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Abstract : The purpose of this paper is to present Bernstein and Ho-
effding type inequalities for regenerative Markov chains. Furthermore, we
generalize these results and establish exponential bounds for suprema of em-
pirical processes over a class of functions F which size is controlled by its
uniform entropy number. All constants involved in the bounds of the con-
sidered inequalities are given in an explicit form which can be advantageous
for practical considerations. We present the theory for regenerative Markov
chains, however the inequalities are also valid in the Harris recurrent case.

1 Introduction

Exponential inequalities are a powerful tool to control the tail probability
that a random variable X exceeds some prescribed value ¢. They have been
extensively investigated by many researchers due to the fact that they are
a crucial step in deriving many results in numerous fields such as statis-
tics, learning theory, discrete mathematics, statistical mechanics, informa-
tion theory or convex geometry. There is a vast literature that provides a
comprehensive overview of the theory of exponential inequalities in the i.i.d.
setting. An interested reader is referred to Bai and Lin (2009), Boucheron et
al. (2013) or van der Vaart and Wellner (1996).

The wealth of possible applications of exponential inequalities has natu-
rally led to development of this theory in the dependent setting. In this paper
we are particularly interested in results that establish exponential bounds for
the tail probabilities of the additive functional of the regenerative Markov

'Keywords : uniform entropy, exponential inequalities, empirical processes indexed
by classes of functions, regenerative Markov chain.
Primary Class : 62G09, Secondary Class : 62G20, 60J10



chain of the form
f(X0) +--+ f(Xa),

where (X,,)nen is a regenerative Markov chain. It is noteworthy that when
deriving exponential inequalities for Markov chains (or any other process with
some dependence structure) one can not expect to recover fully the classical
results from the i.i.d. case. The goal is then to get some counterparts of the
inequalities for i.i.d. random variables with some extra terms that appear
in the bound as a consequence of a Markovian structure of the considered
process.

In the recent years such (non-)asymptotic results have been obtained for
Markov chains via many approaches: martingale arguments (see Glynn and
Ormoneit (2002), where Hoeffding’s inequality for uniformly ergodic Markov
chains has been presented), coupling techniques (see Chazottes and Redig
(2009) and Dedecker and Gouézel (2015)). In fact, Dedecker and Gouézel
(2015) have proved that Hoeffding’s inequality holds when the Markov chain
is geometrically ergodic and thus weakened the assumptions imposed on the
Markov chain in Glynn and Ormoneit (2002). Winterberger (2016) has gen-
eralized the result of Dedecker and Gouézel (2015) by showing that Hoeffd-
ing’s inequality is valid also for unbounded functions of geometrically ergodic
Markov chains provided that the sum is correctly self-normalized. Paulin
(2015) has presented McDiarmid inequality for Markov chains using Mer-
ton coupling and spectral methods. Clémengon (2001), Adamczak (2008),
Bertail and Clémengon (2009), and Adamczak and Bednorz (2015) have ob-
tained exponential inequalities for ergodic Markov chains via regeneration
techniques (see Smith (1955)).

Regeneration techniques for Markov chains are particularly appealing to
us mainly due to the fact that it requires much fewer restrictions on the er-
godicity properties of the chain in comparison to alternative methods. In this
paper we establish Hoeffding and Bernstein type of inequalities for statistics
of the form 13"  f(X;), where (X,)nen is a regenerative Markov chain.
We show that under proper control of the size of class of functions F (mea-
sured by its uniform entropy number), one can get non-asymptotic bounds
on the suprema over the class of F of such empirical process for regenerative
Markov chains. It is noteworthy that it is easy to generalize such results from
regenerative case to the Harris recurrent one, using Nummelin extension of
the initial chain (see Nummelin (1978)).

The paper is organized as follows. In chapter 2 we introduce the nota-
tion and preliminary assumptions for Markov chains. We also recall some
classical results from the i.i.d. setting which we generalize to the Markovian
case. In chapter 3 we present the main results - Bernstein and Hoeffding type
inequalities for regenerative Markov chains. The main ingredient to provide
a crude exponential bound (with bad constants) is based on Montgomery-



Smith which allows to reduce the problem on a random number of blocks to
a fixed number of independent blocks. We then proposed a refined inequality
by first controlling the the number of blocks in the inequality and then ap-
plying again Montgomery-Smith inequality on a remainder term. Next, we
generalize these results and obtain Hoeffding and Bernstein type of bounds
for suprema of empirical processes over a class of functions F. We also present
the inequalities when the chain is Harris recurrent. Some technical parts of
the proofs are postponed to the Appendix.

