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Numerical analysis of the Gross-Pitaevskii Equation
with a randomly varying potential in time

Romain Poncet!

L CMAP, Ecole Polytechnique, CNRS, Université Paris-Saclay, 91128 Palaiseau, France;
romain.poncet@cmap.polytechnique.fr

Abstract. The Gross-Pitaevskii equation with white noise in time perturbations of the harmonic poten-
tial is considered. In this article we define a Crank-Nicolson scheme based on a spectral discretization
and we show the convergence of this scheme in the case of cubic non-linearity and when the exact solution
is uniquely defined and global in time. We prove that the strong order of convergence in probability is
at least one.

keywords: Gross-Pitaevskii equation; numerical analysis; stochastic partial differential equations, nonlin-
ear Schrodinger equation

1 Introduction

The Gross-Pitaevskii equation (GPe) with cubic nonlinearity and quadratic potential is used to model
the evolution of Bose-Einstein Condensate (BEC) macroscopic wave function in an all-optical far-off-
resonance laser trap. Fluctuations of laser intensity lead to consider white noise in time perturbations
of the harmonic potential ([1, 16]). More precisely, we will be interested in the following dimensionless
equation:

{z‘dqﬁ = AOI*7 gdt — (=A¢ + [a*9)dt = |a[*¢ 0 AW, 4

#(0) = ¢o,

where the unknown ¢ is a random field taking complex values, on a probability space (2, F, P), depending
ont>0and z € RY. We take o > 0 and A\ = £1. Here, (W;)¢>0 is a Brownian motion taking real
values associated with the filtration (F;);>¢. o denotes a Stratonovich product. Although the stochastic
integral associated with this product does not verify the martingale property as It6’s product does, this
choice of model is natural since the noise is actually a physical noise which in the real physical case is not
exactly white, but has small correlation length. A good way to understand this is to refer to [11] where
the authors explain that equation (1.1) can be seen in the subcritical case as a limit of equations where
the Stratonovich product is replaced by a random process with nonzero correlation length.

Existence and uniqueness of a solution for (1.1) has been proven in [10] by use of a compactness
method in the case d = 1,2 with restrictions on o. The proof has been then generalized in [11] to the
case d > 3 thanks to a dispersive estimate for the linear equation.



The use of a Crank-Nicolson scheme is natural since mid-point discretization of the noise is consistent
with the Stratonovich product. For example such a discretization has been used in [7, 9, 17]. Moreover,
as this discretization preserves the L?-norm, it has also been used to discretize the deterministic equation
(see [2, 5]) and nonlinear Schrodinger equations with additive noise (see [9]).

One of the main difficulties of this work is to prove stability for the naive Crank-Nicolson scheme
in the linear case. Lack of stability is also encountered in [9], but actually comes from the non-linearity
without truncation. Thus our case-study is more complicated. To estimate the growth of the solution
between two time-steps, one can express the norm (in which we expect stability) of the solution at a
given time-step with respect to the solution at the previous time-step. Such an equation is the discrete
analogous to the It6 formula in the continuous case. However, this method yields some new terms that
we do not know how to estimate, as explained in Remark 3.1. The solution we chose is to replace the
unbounded operator |£L'|2 by a bounded approximation such that we can control its operator norm with
respect to 6t~1/4. This approximation is built with the Hermite functions.

Another difficulty comes from the non-Lipschitz behavior of the nonlinearity. We cannot ensure
existence of a global solution for the discrete scheme by the classical use of a fixed point method. To
circumvent this difficulty we use a classical argument (already used in [3, 7, 9]) that consists in truncating
the nonlinearity to make it Lipschitz, and then making this truncation go to infinity. This argument
leads to a weaker sense of convergence for the untruncated equation compared to the truncated equation.
Indeed, we are only able to get an order of convergence in probability instead of mean-square. This kind
of result is classical for globally non-Lipschitz nonlinearities [7, 8, 19].

Besides, split-step methods have been used to approximate SPDEs and SDEs. One of the main
benefit is that they offer an easy and consistent way to approximate the Stratonovich integral. In [19]
the author proposes a splitting scheme to solve the deterministic nonlinear Schrédinger equation and the
stochastic nonlinear Schrodinger equation with multiplicative noise of Stratonovich type. In both cases the
nonlinearity is chosen to be non globally Lipschitz. For the deterministic scheme an order of convergence
is given for small enough integration time interval, and in the stochastic case an order of convergence in
probability is given on a random time interval. The proof uses a truncation on the nonlinearity. Moreover,
in [15], the authors propose a Lie time-splitting scheme for a nonlinear partial differential equation driven
by a random time-dependent dispersion coefficient. In this case the nonlinearity is supposed to be
Lipschitz, but the dispersion coefficient can approximate a fractional Brownian motion.

We introduce some notations. We define for k£ € N and p € N*,

$RP(RY) = { v € LP(RY), Z |2P0%0]", = [v[B, < +oo p. (1.2)
la|+|Bl<k

We simply denote X* instead of %2, and ¥ instead of ¥!. We denote by C(-) the constants, specifying
dependencies with -. These constants can vary from one line to another. We denote by (-,-) the usual
Hermitian inner product in L?, defined for all u,v € L*(R%) by (u,v) = [, u(z)v(z)dz. We denote
by A the operator —A + |9L‘|2 In dimension d = 1, we recall that this operator has purely discrete
eigenvalues Ay, = 2k 4+ 1, with & € N. The corresponding eigenfunctions are the Hermite functions,
denoted by {ex, k € N}, that form a complete orthonormal system in L?(R). In higher dimensions,
the tensorization of this basis also form a complete orthonormal system in L?(R?). For example with



d = 2, we get the basis {ey; = (x,y) — er(x)ej(y), k,j € N}, and for k,j € N, the eigenvalue of
ex; is 2(k + j) + d. Moreover the sesquilinear form defined on ¥F(R?) x X¥(R9) by (u,v) — (AFu,v)
defines a Hermitian inner product on ¥, and the associated norm is equivalent with the the norm defined
in (1.2). For K € N, we denote by ¥k (R) the finite dimensional vector space spanned by the K first
Hermite functions. In the multidimensional case we denote by ¥z (R?) the finite dimensional subspace
of ¥(R?), of dimension K¢, obtained by tensorisation of the space Y (R) (see [22]). We denote by Py
the orthogonal projection of L2(R?) onto Yk (R?), and we set Ax = APk.

We give now some notations about the the numerical scheme. Let T > 0 be the time horizon,
and N € N* the number of time discretization steps. We denote by §t = T'/N this step. We also set
t, := nét for n < N. We set for all n € N, y"t! = 6t‘1/2(W(n+1)5t — Whst)- Thus (X" )nen+ is a
sequence of independent standard normal deviates. We set (Fy,)nen the filtration defined for all n € N
by F, = o(Ws, s < t,), so that for all n € N* x" is F,,-measurable.

In section 2 we define the numerical scheme. We introduce a truncation of the Brownian motion
increments (that will enable us to control the growth of the solution of the scheme), and of the non-
linearity. We also introduce an approximation of the term |x|2, that will enable us to prove stability.
In section 3 we prove existence and uniqueness of a solution for the numerical scheme. We also prove
stability. The stability relies heavily on the spectral discretization. We prove then in section 4 the
convergence in probability of our scheme toward the GP equation, with a strong order at least one. We
present in section 5 numerical simulations for the numerical scheme, and some convergence comparisons
with various other schemes.

2 Definition of the numerical scheme and main result

This section is devoted to the construction of the numerical scheme and to the statement of the main
convergence result. The technical precisions are quite cumbersome and interfere with the comprehension
of the general idea. For the sake of clarity we first present a refined version of the main statements in
section 2.1, introducing the main ideas and the technical issues. We then give a rigorous definition of the
scheme that enables us to state the convergence result.

2.1 Objectives and formal result

As stated in introduction, equation (1.1) is known to be well-posed under some assumptions on A, o and
d (see [10, 11, 12]). We state a slightly stronger result in the specific case A =1, 0 = 1 and d < 3 for
arbitrarily regular initial condition. All the results of this article hold only in this specific case since we
require the following result,

Proposition 1. Assume A =1, 0 = 1 and d < 3. Then Vj € N*, if ¢y € X7 (R?) then there exists a
unique global solution ¢ of (1.1) adapted to (Fi)i>0, with $(0) = ¢o, almost surely in C(R*; %I (R?)).

The case j =1 and 0 < 2if d =3 or 0 < 400 if d = 2, has been initially partially treated in [10] and
generalized in [11]. Then, the case j =2, d = 2 and ¢ > 1/2 has been treated in [12]. The proof is given
in Appendix and is done recursively using the idea introduced in [12]. This extra regularity is needed



in order to show an order of convergence of the numerical scheme (that will be introduced thereafter)
toward the solution of equation (1.1).

The naive Crank-Nicolson discretization of Equation (1.1) would be given by,

¢n+1 + an

6" = 6" = i (8tA + Vo [af?) ( 5

) —iXStg(o" T, o™), (2.1)

where g is a classical approximation of the non-linearity [13] given by

nil amy 1 |¢n+1|2o+2 . ‘¢n|20+2 ¢n+1 _|_¢n
9(o ’¢)_a+1( G 5 7 (2.2)

which can be simplified (to get rid of the singularity) in our case o = 1 by

(61,67 = 3 (] + o)) (5.
It can be formally written in the following form
6" = Sstmi1d" — NS (6" ), (2.3)
where

ot ot

Tstnt1 = (Id + iEA + igx”“ |17|2> ,
-1

ot ot ot ot

Sstnil = (Id i At z'gx"‘H |x|2> (Id —ig A= z'gx"‘H |x|2> .

Let us suppose that this scheme is well-defined in the following sense,

Claim 1. There exists a unique discrete solution F-adapted ¢ = (¢™)n=o,... N Satisfying (2.1) which
belongs a.s. to L°°(0,T;%7).

Then we want to establish a convergence result in probability for this discrete solution towards the
solution of equation (1.1):

Claim 2. For all k € N*, ¢g € F12 and o < 1, there exists C > 0 such that

li no__ ‘ ay
5§Ton§3£TP(|¢ ¢(tn)|gr > C6t*) =0,

where (¢(t)).e(o,r] denotes the solution of (1.1) given by Proposition 1.

The respective rigorous analogous of these claims are Proposition 2 and Theorem 1. If we aim to
show a convergence in probability, and not a stronger convergence, as mean-square for example, it is
because of the non-Lipschitz nonlinearity. To show this result, we actually prove an intermediary result



of mean-square convergence when the nonlinearity is replaced by a Lipschitz truncation. We lose this
strong convergence by making the level of truncation go to infinity. Similar methods have been used in
[7, 8, 9]

We did not manage to prove these two claims for the scheme given by (2.3). The main issues are
linked to the invertibility of the operator Ts; 41, and to the stability of the linear equation. The goal
of the section 2.2 is to slightly modify operators Ts; 11 and S n41 so that we are able to prove Claims
1 and 2. More precisely these modifications should take into account that for strictly positive values of
j, invertibility of operators Tj; ,,+1 when x" 16t is very negative is not clear. Thereafter we propose
to circumvent this difficulty by truncating the increments of the Brownian motion. Nevertheless this
modification is not sufficient to enable us to prove Claim 2. In order to be able to prove it, we introduce
thereafter an approximating sequence (Bg)ken+ of the operator \:z:|2, composed by bounded operators
in every X! for | € N. By replacing |z|> by Bg, we are then able to prove the stability. The next
subsection defines rigorously such modifications on operators T5; 41 and Ss; 41 that enable us to show
a convergence in probability toward Equation (1.1).

