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Homogenization of heat diffusion in a cracked medium

Xavier Blanc, Benjamin-Edouard Peigney

December 31, 2013

Abstract

‘We develop in this note a homogenization method to tackle the problem of a diffusion
process through a cracked medium. We show that the cracked surface of the domain
induces a source term in the homogenized equation. We assume that the cracks are
orthogonal to the surface of the material, where an incoming heat flux is applied. The
cracks are supposed to be of depth 1, of small width, and periodically arranged.

1 Motivation and setting of the problem

We consider the propagation of radiation through a cracked medium, made of an optically
thick material. The propagation is initiated by an incoming given energy flux imposed on
the left boundary of the crack (see figure 1 where the flux is represented in dashed lines).

Physically, the exchange surface between the optically thick medium and the energy
source may be greatly modified by the fractures. This may have a significant impact on the
energy balance of the considered system. In many situations, the intricacies of the cracked
medium are such that it is almost impossible to carry out a direct calculation. Besides,
many spatial scales may be involved simultaneously. Full numerical simulations of such
multi-scaled media become hence infeasible.

That is why we have been looking for an average approach that could capture the
effects of cracks in a homogenized medium. The model presented here is simple enough to
be coupled to standard FEM codes. The physical idea behind the model developed in this
paper, called "MOSAIC" (Method Of Sinks Averaging Inhomogeneous behavior of Cracked
media), is to treat the flux enhancement induced by the crack as a volume source term
in the homogenized energy equation. We will show that this can be rigorously justified by
homogenization theory.

Since the medium is assumed to be optically thick, the propagation of radiation follows
a diffusion process [21]. For the sake of simplicity, we shall assume a linear behavior law,
which means that the energy flux F is proportional to the energy gradient Vu.

Besides, we consider the diffusion process on a short time scale, so that the hydrodynamic
effects, which are not supposed to play a significant role, are disregarded.

The linear diffusion problem can thus be modeled by:

6tu;3 - Aug = O in QE7

Onte =0 on I'Y
Onue =1 on '}, (1.1)
Oplle = C‘Tfﬁa on I'?,
Oplle = g on Ff.
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Figure 1: The cracked domain €2..

We also need an initial condition:
ue(,y,t = 0) = u’(z,y), (1.2)

so that problem (1.1)-(1.2) is well-posed. For the problem at hand, u.(z,y,t) is the energy
density but it could represent any field following a diffusion process.

We impose u(x,y,t) to be periodic of period & with respect to the y direction. The
domain ., as well as the boundaries I'?, '}, T'% T'? are defined on figure 1. The right-most
boundary I'? is supposed to coincide with the set {z = 1}, while I'Y is a subset of {z = 0},
and the left-most boundary I'! is a subset of {x = —1}. The parameter ¢ > 0 is supposed to
be small and will tend to 0, whereas o € [0,1) is a fixed parameter related to the width of the
crack. The parameter § € [0, @) measures the portion of the flux which, coming through the
segment {x = —1, —ae/2 < y < ae/2}, reaches the bottom I'? of the crack. The remaining
part of the incoming flux is distributed on the horizontal part of the boundary, namely I'?".
The parameter (3 is supposed to be fixed. The boundary conditions in (1.1) are defined in
such a way that the total incoming flux is exactly equal to 1, which is the value we impose
on the left boundary in the case o = 0 (no crack).

A space-time dependence of the flux applied on the boundaries I'® may be introduced
but it does not affect the homogenization process that we describe here.

Let us mention some previous works on similar problems : in [2], the problem of finding an
effective boundary condition for stationary Navier-Stokes equation is studied. The domain is
bounded, and part of its boundary has oscillations similar to our case, but the corresponding
"crack depth" is of size e, whereas in our case it is of size 1. A similar question is addressed
in [18]. In [10], the same question was studied in the case of an infinite domain. In [11], the
case of Stokes equation with a Coriolis-type term is addressed. The case of Couette flow
is studied in [19]. Elliptic equations were studied, in a similar setting, in |7, 19, 22, 24].
In [15], Poisson problem is studied with three variation scales in the boundary : 1,¢,¢2.
The stochastic case was addressed in [4]. The only works we have found in which the
geometry is similar to our case is [3, 5]. In these works, the equation is of Poisson type,
and the indentations of the boundary are of size 1. However, the boundary condition in the
indentation is of Dirichlet type, whereas here it is a Neumann boundary condition.



2 Changing the scale

To carry out an asymptotic expansion of the solution u = wu. of (1.1) in powers of €, we
"scale" the variable y, in the spirit of [6]. Actually, 2 scales describe the model: the variable

vy is the macroscopic one, whereas = represents the "microscopic geometry". Thus, we define:
€

Y
us(xvyvt) = Ve (1’, gat) ’

so that v is periodic of period 1.
We notice that:

<

8a:ue(xayat) = 0pve (xa 7t> » 8a2cu€(xayat) = 8:5")& (l‘, yvt) )
g

ol o

1 1
Oyus(z,y,t) = Z0yve (m, ,t) , 8§u€(x,y,t) = 8—2851)6 (:r, g,t) .

And v, is solution of (2.1):

1
—631}5 — —2851)5 + 0w =0 in Qq,
€
Opve =0 on I'Y,
Onve =1 on I'}, (2.1)
1 _
— 0. = a—p on I'Y,
e? 2
Onve = g on I'?

3 Asymptotic expansion

Firstly, we notice that in the system (2.1) the domain ©; does not depend of & anymore.
We have to study an equation depending on ¢ in a fixed domain. Besides, the parameter ¢
appears in the equation (2.1) only as €2, which means that 2 is a relevant parameter for an
asymptotic expansion. Thus, it seems natural to look for v. as follows:

ve(2,y,t) = vo(z,y,t) + 01 (2,9, 1) + e*va(z, 9, 1) + ... (3.1)

Remark 3.1 As we will see below, a boundary layer is present at x = 0. It is necessary to
account for it in order to derive the transmission condition (4.4). It is possible to include
this boundary layer in the asymptotic expansion of v. Equation (3.1) would then read:

U5($,y,t) = ’Uo(l]f,y,t)+€2l}1($,y,t)+€4U2($,y,t)+.-.

X X
+UBL0 (gvyvt) + E2UBL1 (g;:%t) + ... (32)

Nevertheless, for the sake of simplicity, we shall deal with the boundary layer separately and
consider the asymptotic expansion (3.1) to guess the shape of the homogenized problem.

