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TIME-CONVEXITY OF THE ENTROPY IN THE MULTIPHASIC FORMULATION OF THE
INCOMPRESSIBLE EULER EQUATION

HUGO LAVENANT

ABSTRACT. We study the multiphasic formulation of the incompressible Euler equation introduced by Brenier:
infinitely many phases evolve according to the compressible Euler equation and are coupled through a global in-
compressibility constraint. We are able to prove that the entropy, when averaged over all phases, is a convex
function of time, a result that was conjectured by Brenier. The novelty in our approach consists in introducing a
time-discretization that allows us to import a flow interchange inequality previously used by Matthes, McCann and
Savaré to study first order in time PDE, namely the JKO scheme associated with non-linear parabolic equations.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Since the idea of Arnold [5] to consider the motion of an incompressible and inviscid fluid, described
by the Euler equation, as a variational problem, namely a geodesic on the (infinite dimensional) group of
orientation and measure-preserving diffeomorphisms (this is formally speaking the least action principle),
this variational point of view has turned out to be fruitful. In particular, Brenier introduced relaxations
leading to generalized geodesics on the group of measure-preserving maps: translated at a microscopic level,
fluid particles are allowed to split and diffuse on the whole space (for a general survey, see for instance [11]).
We will concentrate in this paper on one of Brenier’s model with a flavor of Eulerian point of view introduced
in [9] (see also [10, Section 4], [11, Section 1.5.3] and [1]) which goes as follows.

There are (possibly infinitely) many phases indexed by a parameter « which belongs to some probability
space (2, A, 11). At a fixed time ¢, each phase is described by its density p and its velocity field v, which are
functions of the position . We assume that all the densities are confined in a fixed bounded domain (2, and
up to a normalization constant p can be seen as a probability measure on 2. The evolution in time of the
phase « is done according to the continuity equation

(1.1) oy + V- (pgve) =0,

where V- stands for the divergence operator. We assume no-flux boundary conditions on 052, thus the total
mass of p® is preserved over time. The different phases are coupled through the incompressibility constraint:
at a fixed ¢ the density of all the different phases must sum up to the Lebesgue measure L (restricted to ©2).
In other words, for any ¢ we impose that

(1.2) J pr du(a) = L.
2

Looking at the problem from a variational point of view, we assume that the values of p¢ are fixed for ¢t = 0
and ¢t = 1 and that the trajectories observed are those solving the following variational problem:

1
(1.3) min {J J J %|vf‘(x)|2pf‘(a:) dz dt dp(a) : (p°,v®) satisfies (1.1) and (1.2)} .
aJo Ja

From a physical point of view, the functional which is minimized corresponds to the averaged (over all phases)
of the integral over time of the kinetic energy, namely the global action of all the phases. Without the
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2 TIME-CONVEXITY OF THE ENTROPY IN THE MULTIPHASIC FORMULATION OF THE INCOMPRESSIBLE EULER EQUATION

incompressibility constraint, each phase would evolve independently and follow a geodesic in the Wasserstein
space joining pf to pf.
In Brenier’s original formulation, the space (2, A, 1) is the domain 2 endowed with the Lebesgue measure
L. Ifh:Q — Qis a measure-preserving map, "classical" boundary conditions are those where p§ is the Dirac
mass located at o and p¢ is the Dirac mass located at (). In a classical solution, each phase o will be of
the form pf = 0,0 (), where y : [0,1] — Q is a curve joining « to h(a). But, even if one starts with "classical"
boundary conditions, there are cases where the phase o may split and p* may not be a Dirac mass for any
€ (0,1), leading to a "non-classical" solution (for examples of such cases, the reader can consult [8, Section
6] or the detailed study [7]).

With formal considerations, one can be convinced that for each phase o, the optimal vector field v will
evolve according to the compressible Euler equation

OV + (Vi - V)vi = =Vp,

with a pressure field p that does not depend on « and that arises from the incompressibility constraint.
Moreover, still at a formal level, for each ¢ the velocity field v{ is the gradient of a scalar field ¢¢. Thus, if
one defines the averaged entropy H as a function of time by

H(t) = L f (@)t (@) da difa),

a lengthy formal computation (that we do not reproduce here) leads to
H'0) = [ | B0vi@)]ple) do
2 Jo
- [ ] m @ er@)?1o @) as,
2 Ja

where Tr(M) is the trace of the matrix M, Dv¢ is the differential (w.r.t. space) of v{* and D2y is the Hessian
of ¢¢. In particular, D?¢¢ is a symmetric matrix, thus H” > 0. Therefore, at a formal level, one can see that
the averaged entropy H is a convex function of time. This was remarked and conjectured by Brenier in [10,
section 4], but has received no proof to our knowledge until now. Indeed, the main difficulty lies in the fact
that a priori the solutions are not regular enough to make the above computation rigorous. The goal of this
paper is to give a rigorous statement and to prove this conjecture. The two main statements can informally
be stated as follows:

Theorem. If (p*, v®),cq is the unique solution of the variational problem (1.3) whose total entropy S(IJ H(t) dt
is finite and minimal compared to all other solutions, then H is a convex function.

Theorem. Let us assume that the boundary terms are such that H(0) and H(1) are finite. Then there exists

a solution of the variational problem (1.3) such that Sé H(t) dt is finite and minimal compared to all other
solutions.

More precisely, see Theorem 2.15 and Theorem 2.14 for the exact assumptions and statements, and Section
5 for the translation in Brenier’s parametric setting (see below).

Let us remark that the convexity of the entropy is invisible for classical solutions. Indeed, if p¢ is a
Dirac mass for any «, then H(t) = +o0. Thus the convexity of the entropy is non trivial only for "strongly"
non-classical solutions.

The strategy to prove the convexity of the entropy goes as follows. For a fixed «, we see t — p§* as a curve
in the space of probability measures on Q2. This space (denoted P(£2)) can be endowed with the 2-Wasserstein
distance Ws(+, -) coming from optimal transport: the squared distance W3 (u, v) between two measures p and
v is just the optimal transport cost among all transport between ; and v. The interest of this distance is that
the action S(lj §o 3vE(x)[?pf (z) dz dt of the curve p™ (or at least, the minimal value of the action among all
velocity field v satisfying the continuity equation (1.1)) can be seen as the integral w.r.t. time of the square
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of the metric derivative of the curve t — p¢ in the metric space (P(2), W5). In particular, there appears a
natural time-discretization of the action: if NV is large enough and 7 := 1/N we expect that

1 1
1 1, .,2
inf v ()P (z) de dt = | = |p¥
va satigf;ing @y L J.Q 2|Vt (z)["pf' () dz Jo 5 fou
2
N i T (”2 Pk 1)77Pk7)>

[\

At a discrete level, p®, which is a curve valued in P(f2), is approximated by an element of P(Q)V*!. The
incompressibility constraint will be relaxed in order to allow comparison of the optimizer with any other
competitor. If C, : P(2) — R penalizes (more and more as p — +00) the probability measures that are
different from the Lebesgue measure, a discretized version of the Euler variational formulation (1.3) might
read

. Wa(p(j,— 1)77%7) ’ u o o a
min J;l 2 o3 S — dp(a) + ; Cp J;l P du(e) | = pf, pf fixed for p-a.e. «
=0

k=1

Even though it would be possible, we will not write down the optimality conditions of this discretized problem
as they contain much more information than needed for our goal. Instead, if we take the minimizer of
the discretized problem, we will let the k-th component follow the flow of the heat equation (with no-flux
boundary conditions) and use the result as a competitor. The key point is that the heat equation is strongly
related to the Wasserstein distance: the heat flow is the gradient flow of the functional entropy p — {, pInp
in the metric space (P(2), Ws). In particular, and this is called the Evolution Variational Inequality, one can
estimate the derivative of the Wasserstein distance along the heat flow ®,:

d W3 (Psp,v)
—_—— < Inv — In u.
P 5 . J.QI/ nv J.Qu n

This kind of inequality was previously used by Matthes, Mccann and Savaré in [14] under the name of flow
interchange to tackle first order (in time) PDEs (basically discretizations via the JKO scheme of gradient
flows). As far as we know, this kind of technique has never been used for second order PDEs like the Euler
equation!. With this evolution variational inequality, one can show in a very simple way that the averaged
entropy §, {, o, Inpi, du(a) is a (discrete) convex function of k. Then, one can expect that the solutions of
the discretized problem will converge to those of the original one, and that the convexity of the entropy will
be preserved at the limit.

It happens that all the quantities involved do not really depend on the particular dependence of the p*
in «. Indeed, if one denotes by I' the space of continuous curves valued in the probability measures on (2
endowed with the Wasserstein distance (in short I' = C([0, 1], P(2))), everything only depends on the image
measure of u through the map a — p®. The natural object we are dealing with is therefore a probability
measure on I', something that one can call (by analogy with [6]) a W»-traffic plan. In a way, the application
a — p®is a parametrization of a Ws-traffic plan: that’s why we will call Brenier’s formulation the parametric
one, while we will work in the non parametric setting, dealing directly with probability measures onI'. In our
setting, most topological properties are easier to handle, and notations are according to us simplified. Even
though any probability measure on I'" cannot be a priori parametrized, we will show that it is the case for
the solutions of Euler’s variational problem. Therefore, our results can be translated in Brenier’s parametric
setting.