2.2 Rigorous definition of the scheme

In all the following k € N refers to the space ¥¥(R?) in which convergence of the numerical scheme is
expected, and j € N, refers to the space ¥/(R?) in which stability is expected. To be able to prove an
order of convergence, we require j to be greater than k. More precisely, our convergence theorem will
require k > d/2 and j = k + 12.

We first introduce some objects. For all K € N*, we set By, a self-adjoint operator in L? that we will
specify later. It is essentially an approximation of the operator |;13|2 which is a bounded operator in every
Y7 for j € N. We furthermore suppose that for all K € N*, By takes its values into Y, for making the
scheme implementable.

We set now 6 and 6, regular truncations of the Heaviside function such that § € C*(R*),0 > 0,
Suppfd C [0,2] and # = 1 on [0,1]. And we set for all L € N*, for all z € RT, 0,(x) = 6(x/L)
introduce fr, and gy, two Lipschitz approximations of the non-linearity defined by,

1 +
Vo€ T gb(or.00) = 0ulon 0 (0al3) 5 (1onl +leal?) (2522 (24)
Vo e X, fi(¢) = gL(9.9). (2.5)

For all Cy > 0, we introduce the F,,-measurable stopping time 7s; ¢, defined by,
7(6t,Co) =min ({n e N,1 <n < N, |Wy, =W, | > Co} U{N +1}). (2.6)

We introduce this stopping time for technical purposes. It prevents the most shaken up trajectories
of the Brownian motion to downgrade the regularity of the discrete solution. In the regime 6t small,
7(0t,Cy) = N + 1 with high probability, as stated by the following Lemma. It shows that the case
7(6t,Cp) < N + 1 happens with small probability when 0t vanishes and thus corresponds to pathological
cases.

Lemma 2.1. For all Cy > 0,

2
c3N

P (7(6t,Co) < N(6t) + 1) = O(Ne~ 22 ).



Proof of Lemma 2.1. The domination comes from the fact that

P(r(0t,Co) < N(Ot)+1) < Y P(|W,, — Wi, ,| > Co)

1§n§N

e 08).

T

where G denotes a standard normal deviate. The result comes from the fact that for all z > 0,
P (|G| > x) < 27 /2. O

We define the random operators Tgth ni1.0, and Sest, K n+1,0, ON Y (R?) for n < N by,

5t NG o
1 Id+z—AK+2 ”HBK , i n+1 <76t
Tét,K,n—i—l,Cg = 2 (2.7)
0, otherwise
St Vot
! n Id — z—AK—z X"MBr |, if n+l<7g 5t
Sst, K n+1,C0 = 8%, Kym+1,Co < 2 0 (2.8)

Id, otherwise.

Invertibility of the operator (I d+ i‘st Ax + Z\F ”+1BK) follows from the fact that it will be chosen
to be symmetric for the Hermitian inner product in L? (see Assumption 1), and that Y (R9) is finite-
dimensional.

We present now our Crank-Nicolson scheme, with a spectral discretisation in space. More precisely
our scheme is defined on the space spanned by the tensorisation of the K first Hermite functions. We
set the family of stochastic processes (¢ 1 5,), indexed by K € N*, L € N* and all possible values of dt,
defined by,

+1 . -1 k +1
{ TIL(,L,(St = Sot,K,n+1,C0 Pk, L,5¢ — Z5t)‘T6t,K,n+1,COPKgL(qb?(,L,ét? ¢?(,L,5t)7 (2.9)

0
Ok 1,6t = Proo.

Existence and uniqueness of a solution for (2.9) is not obvious since this equation is non-linearly implicit.
We show in the next section that it is actually well-posed. The approximation of the non-linearity is
classical, see 7, 9, 13], and comes from the fact that it is conservative for the energy in the deterministic
case (without truncation).

We specify now how to choose the family of operators (Bg ) xen+. We require it to satisfy the following
assumptions where we denote by ||| - ||[z(zm 5n) the operator norm for the linear applications from %™
to X



Assumption 1. (Bg)xen- is such that for all k € N, there exists C(k) > 0 such that,

By = B}, VK €N~ ( )
|Brlllzesn+e2,mm < C(k), VK €N, (2.11)
1Bx|llzcsrsry < C(R)K, VK € N7, (2.12)
HHAkaBK””L(E?k,L?) <C(k), VK eN~, (2.13)
Vo € X, |R((A¥, Bklo, Bro)| < C(k) |olse, VK €N (2.14)

Assumption 2. We suppose that there exists C > 0 such that for all K € N, for allk € N, for allp € N,
and for all ¢ € LFTP+H2(RY),

2
(ol = Br)s| , < CK7[0f3nepea (215)

Assumption 1 is required for proving the stability of the numerical scheme. Assumption 2 specifies the
convergence of the sequence Bg toward the operator |z|*. Properties (2.10), (2.11), (2.13) and (2.14) are
satisfied by the operator |33|27 and are natural to impose to the sequence (B ), for technical purposes. The
essential difference between (Bg) and |z|* stated in (2.12) is that the Bg are not unbounded operators
from 3* to X*, contrary to |x|2 This is why we expect |||Bk||| s+ x+) to tend to +oo by requiring Bx
to tend to |x|2 when K increases. Moreover (2.12) actually controls the speed at which this operator

norm diverges. This speed comes from the fact that there exists C' > 0 such that for all k,p € N and for
all ¢ € XETP(R9) and for K € N,

| Prdlssn < CKP 5 - (2.16)

Assumption 2 is natural since there exists C' > 0, such that for all k,p € N, for all K € N and for all
¢ € HHP(RY),

|(Id = Pr)¢l5 < CK P[5 (2.17)

and for all ¢ € ZFFPT2(RY),
2
(Id_PK)|x|2¢ - < CK_p|¢|2zk+p+2 . (2.18)

Equations (2.17) and (2.18) follows from a direct computation based on the expansion of ¢ in eigenvectors
of A.

To satisfy hypotheses (2.12) and (2.15), one could think of choosing Bx = P |z|*> Pk, but then
(2.14) would not hold anymore. To satisfy all of them, we can define Bx as a smooth (actually Lipschitz)
spectral cutoff of |z, instead of a cutoff such as Pk |z|> Px. We give now an example of such a family of
operators. We begin with constructing it in dimension one, and we then generalize to higher dimensions.
We fix 0 €]0, 1], the parameter that specifies the smoothness of the cutoff, and we set,

vm S N7 BKe’"L - agenL—Q + Bf,fem + rYryIn(em-‘rQa (219)



with 1

—v/(m—1m= :1:27em,2, if 2<m<OK

2

vmeNVK eN, o= x (;_ (m—I|0K] 0K <m<K (2.20)
LOK] K—-|0K|))’ =

0, otherwise
1
5 (@m+1) = (|2 em), if 0<m<OK

vmeN,VK e N*, pEK={ .k _(m— K] , < (2.21)
BLQKJ<1 <KL9KJ , if K <m <K

0, otherwise K <m

Vm e N,VK e N, ~K =ak . (2.22)

. . . 2 .
We recall that in dimension one, the operator |z|” verifies,

1
Vm € N, |a:|2 em = 3 (\/ (m—1mepm—o+ 2m+ ey ++/(m+1)(m + 2)em+2) ,

which explains why we want (Bg) to satisfy (2.19). Moreover, (2.22) implies that Bg is symmetric. The

extension to the d-dimensional case, with d > 2, is done by setting for i1,14s,...,iq < K,
d d
Bk (@ eik> => Q) (1=t} Bx + Lz 1d) e, (2.23)
k=1 j=1k=1

We refer to [22] for basics about tensorisation. For example, with d = 2, Bg (e;, ® €;,) = (Bkei,) ® €, +
ei, @ (Bxe,,). This extension is natural since it holds for operator |z|*.

In this paper, stability is proved by an extensive use of the boundedness of the operators By . Con-
vergence toward the solution of (1.1) will be achieved by making §¢ go to zero and K and L to infinity.
We will show that stability holds if K does not tend to infinity quicker than 6t~/4 We will show then
that convergence of order at least one in probability holds if K actually scales like 6t—1/4.

3 Well-posedness of the numerical scheme

We begin with explaining how to choose Cjy in the definition 2.6 of 7(dt, Cy). We require in the following
the operator Ss: i n+1,c, and T(;th ni1.0, O be uniformly bounded in K. It is possible to choose Cy to
satisfy this requirement as stated by the following lemma,

Lemma 3.1. Under Assumption 1, for all j € N, there exists Co(j) > 0 such that for all K € N*,
¢ € Xk(RY), 6t € (0,1) and n €N,

2
’S6t,K,n+1,Co(j)¢’Ej <2 |¢|§:a ,  a.s.

2
—1 2
’Tét,K,n—&-l,C’o(j)qb‘Zj <2 |¢|2j , a.s.

8



From now on, we suppose that Cy(j) satisfies this lemma for a given j. We denote then Ss: i nt1,;
and T(;_t,lK,n +1,;- This technical difficulty did not appear in [9] where the noise is multiplicative. The
difference comes from the fact that in our case the potential reduces the regularity of the noise term. One

can note that this truncation on the noise would have been also necessary in order to prove Claim 1 for
operators T 41 and S p4+1 as stated before.

Proof of Lemma 3.1. Let ¢ € Y (R?), n € N and Cy > 0. Then, to simplify notations, we set ¢ =
Sst. K n+1,0,¢- For almost every w € {7(6t) < n+ 1}, ¢ = ¢, where 7(dt) is defined by (2.6), and there is
nothing to prove. Then, we suppose that w € {7(6t) > n + 1}, which implies that /5t ’Xn“‘ < Cp. The
expression of Ss; g ni1,00(j) enables to write,

b= ¢ —i (At + Bty (W) . (3.1)

Then, by taking the L? inner product of both sides of this equation with A7(¢+1)), one finds the following
implicit expression of the growth of the solution :

|5 — [plns =R(AT (¢ + 1), 0 — @)
XS(A? (6 + 1), Br (¢ + ).

—

°|5
&+

Then, using first (2.10), and then (2.13),

5 ‘
012 — 6% = 247 Bl -+ ), 6+ ) (52)

< Vot [xl CG) (i3 + 1013 ) - (3.3)

The last line exhibits the reason why we require the truncation on the Gaussian increment. Indeed, since
w € {7(dt) > n + 1}, we get that

012, 1612, < CoC () (1012, +1012,) (3.4)

and thus by choosing Cy(j) = ﬁ(j), we get that

2, <2182, .

. -1 . . N
The estimate on Tsi knt1.00 () 1s proven in a similar way. O

The next proposition states the well-posedness of the numerical scheme defined by (2.9). In this
proposition we consider K as a function of §t, so that K may tend to infinity when dt tends to zero.
Since the non-linearity is implicit, well-posedness is not immediate. It is classically shown by use of a
Banach fixed point theorem, which can be easily implemented. Moreover, this proof relies on the Lipschitz
truncation of the nonlinearity.



