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Quantum mean-field asymptotics and multiscale analysis

Z. Ammari* S. Breteaux! and F. Nier

January 20, 2017

Abstract

We study, via multiscale analysis, some defect of compactness phenomena which occur in
bosonic and fermionic quantum mean-field problems. The approach relies on a combination
of mean-field asymptotics and second microlocalized semiclassical measures. The phase space
geometric description is illustrated by various examples.

Keywords and phrases: Semiclassical and multiscale measures, reduced density matrices, second
quantization, microlocal analysis.
2010 Mathematics subject classification: 81530, 81Q20, 81V70, 81S05.

1 Introduction

Motivations: Over the past two decades, it becomes clear that microlocal analysis provides inter-
esting mathematical tools for the study of quantum field theories and quantum many-body theory,
see for instance [AmNil, Rad]. In particular, in the analysis of general bosonic mean-field problems,
as done in [AmNil, AmNi2, AmNi3, AmNi4], the following defect of compactness problem arises.

If vép ) denotes the p-particles reduced density matrix, one may have

lim Tr[y 5] = Tr[yb] (1)

e—0

for any p-particle compact observable 5, while it is not true for a general bounded l~), e.g.
: (p)
lim Te[y")] > Tr[y”].

In the fermionic case, it is even worse, because mean-field asymptotics cannot be described in terms
of finitely many quantum states and the right-hand side of (1) is usually 0 while lim._, Tr[%fp )] > 0.
From the analysis of finite dimensional partial differential equations, it is known that such defect of
compactness can be localized geometrically with accurate quantitative information by introducing
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scales and small parameters within semiclassical techniques (e.g. [Ger, GMMP]). We are thus led to
introduce two small parameters € > 0 for the mean-field asymptotics and h > 0 for the semiclassical
quantization of finite dimensional p-particles phase space. The small parameter ¢ stands for 1/n,
where n — oo is the typical number of particles, while h is the rescaled Planck constant measuring
the proximity of quantum mechanics to classical mechanics. The combined analysis of this article
is concerned with the general situation when ¢ = e(h) with limj,_,ge(h) = 0. In order to keep
track of the information at the quantum level especially in the bosonic case we also introduce finite
dimensional multiscale observables in spirit of [Bon, FeGe, Fer, Nie].

Framework: The one particle space 2 is a separable complex Hilbert space endowed with the
scalar product ( , ) (anti-linear in the left-hand side). For a Hilbert space h the set of bounded
operator is denoted by £(h), while the Schatten class is denoted by £P(h), 1 < p < oo, the case
p = oo corresponding to the space of compact operators. Let I'y (%) be the bosonic (4 sign) or
fermionic (— sign) Fock-space built on the separable Hilbert space £ :

1
I (2)=stzer,

neN

where tensor products and direct sum are Hilbert completed. The operator S} is the orthogonal
projection given by

SUAE® fu) =1 3 5a(0) o) © © foruy

’ 0'6671

where s4 (o) equals 1 while s_(o) denotes the signature of the permutation o and &,, is the n-
symmetric group.
The dense set of many-body states with a finite number of particles is

1,alg
i) = @ sizen,

neN

where the %9 superscript stands for the algebraic orthogonal direct sum.

We shall use the notations [A, B]+ = [A, B] = aduB = AB — BA for the commutator of two oper-
ators and the notation [A, B|- = AB + BA for the anticommutator.

One way to investigate the mean-field asymptotics relies on parameter-dependent CCR (resp.
CAR). The small parameter ¢ > 0 has to be thought of as the inverse of the typical number
of particles and the Canonical Commutation (resp. Anticommutation) Relations are given by

[ax(9), ax ()l = [ai(9),ai (Nl =0, [ax(g), 0k (f)lx = elg, f)-

Let (0:)e>0 be a family of normal states (i.e., non-negative and normalized trace-class operators)
on the Fock space I'y+(Z), depending on £ > 0, we want to investigate the asymptotic behaviour
of reduced density matrices, defined below, as € — 0, by possibly introducing another scale h > 0
on the p-particles phase-space, with ¢ = e(h) and limy,_,ge(h) =0.



Outline: In Section 2, we recall how Wick observables are used to define the reduced density
matrices vép ) Note that it is much more convenient here, in the general grand canonical framework,
to work with non normalized reduced density matrices. Some symmetrization formulas are also
recalled in this section. In Section 3, we present the geometry of the classical p-particles phase
space and introduce the formalism of double scale semiclassical measures, after [Fer, FeGe]. In
Section 4, we combine the mean-field asymptotics with semiclassical analysis, the two parameters

e and h being related through ¢ = e(h) with limy,_,ge(h) = 0. Instead of studying the collection of

non normalized reduced density matrices (’YCEI()})L))])EN: it is more convenient to associate generating

functions z +— Tr [Qe(h) e? dpi(“Q’h)] , and to use holomorphy arguments presented there. In Section 5,

some classical examples with various asymptotics illustrate the general framework: coherent states
in the bosonic setting; simple Gibbs states in the fermionic case; more involved Gibbs states in
the bosonic case, which make explicit the separation of condensate and non condensate phases for
rather general non interacting steady Bose gases. The Appendices collect or revisit known things
about multiscale semiclassical measures, the (PI)-condition of bosonic mean-field problems, Wick
composition formulas, and traces of non self-adjoint second quantized contractions.

2 Wick observables and reduced density matrices

2.1 Wick observables

Notation: For n € N, the operator S% is an orthogonal projection in Z®" so that (S})* = ST .
However, we consider S as a bounded operator from 2" onto St 2°®™ and its adjoint, denoted
by ST St 2" — Z®" s nothing but the natural embedding.

Let b € L(SE 7®P; 81 1), the Wick quantization of b is the operator on Fim(ﬁf ) defined by

vxa /(4 p)l(n+4q
n!

. I B .
BV | gnir yotnen = L1956 1d oS
In the bosonic case, an element b € L(SY Z%P; 81 2%1) is determined by the symbol £ > z —
b(z) = (2%7, bz®P) owing to the relation b = ﬁ@g@fl). Observe that b(z) admits higher Fréchet
derivatives with the natural identification of 0%b(z) as a continuous form on S¥ Z®* and 9%b(z) as

a vector in S_’ﬁ 9k We shall use also the notation Wik = pWick

Examples:

a) The annihilation operator as(f), f € %, is the Wick quantization of b = (f| : %! = & >
e (f,p)eZ®=C.

b) The creation operator a’.(f), f € 2, is the Wick quantization of b = |f) : %0 =C 3 X
NN e O = 7,

c) For b e L(Z) its Wick quantization "V is nothing but

dl' 4 (b)

Széff@n:E|:B®Idg®"'®Idgg+"'—I—Idg®"'®1dgf®l~)] :

When b is self-adjoint one has
dri (6) — Z'ate—itdri (b) |t:0 — ’iatr:t (e—ietb) ‘t:() ,
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while for a contraction C € L(Z; %),
T+(C)|gypan =C®---®C.
A particular case is b =1d % associated with the scaled number operator (N4 .—; stands for the
usual e-independent number operator):
pWick — 4T, (Idy) = Ny = eNg ;.
From the definition of the Wick quantization one easily checks the following properties.
Proposition 2.1. For b€ L(Sh.2%P; S1.2%9) :
° [Bchk]* _ [B*]chk )
o The operator (1 + N )~™/2pWick(1 4 N4 )="'/2 egtends to a bounded operator on T+ (%) as
soon as m+m’ > p+ q with
11+ No) 725 R (14 N ) ™™ 2| pry (2)) < Come 1Bl (52 257 2) (2)
with Cy, yy independent ofE and of € € (0,¢p) .
° (5 >0) < (l;WiCk > 0), while this makes sense only for ¢ =p.

The Wick quantized operators generally are unbounded operators on I'y (2°) (e.g. N ) but they
are well defined on the dense set Fim(ﬁf ) which is preserved by their action. Hence b}V o piVick

makes sense at least on Fim(f ) and the following composition law holds true.

Proposition 2.2 (Composition of Wick operators). Let b; € L(SY 2°®¥Pi; S¥ 27945, j = 1,2, then

~ . ~ . min{plqu} ek ~ ~ .
bll/vwk o bg‘/wk = Z (il)(m—k)(pz-i-qz) E (blﬁkb2)chk : (3)
k=0
where ElﬁkBQ = (plp—i!k)!(ng—i!k)! 3;1:1+‘12—’f (51 ® Id®q2—k) (Id®p1—k ® 52) Sil—l—m_k’*,

For reader’s convenience, the proof of Prop. 2.2 is provided in Appendix C.

In the bosonic case the symbols b(z) = (2%, Bz®p> are convenient for writing the composition
of Wick quantized operators. If b;#"**by denotes the symbol of l~)¥V’Ck ) BgV ik the composition law
is summarized below (see [AmNil]).

Proposition 2.3 (Composition of Wick symbols in the bosonic case).

min{p1,q2} .

) . €
blﬁWZCka(Z) = 66821 %bl (21)b2(22)‘z1:zgzz = Z Eafbl (Z) ' 8§b2(2) :
k=0 '

The commutator of Wick operators in the bosonic case:

' ‘ max{min{p1,g2},min{p2,q1}} ck ek
bil/Vzck ’ bngk — Z y {bl, bQ}(k) )
k=1 '

where the k-th order Poisson bracket is given by {by,by}*) = 9Fb,(2) - 0Ly (2) — OFbo(2) - Okby (2) .



Proposition 2.4. Let p, m, 77}’ € N, such that m +m' > 2p — 2. Then, there exist coefficients
Ciy....jy, > 0 such that, for any b€ L(Z;Z),

p—l Wick

ArL (B = ()it =3 ek Ty, (SRR @ @b SE) (4)
k=1 0<j1<--<jg
Jit+jk=p

and the estimate
104+ No) ™2 (d0 s (B — BV ) (14 No) ™2 oy 2 < 2 By Bl )
holds in both the bosonic case and the fermionic case, with B, the p-th Bell number.

Remark 2.5. The p-th Bell number B, can be defined as the number of partitions of a set with p

0.792p
In(p+1)

P
elements and satisfies By, < ( > (see [BeTa]), and hence it grows much slower than p!.

Proof. We first prove Formula (4) by induction on p € N*.

For p = 1, Formula (4) holds because dI'1(b) = (b)Wick

We then set 7, (b) := dl'1(b)P — (b¥P)Wik  Assuming the result holds for some p € N*, one can
compute - B o S

dri(b)p+1 — (b®p)chk(b)chk + Tp(b)ka(b)ka
using the composition formula (3) for
(B@p)Wick(l;)Wick _ (l;@p-l-l)Wick + pe (Si B@p—l ® 62 S:gl):,*)Wick
and for
PR (SE @ - @ bk SE) VIR () Wick

(S o B . e sy
» _ ~ . . Wick
+ kePtl-k (S:kt (bJI R ® b]k)Si’* S:kl: (b & Id§j1+"'+jk_1)5i’*> ’

which yields the expected form for r,1;(b), and achieves the induction.
We then remark that the sum of coefficients of order k,

Sop k)= > Chs

0<j1<--<gg
i+ +ik=p

satisfies the recurrence relation Sa(p, k) = kSa(p—1,k)+S2(p—1,k—1), with Sa(p,1) =1 = Sa(1, k)
for all p, k € N*, where the Sy(p, k) are the Stirling numbers of the second kind. Observe that, for
M/2 >k, and for any ¢ € L(S}Z®F),

1™ (1 + N ) ™2 2ry(2)) < N1Ell st zor,st 2oy

We thus get,
p—1
10+ N ™2 (A0 (B = (%) V) (14 N ™ 2 s 2) < D 75850, K) 1Bl 2
k=1

and the estimate then follows from Zz;i eP~FSy(p, k) < edh_, Sa(p, k) = eB, with B, the p-th
Bell number. O



2.2 Reduced density matrices

Reduced density matrices emerge naturally in the study of correlation functions of quantum gases
and in particular in the quantum mean-field theory they are the main quantities to be analysed.
We shall work with non normalized reduced density matrices, which are easier to handle. Going
back to the more natural reduced density matrices with trace equal to 1, requires attention when
normalizing and taking the limits.

Definition 2.6. Let o. € LY(T+(Z)) (e > 0 is fized here) be such that o > 0, Tr[o.] = 1 and
Tr (geeCNi) < o for some ¢ > 0. The non normalized reduced density matriz of order p € N,

vép) € LY(SE ®r) | is defined by duality according to

Vb € L(SDZEP, Shx Py, [ %} [ bW’C’“} .