This paper is organized as follows. In Section 2, we introduce the notations that we will use, we briefly
recall some properties of the Wasserstein distance and of the heat equation seen as the gradient flow of the
entropy. We state explicitly the variational problem we are interested in and prove the existence of a solution.
We give a rigorous statement of the theorems that we prove in the next two sections. Section 3 introduces

Hetus precise that this idea is adapted from an ongoing work [13] with Filippo Santambrogio where the same kind of technique is used
to provide regularity for solutions of quadratic Mean Field Games.
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the discrete problem and proves the convexity of the averaged entropy at the discrete level. This section
contains the key ingredient around which all the proof revolves. In Section 4, we show that the solutions
of the discrete problems converge to the solution of the original one, and that the convexity of the averaged
entropy is preserved when the limit is taken. Though lengthy and technical, this section does not contain
profound ideas. Finally, Section 5 is devoted to the proof of the equivalence between the parametric and non
parametric formulations.

2. NOTATIONS, PRELIMINARY RESULTS AND EXISTENCE OF A SOLUTION TO THE CONTINUOUS PROBLEM

If X is a polish space (complete, metric, separable), the space of Borel probability measures on X will be
denoted by P(X), and C(X) is the space of continuous and bounded functions on X valued in R. The space
P(X) will be endowed with the topology of the weak convergence of measures (i.e. the topology induced by
the duality with C(X)).

In all the sequel, we will denote by © the closure of an open bounded convex domain of R%. In particular,
Q2 is compact. In order to avoid normalization constants, we assume that the Lebesgue measure of Q is 1. We
assume that the boundary of 2 is Lipschitz, and that © is the image of the unit cube of R¢ by a measure-
preserving and Lipschitz map. The Lebesgue measure on (2, which is therefore a probability measure, will
be denoted by L.

2.1. The Wasserstein space. The space P(Q2) of probability measures on 2 is endowed with the Wasserstein
distance: if 4 and v are two elements of P(12), the 2-Wasserstein distance W5 (u, ) between p and v is defined
by

(2.1) Wa(p,v) = \/min {J. |z — y|2 dy(z,y) : v P(Qx Q) and mo#y = pu, m#y = 1/}.
QxQ

In the formula above, 7y and 7; : Q x Q —  stand for the projections on respectively the first and second
component of Q x Q. If T': X — Y is a measurable application and ;. is a measure on X, then the image mea-
sure of u by T, denoted by T#y, is the measure defined on Y by (T#u)(B) = u(T~*(B)) for any measurable
set B c Y. It can also be defined by

f aly) d(T#p)(y) = f o(T(z)) du(z),
Y X

this identity being valid as soon as a : Y — R is an integrable function. For general results about optimal
transport, the reader might refer to [18] or [16].

We recall that W, defines a metric on P(2) that metrizes the weak convergence of measures. There-
fore, thanks to Prokhorov’s Theorem, the space (P(2), W2) is a compact metric space. We also recall that
(P(2), W) is a geodesic space and if v € P(2 x Q) is optimal in formula (2.1), then a constant-speed geodesic
p:[0,1] = P(Q) joining u to v is given by p(t) := m#y with m : (z,y) € @ x Q > (1 — t)x + ty € Q (remark
that the convexity of €2 is important here). Reciprocally, every constant-speed geodesic is of this form (see
[16, prop. 5.32]). We also recall that W3 : P(Q) x P(2) — R is a convex function.

We will consider the entropy (w.r.t. the Lebesgue measure) functional # on P(2). It is the functional
H:P(Q) — [0, +00] defined by, for any p € P(Q),

1 dz  if u is absolutel ti rt. L
2.92) Hiw) = JQ p(z)In(u(x)) de  if p is absolutely continuous w.r. .

+oo else

The fact that % > 0 on P(Q) is a consequence of Jensen’s inequality and of the normalization £(Q2) = 1.
We will also deal with an other functional on P(2) that we will use to penalize the concentrated measures,
namely the p-th power of the density. More precisely, if p > 1, we denote by C, : P(2) — [0, +x] the
congestion functional defined by, for any p € P(Q),

w(x)? de — 1 if pu is absolutely continuous w.r.t. £
(2.3) Cp(p) := L (z) .

+00 else
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Again, thanks to Jensen’s inequality, we see that C,(x) > 0 with equality if and only if ;1 = £. We recall that
a functional is geodesically convex on (P(2),Ws) if for any two given probability measures, there exists a
constant-speed geodesic connecting these two measures along which the functional is convex. Well known
facts about # and C, are summarized in the following proposition (see [16, chap. 7]).

Proposition 2.1. For any p > 1, the functionals H and C, are l.s.c. (lower semi-continuous), strictly convex
and geodesically convex on (P (), Wa).

Let us underline that the convexity of (2 is needed to get the geodesic convexity of # and C,.
2.2. Absolutely continuous curves in the Wasserstein space. If S is a closed subset of [0, 1], T's will
denote the set of continuous functions on S valued in P(2) (in practice, we will only consider subsets S that

have a finite number of points or that are subintervals of [0, 1]). In the case where the index S is omitted, it
is assumed that S = [0, 1]. This space will be equipped with the distance d of the uniform convergence, i.e.

d(p', p*) := max Wa(p' (t), p* (1))

For any closed subset S’ of S, the application eg: : I's — I'ss is the restriction operator. In the case where

S" = {t} is a singleton, we will use the notation e; := e(;; and often use the compact writing p; for e;(p) = p(t).

One can see that I'g is a polish space, and that it is compact if S contains a finite number of points.
Following [2, Definition 1.1.1], we give ourselves the following definition.

Definition 2.2. We say that a curve p € T is 2-absolutely continuous if there exists a function f € L*([0,1])
such that, forevery 0 <t < s <1,

Wa(pep) < | )
t
The main interest of this notion lies in the two following theorems that we recall.

Theorem 2.3. If p € I is a 2-absolutely continuous curve, then the quantity
Wa(ptin, pt)

o¢| := lim
|Pt| Py h
exists and is finite for a.e. t. Moreover,
1 N W2
(2.4) J |pt|2 dt = sup sup M
0 N>2 0<ti<tz<..<ty<l [ te — th—1

Proof. The first part is just [2, Theorem 1.1.2]. The proof of the representation formula (2.4) can easily be
obtained by adapting the proof of [3, Theorem 4.1.6]. O

The quantity |j;| is called the metric derivative of the curve p and heuristically corresponds to the norm of
the derivative of p at time ¢ in the metric space (P(Q2), W2). The link between this metric derivative and the
continuity equation is the following (and difficult) theorem, whose proof can be found in [2, Theorem 8.3.1]
(see also [16, Theorem 5.14]).

Theorem 2.4. Let p € T" be a 2-absolutely continuous curve. Then

1 (! Y1
(2.5) —J |p¢|* dt = min {J <J —|v¢|? dpt) dt} ,
2 Jo 0o \Jo 2

where the minimum is taken over all families (v¢)c[o,1] Such that v; € L2(Q, R4, p;) for a.e. t and such that the
continuity equation 0:pr + V - (prvi) = 0 with no-flux boundary conditions is satisfied in a weak sense.

This result shows that if we are only interested in the minimal value taken by the action of the curve (the
r.h.s. (right hand side) of (2.5)), we only need to consider the metric derivative of the curve p and we can
forget the velocity field v. Therefore we define the action A : T' — [0, +o] by, for any p e T,

1 1
(2.6) Ap) =13 J |p|? At if p is 2 — absolutely continuous
) = 0 .

+00 else

Somme useful properties of this functional are the following.
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Proposition 2.5. The functional A is convex, l.s.c. and its sublevel sets are compact in I

Proof. To prove that A is convex and l.s.c., we rely on the representation formula (2.4) which shows that A is
the supremum of convex continuous functions.

Moreover if p € I is a curve with finite action and s < ¢, then, again with (2.4), one can see that Wa(ps, p) <
v/2A(p)\v/t — s. This shows that the sublevel sets of A are uniformly equicontinuous, therefore they are
relatively compact thanks to Ascoli-Arzela’s theorem. As we know moreover that the sublevel sets are closed
(by the lower semi-continuity we just prove), we can conclude that they are compact. O

2.3. The heat equation and the Wasserstein space. Let us denote by @ : [0, +0) x P(2) — P(Q) the flow
of the heat equation with Neumann boundary conditions. In other words, for any s > 0 and any p € P(Q),
@, (1) = u(s) where v is the solution (in the sense of distributions) of the Cauchy problem

%=Au in (0, +0o0) x

Vu-n=0 on(0,+00) x 0 -

1%in% u(t) =p inP(Q)
In the equation above, n stands for the outward normal vector to the boundary 0€2. Thanks to the regularity
assumption made on 0f), it is well known (see for instance [4, Section 7] and [15]) that this Cauchy problem

is well posed and admits a unique solution. Moreover (see [4, Section 7]), a regularizing effect of the heat
flow is encoded in the following estimate (with C' a constant that depends only on (2):

Ve P(Q), ¥s > 0, [@uulp» < C (s*d/Q + 1) .

In particular, for any s > 0 there exists a constant C; such that for any u € P(2), we have H(®,u) < Cs.