Hence, we insert the ansatz (3.1) into the system (2.1) and identify the different powers
of €2. We obtain:

e At the order e2 :

851}0 = 0,



which means that vy can be written

vo(z,y,t) = f(z,t) + yg(z,1),

where f and g are 2 functions independent of the variable y. The condition of period-
icity in y verified by v. implies that vg(x,1/2,t) = vo(x, —1/2,t), hence: g = 0. Thus,
vg does not depend on y :

vo(z,y,t) = vo(x,t). (3.3)

Besides, the boundary conditions on vg are:
Onvo=00onT9 dvg=1onTi, Oyvg=00nTS, Ipvy= s on F?. (3.4)
@

We check that the boundary condition on I'{ is consistent with (3.3). This condition
is indeed equivalent to the statement: dyvyo = 0 on I'Y", which is automatically verified
since vg does not depend on y.

At the order £V :

—3%1}0 - (9;111 + Oyvg = 0. (35)

The boundary conditions on v give

«Q
Opv1 =0onTY, 9,u;=00nT}, d,v =

on I'§, v, =0 on 'Y,

We now integrate (3.5) with respect to y : we get

—(1 = a)dvg + (1 — @)oo = / ’ 3§v1dy + /2 agvldy, (3.6)

1
2
if <0, and
2 2 2
—011;0 + atvo = 8yv1dy,

1
2

if © > 0. (recall that we assume that the axis = 0 contains the border Ff .) In the
first case © < 0, we use the boundary value for 0,,v1,which gives

Oyv1 (m,—%,t) = a;B, Oyv1 (x,%,t) = —a;B.

Besides, the periodicity in y implies that boundary values in y = 1/2 are exactly
compensated by those in y = —1/2. Thus, the right hand side of equation (3.6) is
%—i—%ﬁﬁ = o — 3, and we obtain

—(1—=a)Pvy+ (1 —a)dwo =a— 3 ifz <0,
—8325110 + O0ivg =0 if z > 0.



Hence, vy satisfies an equation in {z < 0}, and an equation in { > 0}. In order to define it
properly, we need boundary conditions. For I'{ and I'l, we have (3.4). We are now going to
derive boundary conditions on {z = 0}. Since we have assumed that 9, u = 8/« on F’f , and
since vy does not depend on y, it may seem natural to impose that d,vo(z = 0) = —5/a.
However, as we will see below, the flux d,vg is not continuous across the interface {x = 0}.
Therefore, we need to take into account a boundary layer at this interface. For this purpose,
we go back to (2.1), in which we zoom at 2z = 0, that is, we define

x
'Ua(xa Y, t) = We (Ea Y, t) .
Inserting this into (2.1), we see that,
—32105 - 8Zw5 + 20w, = 0. (3.7)

We integrate this equation over the domain As = [—4,0] x [—1/2,1/2] N Q; (see figure 2),
integrate by parts, and find

Figure 2: The domain As on which we integrate.

/ OpWe —/ OpWe —/ OpWe
{z=5} {z=—6,a/2<y|<1/2} {z=0,]y|<a/2}
2

- / Oyw, +/ Oyw, = ¢
{y=a/2,—6<x<0} {y=—0a/2,-6<x<0} As

The right-hand side vanishes as € — 0. In the left-hand side, the fourth and fifth terms are
bounded by &, hence, taking ¢ — 0, then 6 — 0, we infer

/ Opwe = / Oywe — B.
{z=01} {z=0",a/2<|y|<1/2}

at We



Therefore, we have, going back to vy, and using the fact that it does not depend on y,
(1 _a)aw'UO(O_?yvt) = 811}0(0+7yat) +ﬁ (38)

We can also compute the relation between vo(07,y,t) and vg(0~,y,¢) by multiplying (3.7)
by z, and integrating it again over As. We then have

) OpWe—+0 8$w5—/ xayws—i—/ TOywe
{z=46} {z=—6,a/2<|y|<1/2} {y=a/2,—6<z<0} {y=—a/2,—6<x<0}

—/ wa—l—/ wg—i—/ w5:€2/ 20w,
{z=6} {z=-6,a/2<]y|<1/2} {z=0,]y[<a/2} As

Here again, the right-hand side vanishes as € — 0, while the first line vanishes as § — 0.
Hence, we find that

We = We —|—/ We.
/{x:m} /{x:O,a/2<y<1/2} {z=0,|y|<a/2}

Going back to vg, this implies that vg is continuous across the interface.
We can thus write the system of equation satisfied by vy:

—02vg + Opvy = % in Q; N {z < 0},
Opvp =1 on I'f, (3.9)

Opvg =0 on I'§,
and

92 = i
{ dzvo + 0o =0 in &y N{x >0}, (3.10)

Opvg =0 on I'Y,

This system is not well-posed, since boundary conditions are missing at the interface {x = 0}.
We thus impose the transmission conditions (3.8), together with the fact that vy should be
continuous across the interface:

vo(x =07) =wvo(x =0"), (1 —a)dwvo(z=07)=0v0(x =0")+ 8. (3.11)

4 Homogenized equation

We have formally shown that

Y
ue(xayat) ~ Vg (xv gvt> )

with vg solution of (3.9)-(3.10). Moreover, if we extend u by 0 outside €., we use the fact
that, for any function f which is 1-periodic with respect to y, we have

f (y) L/l/2 fy)dy, (4.1)

€ —1/2

in L*°. Hence, u. converges to the average of vy with respect to y, that is, (1 — a)uvg(z, t) if
x < 0, and vo(x,t) if x > 0. In other words, the limit equation on u is thus (3.9) multiplied by
(1 — @), and (3.10). Note that the boundary conditions are treated exactly as the equation,
using (4.1).



Hence, the system satisfied by u reads:

—Au+du=a—-p in{-1<z<0}
Ohu=1-—« on {z = —1}, (4.2)
u is 1 — periodic in y.

—Au+0u=0 in {0 <z <1},
Opu=0 on {z =1}, (4.3)
u is 1 — periodic in y.

We also have the corresponding transmission condition inherited from (3.11):
wr=0")=(1—-a)u(z=0"), du(z=0")=0ulz=0")+5. (4.4)
(4.2)-(4.3)-(4.4) constitute the homogenized model.

Remark 4.1 In the coupling condition (4.4), we have a jump for u as well as for the flux
Oru. Therefore, it is a priori not possible to recast (4.2)-(4.3)-(4.4) into a single boundary
problem in the domain {—1 < z < 1} (however, see Section 7.2 below for a formal formu-
lation of the problem). Nevertheless, when « is small and § =0, (4.4) almost amounts to
impose continuity of u and its derivative across the interface {x = 0}. Therefore, in such a
case, the approximate problem

—Au+ 0 = algcop  in {-1 <z <1},
Oohu=1-—« on {x = —1},
Opu=0 on {x =1},

u is 1 — periodic in y,

(4.5)

should give a solution which is close to the solution to (4.2)-(4.3)-(4.4).

Remark 4.2 A spatial dependence on the flux imposed on the boundary I'S may be intro-
duced. In this case, and setting 8 = 0 for the sake of simplicity, the formulation of the
problem written on the cracked domain Q. reads:

Ou—Au=0 inQ,,

Opu =0 on T'?