The definition makes sense owing to the number estimate (2) and to (14 Ny )fe= N+ € £(T'yL(2)).
(p)
When Tr [75 } # (0, the normalized density matrix %ﬁ ?) is defined by ﬁép ) = Ty[g’(p)] , that is
r|ve

Tr |:QE Echk}

)Wick}

Vb e L(SLZP), Tr [-§P>B] -
Tr [Qe(ldsiff@p
Tr {Qang'ck}
-~ Tr[e-Nie(Ni—¢)...(Ne —e(p— 1))
(p)

These normalized reduced density matrices 7:" are commonly used, especially when o. € L£(Sy 27%"),
with ne ~ 1 (see [BGM, BEGMY, BPS, KnPi, LNR]), for the following reason: When . €
LYSr ey C LYZ®M) lies in the n-particles sector (with ne — 1 for the mean-field regime)
it is simply given by the partial trace of o. when n > p. Actually

SWick n! Y Sk
b 1C, Sig‘@" = Epm‘si(b ® Idg‘@(n—p) )S:é

and, as e?Pn(n —1)---(n—p+1) — 1 if ne — 1, it follows that

lim Tr { (p)b] = hm Tr [ga(b® Id e (n- p)))

ne~1 ne~1
e—0 e—

When 2 = L?(M;dv) one thus often considers:

’ygp)(xl,...,xp;x/l,...,x;):/ gg(azl,...,a;p,a:;xll,..., T, x) dv ®(n— )(a:)
Mn—p

But, if the states p. are not localized on the n-particles sector, such an alternative definition does

(p)

not coincide with 2"/, even asymptotically in the mean-field regime.

(p+1)

As well there is no general relation between the non normalized density matrices ~z

%ﬁp ). Actually we have

and

p+l (n+p+1)!
n!
I Wick
= 6(’[’L + 1)b e |S§L:ffn+7?+1 9

- Wic
(Si“(b ® Idgz)Si“’*) \Sn+p+l y= ST (b @ 1d yomsr ) ST



from which we deduce
Tr [%EP“)(B ® Idg)] — Tr [geNiBW“k} +O(e),
while Tr [’yép) 5] =Tr [QEBWiCk] )

where we have again identified ’y(p ™) as an element of LY (Z®P+H)) . We thus conclude with the
following important remark.

(p) (p)

Remark 2.7. Simple asymptotic relation between the v/ and ’y ( or the normalized version s’

and ’y ) can be expected when 0. = gel[y 5(e)+o()) (Nx) with v > 0 and lim._,0d(¢) = 0 but not
otherwise (of course the condition above is sufficient but not necessary).

We shall use recurrently with variations the following lemma, with the following notations
00y =5 S by @@y,
ASCM
for by,...,by, € L(Z).
We also write shortly (by @ ... ® by)"* and (b2P)Wic* instead of (Si(gl @ ... by)Sh*

(S:pt (5®p)5i’*> Wick.

Wick
) and

Lemma 2.8. Quantum symmetrization lemma: In the bosonic and fermionic cases for any
p € N, the equality . . . .
SE(by @+ ®@bp)SE* =Sh (b1 © -+ @ by(p))SE” (5)
holds in L(S}.2%P; SE.ZEP) for all by, ..., b, € L(Z; %) .
As a consequence, under the assumptions of Deﬁnition 2.6, the non normalized (resp. normalized
if possible) reduced density matrix ’ye (resp ’ye ) p € N, is completely determined by the set of
quantities {Tr [ E(I)(gf”)v‘/lc"f} be B} when B is any dense subset of L>®(Z; %) .

Remark 2.9. While computing Tr [%(p)] or studying 7&”) one can simply add to B the element Id o

owing to SE1AGPSY* = Idsp yep . Fore > 0 fized it is not necessary because compact observables

are sufficient to determine the total trace owing to Tr ’yép) = SUPpe oo (7 #9r), 0<B<Id 1T ’yép)B} .

However, while considering weak*-limits as € — 0, adding the identity operator Idgigfoap to the set

of compact observables, or possibly replacing B by the Calkin algebra CI1d(Z) & L>®(Z), is useful
in order to control the asymptotic total mass.

Proof. For by, ... ,Ep € L(Z), we decompose S (51 R ® l;p> SPSE (4 @ - @ 1y) as

Si p' Z S:I: 517/)0/(1) (BP¢0’(p))
0’6y
Z Z S:I: 0(1 Tzz)aoa’(l ) ‘® (Ba(p)waoa’(p))
0€G, 0'eG),



Setting 0 = o o0’ , with 54 (0") = s1(0)s+(0’) yields the Eq. (5), after noting that bO--Ob, =
1% zoer bo(1) ® *++ ® by(p) commutes with S% in both the bosonic case and the fermionic case.
Now the non normalized reduced density matrix is determined by

Tr [’yép)B] =Tr [QEBWiCk}

for B € £L®(S}.2%P) as L1(SL.Z®P) is the dual of L2(S}.2Z®P). But B € L£L®(S] 2%P) means
B = SYB'SY* with B’ € £*(2%P), while the algebraic tensor product £2(2 &P is dense in
LX(Z2P).

With the estimate

‘Tr [ggéwwk] ‘ — ‘Tr |:ec/2NQeeC/QNe—C/2NBWicke—c/2N] ‘

< CTr [QEGCN} ‘|B||£(S’i’3“®zf;siy®p) s

it suffices to consider B = S, B'SY* with B’ € L>(Z )®*r_ By linearity and density, ’yép ) s
determined by the quantities Tr[o. B"**] with B’ = b; ® --- ® b, , b; € B. We conclude with

st (e ob) st =8 (ho-ob,) st

and the polarization identity

- - 1 LN
O 0h =g 3 e b
’ i=1

5i::|:1
O

Remark 2.10. In the bosonic case, the non normalized reduced density matrices ’yép ) are also

characterized by the values of Tr[%fp)B] for B in B = {|)®P)()®P| ,p € Z} U {Id?}p} . This does
not hold in the fermionic case.

The rest of the article is devoted to the asymptotic analysis of %fp Jase 0. In particular we

shall study their concentration at the quantum level while testing with fixed observable b (with b
compact) and their semiclassical behaviour after taking semiclassically quantized observables, e.g.
a(z, hD,) with some relation e = ¢(h) between ¢ and h .

3 Classical phase-space and h-quantizations

When 2 = L?*(M!' dr), with M' = M a manifold with volume measure dz, the classical one
particle phase-space is X' = X = T*M"' and we will focus on the h-dependent quantizations which
associates with a symbol a(z,¢) = a(X), X € X' an operator a®" = a(x, hD,) with the standard
semiclassical quantization or when M' = R? | a@" = o' = W (h'z, h'='D,) by using the Weyl
quantization, t € R being fixed.

Note that in later sections the parameters ¢ and h will be linked through ¢ = &(h) with
limy, ,ge(h) = 0. In relation with the symmetrization Lemma 2.8, we introduce the adapted
p-particles phase-space which was also considered in [Derl], and the corresponding semiclassical
observables.



3.1 Classical p-particles phase-space

A fundamental principle of quantum mechanics is that identical particles are indistinguishable.
The classical description is thus concerned with indistiguishable classical particles. If one classical
particle is characterized by its position-momentum (z,&) € X' = T*M"', x € M being the position
coordinate and £ the momentum coordinates, p indistinguishable particles will be described by
their position-momentum coordinates (X1,...,X,) = (z1,&1,...,2p,&p) € AP/S, = (T*M)?P /&), =
T*(MP)/6, , where the quotient by &, simply implements the identification

VO’EGP, (Xg(l),...,Xo(p))E(Xl,...,Xp).
The grand canonical description of a classical particles system then takes place in the disjoint union

U x?/6, = |_| (T* )P/6,.
peN

A p-particles classical observable will be a function on A?/&,, and when the number of particles
is not fixed a collection of functions (aP)),cy each aP) being a function on X?/&,. The situation
is presented in this way in [Derl]. A p-particles observable is a function a) on A?/&, and a
p-particles classical state is a probability measure (and when the normalization is forgotten a non
negative measure) on X?/S,,.

However while quantizing a classical observable, it is better to work in X? which equals T*(MP), a
function a® on XP /&, being nothing but a function on X? which satisfies

Vo e 6,, o a?) = o Z *a®
P! ceG,
with  VXj...X, € X7, o"a?(X1,...,X,) = aP( X0, -, Xog) -
In the same way, we define for a Borel measure v on X? and 0 € &,, the measure o.v by
Ix o*aPdy = Sw a?) d(o,v) for all a® e CO(XP), or alternatively o,v(E) = v(c~'E) for all

Borel subset E of A”. A non-negative measure on A?/&,, is identified with a non-negative measure
v on AP such that
Vo e 6,, O'*I/ZV— ZO'* (6)

' ge6)y

Lemma 3.1 (Classical symmetrization lemma). Any Borel measure u?) on XP/ S, is characterized
by the quantities {f a®Pdu®) | g e C} where the tensor power a®P means a®P(Xy,...,X,) =
P 1 a(X;) and C is any dense set in o (xl) = {f € CoAY)  limy oo f(X) = 0}

Proof. By Stone-Weierstrass Theorem the subalgebra generated by the algebralc tensor product
C®"'P is dense in CY (XP). Hence it suffices to consider

1O O = 'Z Uo(1) ® o), @i €C.
'UGGP

We conclude again with the polarization identity

P ®p
a OREE ap 2p ' Z p (Z eiai) .
i=1

gi==*1



We will work essentially with M = R% and X = T*R¢ and therefore on X? = T*R%P ~ R2% and
recall the invariance properties, if possible by a change of variable in order to extend it to the general
case. Remember that on R, the standard and Weyl semiclassical quantization are asymptotically
equivalent a(z,hD,) — a" (2, hD,) = O(h) when a € S(1,dX?) (supxep«par |0%a(X)| < oo for all
a € N?) . Moreover on R? | o'V (x,hD,) is unitary equivalent to o' (htz, h'=tD,) for any fixed
t € R so that result can be adapted to different scalings.

3.2 Semiclassical and multiscale measures

We recall the notions of semiclassical (or Wigner) measures and multiscale measures in the finite
dimensional case. We start with the results on M = R” (think of D = dp) and review the invariance
properties for applications to some more general manifolds M .

3.2.1 In the Euclidean Space

On RP the semiclassical Weyl quantization of a symbol a € S'(R?P) will be written aV'* =

aV(htz,h'7'D,) with t > 0 fixed and a kernel given by

[aW(:E,Dgc)](x,y) = /Rd eiﬁ'(x—y)a(:ET—i—y,g) (27T)d .

Definition 3.2. Let (y,)hee with 0 € £, € C (0,4+00), be a family of trace-class non-negative
operators on L?(RP) such that limy,_,o Tr [y4] < +oo. The semiclassical quantization a +— a"V-! =
a(htz,h'7tD,) is said adapted to the family (Yp)nee if

lim limsup Re Tr [(1 — X((S’)W’h)’Yh =0
=0T heg, h—0

for some x € C3°(T*RP) such that x =1 in a neighborhood of 0.
The set of Wigner measures My, h € &) is the set of non-negative measures v on T*RP such
that there exists &' C £, 0 € & such that

Va € C°(T*RP),  lim Tr [yhaw’h] = / a(X) dv(X).
' T*RP

1
he&
h—0

The following well known statement (see [CdV, HMR, Ger, GMMP, LiPa, Sch]) results from
the asymptotic positivity of the semiclassical quantization and it is actually the finite dimensional
version of bosonic mean-field Wigner measures (with the change of parameter ¢ = 2h) (see [AmNil]—
Section 3.1).

Proposition 3.3. Let (yy)hee with 0 € €, € C (0,400), such that v, > 0 and limy,_o Tr [y] <
+oo. The set of semiclassical measures M(yp, h € £) is non-empty. The semiclassical quantization
a! is adapted to the family (yn)nee , if, and only if, any v € M(yp, h € &) satisfies v(R*P) =
limp, 0 Tr [y1] -

Remark 3.4. The manifold version, with a®" = a(x,hD,) instead of aV'", results from the
semiclassical Egorov theorem.

By reducing € to some subset E' (think of subsequence extraction), one can always assume that
there is a unique semiclassical measure. While considering a time evolution problem, or adding
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another non countable parameter, (yep)nee ter finding simultaneously the subset £ for all t € R
requires some compactness argument w.r.t the parameter t € R, usually obtained by equicontinuity
properties.