2 Preliminaries

We begin by introducing some notation and recall the key concepts of the Markov
chains theory (see Meyn & Tweedie (1996) for a detailed review and refer-
ences). Let X = (X,)neny be a positive recurrent, ip—irreducible Markov
chain on a countably generated state space (E, &) with transition probabil-
ity II and initial probability . We assume further, that X is regenerative
(see Smith (1955)), i.e. there exists a measurable set A, called an atom, such
that 1(A) > 0 and for all (z,y) € A% we have I(z,-) = I(y, -). We define the
sequence of regeneration times (74(j));>1 which is the sequence of successive
points of time when the chain visits A and forgets its past. Throughout the
paper we write 74 = 74(1). It is well-known that we can cut the sample path
of the process into data segments of the form

Bj = (Xigra()s s Xrag4n)), 7 =1

according to consecutive visits of the chain to the regeneration set A. By the
strong Markov property the blocks are i.i.d. random variables taking values
in the torus U2, E*.

In the following, we assume that the mean inter-renewal time o = E4[74] <
oo and point out that in this case, the stationary distribution is a Pitman
occupation measure given by

1

VBe&, w(B)= ]

Ea

TA
Z ]I{XZEB}] ’
i=1

where Iz is the indicator function of the event B. Assume that we observe
(X1,--+,X,). We introduce few more pieces of notation: throughout the
paper we write I, = > I{X; € A} for the total number of consecutive
visits of the chain to the atom A, thus we observe [,, + 1 data blocks. We
make the convention that Bl(:) = () when 74(l,,) = n. Furthermore, we denote
by I(Bj) = 1a(j + 1) — 74(j), j > 1, the length of regeneration blocks. Let
f: E — R be u— integrable function. In the following, we assume without
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loss of generality that p(f) = E,[f(X1)] = 0. We introduce the following
notation for partial sums of the regeneration cycles f(B;) = ZTA(] +1)(j) f(X5).

1=1+74
Then, the regenerative approach is based on the following decomposition of

the sum > " | f(X;) :

S = 30 f(B) + A

where

We denote by

(1) = g B (Z{fom - u(f)}>

the asymptotic variance.

For the completeness of the exposition, we recall now well-known classi-
cal results concerning some exponential inequalities for independent random
variables. Firstly, we present the inequality for the i.i.d. bounded random
variables due to Hoeffding (1963).

Theorem 2.1 (Hoeffding’s inequality) Let X, Xo, -+, X,, be indepen-

dent identically distributed random variables with common expectation EX;

and such that a; < X; < b; (i=1,---,n), then fort >0

1 - 2t2
P - Xi—EX; >t < —— )
<n ; ' ) = < D i (b — ai)2>

Below we recall the generalization of Hoeffding’s inequality to unbounded
functions. Interested reader, can find different variations of the following
inequality (depending on imposed conditions on the random variables) in
Boucheron et al. (2013).

Theorem 2.2 (Bernstein’s inequality) Let X,---, X, be independent ran-
dom wvariables with expectation EX; for X;, | > 1 respectively, such that, for

all integers p > 2,
EIX" < plR20/2 for all 1€ {1, n}.

4



Then, for allt > 0,

|

where 0* =Y " | of.

n

> (X —EX))

=1

tQ
Zt) <200 (g

The purpose of this paper is to derive similar bounds for Markov chains
using the nice regenerative structure of Markov chains.

3 Exponential inequalities for the tail prob-
ability for suprema of empirical processes

for Markov chains

In the following, we denote f(z) = f(z) — pu(f). Moreover, we write respec-
tively f(By) = >_ 2, f(X;) and |f|(B1) = >_.2, | f1(X;). We will work under
following conditions.

Al. (Bernstein’s block moment condition) There exists a positive constant
M such that for any p > 2 and for every f € F

plo®(f)M7~. (1)

A2. (Non-regenerative block exponential moment assumption) There exists
Ao > 0 such that for every f € F we have E, [exp [Ag |ZZ§1 f(XZ)m <

Q0.

A3. (Exponential block moment assumption) There exists A; > 0 such that
for every f € F we have E4 [exp [)\1 ’f’ (Bl)]] < 00.