Opu =1 on T'L, (4.6)
Onu = fo(x)e on T2,

Ohu =0 on T2,

The function fo(x) is such that:

/I_O fo(z)dz = %7

r=—1

ensuring the conservation of energy as € varies.



Furthermore, if fo(x) is such that f,(0) = 0, then the singularity at x = 0 vanishes and
the formulation of the homogenized model is exactly given by:

—Au+ 0 = fo(r)l{geoy {1 <z <1},
Ohu=1-—« on {x = -1},
Opu =0 on {z =1},

u 18 1 — periodic in y.

(4.7)

In such a case, the solution u and its gradient O,u are continuous across the interface
z=0.
5 Analysis of the homogenized problem

In this section, we prove that problem (4.2)-(4.3)-(4.4) is well posed. Let us first set the
notation:

1 1
Q—{(m,y)€R2, f§<y<§, 1<x<1}. (5.1)
1 1
Q+=Qﬂ{x>0}:{(ﬂc,y)eR27 —2<y<2,0<x<1}. (5.2)
1 1
Q‘:Qm{x<0}:{(x,y)eR2, —3<¥<3 —1<x<0}. (5.3)
1 9 1 1
1 1
FO:{(x,y)GRQ, 5 <Y< T= } (5.5)
1 1
Fﬁz{(ﬂc,y)eRz, g <y<g T= } (5.6)

Lemma 5.1 Assume that o € (0,1). Then for any T > 0, problem (4.2)-(4.8)-(4.4) has a
unique solution (u_,uy) € X, where

X = (0.7}, H'(@7)) n € ([0,7), (@) x C ([0, 7), (@) nC" ([0, T), *(©2Y))

Proof: First, let us point out that, for any F' € L?(I'?), the problem

—Au+u=0 in QF,

Opu =0 on I,

Opu=F on I'?, (5.7)
u is 1 — periodic in y,

u(t =0) = ug in QF.

admits a unique solution u* € C ([0, T], H (")) nC* ([0,T], L*(QT)), for any T > 0. This
is easily proved using standard tools of the analysis of parabolic PDEs. See for instance [14]
for the details.



Next, consider the problem (here, g € L?(I'#):

—Au+du=a— inQ,

Opu=1—a« onI'!,

u=g on I'?, (5.8)
u is 1 — periodic in y,

u(t =0) = ug in Q™.

Here again, standard theory of parabolic equations allows to prove that (5.7) has a unique
solution u~ € C ([0, T], H*(Q7)) N C* ([0, T], L*(Q27)), for any T > 0 (see [14]). We now
study the following fixed-point approach: consider an initial guess F© € L?(I'?), to which
we associate the solution u*? of (5.7). Then, define ¢° as the trace of (1 — a)ut? on I'?,
and solve (5.8) with data g = ¢°: this defines u=Y, and a new flux F! = 3 — 9,u~" in
L?(I'®). Repeating this procedure, we build a sequence (F™),cy in L?(I'?), together with
the corresponding solutions u*™ and the data ¢g”. In order to prove that this sequence
converges, we are going to prove that the application ® : L([0,T] x T'*) — L2([0, T] x T'?),
which associates F™t! to F™ is a contraction. For this purpose, we define

Gn _ Fn+1 _ Fm7 ,Un,:i: — un—i—l,:l: _ un,:l:, hn _ gn+1 _ gn
It is clear that v™* satisfies (5.7) with F' = G™ and uo = 0. Similarly, v~ is the solution to
(5.8) withaa—f=0,1—a =0, uy =0, and g = h™. As a consequence, using the uniqueness
for problem (5.8), we infer v™~ (z,y,t) = (1 — a)v™ " (—z,y,t), whence

G" = (1-a)G™. (5.9)

This immediately implies that the sequence (F™),cx converges in L? ([07 T] x TP ) . Denoting
by F its limit, it is clear that the corresponding solution u* is a solution to (4.2)-(4.3)-(4.4).

This proves the existence of a solution. Next, considering the uniqueness, we assume that
we have two solutions u; and ug such that uy # ua, we necessarily have d,u1jps # Oruzps,
according to the uniqueness of the solution to (5.7). Hence, defining F; = Ozu1jre and
Fy = O,uz|rs, these functions are fixed points of the above application ®. Hence, the above
argument implies that Fy = F5, which proves uniqueness. (|

Remark 5.2 The above proof is in fact useful for numerical purposes. Indeed, it proves that
this fized-point approach always converges. Hence, it may be used to compute the solution
u to (4.2)-(4.3)-(4-4). However, it should be noted that (5.9) is an equality. Hence, if a is
close to 1, the convergence will be very slow.

6 Proof of convergence

In this section, we give a rigorous proof of the fact that the solution u. to (1.1) converges
to the solution u to (4.2)-(4.3) as ¢ — 0.

As a preliminary remark, let us point out that, using standard results of PDE analysis,
one easily proves that (1.1) has a unique solution in C ([0, T], H*(€.)) N C* ([0, T], L*(£2.)),
for any T > 0 and any € > 0. See for instance [14] for the details.

Proposition 6.1 Let u. be the unique solution to (1.1). We extend it by 0 outside Q., and
assume that the initial data u.(t = 0) is such that

uc(t = 0) — ug in L*(). (6.1)



Then, for any T > 0, we have

ue —u in L*(Q x [0, 7)), (6.2)

e—0

where u is the unique solution to (4.2)-(4.3)-(4.4).

Remark 6.2 We have set u. = 0 outside .. This strategy is physically relevant, since
ues 1s a temperature, and the heat transfer is only modeled inside 2.: one may think of the
outside of Q- as the vacuum, or at least a domain which is transparent to radiation.

Remark 6.3 In (6.2), we have only a weak convergence. The reason for this is the fact that
we have extended us by 0 outside )., as it is explained in Remark 6.2, whereas it is positive
n Q., due to the imposed incoming flux. Hence, u. qualitatively behaves like a function
which is equal to 1 in Q., and 0 outside. In the domain 1, this function converges weakly
to its average, but does not converge strongly in L.

Remark 6.4 The convergence (6.2) is only local in time (T cannot be infinite). This is due
to the fact that we impose a constant incoming fluz. Therefore, integrating (1.1) over ).,
and using an integration by parts, we have

d

il -1
dt qu ’
hence u. cannot be bounded with respect to t.