We now review the multiscale measures introduced in [FeGe, Fer|. For reader’s convenience,
details are given in Appendix A, concerning the relationship between Prop. 3.5 below and the more
general statement of [Fer].

The class of symbols S is defined as the set of a € C*°(R*P x R?P) , such that

e there exists C' > 0 such that VY € R?P  a(-,Y) € C*(B(0,0));
e there exists a function a, € Cg°(R?P xS2P~1) such that a(X, Rw) B2 0 (X,w) in C=(R?P x
S2D_1) .

Those symbols are quantized according to

X
a@h — a}‘inh ,  ap(X) =a(X, m)-

A geometrical interpretation of those double scale symbols can be given by matching the compact-
ified quantum phase space with the blow-up at » = 0 of the macroscopic phase space, see Figure 1.

3 A 3 A
Macro Macro
0
Quantum oo K o
0 Quantu
X

>

I m

Figure 1: On the left-hand side, the macroscopic phase space with its sphere at infinity. On the
right-hand side the matched quantum and macroscopic phase spaces for which the quantum sphere
at infinity and the » = 0 macroscopic sphere coincide.

Proposition 3.5. Let (yn)nes be a bounded family of non-negative trace-class operators on L?(RP)
with limp,_o Tr [y,] < +00. There exist &' C £, 0 € E", non-negative measures v and V() on R2P
and S*P=1, and a o € LY(L*(RP)), such that M(yp,, h € £') = {v} and, for all a € P,

lim Tr [’yha@)’h] = / oo (X, £) dv(X)
hee! R2D\ {0} | X|

+/ oo (0,w) dv(py(w) + Tr[a(0, 2, Dy)o] -
§2D-1
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Definition 3.6. M® (v, h € £) denotes the set of all triples (v, V(1),70) which can be obtained in
Prop. 3.5 for suitable choices of & C E£,0¢€ &’ .

Remark 3.7. Actually when aV'* = oV (vV/ha,vVhD,), this trace class operator vy is nothing
but the weak*-limit of ~y, . Take simply a(X,Y) = x(X)a(Y) with x, a € CR?P), x = 1 in
a neighborhood of 0, for which limy_,q ||a®" — CYW(ZU,D;E)‘|£(L2) = 0. The above results says
limp, 0 Tt [ypa" (2, Dy)] = Tr [yoa" (z,Dy)| for all a € CP(R?*P)  L*(R?P,dX), and by the
density of the embeddings CS°(R?*P) < L2(R?P dx) ~ L2(L*(RP)) C L>®(L*(RP)), the test ob-
servable &' (x, D,) , can be replaced by any compact operator K € L¥(L?(RP dx)). Moreover the
relationship between v and the triple (1o yo0)(|X|)v, v(1),70) can be completed in this case by

v = [ dvn(e) + Tl @
and v(py = 0 is equivalent to v({0}) = Tr [yo] .

Because products of spheres are not spheres, handling the par v(;) in the p-particles space,
D = dp, is not straitghtforward within a tensorization procedure, see Figure 2. Actually we expect

A X2

antum scale in X1

Quantum scale

I in X2

X1 Quantu

le in X2

Figure 2: Tensor product of two blow-ups. The product of the two matching spheres is not a sphere:
the corners of the grey square correspond to the case when the quantum variables |X;| and | X3| go
to infinity without any proportionality rule.

in the applications that a well chosen quantization leads to vy = 0. This leads to the following
definition.

Definition 3.8. Assume that the quantization a'V'* = oW (vVhx,v/hD,) is adapted to the family
(Y)nee s vh =0, Tr[y,] = 1. We say that the quantization V" = oV (v/ha,vhD,) is separating
for the family (yn)nes if one of the three following (equivalent) conditions is satisfied:

1. For any triple (v,v(1),70) € MO (v, h € &), v =0.
M, h € &) ={v},

2w —limy, =70 in LYL*(RP)) } = v({0}) =Tr ] .
he&’ ,h—0

12



8. For any triple (v,v(1),70) € M® (3, h € £), v({0}) =T [30].

Remark 3.9. This terminology expresses the fact that the mass localized at any intermediate scale
vanishes asymptotically when vy = 0. Accordingly, the microscopic quantum scale and the macro-
scopic scale are well identified and separated.

Hence we can get all the information by computing the weak*-limit of v, and the semiclassical
measure v and then by checking a posteriori the equality v({0}) = Tr [y] .
This will suffice when the quantum part corresponds within a macroscopic scale, to a point in the
phase-space. When M = R?, we have enough flexibility by choosing the small parameter h > 0
and using some dilation in R” in order to reduce many problems to such a case. On a manifold M
if we can first localize the analysis around a point zy € M , the problem can be transferred to R”
and then analyzed with the suitable scaling.

3.2.2 On a Compact Manifold

We now consider another interesting case of a compact manifold M with the semiclassical calculus
a®" = a(xz,hD,). This case is not completely treated in [Fer] because the geometric invariance
properties do not follow only from the microlocal equivariance of semiclassical calculus. We assume
% = L?(M,dz) to be defined globally on the compact manifold M (e.g. by introducing a metric,
dz being the associated volume measure).

Remark 3.10. When M is a general manifold, replace a™'" in Def. 3.2 by a®" = a(x,hD,), and
X(0+) with & — 0 by some increasing sequence of comptacly supported cut-off functions (Xpn)nen ,
such that Upenx,, ({1}) = T*M .

To adapt Prop. 3.5 to the case of a compact manifold, we consider another notion instead of the
symbols S(?). For the observables we shall consider the pair (K, a) where K € £>°(L*(M,dz)) and
a€CP(S* MU (T*M\ M)) with S*M U (T*M \ M) being described in local coordinates through
the identification
(x,w) € S*M ifr=0,

Mx[O,oo)xSD_la(x,r,w)b—) .
(x,& =rw) e T*M \ M otherwise.

We have identified the 0-section of the cotangent bundle T*M with M . After introducing an
additional parameter 6 > 0, 6 > h, and a C* partition of unity (1 — x) +x = 1 on T*M with
1—xeC(T*M),1—x=1in a neighborhood of M, we can quantize a as

a® QI = [y (z,€)a(x, h6 €))7

Note that K and the quantization of a are geometrically defined modulo O(§) when h < § in
L(L?(M,dz)): Use local charts for the semiclassical calculus with parameter § while £°°(L?(M, dx))
is globally defined like all natural spaces associated with L?(M,dx). Actually in local coordinates
the seminorms of the symbol x(z, &)a(x, hd~1€) in S(1,dz? + d&?) are uniformly bounded w.r.t. h €
(0, 6] by seminorms of a in C°((T*M \ M) U S*M). When a > 0 one also has

|Gca(, h6~1)90 = Re | (xa(-, hd ™) | || < Cod (8)
lallz + Cab > Re [(xa(-h5™" )] > ~Cod )

uniformly w.r.t to h € (0,9].
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Proposition 3.11. Let (v,)nee be a family of non-negative trace class operators on L?(M,dz) ,
such that limy, o Tr [y,] < +oo . Then there exist &' C £, 0 € &, with M(y,,h € &) = {v},
a non-negative measure v(ry on S*M and a non-negative o € LYL?(M,dx)) such that, for any
K € £%(L*(M,dz)),

lim Tr [y, K] = Tr [y K]

he&’
h—0

and, for any a € CP(S*M U (T*M \ M)), and any partition of unity (1 —x)+x =1 with1 —x €
Ceo(T*M), 1 —x =1 in a neighborhood of M,

lim lim Tr [’yh a(2)Q’5’h] = / a(X) dv(X) +/ a(X)dV(I) (X).
=0 ze_;&o’ T* M\M S*M

Additionally (v(1y,70) is related to v by
V(E) = vy (nH(E)) + n(E),

for any Borel set E C M identified with E x {0} , when 7 : S*M — M is the natural projection and
vy is defined by [, ¢(x)dvg(x) = Tr [vop], where ¢ € C*°(M) is identified with the multiplication
operator by the function .

Proof. When 7, is bounded in £'(L?(M,dx)), after extraction of a sequence h, — 0 from &,
M((Yn, )nen) = {v}, and the weak* limit 7y of (y,), and the associated measure vy are well-
defined objects on the manifold M.

Let us construct a measure v on

(T"M\M)US*M = {(az,rw),x € Mwe STt re [O,oo)}

and a subset & C £, 0 € £, such that

lim lim Tr [yh(xa(-, h5_1-))Q’6] = / a dv (10)
90 het’ (T* M\M)LIS* M

holds for all a € C§°((T*M \ M) LI S*M).

Fix first the partition of unity (1—x)+x=1,1—x € C°(T*M), 1 — x =1 in a neighborhood
of M, and 6 =0y > 0. For a given a € C§°((T*M \ M) U S*M), the inequalities (8) and (9) imply
that one can find a subsequence (hy y 5,.a)ken Of (An)nen, such that

lim Tr [mm LA (s Py 50,005 )% | =y spa € C. (11)
k00 .00,

For a different partition of unity (1 — ¥) 4+ ¥ = 1 the symbol [x — X]a(z, hd; '€) is supported in
C x50 < 1€l < Oy 3,60 and equals

0 — Hale, hoy €)= [x — Vol %) b s (2,6).

gy and with ry 5, uniformly bounded in S(1,dx? + d€?) . For &y > 0 fixed, the
operator [(x — X)ag]9% is a compact operator and we obtain

where ag = a

lim Tr [fyh(xa(., h&o—l.))Qﬁo} —Tx {’Yh(f(a(-, hao—l.))Qﬁo] — Tr [fyo((x — )ag)@®
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Therefore the subsequence extraction, which ensures the convergence (11) can be done independently
of the choice of x and by taking x(z,§) = x(z, (550_15) independently of 6 > 0. For &, = (hjq)ken
such a sequence of parameters, the limits can be compared by

fsa—beana = lm Tr [(mXal ha 1)) = Tr [(mxal-, hig ') 2%

a

h—0

= T (0085 1) = x)a0) ™50 - (12)

By choosing x = x above, the inequality 0 < (x — x(6dy Mag < xag, for ag > 0 and § < &, and
the dp-Garding inequality implies

ITr [((R(5557) = x)a0) %0 | < Tr((xa0)@%0] + O(50)

uniformly with respect to ¢ < dg. Thus the quantity ¢, 5, thus satisfies the Cauchy criterion as
§ — 0 because s — limg, 0(xa0)@% = 0 and v is fixed in £L'(L?*(M,dx)). Hence the limit

. -1 \\Q,0
Uy o= hm €X b = (%1_1}16 %16]% Tr [(’tha( ,ho™ ) ]
—

exists for any fixed a € C°((T*M \ M )uUS*M) . Using (12) with § = dy but a general pair (x, x) and
taking the limit as 6 — 0 shows (5, = ¢y q = ¢, . The inequalities (8) and (9) give 0 < ¢, < ||a||r~ .
By the usual diagonal extraction process according to a countable set N C C§°((T*M \ M) L S*M)
dense in the set of continuous functions with limit 0 at infinity, we have found a subset & C &,
0 € &, and a non-negative measure o such that (10) holds. Note that we have also proved

adv = lim lim Tr [’yh(xa( h5_1-))Q’5}

/ . « 6—0 he&
(T* M\M)US* M h_>0

o . . . -1 \\Q,8
= lm %lelgo Tr [(’Yh Y0)(xa(.,hé™".)) }
_>

where both limits do not depend on the partition of unity (1 — x) + x =1 with 1 — x € C§°(T* M)
equal to 1 in a neighborhood of M .

We still have to compare 7 and v . For this take a € C§°(T* M) and set ag(z,w) = ¢(z) = a(z,0) .
The symbol identity

a(w,hd~'€) = a(w,hd~€)(1 = x) + alw, hd ' &)x = p(@)(1 — x) + alz, hd )X + hraysn
with 7y 5,4 uniformly bounded in S(1,dz? + dé?) w.r.t. h, leads after 6-quantization to

/ a dv = lim Tr [’yhaQ’h]
N heg’
h—0

1 o Q.0 . . -1 \\Q,0
= lim Tr [’m(cp(w)(l X)) ] + lim, T [’m(xa( hé™) } :
h—0 h—0

For § > 0 fixed (¢(x)(1 — x))9? is a fixed compact operator so that the first limit is

Jim T [ (p(2)(1 — x))®?| = Tr [10(p(@)(1 —x)?*] .
h—0
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while the second one is exactly the quantity occuring in the definition of 7. Taking the limit as d — 0
with s — lims_,o(¢(z)(1 — x))9? = ¢(x), yields v Finally setting v(;) = ¥

Tsa\m — Y

T*M\M" S5*M
yields, for any a € C§°(T* M),
/ adv = / adv + / aodv(ry + / pdvy
*M T* M\M S+ M M
which imply the relation for the measures. O

Definition 3.12. M® (v, h € &) denotes the set of all triples (v, V(1),Y0) which can be obtained
in Prop. 3.11 for suitable choices of & C £,0¢€ &’ .