Proposition 2. Under Assumption 1, for ollk > d/2, j > k, L € N*, T > 0 and Ky > 0, there exists
Sto(4, L, Ko) > 0 and C(j, L, Ko, T) > 0 such that for all ¢g € ¥ (R?), for all §t = T/N < 6to(j, L, Ko),
and K < Ko6t~'/4, there exists a unique discrete solution (F,)-adapted ¢ = (¢™)n=o. . N satisfying (2.9),
almost surely in L2 L>°([0,T]; %7 (R?)), and such that

E [sg% |¢"|;J} < CULL, Ko, T) 602,

It is important to notice that the norm in which we truncate the nonlinearity is not linked to the
space in which we prove existence and uniqueness, but to the space in which we will prove the convergence
of the numerical scheme. The fact that ¢ belongs a.s. in L>(0,T;%7(R%)) is understood supposing ¢
constant on every interval [ndt, (n + 1)dt[ for 0 <n < N — 1.

The most technical part in the proof of this proposition lies in showing the stability in ¥7 for the

linear part of the scheme, given by

n+1 — S n n7
{¢ 5t,K,n+1,C0® (3.5)

¢° = Py oho.

Stability of the linear equation (3.5) is a main issue in this article. We recall that we were not able to
prove stability for the semi-discrete Crank-Nicolson scheme defined by (2.3). The proof we present uses
extensively the boundedness of operators B, and the truncation of the noise. The next lemma states
the stability result for (3.5).

Lemma 3.2. Forallj € N, T >0, K € N* and N € N* such that 5t = T/N, there exists a constant
C(j,T, K*t) > 0 such that for all ¢y € ¥/ (R?),

B sup 03| < 06T K0 00 .5)

where (¢™)n<n denotes the solution of the linear scheme given by (3.5).

This Lemma enables to show stability for the linear equation on a fixed interval [0, T}, scaling K as
st1/4,

Remark 3.1. The proof of Lemma 3.2 relies on the discrete analogous of the Ité lemma for the continuous
process (¢¢)i>0 solution of the linear part of (1.1),

dp = —iA¢dt — ilz|>¢ o AW,

Indeed, to show the stability of the numerical scheme, the idea is to compute the variation of the Y (R%)
norm of the solution of the numerical scheme between two time steps. The computation is done in the

10



proof of Lemma 3.2 (see Equation (3.16)) and gives,

n 2 n

6" s =10 5 (3.7)
+ VoIS (A, |2[*)g", ) (3.8)

\/E'vn j n n n n
+ o XS(AT 27+ ), (67— 6") (3.9)

\/E'Vn j n n n n
= S XIS [ (0 67), (67 = ¢7)). (3.10)

For the time continuous process, a similar computation using Ito’s lemma gives,

2 2 bat1 G2 bat G2 2
|Ptois |5y = e, l5 + (A7, |2]"]@s, ¢5)dW s + R([A7, |2]7]@s, |2]” ¢s)ds. (3.11)
t t

n n

Then, the first term in the right-hand side of Equation (3.7) is an approzimation of the stochastic integral
of Equation (3.11), the second term in the right hand-side is an approximation of the Ité correction in
Equation (3.11). It is possible to estimate these two terms in the same way as it would be done to show at
most exponential growth for (3.11) (using Gronwall’s inequality). Yet, the main problem is the apparition
of the third term in the right-hand side of Equation (3.7). We do not know how to estimate it. It is the

reason why we make use of the spatial discretization and the approrimation By of the operator |x|2

We prove now first Proposition 2 and then Lemma 3.2.

Proof of Proposition 2. First, we recall that the approximation of the nonlinearity is Lipschitz as
stated by the following lemma,

Lemma 3.3. Let k > d/2. Then for all L € N*, there exists C(L, k) > 0 such that,
Vug, ug,vr,v2 € BF(RY), g (ur,01) — gf (u2,v2)| 5y < C(Ly k) (Jur — uz|sw + |v1 — va| ).
Moreover, for d=1,2,3, for all j > k, and for all L € N*, there exists C(j, L) > 0 such that,
Vu,v € X (RY), g (u,v)|y, < O, L) (luls; + [vlss,) -
where g% is defined by equation (2.4).

The proof of Lemma 3.3 is classical, and is omitted in this article. Let A < T. We denote by X (5, A)
the space of (F,,)-measurable processes that belong to L2 L>(0, A; ¥/ (R?)). To prove well-posedness of
Equation (2.9) in X (j,A), we use a fixed-point method. It is clear that the solutions of (2.9) are the
fixed point of the application T defined for all ¢ € X (j,A) and for all n < N by

T(9)(tn) = (HS&,K,M) do — iNGE Y ( 11 Sat,m,j> PrT5 95 (S(tm-1),6(tm)).  (3.12)

=1 m=1 \l=m+1

We can show using Lemma 3.2, that for all ¢, ¢ € X(j,A),
Tlx .oy < 2eC0FI2 g3, +4A2C(j, L) K2 g5 . o) (3.13)
T(¢— w)@((k,m < AAPC(k, L) FO% ¢ — ¢|§((k,A) : (3.14)
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The second estimate is established in X (k, A) since we need g¥ to be Lipschitz. Choosing A such that
AA2C(j, L)eCU-K0)A < 1/2 implies that T is a strict contraction in a ball B "®) of X(j, A) defined
by Bal®) .= {¢ € X(j,A), |¢|§((j,A) < M} where we chose M := 4e€U:-Ko)A |¢0|§<(j,A)' This allows to
show local existence and uniqueness in X (j,-). The key point is that the choice of A does not depend
on ¢g. Thus, we can then iterate this process in [A,2A] in the space L2 L>®(A,2A; %7 (R%)), and so on
to get existence and uniqueness of a solution X (j,7"). Moreover since at each iteration the radius M is
multiplied by 4e€U-K0)A we eventually get after repeating this construction on A intervals that,

E [sup |¢(t)221:| < 4T/AeC(j7K0)T |¢0‘221 )
t<T

Proof of Lemma 3.2. To simplify the notations, we set ¢" ! = Ss;  ni1,;6™. We set X" ! the random
variable, independent of F,,, defined by:

>zn+1—{>7n+l it VR < o),

0 otherwise.

Thanks to the symmetry of Bk, one can write for almost every w,

\/7~n+1(\

6" 5 = 16" 5 + S([A7, Bi] (@™ +6™), (67 + ™). (3.15)

We notice then,
VO S(A, B)(@" T 4 ¢7), (67 + ¢™) = Tngr + Igr + I, (3.16)
with

Ly = = Vo' S([A7, Br](¢" ! = ¢7), (6" = ¢")),
[Ty =2V (A7, Bie](¢"H + ¢™), (0" — ™)),
IT1, . =4Vt S([AT, Bg]o™, ™).

Therefore, by setting S,11 = Z 111,11, Equation (3.15) can be rewritten
n=0

P
|¢p+1‘;j - ’¢0|2zj + Sp1 + Z(In+1 + 11 41). (3.17)
n=0

We begin with giving some estimates on I,,, II,, and I11,,

12



Lemma 3.4. There exists C(j) > 0, depending only on j, such that
2 2 1/2 . 25,1/2Y | 42
E i + [T nia P 1Fa] < CGOML+ K26072) 67,
E |[11T0 | Fa] < CGIOEIG",
E[I11,41]Fn] = 0.

The proof of this technical Lemma is postponed to the end of this proof of Lemma 3.2.
We show now an estimation on E U(b”“ ‘;} with respect to E [\(b”éj]. First, equation (3.15) gives

E[Jo" 5] =B [16"16 ] + 1B [T + Thavs + 1T’ (3.18)
1
+§E |:|¢n|227 (In+1 + IIn-i-l + IIIn-‘rl)} . (3'19)

Then, by using Lemma 3.4, we obtain the following estimations for d¢t < 1,

E {(In+1 L+ HI,LH)Q} < C(5)5t(1 + K25tY/%)2E [\¢”|‘§j] , (3.20)

B[16"Ry (nsr + Tgs + I Lgn)| =E (1673, (s + i)
<E[16" s B [(Tnss + Tusn)21F]) ] (3:21)
<C()I1+ K23tV [197]3,]
Collecting (3.18), (3.20) and (3.21), we obtain for 6t < 1,
E[lom+[s,] < ciot+ K26 2R {16715,
Then by using Gronwall’s inequality, we can estimate E [|¢"|§]} uniformly in n < N and 6t < 1,

n 1/2 . 2¢.1/242
E[\sb |§J} < COITAFKIDT 5012 (3.22)

We now turn to the estimate of E {suppg N |q[)p|éj}. We proceed by triangular inequality by bound-

ing first E [sup,<y Sp] and then E [sup,<n >0 _((I1p41 + I11,11)] in Equation (3.17). Noticing that
(Sp)pen is a (Fp)-martingale in L2, and using Doob’s inequality,

E [sup Sp] < 2E [5]2\,]1/2 .
p<N

Since for all n € N E [I11,,41]F,] = 0, using Lemma 3.4 and Equation (3.22),

N-1

E [512\7] = Z E [IIIT2L+1]

n=0

3 . 26,1/242
< C(j)TeCDTATEE 6018, .
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Then,

. [SER Sp} < C(j)TeCDTARIN) g2 (3.23)
Y2

The estimate of E [sup,<y .5 _((Iln41 + I11,41)] is done using triangular inequality, Lemma 3.4
and Equation (3.22),

sup Z Il + 111,44
p<N

2 2
<E (532 > g+ HLLH)

N
< NE lZ(HnH + HInH)Z] ,
n=0

and using Lemma 3.4 and the uniform bound given by (3.22),
2

sup ZIITL+1 + IIIn+]_ S C(]>N26t2(1 + K26t1/2)Zec(j)T(l—‘,-Kz(Stl/?)z |¢0|§J ’

PN o

that is to say,

[sup Z ILoyy + IT1, 1 | < C(, T, K*5t) |gol2; - (3.24)

p<Nn 0

Collecting Equations (3.17), (3.23) and (3.24), we obtain that for 6t < 1, there exists C(j, T, K*6t)
such that

E [sgg |<z>”|;j] < CULT. K)o, |

We prove now the technical Lemma 3.4 introduced in the proof of the Lemma 3.2.

Proof of Lemma 3.4. We prove estimates on I,,;1 and I, 1. Equation (2.13) enables us to estimate the
inner product that appears in I, 11,

L] = ]f CHS(A7, Bi)(@mH - 67, (67 - ¢m))|
] \/7’5271+1| |¢n+1 o ¢n|2j ,

and using again the implicit relation (3.1), we obtain

|In+1| < C \/”%n+1| (‘&A ¢)"+1/2‘ ‘\/;%THJB ¢n+1/2‘zj)
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Then, equation (2.12), with the fact that ‘¢’L+1/2|; < \/§|¢"\§J yields for 6t <1

1/2

E [15+1\Fn] <C(5)6t(1 + K25t'/?) |¢n|221 .