The key point in what follows is that the heat flow can be seen as the gradient flow of the entropy functional
‘H in the metric space (P(2), W5). That is (and this was remarked first by [12]), in a very informal way, ®
flows in the direction where the entropy # decreases the most. The standard reference about gradient flows
in metric spaces is [2], one can also look at the survey [17]. In any case, this seminal point of view explains
the three following identities involving the heat flow, the Wasserstein distance, and the entropy.

Proposition 2.6. The Wasserstein distance decreases along the heat flow: if pand v € P(Q)), and s = 0,
2.7) Wo(Psp, @sv) < Wa(p, v).

Moreover, let 1 € P(Q2) with H(u) < +o0. Then the curve s — @z is 2-absolutely continuous and the Energy
Identity holds: for any s > 0,

(ED) [ 1o ar = G - .
In addition, for any u,v € P(Q) with H(u) < +o0 and any s = 0, the Evolution Variational Inequality holds:

(EVI) limsup V2 (Dssnsisv) = WE(@op,v)
h—0, h>0 2h

S HWY) — H(Psp).

We will not prove these results here. One can look at [2, Theorem 11.2.1] to see the generalization of these
identities to more general functionals than # along their gradient flow, provided that assumptions of -
convexity along generalized geodesics are satisfied by the functional (and this is the case for H with A = 0).
All this properties are also summarized in [14, Theorem 2.4].

2.4. Statement of the continuous problem. As explained in the introduction, the object on which we will
work, a "W,-traffic plan", is a probability measure on the set of curves valued in P(f2), i.e. an element of
P(T). Recall that the space P(T') is equipped with the topology of weak convergence of measures. If Q € P(T'),
we need to translate the constraints, namely the fact that the values of the curves at ¢t = 0 and ¢ = 1 are
fixed, and the incompressibility at each time ¢.

Incompressibility means that at each time ¢, the measure e;#@Q (which is an element of P(P(Q2))) when
averaged (its mean value is an element of P((2)), is equal to £. We therefore need to define what the mean
value of e; #Q) is.
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Definition 2.7. Let S be a closed subset of [0,1] and t € S. If Q € P(T's), we denote by m;(Q) the probability
measure on §) defined by

2.8) va e C@), [ at) dim(@)w) = [ (], ato) amu(@)) aco

We can easily see that, for a fixed ¢, Q — m(Q) is continuous. It is an easy application of Fubini’s theorem
to show that, if Q-a.e. p; is absolutely continuous w.r.t. to £, then m,(Q) is also absolutely continuous w.r.t.
L, and its density is the mean density of the p; w.r.t. Q. Incompressibility is then expressed by the fact that
my(Q) = L for any ¢.

To encode the boundary conditions, we just consider a coupling v € P(I'jo13) = P(P(Q2) x P(Q2)) between
the initial and final values, compatible with the incompressibilty constraint (i.e. mo(y) = mi(y) = £), and
we impose that (eg, e1)#Q = 7.

Definition 2.8. Let v € P(I'(y,1}) be a coupling compatible with the incompressibility constraint (i.e. mo(7y) =
mi(y) = L) and S be a closed subset of [0, 1] containing 0 and 1. The space of incompressible Wy-traffic plans
is

Pin(l's) :={Q e P(I's) : Vte S, mi(Q) = L}.
The space of Wa-traffic plans satisfying the boundary conditions is
Poc(l's) :={Q e P(I's) : (eo,e1)#Q =}
The space of admissible Ws-traffic plans is
Padm(T's) := Pin(L's) N Poe(T's).

Proposition 2.9. If S is a closed subset of [0, 1] containing 0 and 1, the spaces Pin(I's), Poc(T's) and Paam(L's)
are closed in P(T'g).

Proof. The constraints can be expressed by duality in the following form: @ € P(T's) belongs to Pi, (I's) if and
only if for any a € C(2) and any t € S,

[ (] o) s [

On the other hand, @ € P(I's) belongs to Py.(I's) if and only if for any b € C'(P(2) x P(Q)),

f b(po, 1) dQ(p) = f b0, p1) d1(p).
I's

Lio.1y

This shows that P;,(I's) and Py.(I's) are the intersection of closed subsets of P(I's) and are therefore closed.
Thus P.am(T's) is also closed as an intersection of two closed sets. O

We have now enough vocabulary to state the minimization problem we are interested in, namely to min-
imize the averaged action over the set of admissible Ws-traffic plans. We denote by A : P(T') — [0, +o0] the
functional defined by, for any @ € P(I'),

AQ) = LA(”) aQ(p).

where we recall that A(p) is the action of the curve p, see (2.6).
Definition 2.10. The continuous problem is defined as
(CP) min{A(Q) : Q € Paam(I)}.

Any Q € Paam(T) with A(Q) < +w realizing the minimum will be referred as a solution of the continuous
problem.

In order to prove the existence of a solution to (CP), we rely on the classical following lemma.
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Lemma 2.11. Let S be a closed subset of [0,1] and F : T's — [0,4+o] a l.s.c. positive function. Then the
function F : P(T's) — [0, +0] defined by

FQ) =L F(p) dQ(p)

is convex and l.s.c. Moreover, if the sublevel sets of F' are compact, so are those of F.

Proof. F is clearly convex: it is even linear. As F is l.s.c., it can be expressed as the increasing limit of
a sequence (F),).en of positive continuous functions. From the monotone convergence theorem, for any
QePs),

F(Q) = sup L Fo(p) dQ(p).

neN
But each function in the r.h.s. is continuous, and therefore F is expressed as the supremum of continuous
functions hence is l.s.c..
Let us assume moreover that the sublevel sets of F' are compact. Let (Q,).en be a sequence of Wa-traffic
plans and C' > 0 such that for any n € N, F(Q,,) < C. Then the sequence (Q,,)nen is tight. Indeed, if ¢ > 0,
we know that the set K := {F < C/¢} is a compact subset of I'g. By Markov inequality,

aasr-a((r<S))

Therefore, the sequence (Q,,),en is tight and converges to some @ € P(I's). But by lower semi-continuity,
F(Q) < C: it shows that {F < C} is sequentially compact, hence compact. O

The existence of a solution to (CP) is then a straightforward application of the direct method of calculus of
variations.

Theorem 2.12. There exists at least one solution to (CP).

Proof. The functional A is l.s.c. and has compact sublevel sets thanks to Proposition 2.5 and Lemma 2.11. It
is moreover positive and the set P,qm (L") is closed. To use the direct method of calculus of variations, we only
need to prove that there exists @ € Paqm (I') such that A(Q) < +o0.

This is where we use the assumption that (2 is the image of the unit cube of R? by a measure-preserving
and Lipschitz map. Indeed, it is proved in [1] (see Proposition 5.1 to translate the result in our setting) that
this assumption is enough to ensure the existence of an admissible W5-traffic plan with finite action. O

It is known that in some cases there is no uniqueness in (CP), we refer the reader to [7] for a comprehensive
study of one of such cases.

We recall that we are interested in the temporal behavior of the entropy when averaged over all phases.

Definition 2.13. Let S be a closed subset of [0,1]. For any QQ € P(I's), we define the averaged entropy
Hg:S — [0,+w] by, forany te S,

Hq(t) := |  H(p:) dQ(p)-

I's

1
If Q € P(T), the quantity f Hq(t) dt will be called the total entropy of Q.
0

We recall that # is the entropy of a probability measure w.r.t. £, see (2.2). By lower semi-continuity of H
and Lemma 2.11, we can see that the function (of t) H¢ is l.s.c. In the sequel, we will concentrate on the
cases where the averaged entropy belongs to L!([0,1]), i.e. where the total entropy is finite. By doing so,
we exclude classical solutions: indeed, for a classical solution @ € Paam(I'), for any ¢ the measure e;#Q is
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concentrated on Dirac masses, for which the entropy is infinite. We denote by P (T') the set of admissible
Wa-traffic plans for which the total entropy is finite:

PH(T) 1= Pagn(T) 1 {er jHQ dt<+oo}

The main (and restrictive) assumption that we will consider is that there exists a solution of the continuous
problem (CP) in PH _(T):

Assumption 1. There exists Q € PH (') such that A(Q) = min{A(Q’) : Q" € Paam(I)}-

We will also work with a second assumption which will turn out to be more restrictive than Assumption 1,
but which has the advantage of involving only the boundary terms, namely the fact that the initial and final
values have finite averaged entropy.

Assumption 2. The coupling vy is such that H,(0) and H,(1) are finite.

In other words, we impose that

L <J;2 po lnp0> dy(p) < +o0 and L (J.Q p1 1np1) dy(p) < +o0.

In particular, Assumption 2 implies that eg#~ and e;#~ are concentrated on measures that are absolutely
continuous w.r.t. £: it excludes any classical boundary data.

The two main results of this paper can be stated as follows:

Theorem 2.14. Let us assume Assumption 2. Then there exists a solution QQ € Paam(I') of the continuous
problem (CP) such that Hg(t) < max(H,(0), H,(1)) for any t € [0,1].

In other words, if the initial and final averaged entropy are finite, then there exists a solution of the contin-
uous problem with a uniformly bounded averaged entropy. In particular, Assumption 2 implies Assumption
1.

Theorem 2.15. Let us assume Assumption 1. Then, among all the solutions of the continuous problem (CP),
the unique Q € PH (T') that minimizes the total entropy S(lj Hq(t) dt is such that Hq is convex.