Remark 3.1 [t is noteworthy to mention that assumption Al implies the

existence of an exponential moment of f(Bi) :

A2/2

o8 < o (24

1
> forall X\ < i

In this section, we formulate two Bernstein type inequalities for Markov
chains, one is established via simple use of Montgomery-Smith inequality (see
Montgomery-Smith (1993) and de la Pena, and Giné (1999)) which results
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in much larger constants (comparing to the i.i.d. setting) in the dominating
parts of the bound. The second Bernstein’s bound contains small constants
in the main counterparts of the bound, however at a cost of having an extra
term in the bound.

Before we state the theorems, we will give a short discussion on already
existing results for exponential inequalities for Markov chains.

Remarks 3.1 Since there is plenty of results concerning exponential inequal-
ities for Markov chains under many assumptions, it may be difficult to com-
pare their strength (measured by assumptions imposed on the chain) and ap-
plicability. Thus, before we present the proofs of Theorem 3.2 and Theorem
3.3 , we make a short comparison of our result to already existing inequal-
itres for Markov chains. We also strongly recommend seeing an exhaustive

overview on the recent results of that type in Adamczak and Bednorz (2015).

1. The bounds obtained in this paper are related to the Fuk and Nagaev
sharp bound inequality obtained in Bertail and Clémengon (2010). It
15 also based on the regeneration properties and decomposition of the
chain. However, our techniques of proof differ and allow us to obtain a
better rate in the main subgaussian part of the inequality under the hy-
potheses. The proofs of the inequalities are simplified and do not require
the partitioning arguments which was used in Bertail and Clémengon

(2010).

2. It is noteworthy that we do not impose condition of stationarity of
the considered Markov chain as in Dedecker and Gouézel (2015) and
Chazottes and Redig (2009) or any restrictions on the starting point
of the chain as in Dedecker and Gouézel (2015). Moreover, Adamczak
and Bednorz (2015) use the assumption of strong aperiodicity for Harris
Markov chain. We state a remark that this condition can be relazed and

we can only assume that Harris Markov chain is aperiodic (see Remark

3.9).



3. Many results concerning exponential inequalities for Markov chains are
established for bounded functions [ (see for instance Adamczak (2008),
Clémencgon (2001), Dedecker and Gouézel (2015)). Our inequalities
work for unbounded functions satisfying Bernstein’s block moment con-
dition. Moreover, all terms involved in our inequalities are given by
explicit formulas. Thus, the results can be directly used in practical
constderations. Note also that all the constants are given in simple,
easy to interpret form and they do not depend on other underlying pa-

rameters.

4. Winterberger (2016) has established exzponential inequalities in unbounded
case extending the result of Dedecker and Gouézel (2015) to the case
when the chain can start from any x € E. However, the constant in-
volved in the bound of the Theorem 2.1 (obtained for bounded and un-

bounded functions) is very large.

5. As mentioned in the paper of Adamczak, there is many exponential in-
equalities that satisfy spectral gaps (see for instance Gao and Guillin,
Lezaud (2001)). Spectral gap inequalities allow to recover the Bernstein
type inequality at its full strength. We need to mention that the geo-
metric ergodicity assumption does not ensure in the non-reversible case
that considered Markov chains admit a spectral gap (see Theorem 1.4

in Kontoyiannis and Meyn (2012)).

We formulate a Bernstein type inequality for Markov chains below.

Theorem 3.2 Assume that X = (X,,)nen 1S a regenerative positive recurrent
Markov chain. Then, under assumptions Al — A3, we have

72
P, > x| < 18exp [— }

; F(Xi) = plf) 2 % 907 (no® () + Mz /90)

/\ol‘

+ Crexp [—T} + Cs exp [—%ﬂj} 3



where

Remark 3.2 Observe that we do not impose a moment condition on E 4[T4]P <
oo for p > 2. At the first glance, this might be surprising since one usually
assumes the existence of Ea[ta]> < oo when proving central limit theorem
for regenerative Markov chains. A simple analysis of the proof of the central
limit theorem in a Markovian case (see for instance Meyn € Tweedie (1996))
reveals that it is sufficient to require only E4[T4] < oo when we consider cen-

tered function f instead of f.