We prove now estimate on I1,4;. We recall,
I =2Vt FIS([A7, B (9" + ¢™), (9" — ¢™)).
Again, we replace ¢"t! — ¢" by the implicit formulation given by (3.1),

Il 1 =62 IR(A7, Bi](6" T + ¢™), A (" + ¢™))
+ (X2 R((AT, Bg)(6" ! + ¢), Br(¢" ! + ¢™))

=1 + 1.
Then, by (2.13)

li| < C(j) |[x" T o>/

¢n+1/2‘ ‘ ‘PK¢n+1/2
i

itz

Using (2.17) and Lemma 3.1, we get,

(an/Q‘zj ‘PK¢”+1/2‘23‘+2 sCK |¢"|22_7, ’

which leads to,
il < C(OE KR 1675
and it follows that,

1/2

B[ F] " <c()sr2 K 1gm

The estimation of 4 follows from (2.14) and Lemma 3.1,

1/2 . n+1\2 | 1n|2
S CHX"T) D" 5 -

E |liil” | 7]
Eventually, collecting (3.25) and (3.26) we get that

1/2

E[I171|Fa] 7" < COSHL+ K6t1%) |6" 3,

15
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4 Convergence of the numerical scheme

The main objective of this section is to prove that the solution of equation (2.9) converges to the solution
of equation (1.1) in a probabilistic sense that we define later. Our numerical scheme (¢ ; 5, )n<n (2.9) is
parametrized by the three variables K, L and ét. Morally, we expect @'k 1, 5 to tend to gb(tn) as we make
ot tend to zero, and K and L to infinity. The goal is now to prove this limit. To do so, we specify the
divergence of K and L with respect to dt. We consider them as functions of the time step, and we denote
them by K (0t) and L(dt). We are able to specify explicitly the function K (dt), but not the function L(dt).
Indeed, we recall that on one hand, in order to prove stability, we had to impose a maximal growth on
K with respect to 6t~ /4. Now, we actually require it to grow at this speed §¢~/* (in other words we
suppose that there exists Ky, K1 > 0 such that K; < K(ét)ét’l/4 < Ky for all §t). This condition on
K (6t) is sufficient to prove the convergence. Nevertheless Theorem 1 only establishes the existence of
a choice of L(dt) for all §t that enables to prove the convergence. Since we do not track explicitly the
dependences on L in our computations, we are not able to define explicitly this function L(dt). This
function is chosen according to the following criteria. First, for §t small enough, L(dt) must be small
enough to ensure existence of a solution for the numerical scheme. This remark defines a maximal speed
of divergence on L(dt). Then, since we compute all the error bounds in mean-square up to a multiplicative
constant that depends on L, and increasing with L, in Proposition 3 and 4, then this parameter should
diverge slowly enough with respect to dt to still ensure the convergences stated by these propositions.
This last point is explained in detail in the proof of Theorem 1.

We can now state that our convergence result of (¢% s,) 1.(51),5¢)nen toward (¢(tn))nen, when 6t tends
to zero.

Theorem 1. We suppose Assumption 1 and 2 to be verified. For all T > 0, k € N*, ¢g € TFH2(R?),
Ko> Ky >0,C >0, and all a < 1, there exists a choice of L(dt) such that

0t—=0 pse<T

This theorem ensures that the numerical error is small for small §¢ on large sets of 2. This kind of

convergence result has been studied in [8] for a numerical scheme for the stochastic cubic Schrodinger
equation with multiplicative noise of Stratonovich type.

In order to explain how this result is obtained, we introduce some notations. We consider the following
truncated and projected equation for a fixed L > 0.

iddrc 51y, 1. — MNP (o0 fL (DK (51),0)dt — Ak (50) DK (51),0.8t = Bre(st) P (s0),1 © AW, (4.2)
b (st),L(0) = Pr(56)P0-
We denote by (¢x(st),1(t))e<T, the solution of this equation.
We also set (¢r1(t))t<r, the solution of the following truncated equation
idpr, — Nfp(¢r)dt — Agrdt = |z|*¢r 0 AWy, (43)
¢r(0) = ¢o.
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We set now, the F,-measurable process (z/ﬂ;((&) 1 st)n<n which is essentially the stopped version of
(@K (s1),.(t))e<T at stopping time 7(dt), defined by

Prgo, if n=0,

Wf(ﬁt),L,ét = Oren,Ltn), if 0<n<7(dt), (4.4)
?(?(slt) L Otherwise.

The convergence is obtained in several steps. We start by proving that (d)’]‘(( St)L, s¢) can be as close
as we want (for the L>*L2¥* norm) to (Vk(st),0,5¢) Py choosing 0t small enough. This result is stated
in Proposition 3. Then we use the fact that (1/1}‘((&)#&) is equal to (¢x(s1),1(tn)) With high probability
when 6t is small. We use then the fact that (¢x(s¢),2(tn)) converges to (¢ (t,)) for the L>°L2¥* norm at

order one in 6t, provided that K (§t) grows at least at speed §t=1/%. This result is stated in Proposition
4. Eventually, we use the fact that (¢ (¢,)) is equal to (¢(t,)) with high probability when L is large.

Proposition 3. We suppose Assumption 1 to be verified. For allT > 0, for allk € N*, for all L € N* and
for all Ky > 0, there exists No(T,k,L) € N* and C(T,k, L, Ky) > 0, such that, for all N > No(T,k, L)
and 6t = T/N, for all K < Kobt='/*, and for all ¢y € TFH12(R?),

2

sup E UQS?((&),L,& - wnK(ét),L,ét ] < C(T,k, L, Ko)6t* |¢0‘22k+12 ) (4.5)

n<N

where (¢?((5t)7L)6t)n§N is defined by (2.9), and (w?{((st),L,ét)"SN is defined by (4.4).

Proposition 4. We suppose Assumption 1 and 2 to be verified. For oll T > 0, for all k € N*, for
all L € N* and for oll K1 > 0, there exists C(T,k,L, K1) > 0, such that, for all 5t = T/N, for all
K > K6t~ and for all ¢y € TFH12(R?),

>k

51<1RE |:‘¢K(§t),L(tn) - ¢L(tn)‘22k:| < C(T7 ka L, K1)6t2 |¢)O|§;k+12 . (46)

The proof of Proposition 3 is quite technical. It is done by controlling the numerical error at one
step by the error at the previous step, in order to use Gronwall’s inequality to conclude. This proof uses
extensively the boundedness of operators Bx as in Lemma 3.2. The proof of Proposition 4 relies on 1td’s
lemma, Assumption 2 and the fact that K grows as speed 6t 1/4.

We prove now first Theorem 1, and then Propositions 3 and 4. The proof of Theorem 1 relies on these
two propositions. We choose to show this proof first since the arguments are quite simple and follow on
from the convergence results of Propositions 3 and 4.

Proof of Theorem 1. Our goal is to show now that for all & > 0 there exists a pair (§t1, L) such that
(Stl S (Sto(j,L, Ko) and for all 6t S 5t1,

P (‘QS?((&),L,& — ¢(tn) o 2 C5ta) <e

Then, we can set L(dt1) to be such a L associated with dt;.
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For L > 0 and 6t < 6to(j, L, Ko), we upper bound P (‘QS’}((&)’L& — ¢(t,) > Cot>
way,

) in the following
>k

- > C&a) <P (‘QST]L((&),L,& — Yk ()10t
+P (‘¢?{(6t),L,6t - ¢K(5t),L(tn) - > O(Sta/‘l)

+ P ([ox(0),L(tn) = d1(tn) |5 > COt*/4)
+P(|¢r(tn) — d(tn)lsn > Ct/4)
<i + i + 4 + iv.

P (|00t — O(tn) = 0ot /1)

Choosing L large enough ensures that P (sup,,<y [#(tn)|sr = L) < /4 since (¢(t))i>0 € C(RT, TF).
Then it comes iv < /4.

At the cost of supposing 0t even smaller, we can assume that P (7(6t) < N) < /4, which leads to
11 < /4. This follows from Lemma 2.1.

We now use Proposition 3 and 4 with Markov’s inequality to choose C' such that i + iii < £/2:

1
i+ i < (E [
5t2(17a)
<z
>~ 2

;} +E [’cf)K(at),L(tn) - ¢L(tn)|;k:|>

?((51&),L,5t - ¢?<(5t),L,5t
b0l 5ns12 (C(T, k, L, Ko) + C(T, k, L, K1) .

Since §t2(1=) tends to zero when 8t tends to zero, then it is possible to take 8t even smaller to ensure
that i + it < g/2.

It is clear that for all € we can construct a pair (dt1, L(dt1)) with d¢; that tends to zero when € tends
to zero, and such that

P <‘¢?((6t1),L(6t1),6t1 — ¢(tn) - 0575?) <e.

It implies the result,

6t—0

Proof of Proposition 3. To simplify notations, we get rid of the subscripts K(dt), L and 6t in this step.
For example, we denote (;S”K(ét)’L,& by ¢™. We also use g and f instead of gf and fF defined by (2.4) and
(2.5). We set for allm < N, ™ = ¢" — ™.

Our goal is to show that there exists C(T, k, L, Ky) > 0, such that,

E Ue"“@k] < (14 8tC(T, k, L, Ko))E [|e"|;k} +3C (T, k, L, Ko) |¢o] 2o - (4.7)
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This will enable us to conclude this proposition by using the discrete Gronwall’s Lemma. To show
Equation (4.7), we are going to show that,

]mz (e — o7, abent1/2)] ’ < O(T,k, L, Ko)ot (B [le" 3] + 662 6ol ) - (4.8)
To prove these estimation, we begin with splitting e”*! — e™ as a sum of several terms, to make clear
how each of these terms are small.
Using Equations (4.4), (4.2) and (2.9), we get that
P =" + Lty sni1) <*i5tAK¢n+1/2 — iVt B2 — it Prg(n" T, ¢n)) ;

and

Wltns1) = V(tn) + Lirsrominy (—i /t " Ako(s)ds — i /t " Bro(s) odW, — i /t b f(qS(s))ds).

n n

We split e"*! — €™ in the following way,

et = en Tirsty>n+1y (@1 +az +az), (4.9)
with
tni1
ay = —i6tAggnt/? +i/ ArP(s)ds, (4.10)
tn
tnt1

ag = —iVoty" T B¢ t/? —|—i/ Br¢(s) o dWs, (4.11)

tn

trnt1
as = —i(StPKg((bTH_l, ¢n) + Z/ PKf(¢(S))dS (4.12)

tn

(4.13)

ay comes from the term Ax¢rdt in (4.3), as comes from the term By ¢y, o dWy, and az comes from the
nonlinear term. We now split these terms again to make clear how we are going to prove their smaliness.
We set a; =ai + 1.2 + ai,3 Wlth,

_ . n+1/2
a1,1 = —Z5tAK€ / )

ai = —%6tAK(¢(tn+1) = ¢(tn)),
s =i [ Ak(ol) = olt))ds.

We define R(t,s) for t > s by

R(t.s) = [ Awotr)ar+ 5 [ Browiar+ [ Pf(otr)ar (114)
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as can be split in the following way.

tn+1
a9 = — imxn+lBK€n+l/2 — igxn+131{<¢(tn+1> — ¢(tn)) +'L/ BK(¢(S) - ¢(tn)) © dWs
t

Vot

tnt1
== VB B [ BR(0(0) = 0(t))ds = G Bil0ltin) - 0(t)

+i/t " Bre(6(s) — 6(tn))dW,.