Before we prove this result, we need a few technical lemmas:

6.1 Technical preliminary results

Lemma 6.5 Under the hypotheses of Proposition 6.1, for any € € (0,1), we have the fol-
lowing estimate:

/u?—i—/ ug—i—/ ug—i—a/ u§§0</ u?—i—/ |Vu€|2>7 (6.3)
r? o rt re Q. Q.

where C' > 0 does not depend on €.
Proof: We use the same rescaling as in Section 2, and define
v(z,y) = ue (z,2y). (6.4)

Then, the fact that u. € H(£.) implies that v € H'(Q). On this fixed domain, we can
apply standard trace theorems [13, 16, 20|, which imply that there is a constant C > 0
depending on « only, such that

/ v2§0</ vz—i-/ Vv|2).
an Ql Ql

Inserting (6.4) into this equation, we find that

/r” u? + /FO ue(z,ey)? + ./1“1 ue(z,ey)? +/ ue(z,ey)? < C ue(z,ey)?
1 1 1

e Q
Ou, 2 5 [ Oue 2
+C/Ql <8w(x’€y)> +e <6y (33757;/))

10




Hence, changing variables in these integrals, we have

2 2
1 5 1 21/2/2 /121('911g Ou,
- - - <Cc | - - ,
5/Fgu€+5/rgu€+s F;us-i- ?UE* Qaeu5+5 Ox te Ay

which proves the result. O

Remark 6.6 In the above proof, we did not use the fact that u. satisfies (1.1). Hence, the
result of Lemma 6.5 is valid for any u. € H'(Q.).

Lemma 6.7 Under the hypotheses of Proposition 6.1, there exists u € L*([0,T] x Q) such
that Vu € L?([0,T] x Q%) and Vu € L*([0,T) x Q7), and the following convergences hold,
up to extracting a subsequence:

)

Uge 6—\_}() win L7 ([0,T] x Q), (6.5)

Vu. — Vuin L?([0,T] x Q) (6.6)
e—0

Proof: First note that the function u.(t = 0) converges weakly to u(t = 0). Hence,
l[ue(t = 0)[|r2(0) < C, (6.7)

for some constant C' > 0 independent of e. We consider (1.1), multiply it by u., and integrate
it over €, :

1
LA [ 2y dedy — [ Auc(ey, (e, y, t)dady = 0.
2dt Jq, Q.

Using an integration by parts and the boundary conditions in (1.1), we have

—/ Aus(x,y,t)ue(x,y,t)dxdy:/ |Vu5(ac,y7t)|2dxdy—/ Ug Op Ug
Qe Q.

e

:/ |Vu8(x,y,t)|2dxdy—/l ug(x,y,t)dy—(a—ﬁ)f/

Qe ri re

g
N

Thus, applying Cauchy-Schwarz inequality,

%% (/Q ug(:c,y,t)) +/Q \wg(z,y,t)F:/Fl “5+(a5)5/m“5+§/ra“5
’ ) 1/2 ) 1/25 E 1/2
< 6(1(1)(/@“?) Jr(aﬁ)e\f?(/rguz) + 5 Z(/rfug)

We then apply Lemma 6.5, finding

1 d 1/2
(/ u§<x,y,t>) + [ Vupop < c\@(/ @+ [ |Vu5|2) (6.5)
2dt \ o, Q. Q. Q.

for some constant C' depending only on «.

11



It is then possible to find a constant C’ such that:

1d
o 14 / ug(z7y7t) +/ |vu€($ayat)|2 < 0/5+/ UE—F/ |vu€|2
2dt Q. Qe Q. Qe

As a consequence, there exists a constant C' (possibly different from the preceding one),

for which we have L d
Sd </Q€ u?(x,y,t)dm) - /QE u? < Ce.

Then, applying Gronwall lemma to fQ u2 + Ce, we have:

/ u?(z,y, t)de <2 (/ u?(z,y,0)dz + C’e) el

€ €

Then, we split Q into 1/e domains of size ¢ in the direction y, and apply this inequality
to each of these domains. Since u. = 0 outside (2., this immediately implies

/ u?(z,y,t)drdy < 2 </ u?(z,y,0)dzdy + C) el < Cel,
Q Q

for some constant C' > 0. The last inequality uses (6.7). We next integrate with respect to
t, finding that the sequence u. is bounded independently of € in L*(Q2 x [0,77]). Hence, up
to extracting a subsequence, it converges weakly to some u € L?(Q x [0, T]).

Next, going back to (6.8), and integrating with respect to time, we have

T T
1 1
/ / |V (2, y, t)dedydt < CsT—i—f/ u?(m,y,O)dmdy—i—f/ / u?(z,y, t)dedydt
0 Ja. 2 Ja. 2Jo Ja.

<CeT+C (/ u?(z, vy, O)da:dy) el (6.9)
Q

=

This immediately implies that

T
/ / Ve |*(z,y, t)dedydt < CT + C (/ u?(z,y, O)dxdy> el
o Jot Q

Hence, u. is bounded in L2([0,T], H'(Q*)). Extracting a subsequence if necessary, we thus
have (6.6). O

Lemma 6.8 Under the hypotheses of Proposition 6.1, there exists a constant C > 0 inde-
pendent on € and T such that:

lluell L2 (o, 1xre) < Ce” (6.10)
up to the extraction of a subsequence.

Proof: We go back to (6.9), which implies that

T
/ / |Vu5|2 < CeeT,
0 Ja.

where C' does not depend on € nor on 7. Indeed, u.(t = 0) satisfies (6.7), and is e-periodic
with respect to y. Hence,

/ u?(z,y,0)dzdy < Ce.
Qe
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Here again, we use the scaling (6.4), namely

ve(z,y,t) = ue(w, ey, 1),
and find that
/ / (02v:)” + 5 (Byve)? < Ce™.
o Jo, €

In particular, v is bounded in L2([0,T], H*(4)). Using trace theorems [13, 16, 20|, we infer
that v, is bounded in L?([0,T], HY/?(T'¢)), where

o« @ @
It = {(m,a), —1<x<0}U{(z,—§>, —1 <x<0}.
In particular, v. is bounded in L?([0,7] x I'¢). We finally point out that
||UsHL2([0,T]xF§) = ||UE||L2([0,T]><F‘1")a
which completes the proof. O

Lemma 6.9 Under the hypotheses of Proposition 6.1, we have the following convergences,
up to the extraction of a subsequence:

ue 3 win L?([0,T] xT), (6.11)
. 2 0
ue  ——p win L? ([0, 7] x T?%), (6.12)

where w is defined in Lemma 6.7. Moreover, for any § € (0,1), we have the following
convergences, up to the extraction of a subsequence:

ue in L* ([0,T] x QN {x = —6}), (6.13)
Us in L* ([0,T] x QN {x =4}), (6.14)

where u s defined in Lemma 6.7.

Proof: We already know that u. converges weakly to u in L2([0,T], H*(Q")). Using trace
theorems, we infer that we have weak convergence in L?([0,T], H'/?(I'°)), hence strong
convergence in L2([0,T7], L*(T°)) = L?([0,T] x I'Y). This proves (6.12).

