(t) # 0,
and by 0 elsewhere.

We will use the following corollary of Proposition 4.2

Proposition 4.4. Given 0 < u <1 and k+ p > 1, there is a constant C
such that for all a € C**([0,T],R™), A € C°([0,T];R,), § > 0 satisfying

(4.5) Vi e [0,T], |a(t)] <A() and &< A(t),
the function p(t) = |0ra(t)|/A(t) satisfies

o < O8O .

H@HLI([O,T])

Proof. By Proposition 4.2, one has
|Bra(t)| < aﬁ(t)\a(t)|1_1/(k+“) < aﬁ(t)Al—l/(kJru) < aﬁ(t)(g—l/(k+u)A(t)

and the proposition follows. O

5 Proof of Theorem 1.6

In this section we consider 2 X 2 systems and more generally systems with
eigenvalues of multiplicity at most two.

5.1 Symmetrizers for 2 x 2 systems

Consider general 2 x 2 matrices

(5.1) A=)Nd+4, A= <“ b > . A= —trA.

11



This matrix is hyperbolic, that is has real eigenvalues, when A is real and
h := a® + bc is real and nonnegative. A set of such matrices is uniformly
diagonalizable if there is a positive real number §, such that for all matrices
in this set:

(5.2) h > 6| A2
Because A’”? = hld, an ezact symmetrizer of A’, and thus of A, is
(5.3) S =A"A"+ hld.
It is self adjoint and non negative since
(Su, u) = ‘A’u‘z + h‘u‘Z.
Moreover, for matrices which satisfy (5.2), one has
(5.4) h‘u}2 < (Su,u) =(1+ 1/5)h‘u‘2.

The symmetrizer S is not definite positive when h = 0, that is when A
has a multiple (double) eigenvalue. Following the ideas of [CDGS, CJS], one
adds a (small) corrector to S and consider for ¢ > 0:

(5.5) S.=8+4e1d = A" A + (h+ £%)Id.
If the condition (5.2) is satisfied, then, with h. = h +¢2 > 0
(5.6) elu? < hg|u’2 < (Su,u) = (1+ 1/5)h5’u‘2.

Moreover, Im S. A = ¢2Im A’. Therefore, for matrices which satisfy (5.2),
one has

(5.7) ‘(Im S: Au, u)! < 52(h/6)%’u’2 < 5_%5h5\u|2 < 5_%5(S£u,u),

where we have used that ehz < h+¢e%=h,.

If the matrices A(t) are C** functions of ¢ € [0, T, the explicit form (5.3)
shows that S(t) and S.(t) are C¥* functions of . Moreover, Proposition 4.2
implies that there is a constant Cy and a function ¢ € L'([0,T]) such that
for all C** matrix A’(t):

|0 A'(1)] < (t)] A ()] 1/ 0

(5.8) H‘PHLl([o,T]) < COHAHIC/::H-

12



Therefore, if the matrices A(t) satisfy (5.2), one has

10:5(1)] S JAD]|0:A'(1)] S @t)h(1) 12 S p(t)e/Ehe(1)
and thus
(5.9) | (0eS=(t)u,u)| < Crop(t)e ™5 (S-(t)u, u).

where C depends only on k, p and the constant § in (5.2).
Similarly, since h is quadratic in the coefficients of A’, one has

(5.10) |0h(1)] S (t)h(t)' 1P S o)™V p (1),
Summing up we have proved the following:

Proposition 5.1. There is a constant Cy and, given § > 0, there is another
constant Cy, such that: for all C**# family of hyperbolic matrices A(t) which
satisfy (5.2), the approximate symmetrizers Se(t) defined by (5.5) for e €
10, 1], satisfy the properties (5.4), (5.7) and there is a function ¢ € L*([0,T])
satisfying (5.8) such that the inequalities (5.9) and (5.10) hold for almost
all t.

The important point in this proposition, is that all the estimates are
uniform in A satisfying (5.2) and bounded in C**+#([0,T)).

