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Abstract. The symmetric interior penalty discontinuous Galerkin finite element method is
presented for the numerical discretization of the second-order wave equation. The resulting stiffness
matrix is symmetric positive definite, and the mass matrix is essentially diagonal; hence, the method
is inherently parallel and leads to fully explicit time integration when coupled with an explicit time-
stepping scheme. Optimal a priori error bounds are derived in the energy norm and the L?-norm for
the semidiscrete formulation. In particular, the error in the energy norm is shown to converge with
the optimal order O(hmi“{s’e}) with respect to the mesh size h, the polynomial degree £, and the
regularity exponent s of the continuous solution. Under additional regularity assumptions, the L2-
error is shown to converge with the optimal order O(h**1). Numerical results confirm the expected
convergence rates and illustrate the versatility of the method.

Key words. discontinuous Galerkin finite element methods, wave equation, acoustic waves,
second-order hyperbolic problems, a priori error analysis, explicit time integration

1. Introduction. The numerical solution of the wave equation is of fundamental
importance to the simulation of time dependent acoustic, electromagnetic, or elastic
waves. For such wave phenomena the scalar second-order wave equation often serves
as a model problem. Finite element methods (FEMs) can easily handle inhomoge-
nous media or complex geometry. However, if explicit time-stepping is subsequently
employed, the mass matrix arising from the spatial discretization by standard con-
tinuous finite elements must be inverted at each time step: a major drawback in
terms of efficiency. For low-order Lagrange (P!) elements, so-called mass lumping
overcomes this problem [6, 15], but for higher-order elements this procedure can lead
to unstable schemes unless particular finite elements and quadrature rules are used
[11]. In addition, continuous Galerkin methods impose significant restrictions on the
underlying mesh and discretization; in particular, they do not easily accommodate
hanging nodes.

To avoid these difficulties, we consider instead discontinuous Galerkin (DG) meth-
ods. Based on discontinuous finite element spaces, these methods easily handle el-
ements of various types and shapes, irregular nonmatching grids, and even locally
varying polynomial order; thus, they are ideally suited for hp-adaptivity. Here con-
tinuity is weakly enforced across mesh interfaces by adding suitable bilinear forms,
so-called numerical fluxes, to standard variational formulations. These fluxes are
easily included within an existing conforming finite element code.



Because individual elements decouple, DGFEMSs are also inherently parallel; see
8, 9, 10, 7] for further details and recent reviews. Moreover, the mass matrix aris-
ing from the spatial DG discretization is block-diagonal, with block size equal to the
number of degrees of freedom per element; it can therefore be inverted at very low
computational cost. In fact, for a judicious choice of (locally orthogonal) shape func-
tions, the mass matrix is diagonal. When combined with explicit time integration,
the resulting time marching scheme will be fully explicit.

The origins of DG methods can be traced back to the 1970s, when they were pro-
posed for the numerical solution of hyperbolic neutron transport equations, as well as
for the weak enforcement of continuity in Galerkin methods for elliptic and parabolic
problems; see Cockburn, Karniadakis, and Shu [8] for a review of the development of
DG methods. When applied to second-order hyperbolic problems, most DG methods
first require the problem to be reformulated as a first-order hyperbolic system, for
which various DG methods are available. In [9], for instance, Cockburn and Shu used
a DGFEM in space combined with a Runge-Kutta scheme in time to discretize hy-
perbolic conservation laws. Hesthaven and Warburton [13] used the same approach to
implement high-order methods for Maxwell’s equations in first-order hyperbolic form.
Space-time DG methods for linear symmetric first-order hyperbolic systems were pre-
sented by Falk and Richter in [12] and later generalized by Monk and Richter in [17]
and by Houston, Jensen, and Siili in [14]. A first DG method for the acoustic wave
equation in its original second-order formulation was recently proposed by Riviere and
Wheeler [21]; it is based on a nonsymmetric interior penalty formulation and requires
additional stabilization terms for optimal convergence in the L*-norm [20].

Here we propose and analyze the symmetric interior penalty DG method for the
spatial discretization of the second-order scalar wave equation. In particular, we
shall derive optimal a priori error bounds in the energy norm and the L?-norm for
the semidiscrete formulation. Besides the well-known advantages of DG methods
mentioned above, a symmetric discretization of the wave equation in its second-order
form offers an additional advantage, which also pertains to the classical continuous
Galerkin formulation: since the stiffness matrix is positive definite, the semidiscrete
formulation conserves (a discrete version of) the energy for all time; thus, it is free
of any (unnecessary) damping. The dispersive properties of the symmetric interior
penalty DG method were recently analyzed by Ainsworth, Monk, and Muniz [1].

The outline of our paper is as follows. In section 2 we describe the setting of
our model problem. Next, we present in section 3 the symmetric interior penalty DG
method for the wave equation. Our two main results, optimal error bounds in the
energy norm and the L2-norm for the semidiscrete scheme, are stated at the beginning
of section 4 and proved subsequently. The analysis relies on an idea suggested by
Arnold et al. [2] together with the approach presented by Perugia and Schétzau in
[18] to extend the DG bilinear forms by suitable lifting operators. In section 5, we
demonstrate the sharpness of our theoretical error estimates by a series of numerical
experiments. By combining our DG method with the second-order Newmark scheme,
we obtain a fully discrete method. To illustrate the versatility of our method, we
also propagate a wave across an inhomogenous medium with discontinuity, where
the underlying finite element mesh contains hanging nodes. Finally, we conclude with
some remarks on possible extensions of our DG method to electromagnetic and elastic
waves.

2. Model problem. We consider the (second-order) scalar wave equation



(2.1) uy — V- (cVu) = f in J x Q,
(2.2) u=20 on J x 0f),
(2.3) ulr=0 = up in Q,

(2.4) Ut|t=0 = Vo in €,

where J = (0,7T) is a finite time interval and €2 is a bounded domain in R%, d = 2, 3.
For simplicity, we assume that € is a polygon (d = 2) or a polyhedron (d = 3). The
(known) source term f lies in L?(J; L3(2)), while ug € H}(Q2) and vy € L?(Q) are
prescribed initial conditions. We assume that the speed of propagation, /c(x), is
piecewise smooth and satisfies the bounds

(2.5) 0<ce <c(x) < <o, z € Q.

The standard variational form of (2.1)—(2.4) is to find u € L?(J; H}()), with
u; € L?(J; L?(Q)) and uy € L2(J; H~1(Q)), such that u|;—¢ = ug, u¢|t—o = vg, and

(2.6) (uge, v) + a(u,v) = (f,v) Yo € Hy(Q) a.e. in J.

Here, the time derivatives are understood in a distributional sense, (-,-) denotes the
duality pairing between H~1(Q2) and H}(Q), (-,-) is the inner product in L?(2), and
a(-,-) is the elliptic bilinear form given by

(2.7) a(u,v) = (¢ Vu, Vv).