In other words, we are able to prove the convexity of the averaged entropy for the solution which is "the most
mixed", i.e. the one for which the total entropy is minimal. Let us mention that our proof could be easily
adapted to show that the convexity also holds for the solution () which minimizes Sé Hq(t)a(t) dt, where
a:[0,1] - (0,+00) is any continuous and strictly positive function.

The next two sections are devoted to the proof of these two theorems. As explained in the introduction,
we will introduce a discrete (in time) problem (DP) which approximates the continuous one. Without any
assumption, we will be able to prove the convexity of the averaged entropy at the discrete level (Theorem
3.2). Then we will show that, under Assumption 1 or Assumption 2, the solutions of the discrete problems
converge to a solution of the continuous one (Proposition 4.6). Under Assumption 2, this solution will happen
to have a uniformly bounded entropy (Corollary 4.9). Then we will show that, under Assumption 1, this
solution will be the one with minimal total entropy (Corollary 4.11) and that its averaged entropy is a convex
function of time (Corollary 4.16).

Finally, the uniqueness of such a Q € P (T') with minimal total entropy has nothing to do with the
discrete problem. We will therefore prove it here to end this section. Indeed, it is a consequence of the
following proposition.

Proposition 2.16. Let Q' and Q? € PH (T') be two distinct admissible Wa-traffic plans. Then there exists
Qe PH _(Q)with

AQ) <

JOIHQ(LL) %( f Hep (t dt+J Hp: (t dt)

(A@") + AQY)

N =

and
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Proof. As QQ — Hy is linear, it is not sufficient to consider the mean of Q' and Q?. Instead, we will need to
take means in I'. In order to do so, we disintegrate Q' and Q? w.r.t. ef0,13 = (€0, e1). We obtain two families

po o, and on o, of Wa-traffic plans indexed by (po, p1) € o1y = P(Q)%. We define Q € P(I') by duality in the
following way: for any a € C(T'),

Jrowra@ur= [ ([ #7575 00 4056 dtonn)

In other words, for a fixed (po, p1), we take the image measure of @} , ® Q% by the map (p',p?) — (p' +
p?)/2 and then integrate w.r.t 7(po, p1). As (e, e1)#Q}, ,, and (eo, e1)#Q> , are Dirac masses concentrated

n (po, p1), we can easily see that @ € Pp(I"). The incompressibility constraint is straightforward to obtain:
for any a € C(Q2) and any ¢t € [0, 1],

[ e atmi@ie = [ (][] ot YD agp (61 Q1)) drion. o)

To,1y

ORI REE ) KRS N [ REC R RN RS

= %L a(z) dr + %Jﬂ a(r) dz

- La(x) da.

Thus, we have Q € Paam (). To handle the action, let us just remark that for any p! and p? in T, by convexity
of A,

1 2
A5 < 5 (A1) + 46)

Integrating this inequality w.r.t. to Q, , ® Q2 po.p1 and then w.r.t. v gives the result. We use the same kind of
reasoning for the entropy, but this functional is strictly convex. Hence, for any ¢ € [0, 1],

n (p% ”’%> < Ly + 1)

2 2
with a strict inequality if p; # p? and if the r.h.s. is finite. Integrating w.r.t. t and w.r.t. Q} o1 @D Q? 0,01 We get,

) (f”[%] ) AQ}, 1, (01) @2, ,, (5°) <
(J (J H(pt] dt) dQpy o (") J (J H[p}] dt) dQ?, . (p )),

with a strict inequality if Q! vo.p1 F Q? 2.0, and if the rh.s. is finite. Then, we integrate w.r.t. 7 and notice
that, as Q" # Q?, then Q) s Q2, ,, for a y-non negligible sets of (po, p1), and as Q' and Q* € P} (T'), the
r.h.s. of the equation above is finite for v-a.e. (po, p1). Using Fubini’s theorem, we are led to the announced

conclusion:
1 1 1 1
JO Ho(t) dt < 5 (L He (1) dt+J0 Hpo (1) dt) . O

3. ANALYSIS OF THE DISCRETE PROBLEM

As we explained before, to tackle the continuous problem (CP), we will introduce a discretized (in time)
variational problem that approximates the continuous one. In this section, we give a brief heuristic justifi-
cation of it, prove its well-posedness, and show that the discrete averaged entropy is convex. In the proof of
the latter property, we use the flow interchange technique that was previously introduced in [14].

The discrete problem is obtained by performing three different approximations:
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e We consider a number of discrete times NV + 1 > 2. We will use 7 := 1/N as a notation for the time
step. The set TV < [0, 1] will stand for the set of all discrete times, namely

™ :={kr : k=0,1,...,N}.
In particular, 'y~ = P(Q)V+!. We will work with W,-traffic plans on I';v, i.e. elements of P(I';~).
According to the representation of the action (2.4), we expect that for a curve p e T,

N 2
W3 (Pk—1)rs Pr)
Ap) ~ Z 2 X 27_) .

k=1

e The incompressibility constraint will be relaxed. For any k € {1,2,..., N—1}, we penalize the densities
my-(Q) which are away from the Lebesgue measure by adding a term C,,(m-(Q)), where C,, is defined
in (2.3). As explained in Section 2, this term is positive and vanishes if and only if m;.(Q) = L,
moreover it goes to +o0 as p — +o0 if m,(Q) # L.

e We will also add an entropic penalization, i.e. a discretized version of

1
A f Ho(t) dt,
0

with \ a small parameter. This term explains why we select, at the limit A\ — 0, the minimizers whose
total entropy is minimal. It is crucial because it enables us to show that the averaged entropy of the
discrete problem converges pointwisely to the averaged entropy of the continuous problem. This
pointwise convergence is necessary to ensure that the averaged entropy of the continuous problem is
convex. In particular, the limit A — 0 must be taken after N — +o and p — +oo0.

Let us state formally our discrete minimization problem. We fix N > 1 (r := 1/N),p > 1 and A > 0 and
define TV = {kr : k =0,1,...,N}. We denote by AV?* : P(T'yn) — [0, +o0] the functional defined by, for
any Q € P(T'pw),

N0 W1y pir N S
AN,p,)\(Q) = Z L 2 (p(k2;) Pk ) dQ(p) + Z Cp(ka(Q)) + A\ Z THQ (kT) .
k=1Y171N k=1

k=1

The Discrete Problem consists in minimizing this functional under the only constraint that the initial and
final values are coupled through ~, the set of such Ws-traffic plans being P;,.(I'z~ ) (cf. Definition 2.8):

(DP) min {AYPMQ) : Q€ Poc(I'pn)} -
A solution of the discrete problem is a Q € Py,.(I'y~) with ANPA(Q) < +00 which minimizes AY-PA,
Proposition 3.1. The discrete problem (DP) admits a solution.

Proof. We can see that A" is a positive l.s.c. functional. Lower semi-continuity of the discretized action
and of the entropic penalization are not difficult to see thanks to Lemma 2.11. Moreover, Q — C,(m(Q)) is
the composition of the linear and continuous map @ — m.(Q) and of the L.s.c. map C,, hence is 1.s.c.

As the space P(I'yv) = P(P()N+1) is compact, Py (7~ ) is also a compact space, thus it is enough to show
that there exists one Q € Py,.(I';~) such that AVP2(Q) < +00. We take @ to be equal to v on the endpoints,
and such that e, #Q is a Dirac mass concentrated on the Lebesgue measure £ for any k € {1,2,..., N — 1}.
As H(L) = 0 and as the incompressibility constraint my.(Q) = L is satisfied for every k € {0,1,..., N}, we
can see that for this Q) we have

arAQ) - |

o1y

W3 (po, £) + W3 (L, p1)
2T

dv(p).

As the Wasserstein distance is uniformly bounded by the diameter of €2, the r.h.s. of the above equation is
finite. The conclusion derives from a straightforward application of the direct method of calculus of varia-
tions. O

One could show that the discrete problem (DP) admits a unique solution (it is basically the same proof as
Proposition 2.16), but we will not need it. The key result of this section is the following:
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Theorem 3.2. Let Q € Py.(I'r~) be a solution of the discrete problem (DP). Then the function k € {0,1,...,N} —
Hq(kT) is convex, i.e. for every ke {1,2,...,N — 1},

3.1) Hq (k1) < %HQ ((k—=17)+ %HQ ((k+1)71).

Proof. As ANP2(Q) is finite we know that for every k € {1,2,..., N — 1}, Hgo(k7) < +o0 and my, (Q) € LP(Q).
Let us remark that if Hy(0) = 400 then there is nothing to prove in equality (3.1) for & = 1 (the r.h.s. being
infinite); and, equivalently, if Hg(1) = +oo there is nothing to prove for k = N — 1. So from now on, we fix
ke {1,2,...,N — 1} such that Hq ((k — 1)7), Hg (k7) and Hq ((k + 1)7) are finite, and it is enough to show
(3.1) for such a k.

We recall that @ : [0, +00) x P(Q) — P(Q2) denotes the heat flow, let us call ®* : [0, +0) x ['pny — 'y~ the
heat flow acting only on the k-th component: for any s > 0, pe I'r~v and [l € {0,1,..., N},

k —
(o) (17) = {MT ar

If s > 0, it is clear that ®* leaves unchanged the boundary values, thus ®*#Q € P,.(I';~), and therefore by
optimality of Q we have that

3.2) ANPAQ) < ANPA@EHQ).