5.2 Symmetrizers for 2 x 2 systems

Proposition 5.2. Consider a 2 x 2 matriz A(t,§), homogeneous of degree
one in &. We assume that it is uniformly diagonalizable and that its coeffi-
cients are bounded in C*H([0,T)) for |¢| = 1, with k > 1. Then, there is a
family of approximate symmetrizers S(t,&) which satisfy the properties (S1)
(S2) and (S3) listed before Theorem 3.1, with parameter o = 1/(k + p+1).

Proof. The statement is trivial when |{| < 1, so we only consider the case
|€] > 1. It is convenient to use polar coordinates £ = pw with p = |£| > 1.
We use the symmetrizers S.(t,w) associated to the matrices A(t,w). They
satisfy the estimates (5.6), (5.7) and (5.9) with constants independent of w,
with functions ¢(+,w) uniformly bounded in L.
Thus
100Se| S e /TS Im S A(t,€) S el€]S-

Now we choose ¢ = |¢|~(F+1)/(k+1+1) 6 balance the two terms e~/ (1) and
¢l€|, and define

(5.11) S(,6) = Su(tyw),  w= o, o= g B,



It satisfies the conditions (S2) and (S3) with o = 1/(k + p + 1). With this
choice h(t,§) = h(t,w) satisfies

(5.12) 6172 < || EED <t 6) < C
and there is a constant C such that
C™h(t,€)1d < S(t,€) < Ch(t, §)Id.

which means that the condition (S1) is also satisfied. For further use, we
note that

(5.13)  [9ph(t,&)| < Cop(t)e VETMR(L, ) < Cop(t)|¢]/ FTHTDR(L, ).

as a consequence of (5.10). O

5.3 Symmetrizers for systems with multiplicities at most 2

Consider a N x N system (3.1), uniformly diagonalizable, with coefficients
Aj € C*1(]0,T]) with k > 1. The eigenvalues of A(t,&) can be labelled in
increasing order Ai(t,§) < ... < An(t,&). We make the following assump-
tion.

Assumption 5.3. For all j and (to, &) € [0,T] x RI\{0}, either the multi-
plicity of A\j(t,&) is constant on a neighborhood of (to,&o), or it is less than
or equal to two.

Proposition 5.2 has the following extension, which, together with Theo-
rem 3.1, finishes the proof of Theorem 1.6.

Theorem 5.4. Under the assumptions above, there is a family of approx-
imate symmetrizers S(t,£) which satisfy the properties (S1) (S2) and (S3)
with parameter a = 1/(k+p+1). Hence, for all B € C°(]0,T)), the Cauchy
problem (3.1) is locally and globally well posed in G* for s <1+ k + p.

Proof. We consider again the system on the Fourier side, for [{] > 1. By
finite partition of unity, it is sufficient to prove that for all (¢g,&p) with
|€o| = 1, one can construct a symmetrizer with the desired properties on a
conical neighborhood of this point in [0, 7] x R\ {0}.

Given (to,&p), there is an invertible matrix P(¢,§) defined on a conical
neighborhood of this point, homogeneous of degree 0 in &, C*¥*# in t, such
that

(5.14)  A(t,£) == P(t, &) A(t, )P (t, &) = diag(Ao(t,€), ..., Am(t,€))
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is block diagonal, with
i) Ag has only eigenvalues of constant multiplicity,
ii) Ay,..., Ay, are 2 X 2 matrices.
There is an exact CF#* symmetrizer Sy(t, &) for Ag(t, €), satisfying

(5.15) C A< Sy <C, 8,5 <CSy, ImSyAy=0.

On the given conical neighborhood, the 2 x 2 block A; have approximate
symmetrizers given by Proposition 5.2. They satisfy

0:9j(t,€) < ()Y FHHHD;(1,€)85(t,€),  Nlps( )l < C,
(5.16) Im S;(t,€)A;j(t, &) < Cl¢|YFHrtDg, (¢t ¢),
CMhy(t, €)1d < Sj(t,€) < Chy(t, €)1d,

where the h; satisfy

{\51—2 < h;(t,€) < C,

5.17
(5:17) (043 (£,)] < Clos (B[ Dy 1, €).