It is well known that problem (2.6) is well posed [16]. Moreover, the weak solution u
can be shown to be continuous in time; that is,

(2.8) u e CO(J; Hy (Q)), u; € CO(J; LA(Q));

see [16, Chapter III, Theorems 8.1 and 8.2] for details. In particular, this result implies
that the initial conditions in (2.3) and (2.4) are well defined.

3. Discontinuous Galerkin discretization. We shall now discretize the wave
equation (2.1)—(2.4) by using the interior penalty discontinuous Galerkin finite element
method in space, while leaving the time dependence continuous.

3.1. Preliminaries. We consider shape-regular meshes 75 that partition the
domain € into disjoint elements {K} such that Q = Uger, K. For simplicity, we
assume that the elements are triangles or parallelograms in two space dimensions,
and tetrahedra or parallelepipeds in three dimensions, respectively. The diameter of
element K is denoted by hg, and the mesh size h is given by h = maxger, hx. We
assume that the partition is aligned with the discontinuities of the wave speed /c.
Generally, we allow for irregular meshes with hanging nodes. However, we assume that
the local mesh sizes are of bounded variation; that is, there is a positive constant k,
depending only on the shape-regularity of the mesh, such that

(3.1) /fhK S hK/ S Iﬁl_lh[(

for all neighboring elements K and K’.
An interior face of 7y, is the (nonempty) interior of 9K TNAK ~, where K™ and K~
are two adjacent elements of 7. Similarly, a boundary face of 7} is the (nonempty)



interior of 0K N 0OS), which consists of entire faces of 0K. We denote by f}{ the set of
all interior faces of 75, and by .7:}? the set of all boundary faces and set F), = F7 UJ’:,? .
Here we generically refer to any element of Fj, as a “face,” in both two and three
dimensions.

For any piecewise smooth function v we now introduce the following trace oper-
ators. Let F' € F¥ be an interior face shared by two neighboring elements K and
K~ and let z € F; we write nT to denote the unit outward normal vectors on the
boundaries 0K *. Denoting by vT the trace of v taken from within K+, we define the
jump and average of v at x € F' by

[v] :==vTnT + v n, fo} = (" +v7)/2,

respectively. On every boundary face F' € FP, we set [v] := vn and {v} := v. Here,
n is the unit outward normal vector on Of).

For a piecewise smooth vector-valued function q, we analogously define the av-
erage across interior faces by {q} := (@7 + q7)/2, and on boundary faces we set
{a}} := q. The jump of a vector-valued function will not be used. For a vector-valued
function q with continuous normal components across a face f, the trace identity

vi(n*q")+v (07 -q7) =[] - fa} onf
immediately follows from the definitions.

3.2. Discretization in space. For a given partition 7; of €2 and an approxi-
mation order ¢ > 1, we wish to approximate the solution u(t,-) of (2.1)—(2.4) in the
finite element space

(3.2) Vhi={ve L*Q): v|g € SYK) VK € T},

where S*(K) is the space P*(K) of polynomials of total degree at most £ on K if K
is a triangle or a tetrahedra, or the space Qf(K) of polynomials of degree at most ¢
in each variable on K if K is a parallelogram or a parallelepiped.

Then, we consider the following (semidiscrete) DG approximation of (2.1)—(2.4):
find u” : J x V* — R such that

(3.3) (ul, v) + ap (u",v) = (f,v) YoeVh tel,
(34) uh|t:0 — HhUo,
(35) u?|t:0 = Hh’Uo.

Here, II;, denotes the L2?-projection onto V", and the discrete bilinear form a; on
V" x V" is given by

ap(u,v) = Z /KCVU-Vvda:— Z /F[[u]]~{{ch}}dA

(3.6) KETn FEFn
— Z / [v] - {eVu}} dA + Z / au] - [v] dA.
Fer, ¥ rer, F

The last three terms in (3.6) correspond to jump and flux terms at element boundaries;
they vanish when u,v € H} () N H'*7(Q) for ¢ > 1. Hence the above semidiscrete
DG formulation (3.3) is consistent with the original continuous problem (2.6).



In (3.6) the function a penalizes the jumps of u and v over the faces of 7,. It is
referred to as the interior penalty stabilization function and is defined as follows. We
first introduce the function h by

h| B min{hK,hK/}, F e ff{, F = 8Kﬂ8K’,
"7 b, FeFB F=0Kno.

For x € F, we further define c by

ol p(z) = max{c|g (z),c|x (x)}, FeFf, F=0KNIK',
- elx (@), FeFB F=08Kna.

Then, on each F' € F}, we set
(3.7) alp :=ach™ !,

where « is a positive parameter independent of the local mesh sizes and the coeffi-
cient c.
To conclude this section we recall the following stability result for the DG form ay,.
LEMMA 3.1. There exists a threshold value i, > 0 which depends only on the
shape-reqularity of the mesh, the approximation order ¢, the dimension d, and the
bounds in (2.5), such that for o > Quin

(0,02 Coow( X 13V0R i+ 3 I ellRr ), ve v,
KeT,, FeFy
where the constant Ceoer s independent of ¢ and h.

The proof of this lemma follows readily from the arguments in [2]. However, to
make explicit the dependence of i, on the bounds in (2.5), we present the proof
of a slightly more general stability result in Lemma 4.4 below. Throughout the rest
of the paper we shall assume that a > oy, so that by Lemma 3.1 the semidiscrete
problem (3.3)—(3.5) has a unique solution.

We remark that the condition a > aynin can be omitted by using other symmetric
DG discretizations of the div-grad operator, such as the local discontinuous Galerkin
(LDG) method; see, e.g., [2] for details. It can also be avoided by using the nonsym-
metric interior penalty method proposed in [20]. However, since the symmetry of ay,
is crucial in the analysis below, our error estimates (section 4) do not hold for the
nonsymmetric DG method in [20].

Remark 3.2. Because the bilinear form aj is symmetric and coercive, for a >
Qimin, the semidiscrete DG formulation (3.3)—(3.5) with f = 0 conserves the (discrete)
energy

En(t) = Sl ()13 + Jan(u (5, u" (1),

4. A priori error estimates. We shall now derive optimal a priori error bounds
for the DG method (3.3)—(3.5), first with respect to the DG energy norm and then
with respect to the L?-norm. These two key results are stated immediately below,
while their proofs are postponed to subsequent sections.