Let us expand this formula. We can see (by definition of H() that

J H(Ps[pir]) dQ(p) ifl =k
Fpn .

Hq (IT) ifl # &

Heryq (IT) =

Concerning the term m;, (Q), the linearity of the flow enables us to write

O, (mi,[Q)) ifl=k

k _
mur (P #Q) = {mh(@ ifl#k

Let us underline that the linearity of the heat flow is crucial to handle the congestion term. Our proof
would not have worked if we would have wanted to show the convexity (w.r.t. time) of a functional (different
from the entropy) whose gradient flow in the Wasserstein space were not linear. We can rewrite (3.2) in the
following form (all the terms that do not involve the instant k7 cancel):

2T

< J W22(p(k71)7-, (I)spk'r) + WQQ(‘I)stn p(k+1)‘r)
= | 27’
T

2 2
J W3 (pe—1)r> Prr) + W3 (Phry P(es1)7) dQ(p) + Cy(mr(Q)) +TJ H(pwr) AQ(p)
Frn Prn

dQ(p) + Cp (@, (mu [QI) + 7 f H(®pir) dQ(p).

It is a well known fact that the heat flows decreases the L? norm, thus C,(®, (mi,[Q])) < Cp(mi-(Q)). It is
also a well known fact the the heat flow decreases the entropy (it is for example encoded in (EI)), thus

f ”H(@spkr)dQ(pKf H(prr) dQ(p).
Lrn Trw

Therefore, multiplying by 7 and dividing by s, we are left with the following inequality, valid for any s > 0:

W2 — T,(I)S T *WQ —1)7s Pkt W2 q)s T T *WQ T T
J 5 (P(k—1)r» Pspr ; 5 (P(k—1)7> PET) 40(p) +J 5 (Pspr P(k+1)2) 3 (Pkrs Pl 17) d0(p) > 0.
TN S | s

T

T

The integrand of the first integral is exactly the rate of increase of the function s — W3 (p(x_1)r Psprr)/2
whose lim sup is bounded, when s — 0, by H(p(x—1)-) — H(pr-) according to (EVI). Moreover, as the entropy
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is positive, the same inequality (EVI) shows that this rate of increase is uniformly (in s) bounded from above
by H(p(—1)-), and the latter is integrable w.r.t. to Q. By applying a reverse Fatou’s lemma, we see that

W2 —1)7> (I)s T) W2 —1)7> T
[ 0ttoan) o 4@ > sy [ 2Pt D) SRR 2] g,
'rn s—0 T'rn $
We have a symmetric minoration for J. [(H(pk+1)r) — H(prr)] dQ(p), hence we end up with
FTN
0< | Ploumn) = Mo 4Q0) + | [Hlpasnys) = Hipir)] 4QU)
[ o) + Howin) 2o )) 4Q)
=Hg ((k—1)7)+ Hg ((k+ 1)7) — 2Hg (k7). a

4. LIMIT OF THE DISCRETE PROBLEMS TO THE CONTINUOUS ONE

In all this section, let us denote by Q~'?** a solution (in fact there exists only one but this is not important)
of the discrete problem (DP) with parameters NV, p and A. We want to pass to the limit in the following way:

e By sending p — +oo, the incompressibility constraint m;(Q) = £ will be strictly enforced at the
discrete times t € T,

e Then, we will interpolate geodesically between discrete instants and show that this builds a sequence
of Ws-traffic plans which converges to a limit Q* € P, (I') when N — +o0. This Q* is expected to be
a solution

min{A(Q)+)\Ll Hq(t)dt = Qe P, (T )}-

o In the end, when X\ — 0, the Ws-traffic plans Q* will converge to the solution Q of the original problem
with minimal total entropy and Sé Hga(t) dt will converge to So Hg(t) dt. This is the convergence of
the total entropy that enables us to get a pointwise convergence of the averaged entropy.

Basically, we are performing three successive I'-limits. Let us stress out that the order in which the limits
are taken is important, though this importance may be hard to see under the various technical details. In
particular taking the limit A — 0 at the end is needed to show that at the limit the selected minimizer of
the continuous problem is the one with minimal total entropy (cf. the proof of Proposition 4.10). It may be
possible to take the limit N — +oo first (instead of sending p — +oo first), but then the incompressibility
constraint must be handled differently from us.

This section is organized as follows. First we show some kind of I" — lim sup, i.e. given continuous curves we
build discrete ones whose discrete action and total entropy are close to their continuous counterparts. Then,
and thanks to these constructions, we show a uniform bound on Q~-»* that allows us to extract converging
subsequences toward a limit Q, and we show that Q is a solution of the continuous problem. Finally, we show
that Q is the minimizer of A with minimal total entropy and that its averaged entropy is convex.

4.1. Building discrete curves from continuous ones. Let us first show a result that will be crucial to
handle Assumption 2, namely a procedure to regularize curves in order for the total entropy to be finite.

Proposition 4.1. Under Assumption 2, for any Q € Paam(L') and for any € > 0, there exists Q' € PH (T') such
that A(Q') < A(Q) +ecand Hg € L*([0,1]).

Proof. Let us fix Q € Paam(T). The idea is to use the heat flow @ to regularize the curves: indeed, we know
that if s > 0 is fixed, then for any p € T, H(®;p;) is bounded independently on ¢ and p. Moreover, applying
uniformly the heat flow decreases the action. Indeed, we recall that at a discrete level the Wasserstein
distance decreases along the heat flow: it is Inequality (4.1). Using the representation formula (2.4) for the
action, one concludes that for a fixed s > 0

1 1 . 1 1
4.1) J ~|®gp, | dt < J —|p¢|* dt.
0 2 0 2
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However, by doing this, we lose the boundary values. To recover them, we squeeze the curve ®,p into the
subinterval [s,1 — s], and then use the heat flow (acting on pg) to join py to ®,(pg) on [0, s] and P,(p;1) to p1
on [1 — s,1]. Formally, for 0 < s < 1/2, let us define the regularizing operator R, : I' — I" by

D4 (po) if0<t<s
VpeD,Vte[0,1], Ry(p)(t) := @S(p[lt:;s]) ifs<t<l—s
q)l—t(pl) if1—8<t<1

The continuity of the heat flow allows us to assert that R(p) is a continuous curve. As the entropy decreases
along the heat flow (cf. (EI)), and as H(R[p]) is uniformly bounded on [s, 1 — s] (independently on p), we can
see that there exists a constant C, depending only on s such that

4.2) Vpel, Vie[0,1], H[Rs(p)(t)] < max(H(po), H(p1),Cs).
To estimate the action of Rs(p), we use the estimate (4.1) on [s,1 — s] and the identity (EI) to hold the

boundary terms:

51 . 1-s 1 ) 1 1 .
A(Rs(p)) < J §|(I)tpo|2 dt + J _|p(tfs)/(172s)|2 dt + J §|q)17tp1|2 dt
0 —s

s 2 1
— 1 .
7 _12SA(p) + % (H(po) — H(Ps[po]) + H(p1) — H(Ds[p1])) -

In particular, using the lower semi-continuity of the entropy H and the continuity w.r.t. s of the heat flow, we
see that if H(py) and H(p;) are finite,
(4.3) limsup A(Rs(p)) < A(p).

s—0

We are now ready to use the regularization operator on the W5-traffic plan Q. For a fixed s > 0, we define
Qs := R#Q. As R, does not change the boundary points, we still have (eg, e1)#Qs = v. Integrating (4.2)
w.r.t. Q, we get that

Vte[0,1], Hq,(t) < Hq,(0) + Hg, (1) + Cs
= H,(0)+ H,(1) + Cs,

and we know that the r.h.s. is finite because of Assumption 2. Concerning the action, since H(po) and H(p1)
are finite for Q-a.e. p € I, we can integrate (4.3) w.r.t. Q by using a reverse Fatou’s lemma to get
limsup A(Qs) < A(Q).
s—0

It remains to check the incompressibility. For a fixed ¢t € [0, 1], we notice that e;#Q; is of the form (9, cey ) #Q
for a some » > 0 and ¢’ € [0, 1] (for example, r = tand ¢’ = 0ift € [0,s], and r = sand ¢’ = (¢t — s)/(1 — 23)
if t € [s,1 — s]). Thus, by linearity of the heat flow, m;(Q;) = ®,.(my[Q]). But my(Q) = L for any ¢’ and the
Lebesgue measure is preserved by the heat flow, hence m;(Qs) = L.

Therefore, the @’ that we take is just Q) for s > 0 small enough. O

It is then possible to show how one can build a discrete curve from a continuous one in such a way that
the action and the total entropy do not increase too much.