The first candidate to symmetrize A would be diag(Ag(t, ), ..., Am(t,§))
but it has not necessarily the property (S1) since the h; are different. This
can be corrected in the following way. Introduce

A9 = [Tt 9),

and for j > 1
I#]
Consider the symmetrizer
(5.18) S(t,€) = diag(AAg, A1S1, ..., ApSim).

Each block is a symmetric matrix ~ Ald, and thus there is C such that
(5.19) CTUA(L 6 < 5(t,€) < CA(t O,
while A satisfies

(5.20) €72 < A(t,€) < C.
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By (5.17), one has

OA < Colg] /DA 90 < Cplg| VA,
with ¢ =14+ ) ¢;. With (5.16), this implies that
(5.21) [0:5(t.6)] < Col(t.€) g EHHDS(2,¢).
The scalar factors A; commute to the block A; and therefore
(522) Im (S(t,€) A(t,€)) < Cl¢[V/*D5(1,¢).

Hence S satisfies the properties (S1) (S2) and (S3) for A.
Let

(5.23) S(t,€) = P*(t,§)S(t, ) P(t,¢).

The properties (S1) and (S3) are immediately transported from S to S.
Next, we have 3 . 3
0¢S = P*O,SP + 0, P*SP + P*S0O,P.

By (5.21), the first term is O(p|¢|V/(Ftr+1)S). By (5.19), the second and
third terms are O(A) = O(S). This shows that S also has the property
(S2), which finishes the proof of the theorem. O

6 Construction of symmetrizers

6.1 Preliminary remarks

A possible definition of approximate symmetrizers for a hyperbolic matrix
A, that is a matrix with only real eigenvalues, is

S . * . oo . * .
(6.1) Ye = 25/ elsA e A TsE g = 25/ et M” gmisM g g
0 0
with M = A — Leld. When A is diagonalizable, A = Y~ A\;I1; and

(6.2) Se = %o =2) I

If IC is a compact set of uniformly diagonalizable matrices, there is a constant
C such that for A € K and s € R, one has ‘e"“‘u! < Clu|. Reversing time,
this implies that |u| < C |e_itAu| and therefore there is a constant C' such
that

(6.3) AcK,e>0 = CHu?<Eoau,u) <Clul
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If A is a Lipschitz function of ¢ with values in K, differentiating in time the
o.d.e Osu + iA(t)u = 0 yields the estimate

|07 4D| < Cs|D,A(t)]
which implies that
(6.4) |0:5:] < Ce™ .

As mentionned in the introduction the proofs of Theorems 1.4 and 1.6 rely on
an improvement of this estimate, and this is clearly what we did in Section 5
for 2 x 2 systems. In general, that is if the multiplicities are not constant,
there is no hope that 0;%; remains bounded as e — 0. Our goal is to replace
Yl by symmetrizers S which are smooth functions of the coefficients of the
matrix A, up to € = 0. The basic remark is the following.

Lemma 6.1. There is a polynomial A of € and the coefficients of A and A*,
such that the coefficients of AX. are polynomials of € and the coefficients of
A and A*.

Proof. We note that Y. satisfies
1
(6.5) Im (X:A) = 5525 —eld, Im (X.M) = —¢ld.

Denote by M the mapping ¥ — XM — M*Y. Because M and M™* have
no common eigenvalue, this mapping is a bijection on the space of N x N
matrices, and Y. is the solution of

(6.6) M(E.) = —2ild.

