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LIMIT THEOREMS FOR MARKOV WALKS CONDITIONED TO STAY
POSITIVE UNDER A SPECTRAL GAP ASSUMPTION

ION GRAMA, RONAN LAUVERGNAT, AND EMILE LE PAGE

ABSTRACT. . Consider a Markov chain (X,,)n>0 with values in the state space X. Let f
be a real function on X and set Sy =0, S, = f(X1) +---+ f(X,), n > 1. Let P, be
the probability measure generated by the Markov chain starting at Xg = x. For a starting
point ¥y € R denote by 7, the first moment when the Markov walk (y + Sy)n>1 becomes
non-positive. Under the condition that S, has zero drift, we find the asymptotics of the
probability P, (7, > n) and of the conditional law P, (y + S,, < -v/n|71, > n) as n — +oc.

1. INTRODUCTION

Assume that on the probability space (€2,.%,P) we are given a sequence of random vari-
ables (Xn)n>1 with values in a measurable space X. Let f be a real function on X. Suppose
that the random walk S,, = f(X1) +--- + f(X,), n > 1 has zero drift. For a starting point
y € R denote by 7, the time at which (y + S5,),-, first passes into the interval (—oo,0]. We
are interested in determining the asymptotic behaviour of the probability P(7, > n) and of
the conditional law of % given the event {1, >n} ={5, >0,...,5, >0} as n — +o0.

The case when f is the identity function and (X,),., are i.i.d. in X = R has been ex-
tensively studied in the literature. We refer to Spitzer [30], Iglehart [22, 23], Bolthausen
2], Doney [11], Bertoin and Doney [1], Borovkov [3, 4], Caravenna [6], Vatutin and Wachtel
[34] to cite only a few. Recent progress has been made for random walks with independent
increments in X = R, see Eichelbacher and Kénig [13], Denisov and Wachtel [10, 8] and
Duraj [12]. However, to the best of our knowledge, the case of the Markov chains has been
treated only in some special cases. Upper and lower bounds for P(7, > n) have been obtained
in Varapoulos [31], [32] for Markov chains with bounded jumps and in Dembo, Ding and
Gao [7] for integrated random walks based on independent increments. An approximation
of P (1, > n) by the survival probability of the Brownian motion for Markov walk under
moment conditions is given in Varopoulos [33]. Exact asymptotics are obtained in Presman
28, 29] in the case of sums of random variables defined on a finite Markov chain under the
additional assumption that the distributions have an absolute continuous component and in
Denisov and Wachtel [9] for integrated random walks. The case of products of i.i.d. random
matrices which reduces to the study of a particular Markov chain defined on a merely com-
pact state space was considered in [19] and the case of affine walks in R has been treated in
[17].

In this paper we give the asymptotics of the probability of the exit time 7, and of the
law of y 4+ .5,, conditioned to stay positive for a Markov chain under the assumption that its
transition operator has a spectral gap. In particular our results cover the case of Markov
chains with compact state spaces, the affine random walks in R (see [17]) and R? (see Gao,
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Guivarc’h and Le Page [15]). Our results apply also to the case of sums of i.i.d. random
variables.

To present briefly the main results of the paper denote by P, and E, the probability
and the corresponding expectation generated by the trajectories of a Markov chain (Xp), -,
with the initial state Xy = x € X. Let Q be the transition operator of the Markov chain
(X0, ¥+ Sn),», and let Qy be the restriction of Q on X x R7. We show that under ap-
propriate assumptions, there exists a Q -harmonic function, say V', which is positive on a

domain Z,(V) C X x R and 0 on its complement such that, for any (z,y) € 2,(V),
2V(x,y)
1.1 P, (r,>n) ~ —2¥
(1) r>m) oy LY

and

y+ S,
P, <t
(U\/ﬁ

+2
where ®T(¢) = 1 — e~ 2 is the Rayleigh distribution function and o is a positive real. On
the complement of 7, (V') we find that

(1.2) P, (1, >n) < c e,

where ¢, depends on x and c is a constant. Moreover, we obtain uniform versions of (1.1)
and (1.2). We give an example of a Markov chain for which the bound (1.2) is attained.
This is different from the case of sums of i.i.d. random variables where on the complement
of 2.(V) it holds P, (1, > n) = 0. For details we refer to Section 2.

The asymptotics of the probability of the exit time P(7, > n) for walks in R are usually
obtained by the Wiener-Hopf factorization (see Feller [14]). Eichelbacher and Konig [13]
and Denisov and Wachtel [10] have developed an alternative approach for obtaining the
asymptotics of P(r, > n) for random walks with independent increments in R?%. To study
the case of Markov chains we mainly rely upon the developments made in [13], [10] for the
independent case and in the work of authors [19] and [17] for two particular cases of Markov
chains. We also make use of the strong approximation result for Markov chains obtained
in [18] with explicit constants depending on the properties of the transition operator of the
Markov chain and on its initial state.

To carry out the approach developed in [10] from the independent case to the case of a
Markov chain it is necessary to refine it substantially by taking into account the dependence
on its initial state x € X, which is one of the major difficulties of this paper. We assume
that the transition operator of the Markov chain satisfies a spectral gap condition on some
associated Banach space, which implies that for any function ¢ in this space we have, for
any xr € X,

(1.3) Es (lg (Xn)]) = ¢+ e N(2),

where N(z) is a function carrying the dependence on the initial state x (see Section 2
for details). The relation (1.3) ensures that the dependence on the initial state decreases
exponentially fast. In the present paper it is supposed essentially that the property (1.3) is
extended to other functions than those in the Banach space (see Hypothesis M4 in the next
section). In Section 3 we show that the conditions we impose are verified for a stochastic
recursion in R¢ and for Markov chains with compact state space.

The paper is organized as follows. In Section 4.1, we recall results of [19] stating a strong
approximation of the walk with a Brownian motion. In Section 4.2 we approximate the
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walk by an appropriate martingale and state some properties on this martingale and on
associated exit times. In Section 5 we prove that the martingale killed at a special exit time
has a uniformly bounded expectation. This result implies in particular that the sequence
(Ee((y + Sn)1{r,>n}))nz0 is bounded. Using the results of Sections 4 and 5, we establish in
Section 6 the existence of a Q. -harmonic function and prove in Section 7 that this function is
not identically zero. In Section 8, we determine the asymptotic of the probability P, (7, > n)
and in Section 9 we prove that the conditional law of (y+5S,,)/(0+/n) given the event {7, > n}
converges to the Rayleigh distribution.

We end this section by agreeing on some basic notations. For the rest of the paper the
symbol ¢ denotes a positive constant depending on the all previously introduced constants.
Sometimes, to stress the dependence of the constants on some parameters «, [3,... we shall
use the notations c,,ca3,.... All these constants are likely to change their values every
occurrence. For any real numbers u and v, denote by uAv = min(u, v) the minimum between
u and v. The indicator of an event A is denoted by 1 4. For any bounded measurable function
f on X, random variable X in X and event A, the integral [y f(2)P(X € dz, A) means the
expectation E (f(X); A) =E (f(X)1a).

2. NOTATIONS AND RESULTS

On the probability space (2,.#,P) consider a Markov chain (X,,),>¢ taking values in
the measurable state space (X, Z"). For any given x € X denote by P(x,-) its transition
probability, to which we associate the transition operator

Py(z) = [ g(a")P(z.d2)

for any complex bounded measurable function g on X. Denote by P, and E, the probabil-
ity and the corresponding expectation generated by the finite dimensional distributions of
the Markov chain (X,,),>o starting at Xy = x. We remark that Pg(z) = E, (¢ (X)) and
P7g (z) = E, (¢ (X,)) for any g complex bounded measurable, z € X and n > 1.

Let f be a real valued function defined on the state space X and let 4 be a Banach space
of complex valued functions on X endowed with the norm ||-|| 4. Let ||-||,_, 4 be the operator
norm on A and let B’ = £ (#,C) be the topological dual of & endowed with the norm
|l 5 = SupPpes %, for any ¢ € Z’. Denote by e the unit function of X: e(x) = 1, for any
x € X and by 4, the Dirac measure at z € X: d,(g) = g(z), for any g € A.

Following [18], we assume the following hypotheses.

Hypothesis M1 (Banach space).

1. The unit function e belongs to AB.

2. For any x € X, the Dirac measure 8, belongs to A#'.

3. The Banach space B is included in L* (P(z,-)), for any v € X.

4. There exists a constant k € (0,1) such that for any g € B, the function '/ g is in B for
any t satisfying |t| < k.

Under the point 3 of M1, Pg(z) exists for any g € # and z € X.

Hypothesis M2 (Spectral gap).
1. The map g — Pg is a bounded operator on A.
2. There exist constants ¢; > 0 and cg > 0 such that

P=1+Q
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where 11 is a one-dimensional projector and Q) is an operator on B satisfying 11Q) = QII =
0 and for any n > 1,

HQan_)@ <cpe @,

Since II is a one-dimensional projector and e is an eigenvector of P, there exists a linear
form v € %', such that for any g € 4,

(2.1) [Tg = v(g)e.
When Hypotheses M1 and M2 hold, we set P;g := P (e“f g) for any g € B and t € [—k, K|.
In particular Py = P.

Hypothesis M3 (Perturbed transition operator).

1. For any |t| < k the map g — Pyg is a bounded operator on A.
2. There exists a constant Cp > 0 such that, for any n > 1 and |t| < &,

1P ll50 < Ce.

Hypothesis M4 (Local integrability). The Banach space 9B contains a sequence of real
non-negative functions N, N1, No, ... such that:

1. There exist « > 2 and v > 0 such that, for any v € X,
max {| f(2)|""7, 182l EY* (N (X))} < (14 N(2))
and
N(@)ln@sy < Ni(x), forany 1> 1.
2. There exists ¢ > 0 such that, for any | > 1,
[Nl < ¢

3. There exist § > 0 and ¢ > 0 such that, for any l > 1,

c
v (V)] < R

Under Hypotheses M1, M2 and M4, we have, for any z € X and n > 0,
E; (N(Xn)) = v(N) + Q"N(x)
<N+ Q" 52 1Nl 5 1102l 5

(2.2) <c+ce ™ N(x)
and, in the same way, for any z € X, [ > 1 and n > 0,
c
(2.3) E. (N, (X)) < e e (14 N(z)).

Remark 2.1. The Banach space # being arbitrary, it is not sure that the function z —
N(x)1{n)>1y belongs to #. Indeed, in some examples (in particular the stochastic recursion,
see [17] or Section 3.1) the Banach space is included in the space of Lipschitz functions which
clearly does not contain x — N (x)]l{ N(z)>1}- However, the existence of N;, [ > 1 ensured
with Hypothesis M4 is not very demanding and in the concrete examples it is easy to smooth
the function x — N(2)L{n@)>y to obtain N;.

Note also that in Hypothesis M4 the function f need not belong to the Banach space 2.

A consequence of Hypotheses M1-M4 is the following proposition (cf. [18]). For any
T € X, set fia(z) = sup,; BV (| (X,)]°).
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Proposition 2.2. Assume that the Markov chain (X,),-, and the function f satisfy Hy-
potheses M1-M},.

1. There exists a constant p such that, for any v € X andn > 0,
o (f(Xa) = pl S ce™ (14 pa(@)7 + 18]l ) < co™ (14 N(2)'7).
2. There exists a constant o = 0 such that, for any x € X and n > 1,
m-+n
Var, Z f(Xe) | — no?
k=m+1

where Var, s the variance under IP,.

sup
m=0

<o (14 @ +180L0) < e (14 N@?),

We do not assume the existence of the stationary probability measure. If a stationary
probability measure v/ satisfying v’/ (N?) < +o0 exists then, under Hypotheses M1-M4, we
have that v’ = v is necessarily unique and it holds (see [18])

(2.4) v(f)=p and o= [ f(2) dw+22/f JP" f (2)(dz).

Hypothesis M5 (Centring and non-degeneracy). We suppose that the constants p and o
defined in Proposition 2.2 satisfy p =0 and o > 0.

Using this assumption and the point 1 of M4 we have p,(z) < c(l + N(:L‘)ﬁ> and
therefore, for any r € X and n > 0,
(2.5) [Ex (f(Xn)) < ce™™ (1+ N(x)).

Let y € R be a starting point and (y + S,,),>0 be the Markov walk defined by S, :=
Speq f(Xk), n > 1 with Sy = 0. Denote by 7, the first moment when y + S,, becomes
non-positive:

=inf{k > 1, y + Sk < 0}.
It is shown in Lemma 6.1 that for any y € R and x € X, the stopping time 7, is P,-a.s. finite.
The asymptotic behaviour of the probability P, (1, > n) is determined by the harmonic
function which we proceed to introduce. For any (z,y) € X x R, denote by Q(z,y,-) the
transition probability of the Markov chain (X,,,y + S,)n>0. The restriction of the measure
Q(z,y, ) on X x R is defined by

Q+(l’7 Y, B) = Q(ZL‘, Y, B)
for any measurable set B on X xR* and for any (z,y) € XxR. For any bounded measurable
function ¢ : X x R — R set Q ¢(x,y) = fXX]Ri o', y)Q(z,y,dx’ x dy'). A function
V:X xR — R is said to be Q,-harmonic if
Q+V($7 y) = V(ﬂf, y)? for any (':Ea y) € XxR.

In the sequel, we deal only with non-negative harmonic functions. For any non-negative
function V, denote by 2. (V') the set where V is positive,

2.(V):={(z,y) e Xx R, V(x,y) > 0}

and by 2,(V)¢ its complement, i.e. the set where V' is 0. For any v > 0, introduce the
following set

D, ={(z,y) e X xR, Ing =1, P, (y+ Sny >v(1+ N (X,,)) , 7y >ng) >0}.
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The following assertion proves the existence of a non-identically zero harmonic function.

Theorem 2.3. Assume Hypotheses M1-M35.

1. For any x € X, y € R, the sequence (B, (y + Sn; 7y > 1)),
Vi(z,y):

o converges to a real number

]Eac (y+ Sn7 Ty > TL) njoo V(ZL‘,y)

2. The function V: X x R — R, defined in the previous point is Q,-harmonic, i.e. for any
reX, yeR,

Q. V(z,y) =E, (V(X1,y+51) ;7 >1)=V(z,9).
3. For any x € X, the function V(x,-) is non-negative and non-decreasing on R and

y—too y
Moreover, for any 6 >0, x € X and y € R,
(1 —¢)max(y,0) —cs (1 + N(z)) < V(z,y) < (14 0)max(y,0) +cs (1 + N(x)).
4. There exists vy > 0 such that, for any v = o,
2.(V)=2,.
The following result gives the asymptotic of the exit probability for fixed (z,y) € X x R.

Theorem 2.4. Assume Hypotheses M1-M35.
1. For any (z,y) € Z.(V),

=1.

2V (z,y)
Pz (Ty > n) n—::—oo W

2. For any (xz,y) € Z+(V)¢ andn > 1,
P, (1, >n) <ce ™ (1+ N(z)).
Now we complete the point 1 of the previous theorem by some estimations.

Theorem 2.5. Assume Hypotheses M1-M35.
1. There exists eg > 0 such that, for any € € (0,¢¢), n = 1 and (z,y) € X X R,

2
o2V max(y,0) + (1 +yly, <12y + N(z
]Px (Ty > TL) . (I,y) <ec. ( ) ( {y> } ( >) .
2nno nl/2+e/16
2. Moreover, for any (z,y) € X xR andn > 1,
1 + max(y,0) + N(z)
Vn '
Finally, we give the asymptotic of the conditional law of y + .S,,.
Theorem 2.6. Assume Hypotheses M1-MS5.
1. For any (z,y) € Z2+(V) andt > 0,

y+ Sn
P, <t
(0\/5

t2
where ®T(t) =1 — e~ 7 is the Rayleigh distribution function.

P, (1, >n) <c

Ty > n) — ®T(1),

n—-+o0o
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2. Moreover there exists g > 0 such that, for any e € (0,e0), n > 1, to > 0, t € [0,t0] and
(z,y) € X xR,

2V (x,y t
P, (y+5n<t\/ﬁ,ry>n) _\/Q(Tna)qﬁ (U)’

2
max(y, O) + (1 + y]l{y>n1/2*5} + N(l‘))
nl/2+¢/16 :

< Ce to

We now comment on Theorems 2.3 and 2.4.

Remark 2.7. The sets (Z,),0 are nested: for any v, < 72, we have Z,, 2 Z,,. Moreover,
by the point 4 of Theorem 2.3, the sets Z, are equal to Z, (V) for all v large enough.

Remark 2.8. The set Z, (V) it is not empty. More precisely there exists 7; > 0 such that
{(z,y) eXxXR, y>7(1+N(z))} € Z.(V).
Example 2.11 and Figure 1 illustrate this property.