We note that the equality v(M) = Tr[y] implies v(;y = 0 and this leads like in the previous
case to the following definition.

Definition 3.13. On a compact manifold M , assume that the quantization a®" = a(x,hD,) is
adapted to the family (yp)nee , with v, € LY(L2(M)) ;Y = 0 and limp0 Tr [yp] < oo We say that
the quantization is separating if for any &' C £,0¢€ &,

M(’Yh,h € g,) = {V} )
w* —lim~y, =y in LY(L?(M)) } = v({{=10})=Try] .
he&’ ,h—0
While doing the double scale analysis of the non normalized reduced density matrices :},}(LP ) es-
pecially with the help of tensorization arguments, we will simply study their weak* limit in £' and
their semiclassical measures. The equality of Definition 3.8 or Definition 3.13 will be checked a
posteriori in order to ensure v(;) = 0.

4 Mean-field asymptotics with h-dependent observables

We now combine the mean-field asymptotics with semiclassically quantized observables. This means
that the parameter e appearing in CCR (resp. CAR) relations in Section 2 is bound to the semi-
classical parameter h of Section 3 parametrizing observables a"V'* (or a®") :

e=c¢(h)>0 with lime(h)=0.
h—0

Firstly, we give a sufficient condition in terms of semiclassical 1-particle observables and of the family
( Qa(h)) nee so that a quantization a"'" defined on the p-particles phase-space X is adapted to the non

normalized reduced density matrix 7&’})}) for all p € N. If limy,_,o Tr [7&)});)] = limy,_,o Tt [ge(h)Ni] =

T®) then the semiclassical measures v®) € M(’ye(l(’%),h € 5) (or multiscale asymptotic triples

(VP V((f)),’yép))) have a total mass equal to T®) .
After this, the quantum and classical symmetrization Lemmas 2.8 and 3.1 then provide simple ways
to identify the weak limits yép ) or the semiclassical measures associated with the family (7?(7})1))}165

for all p € N. According to the discussion in Section 2, about Definitions 3.8 and 3.13, a simple
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mass argument allows to check that all the multiscale information has been classified.
Remember that the non normalized reduced density matrices 7(1(2) are defined for h > 0 by

Vb e L(SEZ®P), Tr [7?(2)5] =Tr [Qe(h)i)wmk] .

They are well defined and uniformly bounded trace-class operators w.r.t h € £, as soon as Tr [ge(h)Np]
is bounded uniformly w.r.t h € £, for every p € N. Actually, it is more convenient in many cases,
and not so restrictive, to work with exponential weights in terms of the number operator N4 .

Hypothesis 4.1. The family (0c(p))nee in LY TL(Z)) satisfies
i) Forallh €&, o.ny >0 and Tr [ge(h)] =1;
ii) There exists ¢,C > 0 such that Tr [ga(h)eCNi] <C, forallhef.

When the one particle phase-space is X! = T*R¢ we use the Weyl quantization on X? = T*R%
a@hl = oW = oW (htz h'7'D,), r € R?  and when M! is a compact manifold, X7 = T*M? , we
use a?" = a(x,hD,), x € MP.

Proposition 4.2. Assume Hypothesis 4.1. Let x € C°(T*M?) satisfy 0 < x <1l and x =1 ina
neighborhood of 0 (resp. in a neighborhood of the null section {(x,&) € T*M ,§ =0} = M) when

M = R? (resp. M compact manifold) and let x5(X) = x(6X) (resp. xs(x,€) = x(x,66)). For
d < ¢, ¢ given by Hypothesis 4.1-ii), If

54 (0) = limsup Re Tr | o.()(e N+ _ ecldri(’(?yh))] —0 as §—0, (13)

h—0

then for all p € N, the quantization a®" is adapted to the family ’y(l(’})L) .

Lemma 4.3. Let A € L(Z) and o > ||A||. For z in the open disc D(0, ﬁ) C C, the operator
e? = (A) g=aNx — odl«(zA=0ld) 45 4 contraction in T4 (Z).

dl'+ (zA—ald &) o

1. The function z — e is holomorphic in D(0, W) and

—a —a 1 1 Ao dz
_dI‘i(A) N+ _ o Ni;!dfi(A P _ oI+ (zA—aldg) 9% 5

holds in L(T1(Z)) for all p € N and all r € (0, ”A”)
Assume moreover that A, B € L(Z), and a > o9 = max {||A] , ||B||}, then:
2. For all z € D(0, %),

Y o
B — Al #
< o Hz:(z) ‘

H(ezdfi(B) et (A)y, —aNiH
Lr+(2) ~  aola—ap)e
3. This contains, for allp € N and r € (0, O%) ,

ap!||B — Allz(#)

ap(a — ag)er?

(T £(B) — dU(A)) e N | 1 (5 <
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Proof of Lemma 4.3. After setting A’ = zA with 2| < ||A|| so that ||A'|| < a, notice that aldy —
A" = a— A’ is a bounded accretive operator so that (e~ (o—a’ ))tzo is a strongly continuous semigroup
of contractions on 2, the same holds for I'y(e~te(@=4)) = e—oNztdl(AY) — ptdl(A)o—taNx jp
'y (Z). The holomorphy and the Cauchy formula are then standard.

For the second inequality, set B’ = 2B and A’ = 24, |z] < o% , and use Duhamel’s formula

/ /
e—dFi(a—B ) e—dFi(a—A )

1
_ / e—(l—t)df‘i (ao—A’)dPi(B/ _ Al)e—(a—ag)Nie—tdFi(ao—B’) dt .
0

1—t)dl+ (ap—A") —tdl' 4+ (ag—A")

Since e ( and e are contractions, the inequality

B-A
|l (B — A')e_(o‘_aO)NiH < EHB — Al sup ene~(@—a0)n < of I
ap neN ap(a— ap)e

yields Point 2.
Point (3) follows from Point (1) and Point (2). O

Proof of Proposition 4.2. Fix p € N. We want to find x € Cg°(T"MP?), 0 <y <land y =11in a
neighborhood of {X € R?¥# X =0} (resp. {(z,£) € T*MP £ =0} = p) when MP = R% (resp.
when M is a compact manlfold) such that

lim limsup 7 (6, h) =0
=0 p—0

with  7(6,h) :=Re Tr [’Yé?})l)(ldgifg®p - )Z?’h)} = Re Tr [ge(h) (Idsp per — )ZgQ’h)WiCk

We know that x®P € C5°(T*MP), with 0 < x® < 1. Take x such that x®? < y < 1. For a
constant k5 > 0 to be fixed, the inequalities of symbols

0< P <y <1
0§X5+/€5h§1+/€5h

and the semiclassical calculus imply

10 = %)?" ~Re (1 - %)@ }nw@p)gch oI = Re [\ 1 < Csh,
0 < Re {(1—@7")@”‘] +Cih =1 [ @ } )EP + Csh
< (14 265h)? — (Re [(X5+m5h) "y s opn ez,

for some constants Cj, C§, C§ > 0, chosen according to p € N, § > 0 and ks > 0. Moreover for
6 > 0 fixed, the constant ks can be chosen so that

0 < Re [(m + th)Q’h} <1+ 2ksh.

With [|(1 + Ny )Pe—¢'/2Nx oy (z)) < Cpe, the number estimate (2) and the positivity property
(b>0) = (b"iF > (), writing

—c/2N 4 ec/2Ni c¢/2N4 e—c/2Ni

Oc(h) = € Oc(h)€
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leads to

T(.h) = ReTr [0 (s pen — X3V ]
= Tr |:Qa(h) (Idsigeap — Re [i?’h} )Wifﬂ + O5(h)
Wick
= [Qg(’” ((1+ 265" = (Re [(xs + o) ])°7) } + Os(h).

We now use Propostion 2.4 for
T(6,h) < Tr|:95(h) (dri(l + 2k5h)P — dl+ (Re [(xs + /%h)Q’h])p)] + Os(h +e(h)).

The two operators A = dl'4(1+ 2ksh) and B = dl'+(Re [(xs + ksh)?@"]) are commuting self-adjoint
operators such that 0 < B < A, so that 0 < AP — BP < C), [eC/A - eC/B] . We deduce

T(6,h)

< CN/Tr Qa(h)ecNie—cNi (edri(c/(1+2n5h)) . edri(C'Re [(Xg-l—figh)Q,hD)} " (’)5(h n a(h)).

We apply Lemma 4.3 with 2 = 1, A = /(1 + 2ksh) and B = ¢/, or A = ¢Re [(xs + ksh)?"] and

B=/¢ X(;Q’h, and finally

+c

a=c>aoa)= > ¢ max {1 + 2ksh, ||(xs + ﬁgh)Q’hH, HX(;QhH} for h < hs e

and we get
/ / Q,h
T(6,h) <Re Tr [Qa(h) (ec Nz _ gcdlx(cs )ﬂ + Os(h +¢(h)).

‘We thus obtain

limsup 7(6,h) < s, (6)
h—0

and our assumption lims_, s (6) = 0 allows to conclude. O

Notation For any open set 2 C C the Hardy space H*(12) is the space of bounded holomorphic
functions on §2.

Proposition 4.4. Assume Hypothesis 4.1. The set £ can be reduced to £ so that M(vé‘?%),h €

& = {V(p)} , where vP) is a non-negative measure on T*MP /S, , i.e. a measure on (T*M)P with
the invariance (6).
When (13) is satisfied, this implies limycgr Tr [’yg;)} = e dv®)(X) for all p € N.

h—0

For any a € CSO(RM) there exists v, > 0 such that the function ®qp : s — Tr ge(h)eSdFi(“W'h) 18

uniformly bounded in H*(D(0,r,)) and
P

lim Dq4(s) = aols) ==Y or / a®(X) dvP)(X). (14)
e p * V[P

he&’
h—0

Reciprocally if @, converges, pointwise on the interval (—rq,rq) or in D'((—rq,rq)), to some
function ®q0, as h — 0,h € £, then M(’yg;) yheé) = {V(p)} for all p € N and @, is equal to
(14).
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Proof. The uniform bound

T [0 ] < T [y (N)?] < CipeTr [y e™]

and Hypothesis 4.1 ensure for each p € N the existence of EP) C £P—D C £, 0 € £P) | and

M(’yg;), h € 5(”)) = {I/(p)} . A diagonal extraction w.r.t to p determines & C £, 0 € &£, such that

MG, hee)={v?} forall peN.

The second statement is a straightforward application of Lemma 4.3.

Thanks to the classical symmetrization Lemma 3.1, the measures v(?) are determined after inte-
grating with all the test functions a®? with a € C°(T*M) .

Hypothesis 4.1 now combined with

Jlem Nz @™ = p(ese™e) | < el 7 and [l < G,
provides the uniform boundedness w.r. t h € £ of &, in H*(D(0,2r,)). Inany & C £, 0 € F,
we can find a subset &, 0 € &, such that @, , locally uniformly in D(0,2r,) and therefore in

H*>(D(0,74)), to some function ®, (. In particular when & C & C &, Corollary 2.4 implies

Wick
/ a®? dy®P)  — Aim Tr [’yg;)(aw’h)@m] = lim Tr {ga(h) ((awyh)®p> ]
T* MP (S5} he&s
h—0 h—0
dP o dPd
o W,hyp| _ 1 a,h _ a,0
pn T [ecopdl @] = fig S5 0) = 5500
=

Hence the limit &, € H*(D(0,7,)), as h € &, h — 0, equals the right-hand side of (14) and this
uniqueness implies the convergence for the whole family (®,p,)nee’ -

Reciprocally assume the convergence of ®, to ®, in a weak topology on the interval (—rg,,7,) as
h € €. With the a uniform bound on @, 5 in H*°(D(0,2r,)), P40 has an holomorphic extension in

D(0,7,) . Additionally we can extract a subset & C & such that M(W}(Lp) ,he&)={vP} and (14)
hold. Again the uniqueness of the limit (I>a70‘(_ra ro) and of its holomorphic extension to D(0,7,)

ends the proof. O

Replacing the semiclassical symmetrization Lemma 3.1 by the quantum ones, Lemma 2.8 in the
above proof leads to the following similar result for the quantum part.