By uniqueness, the solution of this equation is self adjoint, and we could
have defined . as the solution of (6.6). The determinant A of M is a
polynomial of € and the coefficients of A and A*, and Cramer’s formula for
the solution of (6.6) imply the Lemma. O

The polynomials involved in this result are identified in the next subsec-
tion using a different approach which is motivated by the following remark:
if one writes AM~! as a polynomial of M and if one notes that M™(X) is
a linear combination of M**S$ M7 with k + j = n, one obtains that AY, has
the form

(6.7) A =D o MM

17



6.2 The new approach

We start from expressions of the form (6.7), which extends (5.3). Changing
the labeling for convenience, they are associated to polynomials

—_

3

(6.8) S(X,Y) = o XMy 1L
l

3

~
I
<)
Il
o

Given such a polynomial and a matrix M we define
m—1m—1

(69) S(M*,M) — O.kJM*mflkom,l,l.
k=0 1

3

Il
o

The symmetry condition reads

(6.10) S(Y,X)=S(X,Y)

where, in general, given a polynomial P, we denote by P the polynomial
whose coefficients are the complex conjugate of those of P. This condition
implies that 7, ; = 0, and thus, for all M, that S(M*, M) is self adjoint.

Lemma 6.2. Let S(X,Y) be a polynomial (6.8) satisfying (6.10), and let
T(X,Y)=—-4(X —Y)S(X,Y). Then for all matriz M,

Im (S(M*,M)M) = T(M*, M).

Proof. Because the variables M* and M do not commute, one has to be
careful and we include a proof. The definition of 7" is that its coefficients
Tk,l are
1
Tl = *27(014;—1,1 — Oki-1)
with the convention that o; =0 if K <0 or I < 0. Because S = S(M*, M)
is self adjoint, one has

Im (SM) = —(SM — M*S) = %Z%l (MM - )

1
21
1 ) \
= 5 2 (Oki1 = op 1 ) MM = T(M*, M)

as claimed. O

Thus, to obtain symmetrizers for a hyperbolic matrix A, it is sufficient
to consider polynomials S(X,Y’) such that (X —Y)S(X,Y) can be factor-
ized by the characteristic polynomial P4(Y') of A on the right, and by the
characteristic polynomial, P4 (X) = Pa(X), of M* on the left.

18



Example 6.3. Suppose that the characteristic polynomial P4 of A has real
coefficients. For any polynomial ) with real coefficients one can define the
polynomial
PAX)QY) — QX)Pa(Y)

X-Y
Then S(A*, A) is self adjoint. Using Lemma 6.2 and the identity P4(A) =
P4(A*) =0, we see that Im S(A*, A)A = 0.

S(X,Y) =

One looks for approximate symmetrizers for M = A— i%Id, which satisfy
(6.11) Im (SM) = —eAld

were A is real and positive. Denote by Pjs the characteristic polynomial of
M. If @ is a polynomial such that

(6.12) Pu(X)Q(X) — Q(X)Py(X) + 2ieA = 0,
then

Pu(X)QY) — QX) Py (Y) + 2ieA

(6.13) S(X,Y) = Ty ,

(6.13) is a polynomial and Lemma 6.2 implies that S(M™*, M) is a solution
of (6.11).

Remark 6.4. Because Py (M) = Py (M*) = 0, it is sufficient to consider
polynomials in R(X)/Pys. In particular, we can bound the degree m — 1 in
(6.9) by N — 1, where N is the dimension of the matrix.

6.3 Positive approximate symmetrizers for hyperbolic ma-
trices

Consider a N x N hyperbolic matrix A with real eigenvalues A\; and denote
by P4 its characteristic polynomial:

N

N
(6.14) Pa(X) = XN+ XN =TT = M),
k=1 Jj=1

The characteristic polynomial Py; of M = A — %Eld is
N

(6.15) Py (X) =pa(X +ig/2) = [[(X = A; +i2/2).
7=1
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The condition (6.12) leads to take €A to be equal (up to a factor) to the
resultant of Py; and Py, which is

Res (PM,?M) = H()\] — /\k - ié‘)
Gk
= (=2ie) N (=)NVUETT (10 = Ml* + £2).
j<k

(6.16)

There are too many factors e, which can be eliminated as follows. Introduce
the polynomial R such that

1 1
(6.17) Py(X — 2'55) — PA(X + ZEE) = —ieR(X,¢).
R has real coefficients, and denoting by R.(X) = R(X,¢), we have

Res (PM,PM) = Res (PM, PM — i€R5)
= Res (P, —ieR.) = (—ie)VRes (Pyr, R.).