4.1. Main results. To state our a priori error bounds, we define the space
V(h) = Hy(Q) + V"

On V(h), we define the DG energy norm

1 1
lollf = llezVollg c + D llaz[]

KeTy, FeFy

2
0,F-

Furthermore, for 1 < p < oo we will make use of the Bochner space LP(J;V(h)),
endowed with the norm

olI? dp) P 1 <p< oo
[l Lr (v () = (fJ vl ) ) <p ,
eSSSUptEJHUHh’ p = OQ.
Our first main result establishes an optimal error estimate of the energy norm || - ||

of the error. It also gives a bound in the L?(2)-norm on the error in the first time
derivative.
THEOREM 4.1. Let the analytical solution u of (2.1)—(2.4) satisfy

u € L>®(J; H(Q)), ug € L°(J; HT7(Q)), uy € LY(J; H°(Q))

for a regularity exponent o > %,
approzimation obtained by (3.3)—(3.5), with & > amin. Then, the error e = u — u

satisfies the estimate

and let u' be the semidiscrete discontinuous Galerkin
h

leall o (:220) + llell vy < C|llei(©)llo + lle(0)lla]
+ Cpmin{of [||“||L°°(J;H1+U(Q)) + TlJuel| Lo (g;m1+0 (02)) + ||Utt||L1(J;HU(Q))]a

with a constant C' that is independent of T' and h.

We remark that the fact that u; € L°°(J; H1T7(Q)) implies that u is continuous
in time on J with values in H**9(Q). Similarly, uy; € L'(J; H(S)) implies the
continuity of u; on J with values in H?(Q). In Theorem 4.1 we thus implicitly
assume that the initial conditions satisfy ug € H'T7(Q2) and vo € H(Q2). Hence,
standard approximation properties imply that

le:(0)lo = [lvo — Mavollo < €A™ |5,

le(0)]|1 = lluo — Mpuolln < C h™™%H jug||144:

see also Lemma 4.6 below. As a consequence, Theorem 4.1 yields optimal convergence
in the (DG) energy norm

letl| Loe (riz2()) + llell Lo (v ) < Cprin{ot}

with a constant C' = C(T) that is independent of h.

Next, we state an optimal error estimate with respect to the L?-norm (in space).
To do so, we need to assume elliptic regularity; that is, we assume that there is a
stability constant Cg such that for any A € L?(Q) the solution of the problem

(4.1) -V - (cVz) =X in Q, z=0 onl,



belongs to H?(2) and satisfies the stability bound
(4.2) I1z]l2 < CsllAfo-

This condition is certainly satisfied for convex domains and smooth coefficients. Then,
the following L?-error bound holds.

THEOREM 4.2. Assume elliptic reqularity as in (4.1)—(4.2), and let the analytical
solution u of (2.1)—(2.4) satisfy

we L(J; H9(Q),  w € L®(J; H(Q)),  wuy € LY(J; HO(Q))

for a regqularity exponent o > % Let u" be the semidiscrete DG approzimation ob-
tained by (3.3)—(3.5) with a > amin. Then, the error e = u — u satisfies the estimate

hmin{o,ﬂ}—}—l [

lell oo (riz2(0)) < C uoll14o + lJull oo (7,140 () + Tlluel oo (7,510 ()]

with a constant C that is independent of T and the mesh size.
For smooth solutions, Theorem 4.2 thus yields optimal convergence rates in the
L?-norm:

el Lo 7.2y < CRETE,

with a constant C' that is independent of h.

The rest of this section is devoted to the proofs of Theorems 4.1 and 4.2. We
shall first collect preliminary results in section 4.2. In section 4.3, we present the proof
of Theorem 4.1. Following an argument by Baker [3] for conforming finite element
approximations, we shall then derive the estimate of Theorem 4.2 in section 4.4.

4.2. Preliminaries.

Extension of the DG form ap. The DG form ay, in (3.6) does not extend in
a standard way to a continuous form on the (larger) space V(h) x V(h). Indeed the
average {cVv} on a face F € Fj, is not well defined in general for v € H'(2). To
circumvent this difficulty, we shall extend the form aj; in a nonstandard and noncon-
sistent way to the space V' (h) x V(h) by using the lifting operators from [2] and the
approach in [18]. Thus, for v € V(h) we define the lifted function, L.(v) € (Vh)d,
d = 2,3, by requiring that

/Q[,C(v)-wda:: Z /F[[v]]-{{cw}}dA, w € (Vh)d,

FeFy

where ¢ is the material coefficient from (2.1). We shall now show that the lifting
operator L. is stable in the DG norm; see [18] for a similar result for the LDG
method.

LEMMA 4.3. There exists a constant Cin, which depends only on the shape-
reqularity of the mesh, the approrimation order £, and the dimension d such that

_ 1
ILc@)f <ot Chy Y a2 []l3 »

FeF,

for any v e V(h).



Moreover, if the speed of propagation 2 is piecewise constant, with discontinuities
aligned with the finite element mesh Ty, then

lem2 L) < a2, Y a2 [v]I} o
FeFy,
Proof. We have
ZFGJ—‘h fF [v] - few ) dA

we(Vhyd [wllo

e (Sren Je 2l ) (Srep, J o Hew) P d4)}

we(Vhyd [wllo
 (Cren Jr 2P d)* (Srep, Jp he ! few) 2 da)*

we(Vh) [wllo

1 1
o % (C*)% max (ZFth fF a[[v]]2 dA) ’ (ZKETh hK faK |W|2 dA) ’
we(Vh)d [wllo

[£e(v)llo =

VAN
QI
N|=

IA

Here, we have used the Cauchy—Schwarz inequality, the definition of a in (3.7), and
the upper bound for ¢ in (2.5). We recall the inverse inequality

— d
(4.3) Wil o < Covhi' IWl§ e,  we (SUK))

— mv

with a constant Cj,, that depends only on the shape-regularity of the mesh, the
approximation order ¢, and the dimension d. Using this bound, we obtain

1
2

(Z hK/ |W2dA> < Cinv|[Wlo,
KeTy, oK

which shows the first statement. . .
. 1 . . 1
With ¢2 piecewise constant, we have ¢c™ 2z € (Vh) for all z € (Vh) . Hence, we
obtain as before

ZFe}“h fF [v] - {C%W}} dA

1
c 2L.(v)||p = max
I (W) S wio
_ 1
<a™'CGh, Y 2zl e
FeF,
which completes the proof. O

Next, we introduce the auxiliary bilinear form

ap(u,v) := Z /KcVu-Vvdx— Z /Kﬁc(u)-VUdaj

(4 4) KeTy, KeTy,
— L.(v)-Vudx + afu] - [v] dA.

The following result establishes that aj is continuous and coercive on the entire space
V(h) x V(h); hence it is well defined. Furthermore, since

(4.5) anp=ap onVHhxVh ap =a on H}(Q) x H} (),



the form aj; can be viewed as an extension of the two forms a;, and a to the space
V(h) x V(h).
LEMMA 4.4. Let the interior penalty parameter a be defined as in (3.7), and set

2
amin = 4 ¢, ¢ Ci,

for a general piecewise smooth ¢, and

for a piecewise constant c, with discontinuities aligned with the finite element mesh
Th. Ciny 18 the constant from Lemma 4.3.
Setting Ceont = 2 and Ceoer = 1/2, we have for a > amin
|an(u, v)| < Ceontllullnl[vlln, — u,v e V(h),
Eih(u, U) Z CcoerHuHia u € V(h)
In particular, the coercivity bound implies the result in Lemma 3.1.