Remark 2.9. When (X,,),,>; are i.i.d., it is well known that P, (1, > n) = 0 for any (z,y) €
2, (V)¢. When the sequence (X,,),>1 from a Markov chain, instead of this property, we have
the bound of the point 2 of Theorem 2.4. Moreover there exist some Markov walks for which
this exponential bound is attained. This remark is developed in Example 2.12.

Example 2.10 (Random walks in R). When (X,,),>1 are i.i.d. real random variables of
mean 0 and positive variance with finite absolute moments of order p > 2, one can take
N = 0 and therefore

2, ={yeR, Ing =1, P(y+ Sy, >, 7y >n0) >0}.

Since the walk is allowed to increase at each step with positive probability, it follows that
P(y+ Sp, >, 7y >no) > 0ifand only if P (7, > 1) = P (y + X7 > 0) > 0. Thus, [0, 4+00] C
(—maxsupp(p), +o0) = 2, = Z,.(V) for every v > 0, where p is the common law of X,
and supp(u) is its support.

The following example is intended to illustrate Remark 2.8.

Example 2.11. Consider the following special case of the one dimensional stochastic re-
cursion: X, 41 = ap41X, + byy1 where (a;);>1 and (b;);>1 are two independent sequences of
i.i.d. random variables. In this example we consider that the law of a; is %5{_1 /2y + %5{1 /2}
and that of b; is uniform on [—1,1]. The state space X is R and the function N is given by
N(z) = |z|"** for some £ > 0 (see [17] or Section 3.1 for a construction of an appropriate
Banach space and for the proof that M1-M5 are verified for the stochastic recursion). One
can verify that the domain of positivity of the function V is 2, (V) = {(x,y) € R? y >
_% —1} = 2,, for all v > 0. Obviously, {(z,y) € XxR, y > 3 (1 + \x|1+€)} C 2.(V), see
Figure 1.

The next example is intended to show that the inequality of the point 2 of Theorem 2.4
is attained.

Example 2.12. Consider the Markov walk (X,,),>0 living on the finite state space X :=
{=1;1; =3;7/6} with the transition probabilities given in Figure 2. Suppose that f is
the identity function on X. It is easy to see that the assumptions stated in Remark 3.10 of
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FIGURE 1.

FIGURE 2.

Section 3.3 are satisfied and thereby so are Hypotheses M 1-IM5. In particular, recall that

M4 holds in this case with N = N; = 0 for any [ > 1. Now, when x = 1 and y € (1, 3] or

when x = —1 and y € (—1, 2], one can check that the Markov walk y + S, stays positive

if and only if the values of the the variables X; alternate between 1 and —1 and therefore,
1 n

for such starting points (x,y), we have P, (1, >n) = (5) . This shows that, when the

random variables (X,), ., form a Markov chain, the survival probability P, (1, > n) has an
asymptotic behaviour different from that in the independent case where it can be either
equivalent to % or 0.

In this example we can make explicit the set Z,(V). Since N = 0, the function V is
positive if and only if there exists an integer n > 1 such that P, (y+ S, > v, 7, >n) >0
for a v large enough. This is possible only if the chain can reach the state X,, = 7/6
within a trajectory of (y + Sk),-;>, Which stays positive, i.e. P, (X, =7/6, 7, >n) > 0.
Consequently

D.(V)={=1} x (2,+00) U{1} x (3,400) U{=3,7/6} x (=7/6,4+00)
=23 ={(r,y) eXxR, In>1, P, (y+S5,>3,7,>n)>0}.
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To sum up, this model presents the three possible asymptotic behaviours of P, (7, > n):
for any (z,y) € 2+(V) = {—1} x (2,400) U {1} x (3,400) U{—=3,7/6} x (=7/6,+00),
2
P, (ry >n) ~ 7‘/(:1:’?/),
n—+oo \/2rno

for any (z,y) € {—1} x (—=1,2]U{1} x (1,3] and n > 1,

1 n
P, >n)=1|(=) ,
(ry >n) (2>
for any (z,y) € {—1} x (—o0, =1 U {1} x (=00, 1] U{-3,7/6} x (—o0,—7/6] and n > 1,
P, (1, > n) = 0.
3. APPLICATIONS
We illustrate the results of Section 2 by considering three particular models.

3.1. Affine random walk in R? conditioned to stay in a half-space. Let d > 1 be an
integer and (g, )n>1 = (An, Bn)ns1 be a sequence of i.i.d. random elements in GL (d, R) x R?
following the same distribution p. Let (X,,),=0 be the Markov chain on R? defined by

Xy =z € R, Xpy1 = Api1 Xn + Bpy1, n>1.

Set S, = > p_; f(Xk), n > 1, where the function f(z) = (u, x) is the projection of the vector
r € R? on the direction defined by the vector u € R% \ {0}. For any y € R, consider the
first time when the random walk (y + S,),~, becomes non-positive:
1, =1inf{k > 1, y+ S, < 0}.

This stopping time coincides with the entry time of the affine walk (3°7_; Xi),-, in the
closed half-subspace {s € R?, (u, s) < —y}.

Introduce the following hypothesis.
Hypothesis 3.1.
1. There exists a constant 0 > 0, such that

E (A1) < 400, E([|Bif***) < +o00
and

k(6) = lim EV" (AnAn_1. . AP) < 1.

2. There is no proper affine subspace of R? which is invariant with respect to all the elements
of the support of u.
3. For any vector vy € R\ {0},

P (tAIIUO = tAglvo) < 1,
where 'A is the transposition of A, for any A € GL (d,R).
4. The vector By is centred: E (B;) = 0.

Proposition 3.2. Under Hypothesis 3.1, Theorems 2.5, 2.4, 2.5 and 2.6 hold true for the
affine random walk conditioned to stay in the half-subspace {s € R%, (u,s) < 0}.

Proposition 3.2 is proved in Appendix 10.1 where we construct an appropriate Banach
space Z and show that Hypotheses M1-M5 are satisfied with N(z) = |z|"™, for some
e > 0.
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Remark 3.3. The set 2, (V) depends on the law of (A4;, B;). In the case when A; are
independent of B; and the support of the law of (u, B;) contains a sequence converging to
+00, one can verify that 2, (V) = R? x R.

3.2. Two components Markov chains in compact sets under the Doeblin-Fortet
condition. Let (X,dx) be a compact metric space, € (X) and .Z (X) be the spaces of
continuous and Lipschitz complex functions on X, respectively. Define

hl., = sup [h(2)], Vh €% (X)
zeX

and

() = h(y)]
h = sup ———, Vhe Z(X).
[ ]X (z,y)eX dX(:Evy) ( )
T#Y
We endow € (X) with the uniform norm || and £ (X) with the norm ||, = || +

-], respectively. Consider the space X := X x X with the metric dx on X defined by
dx((z1, 72), (y1,¥2)) = dx(z1,91) + dx (22, y2), for any (21, 22) and (y1,y2) in X. Denote by
Z (X) the space of the Lipschitz complex function on X endowed with the norm |||, =
Illoe + []x> where
il = sup [A(z)[, VA € (X)
xe

and

|h(z) — h(y)|

hlx = su , Vhe Z(X).

[ ]X (x,y;;éx dx(l‘,y) ( )
zy

Following Guivarc’h and Hardy [20], consider a Markov chain (x;), -, on X with transition
probability P. Let (X,),., be the Markov chain on X defined by X, = (Xn—1,Xn), n > 1
and Xy = (0, xo): its transition probability is given by
P((z1,72), dy1 x dys) = 64, (dy1) P (2, dys) -
For a fixed real function f on X, let S,, :== > 7_; f (X,) be the associated Markov walk and,
for any y € R, let 7, :=inf{n > 1, y + S, < 0} be the associated exit time.
In order to apply the results stated in the previous section, we need some hypotheses on

the function f and the operator P on % (X) defined by Ph(z) = [y h(y)P(z,dy) for any
x € X and any h € €(X).

Hypothesis 3.4.

1. For any h in € (X), respectively in £ (X), the function Ph is an element of €(X),
respectively of £ (X).

2. There exist constantsng > 1, 0 < p < 1 and C > 0 such that, for any function h € £ (X),
we have

[P"h| o < plhly + Clhl,

3. The unique eigenvalue of P of modulus 1 is 1 and the associated eigenspace is generated
by the function e: x v+ 1, i.e. if there exist € R and h € £(X) such that Ph = ¢ h,
then h is constant and € = 1.

Under Hypothesis 3.4, one can check that conditions (a), (b), (¢) and (d) of Chapter 3
in Norman [27] hold true and we can apply the theorem of Ionescu Tulcea and Marinescu
[24] (see also [20]). Coupling this theorem with the point 3 of Hypothesis 3.4 we obtain the
following proposition.
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Proposition 3.5.

1. There exists a unique P-invariant probability v on X.
2. Foranyn > 1 and h € Z(X),

P"h =v(h)+ R"h,
where R is an operator on £(X) with a spectral radius r(R) < 1.
Suppose that f and v satisfy the following hypothesis.

Hypothesis 3.6.

1. The function f belongs to £ (X).
2. The function f is centred, in the sense that

/Xf(x,y)P(m,dy)y(dx) =0.

3. The function f is non-degenerated, that means that there is no function h € £ (X) such
that

f(,y) = h(z) = hy),
for P,-almost all (x,y), where P,(dz x dy) = P(z,dy)v(dz).

Assuming Hypotheses 3.4 and 3.6, Guivarc’h and Hardy [20] have established that the
sequence (S,/y/n),s, converges weakly to a centred Gaussian random variable of variance
0% > 0, under the probability P, generated by the finite dimensional distributions of the
Markov chain (X, ),>o starting at Xy, = x, for any x € X. Moreover, under the same
hypotheses, we show in Appendix 10.2 that M1-M5 are satisfied with N = N; = 0, thereby

proving the following assertion.

Proposition 3.7. Under Hypotheses 3.4 and 3.6, Theorems 2.3, 2.4, 2.5 and 2.6 hold true
for the Markov chain (X,)n>1, the function f and the Banach space £ (X).

3.3. Markov chains in compact sets under spectral gap assumptions. In the previ-
ous Section 3.2, we considered a Markov chain with two components satisfying the Doeblin
Fortet condition and proved, inter alia, that this chain has a spectral gap (Hypothesis M2).
In this section, for Markov chains with values in a compact set, we give more general condi-
tions which ensure the applicability of the results of the previous section.

Let (X, d) be a compact metric space and (X,,),,-, be a Markov chain living in X. Denote
by P the transition probability of (X,,),., and by € (X) the Banach algebra of the continuous
complex functions on X endowed with the uniform norm

Bl =suplh(@)],  heE(X).
zeX

Consider a real function f defined on X, the transition operator P on %(X) associated to
the transition probability of (X,),, and the unit function e defined on X by e(z) = 1, for
any r € X.

Hypothesis 3.8.

1. For any h € €(X), the function Ph is an element of € (X).
2. The operator P has a unique invariant probability v.
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3. For anyn > 1,
P =11+ Q"

where 11 is the one-dimensional projector on €(X) defined by II(h) = v(h)e, for any
h € €(X), Q is an operator on € (X) of spectral radius r(Q) < 1 satisfying 11Q) = QI = 0.
The function f belongs to € (X) and is v-centred, i.e. v(f) = 0.

The function f is non-degenerated, that is there is no function h € €(X) such that

Al

f(X1) = h(Xo) — h(X1), Py-a.s.,

where P, is the probability generated by the finite dimensional distributions of the Markov
chain (X,)ns0 when the initial law of X, is v.

Consider the Markov walk S,, = >}, f(X}). It is well known, that under Hypothesis 3.8
the normalized sum S, /\/n converges in law to a centred normal distribution of variance
0? > 0 with respect to the probability P, generated by the finite dimensional distributions
of the Markov chain (X,,),>0 starting at Xy, = z, for any = € X.

Proposition 3.9. Under Hypothesis 3.8, Theorems 2.5, 2.4, 2.5 and 2.6 hold true for the
Markov chain (X,)n>1, the function f and the Banach space € (X).

All the elements of the proof are contained in the proof of Proposition 3.7 (see Appendix
10.2), in particular M4 still holds with N = N; = 0. Therefore the proof of Proposition 3.9
is left to the reader.

Remark 3.10. As a special example of the compact case, consider the Markov chain (X,,),>1
taking values in a finite space X. Assume that (X, ),>1 is aperiodic and irreducible with
transition matrix P. Let f be a finite function on X. We shall verify Hypotesis 3.8. The
Banach space % consists of all finite real functions on X, therefore condition 1 is obvious.
Moreover, there is a unique invariant measure v, which proves condition 2. According to
Perron-Frobenius theorem, the transition matrix P admits 1 as the only simple eigenvalue
of modulus 1, which implies condition 3. Assume in addition that v(f) = 0 and that there
exists a path zo, ..., z, in X such that P(z¢,z1) > 0,...,P(z,_1,2,) > 0,P(z,,x0) > 0 and
f(zo) + -+ + f(z,) # 0 (conditions 4 and 5 respectively). As a consequence of Proposition
3.9 it follows that the asymptotics as n — 400 of the probability P, (1, > n) and of the
conditional law P, (y + S, < -v/n| 1, > n) are given by Theorems 2.4 and 2.6, respectively.

4. PRELIMINARY RESULTS

All over Sections 4-9 we assume Hypotheses M1-M5. The aim of Sections 4-7 is to
prove the existence and the positivity of the harmonic function claimed in Theorem 2.3.
To summarize the approach, we first recall in Section 4.1 the coupling of the Markov walk
(y+Sn)n>1 with a Brownian motion established in [18]. Next, in Section 4.2, we approximate
the walk (y +S,,)n>1 by a martingale (z + M,,),>1 and prove a difficult result on the uniform
boundedness in n of the expectation E, (y + S, ; 7, > n) in Section 5. The key for doing
this is the introduction of two stopping times T, and T, defined by (4.8). The existence and
the positivity of the harmonic function on a non-empty set are proved in Sections 6 and 7,
respectively.
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4.1. Brownian motion and strong approximation. We consider the standard Brownian
motion (B;),., with values in R living on the probability space (£2,.#,P). Define the exit
time

(4.1) 75m =inf{t >0, y + oB; < 0},

where o > 0.
The following affirmations are due to Lévy [26].

Lemma 4.1. Foranyy >0,0<a<bandn > 1,

1 b/ (smy)? (s+3)2
IP) (Tgm > n7 y _|_ UBn 6 [a, b]) — 27.[.”0./(1 <e_ 2n;2 —e_ 2no2 )ds

Lemma 4.2.

1. For any y > 0,

2. For any sequence of real numbers (0,,)n>0 such that 0, - 0,

sup (]P(Tyb"”‘>n) — 1) = 0(62).

2y

Moreover, under hypotheses M1-M5 it is proved in [18] that there is a version of the
Markov walk (S,)n>0 and of the standard Brownian motion (B;)io living on the same
probability space which are close enough in the following sense:

Proposition 4.3. There exists g > 0 such that, for any ¢ € (0,e0], v € X and n > 1,
without loss of generality (on an extension of the initial probability space) one can reconstruct
the sequence (Sy)n=0 with a continuous time Brownian motion (By)icr, , such that

(4.2) P, <sup ‘SLth — aBm‘ > n1/2—s> < &(1 + N(z)),
0<t<1 ne
where o is defined in the point 2 of Proposition 2.2.

In the original result the right-hand side in (4.2) is ccn™°(14+ N (x))® with a > 2. To obtain
the result of Proposition 4.3 it suffices to take the power 1/a on the both sides and to use
the obvious inequality p < p'/®, for p € [0, 1].

Using this proposition, one can easily deduce the following result.

Corollary 4.4. There exists g > 0 such that, for any e € (0,&), x € R and n > 1,

Sh t 2 du
P,| =<t —/ e 272
\/ﬁ —00 2ro

4.2. Martingale approximation. A natural first step is to approximate the Markov walk
with a martingale in order to use the well properties of this martingale.
Consider © the real valued function defined on X by:

<E 1+ N@)).

sup e

teR

O(z) :f(x)—l-g:oPkf(x), Vo e X.
k=1
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It is well known that © is the solution of the Poisson equation
0 —-PO="F
For any x € X| let

+o0o
r(z) =PO(x) = O(z) — f(x) = > P*f(x)
k=1
Following Gordin [16], define the process (M,), -, by setting My = 0 and, for any n > 1,

M Z — PO Xk 1 Z Xk —7’ Xk 1)]

It is easy to see that, for any x € X, the process (Mn)@o is a zero mean P,-martingale
with respect to the natural filtration (%,),.,, where 7, is the o-algebra generated by
X1, Xo, ..., X, and %, the trivial g-algebra. Denote by &, the increments of the martingale
(Mn)n>0: for any n > 17

&n i =0(X,) — 1 (Xno1) .

In the sequel it will be convenient to consider the martingale (z + M,,),>1 starting at
z=y+r(z)

The reason for this is the following approximation which is an easy consequence of the

definition of the martingale (z + M, ),>1: for any z € X and y € R, we have surely,

(4.3) 24+ M, =y+r(x —|—Z (X)) + f(Xp) —r (X)) =y + Sn+7r(X,).