Next, we prove (6.11). In view of (6.3), we already know that u. is bounded in L?([0, T] x
I''), thus it converges weakly, up to extracting a subsequence, to some limit. We are now
going to prove that this limit is u. For this purpose, we use here again the scaling (6.4),
namely

ve(x,y,t) = uc(z, ey, t).

We use (6.9), which implies that v. is bounded in L?([0, 7], H'(2;)). Hence, we have the
following convergence:
ve —v in L*([0, T, H' (),

e—0

for some v € L2([0,T], H'(€)). Using the link between u. and v., one easily proves using
(6.5), that

1/2
w(z,y,t) :/1/2 v(z, z,t)dz.

13



Now, using trace theorems [13, 16, 20|, we also have weak convergence of v to v in
L%([0, T]x H'/2(T'})), hence in L?([0, T]xT'}). Now, let ¢ be a test function in C ([0, T|xT'!),
and let us compute the integral of u.p on [0,T] x I't):

T
L Jme - /.
0 rt ri +Ek62

keZs|k\<1/2
/ / =Ly, t)p(=1,y + ke, t)dydt
75/2

/ / ) o(=1,y + ke, t)dydt
kez slk\<1/2 —5/2 e’

1/2
Z / / —1,2,t) o(—1,ez + ke, t)dzdt,

keZ,e|k|<1/2 1/2

kEZ a|k\<1/2

where we have used the fact that u. is extended by 0 outside ()., the fact that wu. is
e-periodic in y, and the link between u. and v.. Since @ is smooth, one easily proves that

1/2
> eterket = [ pl-Lytdy+ )

keZ,elk|<1/2 —1/2

where the remainder does not depend on z nor on v.. Hence, since v. converges to v in
L2([0,T] x T'1), we infer

T T 1/2 1/2
lim/ / uEgp:/ / v(—l,z,t)dz/ o(—1,y,t)dy | dt
e=0Jo Jm 0 ~1/2 —1/2
1/2
1/2
We thus have proved (6.11).

The convergence (6.13) follows exactly the same pattern. The proof of (6.14) is a direct
consequence of (6.6) and of trace theorems [13, 16, 20]. O

Lemma 6.10 Under the hypotheses of Proposition 6.1, we have the following convergence,
up to extraction of a subsequence:

1 (T T
7/ / u€—>a/ / u. (6.15)
€Jo Jre 20 Jg Jrs

The function u is defined in Lemma 6.7, and in the right-hand side, u is the trace on I'g of
Ui+ -

Proof: We already know that wu. is bounded in L?([0,T], H*(2%)). Hence, using trace
theorems [13, 16, 20], u. is bounded in L?([0,T], H/?({z = 0} NQ)) = L*([0,T], HY/?(T?)).
Hence, up to extracting a subsequence, u. converges in L?([0,7] x I'?). Since the trace

operator is continuous, its limit must be the trace of ujq+. Now, since u. is e-periodic in y,
we have

1T
= U = U 1y—_ke|<ay2-
s [ =1 L <o

kEZ s\k|<1/2 keZ s\k\<1/2
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In this integral, we have strong convergence on u., whereas

> Lykelcap o in LX([0,7] x ).
k€Z,elk|<1/2

Hence, we may pass to the limit and obtain (6.15). O

6.2 Proof of Proposition 6.1

We are now in position to give the

Proof of Proposition 6.1: We first apply Lemmas 6.7, 6.8 and 6.9, getting the con-
vergences (6.5), (6.6), (6.10) and (6.11). We next prove that this limit « is a solution to
(4.2)-(4.3)-(4.4). For this purpose, we define

Q7 =Q.Nn{z <0}, (6.16)

and
Qj =Q.N{z>0}. (6.17)

We assume that ¢ € C*°(Q x [0,T7]), is periodic of period 1 with respect to y and is such
that

11
V(z,y) € Q, p(z,y,T) =0, and Vye€ (—2, 2) LVt € [0,T], »(0,y,t) = 02¢(0,y,t) = 0.

We multiply the equation satisfied by . by ¢, and integrate over QF x [0, T:

T T
/ / Oyucpdrdydt — / Au,pdrdydt = 0. (6.18)
o Jat 0o Jat

In the first term, we integrate by parts with respect to ¢:

T T
/ / Oruspdrdydt = — / / U Oppdxdydt
o Jof o Jof

_ / ue(@,y, 0)p(x, y, 0)dady (6.19)
Q+

€

Repeating this argument in each set QF + keea, where k € Z and ¢|k| < 1/2, and using the
fact that the union of these sets is QF (if 7! is an integer, which we may assume), we have

T T
/ Oruepdrdydt = — / / ue Oy pdxdydt
0 Jar o Jat
—/ us(z,y,0)p(z, y, 0)dzdy (6.20)
O+

The weak convergence of u. in L2(Q2 x [0,T]) and of u.(t = 0) in L?() allows to pass to
the limit in the right-hand side, finding

T
li dxdydt =
EI_)I% Z A /Q;*'JrkseZ 8tu5<10 e

k€Z,e|k|< L

T
f/ / u@tgpdxdydt—/ u(z,y,0)p(z,y,0)dzdy (6.21)
0 Q+ Q+

15



The same argument allows to prove this convergence in Q7 (recall that we have extended
ue by 0 outside €.):

T T
lim Z / / Ogue pdxdydt = —/ / uatgodmdydt—/ u(z,y,0)p(z,y,0)dxdy
=0 0 JOI tkees 0 - Q-

k€Z,e|k|<
(6.22)
We next deal with the second term in (6.18), in which we integrate by parts with respect
to (z,y). Using the boundary conditions we have on u., we infer

T T T
/ Aupdrdydt = / Onpletp — / Vu. -V
0o Jaf 0 Joat o Jat

T
= —/ Vue - V. (6.23)
o Jaf

Using (6.6), we thus have

T T
lim / / Aucpdxdydt = —/ / Vu - V.
=0 Z 0 QO +kees : 0 Q+

keZ,e|k|< L
This and (6.21) implies

T T
—/ / uOypdxdydt —/ u(z,y,0)p(z,y,0)dxdy = —/ Vu.V, (6.24)
0o Jar Q+ 0 Jat

which is the weak formulation of (4.3).