Proof. Firstly, we consider the sum of random variables of the following
form

In
Zu(f) =) _f(B)). (2)
i=1
Furthermore, we have that S, (f) = Z,(f) + An(f).
We recall, that [, is random and correlated with blocks itself. In or-
der to apply Bernstein’s inequality for i.i.d. random variables we apply the

Montgomery-Smith inequality (see Montgomery-Smith (1993)) . It follows
easily that

In k
P4 [Zf(Bl) >a:/3] <Py | max > f(B) 2x/3]
< 9P, [ Zn:f(Bi) > :c/90] (3)

and under Bernstein’s condition A1 we obtain

PA[ 3

> f(B)

IQ

2% 902 (Mr2/90 + 1o ( f))} - W

> x/90

< 2exp {—




Next, we want to control the remainder term A,,.
TA B n B
A= fX)+ > f(x). (5)
i=1 i=74(ln—1)

The control of A,, is guaranteed by Markov’s inequality, i.e.

P, [ ) ] ey [-222].

> F(x)

We deal similarly with the last term of A,. We complement the data 1 +
7a(l,) + 1 by observations up to the next regeneration time 1 + 74(l, + 1)
and obtain

Zg <E, [exp

Ato(Xi)

B|| > F|zg|<B| Y &)z
i=1474 (In)+1 | i=147a (1) +1 |
[ 1+7ra(ln+1) i x-
<P, Z |f| (X;) > 3
| i=1+7a(ln)+1 |
- A
< Ea [exp[A |f] (By)]] exp {—%} :

|

We note that although the Montgomery-Smith inequality allows to obtain
easily Bernstein’s bound for Markov chains, the constants are rather large.
Interestingly, under an additional assumption on E4[74]? we can obtain the
Bernstein type inequality for regenerative Markov chains with much smaller
constants for the dominating counterparts of the bound.

A4. (Block length moment assumption) There exists a positive constant Mo
such that for any p > 2

E4[7al? < p!MY *E4[73]

and
E,[ralP < p!MEE,[73].

Before we formulate Bernstein’s inequality for regenerative Markov chains we
introduce a lemma which provides a bound for tail probability of \/n (%” — i)
which will be cruciall for the proof of Bernstein’s bound but also may be of

independent interest.



Lemma 3.1 Suppose that condition A4 holds. Then

P, <n1/2 (—l" — —1> > x)
n o«
1s bounded by

exp (_1 (az/n — 2a)?

2 (Eﬂfl + (g + x\/ﬁ)EAT%) + (ax~/n + E,74) My (E,,Ti + (g + m\/ﬁ)EATi>1/2> :

Proof of Lemma 3.1 is postponed to the Appendix.

Remark 3.3 Note that when n — oo, the dominating part in the exponential
term is of order
a’x?
Ea73/a+ a/2x M, (EAT%)UQ
a’a?

1
2 Eat3/a(l + axMy (EATi/a)_l/Q)
1
2

+0(n~1?%)

N | =

+ O(n‘l/Q)

(ax)?/ (Eath/a)
(1+ azMy (Eat2/a) ')

+0(n'?),

thus we have a Gaussian tail with the right variance for moderate x and an
exponential tail for large x and, in consequence, the constants are asymptot-
weally optimal.

Now we are ready to state an alternative Bernstein type inequality for
regenerative Markov chains, where under additional condition on the length
of the blocks we can obtain much better inequality in terms of constants.

Theorem 3.3 Assume that X = (X,,)nen 1S a regenerative positive recurrent

Markov chain. Then, under assumptions Al-A4 we have for any a > 0, for

z>0and N >0

o

> (X)) = ()

- x] e [2 x 3 (1+a)? ([5] o*(f) + MTF)]

2
—XT
+ 18 ex
P [2 x 902(1 + a)? (Ny/no?(f) + 4 %)
+P, <n1/2 {Z_" _ 1] > N) + Cexp {—M} + Cyexp {‘Al_x} ; (6)
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where

Remark 3.4 If we choose N = log(n), then by Lemma 3.1 we can see that
P, (n*/? [ — 1] > log(n)) = o (%) and in that case the second term in (6)

n

remains small uniformly in x.

Proof. We start by the obvious observation that

Py[

+P,

ln

> f(By)

=1

n

Zf(X1> — u(f)

i=1

>x

SPA[

> x/3]

n

+Pa || Y FX)|zeBl. (D)

1=74(ln—1)

>x/3

Zf(X»

Remark 3.5 Instead of dividing x by 3 in (7), one can use a different split-

ting to improve a little bit the final constants.