Proof. By taking into account the bounds in (2.5) and Lemma 4.3, application of
the Cauchy—Schwarz inequality readily gives in the general case

[@n(u, v)| < max{2,a” ¢, ¢" Oy + Hull|[v]ln.

For o > ain, the continuity of a;, immediately follows. The case of piecewise constant
c follows analogously.
To show the coercivity of the form aj, we note that

() = 3 1AVl =2 3 [ £ow)-Vude+ 3 Jad s

KeTy, KeT, FeFy,

By using the Weighted Cauchy—Schwarz inequality, the geometric-arithmetic inequal-

ity ab < 5“ —|— -, valid for any € > 0, the bounds in (2.5), and the stability bound
for the hftlng operator in Lemma 4.3, we obtain for general c

QZ/E Vudx—QZ/c 2£ C%Vudx

KeTy, KeT,
<23 fle 2 Le()o,iclle? Vullo,x

KeTy,
1 _ _
<e Y eVull} g +etert Y IL(w)E k
KeT, KeT,
<e > le2Vull} g +eta et Oy Y
KeT, FeF,

for a parameter € > 0 still at our disposal. We conclude that

ap(u,u) > (1 —¢) Z ||c2Vu||OK—|—(1—5 la=1e C’?nv) Z |
KeTy, FeFy

For ¢ = % and a > amin, we obtain the desired coercivity bound.

For a piecewise constant ¢ we use the bound for ||¢™2Lq(u)||? from Lemma 4.4
and proceed analogously. d



Error equation. Because a; coincides with a, on V" x V" the semidiscrete
scheme in (3.3)—(3.5) is equivalent to the following:
Find u" : J x V* — R such that u"|;—¢ = IT,ug, uf|;—o = Hxve, and

(4.6) (ulh0) +an(u",0) = (f0)  Voe V™

We shall use the formulation in (4.6) as the basis of our error analysis.
To derive an error equation, we first define for u € H77(Q) with o > 1/2

(4.7) rr(u;v) / [v] - {c Vu — Il (Vu) } dA, v e V(h).
FecFy,

Here IT;, denotes the L2-projection onto (V"*)9. The assumption u € H'*7(Q) ensures
that rp, (u; v) is well defined. From the definition in (4.7) it is immediate that rp, (u; v) =
0 when v € Hj ().

LEMMA 4.5. Let the analytical solution u of (2.1)—(2.4) satisfy

uwe L®(J;H'™W(Q)),  wuy € L'(J; L (Q)).
Let u" be the semidiscrete DG approzimation obtained by (4.6). Then, the error e =
u —uP satisfies
(est,v) + ap(e,v) = rp(u;v) Yo e VP ae. in J,

with rp(u;v) given in (4.7).
Proof. Let v € V. Since uy € L'(J; L?(R)), we have (us,v) = (ug,v) almost
everywhere in J. Hence, using the discrete formulation in (3.3)—(3.5), we obtain that

(ert,v) +ap(e,v) = (ug, v) + ap(u,v) — (f,v) a.e. in J.

Now, by definition of ap, the fact that £.(u) = 0 and that [u] = 0 on all faces,
the defining properties of the L?-projection IIj,, and the definition of the lifted ele-
ment L.(v), we obtain

ap(u,v) Z/CVU Voudxr — Z/ LIl (Vu)} dA.

KeTy, FeFy

Since uy € LY(J;L3(Q)) and f € L?(J;L?*(QQ)), we have that V - (¢Vu) € L?(Q)
almost everywhere in J, which implies that ¢ Vu has continuous normal components
across all interior faces. Therefore, elementwise integration by parts combined with
the trace operators defined in section 3.1 yields

Z/V (cVu)vdx + Z /ﬂv]] {cVuldA

KeTn FeF,
- /[[v]] fell,(Vu) )} dA.
FeFy,

From the definition of r,(u,v) in (4.7), we therefore conclude that
(ugt, v) + ap(u,v) = (uge — V- (¢ Vu),v) + rp(u;v)
and obtain
(ext,v) + an(e,v) = (ue = V- (¢Vu) = f,0) + rn(u;v) = rp(u;v),

f
where we have used the differential equation (2.1). O

10



Approximation properties. Let II;, and II;, denote the L2-projections onto V"
and (V)2 respectively. We recall the following approximation properties; see [6].

LEMMA 4.6. Let K € T;,. Then the following hold:

(i) Forve HYK), t >0, we have

lv — yollo.xc < CRRE™MHT |y

t,K»

with a constant C' that is independent of the local mesh size hx and depends
only on the shape-reqularity of the mesh, the approzimation order £, the di-

mension d, and the reqularity exponent t.

(ii) Forve H'T(K), o > %, we have

Vo — V(I,0)| CRE™ 7 o]0

0K <
. ’e +l
v = olloox < ChE™ "2 ol 4, K,
in{o,(+1}—1
Vo = T, (Vo) oo < CRE™ 2 0]y 40

with a constant C' that is independent of the local mesh size hx and depends
only on the shape-reqularity of the mesh, the approximation order £, the di-
mension d, and the reqularity exponent o.
As a consequence of the approximation properties in Lemma 4.6, we obtain the
following results.
LEMMA 4.7. Let u € H*(Q), o > L. Then the following hold:
(i) We have

lu = Myl < Cah™7 a1,

with a constant C 4 that is independent of the mesh size and depends only
on «a, the constant k in (3.1), the bounds in (2.5), and the constants in

Lemma 4.6.
(ii) For v € V(h), the form ry(u;v) in (4.7) can be bounded by

1
rp (u;v)| < Cph™mio ( Z |l [v]] gF) ullito,
FeFy

with a constant Cr independent of h, which depends only on «, the bounds
in (2.5), and the constants in Lemma 4.6.
Proof. The estimate in (i) is an immediate consequence of Lemma 4.6, the defi-
nition of a, and the bounded variation property (3.1). To show the bound in (ii), we
apply the Cauchy—Schwarz inequality and obtain

1

> /Fa[[v]]zds>2<

FeFy

3 /F a1 |{lc Vi — T (V) } 2 ds>

FeFy

rn(usv)] < <

N|=

<a"ze, 2" ( Z 32[["0]]”3,1?) (Z hKVUHh(VU)(%,aK> -

FeFy, KeT,

Applying the approximation properties in Lemma 4.6 completes the proof. a

1"