Comparing with (6.16), this shows that Res(Pys, R.) = (—1)NWV=D/2A,
where

(6.18) Ac =TT (N = Ml +€%).
i<k
We note that A, is a polynomial in ¢ and the coefficients p1, ..., pm, and

thus a polynomial of ¢ and the coefficients [a; ;] of the matrix A.

There are @ and (1, polynomials with coefficients in Z of X, e and the
coefficients of Pys and R., thus polynomials of X, e and the coefficients [a; 1],
such that

(6.19) Py(X)Q1(X) + R.Q(X) = 2A..
Therefore B
2ieA. = Py (Q + i&Ql) — PyQ.
Because A, is real:
—2i€A5 = PM(Q - 7;5@1) - PMQ

and by uniqueness of the decomposition when A = 0, this implies that
Q —ie@); = @ and hence

(6.20) Pu(X)Q(X) — Q(X) Py (X) + 2ieA. = 0.

Summing up, we have proved the following;:
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Lemma 6.5. There is a polynomial Q(X, €, [a;x]), such that for all hyper-
bolic matriz A the identity (6.20) is satisfied.

Corollary 6.6. There is a polynomial A of (¢,[a;r]) and there is a polyno-
mial S, of (X,Y,¢,a;k]), such that for all hyperbolic matriz A with coeffi-
cients [aj 1], A(e, [a;k]) is given by (6.18) and

(6.21) S. = S(A* +ig/2,A —ig/2,¢,[ajx])

s a symmetric matriz such that
1
(6.22) ImS. A= 565 —eAId.

Moreover, for e >0, Sc = AcX. where X¢ is given by (6.1).

Proof. 1t only remains to prove the last statement. S = S, — A.X, satisfies
2ilm (SM) = SM — M*S = 0. For ¢ > 0, M and M* have no common
eigenvalue and thus S = 0. O

Remark 6.7. Because everything is polynomial, we can take ¢ = 0 in
the construction above. In this case, Py = Pa, Ry = P/, Ag = A is the
discriminant of P4 and Sy is an exact symmetrizer of A. Moreover, if A is
diagonalizable, then

(6.23) S(A*, A) = 2A(P) Y I,

where A = > A\iIl; is the spectral decomposition of A. This implies in
particular that, on the set of strictly hyperbolic matrices, the symmetrizer
> II;I1; is a rational function of the coefficients of A.

Remark 6.8. The construction can be made using the minimal polynomial
of A in place of the characteristic polynomial P4. This makes sense, if A
is restricted to a set where this minimal polynomial is a smooth function of
the coefficients of A.

The next result follows directly from (6.3).

Proposition 6.9. Let IC denote a set of uniformly diagonalizable hyperbolic
matrices. Then there is a constant C such that for all A € K and alle > 0
the symmetrizers constructed above satisfy

(6.24) C™'AId < S. < CAId.
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7 Applications

We consider a system (3.1) with C** coefficients on [0,7]. We assume that
the system is weakly hyperbolic and uniformly diagonalizable.

7.1 Proof of Theorem 1.4

The multiplicity of the eigenvalues is at most N and we first prove Theo-
rem 1.4 with m = N, that is with no assumption on the multiplicities.

Proposition 7.1. There is a family of approxzimate symmetrizers S(t,&)
which satisfy the properties (S1), (S2) and (S3) listed before Theorem 3.1
with parameter « = N(N —1)/(k+ p+ N(N —1)).