The last equality is just the Itd form of the first one. We split again the two last terms in the right-hand
side of the second equality by using again Equation (4.2) to explicit ¢(tn+1) — ¢(t,) and @(s) — P(ty,).
Then, we can split as by setting as = a1 + az,2 + ag 3 + az,4 with,

a1 = —imX”HBKe"H/Q,

\/(% L tnit1 tnt1 S

t20 ==Y B [ Brols) — o)W+ [ Bic [ Bictor) = (e, )aw, .
tn tn tn
1 tn+t1 )
ma=g [ BR(O() ~ olt)ds,
t bnt1
az4 = —anHBKR(th,tn) —|—/ Bi R(s,t,)dWs.
t

n

We set asz = as;1 + a3 2 + as.3 VVlt]h7

ag1 = _i(stPK (g(¢n+ ) g( ( n+1) ¢(tn))) )
az2 = —i0tPx (g(¢(tn+1), ¢(tn)) — f(B(tn)))

G5 =i / P (1(0(5)) — F(6(t)) ds.

n

Terms a2, a1,3, @22, 2.3, a2,4, a3 2 and as 3 have similar smallness properties. This is why we set
f defined by

f=a124+a13+a22+az3+azs+aszz+ass.
Then, Equation (4.9) can be written as
entl — e = ]l{T(ét)>n+1} (al_’l +az1+ag1+ f) . (415)

Plugging this expression of e"*! — e” into Equation (4.8) and using the triangular inequality it becomes
clear that, in order to show the estimation (4.8), it is enough to show that for all 1 < p < 3,

[RE (175051 (ap0, A% H2) || < OOk, T3t (B [lem 3] + 08 ol ) (4.16)
and

[RE [y (A5 72)] | < OOk, 3,758 (E [Jen 2] + 62 Il (4.17)
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If we try instead to take the square of each side of equation (4.9), then we won’t be able to estimate
properly E [|a2\ék].
Before starting to prove Equations (4.16) and (4.17), we explain why we chose to decompose e"+1 —en

as in Equation (4.15). As we said, it comes from the smallness properties of f, which is quantified by
the following Lemma,

Lemma 4.1. There exists C(L,7,T) > 0 such that,

4 11/2 . 5L 2
E[Ifl5] " < O 4, 7)68 160f3 s -
Proof of Lemma 4.1. The proof of this Lemma is a direct consequence of Lemmas 4.2 and 4.3. O
Lemma 4.2. ForallT >0, L € N*, K(6t) € N*, j € Nif ¢y € X9 (R?), then K (st),r. € L>(0,T; LAY (RY)),
where ¢ (54,1 is the solution of (4.2), and there exists C(T, L, j) > 0, independent of ¢o, such that,

4 1/2 . 9
SupE [[6xc (oo (B)]s ] < CTLLg) ol
t<T

Lemma 4.3. For all T > 0, L € N*, j € N, K(6t) € N* and for all ¢pg9 € ¥/ (R?), there emists
C(T,L,j) > 0, independent of ¢g, such that, for all s <t

1/2
|7 =i —9) 6ok,

E “QSK(&),L(t) - ¢K(5t),L(8)|;

and

1/2 .
E[IR(t5)l5] " < (L) = 5)? b0l
where ¢ (s5¢),1 is the solution of (4.3). and R(t,s) is defined by (4.14).

Their proof is let to the reader and follows from It6’s Lemma.
Yet, in the following of the proof, we need another stronger result,

Lemma 4.4. f can be split in two terms fi and fa, such that there exists C(L,j,T) > 0 for which

1/2
E[lfils] < O 5T d0f30s (4.18)

1/2 . 3 9
| = O, 1)t (ol

E[If13
and

E [(f2, A¥en)] = 0.

Proof of Lemma 4.4. The proof of Lemma 4.4 is quite computational, but not difficult. The idea is to
develop the terms ¢(s) — ¢(t,,) that appear in the expressions of the a; ; using Equation (4.3) in the Ito
form. Then one has to collect the terms with zero expectation when taking their L? inner product with
AFe, . These terms form fy. The remaining terms form f; and their estimation (4.18) follows from a
direct application of Lemmas 4.2 and 4.3. O
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We can state the following Lemma, that gives a naive estimation of e"t! — e,

Lemma 4.5. For all j € N*, L > 0 and Ko > 0, there exists C(L,j,T,Ky) > 0 such that, for all
ot < Sto(j + 2, L, Ko) (where 6to(j + 2, L, Ko) is given by Proposition 2)

E [|en+1 - e"@j] < O(L,j, T, Ko) (5tIE [|e”|§j+2] + 6% [\f@jm}) .
Proof of Lemma 4.5. The proof starts with the following triangular inequality,
) ]
Eflent —ely,] <3 (Eflonill] +E [lazal3,] + B [lasall, | +E[1£12]) (4.19)

Then, it comes directly that,

2 2 nt1/2)?
E {|a1,1|gg} < Ot°E ||e A
2]+2_
and using Lemma 4.6,
E DGI,I@J} < C(j, L)t (E [‘en@:ju} +E [|f|;a+2D . (4.20)
Similarly,
E {|a |2 ] < SR | (xT1)? |ent1/2 ’
2,1 I -_— Ej+2 Y
and using Lemma 4.6,
E[laza 3] <0G D)ot (B[l 3| +E [1302]) - (4.21)

The third term is estimated from the fact that g is Lipschitz,
E[lasals, | <0G Do (B [|e || +E [l ] ]).
and using Lemma 4.6 yields,
E[las1f2,] < G, Dot (B[1en%, ] +E[I7%]) (4.22)
Eventually, collecting Equations (4.19), (4.20), (4.21) and (4.22), and using Lemma 4.1 yields,
B[lent e[, | < O(L, 4,7 Ko) (88 [l Bya] + 62 [I£ 0 ) -
O

We need a last result that makes use of the truncation of the discretized Brownian motion at each
time step.
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Lemma 4.6. For all j € N*, L > 0 and Ky > 0, there exists 6t1(j, L, Ko) < dto(j, L, Ko) (where
0to(4, L, Ko) is given by Proposition 2) and C(j, L) > 0 such that for all 5t < 0t1(j, L), almost surely,

nt1)2 . n|2 2
"o < CGL) (lem e + 17 ) -

Proof of Lemma 4.6. Ifw € {7(0t)(w) <= n + 1}, then there is nothing to prove. Otherwise, by definition
Vit [x" 1| < Cp and we have by (4.9),

"t =e" + (a1 +ag + a3),
Then,
|en+1|22k - |€n|ék = R(A* (" 4 ™), a11+az1+as1+ f).
Since a; 1 = —idtAge™ /2, it comes that
R(AF ("t +e™),ar,) = 0.
Since a1 = —iV/otx" T Bge /2,

§R<Ak(6n+1 + en),a271> _ 72\/(%Xn+1%<14k6n+1/2,BK6n+1/2>
_ \/(%Xn—i—l(\}qu’BK]en+l/27en+l/2>.

Then, using (2.13), we get in the same way of Equation (3.2) and (3.4),

R(AM(E"H +e),az1) < C()Vt x| |+

2
>k

2
< C()C(j) en+1/2

>k

L 12 n
< C’OC’(j)§ <|e +1|2k + e IQEk) )

Note that the constant C(j) is the same here as in Equation (3.2). Then, following the proof of Lemma
3.1, we get that CoC(j) = 1/3.
Since az;1 = —i6tPx (9(¢" ", ") — g(¢(tn+41), ¢(ty))), and using Lemma 3.3,
R(AE (e + "), az1) < CGL L)t (e 3 + e 34 )
And eventually, by the Cauchy-Schwarz and the Young inequalities, for all € > 0,
4
(AR e, ) el [ + 2 TR

To sum up, we obtain that,

CoC(4 CoC(4 4
|e"+1|;k (1 - OT(J) +C(j,L)5t+s> < ez (1+ 02(3) +C(j,L)5t> +3 flaw -
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Then, by taking e, small enough, and choosing ét small enough, one can ensure that
CoC(j5
(1 - OTU) + 0, L)(SH—@) > 0,
which proves that there exists C'(j, L) > 0, such that,

"o < CGLL) (lem e + 175 ) -

(4.23)

O

Thanks to these lemmas, we are now ready to prove Equation (4.16) for p € {1,2,3}, and Equation

(4.17). We begin with Equation (4.16).
e Estimate of RE []I{T((;t)>n+1}<a171, Ake"H/Z)]. We recall that
a1,1 = —iétAKe"H/Q.

Then (a; 1, A¥e"+1/2) is purely imaginary, and it follows that

RE |:]].{7—(5t)>n+1}<a1,la Akenﬂ/zﬁ =0.

e Estimate of RE []l{T((;tan}(aM, Ake”“/z)]. We recall that
a1 = —i\/c%XnHBKe"H/z.
Then,
R(AFe™ /2 a5 1) = =Vt S (AR Breent?)
= %\/&X"qu/xk,BK}enH/?,enH/?).
We split this expression in the following way.
R(az,1, Ake"+1/2> Si\/ﬁx”H’_l%([Ak, BK]e"+1/2, )
+ imst(w, Bgle, e"t — em)
+ %mx"“%w, Brle™, e
=I+1I+1I1.

Using the following triangular inequality,

\%E [11{7(5t>>n+1}<a2,1, A’“e"+1/2>] \ <E[I)] +E[II] + |E 150 5n13 T

we estimate now each terms in the right-hand side of Equation (4.25).
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o Estimate of E[|I|]. We recall that

1
|| = L\/&X”HS([A’“,BK]6"+1/2,6”+1 —e™).

Plugging the expression of "1 — e™ given by (4.9) into this expression, and using the trian-
gular inequality gives,

1
1] < ’45t1/2x"+1%<[Ak,BK]e"“/%al,o

1
+ Z§t1/2xn+1%<[14k7BK]en+1/27a2,1>

1
+ Z5t1/2xn+1%<[14k,BK]6n+1/2,a3)1>

1
* 45f1/2x"“%<[Ak,BK]e”+1/2,f>‘
=i+ ii + iii + .
By replacing a1, ag,1 and as; by their definitions gives,

1
1] < | 08X IR(AR, Biclem 12, Agee™ T2

1
+ 15t(Xn+1)2§R<[Ak7 BK]€n+1/2, BK€n+1/2>

| oA Bien 2, o) - f(¢(tn))>’

+ i5t1/2xn+1%<[14k,BK]en+1/2,f>'

=1+ 91 + 191 + 0.
By use of Assumption 1, we can easily get,

E ;] + E[it] < C(k,L)5tE {((X”H)? 1+ BIK |Xn+1|)] o1/ 2

sk

2
Since €"t1/2 is not F,-measurable, we now use the almost sure bound on }e”*l/ 2|Zk given
by Lemma 4.6, followed by Cauchy-Schwarz inequality,

E[i] + E[ii] SCR)OE [((¢) + VALK ")) (e + 173 )
<C(R)SHE | (") + VLK [x" || E [Je" 3]

O (0 + VoK [ ] e 1]
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To estimate expression iii, we use the fact that f is Lipschitz, Cauchy-Schwarz and Young
inequality, to get,

E [iii] <C(k, L)5t*/*E [|X"+1] ent+1/2

- |6n|zk}

<C(k,L)6t*/*E [|x"“!2] E [Ie"lék}

2
sk

Eventually, the last term v is estimated by Young inequality followed by Cauchy-Schwarz
inequality,

+ C(k, L)6t3/*E { entl/2

E[iv] <C(k)StE {

en+1/2’;} + C(K)E [(Xn+1)2]1/2 E |:|f|§)k:| 1/2.