From (2.5) we deduce the followmg assertion.
Lemma 4.5. The functions © and r exist on X and for any v € X,
|O(z)| < (14 N(x)) and Ir(z)] <c(1+4 N(x)).
The moments of order p € [1,a] of the martingale (M,),, are bounded as follows.

Lemma 4.6.
1. For anyp € [1,a], z € X andn >

IEl/”(|M Ip) cpv/n (14 N(z)).
2. Foranyx e X andn > 1,

E, (|M,]) < ¢ (Vi + N(2)).

Proof. First we control the increments &,,. By Lemma 4.5, for any n > 1,

(4.4) [6nl < (14 N (Xp) + N (Xp1)).

So, using the point 1 of Hypothesis M4 and (2.2), for any n > 1,
(4.5) E/” (|6.") < (1+N(x))  ¥pella,
(4.6) E. (|€.]) < ¢+ ce ™ N(z).

Proof of the claim 1. By Burkholder’s inequality, for 2 < p < «

n p/2
E)/” (|Ma") < oE” ((Z fi) ) :
k=1
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2

(Zg )inz‘i]_cpmp (ZE I3 )Up,

Using Holder’s inequality with the exponents u = p/2 > 1 and v = p%, we obtain

EYP (|M,[P) < ¢, EL/P

From (4.5), for any p € (2, a/,

n 1/p
(4.7) ELY? (| M,|P) <cn2p (Zcp (1+ N(x ) < cpv/n(l+ N(z)).

Using the Jensen inequality for p € [1,2], we obtain the claim 1.
Proof of the claim 2. Consider € € (0,1/2). By (4.6),

e (|My]) < LiE (1&k]) + Ex ( )
< enf 4 ceN(x)+ E, (’Mn — M) ) )
Since (X,,, M,,)n>0 is a Markov chain, by the Markov property, the claim 1 and (2.2),
B, (|Ma]) < en® + eN(x) + Eq (E (| My = Mipe)| | Zie) ) )
<enf+ceN(z)+E, {c (n— [n°])"? (1 + N (XWJ)”
< evn+ c.N(z).

O

A key point in the proof of the existence and of the positivity of the harmonic function is
the introduction of two stopping times. The first one is the first time when the martingale
(z + My)n>1 becomes non-positive, say T, and the second one is the first time, after the

time 7,, when the martingale (z + M, ),>1 becomes non-positive, say T.. Precisely, for any
reX, zeRand y=2z—r(z), set

(4.8) T.:=inf{k>1, 2+ M, <0} and T,:=inf{k> Ty, 2+ M < 0}.

The following lemmas will be useful in the next sections.

Lemma 4.7. For any x € X and z € R, the sequence ((2+Mn)]l{f >n}) is a P,-
® n=0
submartingale.

Proof. For any n > 0,
E. (4 M) Loy} | %)
B, (o M) Lgoy | #) = o G+ Mas) Ly | )

=(z+4+ M,) ﬂ{Tz>n} —-E, ((Z + MT}) ﬂ{Tz:nH} ’32”> :

By the definition of Tz we have z + MT} < 0 a.s. and the result follows. OJ

The proof of the following Lemma shows how to apply the Markov property with the
event {T L > n} . The same approach will be used repeatedly in the case of more complicated

functionals, as for exemple E, (z + M, ; T, > n), without giving the details.
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Lemma 4.8. Foranyz € X, z€ R, n >0, k<nandy =z —r(x),

P, (1. >n) = | Po (T >n—k) P, (Xp €da’, 2+ My €42, 7, > k)

+ | Pu(Tu>n—kP, (Xpedr, 2+ Myedd, r, <k, T.> k).
XxR

Proof. For any k < n, we have
]P’x(TZ>n)—Px(7y>n)+7§19x(7y—i+k,Tz>n>+]P’x(Ty<k,Tz>n>.
i=1

By the Markov property and (4.3), with ¢/ = 2/ — r(2/),

P (T.>n)= [ Pulry>n—kP (X, €dd', 2+ My €ds, 7, > k)
n—=k

—|—Z XXRPx/<Ty/:i,2/+Mi>O, ...,Z/+Mn_k>0)
=1

X P, (X €da', z+ M, €ds, 7, > k)

+ Py (Ty >n—k)P, (Xyeda', 24+ Myed, 7, <k,
XxR

z—i—MTy>O,...,z—|—Mk>0).

Putting together the first two terms we get the result. 0

5. INTEGRABILITY OF THE KILLED MARTINGALE AND OF THE KILLED MARKOV WALK

1/2—2¢

First we give a bound of order n of the expectation of the martingale (z + M, )n>0

killed at 7T, and a similar bound when the martingale is killed at T.. From these two results
we will deduce a uniform in n bound for the second expectation, i.e. for the expectation of
the martingale (z + M,,),>o killed at T.. We will conclude the section by showing that the
expectation of the Markov walk (y + S,,),>0 killed at 7, is also bounded uniformly in n.

Lemma 5.1. There exists g > 0 such that, for any e € (0,g9), x € X, z € R andn € N, it
holds

E, (z + M,; T, > n) < max(z,0) + c. (n1/2_25 + N(x)) :

Proof. Using the fact that (M,),>o is a zero mean martingale and the optional stopping
theorem,

By (z+My; T >n)=2-E; (2 + Mo; T <n) =2 —E (2 4+ M, ; T, <n).
By the definition of 7}, on the event {7, > 1}, we have
é&r, =z+ My, — (2 4+ Mr, 1) < z+ Mrp, <0.
Using this inequality and (4.4), we obtain

E.(z4+M,;T,>n) <P, (T, >1)+E,(|&|; T.=1)+E,. (|¢r.| ; 1 < T, <n)
(5.1) < max(z,0) + cE, (1+ N (X7,) + N(Xr,1) ; T. <n).
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We bound E, (N (X7,) ; T, < n) as follows. Let ¢ be a real number in (0,1/6) and set
= {nl/Q*QEJ. Using the point 1 of Hypothesis M4 we write

E, (N (Xz.) ; T. <n) <n'/?% 4+ E, (N(Xr.) ; N (Xz.) > n'/>"% T, < n)

[n°] n
<ATELSNE(NXG)+ Y E (N (X))

k=1 k=[n®|+1
By (2.2) and (2.3),

E, (N (Xr.); T. <n) < en'/>™ + cN(z) + — 4 ce™" (14 N(z)).

[1+8
. . 8 1
Choosing € < mm(m, 5), we find that
(5.2) E, (N (X7.); T. < n) < con/?7% 4 c.N(x).
In the same manner, we obtain that E, (N (X7,_1) ; 7. < n) < c.n'/?7% + ¢.N(z). Conse-
quently, from (5.2) and (5.1), we conclude the assertion of the lemma. O

Lemma 5.2. There exists e > 0 such that, for any ¢ € (0,g¢), x € X, 2z € R and n € N,
we have

E. (z + M,: T, > n) < max(z,0) + ¢ (711/2728 + nQEN(:r;)) :

1/2—2¢

Proof. Let € be a real number in (0,1/4). Denoting z, := 2z +n we have,

E$<2+Mn;fz>n>:Ex(z+Mn;Tz+<n,Tz>n)

=:J1
(5.3) +Ex(z+Mn;TZ+>n,Tz>n).
=:J9
Bound of J;. On the event {r, < k, T, > k} where y = z — 7(z) and by the definition of

Tz, we have z, + My > z + My > 0. So P, (Ty <k, TZ >k, T, = k) = 0. Using this fact
and the Markov property, in the same way as in the proof of Lemma 4.8,

_n ! ! 'A/ —
Jl—;::l/XXREf (' + Myoi; T > n — k)

><]P)x<Xkedx’,z+MkEdz’,ry>k,TZ+:k).

Since z + MTZ+ < 0, using the point 2 of Lemma 4.6, we have

Jlchx(\/ﬁ+N<XTz+>;Ty>T T, <n).

zy s Lzg

By the approximation (4.3), on the event {7, > T}, it holds
r (XTZ+) =2+ Mg, — (y + STZ+> < —nl/2%
Therefore, by Lemma 4.5,
S < en®Ex (|r (Xa., )|+ N (X, )
< en® + en*E, (N (Xr., ) 5 To, <)

r (XT2+)‘ > n1/2_25, T,, < n)
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Choosing e small enough, by (5.2),
(5.4) Ji < en® + con* (n1/2’45 + N(x)) < en?7% £ en®*N(z).
Bound of J. By Lemma 5.1, there exists €y > 0 such that, for any ¢ € (0, &),
Jo < E, (z+ +M,; T, > n) < max(z,0) + cont/?7% 4 c.N(z).

Inserting this bound and (5.4) into (5.3), for any ¢ € (0,&¢), we deduce the assertion of
the lemma. U

1/2—¢.

Let v, be the first time when the martingale z + M,, exceeds n for any n > 1,

e€(0,1/2) and z € R,
Un ="Vnez = min {k = 17 zZ+ Mk; > nl/Q_E} .

The control on the joint law of v, and T, is given by the following lemma.

Lemma 5.3. There exists g > 0 such that, for any € € (0,20), 6 >0, x € X, z € R and
neN,
P, (Vn >onte T, > 5n1_5) < cege =™ (14 N(z)).

Proof. Let € € (0,1/4) and K := |n®/2]. We split the interval [1,dn'~¢] by subintervals of
length [ := |dn'~% . Introduce the event Ay, := {max;cpck (z + Myy) < n/27¢}. Then

(5.5) Py (v > 0n' =%, To > on' %) <P, (Ao, T2 > 2K1) |
By the Markov property, as in the proof of Lemma 4.8, with y = z — r(z), we have
P, (AQK,Z T, > 2Kz)

= P, (AQ% , Tzz > 2[) P, (X2(K71)l S dx', z+ MQ(K,l)l S dzl7
XxR

AQ(K_l)’Z, Ty > 2(K — 1)[)

+ P, (AQVZ/ , T > 2[) P, (XQ(K_l)l c d:)?l, Z+ MQ(K_l)l S dZ/,
XxR

(5.6) Ascony s 7y S2(K = 1)1, To > 2(K = 1)1).
Moreover, with ¢/ = 2’ — r(2), we write also that
]Px’ (AQ,Z’ ) Tz’ 21)

>
= Por (Aror, Tor > 1) P (X € da”, 2+ My € 2", Ay, 7y > 1)
XxR

(57) + P, (Al,z” s T > l)
R

Xx
x Py (Xpeda”, 2+ Mede, Ay, 7y <1, T > 1)

Bound of Py (Al,zu, T > z). Since P,» (ALZ,,, T > 1) will be integrated under the
measure P,/ (X; € da”, 2/ + M; € d2”, Ay, 7,y > 1) and since on the event {1, > I} we
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have ' +5; > 0, it is enough to consider that y"” = 2" — r(2”) > 0. Using (4.3) we have,
Por (A1, Tor > 1) <P (3 + S < 20127 |r (X))] < n/27F)
+ Py (|r (X)) > n'/?79) |

Therefore, there exists a constant c. s such that

~ Sl |T (Xl)‘
Py (Al,z" , Ton > l) < Py (\/Z < CEﬁ) + Epr ( ni/2— |-

Using Corollary 4.4 and Lemma 4.5, there exists €y € (0,1/4), such that, for any ¢ € (0, &),

w2

A Ce,s
P:E” (ALZ// s TZ” > l) < / &} 202

(P+N()) s Ber (14 N (X))

nl/2—e

V_a

Using the point 1 of Hypothesis M4 and the fact that [* > 715/2/0E s for e < 1/4, we have,

(58) P (Al,z” , TZ// > l) Qes —|— /2 (1 + N( ))

w2
Withqa,(;:: “le 22ﬁ<1
Bound of P (Al,zu , T.» > 1). On the event {T’» > [} we have 2" + M; > 0. Using (4.3)

and Corollary 4.4, in the same way as in the proof of the bound (5.8), we obtain

Px” (Al,z”> Tz” > l) < Px” (O < S + Ml < n1/2—8)

ey 2 du c

Vi —u £,0 "
<[V e — 4 =L (14 N(z

ey O Vamg T TN

(5.9) < g+ — /2 > (1+N(").

Bound of Py (Ag’zl Ty > 2l). Inserting (5.8) and (5.9) into (5.7) and using (2.2), we have

A Ce,d
Py (A2,z’ , T > 21) de,5 + /2 + nel2 E, (N (Xl))

(510) < QEé + / + 0556 —Ce 5N

1-2¢

N(z').
Bound of Py (Ag., T > 21). By the Markov property,

P, (A27z/ , T, > 2[) = P, (Al,z” , T > l)

XxR
X Py (Xl c d{L‘”, 2+ M, € dZ”, Al,z’ , Ty > l) .

Using (5.9) to bound the probability inside the integral we get

1—-2¢
—Ce oM

(511) ]P)m/ (A2,z’ T > 2[) Ge,5 + + Ces € N(I/)

/
Inserting the bounds (5.10) and (5.11) into (5.6), we find that

]P)a; (AQKZ, Tz > 2Kl)

(qgg + 5/2) Pz (AQ(K_l)VZ, TZ > 2(K — 1)[) —+ Ces e—Cs,anl—Qg (1 n N(Z‘)) '
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Iterating this inequality, we get

K c k
P, (Ask.. T. > 2K1) < <q€6+ 5/2) Feosetm T (14 Nz Z<q€5+ 2;2) |

As K = |n°/2] and ¢.5 < 1 it follows that, for n large enough, ( 7
which, in turn, implies

P, (Azko, T2 > 2K1) < cope™™ (14 N(z)).

Lemma 5.4. There exists g > 0 such that, for any € € (0,e9), v € X, z € R, n > 2 and
any integer ko € {2,...,n},

E. (z + M,: T, > n) < (1 + c€> (max(z,0) + cN(z)) + cki?.

K5
Proof. The aim of the proof is to prove (5.26):
. ¢ .
E, M,;T.>n) < (1+2)E, Mi-e: T, > [n'™*
(= n) < (1 ) B (o My 22> 017
+c.e = (14 N(x)).

which will be iterating to establish the lemma.
Let € € (0,1/2). Considering the stopping time

Vo= v, + 0],

we have,
Ex(Z+Mn; T, >n) < Ex<Z+Mn; T, >n, US> {nlﬂ)
=:Jq
(5.12) +E, (Z—I—Mn;fz>n,yj;< {nl—ED'

=:J2
Bound of Jy. Set m. = |n'~¢] — |n®|. Using the fact that {v¢ > |n'~¢]} = {v, > m.}
and the Markov property as in the proof of Lemma 4.8, with y = z — r(z),
J = / E, (z’ + My, ; Tz/ >n — ma)
XxR
X Py (X €d2’, 2+ M, €d2', 7, > m., v, > m,)

+ Ey (2" + My . ; T >n —m.)
XxR

X]P’x(XmEEdm z+ M, €d, mE,TZ>m€,Vn>mE).

On the event {v,, > m.}, we have 2/ = z + M,,. < n'/>~¢ < n'/2. Moreover by the point 2
of Lemma 4.6, By (|My_m.|) < cn'/? 4 c¢N(2'). Therefore,

A

Jl < CE;B (n1/2 + N(Xma) ) Tz > Mg, Up > ms) .
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Set m. = m. — |n°] = |n'~°] — 2 |n°]. Using the Markov property and (2.2),

Ji < C/X {nl/Q +E. (N (XWJ))] P, (Xmé eda, T, > m., v, > m’E)
< en'?’P, (T >ml, v, > m’a) +ce ™ E, (N (Xmlg)) .
By Lemma 5.3 and the point 1 of Hypothesis M4,
(5.13) Ji <en?e ™ (14 N(2)) +ce ™ (1+ N(2)) < cce ™ (14 N(z)).
Bound of Js. By the Markov property, as in the proof of Lemma 4.8, we have

Z (z’—l—Mn_k;TZ/>n—k:>

=1 XxR
X P, (X eda', 2+ M, eds, 1, >k, 5 =k)

+ E, (Zl + M, g Ty >n— k)
XxR

wa(Xkde', z+ M, ed, r, <k, T, >k, V;:k).
By Lemmas 5.2 and 5.1,
Jo < . E, (n1/2*2€ +n*N (X ) T, > ve, v < {nl’EJ)
=:J21
(5.14) + E, (max (z + M, O) T, > 2 VS {nl_aD .