Proof. We can assume that |¢| > 1. For w € S9! denote by S.(t,w) the
approximate symmetrizers constructed in the previous section associated to
the matrix A(¢,w). Then

(7.1) CT'A(t,w)Id < Sc(t, ) CA(t,w)ld,
(7.2) Im (5. (¢, w)A(t, w) < CeSe(t, w).
Moreover, by (6.18),

(7.3) CIENIN=D < A(tw) < C

By Corollary 6.6, the coefficients s, ;1 of S:(t,w) are polynomials of the
coefficients of A and A*, therefore are bounded in C*#([0,T]). By Proposi-
tion 4.4 they satisfy

Bese st )| < rn(t, €,0)| s st )T

with

(74) H(pj’k('7€’w)“L1([0,T]) < C

where C' is independent of of w and e. Using (7.1) and (7.3) we obtain that
052,55 < ©; R AT/ k) < ©; pe NIN=1)/(ktu) A

Thus, with ¢ =" ¢,

(8¢S (t, w)u, u)| < Clpe ™ NWN=1)/(ktp) A |y |2

7.5
(75) < o(t,e,w)e” NN/ (g (¢, w)u, u).
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To finish the proof, we define

(7.6)  S(t,€) = S.(t,w), w= é‘ | M NN -1)

where the exponent is chosen to balance the term e~ N(NV=1/(+1) in (7.5)
and the term ¢|{| coming from the term Im S, (¢,w)A(t, §). Their final con-
tribution is O(|¢|(N(N=D/(k+putN(N=1))) O

With Theorem 3.1 this proposition implies Theorem 1.4 with m = N.

When the maximal multiplicity m is less than N, we argue as in the
proof of Theorem 5.4. We can restrict ourselves to |£| > 1 and it is sufficient
to construct symmetrizers in a conical neighborhood of an arbitrary given
point (tg,&p) with |{y] = 1. Given such a point, there is such a neighborhood
on which one can perform a block reduction of A and write

(7.7)  A(t,€) == P(t, ) A(t, )P (t, &) = diag(A1(t,€), ..., Am(t,€))

where the diagonal blocks A; have a size N; < m.
Each block A; has approximate symmetrizers given by Proposition 7.1.
They satisfy

0S;(t,€) < (€)% ;(t,£)S;(1,€), i (Ol < C,
(7.8) Im S;(t, &) A;(t, €) < C|€|* S;(t,€),
C_lAJ(t’g)Id < Sj(tvé) < CAj(t,f)Id,

where aj = N;(N; — 1)/ (k4 p+ N;j(N;j — 1)), and the A; satisfy

(7.9) { 7NN <A 6) < €

|00 (8, €)] < Copj(1)]E1Y A (8, €).

Note that aj < a:=m(m —1)/(k+ p+ m(m — 1)).

Introduce "
A 6) =[] As.6),
j=1
and for j > 1
I#5
Consider the symmetrizer
(7.10) S(t, &) = diag(A1S1, ..., ApmS).
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Each block A;S; is &~ Aldy;, and thus there is C' such that
(7.11) CTIA(t, 6)Id < S(t, &) < CA(t, €)1,
while A satisfies

(7.12) M <AmH <0 M=) NN 1.
By (7.8) and (7.9), one has

(7.13) |0:5(t, )] < Co(t, ©)[€|*S(t, €)

with ¢ uniformly bounded in L'. The scalar factor A; commutes to the
block A; and therefore

(7.14) Im (S(t,€)A(t,€)) < Cl¢[*S(¢,€).

Hence S satisfies the properties (S1) (S2) and (S3) for A. Finally,

(7.15) S(t,§) = P*(t,8)S(t,§)P(t,€)

satisfies the properties (S1), (S3) and (S2). This finishes the proof of the
construction of the symmetrizers and, with Theorem 3.1, the proof the The-
orem 1.4 is complete.

7.2 Remarks and additional results

When m = 2, the index 1+ (k+p)/m(m—1) = 1+ (k+ u)/2 is not optimal
as shown in Theorem 1.6. Indeed, for m = 2, we were able to take into
account a more precise form of the symmetrizer to improve the estimate
(7.5) of 0;S.