By collecting the estimations on ¢, i, 74¢ and v, and using Lemmas 4.1 and 4.6, it comes the
following estimation of |I|,

E (1] < C(k, K202, L, T) (SE [|e" 3] + 0t |0l3e1s ) (4.26)
Estimate of E[|II]]. We recall that

1
e ‘4\/<§Xn+1<5<[Ak,BK]e”,en+l — ™.

Similarly to the estimation of E [|I]], we plug the expression of e"*! — e™ given by (4.9) into
this expression, and using the triangular inequality gives,

1
|11 < ‘4(5151/2)("“%([14]“, Bkle™,a11)

1
+ Zétl/zxnﬂquk,BK]en,aQ,g

1
+ Zétl/QXnHS([Ak, Bkle™, as 1)

1
4
=1 + 1 + i1 + 1.

+

5t1/2xn+1%<[14k,BK]en,f>‘
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By replacing a1, ag,1 and as; by their definitions gives,

1
[1T] < | 0823 T IR((A, Brcle™, Agce™172)

+ iét(xn-‘rl)?%qu’ BK]en, BKen+1/2>

b |Sarsiaym i an, Blem, 167 - f(¢(tn))>'

1
F 3T B, )|

=i+ it + 191 + .
Terms i, 447 and v can be estimated with the same techniques we used to estimate expression
I, and we get,

E[i + i +iv] < C(k, K25t/2, L, T) <5tIE [|e"|§k} + o83 |¢0|§k+8) . (4.27)
To estimate expression i we use the following technique. We split i in the following way,
1
1 < ‘8575()("“)23?([/1’“, Bgle", Bg (et — e"))‘

+ ‘iat(xnﬂ)mq/xk, Bxle", Bge™)

The expectation of the second term in the RHS is easily estimated using Assumption 1 since
e” is independent of Y"1, and gives,

E H iét(x”“)Qﬂ%([Ak, Bgle™, Bge™)

] < CRIE [|e" 3]

To estimate the first term in the RHS, we substitute again ¢! — e” by its expression given

by (4.9), and use the triangular inequality,

1
‘8&(){"“)2%([14’“, Bgle™, BK(e”'H — e"))’

< ’;5t2(xn+1)2g<[Ak,BK}en,BKAK6n+1/2>

1
+ §5t3/2(xn+1)3%<[Ak’ BK]en’B%(en+1/2>

+| s aqar, Bulen, Bt - f(¢(tn)))>’
1

+ §5t3/2(xn+1)3§}%<[14k’ BK]en,BKf>’

=a+B+v+0.
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The most difficult term to estimate is 5. The estimation of «;, v and ¢ is left to the reader.
To estimate 3, we use Cauchy-Schwarz inequality and Assumption 2.12,

3
E[B] SC(k)(stS/QE [’Xn+1| |en|2k ‘B%€n+1/2‘2k}

SC(k)(St((Stl/sz)E {|Xn+1|3 ‘6n|2k en+1/2

ol

Now using Young’s inequality and Lemma 4.6, followed by Lemma 4.1,
E (8] <C(R)ot(st/252) (B [+ e ] + B [1£124])
<C(k)ot(ot2K2) (B [[x "] B [Je" ] + C(L, b, T)0E |0l3-s )
This last estimation can be written as,
E[8] <C(k,8t*/2K2, L,T) (6t]E [w;k} +ot3 |¢0|;k+8) , (4.28)

and combining (4.27) and (4.28) leads to the following estimation for E [|1I]],

E[|II]] <C(k,6tY2K2, L, T) (&E [|e"|§k} +ot3 |¢0|§k+8) . (4.29)

o Estimation of |E [1{(s)>n+13I11]|. It follows from the definition of 7(6t) (see (2.6)) that,
Lrsty>nt1y = Lrony>np L {jynsrj<cpst-1/2}-

Using now the fact that Xn+1]1{|x"+1|<006t*1/2} is independent of €™ and 1, (5¢)>n}, it follows

E [1¢r6ty>nt13I11] =E |:Xn+1]l{|xn+1\<005t—1/2}
x E {11{7(5,5»”};m%([Ak,BK]e",e”>] .
Since
it follows that,
E [T 50y5nsy I11] = 0. (4.30)
Eventually, combining (4.26), (4.29) and (4.30) gives,

‘mz [11{7(&)>n+1}<a2,1,Ake"“/?)} ) < C(k, 6t K2, L, T) (6ﬂE {|e"|22k} +ot3 |¢0\2EM) . (431)
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e Estimate of RE []1{7-(50>n+1}<a3’17 Ake”“/g)]. We recall that

a1 = —i6tPk (9(¢" ", ¢") — g(d(tns1), d(tn))) -

Using Cauchy-Schwarz inequality and the fact that g is Lipschitz for each variable in ¥*(R9), it
easily comes

’éR]E {]1{7(5t)>n+1}<a3,1,Ake”“/?)} ’ < O(k,L)dt <IE “e"\;k} +E Ue”“@,c}) .
Using now Lemma 4.6, it comes,
RE [1r sty (s, AP/ | < Ok, D)ot (B [lem ] + B [1£134]) -
Eventually using Lemma 4.1, it follows that,

[RE [1r(s0y5ms1y (3,0, A% | < O, L,T) (SE [Je e ] + 66 [00fs) - (4.32)

We recall that, at this stage of the proof, Equations (4.24), (4.31) and (4.32) prove Equation (4.16)
for p € {1,2,3}. It remains to prove Equation (4.17), which is done now:

e Estimate of RE []I{T((;t)>n+1}<f, Ake”“/Q)] This estimation uses extensively the Lemma 4.4. We
introduce fi and fo, given this Lemma, and the triangular inequality to get,

‘%E []1{7—(5t)>n+1}<.f7 Ak€”+1/2>} ‘ < ‘éR]E {1{7(6t)>n+1}<.f17Aken+1/2>} ’
+ ‘%IE {]1{7(5t)>n+1}<f27Ak@nﬂ/z)}‘
=(i) + (44).
We estimate now (i) and (it).
o Estimation of (7). By Cauchy-Schwarz and Young inequalities,

(i) SC((S;]E[ i} +§E [IflikD,

en+1/2

and by Lemma 4.4,

. . ot n+1/2 2 3 2
(i) < O(Log. 1) ( B |2 |+ [golnss ) (4.33)
o Estimation of (i7). By triangular inequality, we split (i¢) in the following way,

- 1 - n n
(i1) SiE H(AszyAlC 2(emtt —e )>|]
o [ [ e

- ’E {H{T(ét)ﬁn+1}<f2’Aken+1/2>}’
<(a) + (b) + (c).
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Thanks to Lemma 4.4 we get
(b) =0, (4.34)
and using in addition Young’s inequality,
(a) < C(L, . T) (E [Je" 5] + 68 b3z ) (4.35)

We use Young’s and Cauchy-Schwarz inequalities to estimate (c) ,

1

(c) < §tE “e"“];k} + 51@ {]1{7—(6t)§n+1} |f2\;k}

< OB [Je 3] + %]P’(T((St) <n+ D)2E[fl] i
Using again Lemma 4.4 and the fact that there exists C'(T') > 0 such that
P (r(5t) < n+1)"/? < C(T)st
holds uniformly in §t,
(¢) < Ot |2 ]| + CL b, T)6E [0l us (4.36)
Then, by collecting (4.33), (4.34), (4.35), and (4.36), we get that

RE []1{7(5t)>n+1}< f, Ake”+1/2>} < C(k,L,T) (mz [\e"@k} + o3 |¢0|§k+8) : (4.37)

which proves Equation (4.17).
Since Equations (4.16) and (4.17) have been proved, it immediately follows Equation (4.7):

E Ue”“@k} < (14 6tO(T, k, L, Ko))E {|e"|22k} + S13C(T, kb, L, Ko) | ol 2sn »
and the discrete Gronwall’s Lemma gives that,
E Uen+1|;k} < eC(T,k,L,KU)nét(StZC(T7 k, L, Ko) |¢0‘2Ek+12 ’

and

sup E [|e"\22k} < O(T, k, L, Ko)st2C(T k, L, Ko) | do|2esns -
n<N
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Proof of Proposition 4. We begin with recalling that since the nonlinearity is truncated to be Lipschitz
in ¥*(R9), it follows that for all L > 0 and T > 0, there exists C(k,L,T) > 0 such that for all
¢O c Ek+12(Rd)’

2
SUDE (161 (D)les12 ] + S E | [érc(50,2 () e 10| < Oy L, T) 0z (4.38)
t<T t<T

where ¢, is the solution of Equation (4.3) and ¢ (st),z, is the solution of Equation (4.2).

We define the F;-measurable process ® i (s¢),1, for all t > 0 by ® g (54),1.(t) := ¢L(t) = Px(50),.(t). With
this notation, we aim to show that

2
SupE [|<I>K(5t),L(t)]zk} < O(T, k, L, K1)5t2. (4.39)

The proof is done by using It6’s lemma, followed by Gronwall’s inequality. More precisely, we apply 1t6’s

lemma to ¢r and ¢ (54,1 for the functional (¢1,¢2) — RA* (py — #2), (d1 — ¢2)) = |o1 — ¢2|22k" To
make clear how the computation is done, we begin with recalling It&’s formulations of (4.3) and (4.2)
where we denote K instead of K (dt) to simplify notations,

) ) 1 )
dog 1 = —iAg ¢k 1dt —iBgor dW, — iBf((bK,Ldt — iXPx f1(¢x,L)dt,
and

. . 1 .
dor = — iAppdt —i|z|* prdW, — 5 2| prdt — iXfE(pL)dt
= —iAg¢rdt —iA(Id — Pi)drdt —i|z|” prdW,

~ L BYosdt - L(el' ~ BR)ovdt — ixPi fE(6r)dt —iM(Id - P fE(oL)at
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Then, the multidimensional It6’s lemma gives,
e, ()5 =P, (0) |5

+2 /0 R(A Dy 1 (), —iAPr 1 (s))ds
+2/Ot m(AkQKL(S),*iA(Id* PK)¢L(S)>dS
+2 / R(A*D s 1 (s), —i(|z]? b1 (s) — Brebre 1(s)))dW,s
+2 /Ot R(A*D g 1(s), —%B%(QKL(S))ds
2 [ R (). =5 (ol ~ B)on () ds (.40)
+ 2/0 R(A @ 1,(5), —iAP (fE(L(5)) — fL(DKk,(5))))ds
+2 / R(ARD 1 (5), —INTd — Pic) fE(61(s))ds

t k—ixQLs —ia:QLs s
+/O%<A< 2l 61.(5)), =i |o? 1. (5))d
+/ R(A*(—iBg ¢,1(5)), —iBr br,1(s))ds

0
—2/ R(A* (=i 2] 61.(5)), —iBrdr.i.(s))ds.