The bounds for the first and last non-regenerative blocks can be handled the
same way as in Theorem 3.2. Next, we observe that, for any a > 0, we have

pA[

where [,, = min(|2],1,) and [,,, = max(|2],l,). We observe that Z}jj f(By)
is a sum of independent, identically distributed and sub-exponential random
variables. Thus, we can directly apply Bernstein’s bound and obtain

3(1+a)

lng
+Pa ||Df(B)| =

lnq

> f(B)

=1

[%)
> x/3] <Pa || f(B) >

(8)

2

T —X

3(1+a)

(9)

11

31 4a)| = 2P [2 x 32(1+ a)2 ([2] 02(f) + Myz/3(1 + a))

)



The control of Z;Zf f(B;) is slightly more challenging due to the fact that
[, is random and correlated with the blocks itself. In the following, we will
make use of the Montgomery-Smith inequality. Notice however, that since
we expect the number of terms in this sum to be at most of the order y/n,
this term will be much more smaller than the leading term (9) and will be
asymptotically negligible. We have

Fa :ij( 2 —3(1:: N :Zjﬂ 2 —3(131 )’f{%_é]SN
+1P>y(\/ﬁ[%”—ﬂ>N):A+B. (10)

Firstly, we will bound term A in (10) using Montgomery-Smith inequality
and the fact that if \/n [22 — L] < N, then l,,, — I, < \/nN.

P 2 5V [ a) =¥

Iny

k
= X
<P B;
B A(lsglsa}\)f(\/ﬁ — (B1) 3(1—|—a))
< 9P Zf |2 w0 e

e Lx902(1+a) (N\/_02< )+ 01@)].

Lemma 3.1 allows to control term B. m

3.1 Maximal inequalities under uniform entropy

In empirical processes theory for processes indexed by class of functions, it
is important to assess the complexity of considered classes. The information
about entropy of F helps us to inspect how large our class is. Generally,
control of entropy of certain classes may be crucial step when investigating
asymptotic behaviour of empirical processes indexed by a class of functions.
In our setting, we will measure the size of class of functions F via covering
numbers and uniform entropy number. The following definition is due to
Van der Vaart and Wellner (1996).

Definition 3.4 (Covering and uniform entropy number) The covering

number Np(e, Q, F) is the minimal number of balls {g : |lg — f|lir) < €}

12



of radius € needed to cover the set F. The entropy (without bracketing) is
the logarithm of the covering number. We define uniform entropy number as
Ny(e, F) = supg Ny(€, Q, F), where the supremum is taken over all discrete
probability measures Q).

In the following we state assumptions on the size of considered class of func-
tions F. Rather than considering the assumptions A2 and A3, we impose the
assumptions on the first and the last non-regenerative blocks for the envelope

F of F.

A2'. (Non-regenerative block exponential moment assumption) There exists
Ao > 0 such that E, [exp [2Xo |72, F(X;)|]] < oc.

A3'. (Exponential block moment assumption) There exists A; > 0 such that
E4 [exp [2A1 |F| (B1)]] < .

A5, (Uniform entropy number condition) N3 (e, F) < oo.

Before we formulate Bernstein deviation type inequality for unbounded classes
of functions, we introduce one more piece of notation, let 02, = maxcx o%(f) >
n > 0.

Theorem 3.5 Assume that X = (X,,)nen 1S a regenerative positive recurrent

Markov chain. Then, under assumptions Al, A2', A3" and A5 and for any

0 < e <z and for n large enough we have

(x — 2¢)?
P, < N (€, 1 —
[?EE 21X 2| <Ml F) {180 |~ g
+C' exp {M} + Cs exp [—M] } , (11)
where
TA
Cr=E, [exp|2X Y F(X
i=1

Cy = Ea [exp[2)1 [F| (B1)]]

and F' is an envelope function for F.

Before we proceed with the proof of Theorem 3.5, we indicate that under
additional assumptions it is possible to obtain Bernstein type concentration
inequality.

13



Remark 3.6 Notice that our bound is a deviation bound in that it holds
only for n large enough. This is due to the control of the covering functions
(under P, ) by a control under P (see Remark 3.8 in the proof). However, by
making additional assumptions on the reqularity of the class of functions and
by choosing the adequate norm, it is possible to obtain by the same arguments
an exponential inequality valid for any n as in Zou, Zhang and Xu (2009)
or Cucker and Smale (2002). See also examples of such classes of functions
used in statistical learning in this latter. Indeed, if F belongs to a ball of
a Hélder space CP(E') on a compact set E' of an Euclidean space endowed

with the norm

<f(l“1) —f(@))

P(Ery = Sup x)| + sup
1£ller @ = sup | (@) Tor o

x1EE x2€E'
then we have M = sup,ex F(x) < 0o as well as L = supy ger, r£4 SUD- TF—elp
cP (B

0o so that we can directly control the empirical sum by the obvious inequality

LS p(x) - g(x)

n -
=1

sup
f.9eF

< L||f = gllcr .