Moreover, Theorem 1.4 is interesting only for k 4+ u > m(m — 1), since
the general Bronstein index for uniformly diagonalizable system is 2. This
can be seen directly from the properties (6.3), (6.4) and (6.5) which imply
that S(¢,&) = X (t,w) with £ = ]£|_% satisfy the conditions (S1) (S2) and
(S3) with parameter o« = 1/2. Thus the estimate (7.5) for ;S brings an
improvement only for k + p > m(m — 1).

To conclude, we give a class of N x N systems, for which one can get
the optimal index 1+ k + p, thus extending the optimal result of the 2 x 2
case.
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Assumption 7.2. We consider a weakly hyperbolic N x N system (3.1)
with matrices A; € C**([0,T]). Fort € [0,T] and w € S, we denote by
A(t,w) the discriminant of the characteristic polynomial of A(t,w) and by
Ay(t,w) = A(t,w) — % (trA(t,w))1d the traceless part of A(t,w). We assume
that there is a positive constant & such that for all t and w

(7.16) IA(t,w)| > 8|4y (t,w) V=D,

Note that the discriminant A depends only on the traceless part A,. Note
also that A is an homogeneous polynomial of degree N(N — 1) of the coef-
ficients of A, so that the inequality (7.16) is homogeneous in A,. Moreover,
the set of hyperbolic traceless matrices A, such that |A,| =1and A > disa
compact set of strictly hyperbolic matrices. Thus, by homogeneity, the set
of hyperbolic matrices such that

(7.17) |A] > 8] A4, VN-D

is a set of uniformly diagonalizable matrices.
The condition (7.16) implies that A(¢) is either strictly hyperbolic when
A(t) > 0, or has an eigenvalue of multiplicity N at points where A = 0.
Conversely, if A is in a set of uniformly diagonalizable matrices, one has

ENSED PPy

where the ); are the eigenvalues of A, while

A=TJ0y =2

j<l

Thus, in a set of uniformly diagonalizable matrices, the assumption (7.16)
is equivalent to

(7.18) Vi, = A)2= 8 YN
for some positive constant ;.

Remark 7.3. For 2 x 2 systems, the assumption is equivalent to uniform
diagonalizabilty.

Theorem 7.4. Under Assumption 7.2 the Cauchy problem 3.1 is well posed
in Gevrey spaces G* with s <1+ k + p.
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Proof. We use the symmetrizers S.(t,w) as in the proof of Proposition 7.1.
We show how one can improve the estimate of 9, S;, using (7.16). Indeed, S,
is an homogeneous polynomial of degree N(N — 1) of ¢ and the coefficients
of A, and their complex conjugate, denoted by a = {ay}. Therefore the
derivative of its coefficients s, ; are linear combinations of terms of the form

"0t qN(N-1)-n(a), 0<n < N(N —1),

where gy (n_1)—p is an homogeneous polynomial of degree N(N —1) —n —1
of a. Next we use Proposition 4.4 for each coefficient a:

|0vaa] < @o(t)|al 7/ )
and obtain the bound
|0ssj k] < emp(t)|aNN=D=n=/(ktm) < gnip ()| A NN =D=n=1/ (k)

where the L' norm of ¢ is uniformly controlled by the C** norm of the
coefficients. Using (7.16) and the bound (7.3) we conclude that

(7.19) |0¢sji] < e /i) A
and thus
(7.20) 10,5.| < e/t g

which is (5.9). As in Proposition 5.2 we choose ¢ = |¢|~(FT1/(F+r+1) and
thus obtain a family of symmetrizers which satisfy (S1) (S2) and (S3) listed
before Theorem 3.1 with parameter « = 1/k + p + 1. O

We see that the difference with the proof of the general case is that
we have improved the exponent of ¢ in the estimate of 9;S. For this, we
have used Proposition 4.4 not for the coefficients of .S themselves, but, using
their polynomial structure, to the coefficients of A,. But this procedure is
successful only because we have assume a control of these coefficients by A,
to obtain an estimate of 9.5 by S.
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