0

The last three terms in the right-hand side are the It6 correction. The last line takes into accounts the
cross derivatives of the functional. We write this correction in another way, that will enable us to use
Cauchy-Schwarz inequality, by noticing that,
R(A¥ [2]* @1 (s), |2]* ¢r(s)) + R(A* B 1(s), Brdr,(s)) — 2R(A* [ 61(s), Bredrc,1(s))
= R(A* B P L(s), Bk dre,1(s)) + RIA*(|2]* — Br)or(s), (2> — Bx)dr(s))
+ 2R(A* B @ 1.(5), (|2]* — Bi)dL(s)).
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Then, Equation (4.40) can be written as,
|rL(B)l5 = [Pr.2(0)[5n

v2 [ Ry (5), —iAgcre o (s)ds

+2 /O t R(A*® e 1.(s), —iA(Id — Pr)pr(s))ds

#2 [ R4 60, 6006) — Brow ()W,

+2 /O "R 1 (s), —%B%(‘I)K,L(S»ds

+ 2/(: R(AF @ 1.(s), —%(le4 — BX)or(s))ds (4.41)
vz f CR(ARD 1 (), NP (FE(61(5)) — FE (11 ()i

#2 [ R4 6), A1~ P P00 (5) s

t
+ §R<AkBK(I)K,L(S),BK®K7L(S)>dS
0

T / (A (jal? — Br)br(s), (2] — Br)n(s))ds

+2 /t R(A*Br®r 1.(s), (|x|* — Bi)br(s))ds.
0

We proceed now to estimate all the terms that appear in the right-hand side of Equation (4.41),
e the second term is equal to zero since R(A*®f 1. (s), —iAx Pk 1(s)) = 0.

e Using Cauchy-Schwarz and Young inequalities, and Equation (2.17), it follows that the third term
can be bounded in the following way,

R(A D 1 (5), —iA(Id — Pr)dr(s)) < C (|¢K,L(s)\§k e ¢L<s>|§:k+w) .

e The expectation of the stochastic integral vanishes.

e Collecting the fifth and the ninth terms,
1
2}}%<Akq)K,L(S), 7§B%((I)K7L(8)> + §R<AkBK(I3K7L(S), BK(I)K,L(S»

= R([A*, Bk|®x 1.(s), Bk Pk 1.(5)),
and by (2.14),

1
2R(AF D 1 (), —§B%<‘I’K,L(S)> + R(A*Br®x 1.(5), Bk Px 1(s))

< C\|Pg 1 (5)]2 -
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e Using the fact that |z|* — B% = |z|? (|z|> — Bx) + (|#)* — Bk )Bx, the sixth term can be bounded
by,

R(AMie 1 (5), 5 (lal* — BR)oL(s)) < C (18r0 () + K~ [60()3rns )

1
2
similarly to the third term.

e The estimation of the seventh term uses the truncation of nonlinearity,

R(A Dk 1. (s), —iIAPk (fE(1(5)) — fE(K,L(5)))) < C(L, k) [Prc,1.(5)]3 -

The estimation of the eighth term uses in addition Cauchy-Schwarz and Young inequality, and
(2.17),

R(A* Pk 1(s), —iIA(Id — Pr) £ (61(s))) < C(L, k) (|<I>K,L(s)|§k +K |¢L(s)\§k+8) :
e The tenth term is estimated by Assumption 2,
R(A*(2]* = Br)oL(s). (|2’ — Bi)or(s)) < K [o1(s)[Guro -

e The last term is estimated by replacing A*Bg by BrA* + [A*, Bk], and using the triangular
inequality and Assumption 2,

R(A¥ B @k 1.(s), (|2 = Bx)or(s) < C (lq)K,L(S)|2zk +K° |¢L(8)|22k+12> :

Collecting all these estimations, it follows that, for all t < T
2 2 K 2
E [|(I)K(6t),L(t)|Zk:| <Pk (st),(0)| 5 + C(k,L)/O E “(I)K(ét),L(S”gk} ds
! 2
+C(k, L)K—S/ E [|¢L(s)|w12} ds.
0

Using now (4.38) and the fact that ’@K(&),L(O)’;k <CK~™8 |q§0|ék+8, it comes that for all t < T,

t

[ @0 (03] < €O LK 60l + CO L) [ B [[oran s (03] ds
0

and the application of Gronwall’s inequality with the fact that we choose K% < K 45t2 enables to
conclude the proof. O
5 Numerical experimentations

This part is devoted to numerical experimentations in space dimension one with the scheme defined

above. We aim to show that we obtain good results using a spectral discretization based on Hermite
functions. We also compare the Crank-Nicolson time discretization against splitting methods. Four

34



different schemes are compared in the following. We begin with explaining how to implement the scheme
defined by (2.9), and then we present the other schemes, which are some adaptations of classical schemes
for the deterministic Gross-Pitaevskii equation.

Two of them rely on the computation of a discrete Hermite transform at each time-step. This
transform decomposes a function f € L?(R) on the basis of L?(R) composed by Hermite functions, which
are the eigenvectors of operator —A + |a;|2 The discrete transform on the K first modes enables to
exactly compute the components of any function f € X (R) in this basis. It can be computed using the
Gauss-Hermite quadrature. Obviously, for general f € L%(R), the discrete Hermite transform does not
exactly compute these projections. The error between the values of the components of f on the K first
Hermite functions, and the values given by the discrete transform can be estimated with respect to the
regularity of those functions (see [20]). A naive implementation (by a classical matrix-vector product)
of the discrete Hermite transform algorithm (in 1D) using the Gauss-Hermite quadrature on the K first
Hermite functions leads to a computational cost of order K2. Such an implementation can be generalized
to the d-dimensional case with computational costs of order K4t!. Nevertheless, there exists efficient
implementations with computational costs of order K%log?(K) (see [18, 21, 14]). In the following we will
say that a computation is almost exact when the only approximations come from the fact that we use
the discrete Hermite transform to compute the projections on the K first Hermite functions for a general
function f € L%(R%), which does not necessarily belong to X5 (R?). The same denomination will be used
for the Discrete Fourier Transform.

With the explicit example of operator Bx we gave (with Equations (2.19), (2.20), (2.21) and (2.22)),
the solutions of Equation (2.9) can be computed almost exactly thanks to a fixed-point iterative algorithm.
The convergence of such an algorithm is ensured if §¢ is small enough with respect to L, the level of
truncation of the nonlinearity, as it is shown in the proof of Proposition 2. Nevertheless, the smooth
spectral cut-off of operator |x\2 doesn’t seem to have a significant impact in practical cases. Thus, in

. . . 2
practice one can simply take the symmetric operator Pk |x|” Pk for Bg.

Moreover, in practical cases, the truncations of the non-linearity and the normal deviates (x™)nen+ do
not seem to be significant and can be omitted in the implementation. We denote by (¢%) the numerical
approximation in this case such that for all n € N, ¢% € Mg 1(R) (column vector of size K) and its
components are the components in the Hermite basis of L2(R). Then, Equation (2.9) is given by

D(3t, "¢ = Ot X" ) —idtPrg(diH o), (5.1)

where C' and D are the operators defined on X (R) by

n+1
C(5t,x"+) = (Id— A \FX Py |z |>

(5.2)
and,

(5.3)

n+1
D(6t,x" 1) = <Id+ LY fx K|x|2>.

We recall that, by denoting (ej)ren the orthonormal basis of L?(R) composed by Hermite functions, we
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have the recursive relation,

k kE+1
Ve eR,  wex(z)= \/;ekl(x) R Vi ex+1(2).

Thus, in 1D the matrices of these two operators are pentadiagonal in the Hermite basis. The computation

of the Hermite modes of Pk g( ?(H, @' ) can be done almost exactly using the discrete Hermite transform.

Indeed, knowing ¢ and qS’}{H one can compute g( ”KH, @ )(x) exactly for all z € R. Thus one can use a
discrete Hermite transform to compute almost exactly the components of P g( }?1, ¢%) in the Hermite

basis.

We present now three other schemes that we use to compare with the one presented above.

Splitting scheme with spectral-Fourier discretization For this scheme, the time discretiza-
tion is based on a splitting method, and the space discretization is based on a spectral discretization on
the Fourier modes. In other words, we look for a solution defined on [—L,, L, ], with periodic boundary
conditions, supported by the K first Fourier modes. A similar scheme has been proposed, for the de-
terministic case in [4, 6] for solving Equation (1.1) (without the Stratonovich noise). We generalize this
scheme to our stochastic setting. The idea is to solve the following equation,

d¢ = —iA¢dt, (5.4)
(b(tn) = Ok
and we set ¢?<+1/2 = ¢(tnps1). Then we solve
dp = —i|z|> Ydt — i x| o o AWy — ig || (5.5)
1/}(15”) — ’1’17,(-'1-1/27 .

and we set ¢7;(+1 = Prt(tn+1). Here Pk denotes the projection onto the K first Fourier modes. The

first step is computed exactly in the Fourier space. To compute the other one, we use a discrete Fourier
transform. An inverse discrete Fourier transform enables to compute the value of QS?(H/ ? on a uniform

grid of [—L,, L] of (K 4 1) points. Then, the value of ¢(t,1) on those points x is explicitly given by

¢Vn+1/2

2
—i|z|? (5t+Votx" 1) —ig 5t n+1/2
e e bk ().

Pltnia)(x) =

This computation relies on the fact that ¢ —» [)(¢)|* is constant on [, tn41]. Then, the computation of
the first Fourier modes of ¢7}(+1 is done almost exactly by a discrete Fourier transform.

Splitting scheme with spectral-Hermite discretization This scheme is similar to the previ-
ous one, but we chose this time a spectral discretization based on the first Hermite functions. Equations
(5.4) and (5.5) are replaced by

{ dp = —iAddt, (5.6)

¢(tn) = (;5711(7
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and

{dw = —ila|* o dW, —ig||” ¢ o dt, (5.7)

W(tn) = 52,

and Pk denotes now the projection onto the first Hermite functions. Similarly, both equations (5.6) and
(5.7) are solved exactly, and the projection of ¢ (¢,41) onto the K first Hermite functions is done by a
discrete Hermite Transform, and thus is not exact.