We are now going to apply the same strategy on the set 27, but the situation is more del-
icate here. Integrating over Q- instead of QF, we already know that (6.22) holds. Moreover,
we have

T T T T
/ Ausapdxdydt:/ anuggo—/ / ugancp—i-/ / ueAp
o Jar o Joas o Joa: o Jag
T T . T T
:/ / <P+/ (04—5)5/ go—/ / usango—k/ / ueAp. (6.25)
0o Jrt 0 o 0 Joas 0 <

In order to recover an integral over the domain 2~ , we repeat this operation for the domain
O + ¢k, for k € Z and €|k| < 1/2. We thus have (6.25) for this domain. Summing these
equalities with respect to k, and setting

Q- = U (QF + ckes), (6.26)
k€EZ, ek|<1/2

we find

T T
Au.pdrdydt = / / %)
/0 AE : Z 0 I'ltekes

kEZ, e|k|<1/2

T T
€
+ ) / (a—ﬁ)*/ - > / / U0
0 2 T'etckes 0 O(Qz +ekes) :

keZ, elk|<1/2 keZ, e|k|<1/2
T
+/ / usAp.  (6.27)
0 _
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We deal with each term of the right-hand side of (6.27) separately: for the first term, we

have
/ / 1—&/ / (6.28)
Tl4ckes Y50 rt

Next, the second term of the right-hand side of (6.27) is interpreted as a Riemann sum with
respect to k for the map y — fr1+y82 . Since ¢ is smooth, we thus have

S b rmea ] e o

keZ, elk|<1/2

k€EZ, a\k|<1/2

Finally, we deal with the third term of the right-hand side of (6.27). We first note that, due
o0 (6.26), this term is equal to

[ oot [ vt
AT +ekes) a0z

UeOptp + / / w0  (6.30)
/ /I‘1+sk(>2 : Z S tekes :

elk|<1/2

kezZ, s|k\<1/2

elk|<1/2

Here again, each term of the right-hand side of (6.30) is dealt will separately. The first term

reads
ol BT o
I'l4ckes Tt

Hence, applying (6.11), we find

elk|<1/2

/ / UeOpp —> — w0y p. (6.31)
I'ltekes e—0 Tt

Turning to the second term of the right-hand side of (6.30), we note that the value of w,
on this boundary does not depend on k since u. is periodic of period € with respect to y.
Using:

elk|<1/2

ue(x, £ae/2 + ke, t) = u(x, Lae/2,t),

we write

/ / UeOpp =
e +ekes
[0
/ / ue |z, t) Oy (x,ek - ga,t) dxdt

elk]<1/2
/ / Ue ,% Oy (:aek + %s,t) dxdt.

elk|<1/2
We use a Taylor expansion of ¢ with respect to the y variable, around the point y = ek:

elk|<1/2

Dy (x ek + 5 t) Oy (w, ke, t) £ s%@jw(x,ek,t) +0 (¢?).
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The remainder O(e?) depends only on ¢, and may be chosen bounded independently of
and t. Hence, we have

/ [ woe=00
F +ekes
/ / Ug 7——5,75) — Ug (x, %at)) Oy (x, ek, t) dedt

s|k\<1/2

— 6* / / 5 t) + e (x, %a,t)) ajw(x,ek,t) dxdt.

5|k|<1/2

elk|<1/2

The last term is a Riemann sum with respect to k. The corresponding integral is

1/2
/ 55@(99’2/;15)612/ =0,
~1/2

since ¢ is assumed to be periodic of period 1 with respect to y.

Hence, using Lemma 6.8, one easily proves that this last term converges to 0. For the
first term, we use the same strategy, but we need to prove a little more: we write the sum
over k as follows:

1 ek+e/2
S oelnekt= S (o eh -1 / By (. y, t)dy

elk|<1/2 elkl<1/2 k—e/2

/ek+6/2 Oyp(z,ek,t) — Oyp(x,y,1)
ek—e/2 €

dy

elk|<1/2

ek+e/2
= > / (y — ek)0)o(x, ek, t)dy

elk|<1/2”ck—e/2

ck+e/2
e X [ etk + ot
clkl<1/2 ek—e/2

where the remainder O(e) is uniform with respect to « and ¢. The first term vanishes because
the integrand is even with respect to the variable y — ek. The second term is easily shown
to be of order € by computing the integrals explicitly. Finally, we thus have

/ / Uge n<p—>0 (6.32)
e +ekes

Inserting (6.31) and (6.32) into (6.30), we infer

Z / / Ug ngp—> / U0z p. (6.33)
(e +ekes)

kEZ, e|k|<1/2

elk|<1/2

Then, we collect (6.28), (6.29), (6.33), and insert them into (6.27). Hence,

T
/ ) Auggadxdydt—> (1-« / / o+ (a— / / / U0y — / / uAgp.
o Jaro - -
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Finally, we use this convergence and (6.22), and insert it into the equation

T T
/ Oyucpdrdydt — / / Aucpdrdydt = 0,
o Jag 0 :

finding

T
—/ / uat@dxdydt—/ u(z,y,0)p(z,y,0)drdydt =
0o Ja- Q-

(l—a)/OT/F1<p+(oz—B)/0T/<p+/OT QfVu-V(p, (6.34)

which is a weak formulation of (4.2).

To end the proof, we need to show that the transmission conditions (4.4) hold. For this
purpose, we first point out that, since u. — u in L?([0,T] x Q) and since u. is e-periodic
in y, v must be independent of y. Next, we define a test function ¢ which depends only on
t, and has compact support in (0,7"). We multiply the first line of (1.1) by ¢ and integrate
over [0,T] x Q..s5, where

Qo5 = QN {|z| <}

(Recall that €. is defined by (6.26).) Integrating by parts, we have

o
|

T
/ / (Orue — Aug) p(t)dadydt
0 Jas

T T
_/ / usatso B / / anugsp
0 JQos 0 Jo(Q.,s)

Computing the boundary term, we get

T T T
0 = 7/ [ usatcpf/ / 8musg0+/ [ Oy Ucp
0 Qs 0 QN{z=6} 0 Q.N{z=-6}

e T 0
—(a=F8)3 > /0 [62¢(t)dxdt

kEZelk|<1/2

SN

k€Z,elk|<1/2

It is easy to pass to the limit in each of the above terms, except for the second and third
one. We thus deal with them separately: we multiply the equation by ¢ and integrate on
Q. N{z < —d} instead of €2, 5. Integrating by parts, we find

T T
0 = —/ / usatgo—/ / Oz Ucp
0 JO.n{z<-6} 0 JO.n{z=-6}
. T =5
~(a=B)5 > / / 20 (t)da:dt.
0 —1

kEZelk|<1/2

Passing to the limit in the first and third term, we find that

T T T
lim/ / Opliep = —/ [ ulpp + (a0 — B)/ / ©
e=0Jo  JO.n{a=—s} 0 JO.n{z<-5} 0 Jan{z<-s}
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Now, we go back to the equation verified by u, namely (4.2). We multiply it by ¢ and
integrate by parts. We infer

T T
lim/ / amuegpz/ / Oz up. (6.36)
£20Jo  JA.n{z=-6} 0 Jon{z=-4}

Likewise, integrating over Q. N {z > ¢}, we have

T T
lim/ / 8xu5g0:/ / Oz uep. (6.37)
=0 Jo  JQ.n{z=6} 0o Jan{z=s}

We insert (6.36) and (6.37) into (6.35), and interpreting the last term of (6.35) as Riemann
sum, we get