=:J22

Bound of Jy;. Using the Markov property and (2.2),
1/2—2¢ 2e s 1—e
Jo1 < CE/XE:U’ (n +n N(XWJ))Pz (X,/n edd | T, > v, v, < [n D
< c.E, (n1/2—25 4+ e N(X,,); Tz > v, Uy < {nl—sJ) ‘
Moreover using (2.2),

[

By (e N (X,,) s To > vy, v < [n'7°]) S oo™ Z E, ) s vn = k)
(5.15) <coe =™ n1 “(1+ N(x)).
Therefore,

(5.16) Ty < eBy (0275 T > vy v < 01| e e ™ (14 N(2)).
=4,

By the definition of v,, we have n'/?>=% < % So

Ce

Jo < - —E, (z+Myn;TZ>un,l/n< {nleJ).
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Using Lemma 4.7,
C
J, < —=E, Mj—ey: T, > [t
o < 2B (24 Miioeys 12> [0l
e . 1— 1—
(5.17) —EEI(HMWHJ,TQ@ | > ')

—.Jn
_'J21

On the event {7, > |n'~¢]}, by (4.3), it holds z + M1—<] > r (XW—EJ) and on the event
{r, <|n'°| , T. > [n'~¢]} it holds 2 + M,1-<| > 0. So, by the definition of T},

—Jy < —E, (r (XW_EJ) ;T > {nl’eJ ) Up > {nl’eb

< cE, (1 + N (thlfej) : T, > Lnl_EJ , Up > {nl_aJ) )
Using the Markov property and (2.2), with m, = |n'~¢] — [n°],
—Jy < cE, (1 +e ™ N (Xp.) ; T > me, vy > m5>
< P, (z/n >m., T, > me) +ce™™ (14 N(z)).

By Lemma 5.3,
(5.18) — J3 e (1+ N(x)).
Putting together (5.18) and (5.17),
(5.19) oy < %Ex (z + M) ; T, > {nHJ) +c.e =" (1+ N(x)).
So, using (5.16),

(5.20) o1 < ;—E (2 + My T > [079]) 4 0™ (14 N(2)).

Bound of Jy,. On the event {1, > v/ < vg} we have z 4+ M,. > 0. Consequently

Jop =By (24 My To > 05, 5 < [ =)
+ E, <max (z—l— M, 0) (z —i—Ml,s) Ty > UL, VL < {nl’ED :
By Lemma 4.7,
o < By (24 Mgy To > |n'~])
(5.21) —Eq (2 + Moy T2 > [n'75) 05 > [n17])
=5

—Ex<z+M,,s 2+ M, <0,17,>1,, 1 Zé{nl_aJ).

=tJps
In the same way as in the proof of the bound of JJ, replacing v, by v/, one can prove that

(5.22) — Jyy < cce” " (14 N(x)).



CONDITIONED LIMIT THEOREMS FOR MARKOV WALKS 23

Moreover, using (4.3), on the event {7, > v}, we have —(z + M,:) < —r (XV%) So, by
Lemma 4.5 and the Markov property
T, > v, U < {nl_ED

‘]52 < Ex ( r (Xufl)
<E, (c (1 + N (X,,;L)) T, > vy, vy < {nl’ED
:C/XEQ;/ <1+N<XWJ)) (XZ,n c da’, TZ>Vn,Vn< {nl_ED.

Using (2.2),
Jyy < CE, (1 +e N(X,,); T, > Up, Up < {nl_eb )
So, by (5.15) and the definition of JJ; in (5.16),
(5.23) Jho < Ty +cce”=" (14 N(x)).
With (5.19), (5.21) and (5.22) we obtain,
(5.24) oy < ( > E, (24 My B> [01¢]) +ecem (1+ N(a)).
Inserting (5.24) and (5.20) into (5.14),
(5.25) ( T;) Z+MLn1 ;T > { J) +c.e ™ (14 N(x)).
Now, inserting (5.13) and (5.25) into (5.12), we find that
E, (z+ M, ; T, > n) < (1 + :;) E, (Z + Mpi-<); T, > {nl_aJ)
(5.26) +c.e ™ (14 N(x)).
By Lemma 4.7, the sequence (Ey(z + M, ; T. > n))n>1 is non-decreasing. Therefore, using

Lemma 9.1 of [17] on the convergence of recursively bounded non-decreasing sequences, we
obtain that for any n > 2 and ky € {2,...,n},

E, (z—i—Mn; T, >n) < <1+ = )Em (2+Mk0; T, > k()) + c.e M (14 N(z)).
0
Finally, by the point 2 of Lemma 4.6,
E. (z +M,; T, > n) < (1 + S ) (max(z,0) +cN(z)) + cakrl/Q.
0

O

Corollary 5.5. There exists eg > 0 such that, for any € € (0,e0), z € X, y € R, n > 0 and
any integer ko € {2,...,n},

E, (y+ Sp; 7y >n) < (1 + = > (max(y,0) + cN(x)) + ck?.
0
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Proof. First, using the definition of 7, and Lemma 5.4, with z = y + r(z),
E,(z+ M,; 7, >n)=E, <z+]\/[n; TZ >n) —E, (2+Mn; Ty <N, TZ >n)

(5.27) <E, (z +M,: T, > n)
(5.28) < <1 + Z) (max(z,0) + eN(2)) + ek
0

Now, using (4.3), Lemma 4.5 and (2.2),
E,(y+ Sn; 7y >n)=E, (2 +M,; 7,>n)—E, (r(X,,) ; 7y >n)
<E,(z+ M,; 1, >n) +c(1+e_C”N(:1:)>
< (1 + ;i) (max(z,0) + N (z)) + k.
0
Using the definition of z concludes the proof. OJ

6. EXISTENCE OF THE HARMONIC FUNCTION

In this section we rely upon the results of the previous Sections 4 and 5 to construct a
non-trivial harmonic function V' and state some of its properties (Proposition 6.5). The
idea consists in establishing the existence of the limit as n — +oo of the expectation
—-E, (MTy; Ty < n) using the Lebesgue dominated convergence theorem. To this end, we

state the finiteness of 7, T, and T..

Lemma 6.1. For any x € X andy € R,
Ty < +00 Py-a.s.

Proof. Let x € X. Assume first that y > 0. Since {7, > n} is a non-increasing sequence of
events,
P, (Ty = +oo) = nggloopz (Ty > n) = ngrfoopw (y + S >0, Vk < n) .

Using Proposition 4.3,

P, (y+ S > 0, Vk < n) < % (1+N (@) +P (72 > n).

Thus, by the point 1 of Lemma 4.2,

Ca y _I__ n1/2*€
6.1 P,(r,>n)< —(1+N —
(6.1 (7> ) € 2 (1 V) + L0
When y < 0, we have, for any y > 0, P, (1, > n) < P, (7, > n). Taking the limit when
y" — 0, we obtain that

(6.2) P, (r, > n) < :T (1+ N(z)).

<= (L4y+N)).

From (6.1) and (6.2) it follows that, for any y € R,
(6.3) P, (r, > n) < —= (1 + max(y,0) + N(z)).
n€
Taking the limit as n — 400, we conclude that 7, < 4+o00 P;-a.s. 0

The same result can be obtained for the exit time 7, of the martingale (z + M,,),>o0-
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Lemma 6.2. For any x € X and z € R,
T, <400 P,-a.s.

Proof. Let x € X, z € R and y = z — r(x). Assume first that y = z — r(z) > 0. Following
the proof of Lemma 6.1,

P, (T, = 4+00) = 1_131 P, (z+ My >0,Vk <n).
By (4.3) the martingale (z + M,,),>o is relied to the Markov walk (y + Sy)n>0, which gives
P, (z+ My > 0, Vk <n) <P, (y+ S > —n'/?7, Vk < n)

1/2—¢
(6.4) +P, (112%1 I (X3)| > n ) .

On the one hand, in the same way as in the proof of Lemma 6.1,
(6.5) P, (y + S > —nt?7% Yk < n) < % (1+ N(z))+ P, ( Tytoni/z—e > n) :
On the other hand, using Lemma 4.5, for n large enough,

[n®]
e N (Xy) Ny (X5)
P, <II£II?<)§L’T(X]€)‘>TL/ ) g];Ex< nl/2—e + Z E, 1/2 € !

=[n¢]+1

where [ = en'/?7¢. So, using (2.3) and taking ¢ < min (1 (3&3)) we obtain
1/2—¢ i
(6.6) Py ([ (X)) > n'/27) < 5 (14 N@))

Putting together (6.4), (6.5) and (6.6) and using the point 1 of Lemma 4.2, we have, for
z > r(zx),

—1—2711/2_E e

Since z — T, is non-decreasing, we obtain the same bound for any z € R,

(6.7) P, (T, > n) < (1 + max(z,0) + N(z)) .

(1 +max(z,0) + N(z)).

Taking the limit as n — 400 we conclude that T, < 400 P,-a.s. O
Lemma 6.3. For any x € X and z € R,
TZ <40 Pg-a.s.
Proof. In order to apply Lemmas 6.1 and 6.2, we write, with y = z — r(z),
P, (T. > n) <P. (r, > [n/2]) +/ By (T > n - |n/2)) By (X € do,
24 My €de, my < |nf2) , T > |n/2)) .
Using (6.3), (6.7) and the definition of y, we have
P, (TZ > n) < % (1 +max(y,0) + N(z))

+ %Ew (1 + 24+ My +N (XLn/QJ) 1, < |nj2), T, > Ln/ZJ) :
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By the point 1 of Hypothesis M4,
~ Ce Ce 7
P, (1. > n) < = (1+ max(y, 0) + N()) + ~E, (2 + Mz 5 T2 > [n/2])

Ce
— EEJE (Z + MLn/QJ y Ty > Ln/QJ) .

Using (4.3), we see that on the event {7, > [n/2]|} we have z + M|,/5) > r (XLn/QJ). Then,
by Lemma 4.5 and the point 1 of Hypothesis M4,

P, (T. > n) < % (1 + max(y,0) + N(x)) + ;—E (2 + Mpjoy: T2 > |n/2]) -

Using Lemma 5.4, we have
. Ce

P, (TZ > n) (1 + max(y,0) + N(z)).

ne
Finally, we conclude that

P, (T = +oo) — lim P, (T > n) — 0.

n——+o00

O

Lemma 6.4. Letx € X, y € R and z = y+r(x). The random variables My, , My, and M,
are integrable and

max {Ew (

TD 2 (|Mz.]) (

Proof. The stoppmg times 7, An, T, An and T, An are bounded and satisfy Ty AN < T.An
and T, An < T, An. Since (|M,|)ns0 is a submartingale, we have

(6.8) max {E, (|Mynn|)  Ea (IMrpnl)} < Eo (| Mg, |) -
Using the optional stopping theorem,

E,; (‘MTMD < —-E,; (z—i—MT T, < ) e (|2 + M| ; 7, >n)
+E, (Z—I—Mn,Ty n, T, >n>+|z|
= —]Ex(z—i—Mn;ngn)—2Em(z+Mn;z+M <0, 7,>n)

)} et 41z + N(2)) < +o0.

+E,(z+M,; 7, >n)+E, (z—i—Mn,Ty n, T, >n)—|—|z|
:_z+2Ex<z+Mn;Tz>n)
—2E, (z+ M, ; 2+ M, <0, 7, >n)+|z|.

On the event {z + M,, <0, 7, > n}, by (4.3), it holds |z + M,| < |r (X,)|. Therefore, by
Lemma 4.5 and the point 1 of Hypothesis M4, we have

—2E, (z+ M,; 2+ M, <0, 7,>n)<c(l+ N(z)),
Using Lemma 5.4,

(6.9) E. (

By the Lebesgue monotone convergence theorem and the fact that T, < +o0, we deduce
that My is P,-integrable and

E, (|My.]) <c(1+ ]2+ N(@)) .

My,

(T <n) < By (|My,,|) <c(l+ |2+ N(z).
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In the same manner, using (6.8), (6.9) and Lemmas 6.1 and 6.2, we conclude that M. and
My, are P, -integrable and

max {E, (

M,

) Eo (IMr])} < c(1+ 2] + N(x)).
The assertion of the lemma follows obviously from the last two inequalities. ([l
Proposition 6.5.
1. For any x € X, y € R and z € R, the following functions are well defined:
W(w,2) =B, (Mz.), W(w,z2):=-E, (M) and V(z,y):=-E, (M,).
2. Letx € X, y€R and z =y +r(x). Then
V(z,y) = nEIEmEI (24 M,; 1y >n) = nl_l)I_POOEx (y+ Sy 1y >n)

and

W(z,z) = 1_1)15{1 E.(z+M,;T.>n),

A~

W(z,z)= lim E, (z+Mn; T, > n)
n—-+0o
3. For any x € X, the functions y — V(x,y), z — W(zx,z) and z — W(x,z) are mon-
decreasing on R.
4. There exists g > 0 such that, for any e € (0,g9), x € X, z € R and any integer ky > 2,

(6.10) W(z,2) < (1 + Z‘Z) (max(z,0) + cN(z)) + kg
0
and, forany r € X, y € R and z =y + r(z),
(6.11) 0 < min{V(z,y), W(z, 2)} < max{V(z,y), W(z,2)} < W(z,y).

In particular, for any x € X and y € R,
(6.12) 0< V(z,y) < ¢(1+ max(y,0) + N(x)).
5. Foranyx € X and y € R,
V(z,y) =E, V(X1,y+ S1); 7y >n)
and (V (X0, y+ Sn) IL{Ty>n}) is a P -martingale.

n=0

Proof. Claim 1. It is a straightforward consequence of Lemma (6.4).
Proof of the claim 2. Let T be any of the stopping times 7,, 7%, or T.. By the martingale
property,
E,(z+ M,;T>n)=2P, (T>n)—E, (Ms; T<n).

Using Lemmas 6.1, 6.2, 6.3, 6.4 and the Lebesgue dominated convergence theorem,
E.(z4+ M,; T>n)=-E, (Ms).
Moreover, by (4.3),
E,(y+Sn; 7y >n)=E, (z2+M,;7,>n)—E, (r(X,); 7, >n).
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Since, by Lemma 4.5, the point 1 of Hypothesis M4 and Lemma 6.1, we have
By (r (X2) 5 7y > n)| < cBY? (14 N (X,))") BY? (7, > n)

(6.13) <c(1+ N(z))PY2 (1, > n) 0,

the claim 2 follows.
Proof of the claim 3. Let x € X. For any 3’ < y, we obviously have 7,, < 7,. Therefore,

E, (v +Sn; 7y >n) <E,(y+Sn; 7y >n) <E,(y+Sn; 7, >n).

Taking the limit as n — +o0 and using the claim 2, it follows that V(z,vy') < V(z,y). In
the same way W(x z’) < Wiz, z) for 2/ < z. To prove the monotonicity of W, we note that,
forany 2/ <z, ¢y =2 —r(z )andy—z—r( ), we have T, = min{k > 7, 2 + M; <0} <
min{k > 7, 2 + M, <0} < T.. So
E, (z’+Mn; TZ/ >n) <E, (z—{—Mn; TZ/ >n, TZ >n)
SE: (y+Sn; 7y >n) + B (Ir (Xa)| 5 7y > 1)
+ E, (z—{—Mn; Ty <N, TZ >n)

<E, (z—i—Mn; T. >n) +2E, (|r (Xn)|; 7y > n).

As in (6.13), taking the limit as n — +o00, by the claim 2, we have W (z, 2') < W (z, 2).
Proof of the claim 4. The inequality (6.10) is a direct consequence of the claim 2 and

Lemma 5.4. Moreover, taking the limit as n — oo in (5.27), we get V(z,y) < W(z, 2).
To bound W, we write

E,(2+ My; To >n) < By (24 My 7y <n, T2 >n, T, > n)
+E, (¢ +M,; 2+ M, >0,7,>n,T, >n).

Since z + M, > 0 on the event {7, <n, T, > n},
E.(z+ M,; T, >n) <E, (2+Mn, T, <1, T, >n)
+E, (z+M,; 2+ M, >0,7,>n)
:Em(z+Mn; TZ >n)

—E,(2+M,; 2+ M, <0, 7,>n).
Using the approximation (4.3),
(6.14) E, (24 My; To>n) SEp (24 My To > n) + By (r (X0)] 5 7 > ).
As in (6.13), using the claim 2,

Wz, 2) < Wiz, 2).

Now, since y + S, is positive on the event {7, > n}, by the claim 2, we see that V(z,y) > 0
and in the same way W (x, z) > 0. This proves (6.11).
Inequality (6.12) follows from (6.10) and (6.11).
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Proof of the claim 5. By the Markov property,
E, (y + Spq1; 7y >n+1) :/X RIEx/ (Y + Sp; 7y >n)
X

xP,(X;edd,y+S1edy, 7, >1),

where, by Corollary 5.5, E,/ (y + S, ; 7y >n) < ¢(1+|y| + N (2')) and by the point 1 of
Hypothesis M4,

By (1+ |y + S|+ N (X1) <c(1+ ]yl + N(z)) < 4o0.
The Lebesgue dominated convergence theorem implies that
V(.ﬁlf,y) = E:L‘ (V (Xlay + Sl) ; Ty > 1) .