Proposition 4.5. Assume Hypothesis 4.1. For oll K € L®(Z) there exists rx > 0 such that the
set {WUk p,h € E} of functions Wi p(s) := Tr [ge(h)eSdFi(K)] is bounded in H*(D(0,7x)) .
(p) _

The pointwise or D' ((—rk, K ))-convergence limpee Vi, = Wi o is equivalent to w* — limpeg. ’yhp =
h—0 h—0

7((]‘”) (remember L' = (L>2)* ) with
\I’K70(S) = ZTI‘ |:’Yép)K®p} E 5
p=0

Let us consider the fermionic case:
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Proposition 4.6. Let (o.).c¢ be a family of non-negative, trace 1 operators in £'(I'_(Z)). Let %ﬁp)

denote the corresponding non normalized reduced density matrices of order p. If ,Yép) € L1(SP Z%P)
is such that
VE € L2(S12%7), lim Teh K] = Ty K],
5o
then fyép ) — 0.

As a consequence, the weak limits ’yép ) always vanish in the fermionic case.

Proof. First consider K a non-negative finite rank operator. Then

lim Tr[p. K"ViF] = Tr[’yép)K] .
e€&

e—0

For fermions, KWi* < ePTr[K], and hence Tr[o. K] < e(h)P — 0 as ¢ — 0. Any finite rank
operator being of the form K = Ky — Ko + i(K3 — K4) for some non-negative finite rank operators
K, j € {1,2,3,4}, the limit Tr[o- K"V — 0 = Tr[’y(()p)K] holds for any finite rank operator K.
Hence, by density of the finite rank operators in the compact operators for the operator norm,
Tr[%(]p)K] =0 for any K € L>®(S? Z®P), i.e., 7((]‘1’) = 0. O

5 Examples

5.1 h-dependent coherent states in the bosonic case

We first recall our normalization for a coherent state. We need the notion of empty state: if we use
the identification S{ Z = C, then the empty state is defined as Q = (1,0,0,...) € [+(Z). We then

introduce the usual field operators ®(f) = %(a*(f) +a(f)), with f € Z and the Weyl operators

are the W(f) = exp(%fb(f)). A coherent state is a pure state F, = W(*/ZEZ)Q, with z € . One
then also speak of coherent state for the corresponding density matrix |E,)(E,|. One of the useful

properties of coherent states is that

b(z) = (E(2), 0" " E(2)). (15)

(See e.g. [AmNil, Prop. 2.10] ) The case of coherent states is simple:

Proposition 5.1. Let (2:).¢(0,1] @ bounded family of 2, choose the semiclassical quantization a
a"h = oV (Vhr,vVhD,), and fir a function e = e(h) — 0 as h — 0. Up to an extraction, Ze(h) =
20 € Z weakly, and M(|zem)){(zemyls b € ) = {v}. Assume that the semiclassical quantization

ah = oW (Vhx,vhD,) is adapted to (|zem)) (zew) ) and separating for (|zon))(zn)|)n - Then

the family (0c(ny = Bz ) (B2 nes has ’ye(l(’})o = \zii)ﬂz?ﬁ)] as (non normalized) reduced density

matrices of order p, for which the quantization is adapted and separating, and

MO GEL b £) = {(v™,0,157) (=57}

Proof. Formula (15) yields, for B € L(S} Z%7),

<Z;®(€z)’ BZ;@(Z)> = (B [ BBy, ) = Trloeny B = Trhil()i)L)B]’
which implies the result. [l
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The case of coherent states, although simple, can already exhibit interesting behaviors for some
families (z:)-¢(0,1)- Indeed,

Remark 5.2. Let (2jc)cc0,1], J € {1,2}, be families of Z such that

[ ] 2175 m 217() S Z, and

® (22,)ce(0,1) i bounded, converges weakly to 0, imp_o0 imsup._,q [|22,e 1gp(0,5)l| = 0 (no mass
escaping at infinity), and M(|22cn))(22.em)ls b € €) = {va}, with vo({0}) = 0.
Then (|21, + 22,6) (21, + 22.¢])ec(0,1] Satisfies the assumptions of Prop. 5.1, and 20 = 210, V =
I210/1%60 + v2.

5.2 Gibbs states

For a given non-negative self-adjoint hamiltonian H defined in % with domain D(H), the Gibbs
state at positive temperature % and with the chemical potential p < 0 is given by

Tr [Ty (e PH=1) A]
we(A) = Tr [Tz (e P0H—)]

= Tro-A] .

In general o. € £'(T'+(Z)) as soon as e PH=1) ¢ £1(2) (in the bosonic case H > 0 and p < 0
imply [le=#H=#)| £(z) < 1, see Lemma D.1). Moreover the quasi-free state formula (see [BrRo2])
with e-dependent quantization gives

Tr [QEN] = £Ir [e_ﬁ(H_“)(l F e_ﬁ(H—H))—l]
and additionally, in the case of bosons,

Trlo-W(f)] = exp [—Z(f (14 e BEH=mY (1 — e—ﬁ(H—u))—1f>] '

5.2.1 In the fermionic case

We begin by the fermionic case, which is simpler than the bosonic case for two reasons: first because
the quantum part vanishes (see Prop. 4.6), and second because there is no singularity to handle.
To fix the ideas we consider the simple case when H is the harmonic oscillator. Actually one can
treat more general pseudo differential operators, and we do that below in the more interesting case
of bosons and Bose-Einstein condensation.

Proposition 5.3. Let f > 0, H = %]XFWJL, w(e) such that p(e) > Ce for some constant C >

—B(H—p(e)) . .
0, and assume that ¢ = e(h) = h®. Let Oc(h) = Tiffe(e*B(Hf“(E))))] and 76(%1) its mon mormalized
reduced density matriz of order p > 1. Then M® (’yéle),h € (0,1)) = {(v'P,0,0)}, where dvP) =
1( e=BIXI%2  g4x )®p

14e—BIX1%2/2 (2m)d

Proof. From Rem. 3.7 and Prop. 4.6, any (v®), V}p), (()p)) e M3 (’ys(l(]})o, h € (0,1]) satisfies ’yép) =0.
Since we are considering a Gibbs state, the Wick formula yields

fye(?;) =pleP S 75(3(?1) Sh*.
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Moreover, in the fermionic case, 72})0 = HLC for o.n) = Trﬁff(%], that is to say WS})L) = hd%

in our case. The semiclassical calculus combined with Helffer-Sjéstrand functional calculus formula
yields

e BUX[PWI/2—p) e BIXIP/2 (wh .
1+e—B(IX\2W’h/2—u):<1+e—B\XI2/2) TOMh) in L(Z).

For details we refer the reader e.g. to [DiSj, HeNi] or to the proof of Prop. 5.6. Again by the
semiclassical calculus we know h%a"™:" is uniformly bounded in £*(L?(R%)) for a € C5°(R??). This
leads to

o BIX[2/2

Wh () _ Wh, (1) 1p _
Tr[(a™") P () = pETela™ oy ) IP = p! Tr[(m

)W a1 o).

We finally use h®Tr[aW"oW"] = [L20 a(X)b(X )(2dT)§ which implies

—-BIX[?/2 dX \p
. Why®p o (P) 1 _ c
Y Tr[(a™%) %P . gy) = 2t (/de e axpa ) (27T)d) ’

—B1X2/2
Hence du¥) (X) = pl (22002 4 yon .

5.2.2 Parameter dependent Gibbs states and Bose-Einstein condensation in the bosonic
case

The Bose-Einstein condensation phenomenon occurs when H has a ground state ker H = Ciyy and
the chemical potential is scaled according to

—Bu = £ for some fixed vo > 0.
vo
An especially interesting case is when H is a semiclassically quantized symbol with semiclassical
parameter h related to €, or ¢ = £(h) according to our previous notations. The quantum and
semiclassical parts arise simultaneously when e = h%. Two cases will be considered: the first one
concerns 2 = L?(R?%) with a non degenerate bottom well hamiltonian; the second one 2 = L?(M)
with the semiclassical Laplace-Beltrami operator on the compact riemannian manifold M .
In the first case, let S((X)™, (ClTX;g) denote the Hormander class of symbols satisfying |8)B(a(X )| <

Cp(X)m=F  andlet o € S((X)?, <de>2§) be elliptic in this class with a unique non degenerate minimum

at X = 0 (e.g. the symbol of the harmonic oscillator hamiltonian). We can even consider small
perturbations of this situation after setting

H=ao"" 4+ B" — )\ +B" | o' =aWha,VhD,) , e=h?,

where B" = B"* ¢ L(L*(RY), ||B"| = o(h) and Xo(aV'" + B") = infa(a™" + B"). Tt is
convenient in this case to introduce the linear symplectic transformation 7" € Spos(R) such that
EXTT 1 Hess a(0)T71X = Z;l:l ﬁjXJZ and to introduce some unitary quantization Up of T, i.e. a
unitary operator on L?(R?) such that Uzb" Ur = o(T— L)W .
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Proposition 5.4. Under the above assumptions with dimensiond > 2, for anyp € N, M? (7?(2), h €

&)= {(V(p) 0 ’y )} (see Def. 3.12), where

—x2/2
P = plUGT) WG] with do(e) = U~
P
1
V(p): Z Ox Z( k)'yé'é((]gk(gjy(ﬁv')@p_k )
oEeS, o \P )

with — dv(B,X) =

1 — e_ﬁa(X) (27T)d

The proof is, given in Section 5.2.4, needs some preliminaries given in Prop. 5.6 and Lemma 5.7.
Another even simpler case, related to the example M = T? presented in [AmNil], is & =
L*(M,dvy(z)) when (M, g) is a compact Riemannian manifold with volume dv,(z) and

H = —h*Ay + By, — \o(—h*A, + By),

where Ay is the Laplace Beltrami operator on (M, g) and By, = Bi € L(L*(M)), || Byl = o(h?).

Proposition 5.5. Under the above assumptions with d > 3, for any p € N, M2 )(75(})1) yhel)=
{(V(p),O,fyé ))} where

1
= Pl o = v (M2’
p 1 1
(@) — Z o, [Z o k:)!yé(v (M)dvg(:n) ® 80(€))®F @ v(B)EP—R) |
eSS, =0 g

6—5\5‘3(1) dmdf
1— —5‘5‘2(1) (27T)d

and ‘ﬂg(x Z g7 (z)&&; when g = Z gij(x)daida’ | (gi) ' = (g7).

4,5 <d 4,5 <d

with — dv(8,X) =

We shall focus on the first case which requires a more carefull analysis while o(—h2?A,) =

h20(—A ) reduces even more easily the problem to the integrability of % valid when d > 3.

1— g(z)
The proof of Proposition 5.5 is left as an exercise, which requires the adaptatlon of the following

arguments in the case of Proposition 3.11 with the associated Definitions 3.13 and 3.12.

5.2.3 Semiclassical asymptotics with a singularity at X =0

We give here a general semiclassical result in 7*R?, which involves traces and symbols with a
singularity at X =0.

Proposition 5.6. Consider the hamiltonian H = o™'" + B, — X\o(a'" + B") | with oV'h =
a(Vhx,vVhD,), a € S((X)?, ZiTX;g) elliptic and real such that «(0) = 0 is the unique non de-
generate minimum, By, = Bj; € L(L*(RY)), || Bn|| = o(h) , and Xo(a"" + By) = inf o (o' + By) .
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Assume that f € C*((0,+00);R) is decreasing and satisfies

0< f(u) < Cu "=, li%1+u“°f(u):f0€]R, 0< ko <d< Koo -
u—r

For ¢ > 0, the operator f(H + ch¥*0) is trace class with

lim sup hdHf(H + Chd/ﬁo)”ﬁl(Lz(Rd)) < +00.

h—0t
Moreover the convergence
o d d/moy, W] _ Jo dx
lim AT [ f(H + ch?/")a S0+ [ F@(X)aX) 5

holds for all a € S(1,dX?). Finally, all the above estimates and convergences hold uniformly with
respect to ¢ € (%, A) for any fized A > 1.

The following Lemma gives in a simple way useful inequalities for our purpose which are deduced
with elementary arguments, an in a robust way w.r.t the perturbation By , from more accurate and
sophisticated results on the spectrum of a'V'* (see [ChVN][DiSj] and references therein).