Proposition 4.2. Let Q € PH (T) be an admissible W-traffic plan with finite total entropy. For any N > 1,
we can build a Ws-traffic plan Qn € Pin,(I'r~) in such a way that

1
lim sup AN PN (Qn) < A(Q) + /\J. Ho(t) dt.
N—+w 0
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Proof. We can assume that A(Q) < +oo. The idea is to sample each curve on a uniform grid, but not neces-
sarily on TV. Indeed, the key point in this sampling is to ensure that the discrete entropic penalization of

the functional AN-?* is bounded by A So Hq(t) dt. Let us fix N > 1 and recall that 7 = 1/N. We can see that

T N—1
2 Hg (kT + 5) ds—f Ho(t)
0 45—

<J HQ(t) dt
0
N—-1

TZHQ]{JT+SN JHQ d
k=1

Therefore, there exists sy € (0, 7) such that

In other words, on the grid {k7 + sy : k=1,2,..., N — 1}, the discrete entropic penalization is bounded by
the total entropy of Q. We define the sampling operator Sy : I' — 'y~ by
Lo ifk=0
VpeT,Vke{0,1,...,N}, Sn(p) (k1) =< ;1 ifk=N
Pkr+sn lflgngfl
Then we simply define Qn := Sy#Q. As the initial and final values are left unchanged, it is clear that
(en,e1)#QN = (eo,e1)#Q = v,1.e. QN € Poc(I'rn ). By construction, we have that

N-1 N-1
/\ZTHQN(]{JT —/\TZHQ (kT + sn)

* N

Moreover, as Q € Paam(I'), we have that my. s, (Q) = £ and therefore C,(my, 45, [Q]) = 0. Consequently,

N-1 N-1
2 Colmir[Qu]) = D Colmirssy [Q)
k=1 k=1

= 0.

The only complicated term to handle is the action. Indeed, we have to take care of the fact that we use a
translated grid which is not uniform close to the boundaries. Recall that for any 2-absolutely continuous
curve p and s < t, we have W3 (p, ps) < (s — ) §; |pr|? dr.

NJ Wg(p(k—l)rvplm')
k=1"T

2T

d@Qn(p)

—1

2

W22 (p07 pT+sN)

o dQ(p) +

W2 — T S ) T S W2 — T S b
5 (P(k—1)r+sn s Phrsy) dQ(p)JrL 5 (P(k—1)r+snP1) d0(p)

2T 2T

kel
Il

2

|
-z

< L l(T;jN OTHN Pl ds) < ;:N pal? ds> ; <T;jN fl 1_T+SN |ps|2ds)1 aQ(p)
[ ) o1 ([ ) s
~a@+ [ ([ 3o ds) aQ(p).

In particular, we have used that 7 + sy < 27 and 7 — sy < 7. For every 2-absolutely continuous curve, it
is clear that the quantity S§T 31ps|? ds goes to 0 as N — +o0 and it is dominated by A(p) which is integrable
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w.r.t. . Therefore, by dominated convergence,

N
lim sup <Z J W (P17, Pir) dQN(P)) < A(Q).
k=1YTrN

N—+0 27

Gluing all the inequalities we have collected on Qy, we see that A™7*(Qy) satisfies the desired asymptotic
bound. O

Corollary 4.3. Under Assumption 1 or Assumption 2, there exists C' < +o0, such that, uniformly in N > 1,
A€ (0,1]and p > 1, we have

ANPAQNPA) < C.

Proof. Indeed, it is enough to take @ any element of P2 _(T") with finite action (it exists by definition under
Assumption 1 and we use Proposition 4.1 under Assumption 2), to construct ) as in Proposition 4.2, to

define C := sup =, AVP*(Qn), and to use the fact that ANV-PA QN PA) < ANPAQp) < C. O

4.2. Solution of the continuous problem as a limit of discrete solutions. To go from W5-traffic plans
on discrete curves to Ws-traffic plans on continuous ones, we will need an extension operator Ey : I'yn — T
that interpolates a discrete curve along geodesics in (P(2), W»). More precisely,

Definition 4.4. Let N > 1. If p € T'rw, the curve En(p) € T is defined as the one that coincides with p on
TN and such that for any k € {0,1,..., N — 1}, the restriction of Ex(p) to [kr,(k + 1)7] is a® constant-speed
geodesic joining pir t0 p(j41)r-

In particular, for any k € {0,1,2,..., N—1}, |Ex(p)| is constant on [k, (k+1)7] and equal to Wa(p,, Plk+1)7)/T-
Thus, we have the identity

(k+1)T 1 . WQ(pk p )
Z\E 2 dt = 2 7y P(k+1)T
| 3iEv L),

summed over k € {0,1,..., N — 1}, these identities led to

N WE(p(e—1yrs Phr

= 2T

In other words, the action of the extended curve Ex (p) is equal to the discrete one of p.

We are now ready to show the convergence of QV'»* to some limit Q € P,q(I"). We take three sequences
(Np)nens (Pm)men and (Ag)qgen that converge respectively to 400, +00 and 0. We will not relabel the sequences
when extracting subsequences. Moreover, to avoid heavy notations, we will drop the indexes n, m and p, and
limy,— 4 o0, limyy—s 4o, limg—, 4o Will be denoted respectively by limy_, 1 o, limy,_, 1o, and limy_,o.

Proposition 4.5. Under Assumption 1 or Assumption 2, there exists Q € Paam(T), and families (QN ) n x €
Padm(Trn ), (Q) 2 € Padam (L) such that (up to extraction)

lim QNP> = QN in P(Tpw),
p—+0

Nl_i)HjOO(EN#QN”\)ZQ’\ in  P(D),

IimQ*=Q in P(I).

A—0

20ne may worry about the non uniqueness of the geodesic and hence of the fact that the extension operator Ey is ill-defined. However,
it is a classical result of optimal transport that the constant-speed geodesic joining two measures is unique as soon as one of the
two measures is absolutely continuous w.r.t. £. Moreover, for a traffic plan Q € P(I'pn), if Hg(t) < +oo for t € TV, then Q-a.e.
p is absolutely continuous w.r.t. £ at time t. Thus as long as we work with Wa-traffic pans @ such that Hg(k7) < 400 for any
ke {1,2,...,N — 1} (and we leave it to the reader to check that it is the case), the operator E is well defined.
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Proof. We denote by C the constant given by Corollary 4.3.

To prove the existence of (Q™V*)y , it is enough to notice that for any N > 1 the space P(I';~ ) is compact
and therefore every sequence admits a converging subsequence. By continuity of the Wasserstein distance,
we know that

N 2 N 2
W3 (p(k—1)r» Pr) | ~ . W5 (ptk—1yr> Prr) A
> f 2 21) dQ™MA(p) = lim | > J — 21) dQ™ " (p)
k=1YTpN T P k=1YTrN T

<C.

To go on, we use (4.4), namely the fact that £y transforms the discrete action into the continuous one:

A(EN#QN) = L A(Ex(p)) 4@V (p)

N 2
W2 (p(k—l)rvka) AN\
dQ@™"(p)
kz—]l JFTN 27

< C.

We know that the functional A is l.s.c. and that its sublevel sets are compact. Hence, we get the existence of
(QM)» such that

G (Bv#Q™) = @

in P(I') and A(Q*) < C. Applying exactly the same argument, we can conclude at the existence of Q € P(T")
with
. A\ _ ~
Q=0

in P(T') together with A(Q) < C.

It is easy to show that (eg,e1)#Q = v as we have that (eg, e1)#Q"NP* = ~: this condition passes to the
limit and is preserved by E .

It is slightly more difficult to show the incompressibility. Let us first show that QV:* € Py, (I'y~). We fix
N,k and \. As ANPA(QNPA) < C, we see that

1/p
(], pmr@r2e) " < (c 1
Q

As L£(Q) = 1, the L? norm are increasing with p. Thus, for any py < p, we have

1/po
(] 1mr@¥r2m) < 1y
Q

Let us take the limit p — +c0. We have that m;,. (Q~?*) converges in P(f) to my, (QY). As the LP° norms
are l.s.c. w.r.t. the weak convergence of measures, we can see that

_ 1/Po
( | |mkr<c2“>|m) <1
Q

But now py is arbitrary, thus the L® norm of my, (Q"*) is bounded by 1. As we know that my,(Q™}) is a
probability measure and that £(2) = 1, we deduce that m,(Q"*) is equal to 1 L-a.e. on (2: it exactly means
that m, (QN*) = £. As Q¥ also satisfies the boundary conditions, Q™V'* € Pqm(I'yw).

To show that the incompressibility constraint is satisfied by Q* for every ¢, we proceed as follows: let us
consider t € [0,1] and N > 1. Let k € {0,1,..., N — 1} such that k7 <t < (k + 1)7. We denote by s€ [0,1] a
real such that ¢t = (k + s)7. By definition of Ey, if p € I'rw~, there exists 7 an optimal transport plan between
prr and p(;11)- (i.e. an optimal v in formula (2.1) with 1 = pir and v = p(;11).) such that En(p)(t) = m.#7
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with 7 : (2,9) — (1 — s)z + sy. For any a € C'(Q2), we can see that

[ adtexoo1- [ aan|=|[ (@l -5+ sl -ala) dv(%y)‘

< f s|Va(@)l|z — | dv(z,y)
QxQ

\/f |Va(z)|? dy(z,y \/f |z —y[? dy(z,y)
QxQ QxQ

< |Val L= Wa(prr, pi+1)7)

Therefore, if we estimate the action of m;(Ex#Q"*) on a C* function a, we find that

[ im0 - [ atw) as| = |[ 0 apm(En#QN] - [ o d[mh(QNvA)]\

<J

<|Val.- f Wapkr- piis1yr) 4GV (0)
TN

dQ™*(p)

| adtEno1- | adp.