7. POSITIVITY OF THE HARMONIC FUNCTION

The aim of this section is to prove that the harmonic function V' is non-identically zero
and to precise its domain of positivity Z, (V). For any x € X, z € R and n € N, denote for
brevity,

A

(7.1) Wz, 2) = W (X,, 2+ M,) Litan}-

Although it is easy to verify that W (z,z) > z (see Lemma 7.1) which, in turn, ensures
that W(x,z) > 0 for any z > 0, there is no straightforward way to bound from below

A

the function V. We take advantage of the lower bound V(z,y) > lim,, E,(W,(z, z) ; 7, > n)

(Lemma 7.2) and of the fact that (Wn(a:, 2) 17, >n} Jnz0 is a P-supermartingale (Lemma 7.1).
By a recurrent procedure we obtain a lower bound for V' (Lemma 7.6) which subsequently

is used to prove the positivity of V' (Lemma 7.8).

Lemma 7.1.
1. For any r € X and z € R,
W(z,z) > z.
2. For any x € X,
lim Wiz 2)

Z—r+00 z

=1.

3. For any x € X and z € R,

A

E, (Wn(x, z)) > Wiz, z).

4. For any v € X and z € R, (Wn(x, z)]l{Ty>n}) is a P,-supermartingale.

n=0
Proof. Claim 1. By the Doob optional theorem and the definition of 1.,
E, (z—i—Mn; Tz >n) =z-E, (2+MT2;TZ <n> > 2.

Taking the limit as n — +oo and using the point 2 of Proposition 6.5 proves the claim 1.
Proof of the claim 2. By the claim 1, liminf, , . W(x, z)/z > 1. Moreover, by (6.10), for
any ko = 2,

A

limsupW(z’Z) < (1 + CE) .
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Taking the limit as ky — +o00, the claim follows.
Proof of the claim 5. Using the Markov property, as in the proof of Lemma 4.8, with

y=z—r(x),
Em<z+Mn+k;TZ>n+k‘>: ]Ex/(z’+Mn;TZ/>n)
XxR
X P, (X eda', z+ M, €ds, 7, > k)
(72) + E, (Z, + M, ; T, > n)

XxR

xPx(Xkde',2+Mk6dz’,ry<k,fz>k).

We will find the limits as n — 400 of the two terms in the right hand side. By Lemmas 5.4
and 4.5, E,/ (z’ +M,; T, > n) <c(l+ Y|+ N (2')), with ¢/ = 2’ —r(a’). Moreover by the
point 1 of Hypothesis M4, E, (1 + |y + Si| + N (X)) < ¢k (1 + |y| + N(z)) < 4+00. So, by
the Lebesgue dominated convergence theorem and the point 2 of Proposition 6.5,

Eo (2 + My; T > )Py (X € da’, 2+ My € A2, 7, > k)
XxR

(7.3) — By (W (Xi 24+ My) 57, > k).

n—-+o0o

Moreover, using (6.14), Lemmas 5.4 and 4.5 and the point 1 of Hypothesis M4,
Ey (2 + M, ; T, >n) <c(1+ 2|+ N ().

Again, by the Lebesgue dominated convergence theorem and the point 2 of Proposition 6.5,
we have

Ex,(z’JrMn;Tzl>n)IP’w<Xkedx’,z+Mkedz’, <k,T,> k)
XxR
(7:4) Do Be (W (Xk, 2+ M) 51y < K, )

Putting together (7.2), (7.3), (7.4) and using the point 2 of Proposition 6.5,
W(w,2) = Ep (W (X, 2+ M) 5 7 > k)
(7.5) + By (W (Xp, 24 My) 5 7y <k, T2 > k)

Now, taking into account (6.11) and the identity {r, > k} = {r, > k, T, > k}, we obtain
the claim 3.

Proof of the claim 4. By the point 4 of Proposition 6.5, W is a non-negative function.
Therefore, using (7.5),

W(w,2) 2 B (W (X124 M) ;7> 1),
which implies that ( (x,z 1{7y>n}) is a supermartingale. 0
Lemma 7.2. For anyz € X, y € R and z =y + r(x),

V(z,y) = lim E, (W (x,2); 7y > n) .

n—-+o0o
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Proof. Forany n e N,z € X, y € Rand z = y + r(x),
Ex(z—i—Mn;Ty>n):Ex<z+Mn;Tz>n)—Ex(z+Mn;Ty<n,Tz>n>.

A

By the point 1 of Lemma 7.1, z + M, < W, (z, 2) and therefore

A

E,(z+ M,;1,>n) > E, (z—i—Mn; T, > n) —E, (Wn(x,z))
(7.6) +E, (Wn(:v, 2); Ty > n) :
Moreover, by (6.10), for any § > 0,
E, (Wa(z,2)) < (14 0) By (24 My; T2 > n) + 6B (1+ N (X,) T2 > n)
—(14+0)E, (2+M,,; 2+ M, <0, 7, >n).
On the event {z + M,, < 0, 7, > n}, by (4.3), it holds r (X,,) < z + M,, < 0. Therefore,
using Lemma 4.5,
E, (Wa(z,2)) < (14 0) By (2 4+ My; T2 > n) + 5By (14 N (X,) 5 T2 > n) .
By the Markov property and (2.2),
By (14 N (X,) ; To > n) < ey (142N (X(nja)) 5 e > [n/2))
< Py (T. > [n/2]) + cse™" (1 + N(x)).
By Lemma 6.3 and the point 2 of Proposition 6.5,

(7.7) lim B, (Wa(z,2)) < (140) W(z, 2).

n—-+o00

Taking the limit as n — +o00 in (7.6) and using the previous bound, we obtain that
V(z,y) = —0W(x,z)+ nEIJIrlOO E. (Wn(x, 2); Ty > n) :
Since this inequality holds true for any 6 > 0 small enough, we obtain the bound

(7.8) lim B, (Wa(z,2); 7 >n) < V(z,y).

n—-+o0o
Now, by the point 1 of Lemma 7.1,
E,(z+ M,; 17, >n) <E, (W(Xn,z—i—Mn); Ty >n>.
Taking the limit as n — +oo and using the point 2 of Proposition 6.5, we obtain that
V(z,y) < nl—lgloo E, (I/Vn(azj7 2); Ty > n) :
Together with (7.8), this concludes the proof.

Remark 7.3. By the point 3 of Lemma 7.1, we can deduce that lim,,_, ., E, (Wn(x, z)) >
W (x, z). Coupling this result with (7.7), it follows that

nl_l)I_{looEw (Wn(x, z)) = W(z, 2).
Lemma 7.4. There exists eg > 0 such that, for any e € (0,29), n € N, x € X, z € R and
y =z —r(x), we have

A

E, (Wn(a:, 2); Ty > n) > W(z,z)+ cmin(z,0) — c. (nl/z_za + nzaN(a:)) :
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Proof. Using the point 3 of Lemma 7.1, the upper bound for W (z,y) given by (6.10) and
the point 1 of Hypothesis M4,

E, (Wn(a:, 2); Ty > n) =E, (Wn(a:, z)) - E, (Wn(x,z), T, < n)
> W(z, 2) — cE, (z—i—Mn; m,<n, T, > n) —c(1+N(x)).
By the point 1 of M4, Lemma 5.2 and the Doob optional stopping theorem,
E, (Wn(x,z); Ty > n) > W(x,z) —C[Ew <2+Mn; T, > n) —E, (2 +M,; 1, > n)}
—c(14+ N (x))
> W(x,2) —c [max(z, 0)—z+E, (z + M, 7, < n)]
— e <n1/2_25 + n%N(x)) —c(1+ N (x)).
By (4.3), z + M, <7 <X7y>. Therefore, in the same way as in the proof of (5.2),
E, (z + M., ; 7, < n) < cE, (1 + N (XTy) Ty < n) <cen'?% 4 c.N(x).
Together with the previous bound this implies that
E. (Wn(:v, 2); Ty > n) > W(z,2) 4+ ¢min(z,0) — c. (n1/2_25 + n25N(x)) :
O

Lemma 7.5. There exists ¢g > 0 such that, for any ¢ € (0,20), n > 2, ko € {2,...,n},
re€Xand z € R, withy = z — r(z), we have

E. (Wn(a:, 2); Ty > n) > E, (Wko(:ﬁ, 2); Ty > ko) — % (max(z,0) + 1+ N(z)).
0
Proof. Let € € (0,1). Consider the stopping time v: = v, + [n°]. By the Markov property,
with ¢ = 2/ — r(a’),

A A

E, (Wn(x, 2); Ty > n) >E, (Wn(x,z); T, >n, v, < lnl_sJ)

[t ]
= Z E, Wn_k(x/,z/); Ty >n—k
k=|n®|+1 XxR ( )
P, (Xgeda', 24+ My eds', 7y >k, v, =k).
Using Lemma 7.4, we obtain,

E, (Wn(x, 2); Ty > n) > E, (Wl,fl(:v,z); T, > Uy, Uy < {nl_aJ

+ cE, (min (z + Ml,i,O) $ Ty > Uy, Uy < {nleJ)
—(.E, (n1/2—25 4+ n2%EN (Xys) Ty > U

n

N———

On the event {z + M,: <0, 7, > v}, by (4.3), we have 0 > 2+ M,c > r (X,,%). Therefore,
by Lemma 4.5,

E, (min (z + M,;,0) 5 7, > v, v < [n'7])
> —cE, (1 + N (XV%) Ty > I/Z, v: < {nl—aJ) .

n
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Consequently, using the point 4 of Lemma 7.1 and (2.2),
E, (Wa(z,2); 7y > 1) > By (Wiey(3,2); 7, > [0 7|, v < [0 7))
— B, (n'77E 4+ e N (X,,) 57y > v, v < [0'7F))
Using the fact that, by the definition of v,, n'/?27% < (2 4+ M,,)/n° and as in (5.15),
Er (Wa(z,2)5 7 > n) 2 By (Win—sj(2,2); 7 > |07, 05 < [n'7))
- %Em (24 My, 57 > v, v < [0'7F))
—c.e™ " (14 N(z))

=E, (WW_EJ (x,2); 7y > {nl_‘gJ) —c.e " (1 + N(x))

(7.9) - %Ew (24 My s 1y > v, v < 017
=1
- E, (WW*EJ (,2); 7y > Lnl_EJ , Uy > {nl_sJ) .
=1

Bound of I,. By the definition of v,,, z+ M, > n'/?~¢ > 0. Using this fact combined with
the fact that {r, > v,,} C {7, > v,,} using Lemma 4.7, we have

L <E, (Z + MLnlfaJ ; TZ > Lnl_aJ , Up < {nl—‘fJ)
< Ex (Z -+ MLnl—sJ ; Tz > {nl_€J> — ng?

where JJ, is defined in (5.17). Now, it follows from Lemma 4.7 and the point 2 of Proposition
6.5, that (E,(z+ M-« ; To > |[n'"¢]))nen is a non-decreasing sequence which converges to
W (x,z) and so E (2 + Mip1-—<); T, > [n'~¢|) < W(x, 2). Using (5.18), we find that

(7.10) L <W(z,2) 4+ cce™®™ (1+ N(x)).
Bound of I5. Using the definition of VAVW%J (x,y) in (7.1) and (6.10),

. LT 1—¢ € 1—¢
I, < cE, (Z + MLnl—eJ (1 ]l{z-l—MLnl—eJ <0}> ;T > {TL J y Vp > {n J)
+ cE, (1 + N (thl—sj) T > {nl’sJ , Vs> {nl’gJ) )

On the event {z + M1 < 0, T, > |n' ]} = {z + M- <0, 7, > |[n'~¢]}, it holds
2+ M- >r (XW_EJ). Therefore, using Lemma 4.5,

I, < cE, (z + M- +1+ N (XLnl—sJ) ; TZ > LnleJ N 2 {nleJ) )
By Lemma 4.7, E, (Z + M- ; T, > |n'=¢] , v2 > Lnl’ED < Ji, where J;j is defined in
(5.12). Using inequalities (5.13), (2.2) and Lemma 5.3, with m. = [n'~¢] — [n®|, we obtain
I <cee ™™ (14 N(x)) + cE, (1 +e ™ N(Xp.) 1. >me, v, > m5>

<

(7.11) cce ™ (1+ N(x)).
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Putting together (7.11), (7.10) and (7.9) and using (6.10), we have

A

E, (Wn(x, 2); Ty > n) >E, (WW—EJ (x,2); 1) > {nl’gJ)
— % (max(z,0) + 1+ N(2)).
nE
By the point 4 of Lemma 7.1, (EI(WH(:E, 2); Ty > n))nen is non-increasing. So using Lemma

9.2 of [17] on the convergence of recursively bounded non-increasing sequences, we conclude
that, for any n > 2 and ko € {2,...,n},

E, (Wn(a:,z) P Ty > n) >E, (Wko(:c,z); Ty > ko) = (max(z,0) + 14 N(z)).

/fo

Proposition 7.6.
1. For any § € (0,1), z € X and y > 0,
Viz,y) 2 (1 =0)y—cs(1+ N(x)).
2. For any x € X,
lim L(x,y)

y—>+0o0 Yy

=1.

Proof. Claim 1. By Lemmas 7.5 and 7.2, we immediately have, with z =y + r(z),

Viz,y) = E, (Wko(x, 2); Ty > k:()) ko ° (max(z,0) + 1+ N(z)).

Using the point 1 of Lemma 7.1 and the point 2 of Lemma 4.6,
Ce
V(z,y) 2 E; (2 4+ My, ; 7, > ko) — T (max(z,0) +1+ N(z))

2P, (1, > ko) —c(\/7+N )—(maX(zO)+1+N( ) -

Since, by the Markov inequality,

y k3 (1 + N(x))
B, (7, > ko) > B (jmax |F ()| < ) > 1 - T

we obtain that, by the definition of z,

(7.12) V(z,y) > (1 - /{0> y —c.ky (1+ N(z)).

Let § € (0,1). Taking ko large enough, we obtain the desired inequality.

Proof of the claim 2. By the claim 1, for any § € (0,1) and z € X, we have that
liminf, .o V(z,y)/y > 1 — 4. Taking the limit as 6 — 0, we obtain the lower bound. Now
by (6.11) and (6.10), for any integer ko > 2, y € R and z = y + r(z),

Viz,y) < Wz, z) < (1 + ) (max(z,0) + cN(z)) + ki,

kg

Using the definition of 2z, we conclude that

hmsupM < lim (1 + CE) =1
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Now, for any v > 0, consider the stopping time:
Ger=inf{k > 1, ly+ Skl >v(1+ N (Xy))}.
The control on the tail of (, is given by the following Lemma.
Lemma 7.7. Foranyy >0,z € X, yeRandn > 1
P, (¢, >n)<e " (1+ N (x)).

Proof. The reasoning is very close to that of the proof of the Lemma 5.3. Let v > 0.
Consider the integer [ > 1 which will be chosen later. Define K := {%J and introduce the
event A) = e N . {ly + S| < v (1+ N (Xg1))}. We have

-----

Py (G >n) <Py (Ad,) .
By the Markov property,

Fe (AgKy) h /XX]R XxR Par (Aly”) 2% (Xl S dl‘”, ?/ + 9 € dy”7 Aly,)

(7.13) x Py (XQ(K—I)Z €da’, y+ Syx-1y €Ay, Ay )
We write

Por (A] ) < Pur (ly" + Sil < 29V1) + Por (N (X)) > V)

<IP’1,~<_\/_ylH 2y \S/ \/+2)+Ex//<N\</)Z(l)>.

By Corollary 4.4 and the point 1 of Hypothesis M4, there exists 9 € (0,1/4) such that, for
any € € (0,g9),

Wty 2 du 2c
Vi - €

]P)CIJN (A’{,y//) < \/7y e 20 \/_o- + (]_ + N(
Vi

< 1. From (7.13), we obtain

w2
Set g, 1= fE% e 202 %
v
P, (AQK,y) < /m ( + = e -+ e EE, (N (Xz)>)
X Px (XQ(K_l)l S dCL‘/, Y+ SQ(K—I)Z € dy/a A;(Kfl),y)
Ce —ce .
(04 ) B () e B (N (o) A ).

For brevity, set px = P, <A2Ky> and Fx = E, (N (Xoki) ; A;K’y) Then, the previous
inequality can be rewritten as

(7.14) pr < (qy +
Moreover, from (2.2), we have

(7.15) Ex < cpg_1+ce ® Eg_y.
Using (7.14) and (7.15), we write that

(7.16) () < ()

. .
lf) pr_1+cce By
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A= (BHE )y (e 0,
c ce™ |14k c 0
Since the spectral radius g, of A is less than 1, we can choose | = I(e,y) large enough such
that the spectral radius p. ., of A; is less than 1. Iterating (7.16), we get
P < cpf7 max (p1, £1) < cpg7 (1+ N(x)).

Taking into account that K > c.,n, we obtain

P, (Adx,) <e " (14 N(x)).

where

O

Now we shall establish some properties of the set Z, introduced in Section 2. It is easy
to see that, for any v > 0,

Dy ={(z,y) e X xR, Ing =2 1,P, ({, < ng, 7y >ng) > 0}.

Proposition 7.8.