Lemma 5.7. Let a € S((X)?, %) be real-valued, elliptic, which means 1+ a(X) > C1(X)?,
with a unique non degenerate minimum at X = 0 and set ap(X) = @ . Let By, = B} € L(L*(RY))
be such that ||By|| = o(h) . The ordered eigenvalues are denoted by \;(a"V'" + By,) and )\j(agv’h) for
jeN.

e For j =0, M(a" + By) = Tr[Hess a(0)] h + o(h) and the associated spectral projection
satisfies

. —d — 2 .
lim 13 @win g,y (@™ + Br) = (a2 X)W (2, Do) in LHLP(RY)

where T € Spaq(R) is such that !XT~ Hess a(0)T1X = Z;l:l Bi X3 .
e There exist hg > 0 and C' > 1 such that , for all 5 >0 and h € (0, hy),

C'hd/2 < O hi(ag ™) < X0 4 Br) = Xo(@V 4+ By) < C'Aj(ag ™). (16)

Remark 5.8. Of course a(agv’h) ={h(d/2+ |n|]),n € N?} and the bounds (16) are actually written
in order to use this later. But for an easy use of the min-mazx principle it is better to write the
eigenvalues )\j(agv ’h) in the increasing order, with repetition according to their multiplicity.

Proof of Lemma 5.7. We start by noting that 1 + o € S((X)?2, g%zg) is fully elliptic in the sense
that (1+a)~! e S((X)72, ?TX;) . Therefore

(+ ™ =1 PR, (1 +a) = 1+ I2R(h)

with R (h) uniformly bounded in S(({X)~2, ZiTX;g) . The semiclassical calculus with the metric (ClTX;g ,

then says
(14" = [(1+a) " + O(h2) in S <<X>—2 , %) . (17)
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The same of course also holds for Tay(X) = T@ with 7 € (0,4+00) fixed. Therefore o'V'" + B},

and agv’h are self-adjoint with the same domain D(a'V'") = D(« Wh) D(agm) and they have a
compact resolvent. We shall collect all the necessary information by comparing the eigenvalues of
a4+ By, and agv’h in the intervals (—o0,2|8]h], [0,2] and [1,4+o0[, with |3] = Z;l:l Bj . For the
first part, we refer to the ready-made simple statement of [ChVN]-Theorem 4.5 and complete the
other parts with simple pseudodifferential calculus and the min-max principle .

Interval (—o0o,2|8|h]: By Theorem 4.5 of [ChVN], there exist a family of real numbers (w);<0 e
and, for any ¢ > 0, a constant C; > 0 such that

(@) N (—oo, th] = {wz,n € Nd} N [181h/2, th]

and

Zhﬁj )| < G2

As ||Bp|| = o(h), the min-max principle with o'"" and o' + By, then gives,
W,h _ [ n
o(@™h + By) N (—o0, th] = {wn +o(h),ne N} [0, th).

By choosing t = 2|/|, the operator o'"" + B, is non-negative with \o(a'"" + B},) = |8|h/2 + o(h)
and the spectral gap is bounded from below by

Vi € N\{0} . Xj(a™" + By) = do(a™" + By) M (@Y 4 By) = Ao(@V! + By)

Bmh +o(h) = Bnh/2, (18)

with £, = min{f1,...,B4}.

Let T € Spyy(R?) be such that *X*T "1 Hess o(0)T1 X = Z;l:l ﬁjXJZ , let Ur be a unitary operator
12

such that U Ur = b(T~1)W and set pr(z) = (7)"¥*Ure=> . We compute

(er+ (@™ + Bi)er) = Tr (U " Urlgw) (el | + olh)

_ /R (VAT X)e K ‘fTX +o(h).

But since a(T71X) = 2?21 BilX;2/2 + P3(X) + O(|X|*), with P; a homogeneous polynomial of
degree 3, we obtain

(o1, (@ + Bp)or) = h|B|/2 + o(h) = Xo(aV! + By) + o(h) .

With the spectral gap (18) this implies that the ground state 1 of """ + By, satisfies limy, o ||{)f —

¢rlr2 =0 and

. _ _ 2
i (|1 @i 5,0 (@ 4+ Br) = 7 (e X)W =0,

Interval [0,2]: Our assumptions on « provide a constant Cy > 1 such that Cy 'ag < a < Chag

Cy 'ag C’zao
and therefore o Tag = e < THea

; s © — {7 is increasing on R*. Since all those symbols
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belong to S(1,dX?), the semiclassical Fefferman-Phong inequality for the constant metric dX? (see
[Hor3|-Lemma 18.6.10) says

Gilag" o) < Grog™ O(h?)
14 Cy oy " T+ aWh Ty Oyt ’
aW:h . _ _
after usin ( ) = L +O(h?) . With | (14+aWh) = = (1404 B,) ! || = O(|| Bll) = o(h)
and {77 =1 % we deduce
C’z_lozgv’h aWh 4+ By, C’gongh
s olh) < Wih < w tolh).
14+C5 ay L4+a™" 4+ By = 14 Caay
For r = 2(1+ C3) and hy > 0 small enough the above operators have a discrete spectrum in [0, 1—_’&]
with eigenvalues in this interval, while the function z — 377 increases on [0,+oc). Hence the

min-max principle implies that there exists C, > 1 such that

(Aj(aW”‘ + Bp) < 2)

= (G50 = o(h) < A (0™ + By) < G (™) + o)) (19)

holds for all j € N. With the spectral gap (18) and Ao(aV'" + By,) = |8|h/2 + o(h) we conclude
that (16) holds when \;(a'" + B)) < 2.

2
Interval [1,+00): Our assumptions on « provide a constant C; > 1 such that C] 2 < <11J_l—°‘o?) <

C?. With (17), the semiclassical Garding inequality then gives for ho small enough:
max { |1+ ag™) (1 + o) 11+ oM (1 + a7} < 20
Owing to || By|| = o(h) this is also true when """ is replaced by V" + B;,. We obtain

Vi € D(ag"t),
(2C1) (%, (14 ag ™)) < (@, (1+ ™"+ By)*$) < (2C1)% (W, (1+ag ") ?0).
and the min-max principle gives
Vi e N, (20) 72N ((1+ap ™)) < X ((1+ o™ + By)?) < (201)20((1 4 o)) .
By taking the square roots
Vi e N, (2C) 1+ Xilag™) < 14X + By) <2011 + Mj(ag™) .
yields (16) for \j(a™" + By) > 1. 0

Proposition 5.6. With H = o' + By, — )\o(aW’h + Bp,), Lemma 5.7 provides a constant C’ > 0
such that
Ve NA{0}, O (ag ") < Ni(H) < C'Aj(ag ™)
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while Ag(H) = 0 and the ground state of H is the same as the one of aV'* + By, .
When the function f is non-negative and decaying, we deduce

Tr [ FH 4 ch¥m) | = f(ch?%0) + f: FOG(H) + ch®/mo)
j=1

< f(eh®m o)+ FON(H)) < f(ch®™) + 3 f(Cythin]),  (20)
j=1

neN?
n#0

with Cy = C3 (1+%);andforR>O,

To [ f(H + b )i oy (H)] = D0 FOG(H) +eh®=) < 37 f(Chinl).
Nj(H)>R neN?
= hinl2 ) (204)

Apply (20) first, with f = s770(s)~Feotro;

WU [F(H + ch®r0)] < 1 Cht ST (Rinf) o (hfnf) o
neNe n£0

after splitting the sum into }2, ., -y and 32,5, and with #{neN |n|=m} = Ci+1d L=
O(m?1), it becomes

ATy [ FUH + chd/%)}
[h=1]
fio_’_Chthnomdlno_’_Chd Z B dlfioo.
m=1 =1h-1)
< ¢~ ho + C//hd—no (h—rld—no + C//hd—noo Ul—le—noo < ¢~ ho + C”/.

owing to koo > d and kg € (0,d). With a function f(s) = s "0x(s/d) with 0 < x < 1 compactly
supported and decaying on [0, +00) we get similarly

lim lim sup h%Tr [f(H—l—chd/“O)] —c =90,
0—=0%  h—0

while with f(s) = (s)~">, the truncated trace Tr [f(H + chd/“°)1[571,+oo)(H)] satisfies

lim lim sup h9Tr {f(H + chd/“°)1[5717+oo(H)] =0.
=0t h—0

The comparison of \;j(H) with )\j(agv’h), j € N, stated in Lemma 5.7 does not depend on the
parameter c. Neither do the constants Cs3, Cy, C, C', C” and C" (f is non-negative and decaying)
depend on ¢. Therefore the previous asymptotic trace estimates are uniform with respect to ¢ €
(4, A) for any fixed A > 1.

Thus if x € C§°(R) is a cut-off function such that 0 < xy <1, x =11in (—1,1) and if a general
f €C>((0,+00)) fulfills all the assumptions of Prop. 5.6, then

lim limsup hY)|[f (H + ch?")1q 4 ooy (H) (5™ H) + (1 = x(GH)]ler =0 (21)

0—0FT p0t
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For g € C°(R), with an almost analytic extension § € C5°(C), Helffer-Sjostrand formula
1
g(ahy = — / 9:9(2)(z — VM) dz A dz,
A% C

combined with the semiclassical Beals criterion [DiSj, HeNi, NaNi] with the constant metric dX?
implies that

9(0™") — g(c)* = hr() "
with 7(h) uniformly bounded (with respect to h) in S(1,dX?). Since (1 + ) € S((X)?, dXQ) is
an invertible elliptic symbol, (1 + o™"") =N — [(1 + o)~ NW" = B2¢'(R)Wh with +/(h) umformly
bounded in S((X)72N=2, <d))<(>22) C S({(X)72NV dX?). For a function f5 € C°((0,+00)), we take
g(s) = (1 + s)N fs5(s) and write

5ty = g™ M)(1 + "),

so that
£3(a"1) = fi(@)™ = [g(a™") = g(a)"] (1 4+ ™ h) =
+g(a)W,h(1 _|_aW,h)—N _ f(S(OZ)W’h _ hT‘//(h)W’h,

with 7 (h) uniformly bounded in S((X)~2N | dX?). In particular, h%"(h)"™" is uniformly bounded
in £L1(L?(R%)) if we choose N > d.

Similarly, Helffer-Sjéstrand formula can be used to prove g(H + ch¥%0) — g(a™") = o(h) in
L(L2(RY)). With h? [(1 + H + ch®/%)=N — (1 + o) =N] = o(h) in LY(L*(RY)) due to

-1
(14 H + chd/ro)=1 = [1 + 1+ YBy, + chd/’fo)} (1+ W=t
the same trick as above transforms the £(L?(R9)) estimate into
B[S (H -+ ch®70) = fs(@"™M)| = o(h) in £}(L3(R?)) (22)

Note again that this holds uniformly with respect to ¢ € (%, A) for any fixed A > 1.
Now take fs5(s) = (1 — x(6725))x(6%s) f(s) for which we note that the inequality

Vs >0, 1—(1—x(67%))x(6%s) < x(07"s) + (1 — x(ds))
as soon as 0 < d.p; implies

Vs 20, 0< f(s) = fsls) < f()X(6 ") + (1 = x(09))]. (23)
In the expression h*Tr[f(H + ch¥%0a™W'"] | decompose f(H + ch¥*0) into

F5(H + ch™™) + (f(H + ch®™ — f5(H + ch"/™)) 1 4o0) (H) + Loy (H) f (ch®™) .

() (1) (I11)

We now conclude with the following steps:
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e The estimate (22) yields
lim 9Ty | f5(H + chY HO)anh] = lim ATy [ f(;(a)thanh]
h—0 h—0
dX
- X))a(X) 2
[, ite0)e0 55

which provides the contribution of (I).
e The upperbound (23) combined with (21) leads to

lim lim sup (thr[[ FUH + ch¥"0) — fs(H + ch"0)]|1 (g 1 ooy (H)a" M| = 0,
d—=0t  p0 ’

which says that (II) has a null contribution in the limit § — 0.

e The contribution of (I17) is simply computed as

WOTe [ £+ e )10y ()a"*] = 0l o™iyl

_CT()

where ¢ is the ground state of H + ch¥*0 with | — /47?2 "3%0. This implies

limy, o (¥" , aVhp) = a(0).

e Finally, the assumptions on f ensure f(a) € L'(R??) and

lim [ fy(a(X)a(X) dX = | f(a(X))a(X) dX .
—0 JR2d R2d

5.2.4 Semiclassical analysis of the reduced density matrices in the bosonic case

Proof of Proposition 5.4. This will be made in two parts: We first compute the semiclassical mea-

sures vP) and then identify the weak-* limit 7(();) ).