T T T
—/ / uatap—/ / 8Iu<p+/ / Opuep
0 Jan{|z|<s} 0o Jan{z=s} Qn{z=—6}
(a—B)5 / Bt — B / /
rs

Letting § — 0, and using the fact that u does not depend on y, we thus find
Opu” = 0,u™ + B ifx=0. (6.38)

Then, we repeat the same argument with zp(¢) instead of ¢(t), and we find

/ / 2uOpp + / / h (29) — xPOn ..
Qn{|z|<d}

Since zp does not depend on y, the first boundary term contains only terms on the vertical
boundaries {z = 6}, Q. N {x = —6}, and T2 + keey, for k € Z, e|k| < 1/2. We thus have

T
—/ / Tu:O0pp

0 Qn{|z|<d}

T T
AR o SRR v o §

0 Jaon{z=s} : 0 JO.n{z=-46} : Z F+£—:k:eg

kEZelk|<1/2

T T
—/ / (’“)zusxap—i—/ / OpUe TP
0 QN{z=4} Q.n{z=-6}

_(a_g)f Z //233@ t)dxdt

k€Z,e|k|<1/2

Here again, we use (6.13), (6.14), (6.36) and (6.37), to pass to the limit in the above equation,

finding
T T
Lo [ e L e e
Qn{|z|<6} on{a= 5} on{z=—6} s
2
// 8u€x<p+// Dpucrp — (a—ﬁ)i/ ®
Qn{z=5} Q.n{z=—5} 2 Jo
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Hence, letting 6 — 0, we have
ut —u —aut =0 ifx=0. (6.39)

Collecting (6.38) and (6.39), we find (4.4).

Thus, we have proved that, up to extracting a subsequence, the sequence u. converges to
u, weakly in L2, and that u € H'(Q) is solution to (4.2)-(4.3)-(4.4). Next, we point out that,
according to Lemma 5.1, such a solution is unique. Hence, the whole sequence converges,
without any need to extract a subsequence. O

7 A numerical illustration

In this section, we consider a numerical application of MOSAIC on a given crack geometry,
which is represented on figure 1. We can thus compare the solution of the diffusion problem
(1.1) solved in the cracked domain €2, with the solution of the homogenized model (4.2)-(4.3)
solved in the average domain 2. This domain represents the limit of Q2. as ¢ — 0. Note
that 2 does not contain any crack and is invariant in the y direction. Its length is 2 in the
x direction. It is thus of the same length as the cracked domain (..

To calculate the solution of the homogenized problem, we actually use two independent
methods that we describe in details:

e a weak formulation in the whole homogenized model 2.
e 2 fixed-point approach connecting the 2 sub-domains Q% and Q™.

Computations presented here are performed using a P! finite element approximation on
triangular meshes. It has been implemented using the software FreeFem++ [17].

7.1 Direct simulation of the cracked domain

We start by solving the problem corresponding to the diffusion model (1.1) on the cracked
domain Q. (see figure 1). We recall that the domain €. is periodic of period e with respect
to the y direction. The width of the crack « is fixed: we take @ = 0.1 for the simulations
corresponding to figure 3. In what follows, we always take 8 = 0. We represent the field
u(z,y,t1) solution of (1.1) at a given time t; = 0.5 for different periods e. The time ¢; is
such that the normalized spatial profile of the field has reached a stationary state. We carry
out direct calculations for the periods ¢ = 1, ¢ = 0.5, ¢ = 0.2, ¢ = 0.02. We make sure the
simulations have reached convergence with respect to the mesh size as well as the time step.
The fields calculated for each period € are shown on figure 3a. We note that the convergence
in € is quite fast: for ¢ < 0.2, the field does not depend on the variable y anymore and the
limit in ¢ appears to be reached. This is not true for ¢ = 1 where the field still depends
on y, especially in the vicinity of the crack. Besides, since « is rather small here, we make
use of remark 4.1 and compare the field solution of the direct calculation with that of the
approximated homogenized model (4.5). Equation (4.5) is solved in the domain ) where
the crack is not described but its effect on the diffusion process is modeled by a source term
of the form al,<¢y in the right hand side of equation (4.5). The incoming flux applied on
the left boundary located at © = —1 is now 1 — « (see figure 3b). It is consistent with the
fact that the indentation of width a is no more described in the homogenized domain €.
A fraction of the incoming flux is thus "converted" into a source term in the homogenized
equation. This accounts for the name given to our approach: MOSAIC, as Model Of Sinks
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(a) —Au+ du =0 in Q.. (b) —Au + dru = alz<oy in Q.

Figure 3: Direct calculation on the periodic cracked domain (). for different peri-
ods ¢ — 0. The crack occupies the fraction o = 0.1. The field solution of (1.1) is plotted at
time t1 = 0.5. We compare the result with that of the homogenized approach approximated
by equation (4.5) where the singularity at © = 0 is disregarded. This approzimation makes
sense here because a is rather small.

Averaging Inhomogeneous behavior of Cracked media. Note that the homogenized model
(4.5) does not take the singularity at = 0 into account, which should play a significant
role as « increases. We are now going to devise two approaches to treat this singularity in
the homogenized model for any given a.

7.2 Weak formulation of the homogenized model

The first strategy to compute the solution of (4.2)-(4.3) is to find an equivalent weak formu-
lation of the problem and then solve it numerically using standard finite element methods.
We recall the equations that have to be solved:

—Au+du=a—-F nQ ={-1<z<0},
ohu=1—-« on {x = —1}, (7.1)

u is 1 — periodic in y.

—Au+du=0 in Q" ={0<z<1},
Opu =0 on {z =1}, (7.2)
u is 1 — periodic in y.

with the so-called transmission conditions at the bottom of the crack located at x = 0:
uz=0")=(1-a)u(zr=0"), dyu(zr=0")=0,ulx=0")+8. (7.3)

Multiplying (7.1) by a test function v and integrating by parts on the domain Q~, we
get:

Oruv — Avu + /
20—

uOpv — vopu = (a — B) / v.

Q-

Using the boundary conditions on 7, this becomes:
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Oruv — Avu + /

r=—1

upv —v(l —a) + / u(z =07)0,v — vO;u(07)

Q- z=0

—@-0) [ v @)

Then, applying the same processes (7.2) and integrating on QF, we obtain :

Oruv — Avu + / u0pv — v u = 0.