It follows that if we replace the notion of uniform covering number Na(e, F)
with respect to the norm ||.||2(q) by the covering numbers Nc»(e, F) with re-
spect to ||.||cp gy, then the results hold true for any n, provided that Ny (e, F)
is replaced by Neo(5,F) in the inequality.

Proof of Theorem 3.5.
We choose functions gy, g, - - , gar, where M = Ny(e, F) such that

minQ|f = u(f) = g;+ plgr)| < ¢ for each f € F.

where () is any discrete probability measure. We also assume that gq, g2, -+ , gus
belong to F and satisfy conditions A1, A2', A3'. We write f* for the g;, where
the minimum is achieved. Our further reasoning is based on the following
remarks.

Remark 3.7 Let f, g be functions with the expectations p(f), n(g) respec-
tively. Then,

1f =) =g+ w2 < NF = gllee + () = wlg)ll2 < 20f = gllze.

14
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In our reasoning, we will also make use of the following remark.

Remark 3.8 Assume that the functions f, g € F and ||f —g||2p, < €. Then,

for n large enough (depending only on €),

P(f —9)* <Pu(f — 9)° + |(Pa — P)(f — 9)*| < 2¢°

since uniformly |(P,—P)(f—g)?| < €2 by the uniform strong law of large num-
bers for regenerative Markov chains (see Theorem 3.6 from Levental(1988)).
As a consequence, any e-net in Ly(P,) is also /2e-net in Lo(P) (see also
Kosorok (2008), page 151 for some refinements in the i.i.d. case). More-

over, note that 3 N such that¥V n > N | g; — gjll2p < € and we have

lgi = gjllzp, — lg: — gill2p + |lgi — gjll2p < 26

Next, by the definition of uniform numbers and the Remark 3.8, we obtain

1 n
Py lf}elg - ;(f(Xi) —u(f)] 2 x]
<P, {?}elg [ %Z FX3) = () = 7 (X) + u()| + | = D1 (X) = ul(f)]
1 n
<P, [je{lf}]ag(e’ﬂ} - ;gj(X@-) —ug)| = x — 26]

1
< Ny (¢, F) max P, {—
je{l,- ,Na(e,F)} n

Zgj<Xi) —pu(g)| >

We set the notation that g; = g; — u(g1)-

In what follows, our reasoning is analogous as in the proof of Theorem 3.2.
Instead of taking any f € F, we work with the functions g; € F. Thus, we
consider now the processes

23, =Y. 9,(3) (12)

and
Sn@j) = Zn@j) + An(?j)'

15




Under the assumptions A1, A2 and A3’ for g;, we get the analogous to
that from Theorem 3.2 Bernstein’s bound for Z,(g;), namely

M[;

i?j(Bi)

(x — 2¢)? }
2 x 902 (no2(gy) + My(x —2¢)/90) |

(13)

Zx—e] < 18exp {—

We find the upper bound for the remainder term A, (g;) applying the same
reasoning as in Theorem 3.2. Thus,

e x — 2¢ Xo(z — 2€)
P, ; 3,(Xi)| > 5| <Crexp {—T} (14)
and
N xr — 2€ A (z — 2€)
Py | > ) > 5| S Coexp {— 3 ] . (15)
i=74(ln—1)
where

Ci=E, |exp

A0i§j<Xi)
Cy = E4 [exp[A: |7,] (B1)]] -

Finally, notice that

203 F(X)

=1

E, <E,

exp exp < 00

TA
XY 7,(X5)
=1

and
Ea [exp[\ [g;| (B1)]] < Eafexp2) [F| (B1)]] < o0

and insert it into (14) and (15) which yields the proof. m
Below we will formulate a maximal version of Theorem 3.3.