For the first part Proposition 4.4 says that it suffices to find the limit ®,¢(s) of ®,(s) for
a € C(T “RY), real-valued, and s € (—74,7,). Actually Proposition 5.6 allows to consider
more generally a € S(1,dX?). For a € S(1,dX?), real-valued, take s € R, [s| < r, = VC#CG,
4)|a™h|| < C, and set
DT 1 (s) = log Tr [o.I'(e°*)] = —Tr [log(1 — CBy)] + Tr [log(1 — C)]
and P, p(s) =Tr [gef(essaw’h)} =exp DT, (s), e=h?,

with ¢ = e PH+50c) and B = 5"

Assume s € (—rg,7,) and compute
1
DTy h(s) = / Tr
0
<

_ /0 o [ssf(H+ B(Val—tsa(O)))aW’h] dt

CysB
_ T csaWh | dt
1_Ctths

1
+/ Tr {53[—(1 —Cp)t (1 - CtSBts)_l]aW’h] dt
0
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with Cis = ¢~ P+ 5 (v ~tsa(0))) , By = ectsla=a)™ and f(u) = %. Note that for ¢ € [0, 1]
1

the [par?meter E(Vél — tsa(0)) remains in a compact subset of (0,+00). Prop. 5.6 implies for all
te|0,1]:

lim Tr (s (H + %(ugl — tsa(0)))a"h

—Bo(X)
_ vesa(0) i s/ e a(X dX .
1 — tvesa(0) r2d 1 — e=BoX) (2m)d

With the uniform control with respect to %(VE ' _tsa(0) =c e [4, A] in Proposition 5.6, we obtain
for the first term

1
. -1 W,h
}Lli)r%) ; Tr |:ESf(H + B(VC tsa(0)))a dt
e—Ba(X) dX
= —log(1 — svca(0)) + S/]R2d = e_ﬁa(X)a(X) ok

22
For the remainder term, introduce I} = [8) (18|, where ¢ = Up(n=%*e="2 ) +o(h°) is the ground
state of H , and write

(1 - Ctséts)
- Cis ~
=1—Chs— Cis(Bps — 1) = (1 = Cy) |1+ —2—(1 — By,)
1- Cts
o - Cts hi1 _ D Cts _1Th D
= (1—C}) [1+ 1_CtsH0(1 Bys) + 1_Cts(1 IIy) (1 Bts)}
= (-1 h 0 Cts h ~
=(1-C) |1+ f E(VC —tsa(0)) ) I (1 — Bys) + e (1 —1Ig)(1 — Bys)
I II
We know
€, 1 1 1
— —tsa(0 =— 4+ 0()= —— +o(h).
=t <ﬁ(yc s ))> Vo' — tsa(0) © vg' — tsa(0) o)
We write

_ 1
(1 - Byl = - / et O ts(a — a(0)) Vg du,
0

a02
where ¢ff = 7% Ure=7 + o(h%) and a(X) — a(0) < Cmin{l,|X|} for some C' > 0 imply
limy, o || (@ — a(0)V bl 12 (ray = 0. Therefore the second term in the above bracket satisfies

I=f <%(V51 - tsa(O))> (1 — Byy) = o(h%) in £(LA(R?)).

Note that we have also proved

(1 — By )T} —TI4(1 — By,) = o(e)  in L(L*(RY)).
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By using

- Chs 1
- Bul =06 . |Z-a-nb| o).
and
flzigb lle— ||£1 = hm Tr [ef(H+ ﬁ( - tsa(O)))}

B 7% +S/ e~PalX)  gx
1 —tvesa(0) r2a 1 — e~ PaX) (27)d”

the third term in the above bracket satisfies
[1I]|zo =0(1) , |II| =0(h™") =o(h%),

C
”_[I _ ts
1- Cts
Again all these estimates are uniform with respect to ¢ € [0,1] owing to the uniformity of the
estimates in Proposition 5.6 with respect to ¢ = %(1/51 —tsa(0)). By expanding the Neumann

series (1 + 1+ 11)~1 =332 (—=1)*(I + IT)* we deduce

(1= T§)(1 = Bes)(1 — 105 21 = o(h?).

Cts 5 -1 Cts
1 — By, =1-
1- Cts( ! ) 1- Cts

with ||Rp|lz1 = o(h) . With |le(1 — Cys) 7| = O(1) we finally obtain

1+ (1 —TI§)(1 — Bys)(1 — TI§) + Ry,

68[(1 — Cts)_l — (1 — Ctséts)_l]

. SECtS

C1-C

while [[eCs(1 — Cps) 7Yl gr = O(1), [|1 = B|| = O(e) and [|(1 = TIB)(1 — Cy) Y| = O(h7Y).
With 4][a"""|| < C,, the remainder term tends to 0 as h — 0 and we have proved

(1-T§)(1 = Bes)(1 ~T§)(1 — Cos) ' + Rly. |[Bhller = o(n"),

Vs € (_Tavra)7 }ILIH?([) q)a,h(s) = (I)a,O(s)
—

1 Dy 4X
1 —svca(0) P S/de 1-— e—ﬁa(x)a( ) (2m)d

By expanding the generating function according to Proposition 4.4, we obtain

: W,h ®p Wick
e @y -

p
k:O

k @(p—k) @p—k
Vca 0) /RMP . dv(p) .

with dv(B) = %(d—){. The possibility to take a € S(1,dX?) contains the fact that our

)d
quantization is adapted to all the ’y(p ).

(»)

Now in order to identify the weak™ limits of the ;" we compute the Wigner measure associated
with o). Remember (see (24) and (25))

em? 1 —I—e_B(H—‘_ﬁ)
Tr [Qaw(\/iﬂ'f)} = exp [_7<f7 1_ e_B(H+ﬂjc)f> .
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By using the orthonormal basis of eigenvectors (1/)5‘) jen of H with associated eigenvalues )\? , )\6‘ =0,
)\? > ch for j > 0, we obtain

log (T | 0. W (V2rf)| ) = =wwcl (£, 66) 2 + O(eh™).

N

T

With [[98 — 4oz = o(h) , Yo(x) = 7= 4Upe™2 | we obtain after decomposing f = foibg B f’
/ e2i7TRe <f7Z> dlu(z) — llm Tr [Q&(h)W(\/iﬂ—f)] — e_7r2VC|fO|2 .
2 h—0

We deduce, like in [AmNil, Section 7.5] or [AmNi3, Section 4.4],

s
vV,

¢ / _ 1o
L(dzp) | ® 6p(2") (z =200 ® 2'),
(7o

M(0eny, h € E) =

and AP = plB P (GEP| Vp e N,

The fact that y((f)) = 0 for all p € N, now comes from

Tr (7] = pivt = v ({0}).

A Multiscale Measures

We now recall facts about multiscale measures, introduced in [FeGe, Fer|. For this we need a
new class of symbols. Let D', D” D" € N be such that D' + D” + D" = D and set F =

{X = (/2" 2",¢,&",¢") R 2/ =0,2" =¢ =0}. The class of symbols Sg) is defined as
the set of (X,Y) — a(X,Y) € C®(R?*P x RP"+2P") | (note that RP'*+2P” = FL hence the notation
5}2)) such that

e there exists C' > 0 such that: VY € RP'+2D" (. V) € Cg°(B(0,0)) ;

e there exists a function as € C°(R?P x SP'+2P"~1) such that a(X, Rw) Ropo (oo (X, w) in
COO(R2D « SD’+2D”—1) )

Those symbols are quantized according to

/ "
h W,h x X
a(2)7 = ay ) ah(‘() = a(‘(’ h1/27 h1/2) X = (x/’$//,x///,£/,£//’£///) .
Theorem 0.1 in [Fer|, which also considers the case when ( hf;z, ;;f;;) is replaced by (;’f—;, —)}f;/) , 8 < ;,

says the following.
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Proposition A.1. Let (43)nee be a bounded family of non-negative trace-class operators on L*(R?P)
with limy, o Tr[y,] < +oo. There exist &' C £, 0 € &, with M(y,h € &) = {v}, a non-
negative measure v(py on F'x SPH2D"=1 gnd o LY(L2(R2P"))-measure m on F x RP" | such that the
convergence

/ X//)
li T (2),h :/ (X L X
hGE’I,H}IL—)O : |:7ha ] RZD\F “ ( ’ ‘(f]}'/, X//)’) dl/( )

—1—/ oo (X, w) dy(p)(X,w) + Tr [/ a(X,2',z,D,)dm(X,x)
Fx§P'+2D"—1 FxRD'

holds for all a € 5}2) .

Remark A.2. With this scaling and when a"V'" = oW (x,hD,) = a(z,hD,) +O(h), t =0, Ferma-
nian checked in [Fer] the equivariance by the semiclassical Egorov theorem. Hence, this construction
is naturally extended to the case when T*RP is replaced by T*M and F is replaced by a submanifold
of T*RP on which the symplectic form has constant rank.

In Prop. 3.5 we use the simple case of the above result when D’ = D"” =0 and D” = D . Note
that in this case F x RP”" = {0} and the trace-class-valued measure is nothing but a trace-class
operator g .

B Mean-field Wigner measures in the bosonic case and condition

(PI)

The bosonic mean-field analysis is like a semiclassical analysis in infinite dimension. Let Z be a
separable complex Hilbert space and T' (2°) be the associated bosonic Fock space. With the scaled
CCR relations

[at(9), 0% (N =€lg, f)  lav(9),a4(f)] = aZ(9),a} (f)] =0

and after setting

a+(f) + ai(f)
—\/§ )
mean-field Wigner measures where introduced in [AmNil]. Actually the parameter e~ represents
the typical number of particles. Let (o:)ece, 0 € €, be a family of normal states (normalized non-
negative trace-class operators) in I';(%2). Under the sole uniform estimate Tr [Q€(1 + N)‘S] < Cs
for some & > 0, Wigner measures are defined as Borel probability measures on 2" and characterized
by their characteristic function as follows: p € M(o.,e € &), iff there exists & € £, 0 € £, such
that

O(f) = W (f) = e, (24)

1

VfeZ, liné} Tr {Q€W(\/§7Tf)] :/ e2mRe {£2) g (z) . (25)
eel’ 1%
e—0

Assuming Tr [QEN’_H < C* for all k € N (or as we do in Hypothesis 4.1, Tr [Q€ECN+} < 0),
M(0e e € ) = {u} implies that
lim Tr [QEBWiCk] = / (2%P | b2%P) dpu(z) (26)
e—0 o
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holds for all compact b € £ (8 Z®P) . In particular with the definition of non normalized reduced
density matrices we obtain

el w ~limy® =off) = [ 1) due).

e—0

This w*-limit can be transformed to a || [|z1 iff the restriction to compact b in (26) can be removed.
It actually suffices to check that (26) holds for b € £°(SY Z°®P) and b = Idsﬁ wap, as shows the
following result.

Proposition B.1. For a family (0-)cce in LY(H), 0 € &€, such that o- > 0, Tr[o.] =1, M(p-, ¢ €
E) = {u}, the conditions (PI) and (P) are equivalent:

<(PI) : VYaeN, lim Tr[p-N¢| :/ 12)%% du(z) < oo)
e—0 3
= <(P): Wb € Pag(Z), lim Tr [gebW“’f} - / b du> ,
e—0 z

where Py (%) = {b F 5z b(z) = (259, b2%P) € C, b e L(SP 2P, 8! g@q)}, and Poy (%) =
U9 P, (F).

p,q€EN
We give below the proof, which rectifies a minor mistake in [AmNi3].
Proof. For a € N*, (|z|?*)Wik = N(N—¢)...(N—(a—1)e). Hence the condition (PI) is equivalent
to
(PIY:  YaeN, lmr[o.(*) "] = / 1212 du(z) < oo.
e—0 i3

Hence the condition (PI) is a particular case of (P) and it is sufficient to prove (PI) = (P). From
now, assume (PI)".