1. For any v1 < 72, it holds 2., 2 Z,,.
2. For any v > 0, there exists c, > 0 such that

2¢ C{(2,y) €XXR, Pp (7, > n) <e " (1+ N(2))} .
3. For any v > 0, the domain of positivity of the function V' is included in 9, :
2.(V) ={(z,y), V(z,y) >0} C Z,.
4. There exists vo > 0 such that for any v = v,
@+(V) - 9,\/.
Moreover,

{(a:,y) EX xR}, y> 2 (1+ N(:::))} C 2.(V).

Proof. Claim 1. For any v; < 72, we have (¢, < (,, and the claim 1 follows.
Claim 2. Fix v > 0. By the definition of Z,, for any (r,y) € 5 and n > 1,

0=P,((,<n,y>n)=P, (1, >n)—P, (¢, >n, 7, >n).
From this, using Lemma 7.7, we obtain
P,(ry>n)=P,((;,>n, 7, >n) <P, (¢, >n)<e " (1+ N (2)).

Claim 3. Fix v > 0. Using the claim 2 and Lemma 4.6, we have, for any (z,y) € 25 and
z=y+r(z),

E, (2 + My 7, > n) < |2| P (7, > n) + EY? (|M[*) PY? (7, > n)
<[z (14 N (@) e +ey/n (14 N(z))? e
Taking the limit when n — +o00, by the point 2 of Proposition 6.5, we get
V(z,y) =0,
and we conclude that 25 C 2, (V).
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Claim 4. By the point 1 of Proposition 7.6, taking § = 1/2, there exists 7y > 0 such that,
for any x € X and y > 0,

(7.17) Viey) >3 - % (1+ N(z)).

Now, fix (x y) € 2., and let ng > 1 be an integer such that P, (,, < no, 7, > ng) > 0. By
the point 5 of Proposition 6.5

V(z,y) =E; (V (Xny, y + Sny) ; Ty > n0)
2 Em (V (X'nouy + Sno) ; Ty > no, Cvo < ’I'L()) .
By the Doob optional stopping theorem, (7.17) and the definition of (,,,

V(l‘,y) = Ex (V (XC«/an + SCWO) P Ty > C“{o ) C’YO 0)

5 lp <y+s% BN (X)) 7> G G < no)

<

~ 2 2
1
5 < 1+N XCv )) Ty > Gyo s Gyo S 0)
(7— >N, C’Yo 0)

Now, since ng has been Chosen such that the last probability is strictly positive, we get that
V(z,y) > 0. This proves that Z,, C Z,(V). Using the claims 1 and 3, for any v > ~,, we
obtain that 2, C 2,, C 2.(V) C 2, and so 2, = 2., = (V). Using (7.17) proves the
second assertion of the claim 4. 0J

Proof of Theorem 2.3. The claim 1 is proved by the point 2 of Proposition 6.5 ; the
claim 2 is proved by the point 5 of Proposition 6.5 ; the claim 3 is proved by the points 3
and 4 of Proposition 6.5 and by Proposition 7.6 ; the claim 4 is proved by the point 4 of
Proposition 7.8.

8. ASYMPTOTIC FOR THE EXIT TIME

8.1. Preliminary results.

Lemma 8.1. There exists ¢g > 0 such that, for any ¢ € (0,e0), z € X, y € R and z =
y +r(x),

E, =E, (z +M,, ; Ty > Uy, Uy < {nl_aJ) < ¢ (1 + max(y,0) + N(z)), Vn>1,

E, =E, (z + M2 Ty > v e < {nI*EJ) — V(z,y).

Moreover, for anyn > 1, € € (0,e0), * € X and y € R,

|Ey — V(x,y)| < /8 (1 +max(y,0) + N(x)).

Proof. Using the fact {7, > v,,} C {T% > v,} and Lemma 4.7,
By < B, (24 My To > [n7¢]) = T3,

where JJ is defined in (5.17) and by (5.18) the quantity —JJ; does not exceed c. e %" (1 +
N(z)). Again, by Lemma 4.7 and the point 2 of Proposition 6.5, we have that (E,(z +
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M, ; T, > n))nso is a non-decreasing sequence which converges to W(z,z). So, using the
point 4 of Proposition 6.5 and the fact that z = y + r(x),

(8.1) By < W(x,2) +c.e ™™ (14 N(2)) < ¢ (1 + max(y,0) + N(z)).
By the point 5 of Proposition 6.5, we have
V(z,y) =E, (V (Xn,y+Sn) ;17 >n, 1/22 < {nl_ep
+E, (V (Xn,y+Sy) 3 7y >n, uﬁf > {nl’ED )
Using the point 4 of Proposition 6.5, for any kg > 2,

Vo) <B (¥ (S 5.) 1 < o)

n n

+cE, (max(z +M,,0)+1+N(X,) ;7 >n, ,/22 > {nl—gJ)

<<1 ka)Eg—l—cE (\/7+N( );Ty>y227V22<LnlsD

cE, (Z +M, 252+ M. <0, 71, > y:‘f ’ e Wl_éJ)

n

N

=J},(e2)

+ cE, <2+Mn+ r(Xn)|+ 14+ N(X,) ;1 >n, Ve > {nl_aJ).

From the previous bound, using the Markov property, the bound (2.2) and the approximation
(4.3), we get

V(z,y) < (1 + e ) By + Jjy(£) + cE, (z—l—Mn; T, >n, fo > [nl_sJ)
0

=J1(£2)

+ c.E <\/7+e ne” (X.,,) 5 Ty > Vn, Vn < {nlED

+ B, (1+e“" N (XW_E N L e U I

Proceeding in the same way as for the bound (5.23),
52
Joo(e?) < ., (1 +e ™ N(X,,); Ty >Vp, Uy < [nl_sD

52
< —m—Fi+ce ™ (14+N(2)).

1/2 €
Moreover, similarly as for the bound (5.13), we have

&2
Ji(e?) S c.e™™ (14 N(x)).

Taking into account these bounds and using Lemma 5.3,

(8.2) V(z,y) < (1 + = ) Ey + 1>ék_gE1 +c.e ocens (1+ N(z)).
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Analagously, by (7.12) and (4.3), we have the lower bound
V(z,y) = E, (V (Xysz,y + SV52> Ty > Vn , yff < {nl—aJ)

82 82 —€
> (1 - k()) By — chiBy (1+ N (X,2) 17y > v, v < [n'72))
ck2 B
(83) 2 (1 - k > E2 1/2 El Cskg efcsn (1 —|— N(l’)) .
0

Taking ko = n'/*~¢ in (8.3) and (8.2), we conclude that, for any ¢ € (0,1/8),

V(z,y) — Es| < /8E2 + = (Ey+1+ N(z)).
Again, using (8.3),
Ce Ce
V(z,y) = Bof < —5Vi(z,y) + = (Br+ 1+ N(@)).

Finally, employing (8.1) and (6.12),

|V (z,y) — Ey] < 5/8 (1 +max(y,0) + N(x)).
0
Lemma 8.2. There exists g > 0 such that, for any e € (0,&9), r € X, y € R and n > 1,
P, (r, > n) < — o (1+ max(y,0) + N())
Moreover, summing this bound, for any e € (0,e0), x € X, y € R and n > 1, we have
]
> P, (1, > k) <c (14 max(y,0) + N(z)) nt/?+el?,
k=1
Proof. Using Lemma 5.3 and Lemma 8.1, with z = y + r(z),
P, (1, >n) <P, (Ty >n, v, < {nl_eJ) + P, (TZ >n, v, > {nl_ED
<E, ('27:;/3/[? Ty >N, Un < W*D +cce " (14 N(x))
< s (L max(y,0) + N(@).
0

Lemma 8.3. There exists ¢ > 0 such that, for any ¢ € (0,e0), z € X, y € R and z =
y+r(z),

Es =E, (z—i—MVn;z—le,n>n1/2_€/277y>un,un< {nl_eJ) — 0.

n—-+0o

More precisely, for anyn > 1, € € (0,20), € X, y € R and z =y + r(z),

2
IH&X(y, 0) + (1 + yl{y>n1/2—25} + N(I))

E3 < Ce ne
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Proof. Notice that when v, # 1 the following inclusion holds: {z+M,, > n'/?7%/2} C {¢, >
nt/2==/2 _ pl/2=¢ > ¢ nl/2=¢/2} Therefore,

Es< E,(z4+ M, ; v, <2|n°|)

n )

=:F30
nlfs
(8.4) + Z E$(2+Mk;§k>csn1/2’€/2,7y>k,yn:k).
k=2|n®]|+1

=:F31

Bound of Fsy. For y < n'/?>7% by the Markov inequality and Lemma 4.6,

2|nE |
. 1j2-¢) ¢ {1+ N(z))
Px(un@LnJKI;Px(r<x>+Mk>csn )<= e
ce(I4y+N(x))

For y > n'/?27% in the same way, we have P, (v, < 2 [n°])
these bounds, we get, for any y € R,

/N

T35 - Putting together

Ce (1 + y]l{y>n1/2f2a} + N(iL’))

(8.5) P, (v, <2[n°]) <

nl/2-3¢
Using Lemma 4.6,
2|ne|
Esp < 2Py (vn < 2|07)) + 3 B2 (IMif*) BY2 (v < 2[°))
k=1

2
Ce (1 + y]l{y>n1/2f2s} + N(QZ‘))

nﬁ

(8.6) <

Bound of E3. Changing the index of summation (j = k — [n°|) and using the Markov
property,

[t ]
Ex< > max(z’, 0)P, (anEJ > cEnl/Q’E/Q)
j=lne )41 T

xP, (X; eda’, 2+ M; € d2', 7, > j)

=:F32

2
) P;{Q (Qnaj > c£n1/2_5/2)

xP, (X; eda, 2+ M; €dz’, 7, > j).

)
(8.7) + 3 E, (\Mm

j=lne )41 TR
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Bound of Ess. Using (4.4), the Markov inequality and (2.3) with [ = {cgnl/Z*E/ZJ,
P, (ﬁLnsJ > cgn1/2_e/2> <P, (N (thfj) > can1/2—5/2>
+ Py (N (Xpejo1) > ent/222)

( (X)) + o (N (X))

C pment

Choosing £ > 0 small enough we find that

(8.8) By (Epne) > ecn'?2) < 1+5/4 4o e N(2),

By the definition of Ej3, in (8.7),

C€ LnlfsJ .
Ep < —mgn 2. Be(z4 My 7> ) + B (Ir (X))
j=|n*|+1
c =] 2 2
teem N |max(z,0)E, (N (X)) + B2 (M) B2 (N (X))
j=|n*|+1

Using (5.28), Lemma 4.6 and the point 1 of Hypothesis M4, we find that
max(3.0) + (14 gLy + Na)) (14 M)

(89) E32 < Ce n5/4
Bound of Es3. Using (8.8) and Lemma 4.6, we have
|_ 1- EJ /2 Ce —eont 1/2 .
Bu< Y E (0714 N () (crmim + e NG ) s> ).
=[n¢]+1
By the Markov property,
']

—cenf 3/2 —cnf A .
Buy < o™ (14 N@)*? 4~y > E (1 e ™ N (X)) s 7y > 5)

Using Lemma 8.2,

max(y, 0) + (1 + N(z))*?
nB/8—3¢/2 :

With (8.10), (8.9) and (8.7), for ¢ > 0 small enough, we find that

max(y,0) + (14 Y0 -y + N () (14 N(a)
ne '
This bound, together with (8.6) and (8.4), proves the lemma. O

(810) E33 < Ce

E31 < Ce

Lemma 8.4. There exists ¢ > 0 such that, for any ¢ € (0,60), * € X, y € R and z =
y+r(z),
E,=E, (z +M .22+ M,.2 > n1/2_€/4, Ty > l/fL2 , Ve < lnl_sD — 0.

n n—-+0o0o
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More precisely, for anyn > 1, ¢ € (0,29), v € X, y € R and z =y + r(z),

ne/2

Proof. We will apply Lemma 8.3. For this we write

E,=E, (z—I—M 232+ M, 2>n1/2 o2+ M, >0

=:F41
(8.11) VE, (24 Mz 2+ Mya > n¥/></4 2 4 M, <n'/7,
Ty > yff , I/fL2 < {nl’sJ)
=:Fy2
Bound of E4,. By the Markov property,
L 1— EJ \\ J
B — B, (2 + M Y M nl/2—e/4 ) > 52)
" ,;1 XxR <Z+ ne?] 32 M| > ' Ty VLJ

x Py (Xp€da', 2+ My €de', 24 My >n'>2 7, > kv, = k),
where ' = 2/ — r(2'). Moreover, for any 2’ € X| 2’ € R, using (5.28), we have
' o 1/2-¢/4 =
]Em/(z +ML”52J’Z+ML”52J>n ,Ty/>{n J)
<E, (Z/+M|_"E2J ; Z/+M|_nE2J >0, Ty > \‘nEQJ)

<E, (z +MLn52 0T [ ZJ) (.7” (Xn€2>
).

< ¢ max(?/, 0)+c€(1+N( "

)

Consequently,

En < c:Bs+ By (14 N(X,,) 2+ My, > 0! 7> v, < 0]
< 20.Es + ey (N(X,,) s N(X,,) > 0?7 7y > v, v < 0179
+c.E, (n1/2—5; N(X,) < n1/2_5, z+ M, > n1/2—a/2’
Ty > Un, Up < {nHD

(812)  <3eBy+cE (N(X,): N(X,) >0 5> v, v, < [nt0)).

—. 5/
_'E41
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Denoting [ = {nl/zﬂ and using the point 1 of M4 and (2.3), we have

)

N (X,,)?
Ez/ugEa: <(1/2"€),Vn<Ln5J>+ Z Ex(Nl(Xk>;Ty>/€,Vn:k)
n k=|n® |+1
n® (1 + N(x) L )

s (7 > B+ ce™ By (14 N (X))

nl/2—e Z
Using Lemma 8.2 and taking € > 0 small enough,

max(y,0) + (1 + N(:U))2
pmin(1,8)/4

(8.13) Ej <ce

In conjunction with Lemma 8.3, from (8.12) we obtain that, for some £ > 0,

2
max(y, 0) + (1 + ylyyspiz2ey + N(m))

(814) E41 < Ce
ne

Bound of Ey. For any 2’ € (0,n'/?75/?] we have

<Z/ +MLn62J> Pﬂc’(Z/_'—MLnEQJ > n1/2—6/4) < Z,]P)ﬂc’(MLnsQJ > C€n1/2—s/4> + ‘ML"EQJ .

Therefore, by the Markov property,
E, < / 2P, (MLnS2J > cgnl/2_5/4) P, (X,, €das', 2+ M,, € dZ,
XxR

z+ M, < n1/2_6/2, Ty > Uny Un < {nl_ap
=:Fy3

)IPx(Xyn edd, 2+ M, €d,

(8.15) * XxR B (‘ML"EQJ

z+ M, < nlﬂ_e/z, Ty > Un s Un < {nl_EJ) .

=:Ey44

Bound of E43. Using Lemma 4.6,
cen® (14 N(z))

nl/2—e/4

P, (ML”E2J > cgn1/25/4> <

Therefore, we have

Ce Ce .
Ey < E, (7136/4_5 (z 4+ M,,) Il{N y<n1/2—<} + WN (X.,) H{N Q)>nt/2-e}

z+ M, < < n'/* 5/2, Ty > Un s Un < {nl_EJ)

Ce ’
< —
=~ n3e/4—e? By + 5/4 e/d—e2 AL

By Lemma 8.1 and (8.13), we obtain for some small £ > 0,

max(y,0) + (1 4+ N(x 2
(8.16) By < o, 20 )nESQ (z))”
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Bound of Eyy. Again by Lemma 4.6, E,/ (’MLR2J

) <ns (1 4+ N(2')). Consequently,

Ce

E44 < rECE (Z + Mun; N<Xun) < n1/2_267 Ty > Vp, Vn X nl J)

+en” By (N (X,,) 5 N(X,,) >n'27% 7> v, 1, < [0'7]).

Proceeding exactly as in the proof of the bound of E); but with [ = {nl/zf%J, we obtain, by
Lemma 8.1,
max(y,0) + (1 + N(z))?
ne/2 ’
Putting together this bound with (8.16) and (8.15), we find that

max(y,0) + (1 + N(x))2
ne/2 ’

Ey < c.

E42 X Ce

So, using (8.11) and (8.14), we obtain the second assertion. The first one is an easy conse-
quence of the second one. 0

The following results are similar to that provided by Lemmas 8.1 and 8.4 (see Ey and Ej
respectively).