4.3. Proof of Theorem 4.1. We are now ready to complete the proof of The-
orem 4.1. We begin by proving the following auxiliary result.
LEMMA 4.8. Let the analytical solution u of (2.1)—(2.4) satisfy

u € L>(J; H'T7(Q)), u, € L (J; H9(Q))
for o> 3. Letv € CY(J;V(h)) and v, € L*(J;V (k). Then we have

/ rh(usvp)| dt < Cr B™™ 7 0| poe (11 ()
J

. [2 HUHLOO(J;HI—Q—U(Q)) + T HUtHLoo(J;Hl-i-o(Q)) ,

where Cr is the constant from the bound (ii) in Lemma 4.7.
Proof. From the definition of r in (4.7) and integration by parts, we obtain

/ rp(u;v) dt = Z / [ve] - {eVu — el (Vu)} dA dt
J T rer, '

:_/J > /F[[v]]-{{cVut—cHh(Vut)}}dAdt

FeFy,
+sz; /F[[@]].gcvu—cnh(vu)}}dA[:

t=T

— —/J rh(ug;v) dt + [rh(u; v)}

Lemma 4.7 then implies the two estimates

t=0

/ rp (g v) dt‘ < CRh™™ T 0| oo (v () 1 | Lo (221140 (02))
J

and
=t in{a,6}
[T'h(UQ U)L:o < 2CpR™ ™Y 0| oo (gv () |l oo (g5 140 ()
which concludes the proof of the lemma. a

To complete the proof of Theorem 4.1, we now set e = u — u” and recall that II;,
is the L2-projection onto V". Because of (2.8), we have

ec CUJT;V(h) NCHIT; L*(Q)).
Next, we use the symmetry of a;, and the error equation in Lemma 4.5 to obtain

1d
2
(4.8) = (ew, (u—Ipu)s) + anle, (u — Hpu)y)
+ 7 (w; (Tpu — ul)y).
We fix s € J and integrate (4.8) over the time interval (0, s). This yields
1 1 1 1

Slleas) I3+ 5an(e(s),e(5)) = 5llenO)I3 + San(e(0), e(0)

+ /OS (ett, (U - Hhu)t) dt + /OS ah(ea (U - Hhu)t) dt

lecllg +an(e,e)] = (ew, ee) +an(e, er)

—|—/ rr(u; (Mpu — uh)t) dt.
0

12



Integration by parts of the third term on the right-hand side yields
t=s

t=0

/Os (et (u—TTpu)y) dt = — /Os(et, (u — Tpu) ) dt + [(et, (u — Ihu);)

From the stability properties of a; in Lemma 4.4 and standard Holder’s inequalities,
we conclude that

1 1 1 1

§||€t(S)Hc2) + §Ccoer|\€(5)||% < Zlec(0)]15 + iccontHG(O)H}zz
+ lletll oo (r;22 () ( [(u — TIpw)st|| 1 (7502 (0)) + 2| (u — Hhu)t”LOO(J;L?(Q)))
+ CCOl’ltTHe

| oo (v (n)) (w0 — Tpw)e]| oo (g5v (n))

n /Jrh(u; (T — uh)t)dt‘.

Since this inequality holds for any s € J, it also holds for the maximum over J, that
is

lel|Toe (r.z2(0)) T CeoerllelEoe (sivnyy < Nlec(O)IG + Ceontlle(0)I7 + T1 + To + T,
with

T, = 2||€t||Loo(J;L2(Q)) ( | (uw — Hhu)ttHLl(J;L?(Q)) + 2 (u — Hhu)t“L“’(J;LQ(Q)))’

Ty = 2Ccons T ||e]| oo (1;v (n)y |(w — pw)¢ || Loo (13 (n)) s

Ty =2 / h (w; (Tpu — ul)y) dt| :
J

Using the geometric-arithmetic mean inequality |ab| < %cﬂ + %b2, valid for any € > 0,
and the approximation results in Lemma 4.6, we conclude that

1 2
Ty < Slleelfo iz + 2 10 = Maw)aell o ;2@ + 20 = Wil sz
1
< §H€t“%°°(J;L2(Q)) +4)|(u = hw)eel| 71 .z ) + 160 (v = Taw)el|F e .22 (02

1 min{o
< 5”615“%00(J;L2(Q)) + Cp2miniot) (HUttHQLl(J;Ha(Q)) + h? HutH%OO(J;HlJFU(Q))) :

with a constant C' that depends only on the constants in Lemma 4.6. Similarly,
2

1 CCOI]
13 < ZCCOGYHe”%OO(J;V(h)) + 4C—tT2H(U — ) |7 o0 (v ()
1

< choerHeuioo(J;V(h)) + T2Ch2 min{a,ﬁ} Hut’|%oo(J;H1+U(Q))7

where the constant C' depends on Ciper, Ceont, and the constant C'4 in Lemma 4.7.
It remains to bound the term T3. To do so, we use Lemma 4.8 to obtain

Ty < 2CrR A™ ™ 7w — u|| Lo (v (),
with

R = [QHU||L°°(J;H1+U(Q)) T T““tHL“(J;H”"(Q))} '
13



The triangle inequality, the geometric-arithmetic mean, and the approximation prop-
erties of II; in Lemma 4.7 then yield

T3 < 2CgR pmin{of [||€||L°°(J;V(h)) + [Ju — Hhu”Loo(J;V(h))]
1 min{o
< FCeoullellfm (v + CR2™ ™ | Jull} o oprive ey + R

with a constant C' that depends only on Cioer, Cr, and C'4. Combining the above
estimates for T, T, and T3 then shows that

1 1
§HetH%°°(J;L2(Q)) + §Ccoer||€H2Loo(J;V(h)) < [le:(0)1I5 + Ceont lle(0) %

+ Ch? min{o,l} {Huttuil(J;HU(Q)) T T2HU/tH%OO(J;H1+°(Q)) + HUH%OO(J;HH-U(Q))L

with a constant that is independent of T and the mesh size. This concludes the proof
of Theorem 4.1.

4.4. Proof of Theorem 4.2. To prove the error estimate in Theorem 4.2, we
first establish the following variant of [3, Lemma 2.1].
LEMMA 4.9. For u € H'T9(Q) with o > L, let w" € V" be the solution of

an(w", v) = an(u,v) — r(w;v) Yo e VP,
Then, we have
lu = w"{ln < Cp ™™ 7 |lul 140,

with a constant Cg that is independent of h and depends only on Ceoer, Ceont in
Lemma 4.4 and C4, Cr in Lemma 4.7.

Moreover, if the elliptic regularity defined in (4.1) and (4.2) holds, we have the
L?-bound

lu —w"flo < CL RO+ 140,

with a constant Cp, that is independent of h and depends only on the stability constant
Cs in (4.2); Ceoer, Ceont in Lemma 4.4; and Cy, Cr in Lemma 4.7.