Q+ o+

The boundary conditions lead to:
Opuv — Avu — / u0v + / Opu(0M)v — u(z = 07)9,v = 0. (7.5)
Qt =1 =0

We sum (7.4) and (7.5) :

/Qatuv — Avu — /CE:1 u0zv + ~/m:—1 upv —v(l — )
+ /m:O 0 (0,u(07) — Byu(07)) + (ule = 07) — ule = 0%)) Do = (a — 5)/ v,

We now make use of the transmission conditions (7.3) at x = 0, leading to

/ 8uvavuf/ u@zv+/ upv — (1 — @)
Q =1 rz=—1

- /ac:O v /a::O au(z = 0")0,v = (a - 5)/7 v.

Integrating by parts again, we finally obtain:

/Qatuwvuvuf/x}lv(lfa)
—/EZOBU—/c:Oau(sz+)8wv—(a—ﬁ)/iv=0, (7.6)

which is the weak formulation of our problem.
The corresponding equation is:

—Au+ 0w = (a— B)1i<o

—ady (u(z =0%)d,—0) + Bdr—0 In Q={-1<z <1},

ohu=1-« on{zr = —1}, (7.7)
Ohu=0 on {x = —1},

u is 1 — periodic in y.

Remark 7.1 Taking v =1 in (7.6) leads to the energy conservation equation:

d

Ll u=1
at Jo !
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We compute the solution of (7.6) using the numerical approximation of the Dirac mass
at x =0:

o

/ au(z =0M)o,v~ [ —
=0 Q d
for § arbitrary small. Note that this approximation may not be satisfactory as « increases.
Taking a piecewise linear approximation of the Dirac mass around x = 0 may improve

the numerical estimate. This approach nevertheless diverges from the direct calculation for
bigger « (see figure 5), especially in the vicinity of the crack interface at x = 0.

10<w<5uaacva

7.3 Fixed-point approach

Another numerical approach to solve (4.2)-(4.3) that might be more accurate is to use the
fixed-point approach, in the spirit of section 5 and remark 5.2. We apply the following
iterative process:

e Starting with an initial guess F© corresponding the flux imposed on I'?, we solve the
problem (5.8), and get the unique solution u*°.

e Then, we compute the trace ¢° of (1 — a)ut? on I'’, and solve (5.7) with the data

g = ¢°. This gives us the unique solution v =Y.

e We compute a new flux on I'? F! = 8 — 9,,u™" and we repeat the first step with F.

This procedure builds a converging sequence (F™),cy in L?(I'?), together with the cor-

responding solutions u™" and the data g". We assess the convergence of (F"), ey when the
n+1 _ n

relative change between two successive iterations || || is smaller than a small fixed

n

parameter. This has to be carried out at each time step of the simulation.

7.4 Synthesis

We thus compute the results given by each method:
e direct calculation on the cracked domain €.,
e weak formulation on the homogenized domain §2,
e fixed point approach on 2,

for two crack configurations: ov = 0.1 (small crack) and o = 0.6 (big crack). We fix § =0 in
the simulations for the sake of simplicity. We compare the different simulations by plotting
the time evolution of the solution at 2z = 0.5 (that is to say, in the core of the intact part of
the cracked material) and the spatial profile of the solution at final time ¢; = 0.5. Results
are shown in figures 4 and 5. We can note that the fixed-point method appears to be more
accurate than the approach based on the weak formulation (7.6) especially as « increases.
This is due to the fact that (7.6) involves a Dirac mass at « = 0, proportional to the width of
the crack a. The corresponding term is only approximately calculated in our finite element
simulations and leads to more significant errors for greater a. In some way, the fixed-point
method amounts to treat the Dirac mass at x = 0 exactly.

We conclude this numerical illustration by studying the error associated with the ho-
mogenized model (4.2)-(4.3) with respect to the period ¢ of the cracked domain.
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Figure 4: Comparison of the direct and homogenized approaches for o« = 0.1. The
black curve is the direct calculation of the crack, i.e the limit solution of (1.1) ase — 0. The
two other curves correspond to the solution of the homogenized problem (4.2)-(4.3) computed
by two approaches: in red, it is the fized-point method whereas the blue curve represents the
numerical solution of the weak formulation (7.6).
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Figure 5: Comparison of the direct and homogenized approaches for a = 0.6. We
note that when we get close to x = 0, i.e the bottom of the crack, the agreement between the
different approaches is not so good. This is due to the singularity represented by a Dirac
mass at x = 0 in the weak formulation of the homogenized problem.
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More precisely, we calculate the error defined by:

ot — |t — Ue”LZ(Qj) 7 (7.8)
||U6HL2(QE+)
where u. is the solution of the exact model (1.1) in the cracked domain €. and @. is the
projection of the solution u of the homogenized model (4.2)-(4.3) on the sub-domain Q.
The error is plotted as a function of € on figure (6). It shows that the error depends linearly
on the period €. Besides, as € — 0, the error tends to the residual error linked to the mesh
size used in the finite element calculations.
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0.032

0.03—

error

0.028—

| | | | | | | |
0'0260 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

€

Figure 6: The error associated with the homogenized model as a function of e.The error
depends linearly on the period €. As € — 0, the error tends to the residual error linked to
the mesh size used in the finite element calculations, ~ 0.02 here.

8 Conclusion and future work

We have shown that a diffusion process initiated by an incoming flux through a periodic
cracked medium can be modeled by a volume source term in the diffusion equation solved
in the homogenized domain. The crack induces also a singularity at x = 0 giving rise to
some complications in the formulation of the homogenized problem. We have introduced a
boundary layer around = = 0 to treat it properly. This leads to a Dirac mass located at z = 0
in the weak formulation of the homogenized problem. Note that this singularity might be
interpreted physically by considering that the temperature field in the vicinity of the crack
is well described by a point source located at x = 0. This remains true as long as we observe
the temperature sufficiently far from the crack, where we are not too sensitive to the details
of the fracture profile. This can be shown rigorously in a very particular configuration
for which the shape of the fracture is smooth enough to be described analytically usin g
conformal mappings [8, 9].
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Besides, we have developed our method in a very particular setting, where the cracks are
supposed to be orthogonal to the surface of the material and periodically arranged. This is
an elementary case on which we have tested our approach. We may now have in view to
address much more general situations on which MOSAIC could be applied. For example,
we may consider the case where a becomes a stochastic variable. The periodicity of the
structure may then disappear. It would be interesting to see how the model proved on a
simple geometry may be extended to more intricate stochastic configurations. Even more
generally, the homogenization process could be studied in a fractal cracked medium, such
as the one given in [1].

Another extension of the present work may be to consider that the cracked material is
not homogeneous but filled with radiation-free micro-cracks (see figure 7 for an illustration).
Provided the size of such micro-cracks is much smaller than e, the effective behavior of the
micro-cracked medium can be estimated - and in some cases rigorously bounded - using
general methods from the theory of composites materials, possibly extended in a non-linear
regime ([28], [27], [26]). Those methods make use of the so-called "translation method"
devised by Murat and Tartar [23]. Combining such approaches with the MOSAIC method
is the object of ongoing work [25].
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