Lemma 8.5. There exists ¢g > 0 such that, for any e € (0,&9), v € X and y € R,
F,:=E, (y +S 251y > e e < {nl’gJ) — V(x,y),

Y
n n n—oo

F,=E, (y + SV%Q ;Y + 5%2 > pl/2e/8 , Ty > Vn , Ve < {nl_eJ) — 0.

n n—-+00

More precisely, for anyn > 1, € € (0,&), v € X and y € R,

[y = Vi y)| < -2 (1 -+ max(y, 0) + N(x)

and

2
max(y,0) + (1 + ylysniz2ey + N(x))

F4<C€ n€/2

Proof. By (4.3),
|y — Bs| < Eq (|7 (X,2)

=:F}

Using the Markov property, the definition of v, and Lemma 8.1,

62
F; < cE, (1 +e " N(X,,); Ty >Vn, Vn < [nl_sD

52
< 1/2 ———FE +ce™ (14 N(x))
Ce
(8.17) < Yo (1 4+ max(y,0) + N(x)).

Therefore, by Lemma 8.1,

B = Ve, y)l < [B2 = V(z,y)| + F; < (1 + max(y,0) + N(z)).

8/8
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To bound Fy, by equation (4.3) where z = y + r(z), we note that on the following event
{z +M .2 < n1/2*5/4} N {y +S 2 > n1/2*5/8} we have ’r (XV52> > ¢.n'/?7¢/8. Therefore,

Y+ 8,0 <V _r (X,2) < (nff/s + 1) (X,

which implies that
Fy <Eo(y+ 8,052+ M >n4 7502 02 < n'8|) + e F.
By (4.3), Lemma 8.4 and (8.17), we conclude that

2
max(y, O) + (1 + yl{y>n1/2—25} + N(l’))
ne/2 ’

F4<E4+F2/+CSF2,<CS
U

8.2. Proof of Theorem 2.4. Assume that (7,y) € X x R. Let (B;),,, be the Brownian
motion defined by Proposition 4.3. Consider the event

(8.18) Ak = { sup ‘SW“J - O'Btk‘ < k1/2_2€}
0<t<1

and denote by Aj its complement. Using these notations and reminding that 1/22 =V, +
{nEQJ > {nfzJ, we write

P, (r, >n) =P, (Ty >n, v > {nl_sp

']
+ >
b=[n? |11

P, (Ty/>n—k,zn_k)Pm(Xk€dI/,y—I—SkEdy,,

XxR

Ty>l€,l/f::/€)

=:J;

[t ]

(8.19) + >
k= Ln

Py (ry >n—k, Ay) Py (X € d2’, y + Si, € dy/,
52J+1 XxR

Ty>k:,1/ff:k:).

=:J2

Bound of Jy. Since n — k > c.n, for any k < |n'™¢], by Proposition 4.3, we have
P, (Ty/ >n—k, Zn,k) < w So, using the fact that n'/?~¢ < z + M,, and Lemma
8.1,

C —cn52 —
JlgrﬂiEx(l—i—e N(X,,n);Ty>yn,yn<Lnl ED

2

Ce et
<7n1/2+6E1+Cee = (1+ N(x))

¢e (1 +max(y,0) + N(z))
nl/2+e ’

(8.20) <
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Bound of Js. We split J; into two terms:

Lnl—sJ
Jo = Z P, (Ty/ >n — ]{;7 An—k)
2 XxR
S
Ps (X’f cdr',y+S,edy,y+ S, >n* " 1>k, vE :k)
=:J3
LnlfsJ
(8.21) + ) Py (1y >n—k, A, )
2 XxR
k::|_nE J+1
XPq (X’f edr',y+Seedy, y+ S, <n'> 1, >k, v :k).
=:Jy

Bound of Jy. With v/, =y + (n — k)/>7% we have

Py (ty >n—Fk, Ayy) < Py (T;T >n — k),

(8.22)
where 7™ is defined in (4.1). By the point 1 of Lemma 4.2 and Lemma 8.5,
J3 < \j%Ex (y +S 2+ ntE 4 Sy > n'/2E 8 s e v < {nl_sD
2c,
< F
~ \/ﬁ 4
max(y, 0) + (1 + yﬂ{y>n1/2—25} + N(ZE))
(8.23) S G nl/2+e/2 :
1/27¢/8 and any k < |n'~¢], it holds y/, < 2n!/27¢/8 <
m~/% and

Upper bound of Jy. For ¢y < n
c.(n — k)/27¢/8_ Therefore, by (8.22) and the point 2 of Lemma 4.2 with 6,, = c.
m =mn — k, we have

2 (1462
/ k) (y + S, + (TL . k)l/Q—Qs;
XxR

/27 (n —k

) and n'/?7¢ < 2+ M,, , we get

y+ S <P s kvl = k)

2
2(1+9n7;€) < 2 (1+n§5/4

Since S S Ve
2
Js < (1 + ce ) E, (y +8 o+ n1/2’26; y+S 2 < n1/275/8,
2mno ne/4 Vi Vg
Ty > 1/22 , Vflz < {nl_aJ)

2 Ce Ce

= V2mno ne/4
By Lemmas 8.1, 8.5 and (6.12),
2V (z,y) = c. (1 +max(y,0) + N(x))
Jy < + /2128 .

8.24
( ) 2mno
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Lower bound of J,. With ¥ = ' — (n — k)Y/?7% we have Py (1, >n—k, A,_s) >
P, (T;T >n — k) —P, (Zn_k). Considering the event {y+S > (n—k)'/272} and repeating
the arguments used to bound J; (see (8.20)), we obtain

)

iz Y Po (10" > n — k) Py (X € da’, y+ Sk € dyf
k=|n<* |+

XxR
1

Y+ S <Pyt S (n— k) ry >k vE = k)

¢z (1 + max(y,0) + N(x))
o nl/2+e ’

Using the point 2 of Lemma 4.2 and Proposition 4.3,

c . »
(1= B, (y+ Sy — (= )2

y+S,.2>(n— 1/22)1/2_28, y+ S, <ntEE s e fo < {nl_eJ)
(14 max(y,0) + N(x))

Jy =

nl/Q—i—a
2 (1 \p_ Cp_ G g c(+max(y,0)+N@)
2mno ne/4 NG nl/2+e nl/2+e

By Lemmas 8.1, 8.5 and (6.12),

2
QV(x, ’y) maX(?J? 0) + (1 + y:ﬂ-{y>n1/2*25} + N(Zlf))

forno Ce nl/2+</8 :
Putting together (8.25), (8.24), (8.23) and (8.21),

(8.25) Ji >

2
2V (z,y) _ max(y,0) + (1 + Yyl snirz—ey + N(:c))
oo | S ¢ nl/2+</8 :

Taking into account (8.20), (8.19) and Lemma 5.3, we conclude that, for any (z,y) € X xR,

Jy —

2V (z,y)

2mno

2
ma’X(ya O) + (1 + yl{y>n1/2—25} + N<I>>
n1/2+e/8 :

(8.26) P, (1, > n) — < ¢

Taking the limit as n — +o0 in (8.26), we obtain the point 1 of Theorem 2.4. The point
2 of Theorem 2.4 is an immediate consequence of the points 2 and 4 of Proposition 7.8.

8.3. Proof of Theorem 2.5. The point 1 of Theorem 2.5 is exactly (8.26). In order to
prove the point 2 of Theorem 2.5, we will first establish a bound for P, (7, > n) when
z=y+r(x) =n** Set m. =n — [n°|. By the Markov property,

P, (1, > n) = /X Pu(ry > m)

(8.27) x P, (XWJ ed’, y+ Sy €dy’, 7y, > Lngj)
For any 2’ € X and ¢’ > 0, using A,,_ defined by (8.18), we have
Py (1, > m.) < Py (7’55” > mg) + Py (Xma) ,
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1/2—2¢

where 7'/ is defined by (4.1) and 3/, = ' +m_ . By the point 1 of Lemma 4.2 and

Proposmon 4.3,

y++ca

\/_5 m2€

Introducing this bound in (8.27), we get

ng Ce

\/_ n2e +

]P)g;/ (Ty/ > m&*) X (1 + N( ))

I3 CE C€
Using Corollary 5.5, the inequality (2.2) and the fact that n'/?2=¢ < z, we find
- N
(8.28) P, (1, > n) < L{x)}
vn

Now, for any z € X, z € R and y = z — r(x), using the Markov property, (8.28) and the
fact that \/n — v, > c.4/n on the event {v,, < |n'~¢|}, we have

;‘%Em (z +M,, +N(X,,); Ty > Un, Uy < {nl_‘?J)

+ P, (Ty >n, v, > {nl_sD.

P, (1, >n) <

Using Lemma 5.3 and the fact that N (X,,) < z + M,, on the event {N (X,,) < n'/?7¢},
with [ = [nl/HJ, it holds

Ce —€
P, (ry >n) < %Eac <(Z + M,,) <1 + H{N(Xyn)<n1/2—5}> } Ty > Vn,y Up < {nl D

+ ;%E (N (X0,) 3 7y > v v < [0172]) o™ (14 N(x)
20 c.

°F - E, (N, (Xy))
RNV PY

. )

+ S B, (N (Xg) 57y > k) +cce” ™ (14 N(x)).
\/ﬁk:LnEJ—Q—l

By (2.3) and the Markov property,

P, (1, > n) <

7 (Cns +(1+ N(x))> +cce " (14 N(x))

\/— \/_ [1+8
. L”l_EJ*L”EJ
i \/% ]Z1 P (7 > ) + ce™™ E, ((1+ N (X;)))
[ ]
Ce Ce(l‘i‘N(Jf))
g%Eﬁ Vn \/_l1+B ZP (ry > 3)-

Using Lemmas 8.1 and 8.2, we deduce the point 2 of Theorem 2.5.
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9. ASYMPTOTIC FOR THE CONDITIONED MARKOV WALK

In this section, we prove Theorem 2.6. The arguments are similar to those given in Section
8. We also keep the same notations. Assume that (x,y) € X x R and let ¢, > 0 be a positive
real. For any t € [0, to], we write

P, (y+ Sp <tv/n, 7 > n)
—P, (y+5n<t\/ﬁ,fy>”a Vi > {”HJ)

)
+ Z Pac’ (y/ + Sn—k; < t\/ﬁv Ty >N — ka Zn—k:)
e LnEQJJrl XxR

P, (Xp€da’, y+ Sp€dy, 7, >k, v =k)

=11

)
(9.1) + Y / By (4 + Soct <0V, 7y >~k Auy).
XxR
o |41

xP, (Xk edd',y+ Sy edy, 7, >k, z/ff :k).
=:Lo
Bound of Ly. With J; defined in (8.19) and with the bound (8.20), we have,

ce (1 4+ max(y,0) + N(z))
nl/2+e

(9.2) Ly <Ji <

Bound of Ly. According to whether y + S, < n'/?7%/% or not, we write

)
L2 = Z
[

]P)x’ (y, + Sn—k: < t\/ﬁ, Ty > N — k’, An—kz)
R

Xx
k=|n<? |41
xP, (Xk ede ,y+Spedy, y+Se>n> 1, >k S = k)
=:L3
o
(9.3) + Y Po (v + Suk <tVn, 7y >n—k, Ayy)

e L”52J 41 XxR

<P, (Xp € da!, y+ S €y, y+ S <n'/2 1 sk vE = k).

=:L4

Bound of Ly. With J; defined in (8.21) and with the bound (8.23), we have

(94) L3 < Jg < ¢

nl/2+e/2

Bound of Ly. We start with the upper bound. Set v/, =4+ (n—k)"/?7% and t, = t+ 3.
Note that on the event {3/ + S,,—x < ty/n, 7y >n—Fk, A,_p} we have 3/, + 0B, < ty/n
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and 7' " > n — k. Therefore, by Lemma 4.1,

P, (y +Sn ES t\/ﬁ Ty >N — k An—k)

tovm ,
/”W =720 (s ) ds.
\/ 2 vn —ko

We shall use the following bounds:

2
sh(u) <u <1 + % Ch(u)> : for u > 0,
N i ( C€> Ce / 1/2—¢/8 1-¢
< 1+—=) < —=, fory' <n andk‘é{n J,
ovn—k ~oyn ne ne/s
t t
0\;% S5 o * C;to S Ceto; for k < LnliEJ :

Consequently,
P, (y + Snok <tVn, Ty >n— k,An_k)

2/ c b 2 .52
< t (1+—= /Umse’s 21+ =~ ch(cs) | ds
0 nel4

2mno ne

29; Ce Ce to g —s2/2 crt;ffnk —52/2
< <1—|—> <1+ ’ ) / se ds—i—/ se ds
2Tno ne ne/4 0 L

2yf|_ (1 + Cs,t()) (1 —e 202 _'_ stg)
2o ne/4
This implies the upper bound (with Fy and E; from Lemmas 8.5 and 8.1, respectively)
2 Ce to Ce to Ce tg
La< 2mno <1+n5/4) (1—e e >F2 1/2+8E1

2‘/(37, y) _ 2 Cert (1 + maX(y, O) + N($))
< —= (1 —e 202) + : nl/2+e/8 )

2mno

The proof of the following lower bound of L4, being similar, is left to the reader:

2
M (1 tz) e max(y, O) + (1 + y]l{y>n1/2725} + N(l‘))
€,10 .

> — e 202
Ly > ¢ nl/2+e/8

2mno
Combining the upper and the lower bounds of L, and (9.4) with (9.3) we obtain an asymp-
totic developpement of Ly. Implementing this developpement and the bound (9.2) into (9.1)
and using Lemma 5.3, we conclude that

2 2
]P’x(y+5n<t\/ﬁ,7y>n>—V(x’y)(l—e_%?>

2mno

2
maX(y7 0) + (1 + y1{y>n1/2*25} + N(QZ))

<c
= Feto nl/2+e/8

Using the asymptotic of P, (7, > n) provided by Theorem 2.4 finishes the proof of Theorem
2.6.
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10. APPENDIX

10.1. Proof of Proposition 3.2. In this section, for the affine random walk in R¢ condi-
tioned to stay in a half-space, we verify that Hypotheses M1-M5 hold true on an appropriate
Banach space which we proceed to introduce. Let § > 0 be the constant from Hypothesis
3.1. Denote by € (R?) the space of continuous complex valued functions on R?. Let ¢ and
be two positive numbers satisfying

14+e<<2<24+2s <2+ 26.

For any function h € € (R?) introduce the norm [|h]|, . = |h|, + [h]., where
h(x h
s ML Ihe) = hly)
sere (14 |z]) ety [T = yl” (14 [2) (1 + [y])

and consider the Banach space
B= .={he€ (R, ||, <+oo}.

Proof of M1. Conditions 1, 2 and 3 of M1 can be easily Verlﬁed under the point 1 of
Hypothesis 3.1 and the fact that § < 2+ 2§ and [|0,]|, < (1+ |z|)?, for any 2 € R,

We verify the point 4 of Hypothesis M1. For any (x,y) € R? x ]Rd and t € R, we have
el @) _ eitf(y ’ <t f(@) — f(y)] < |t]|ul|z —y| and |/ @ —e“f(y)‘ < 2. Therefore, we
write

eitf(a:) . eitf(y)‘ < 21—5 |t|€ |U,|€ |ZL' o y|s .
Supposing that |z| < |y|, we obtain, for any h € %,
oitf (@) h(z) — oitf () h(y)‘ < eitf (@) _ eitf(y)‘ ‘h‘e (1+ ‘$|>9 +|h(z) — h(y)|.

0,

Since 6 < 2, we have [e“f h — eitf h} < 27 0t|° |ul® |hly + [h].. Consequently,

(142" [t[" [u]*) ||l and the point 4 is verified.
Proof of M2 and M3. We shall verify that the conditions of the theorem of Tonescu-Tulcea
and Marinescu are satisfied (see [27] and [24]). We start by establishing two lemmas.

Lemma 10.1. Assume Hypothesis 3.1.
1. There exists a constant ¢ > 0 such that, for anyt €e R, n > 1, and h € £,

PyAl, < clhl,.