Q

W3 T T =~
< /2T|va|L@\/J Q(pk p(k+1) ) dQN,)x(p)
TN

2T
< V 2CTHvaHLoc .

Taking the limit N — +oo (hence 7 — 0), we know that m;(Ex#Q"*) converges to m;(Q?), thus we get
J a d[m(QM)] = J a(z) dz.
Q Q

As a is an arbitrary C' function, we have the equality m;(Q*) = £ for any ¢, in other words, Q* € Pi,(I). As
we already know that Q* € Py,.(I'), we conclude that Q* € Poam(I) for any A > 0. But Poqu (I') is closed as we
have shown in Proposition 2.9, therefore Q) € Pagm (T). O

With all the previous work, it is easy to conclude that @ is a minimizer of A:
Proposition 4.6. Under Assumption 1 or Assumption 2, Q is a solution of the continuous problem (CP).

Proof. We have already seen that A(Exy#Q™?) < lim iélf ANPAQN-PA) | By lower semi-continuity of A, we
p—)
deduce that

A(Q) < liminf (hm inf <hm inf ANPX QNP )‘))) .

A—0 N—+0w \ p—>+©

By contradiction, let us assume that there exists Q € P.qm(T) such that A(Q) < A(Q). If we are under
Assumption 2, we can regularize it thanks to Proposition 4.1, and under Assumption 1 we know that we can
assume that Q' € P (') and A(Q’) < A(Q). In any of these two cases, we can assume that there exists
Q € PH (T) such that A(Q) < A(Q). Thanks to Proposition 4.2, we know that we can construct a sequence
Qn with

1
limsup AN P (Qn) < A(Q) + /\f Hg(t) dt
0

N—+w

Taking the limit A — 0 and using A(Q) < A(Q), we get

lim sup <1im sup AN’p’A(QN)> < hm mf (hm inf <hm inf AN PA(QNPA ))) .

A—0 N—+oo N—+o \ p>+©

Taking N and p large enough and A small enough, one has AN?(Qy) < AVPXQN*), which contradicts
the optimality of Q~-P*. O
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4.3. Behavior of the averaged entropy of Q. Now, we will show that H; € L'([0,1]) and that Q is the
minimizer of A with minimal total entropy. If @ € P(I'r~), let us denote by Hmt : [0,1] — [0,+0oc] the
piecewise affine interpolation of Hy. More precisely, if k € {0,1,...,N —1} and s € [0 1], we define

HE ((k+s)7) := (1 — s)Hq (k7) + sHg ((k + 1)7) .
We show the following estimate, which relies on the lower semi-continuity of the entropy:
Proposition 4.7. For any t € [0, 1], we have the following upper bound for Hy(t):

Hofo) < gt mint (tmint 5t 0) ).
Proof. For a fixed ¢, Q — Hg(t) is l.s.c. (Lemma 2.11). Thus, for any k € {0,1,2,..., N}, we have
Hgn o (k1) < 21_1}1_’1_13151 Hgnpx (k7).

Then, to pass to the limit N — +oo, we will use the fact that the entropy is geodesically convex, i.e. convex
along the constant-speed geodesics. Recall that Ey : I'ynv — T'is the extension operator that interpolates
along constant-speed geodesics. Let us take p € I';v. By geodesic convexity, we have for any k € {0,1,..., N —
1} and s € [0,1]

HIEN(p) ((k + s)7)] < (L= s)H(prr) + SH(p(r+1)7)-
Integrating this inequality over I';~ w.r.t. QY we get

Hp pona (K+38)7) < (1= s)Hgna (k1) + sHgna (K + 1)7)

< léginf [(1 = s)Hgnwo (k7) + sHon o (K +1)7)]

~ liminf [H3%,.» (k + 5)7)|

We take the limit N — +oo, followed by A — 0 to get (thanks to the lower semi-continuity of the averaged
entropy) the announced inequality. O

We derive two useful consequences. The first one is just an application of Fatou’s lemma.

Corollary 4.8. We have the inequality:

N-1
J. Hg(t) hmlnf (%Qfg <lzl)r_I)1J1rralof (T kz::l Hgnpa [kT]))) .

Proof. We use an exact quadrature formula for H 5‘;& o

1—7 N=2
J Hgl}if,p,A( ) dt = _HQN;D/\ +T 2 HQNP”\ (kT) + HQNP/\( _T)

T 2 k=2
N-1
ST Hpnopo (kT)
k=1
Then we take successively the limits p — +00, N — +0 and A — 0, applying Fatou’s lemma and using
Proposition 4.7. O

The other consequence is Theorem 2.14: we simply remark that under Assumption 2, Q (which minimizes
A thanks to Proposition 4.6), possesses a bounded (thus L!) averaged entropy.

Corollary 4.9. Under Assumption 2, the function Hg is bounded by max(H(0), H.(1)).

Proof. This is where we use the work of Section 3: thanks to Theorem 3.2, we know that Hyv . is convex
and therefore bounded by the values at its endpoints which happen to be finite (independently of N, p or \):

Vk e {0,1,2,...,N}, Honopa (k7) < max(H,(0), H,(1)).
Thus the function Hg;fv,p,A is also bounded uniformly on [0, 1] by max(H,(0), H,(1)). Proposition 4.7 allows
us to conclude that the same bound holds for H. O
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~ As we have now proved Theorem 2.14, we will work only under Assumption 1. It remains to show that the
Q@ we constructed is the one with minimal total entropy. We will show a slightly stronger result, which will

also allows us to derive a pointwise convergence of Hg‘]tv o t0 Hp.

Proposition 4.10. For any Q € PE () solution of the continuous problem (CP), we have

! N-1
L Hq(t) dt > hgfﬂ%ﬁ (%Igi_lg (EI—I»lfolof ( Zl Hegwopa [kT]))) )

Proof. Let us assume by contradiction that there is Q € P _(I") solution of (CP) such that the strict inequal-

ity holds:
1 N-1
J;J Hg(t) dt < 1i§\n_j(r)1f (%Qfg <lzl)r_I)1J1rr010f (T ,;1 Hanpa [kT]))) .

In particular, for A small enough, we still have the strict inequality

N-1
J Ho(t) dt < liminf <1;r£irolof <T ;;1 Honos [m])) :
Using the fact that A(Q) < A(Q*) by optimality of @, and thanks to the lower semi-continuity of the action,
AQ) < AQY

N 2
W. —1)rs Pr) | =
< liminf | lim inf ZJ Q(p(k Dialil ) dQN’p’A(P) .
Notoo \ potoo \ & Jp o 2T

Therefore, gluing these two estimates together, we obtain

N w2 N-1
N 2(p(k71)‘rapk'r) AN,p,A
A(Q) + )\J Hg(t) dt < %ginag <1;§I—r>l-}l—rolof <k_g 1 LTN o d@ (p) + A E THon e [kT] ] ]

k=1

But if we build the Qx from @ as in Proposition 4.2, we get, for V and p large enough,

N,p,\ J WZQ(p(kfl)Tvka) AN.p. &
-A P (QN) < 2 f or dQ P (p) + A 2 THQN,p,)\(kT)
k=1
S ANPAQNT),
which is a contradiction with the optimality of Q~-»*. O

It is simple to infer that () is the minimizer of A with minimal total entropy.

Corollary 4.11. For any Q € P _(T) solution of the continuous problem (CP), we have

Ll Ho(t) dt > Ll He (1) dt

Proof. We simply put together Proposition 4.10 and Corollary 4.8. O

Now it remains to show that H is a convex function of time. Let us first remark that the inequality in
Corollary 4.8 is an equality:

Corollary 4.12. We have (up to extraction) the equality:

N—1
J. HQ ) dt = hmlnf <%\1;Qfé£ (111)I_I)1J1rr010f (T ,;1 Honpa [kT]))) .

Proof We put together Corollary 4.8 and Proposition 4.10 with Q = Q. O
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We are in the following situation: we know that the discrete averaged entropy is an upper bound for the
continuous one (Proposition 4.7) and that the integral over time of the discrete averaged entropy converges
to the integral of the continuous one (Corollary 4.12). As the integral over time of the averaged entropy is
finite (because of Assumption 1), it is not difficult (it is just an adaptation of Scheffé’s lemma and we leave it
to the reader) to show that the discrete averaged entropy converges (up to extraction) a.e. to the continuous
one:

Proposition 4.13. Under Assumption 1, for a.e. t € [0,1],

B BERT . . int
HQ(t) B )1\12%) (Nliriloo <p2rfoo (HQN'p'A(t)))> '

4.4. From convexity a.e. to true convexity. Proposition 4.13 is slightly weaker than the result we
claimed, as we get information about Hg only for a.e. time. The first step toward true convexity is to
show that, under Assumption 2, the averaged entropy is everywhere below the line joining the endpoints.

Proposition 4.14. Under Assumption 2, for any t € [0, 1], we have

H@(lf) <(1- t)HQ(O) + tHQ(l).
Proof. From Proposition 4.13, we know that H, is a.e. the limit of the functions Hg‘]tv,pw Thanks to Theorem
3.2, we can assert that for any ¢ € [0, 1], one has H"Y (t) < (1 —t)HDY  (0) + tH®  (1). We also know

QNP QNP QN.p.A

that Hg and Hg‘,tv,p,A coincide for ¢t = 0 and ¢ = 1. Therefore, for a.e. t € [0, 1],

B T . . int
HQ(t) B >1\1—>H%) (Nl—lg—lao (pl{r-#r—loo (HQN’P’A(t))))
< 1im< lim ( lim ((1t)Hg‘fV,p,A[O]+tHg‘fV,p,A[1]))>

A—0 \ N>+ \ p—>+0w©0
= (1 — t)HQ(O) + tHQ(l).