Crank-Nicolson scheme with finite differences discretization In this case, we suppose
that the solution almost vanishes outside the space interval [—L,, L, ], such that we can set homogeneous
Dirichlet conditions on the boundaries of this domain. The space discretization of the Laplacian is
classical, and the nonlinearity can be truncated to ensure well-posedness of the scheme. We discretize
[ Ly, L] with a regular grid of 2K + 1 points. We set dx = L,/K. We denote by ¢} an approximation

n+1/2 n+1/2 _ ¢P T +op
of ¢(ndt, kéx) for k € {—K,—K+1,...,K}, and by ¢, by ¢, = ~k——%_ We define the scheme
by induction for n € Nand k € {—K +1,..., K — 1} by setting ¢? = ¢(0, kéx) and

ot
P = of — i (e ” = 200 4 o) — ot 4+ VBt oal g2

- Z(Stg( Z+17 ¢Z)

(5.8)

In the following, we compare the convergence properties for these four schemes. We begin with
estimating the pathwise speed of convergence for the space discretization. To do that, we choose a fine
enough time-step to neglect the effect of the time discretization, and a geometrically increasing sequence
of degrees of freedom for the space discretization. Then we compare the error between the solutions
computed for two successive levels of space discretization, for one trajectory. More precisely, we choose
T =10, 6t = 10- 2729, For the Fourier and finite differences approximations, we solve the equation on
the domain [—10,10] and we set respectively periodic boundary conditions and Dirichlet homogeneous.
Moreover, we use a coefficient « = 0.3 in front of the noise, to decrease its effects. It enables to reduce
significantly the error coming from the time discretization. The result is given in Figure 1 We can observe
first that the discretization by finite differences is less efficient than the spectral discretization for the same
number of degrees of freedom. We can also observe that for the two schemes using the spectral-Hermite
discretization behave similarly. This is expected since they essentially use the same space discretization
with different time approximations, and the time step is chosen small enough to neglect the errors coming
from the time approximations. We can also observe that the Fourier discretization converges around the
same speed of the Hermite one. In some case (especially for small T'), we observed that the convergence
can be even quicker. We guess that this can be explained by the fact that the n'” eigenvalue of the
Laplacian (on a bounded domain) is of order n?, whereas it is of order n for the harmonic oscillator.
Nevertheless, the Fourier discretization converges to a biased solution because of the truncation of the
level.

To take into account the fact that the Fourier solution is biased, we compute the error between the
solutions of the Fourier scheme with the most precise solution computed with the Hermite discretization.
The result is plotted in Figure 2 for several domains [—L, L] (for the Fourier discretization).

We observe now that, provided that the domain of integration is large enough, the Fourier discretiza-
tion performs quite well. This remark is all the more interesting since the discrete Fourier transform
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Figure 1: Pathwise speed of convergence for eachFigure 2: Pathwise speed of convergence toward
discretization toward their respective limit. the exact solution

can be implemented very efficiently. Nevertheless, since the spread of the solution is varying for each
realization of the solution of (1.1), the choice of the domain should be adapted to each realization. This
is the reason why the Hermite transform can be very interesting (despite its cost). Moreover, as we show
thereafter, the time discretization is actually the limiting approximation. For example, in Figure 2, it is
useless to plot the error for larger L since the error generated by the time discretization for both splitting
methods becomes greater than the error generated by the space discretization.

We look now at the convergence with respect to the time discretization in the case of a spectral
Hermite discretization. We compare the Crank-Nicolson discretization with the above time-splitting
discretization. We choose a geometrically decreasing sequence of time steps, and we plot the average over
100 samples of the square of the error in L?(IR)-norm between the solutions computed with two successive
time steps. The parameters are the number of modes K € {40, 80, 120, 160, 200}, and the coefficient that
we use in front of the Stratonovich integral (we call it o and choose o € {0.2,0.4,0.6,1}). We plot the
results in Figure 3 for T = 4. Each subplot corresponds to a value of «, and in each subplot we plot the
mean square error for all the values of K, and for the two kinds of discretization. First, we can observe
that the Splitting method is consistently doing better than the Crank-Nicolson discretization. Moreover,
the latter is performing badly for high values of «, contrary to the former which is much less sensible with
respect to this parameter. In addition, the error is increasing with the number of modes for the large a.
In order to highlight this phenomena, we plot in Figure 4 the mean-square difference in ¥ norm between
the solution of the Crank-Nicolson and the splitting discretizations with respect to the number of modes,
for various time steps at time 7" = 5. We observe that this difference is increasing with the number of
modes for a given time step, and decreasing with respect to the time step for a given number of modes.
We recover here the sufficient condition used in the theoretical analysis that imposes to the number of
modes to increase slowly enough when the time step decreases. We believe that this numerical behaviour
comes from the fact that the matrices C(0t, x" 1) and D(6t, x" 1) respectively defined by (5.2) and (5.3)
have diagonal terms of order 1+ i+v/0tK /2. For K = 200 and 6t = 5 - 278 (which are the values used in
Figure 4), we obtain that VotK /2 = 0.44, which is not much smaller that one. Thus it is possible that
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Figure 3: Mean square convergence with respect to the time step for the Crank-Nicolson and
the splitting discretizations

the Crank-Nicolson approximation is not precise enough in this regime for the highest modes (that is to
say that K is too large with respect to 6t). We recall that the theoretical analysis imposes that K§t'/*
stays bounded. Practically, this assumption imposes that the matrices C'(6¢, x"*1) and D(8t, x" 1) tend
to be diagonal when the time step vanishes.
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6 Appendix

Proof of Proposition 1. We begin with showing local existence and uniqueness in ©*(R9), Vk € N*,
k > 2, assuming that ¢y € X¥(R?). Let T, > 0. We use equation (1.1) with the following gauge
transformation ¢(t,z) = e "2 (t, ) with G(t,z) = z |z|? (t + eW (t)). The equation becomes
i0pp = —(V — iz (t + eW(t)*0 + ¢ . (6.1)
We denote by U“(t, s) the propagator for the linear equation,
i0p) = —(V —iz(t + W (t)))*. (6.2)

We introduce T, a positive random constant introduced in Proposition 4 [11], such that Propositions 6,
7 and Lemma 4.1 in [11] holds. In order to show the local existence and uniqueness in %*(R%), we use a
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classical fixed point argument based on application 7% defined by:

00 = 00,000~ 2 [ U)o v(s)is
To define the domains, we suppose that (r,4) is an admissible pair, i.e. r = 8/d, and we set § = d/4. We
define the following spaces for T' < Ty AT, where Ty is fixed.
Xp=L>®(I,L*)nL"(I,L*),
YE={veXr/ z°0%ve Xz, |a|+ |8 <k},
YF={v/ 2°0%ve LI,L%) +L"(I,L3),|a| +|8] <k},

where I = [0, 7], and where a and 3 are two multi-indices. We now show that there exist Cy(Tp, k,w) > 0,
CQ(TO,k,CU) > 0 and Og(To,k,w) > 0 so that for all w1,¢2 € Y,JISZ

|Tw¢1‘yjfs <G |¢0|Ek + C2T1_9 |1/J1|§ka (6.3)
‘Twﬂ)l - Tw¢2‘Lr(];L4) S O3T170(|1/’1|§/,; + W)Qﬁ/{:) W)l - Q/JZ‘LT(];I}) ) (64)
To prove this, we use the following lemmas:

Lemma 6.1. Let k € N*, and assume d < 3. Then there exists C(k) > 0 such that for all ¢ €
Ek’4(Rd) N Ek’2(Rd),

16 6

ot SO0 [Blge [Pl (6.5)
and for all ¢ € LFHL(RY),
1617 6], < C) 9l [0 ss (6.6)
Lemma 6.2. Let k € N*. Then, for all ¢g € Z*¥(R?), t — U“(t,0)¢p € C(I,SF(RY)) NYE. Moreover,
U (- 0)¢olyr < Cr(To, k,w) [dolgs -

Sk+1

For all p € Y}, 6> ¢ € Y} and

(5019 6], < CaT, k) [lof ¢

foed )
k
YT

where Ay (-, 0) |(;5|2 ¢ is defined for allt € I by,

t
Au(t,0) = / U“(t, ) 162 dods.

Proof of lemma 6.1. Equation (6.6) can be shown using Sobolev embedding theorems and Holder’s in-
equality. To show equation (6.5), we use the fact that there exists C'(k) > 0 such that for all multi-indices
a and f such that |o| + || < k,

w2 (of o) <ty Y [a0'] |0

<8115 <k—1

2
)
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which leads, using Holder’s inequality and the Sobolev embedding Y% (R9) — H*(R?) — W*=14(R9), to

29 (|¢I’ )|, SOk ) 1@l [0l -
O

Proof of lemma 6.2. By using k times the Proposition 6 of [11], we get that for all multi-index a, 8 such
that |a] + 8] < k,

‘xaaﬂU“’ ¢0{X < C(k,Tp) Z ’UW $735¢0
[v[+10|<k

‘XT7

and using Proposition 7 [11] that relies on the fact that U“ in an isometry in L?(R9) it comes,

|$a3ﬂUw ¢0|X < C(k TQ) Z |x786¢0|[/2a
[vI+151<k

which proves the first point. The second one can be shown in a similar way. O

To show (6.3), Lemma 6.1 and Holder’s inequality give

— 2
o < OO 10l (rimnny [0l (1m0

]|¢>\ 0

1-0 3
oy SCRIT o
To show (6.4), we use the fact that there exists C' > 0 so that for all u,v € C,
[l = ol o] < C(lul® + [of?) [u— v]

Using Strichartz estimates given in Proposition 7 [11] and Holder inequality,

T = T%¢

2 2
Lr(r;pa) S Clw,To) ‘W}l v-lolé L7 (I;L4/3)

2 2
< C(WaTO)(|¢|Loo(1;L4) + |¢|Loo(1;L4)) WJ - ¢)|Lr’(1;L4)
< TliaC(WaTO)(Wﬁ/Tk‘ + ‘¢|§/Tk) W - ¢|LT(];L4)
Then T can be chosen small enough so that 7% is a contraction in
By = {¢ eYF/ |dlyy < M}
with M = 2C(Ty, k,w) |¢o|sk-
We can show now by induction that this local solution is actually global in time. Let m € N such

that 2 <m < k. Since we know that the solution is global in the case m = 2 (see Proposition 4 [12]), we
are going to show that if the solution is global in ™, then it is global in ¥™*!. To prove it, we begin
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with showing that it is global in ©™*(R%). It can be shown by induction using proposition 6 [11] for
¢ € YF and all multi-index a, 8 so that |a| + 8] < m and V(s,t) € [0,T]?, s < t:

’zo‘aﬁU“’(t, 5)¢(s)|L4 < Clw,Tp, k) (t—s)" V1) Z |U‘”(t, s)x56V¢(s)|L4

[8]+|~vI<m

Then, using lemma 4.1 [11],

<CTob) [ (=9 v S sl 0 ) 000, s

L4/3
L4 18]+ |~v|<m

<Clw k) [ (=9 VD= [l0(6) o(s)

9 / U (1, 5) |6(s)[? b(s)ds

220 / U (1, 5) |o(s)? 6(s)ds

14 sm.4/3

(6.7)
We notice that [t — s is integrable in s since d < 3. Lemma 6.1 and Gronwall’s inequality enables
us to conclude that the local solution is actually global in ¥™4(R%).

We show now that the local solution is actually global in ¥™*!(R%) using again the mild formulation:

—d/4

[Olgmer < U2 (E0)dolgmer + [A%(5,0) (1 )

smAl

Using proposition 7 [11], and reasoning in a similar way than previously, we can show:

t
‘w(t)|2m+1 S C(W,To, k) |¢O|Em+1 + C(W,TO, k) /
0

)P us)| s

nm+1

We now use Lemma 6.1 and Gronwall’s inequality to conclude that the solution is global in ¥+, [
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