2. There exist constants ci, ca and p < 1 such that, for anyn > 1, h € %, and t € R,
[PYh]. < crp” [h], + e [t]" [Rl, -

8. For any t € R, the operator Py is compact from (%, ||||,.) to (€ (]Rd) e lg)-

Proof. Claim 1. For any x € R?,
E. (e 1 (X,))| <87 [hl, (1+E (IW1°) 1o+ E (|x2]'))

with 1T, = A, A, 1... Ay and X2 =g,...g1-0 = X7, A, ... Ax11By. By the point 1 of
Hypothesis 3.1, there exist ¢(d) > 0 and 0 < p(d) < 1 such that, for any n > 1,

2+26 (HH ” ) (HHnHQ-i-Qé) < c(5)ﬂ<5)” n_>_+>oo 0,

[PYh(z)] =
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from which it follows that
0

E@ﬁﬁg(éﬁWQmﬂﬁwmeﬂ><+m

This proves the claim 1.
Proof of the claim 2. For any x # y € R, with |z| < |y|, we have

[PJA() — PIh(y)|

—E € € - : g 9

< (27 o (320 ) e = ol (14 10 1+ ) )
k=1

+ E ([R). I [ = g1 (14 [Tl ] + [ X3]) (1 + 1Tl ] + [X2])) -
Since 6 < 2, we obtain that
[P} h], < 2'7F [t [ul* Ca(n) |l, + Ci(n) [A],,
where
e 0|\?2
Ca(n) = (L (1 1+ [x2)°)

and

n € P

o) =& (Sl (1l + 2.

k=1

Since 2 4 2¢ < 2 + 20 = p, by the Holder inequality,
C(n) < BT (L)1) B (1 I+ [2])*)

< c(5)§p(5)%€32 14 c(8)F + (c(d)p]Ep (ugll’p)) |
1L —p(d)»

which shows that Cj(n) converges exponentially fast to 0. In the same way, taking into
account that 6 < 2 we show that Cy(n) is bounded:

Ca(n) < <i Er (HHk”HE)>EE1}re ((1 4L + ‘X2D2+2s)
k=1

<( c(0)’ )32 1+c<5>i+(c<é>pEp<|Bl|p>)

N

hSA

1 —p(0) 1— p(6)7

Proof of the claim 3. Let B be a bounded subset of %, (h,)n>0 be a sequence in B and
K be a compact of R?. Using the claim 1, it follows that, for any x € K and n > 0,

Pohn(2)] < elhaly 1+ |2)) < ek,

which implies that the set & = {Ph,,, n > 0} is uniformly bounded in (¢ (K), |-|,), where
||, is the supremum norm. By the claims 1 and 2, we have that, for any z,y € K and
n =0,

[Pihn(@) = Pihn(y)] < [Pehal, |z = y[* (1+ |2])" (14 |y])” < exc [l l2 = yI°

and, thereby, the set &7 is uniformly equicontinuous. By the theorem of Arzela-Ascoli, we
conclude that o7 is relatively compact in (¢ (K),|:|). Using a diagonal extraction, we
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deduce that there exist a subsequence (n;)r>1 and a function ¢ € € (R?) such that, for any
compact K C R?,
sup | Phn, (x) — p(x)] — 0.

€K n——+o0o

Moreover, by the claims 1 and 2, for any n > 1 and o € R,
| Pehn(2)] < [Pehn(0)] 4 [Pehn]. 2|” (14 |2]) < ¢lhnlg + ¢ [|hall 4 [2]7 (1 + |2]) .

Since B is bounded, we have |Ph,(z)| < c(1 + |z])'*, for any x € R?, as well as ¢(x) <
c(1 + |z|)1*e, for any @ € R?. Consequently, for any k> 1 and A > 0,

Phn B 1 1+e
sup | Py (2) f($)| < sup |Phn, (z) — o(2)| + 2¢ sup %_
verd (1 [2)) 2] <A jal>4 (14 |x])

Taking the limit as k — oo and then the limit as A — +o0o, we can conclude that
limy 4 oo [ Pihn, — @, = 0.

O

Lemma 10.2. Assume Hypothesis 3.1.

1. The operator P has a unique invariant probability v which coincides with the distribution
of the P-a.s. convergent series Z := > 320 Ay ... Ay_1By. Moreover, the unique eigenvalue
of modulus 1 of the operator P on A is 1 and the associated eigenspace is generated by
the function e: x +— 1.

2. Lett e R*. If h € & and z € C of modulus 1 are such that

Pih(z) = zh(z), = € supp(v),
then h =0 on supp(v).

Proof. We proceed as in Guivarc’h and Le Page [21] and Buraczewski, Damek and Guivarc’h
[5]. For any g = (A4, B) € GL(d,R) x R? and = € R, we set g -z = Az + B.

Proof of claim 1. Since k(0) < 1, the series >, Eﬁ(\Al A1 B[P converges and
so the sequence ¢y ...¢, - ® = Ay... Apx + > 11 Ay ... Ax_1 By converges almost surely to
Z =31 A ... Ay_1By asn — +oo. Therefore, for any ¢ € 4, the sequence p(g; ... g, )
converges to ¢(Z) almost surely as n — 4o00. Moreover, since |o(z)| < |¢|, (1 + |z|)° and
6 < 2+ 20, the sequence (¢(gi ... ¢gn - T))n>1 is uniformly integrable. So P"¢(x) converges
to E(¢(Z)) as n — +oo. This proves that the distribution v of Z is the only invariant
probability of P.

Fix z € C such that |z| = 1 and let h # 0 belonging to % be an eigenfunction of P, so
that Ph = zh. From the previous argument, it follows that, for any z € R¢,

2"h(x) = P"h(z) N v(h).

Since there exists z € R? such that h(x) # 0, the sequence (2"),=; should be convergent
which is possible only if z = 1. From this, we deduce that for any = € R h(z) = E(h(Z))
which implies that h is constant.

Proof of the claim 2. Our argument is by contradiction. Let ¢t € R*, h € & and z € C of
modulus 1 be such that P;h(z) = zh(x), for any = € supp(v) and suppose that there exists
xo € supp(v) such that h(zg) # 0.

First we establish that |h| is constant on the support of the distribution v. Since v is p-
invariant, for any (g, z) € supp(u) xsupp(v) we have g-x € supp(v). From this fact it follows
that P}h(z) = 2"h(z), for any n > 1 and « € supp(v). This implies that || (z) < P"|h| (x),
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for any x € supp(v). Note also that |h| belongs to Z. Therefore, as we have seen in the
proof of the first claim, we have, lim, ., P"|h|(z) = v(|h|) = E(|h]| (Z)) < +o0, for any
x € supp(v). So |h| (z) < [yepa |h| (2")v(da’), for any z € supp(v). Since |h] is continuous,
this implies that || is constant on the support of v. In particular, this means that h(x) # 0
for any x € supp(v).

Since the support of v is stable by all the elements of the support of pu, we deduce that the
random variable &, (z) = exp(it (u, > F_; gk - - - g1 - ))h(gn - . . g1-x) takes values on the sphere
Suny = {a € C: |a| = v(]h])}, for all z in the support of v. Moreover, the mean z"h(x)
of &,(x) is also on S,(jn)), which is possible only if &,(x) is a constant, for any « € supp(v).
Consequently, for any pair x,y € supp(v), there exists an event ,, of P-probability one
such that on €2, , it holds, for any n > 1,

exp (it (w3 g1 0) | g 0) = 2"00)

-1

with v € {x,y}, from which we get
h(gn.-01-y) _ hiy) <<”t t »
10.1 = exp | it Ay Agu, e —y ) |
(10.1) h(gn...g1-z) h(x) kzz:l ! g
In addition, for any n > 1,
E(m%”gyw_4>:E<mm”gmw ).
h(gn-- g1 ) h(gi-. gn- )
Since, for v € {z,y}, the sequence h(g; ... g, v) converges a.s. to h(Z) and since h is bounded
with a constant modulus, we have by (10.1),

n—+oo  \|h(gp...q1-T)
= lim E Mexp it Zn:tAl...tAku x—y)| —1/].
n——+oo h(x) P !

Taking into account that the series Y3_; ‘A; ..."A; converges a.s. to a random variable Z’,
we have for any z,y € supp(v),
h(y) eit(Z’u,r—y) —1 > — 0.

(10.2) E(M@

Since the support of v is invariant by all the elements of the support of p, by the point
2 of Hypothesis 3.1, we deduce that the support of v is not contained in an affine subspace
of R, d.e. for any 1 < j < d, there exist x;,y; € supp(v), such that the family (v;)i1<jca =
(z; — y;)1<j<a generates R%. From (10.2), we conclude that for any 1 < j < d,

h’(yj> eit(Z’u,vj) -1

, P-a.s.
h(z;)

ZE?J; = ¢%. Denoting by n, the distribution of Z’u, we obtain that
J
(Z'u,v;) € M P-a.s. and so the support of 1, is discrete. Moreover, the measure n,, is

invariant for the Markov chain X/, = A, 1(X}, + u) and so, for any Borel set B of R?,

(10.3) n, (B) = E ( / Lo (A v+ ) nu(dv)) .

Let 0, be such that
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Since n,, is discrete, the set Eqp = {z € R : 1, ({z}) = max,cpan, ({y})} is non-empty
and finite. Moreover, using (10.3) with B = {z} and = € E, 4., we can see that the image
tAT 2 — u belongs to Epn.. P-a.s. Denoting by v the barycentre of E,q,, we find that

P (tAl_lvo —u= vo) = 1.

The fact that u # 0 implies that vy # 0. The latter implies that *A; vy = vy + u = A5 vy
almost surely, which contradicts the point 3 of Hypothesis 3.1. [l

The conditions (b), (¢) and (d) of the theorem of Tonescu-Tulcea and Marinescu as stated
in Chapter 3 of Norman [27] follow from points 1-3 of Lemma 10.1 repectively. It remains
to show the condition (a). Let (hy),., be a sequence in %, satisfying |[h.[l,. < K,
for any n > 0 and some constant K and suppose that there exists h € € (R?) such that
limy, o0 |An — k|, = 0. For any x,y,z € R and n > 0,

h(x) — h(y)| h(2)|
o=y 2+ Ty) (A +[2])
< Vo — bl (pfl )’ + (1+ )

=yl (L +[z))(1 +y|

Taking the limit as n — +oo, shows that h € %, and ||h||,. < K.

The theorem of Ionescu-Tulcea and Marinescu and the 7unicity of the one-dimensional
projector proved in the point 1 of Lemma 10.2 imply Hypothesis M2. Hypothesis M3 is
obtained easily from Lemma 10.1.

The point 2 of Lemma 10.2 will be used latter to prove that o2 > 0.

: 5
Proof of M. By the hypothesis a = % > 2. Consider the function N: R? — R,

defined by N(z) = |z|""°. For any z,y € R? satisfying |z < |y|,
IN(z) = N@)l < (L+e)yl = —yl.
Using the fact that [N (z) — N(y)| < 2|y|"™, we have

) + 1) + (Il + B, -

52 £ —& £ £
IN(z) = N(y)| < (1+ )22 |y|" 90 oy = e |y| |z — y[°.

Together with |N|, < 400, this proves that the function N is in & = % ..
Obviously |f(z)'" = [(u, z)|""* < |u|"™ (1 + N(z)). Moreover, for any h € %,

()] < A 2| (L +[a]) + [h(0)] < 2[Alls. (14 N(2))
and so ||, < 2 (14 N(z)). Note that for any p € [1, o,
E'VP (N (gn - g1 2)") < 25 (EV? (JIL[PY) N(@) + BV (|gn .. g0 - OHF)).

Since p(1 +¢) < 2 + 26, the previous inequality proves that EL/? (N (X,,)") < ¢(1 4+ N(z)).
Thus, we proved the first inequality of the point 1 of M4.
For any [ > 1, we consider the function ¢; on R defined by:

0 it < ImE — 1,
o(t) = t—(lﬁ—l) ifte[lliE_LZﬁ},
1 if t > 1+

=
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Define N; on R? by Ny(z) = ¢(|z|)N(z). For any = € R%, we have N (2) Ly < Ni(z) <
N (z) which implies that |N;|, < |N], < +oc. Moreover, for any z,y € R? satisfying |z| < |y],
we have

[@u(lyl) = éu([z])] < min (Jy| — |2],1).
So
INi(y) — Ni()| < [N, |z = yI* (L [2]) (L+ ) + 2] |y — 2|

Since |z| < |y|, we obtain that [N;]. < [N]. 4+ 1 < 4+o00. Therefore, the function N; belongs
to # = ., which finishes the proof of the point 1 of M4.
Moreover, || Ni|l,. < [[N]ly. + 1 and, so the point 2 of M4 is also established.

Since [y |z’ v (da:) < +o0, for any p < 2+ 26, we find that

v (M) < /X|x|l+€ ﬂ{lx\?zll?—l}y(dx) ) (

Choosing f = a — 2 > 0, we obtain the point 3 of M4.
Proof of M5. Using (2.4) and the point 4 of Hypothesis 3.1,

(10.4) w= / w, z) v(de) = <UE<ZA1 Alek>>:O.

Sy |27 v (d)
)2+25—(1+e) :

[T+ — 1

Now we prove that o2 > 0. For this, suppose the contrary: o2 = 0. One can easily check
that the function f belongs to %. Using M2 and the fact that v(f) = p = 0, we deduce
that 3,50 [P fllg. = Zuso |Q"flly. < 400 and therefore the series 3, P"f converges
in (%’, ||||9€) We denote by © € Z its limit and notice that the function © satisfies the
Poisson equation: © — PO = f.

Using the bound (2.5), we have ‘ZnNzl f(a:)P”f(a:)‘ < ¢(14 N(z))®. By the Lebesgue
dominated convergence theorem, from (2.4), we obtain

o = [ () (20(x) - f(x)) v(da)
= |, (&%) = (PO)* (x)) w(da)

Rd

GL(d,R)xRé xRe (©(g1 - x) O(z))” p(dgr)v(de)
As 0% = 0, we have O(g; - ) = PO(), i.e. f(g1-z) = PO(z) —PO(g1 - ), p X v-as.
Consequently, there exists a Borel subset By of R? such that v(By) = 1 and for any t € R
and z € By,

/GL(d . eit(u,gy:}:) itPO(g1-x) (dg ) _ th@(z) )

Since the functions in the both sides are continuous, this equality holds for every = € supp(v).
Since © € %, the function z — e"PO() helongs to Zp- ~ {0}. This contradicts the point
2 of Lemma 10.2 and we conclude that ¢2 > 0 and so M5 holds true.
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10.2. Proof of Proposition 3.7. We show that M1-MS5 hold true with N = N; = 0, for
the Markov chain (X,,),>1, the function f and the Banach space .Z(X) given in Section 3.2.
Proof of M1. Obviously the Dirac measure belongs to .Z(X)" and |8,| o) < 1 for any

x € X. For any h € Z(X) and t € R the function e’/ h belongs to . (X) and
(10.5) e h|, <18 IRl + 18l < (1 [fl + 1) 1Al o -
Proof of M2. Let (z1,x2) and (y1,¥y2) be two elements of X and h € .Z(X). Since

Ph(zy,22) :/Xh(xg,x’)P(xg,dx’),

we have |Ph||_ < ||h]|.. Denote by h,, the function z — h(z,,2), which is an element of
Z(X). Since [hy,] < [hly and |hy, | < ||}||,, we obtain also that
[Ph(z1,22) = Ph(y1, y2)| = [Phay(22) — Phy, (y2)]
< [Pha,]x dx (22, y2) + by dx (32, 92)
< (IPlgn g Il + [hlx) dx (22, 92),
where |P|, . ., is the norm of the operator P: Z(X) — Z(X). Therefore P is a bounded

operator on .Z(X) and ||[P||,_, o, < (1+|P|4_, ). Now, for any h € Z(X), we define the
function Fj, by

Fy(z9) == /Xh(xg,x')P(xg,dx’) = Ph(zy, z2).

Notice that Fj, belongs to Z(X) and |F|, < ||Ph|| 4. So by Proposition 3.5, for any n > 2,
(x1,22) € X and h € Z(X),

P"h(xy,15) = P" ' F(25) = v(F,) + R" ' Fi,(z2) = v(h)e(z1, 22) + Q"h(z1, 72),
where the probability v is defined on X by

v(h) =v(F) = [ h(a',a")P(a’, da")u(dz’),
XxX

the function e is the unit function on X, e(z1,z9) = 1, V(z1,29) € X and @ is the linear

operator on .Z(X) defined by Qh = R(F},) = Ph — v(h). By Proposition 3.5, the operator

@ is bounded and for any n > 1, |Q"| 4. o < |R" Yy o |IPlly. e < ce™. Since v is

invariant by P, one can easily verify that 11Q) = QII = 0, where II is the one-dimensional

projector defined on .Z(X) by IIh = v(h)e.

Proof of M3. For any t € R, h € Z(X) and (x1,22) € X,

) , 400 Zntn
Pih(i1,23) = /X @) () @\ Pl da’) = 3 —rLa(l) (@, ),
n=0 :

where L,(h) = P(f"h). Since (Z(X), ||| ) is a Banach algebra, it follows that L, is a
bounded operator on .Z(X) and || L,|| &, o < [|P|l 4, & || f]y. Consequently, the application
t — P, is analytic on R and so, by the analytic perturbation theory of linear operators (see
[25]), there exists €9 > 0 such that, for any |t| < &,

P = NTL + QF,

where )\; is an eigenvalue of P;, II; is the projector on the one-dimensional eigenspace of
At and @y is an operator of spectral radius r(Q;) < |\ such that I1,Q; = Q,II, = 0. The
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functions t — A\, t — II; and t — @y are analytic on [—k, k]. Furthermore, for any h € Z(X)
and (zq,x9) € X,

Pl (r1,22) = | [ 962 a2y Py, 00" < Il
X
and necessarily |\;| < 1, for any |t| < k. Consequently

sup [P}l <c
[t|<k,n>=1
Proof of M4 and M5. Since for any € X, |f(x)] < |f],, and ||5:cHg(x)/ < 1, we can
choose N =0 and N; =0 for any [ > 1 and Hypothesis M4 is obviously satisfied.
Finally, Hypothesis 3.6 ensures that M5 holds true.
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