We want to prove (P) for a general b € Pyy(Z) = EBZZZGNqu(ff ). Let us first consider the

“diagonal” case b € Pp(2), p € N*. Using the decomposition b= bR +— bR +iby +— zbl _ with
all the b > 0 we can assume b > 0. For such a b there exists a non—decreasmg sequence (bn)n>0
of non-negative compact operators in £°°(Sp < )®p such that lim,,_,«o bn = b in the weak operator
topology. Recall from [AmNi3, Prop. 2.9] that the convergence in the (P) condition always holds
when the kernel b is compact, thus

Vn e N, / b, dp = lim Tr[p. bY**] < lim inf Tr[o. b"V¥] .
Vs e—0 e—0
Using by,(2) = (2%, b, 28P) — (2%P,b2%P) = b(2) as n — oo and Fatou’s lemma yield
/ bdp < liminf Tr[p.b" K] | (27)
o e—0

The same arguments with b replaced by blp, ,1d SParer = b > 0 provide

lim inf Tr[o- (|blsy zen |2 — b(2))" "] = /(\Ebpzm!?ﬁ\zp —b(2))du(2)

e—0 + +
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With (PI)" condition, the |2|?" terms can be removed on both sides and thus

lim sup Tr[p.b" ] < / bdu. (28)
z

e—0

The inequalities (27) and (28) show that the convergence in the (P) condition holds for all b €
Ppp(Z) such that b > 0, and hence for all b € P, ,(Z).

~ We now consider the general case b € P, 4(Z). There exists a sequence of compact operators
by € L®(SPZ®P 81 2®9) such that:

VneN, |bulp,, = [bnlgs? zer s weay < |ble(st zon 51 200) = bl ,

and Vze 2, li_)m bp(z) = li_)rn (229 b, 2%P) = (2%, b2®P) = b(z).

For any fixed n € N,

lim sup
e—0

o [o.b"i4] /J b(z) du(2)

< limsup |Tr [ga(bWiCk -V wk)} + lim sup
e—0 e—0

Ty [Qabzvz'ck] _ /g by, d,u' + /J |bp, — | dp,  (29)

where the second term of the right-hand side vanishes because by, is a fixed compact operator. Using
the Cauchy-Schwarz inequality with Tr[p.] = 1 gives

Tr [Qe(bWick _ bE/ick)] ‘ <Tr [Qg(bWiCk _ pWicky (pWick.x _ byVLVick,*)] 1/2 '

From the proved result when p = ¢, we deduce:

) ) 1/2
lim sup | Tr [ge(bwlck—bywk)” < [ /J b — by d,u(z)] . (30)

e—0
With [, [2"#+9) du(z) < oo and
VneN,Vze€ 2, |b(z) —bu(2)|" < (20blp,,)"|2["PT,

Lebesgue’s convergence theorem yields

lim / b — bo|” dpp =0 (31)
n— oo o
for r € {1,2} . Combining (29), (30) and (31) proves (P) for any b € P, ,(Z). O

C The Composition Formula of Wick Quantized Operators

We give an algebraic proof for the composition formula (3) of two Wick quantized operators on
a finite or infinite dimensional separable complex Hilbert space 2 . This proof holds in both the
bosonic and fermionic cases. It uses only the definition of the Wick quantization, and it involves
neither creation and annihilation operators, nor the canonical commutation or anticommutation
relations.
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We note [m,n] := {m,...,n} for m < n € N. The action of the symmetric group &, ,j on
product vectors in Z%" o (21 @+ ® 2p) = 26, @+ @ 2o, , 2j € Z, is extended to Z®™ by
linearity and density. With this notation ST = ZG[U g 5t (0)o-.

We begin with a preliminary lemma on a special set of permutations.

Lemma C.1. Let k,p,q, K € N such that k € [max{0,p + g — K}, min{p, ¢}], and
&(k) i= {0 € S sq | card (o(lp — b+ Lp— k +al) N [1,p]) = k}

1. The cardinal of &(k) is card &(k) = ({) (z)k!% :

2. Any permutation o € S(k) can be factorized as o = oM@ aB @ where o) e S 5
0@ € Spi1,k1, 0¥ € Sppoiirpbiqs 0P € SR [p—ht1p—keta] -

Note that:
e There is no uniqueness of such a decomposition.

e For A C B an element of & 4 is identified with the corresponding element of &p which is the
identity on B\ A.

e The permutations o) and ¢ commute, and so do ¢® and ¢®.

Proof. For Point 1: We count the number of permutation in &(k). We first choose k integers out of
[p—k+1,p—k+q] and k integers out of [1,p] . There is (Z) (z) such possible choices and k! possible
permutations for each of these choices. Then the remaing g — k integers of [p — k + 1,p — k + ¢]
have to be sent in [p+ 1, K] . There is (¢ — k)!(I;__,f ) possibilities for that. In the same way we have
(p— k)!([;__,g) possibilities for the remaining integers of [1, p] that come from [1, K]\ [p—k+1,p—
k+ q] . Finally the K — k — (¢ — k) — (p — k) remaing integers on both sides can be permuted in
(K — q—p+ k)! different ways. So that

card & (k) — <Z> <Z> k(g — k)! (I;:;f) (p— k)! (f:;) (K —q—p+hk)

and this gives the result.
For Point 2: Let A = o Y([1,p]) N[p—k+1,p —k +q] . There exists ¢® € Sp—k+1,p—k+q]
such that 0 (A) = [p — k+1,p] . Then

o o@ 7 ([p—k+1,p]) = o(A) C [1,9].

Hence there exists o) € &1,y such that oM (j) = co®=1(j) on [p— k +1,p] . And, similarly,
there exists ¢(?) € &[pt1,x7 such that o@(j) =oa®1(j) on [p+1,p—k+q] . Note that oV)
and ¢® commute. Finally, we set o = ¢@~1cM-155()-1 By construction, o® (j) = j for
jelp—k+1,p—k+q], hence o™ ¢ S, K]\ [p—k+1,p—k+q] a0d 0 = cWa@ g a@ (as ¢® and
o®) commute). O

Notation: On L(Z®P; 27®1) | the equivalence relation 2 is defined by

A2B & SLASY =S1BSY*.
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Lemma C.2. Let b € E(SpJ AZE S ' Z®95) and nj such that ny + p1 = na + g2 =: K. Then

n2'n1

4 n K % 7 ng\ ~v -
(by @ 1AM S SE (by @1d%12) 22 3 (1) eFe)Emr) e

k

(b14°by) @ 1d®K"

where k € [max{0,p1 + g2 — K}, min{p1,q2}], and K' = K — g2 —p1 + k.

Proof. Using the partition &y g = |, S(k) in subsets

&(k) = {a € Sk ‘ card (o([1,¢2]) N [1,p1]) = k}

for k € [max{0,p1 + q2 — K}, min{p1, ¢2}] , yields

(by @ 1d®™)SE*SK (by © 14%72) = K,Z > (b ®1d™)54(5)5 - (b 1)
k' 5eS(k)

We fix k and & € &(k). A cyclic permutation 7, := (123 --- r) acting on Z®" defines the shift
operator 7,- = (123 --- r)- and then o := &le{_pl is in S(k) (with p = p; and ¢ = ¢2) and

(by ©1d%™) s1.(5) G Pl - (By @ 1d®m2) 7hm ok
~ (b © 1d°™) si<a> o (1)K EP) (1497 @ by  TAPK) (1) (Pl kp)

o (1)K Hpztn2)(b=p1) (h) @ 1d®™ )5 (0)o - (Id2P1F @ by @ Id®K")
holds for operators in £(Z®n+m; Z®p21n2)  We used

54(0) = 52(8)sx (™) = s4(3) (£ )N EP)

and (107, ) 0 ST = (1) g,

Owing to the factorization ¢ = cMo@ oo of Lemma C.1 with 0@t = i+ 50 for
i€ {1,3}, we get
(b @ 1d%™) sy (0)o - (IdEP~F @ by @ 1A®K)

>~ (b ® Id®™)s4 (0)(cM P B ey . (1d®P1—F @ by @ 142K

~ 5, (0)((by oM ) @ 1d%™ 6. )o@ . (1427 F @ (6 - by) ® IdPK)
51+(0)(b151+(0M) ® s (6@NIA®™ )51 (6™)AAZPF @ 54 (03))by @ TAZE)
> (b @ Id®™) (Id®P~F @ by @ Id®K)
[(by @ 1d®2~F)(1d®P F @ by)] @ Id®K

1,7 ~ /
(pl k)! (qzqzlk ) (blﬁkbz)@)ld@K.

12

1

I

We conclude with the first statement of Lemma C.1 which counts the terms in Z&eé(k) because
card(S(k)) = card(&(k)). O
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Proof of Proposition 2.2. For nq,ns such that nqy + p1 = ng + ¢o =: K, using Lemma C.2,

— DAL IRt FWick jWick
€
1 2 S$2+p2 FRng+po

\/Kl(m-i-th) \/(n2+P2)lK Sq1+n1 (b ® Id®m)8p1+m’*8i2+q2 (62 & Id®n2)5i2+n2’*

nq! na!
_ Z (£1) (p244q2)(k—p1) V "1"'1311';(2"2"'1)2 K'[?le'[?h;y 841+n1((51ﬁk62) ®Id®K’)Si2+n27*
k
= Z(il)(pﬁqz)(k—pl) V(g2+ai— k—i—[]{(//)'ll(jz-i-pl k+K')! Sq1+n1 ((b ﬁkbg) 2 Id®K/)Sp2+"2’
k

where K" := K —qo — p1 + k.
With po +n9 =ps+p1 —k+ K and ¢ +n1 = ¢ + ¢1 — k + K’ , we thus obtain the equality of
operators

~ . ~ . k ~ ~ .
bilszckbszck _ Z(il)(p2+q2)(k_pl) % (blﬁkbg)wwk
: !

restricted to S"2+p 2 g®natp2 O

D A general formula for Tr[['L(C)]

The following result about traces of the second quantized operator I'y (C') is often presented for self-
adjoint trace-class operators, although it is valid without self-adjointness. We recall here the general
version for the sake of completeness. It relies on a simple holomorphy argument and can be compared
with Lidskii’s Theorem which says that for any trace-class operator 7', Tr[T] = >, o(T) A

Lemma D.1. For any trace-class operator C € LY(Z) (which is assumed to be a strict contraction
in the bosonic case, + =+ ), its second quantized version I'1(C) is trace-class in T+(Z) and

Tr [[+(C)] = exp (FTr [log(1 ¥ C)]) .

Proof. When C = C* € £'(2) using an orthonormal basis of eigenvectors (e, )nen in 2 with the
corresponding eigenvalues (A, )pen, and 'y (Z) = @penl'+(Cey,) , we obtain

e in the bosonic case with ||C|| < 1,

Tr [0 (C)] = [[ T[Ty (nlde)] = ] 1_1 = exp< > log(1 - )

neN neN neN
= exp (=Tr[log(1 - C)]) ,

e in the fermionic case,

=[] TrC-(nlde)) = JT (1 +An) —exp< Zlogl—l—)\)

neN neN neN
= exp (Tr [log(1 + C)]) .
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The functoriality of I'y for the polar decomposition C' = U|C|, reads I'1(C) = T'+(U)I'L(|C)),
while ||C|| <14 |||C||| < 1 in the bosonic case. Hence I'+(C) is trace-class when C € £1(Z) (and
IC|l < 1 in the bosonic case).

Set C = £L1(Z) in the fermionic case and C = L}(Z) N {C € L(Z),]||C|| < 1} in the bosonic case.
In both cases C is an open convex set, on which the two sides of the equality are holomorphic
functions. Actually the holomorphy of the left-hand side comes from series expansion

Tr[TL(C)) = > Tr[SLC¥"SE™]
n=0
which converges uniformly in B(Co,dc,) = {C € LY(Z),||C — Collz1(2) < dc, } for dg, > 0 small
enough, for any Cy € L£L1(Z) (satisfying additionally ||Cy|| < 1 in the bosonic case). Actually the
estimate [|C|[z1(2) < A (and [|Cf| < ¢ with ¢ < 1 in the bosonic case) imply || [C] ||z1(z) < A (and
II1C] 1] < o in the bosonic case). Now the inequality

ITr [SEC®nST] | < Tr [S2C1%nST"]

and the formula in the self-adjoint case with

Z Tr [S™|C|®"S™"] < exp(A) (fermions)

n=0

resp. ;Tr [S2|C|#msT*] < eXp(TAg) (bosons) ,
ensure the uniform convergence of the series.
For any C € C, C and Re C = % belong to C so that C'(s) = Re C' + isIm C belong to
C when s € wy = (—9,0) + i(—0,9) and when s € w; = (1 — 3,1 + ) + i(—0,9) for 6 > 0 small
enough. By convexity of C, C(s) € C for all s € w = (=d,1 4+ 0) + i(—9,0). When s € i(—0,0),
C'(s) is self-adjoint and the equality holds. The holomorphy of both sides w.r.t s € w implies that
the equality holds true for all s € w in particular when s = 1. O
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