As Hg, is Ls.c., we see that the above inequality is valid for any ¢ € [0, 1]. O

Now, the key point is the fact that if Q is the solution of the continuous problem (CP) with minimal total
entropy, then its restriction to any subinterval of [0, 1] is also optimal: for any 0 < t; < t3 < 1, e[thtz]#()
is also the solution of the continuous problem (on [t1 , t2]) with boundary conditions e, ;,}#Q with minimal
total entropy. Indeed,

Proposition 4.15. Let 0 < t; < to < 1. Then for any Q € Paam(I'[¢, 1,]) such that ey, 1\ #Q = €{t1,t2}#Q, we

have
to 1 - to
L (L 5ol dt) dQ(p) <L (L %Ipt|2dt) 1Q(0).
to t

Moreover, if the inequality above is an equality, then
HQ(t) dt < HQ(t) de.

t1 tl

[t1.t2]

Proof. This property relies on the fact that if Q € Paam(T'jz,,1,)) With ey, 1,1 #Q = e, +,}#Q, We can concate-
nate @ and () together to build a W»-traffic plan Q" € P(T) such that efg1p\[1,,1,]#Q" = €[o,1]\[t1,t.]# & and
e[t],tz]#Q/ = e[t],tz]#Q‘ B B

Indeed, let us disintegrate the measures ) and Q w.r.t. ey, ;,;: we obtain two families (Q,,, p,,)p:, .0, @0nd
(Qor, 01y )pe, e, indexed by (pi,, p1,) € Ty, 1y = P(Q)?. Let C : T x 'y, 4,; — I be the concatenation operator
defined by

pt(t) ifte[0,1]\[t1,t2]
p2 (t) ifte [tl ,tg] '

C(p", p2)(t) = {
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Restricted over the curves (p', p?) such that p' and p? coincide in ¢, and t,, this operator is well defined. We
define Q;tl_’% = C#(Q,,Wpt2 ® Qp,, .p1,) and

@ = [ Q. 420
I

It is then straightforward to check that e[o 1)\[+, 1, #Q" = €[o.1)\[t, ,tz]#Q and e, ¢,|#Q" = efy, 1,)#Q. In partic-
ular, one can see that

A@) = [ ([ 3o ar) a@)

1,. ~ 1,.
-| (f §|pt|2dt> 4+ | ( | Sl dt) aQ(p).
T A\ V[0,1]\[t1,t2] Trey,ea1 \Y[t1,t2]

and that the same kind of decomposition is true for the total entropy:

1
J. Heg (t) dt = J HQ(t) dt + J Hq(t) dt
0 [0,1]\[t1,t2] [t1,t2]
Therefore, simply by writing that A(Q) < A(Q’) and that, if the inequality is an equality, Sé Hy(t) dt <
S(l) Hg (t) dt, we get the announced result. O

Combining the two above propositions, we recover the convexity of Hg. Let us remark that we rely on the
fact that the minimizer of .4 with minimal total entropy is unique.

Corollary 4.16. Under Assumption 1 or Assumption 2, forany 0 < t; <ty < landanyse (0,1),
Hg((1 = s)ty + stz) < (1 —s)Hp(t1) + sHg(t2).

Proof. If the r.h.s. is infinite, there is nothing to prove. Therefore, we can assume that H;(t1) and H(t2) are
finite. By uniqueness of the solution with minimal total entropy (Proposition 2.16), we know that e[thtz]#Q
coincides with the solution of the continuous problem (CP) with minimal total entropy on [t , {2] with bound-
ary conditions e{tlh}#Q (Proposition 4.15). As Hp(t1) and Hp(t2) are finite, Assumption 2 is satisfied for
the continuous problem on [¢1 , 2] and therefore we can apply Proposition 4.14 to get

HQ((l — S)tl + stg) < (1 — S)HQ(tl) + SHQ(tg). O

5. EQUIVALENCE WITH THE PARAMETRIC FORMULATION OF THE EULER EQUATION

In this section we will explain why our non-parametric formulation is equivalent to Brenier’s parametric
one. From the way we build it, it is clear that our formulation admits more potential solutions than Brenier’s
one, so the only technical point will be to show that, if the boundary data are in a parametric form, it is
possible to parametrize the a priori non-parametric solution of the continuous problem.

Let us take 2 a polish space and consider ;1 € P(2() a Borel probability measure on 2. We will assume
that we have two families (the initial and the final) (p)aeq and (p;Y Jae2t of probabilities measures on (2
indexed by 2. We denote by Py, : A — I'y 13 = P(Q)? the parametrization of the boundary conditions, simply
defined by Pyc(a) = (pf', p}) and assume that it is measurable. We assume that the boundary data satisfy
the incompressibility condition, i.e.

J pi du(a) = L and J p§ du(a) = L.
2 oA

Translated in our language, if we set v := P,.#u, we simply impose that mq(vy) = mi(y) = L.
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A measurable family (pf, v{)(a,)e2x[0,1] indexed by o and ¢ such that, for pu-a.e. «, (t — pf) € I' and
v e L2(Q,R%, p¢) for a.e. t, is said to be admissible if
pg = pi and p§ = p§  for p-a.e. «
o + V- (pivi) =0 in a weak sense with no-flux boundary conditions for p-a.e. o
f py dp(a) = L forallte [0,1]
2A
The first equation corresponds to the temporal boundary conditions, the second one is the continuity equation

while the last one is the coding of the incompressibility. If (pf, v{')(a,1)eax[o,1] 18 an admissible family, we
define its (parametrized) action Ap by

Arlpv)= || 1 | Sve @ @) ae auta)

and its parametrized averaged entropy Hp(p,v) : [0,1] — R by, for any ¢ € [0, 1],

Hr(p¥)(0) = [ 1) duo).

The first proposition is very simple: it asserts that every parametric family can be seen as an non parametric
one. In the sequel, we define the boundary conditions v € Pi,(I'(o,1;) for the non-parametric problem by
v 1= Poc#p.

Proposition 5.1. Let (pf', V') (a,teax[0,1] be an admissible family. Then there exists Q € Paam(I') such that
A(Q) < Ap(p,v) and Hg(t) = Hp(p,v)(t) forany t € [0,1].

Proof. Let P : 2 — T, defined by P(a) = (¢t — p§') be the parametrization. We set Q) := P#u and leave it to
the reader to check that this choice works (Theorem 2.4 might be useful). O

The reverse proposition is slightly more difficult to prove: it asserts that one can always build a parametric
family from a non-parametric Ws-traffic plan in such a way that the global action and the total entropy
decrease. In particular, it implies together with Proposition 5.1 that (provided that the boundary conditions
are in a parametric form) the solution of the continuous problem (CP) with minimal total entropy can be
parametrized.

Proposition 5.2. Let Q € P.am(I). Then there exists an admissible family (pf',v{)(a,tyeax[o,1] Such that
Ap(p,v) < A(Q) and Hp(p,v)(t) < Hg(t) forany t € [0, 1].

Proof. Let us disintegrate @ w.r.t. to eg1; = (eo,e1). We obtain a family (Q,,,,)p,,0, of Wa-traffic plans
indexed by (po,p1) € T'yo,13 = P(Q)2. We define the curve p¢ as the average of all the curves in I' w.r.t. to
Qpe, po for any ¢ € [0, 1] and any « for which Q e, pe is defined (and this property holds for y-a.e. «), we set

Py =y (Qp;ap?) :

By definition of disintegration, ego 1}#Q e, P2 is a Dirac mass at the point (pf, p), thus the boundary condi-
tions are satisfied. The incompressibility condition is just a consequence of the incompressibility of Q: for

any a € C(Q),
[ ([t an@)) aute) = [ ([ | [ o0 dnio)| aur,01) anten
-l (][] @ 0] 0@ ) drio0.n)
([ e an) aa)

= JQ a(x) da.
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To handle the action, we use the fact that A is convex and l.s.c. Thus, thanks to Jensen’s inequality, for u-a.e.
a?

A(p™) < LA(p) dQpe p2 (p)-
Integrating w.r.t. 1, we end up with
. 46 duto) < A

We consider only the case A(Q) < +oo (else there is nothing to prove). Thus, for u-a.e. a the quantity A(p®) is
finite. By Theorem 2.4, we can find for each o a family (v{)c[o,1] of functions 2 — R? such that the continuity
equation is satisfied, v € L2(Q, R%, p) for a.e. t and such that the following identity holds

1y , LT
| ] ghve@P app @ ae = | [ e ae
0 JQ A JO

Therefore, we see that the family (pf, Vi) (a,)e2x[0,1] 15 admissible and, integrating the last equality w.r.t. u,
that Ap(p,v) < A(Q).

To get the inequality involving the entropy, we use the fact that the functional H is convex and l.s.c. on
P(Q), thus by Jensen’s inequality,

H (mt (pr‘p;‘:)) < J\F H(pt) de?w? (p)
Integrating w.r.t. 1 leads to the announced inequality. 2
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