Proof. We first remark that the approximation w” is well defined because of the
stability properties in Lemma 4.4 and the estimates in Lemma 4.7. To prove the
estimate for ||u — w"||;, we first use the triangle inequality,

(4.9) lu ="l < llu — Myulln + [pu — w" s,
From the approximation properties of II; in Lemma 4.7, we immediately infer that
lu = Mhully < CaR™™ ull 140

It remains to bound |[IIyu — w"||;,. From the coercivity and continuity of @ in
Lemma 4.4, the definition of w”, and the bound in Lemma 4.7, we conclude that

Cooer |Tpu — wh||? < @p(Tpu — w”, Mu — w™)
= ap(Ilpu — u, Hpu — wh) + ap(u — wh T — wh)
= ap(pu — u, Hpu — wh’) + 7y (u; Hpu — w™)
< Ceont|Thte — | [Thu — w"|[n + CrR™™ O a1 4o | Tu — w4,

14



Thus,

C'cont CA + CR
Ccoer

My — | < ( ) e M

which proves the bound for ||u — w"||j.
We shall now prove the L?-bound. To do so, let z € H}(Q) be the solution of

(4.10) ~V - (eVz) =u—w" inQ, z=0 onl.
Then, the elliptic regularity assumption in (4.1) and (4.2) implies that
(4.11) 2€ H*(Q), |zl < Csllu—w"{lo.

Next, we multiply (4.10) by u — w” and integrate the resulting expression by parts.
Since ¢ Vz has continuous normal components across all interior faces, we have

Ju — w2 = Z {/K cVz-V(u—wh)da;—/ cVz-ng(u—wh)dA

KeT, 0K
= Z/ cVz-V(u—wh)de - Z/{{CVZ}-[[u—wh]]dA,
KeT, 'K FeF, /T

with ng denoting the unit outward normal on 0K. By definition of a; and ry, we
immediately find that

lu —w"||2 = an(z,u — w") — rp(z;u — wh).

From the symmetry of @, the definition of w", and the fact that [z] = 0 on all faces,
we conclude that

lu — w2 =an(u—w", 2z = Tpz) — rp(u; 2 — p2) — (25 u — w")

(4.12)
== T1 + T2 + T3.

We shall now derive upper bounds for each individual term T3, T5, and T3 in (4.12).
To estimate the term T3, we use the continuity of aj, the approximation result in
Lemma 4.7 with ¢ = 1, and the bound in (4.11). Thus,

T1 < Ceont |l — w2z — 1 2||n
< CeontCahllu — w"||4]|2]|2
< CcontCACShHu - whHh”u - whHO

By using Lemma 4.7 and the stability bound in (4.11), we can estimate Ty by

Ty < Crh™™ 8 2 — T2 ||n w10
< CROAR™™OEH 2|l 144
< CRrC4Csh™™ @+ 1y — w|lg||ull1 1o

Similarly,

T3 < Crh|l2ll2llu — w"||n < CrCshllu — w"[lollu — w"|n.
15



The use of these bounds for T}, T5, and T3 in (4.12) then leads to
lu — w"lo < Chllu— w"||p + CA™™ 7By,

which completes the proof of the lemma, since |Ju —w"||;, < Ch™™MH w14, O
Now, let u be defined by the exact solution of (2.1)-(2.4). We may define w”(t,-) €
V" almost everywhere in J by

(4.13) an(wh(t,),v) = an(ult, ),v) — ri(u(t,-);v) Yo e VP

If u € L®(J; H**7(Q)), it can be readily seen that w" € L>°(J;V(h)). Moreover, if
we also have u; € L (J; H*7(Q)), then wl € L>°(J;V(h)) and

an(wl,v) = ap(ug, v) — 74 (ug; v), veV"ae. in J,
as well as
Z‘ih(fwh(()),v) = ap(uo,v) — rp(ug; v), veVh

Therefore Lemma 4.9 immediately implies the following estimates.
LEMMA 4.10. Let w" be defined by (4.13). Under the regularity assumptions of
Theorem 4.2, we have

1w = w™)ill oo (riviny < Cr R™™M O || Lo (151110 (@)
I(w — w™)(0)]n < Cp h™™ 7 Jug 144

Moreover, if elliptic reqularity as defined in (4.1) and (4.2) holds, we have the L?-
bounds

[(w — wh)t||L°°(J;L2(Q>) < Cp et [wt]| oo (71140 (02)),
I(u = w")(0)llo < Cp A9 lug 1.

The constants Cg and Cr, are as in Lemma 4.9.
To complete the proof of Theorem 4.2, let w" € L>°(J; V(h)) be defined by (4.13)
and consider

(4.14) lell7oe (s:r20)) < 2Mu = wFoo(s.12(0)) + 200" = u" (|7 (5.0200))-

The first term can be estimated from the L?-bounds in Lemma 4.9. We shall now
derive an estimate for the second term. First, we fix v € L>®(J;V") and assume
that v; € L°°(J;V"). From the definition of w" in (4.13) and the error equation in
Lemma 4.5, we have

((uh — wh)tt,v) +Zih(uh — wh,v) = (u?t,v) +Zih(uh,v) — Zih(wh,v) — (wft,v)
= u?t,v) —|—Zih(uh —u,v) + rp(u;v) — (wg,v)

We rewrite this identity as

d . h h_,h ~ h_ . h o\ _ h h
2 (@ =0, v) = ((u® —w")y, ve) +an(u” —w?, v) = - (u=w")e, v) = ((w=w")s, ve),
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which yields

(4.15)  —((u" —w™)¢,ve) + ap(u" —w",v) = jt((u—uh) v) — ((uw—wh)yg, vy).

Let 7 € (0,T] be fixed, and consider the function

Note that

Next, choose v = v in (4.15) which yields

N d

((uh — wh)t,uh — wh) —ap(v,0) = dt((u — uh)t,@) + ((u — wh)t,uh — wh)

Since the DG form ay (-, -) is symmetric, we obtain

1d
2 dt

1d_. .
Lt — w3 — S 2 (5,7) =

AN

d
prAlCh u")e, 0) + ((u—w")p, u" —wh).
Integration over (0, 7) and using that v(7,-) = 0 then yield

I(u" = w")(T)[[§ = [[(u" = w")(0)I§ + an(0(0),(0))

(4.16) = 2= 0)FO) 2 [ (= )

Since u:(0) = vg, ul*(0) = IIvg, and T(0) belongs to V", we conclude that
((u — u")4(0),79(0)) = (vo — Myve,(0)) = 0.

Hence, the first term on the right-hand side of (4.16) vanishes. Moreover, the coer-
civity of the form a; in Lemma 4.4 ensures that a,(v(0),v(0)) > 0. This leads to the
inequality

417) @ = "))l < (@ —w" ||o+2/ I(u = w")ello]Ju — w"[|o dt.