Theorem 3.6 Assume that X = (X,,)nen 1S a regenerative positive recurrent

Markov chain. Then, under assumptions Al, A2', A3', A4 — A5 and for any
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0 < e <z and for n large enough and N > 0 we have
P, [sup | > f(X
s

—(z — 2¢)?
< Ny (e, F) {Qexp [2 < 3(1+a) (ng o2(f) + Mw—?e)]

3 1+a

—(z — 2¢)?
2 x 902(1 + a)? (N\/—O'2( )+ M1 (a— 2e)>

1+4+a

+P, (n1/2 [l—" — l} > N) + C exp {—M} + Cyexp {—M} }

n e} 3

+ 18 exp

where

C, =E,

exp

20 f: F(X
=1

Cy =E4 [exp[2A |F| (B1)]] -

Proof. The proof is a combination of the proofs of Theorem 3.3 and Theorem
3.5. We deal with the supremum over F the same way as in Theorem 3.5.
Then we apply Theorem 3.3. m

We can obtain even sharper upper bound when class F is uniformly
bounded. In the following, we will show that it is possible to get a Hoeffding
type inequality and have a stronger control of moments of the sum S, (f)
which is a natural consequence of uniform boundedness assumption imposed

on F.

A6. The class of functions F is uniformly bounded, i.e. there exists a
constant D such that Vf € F |f| < D.

Theorem 3.7 Assume that X = (X,,)nen 1S a regenerative positive recurrent

Markov chain. Then, under assumptions Al, A2', A3', A5 — A6 and for any

0 < e < x, we have for n large enough
9.2
> (x — 2€) }

F(Xi) — ulf)
P, [;gg D 3 % 002 2

+Cyexp {_M] # Coexp |- 222N (16)

< Ny (e, F) {18 exp {—

3 3
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where

C1 =E, exp|2XTa D],

CQ = ]EA exXp ’2)\1[(81)1)‘ .

Proof. The proof bears resemblance to the proof of Theorem 3.5, with few
natural modifications which are a consequence of the uniform boundedness
of F. m

Under additional condition A4 we can obtain easily the bound with smaller
constants, we follow the analogous way as in Theorem 3.6.

3.2 General Harris recurrent case

It is noteworthy that Theorems 3.2, 3.5, 3.7 are also valid in Harris recurrent
case under slightly modified assumptions. It is well known that it is possible
to retrieve all regeneration techniques also in Harris case via the Nummelin
splitting technique which allows to extend the probabilistic structure of any
chain in order to artificially construct a regeneration set. The Nummelin
splitting technique relies heavily on the notion of small set. For the clarity
of exposition we recall the definition.

Definition 3.8 We say that a set S € & is small if there exists a parameter
0 > 0, a positive probability measure ® supported by S and an integer m € N*
such that

Vee S, Be& 1I"(x,B) > 6 ®(B), (17)

where 1™ denotes the m-th iterate of the transition probability I1.

We expand the sample space in order to define a sequence (Y;,)nen of in-
dependent r.v.’s with parameter 6. We define a joint distribution P, x4 of
XM = (X,,, Y )nen - The construction relies on the mixture representation
of IT on S, namely Il(z, B) = 6®(B) + (1 — 5)%. It can be retrieved
by the following randomization of the transition probability Il each time the

chain X visits the set S. If X,, € S and

e if Y, = 1 (which happens with probability € ]0,1[), then X, is
distributed according to the probability measure @,

e if Y, = 0 (that happens with probability 1—4), then X, is distributed
according to the probability measure (1 — §) " (II(X,, ) — §®(-)).

18



This bivariate Markov chain X™ is called the split chain. It takes its val-
ues in £ x {0,1} and possesses an atom, namely A = S x {1}. The split
chain XM inherits all the stability and communication properties of the
chain X. The regenerative blocks of the split chain are i.i.d. (in case m = 1
in (17)) (see Meyn & Tweedie (1996) for further details).

We will formulate a Bernstein type inequality for unbounded classes of
functions in the Harris recurrent case (equivalent of Theorem 3.2). Theorems
3.5 and 3.7 can be reformulated for Harris chains in similar way. We impose
the following conditions:

AHI1. (Bernstein’s block moment condition) There exists a positive constant
M such that for any p > 2 and for every f € F
_ 1 _

supE, | f(B1)|" < Spla®(£)M™ (18)

yeSs

AH2. (Non-regenerative block exponential moment assumption) There exists
a constant Ao > 0 such that for every f € F we have E, [exp |/\0 Yo (X |] <
00.

AH3. (Exponential block moment assumption) There exists a constant A\; > 0
such that for every f € F we have sup,.qs E, lexp[\ ‘f‘ (B1)]] < oo

Let sup,cgE, [Ts] = ay < oo. We are ready to formulate a Bernstein type
inequality for Harris recurrent Markov chains.