By using the Cauchy—-Schwarz inequality and the geometric-arithmetic mean inequal-
ity, we obtain

2 [ = 0ol = o dt < 27 = 0l gy o = 0 e iz

<3 Huh — w"||T e (22 + 2T (U — )il oo (.22 ()

Because this upper bound is independent of 7, it also holds for the supremum over
T € J, which yields the estimate

1
§Huh = w7 (o)) < M@ = W) O)IF + 277 [[(w = w)el e (120
< 2]|(u" = w)(0)[§ + 2/l (u — w")O)Ig + 27| (w — w")el|Foe (1,12 (52))-
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Next, we use this estimate in (4.14) to obtain

lell7 oo (r:r20)) < 2l — w0 (1.120)
+8 [|uo — Myuo[§ + 8lluo — w™ ()15 + 8T2[(w — w7 e (.22 (02))-

From the L2-approximation properties in Lemma 4.6, Lemma 4.9, and Lemma 4.10,
we finally conclude that

el (sizzqay < B0 +2 ] max{8C, 8C3 Huoll3,.,
+ 20T [Jullf oo (g.prrve ) + 80LT2||ut||%°°(J;H1+U(Q))] :

Here, C' is the constant from Lemma 4.6. This completes the proof of Theorem 4.2.

5. Numerical results. We shall now present a series of numerical experiments
which verify the sharpness of the theoretical error bounds stated in Theorems 4.1
and 4.2. Furthermore, we shall demonstrate the robustness and flexibility of our DG
method by propagating a pulse through an inhomogeneous medium with discontinuity
on a finite element mesh with hanging nodes.

To obtain a fully discrete discretization of the wave equation, we choose to aug-
ment our DG spatial discretization with the second-order Newmark scheme in time;
see, e.g., [19, sections 8.5-8.7]. The resulting scheme has been implemented using the
general purpose finite element library deal.II,! which provides powerful C*+ classes
to handle the finite element mesh and the degrees of freedom, and to solve the linear
system of equations; see [5, 4]. In all our examples, the DG stabilization parameter
is set to a = 20.

5.1. Time discretization. The discretization of (2.1)—(2.4) in space by the DG
method (3.3)—(3.5) leads to the linear second-order system of ordinary differential
equations

(5.1) M (t) + Au"(t) = f"(t), teJ,
with initial conditions
(5.2) Mu"(0) = ul, Mu"(0) = v}.

Here, M denotes the mass matrix and A the stiffness matrix. To discretize (5.1) in
time, we employ the Newmark time-stepping scheme; see, e.g., [19]. We let k denote
the time step and set ¢, = n - k. Then the Newmark method consists in finding
approximations {u”},, to u”(t,) such that

(5.3)
(M + k2BA)ul = {M — k2 (% — 5) A} ul + kMv] + k2 {51‘{1 + (% — 5) fg’}

and

(M + E*BA)ul | = [2M—k2 (%—2ﬁ—|—7> A] u — [M+k2 (%—1—5—7) A} u |

(5.4)  +k&?

BEh1 + (% —2ﬁ+v> £, + (% +ﬁ—v> fn_l}

ISee www.dealii.org.
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forn=1,...,N — 1. Here, f,, := f(t,), while 8 > 0 and v > 1/2 are free parameters
that still can be chosen. We recall that for v = 1/2 the Newmark scheme is second-
order accurate in time, whereas it is only first-order accurate for v > 1/2. For g = 0,
the Newmark scheme (5.3)—(5.4) requires at each time step the solution of a linear
system with the mass matrix M. However, because individual elements decouple,
M is block-diagonal with a block size equal to the number of degrees of freedom
per element. It can be inverted at very low computational cost, and the scheme is
essentially fully explicit. In fact, if the basis functions are chosen mutually orthogonal,
M reduces to the identity; see [8] and the references therein. Then, with v = 1/2, the
explicit Newmark method corresponds to the standard leap-frog scheme.

For 8 > 0, the resulting scheme is implicit and involves the solution of a linear
system with the symmetric positive definite stiffness matrix A at each time step. We
finally note that the second-order Newmark scheme with v = 1/2 is unconditionally
stable for 3 > 1/4, whereas for 1/4 > (3 > 0 the time step k has to be restricted by a
CFL condition. In the case 3 = 0, that condition is k*Apax(A) < 4(1 —¢), € € (0,1),
where Apax(A) is the maximal eigenvalue of the DG stiffness matrix A (which is of
the order O(h™2) and also depends on «).

In all our tests, we will employ the explicit second-order Newmark scheme, setting
v=1/2and f=01in (5.3)-(5.4).

5.2. Example 1: Smooth solution. First, we consider the two-dimensional
wave equation (2.1)—(2.4) in J x Q = (0,1) x (0,1)?, with ¢ = 1 and data f,ug, and
vo chosen such that the analytical solution is given by

(5.5) w(z1,z9,t) =t sin(mzy) sin(mzs).

This solution is arbitrarily smooth so that all our theoretical regularity assumptions
are satisfied. We discretize this problem using the polynomial spaces Q%(K), ¢ =
1,2,3, on a sequence {7;};>1 of square meshes of size h; = 27*. With increasing
polynomial degree ¢ and decreasing mesh size h;, smaller time steps k; are necessary
to ensure stability. We found that the choice k; = h;/20 provides a stable time
discretization on every mesh. Because our numerical scheme is second-order accurate
in time, the time integration of (5.5) is exact so that the spatial error is the only error
component in the discrete solution.

In Figure 5.1 we show the relative errors at time 7' = 1 in the energy norm and
in the L?-norm, as we decrease the mesh size h;. The numerical results corroborate
with the expected theoretical rates of O(h?) for the energy norm and of O(h**1) for
the L2-norm; see Theorems 4.1 and 4.2.

Next, we modify the data so that the analytical solution u is given by

(5.6) u(z1, 9, t) = sin(t?) sin(wz;) sin(mzs).

Although u remains arbitrarily smooth, it is no longer integrated exactly in time by
(5.3)—(5.4). Since the Newmark scheme is only second-order accurate, we repeat the
above experiment only for the lowest order spatial discretization, £ = 1. Again, we
set k; = h;/20. In Figure 5.2, the relative errors for the fully discrete approximation
of (5.6) show convergence rates of order h in the energy norm and order h? in the
L2-norm, thereby confirming the theoretical estimates of Theorems 4.1 and 4.2.