Theorem 3.9 Assume that X is a Harris recurrent, strongly aperiodic

Markov chain. Then, under assumptions AH1-AH3, we have

2
P, [ > x] < 18exp {— v }

;ﬂXZ) — ) 2 x 902 (no(f) + Myx/90)

+ Crexp {—)\g—x} + Cyexp {_)\1_95} . (19)

3
Co =supE, [exp[\ |f| (B1)] .

yes

where

Cl :El/

exp

Ao Z?(Xi)

The proof of Theorem 3.9 is analogous to the proof of Theorem 3.2. We can
obtain a bound with much smaller constants under an extra block moment
condition.
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AH4. (Block length moment assumption) There exists a positive constant My
such that for any p > 2

Sug E, [rs]” < p!M§72EATi,
ye

E,[rs]P < plMy*E,72.

Theorem 3.10 Assume that X is a Harris recurrent, strongly aperiodic
Markov chain. Then, under assumptions AH1-AH4, we have for any x > 0
and for N € R

§ x] e [2 x 3 (1+a) ([2] () + MTF)]

+ 18ex
P [2 x 902(1 4 a)? (Ny/no?(f) + %ﬁ)]

n o«
A A
+ Clexp {_%x] + Csexp {—%] ,

Cy = Sytelg]Ey lexp[As | F] (By)]] -

where

TS

X F(X)

=1

Ci=E, |exp

Remark 3.9 In the Theorem 3.9 we assumed that X rq 15 strongly aperiodic.
It is easy, however, to relax this assumption and impose only the aperiodicity
condition on Harris chain by using the same trick as in Levental (1988). Note
that if Xz satisfies M(m, S, 0, ®) for m > 1, then the blocks of data are 1-
dependent. Denote by S = S U {*}, where {x} is an ideal point which is not

in S. Next, we define a pseudo-atom ay; = S x {1}. In order to impose only
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aperiodicity in this case it is sufficient to consider two processes {E;} and
{0} such that O; = f(Xi) if o (26 + 1) < i < 70 (2k +2) and O; = *
otherwise E; = f(X;) if Tar (2k) < i < 70 (2k + 1), for some k > 0 and
E; = . Every function f : S — R will be considered as defined on S with
identification f(x) =0 (see also Levental (1988) for more details concerning
those two processes). Then, we prove Bernstein type of inequality similarly as
we prove Theorems 3.2 and 3.9 applying all the reasoning to {E;} and {O;}
separately, yielding to a similar inequality up to an additional multiplicative

constant 2.
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Appendix

Proof of Lemma 3.1. Let 7, be the time of the k-th visit to the atom A
(S x {1} in the general case).

In the following we make use of the argument from Dedecker and Gouézel
(2015) and observe that we have for any k <n

P,(l, > k) =P, (1 < n) = ZATk<n
k
=P((Ar = E,a) + Y _(Ari—a) <n— (k- a — E,7a).
=2
It follows that if x > \/n(1 —a™') (a = E474), then

P, <n1/2 (l—n—l> Z:L‘) =0
n o«
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and if 0 < x < y/n(1 —a™!), then

P, (n1/2 (l—n — l) > 1‘) =P, <ln > n +$\/ﬁ>
n o« e
<. (2 [+ )
[2-+2y/7)

< P((Ar — E,71a) + Z (A1, —a) <n— ([g +avn] — 1)a — E,14),

i=2
where [.] is the integer part.
Since 2 4+ zv/n — 1 < [2 + 2y/n] < 2 4 2v/n, we get
n— ([g+x\/ﬁ] —Da—E,74) <n-— (g+x\/_—2)a—EVTA
= —azvn+2a — E,74.

It follows that

P, (n'/? (2 —1)>2) <P ((Aﬁ —E,m4) + Z[%;xm(ATi —a) < —azy/n+2a - El,TA) ,

1=

where [.] is the integer part

Now, we can apply any Bennett’s or Bernstein’s inequality on these cen-
tered i.i.d. random variables to get an exponential bound. This can be done
since we assumed A4. Note that other bounds (polynomial for instance) can
be obtained under appropriate modifications of A4. In our case we get

(2 4oy
P((A1 — E,7a) + Z (AT, — a) < —azv/n + 20 — E,74)
=2
1 _ 2 2
<oxp (- s(ary/n =200+ E,73) /55 |
- 1+ (axy/n — 20+ E,74) M3/ S,

where n
S?2 = E, 73 + ([ + 2v/n] — 1)Ea7i.
o

The above bound can be reduced to

exp (_l (azy/n — 2a)?

2(E, 3+ (2 +ayn)Eaty) + (aay/n+ E,ma)Ms (B, 73 + (2 + 2y/n)Ea
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