5.3. Example 2: Singular solution. Here, we consider the two-dimensional
wave equation (2.1)—(2.4) on the L-shaped domain Q = (—1,1)2\[0,1)2. We set c =1
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everywhere and choose the data f,ug, and vy such that the analytical solution w is
given by
(5.7) u(r, ¢, t) = t2r2/3sin(2/3 ¢)

in polar coordinates (r,¢). Although u is smooth in time (and can even be inte-
grated exactly in time), it has a spatial singularity at the origin, such that u €
C>(J; H>/3(Q)). Hence, this example is well suited to establishing the sharpness of
the regularity assumptions in our theoretical results. Since u is inhomogeneous at
the boundary of €2, we need to impose inhomogeneous Dirichlet conditions within our

DG discretization. We do so in straightforward fashion by modifying the semidiscrete
formulation as follows: find u”(¢,-) : J — V" such that

(fro)+ >

FeFp

(5.8) (ul, v) + ap(u",v) = /Fg (av — ¢Vv - n) dA.

Here, g is the boundary data and n is the outward unit normal vector on 0f2.

We discretize (5.8) by using bilinear polynomials (¢ = 1) on the same sequence of
meshes as before. Again, we set k; = h;/20 and integrate the problem up to 7' = 1.
For the analytical solution u in (5.7), the regularity assumptions in Theorem 4.1 hold
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TABLE 5.1
Ezample 2: Relative errors at time T = 1 in the energy norm and L?-norm, and corresponding
numerical convergence rates.

Cells Energy-error L2-error
12 1.11e-01 - 1.61e-02 -
48 | 7.18e-02 | 0.62 | 5.96e-03 | 1.43
192 | 4.61e-02 | 0.64 | 2.27e-03 | 1.40
768 | 2.94e-02 | 0.65 | 8.72¢-04 | 1.38
3072 | 1.87e-02 | 0.66 | 3.38e-04 | 1.37
12288 | 1.18e-02 | 0.66 | 1.32¢-04 | 1.36

O OY x| W N | .

with ¢ = 2/3. Thus, Theorem 4.1 predicts numerical convergence rates of 2/3 in the
energy norm, as confirmed by our numerical results in Table 5.1.

As the elliptic regularity assumptions (4.1)—(4.2) from Theorem 4.2 are violated,
we do not expect L2-error rates of the order 1+o¢ for this problem. Indeed, in Table 5.1
we observe convergence rates close to 4/3. To explain this behavior, let us consider
the following weaker elliptic regularity assumption: for any A € L?(Q) we assume that
the solution of the problem

(5.9) -V (c¢Vz) =X inQ, z=0 on 09,
belongs to H'T%(Q) for a parameter s € (1/2,1] and satisfies the stability bound
(5.10) 1zl[14s < CslAllo

for a stability constant C's. The results from Lemmas 4.9 and 4.10 can be easily
adapted to this case. As a consequence, the L2-bound for e = w—u" from Theorem 4.2
can then be generalized to this weaker setting as

hmin{a,€}+s [

lell Lo (riL2) < € lwoll1+o

+ |ull oo (7,140 ) + Tlluell oo (1,140 ) ]

For the L-shaped domain Q and ¢ = 1, the (weaker) regularity assumption in (5.9)—
(5.10) holds with s = 2/3, which underpins the rate o0 +s = 4/3 observed in Table 5.1.

5.4. Example 3: Inhomogeneous medium. Finally, we consider (2.1)—(2.4)
on the rectangular domain Q = (—1,2) x (-1, 1), with homogeneous initial and bound-
ary conditions and the piecewise constant material coefficient

0.1, 1 < O,
c(w1,2) = 1 else.

The wave is locally excited until £ = 0.2 by the source term

Fla1,79,1) = 1, 02<x;<0.4andt<0.2,
D28 700, else.

We discretize the problem by the DG method (3.3)—(3.5) on a fixed mesh 7j,
that consists of nonmatching components, which are adapted to the discontinuity c;
see Figure 5.3. The mesh 7; is composed of 9312 nonuniform squares, where the
smallest local mesh size is given by A, &~ 0.016. The hanging nodes are naturally
incorporated in the DG method without any difficulty. Here, the time step k& = 0.002,
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Fi1Gc. 5.3. Ezample 3: Domain 2 with a finite element mesh 7;, adapted to the values of the
piecewise constant wave speed \/c = 0.1 (left), \/c =1 (right).

n=100 n=300
. n=2000

Ve =

Fic. 5.4. Ezxzample 3: The approximate DG solutions uﬁ shown at times t, = 0.2,0.6,1.8,4
display the behavior of a wave propagating through an inhomogeneous medium with homogeneous
Dirichlet boundary.

that is, k ~ hmin/8, proved to be sufficiently small to ensure the stability of the
explicit Newmark method (8 = 0).

In Figure 5.4, the numerical solution is shown after n = 100, 300,900, and 2000
time steps. The initial pulse splits into two planar wave fronts propagating in opposite
directions to either side of the domain. After n = 300 time steps, the left-moving wave
hits the much slower medium in the region z; < 0, resulting in a much steeper and
narrower wave front. Meanwhile, the right-moving wave rapidly reaches the boundary
at x1 = 2, where it is reflected and eventually enters the slow medium, too. The
discontinuous interface at x7; = 0 generates multiple reflections, which interact with
each other at later times.
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6. Conclusion. We have presented and analyzed the symmetric interior penalty
discontinuous Galerkin finite element method (DGFEM) for the numerical solution
of the (second-order) scalar wave equation. Taking advantage of the symmetry of the
method, we have carried out an a priori error analysis of the semidiscrete method and
derived optimal error bounds in the energy norm and, under additional regularity
assumptions, optimal error bounds in the L?-norm. Our numerical results confirm
the expected convergence rates and demonstrate the versatility of the method. The
error analysis of the fully discrete scheme is the subject of ongoing work.

Based on discontinuous finite element spaces, the proposed DG method easily
handles elements of various types and shapes, irregular nonmatching grids, and even
locally varying polynomial order. As continuity is only weakly enforced across mesh
interfaces, domain decomposition techniques immediately apply. Since the resulting
mass matrix is essentially diagonal, the method is inherently parallel and leads to
fully explicit time integration schemes. Moreover, as the stiffness matrix is symmetric
positive definite, the DG method shares the following two important properties with
the classical continuous Galerkin approach. First, the semidiscrete formulation con-
serves (a discrete version of) the energy for all time and therefore is nondissipative.
Second, if implicit time integration is used to overcome CFL constraints, the resulting
linear system to be solved at each time step will also be symmetric positive definite.

The symmetric interior penalty DGFEM, applied here to the scalar wave equation,
can also be utilized for other second-order hyperbolic equations, such as in electro-
magnetics or elasticity. In fact, our error analysis for the semidiscrete (scalar) case
readily extends to the second-order (vector) wave equation for time dependent elastic
waves. The same DG approach also extends to Maxwell’s equations in second-order
form:

Eutt—i—aut—l—Vx(M_leu):f, o> 0.

Here, DG discretizations with standard discontinuous piecewise polynomials indeed
offer an alternative to edge elements, as typically used in conforming discretizations
of Maxwell’s equations. The corresponding error analysis, however, is more involved
and will be reported elsewhere in the near future.
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