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Abstract

A new model is developed in order to account for the effect of microstructural degradation (i.e. precipitate-
directional-coarsening) on the viscoplastic behavior of single crystal superalloys under high temperature exposure.
Microstructural changes are modeled by a tensorial description of γ channel width evolution formulated in the
natural anisotropy basis of the material. The tensorial description of microstructural evolution is combined with
the Kelvin modes based viscoplasticity laws thanks to the coupling with the Orowan stress performed within a
thermodynamics framework. Isotropic and directional coarsening of the γ′ hardening phase are modeled as well as
its dissolution with temperature changes. Results are presented for isothermal creep of CMSX-4 alloy at 1050◦C
along < 001 > and < 111 > crystal directions but the formulation allows to account for anisothermal loadings,
isotropization of the creep response at high temperature and misaligned loadings. This newly developed tensorial
framework for rafting can also apply to single crystal superalloys having a positive misfit.

Keywords: Ni-based single crystal superalloys, Microstructure evolution, Creep, Anisotropy

Introduction

Nickel-based single crystal superalloys are widely used for the design of components in the hottest sections
of gas turbines (aero-engines, industrial gas turbines for power generation and turboshaft engines for helicopters)
owing to their superior creep and fatigue properties at temperatures above 700◦C. High pressure turbine blades and
vanes and even first stages of low pressure turbine blades of the most advanced gas turbines are cast using such al-
loys. Their microstructure consists of a high volume fraction fγ′ of γ′-strengthening precipitates coherently merged
in a γ matrix. Under regular operating conditions, thermomechanical cycles at high temperature (> 950◦C) pro-
mote the directional coarsening (DC) of the γ′-precipitates. Such a microstructural evolution is commonly known
as the ”rafting” mechanism (Caron and Khan , 1983, Draper et al , 1989, Pollock and Argon , 1994, Reed et al ,
1999, Tien and Copley , 1971, Tien and Gamble , 1972).This microstructure evolution depends on the mechani-
cal state at the precipitate/matrix scale which is dependent on both the γ/γ′ coherency stresses and macroscopic
applied loading. Most of commercial Ni-based single crystal superalloys using for gas turbine applications have a
negative γ/γ′ lattice misfit δu at high temperatures (Diologent et al , 2003, Dirand et al , 2003, Epishin et al , 2000,
Heckl et al , 2011, Mughrabi , 2014, Reed , 2006, Zhang et al , 2005). For these alloys, it is well established that
N-type coalescence is obtained (i.e: Normal to the mechanical loading) if a macroscopic tensile stress is applied,
whereas P-type coalescence is obtained in compressive loading (i.e: Parallel to the mechanical stress direction) as
illustrated in Fig. 1.

This γ′ morphological evolution has been observed several times in various high temperature components such
as turbine blades after service operations (Biermann et al , 1996, Draper et al , 1989, Epishin et al , 2008, 2010,
Mughrabi , 2009) and the characterization of the consequences of this microstructure coarsening on the mechanical
properties is of the utmost importance to achieve a reliable design of such components. Still, the rafting of the γ′-
phase in Ni-based single crystal superalloys remains a controversial issue since there is no common agreement
on the beneficial or detrimental effects this structure evolution has on mechanical properties. It has already been
proved in literature that this lamellar microstructure induces a decrease in high temperature properties compared
to cuboidal structures (Fedelich et al , 2012a). In addition, N-type directional coarsening was demonstrated to
be deleterious to strain-controlled low cycle fatigue (LCF) and out-of-phase thermo-mechanical fatigue (TMF)
properties compared to cuboidal precipitates or P-type DC (Arrel et al , 2004, Epishin et al , 2005, Kirka et al, 2015,
Mauget et al , 2016) since it leads to a higher plastic flow, especially in the low temperature part of a TMF cycle.
Furthermore, P-type DC is more creep resistant than N-type or even cuboidal γ′-morphologies, for at least the first
percentages of creep deformation, since this microstructure provides efficient barrier to the glide/climb dislocation
processes (Li et al , 2007, Mughrabi and Tetzlaff , 2000). The only case where N-type coalescence may improve
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Figure 1: Typical evolution of the γ′ morphology during high temperature uniaxial tension or compression creep for Ni-based single crystalline
superalloys having a negative γ′/γ′ lattice mismatch δu

the mechanical properties is creep under high temperatures (> 1000◦C) and low stress (Mughrabi and Tetzlaff ,
2000). Without any heat treatment before the material is creep-strained, this inevitable morphology evolution is
believed to improve isothermal creep properties at high temperatures (i.e: a decrease in the creep strain rate) by
providing efficient obstacles to the dislocation motion which mainly consists of glide/climb processes over 1000◦C
(Mughrabi and Tetzlaff , 2000, Reed et al , 1999, 2007a). However, recent studies under such high temperature/low
stress conditions suggest that the N-type rafting mechanism is deleterious to the non-isothermal creep properties
of MC2, CMSX-4 and MCNG alloys (Cormier et al , 2007, Cormier and Cailletaud , 2010b, Giraud et al , 2012, le
Graverend et al , 2014a,b) while a P-type rafting leads to a decrease of the non-isothermal creep strain rate without
affecting the creep life compared to a cuboidal microstructure (Giraud et al , 2012). It is also worth mentioning
that a coarsened γ′ microstructure at the beginning of mechanical tests also leads to a decrease in isothermal or
non-isothermal creep properties (Shi et al , 2012, Steuer et al , 2014), as well as thermo-mechanical fatigue ones
(Kirka et al, 2015). Since such kind of microstructural evolution (i.e. γ′ coarsening or rafting) cannot be avoided
at temperatures above 850◦C, several studies have been conducted to determine the rafting kinetics of the γ′-phase
(Zhou et al , 2007, Svobda and Lukas , 1996, Svoboda and Lukas , 1997), considering uniaxial loadings leading
to an homogeneous stress field or under different applied stresses to be able to model the γ′ rafting process has
a function of time, temperature and applied stress (Epishin et al , 2008, 2009, Fedelich et al , 2009, 2012a,b).
Based on such experimental characterizations, various models have been proposed to be able to account for the
consequences of the γ/γ′ microstructure degradation on the isothermal creep, tensile and LCF properties (Fan et
al , 2015, Fedelich et al , 2012a,b, le Graverend et al , 2014a, Leidermark et al , 2010, Svoboda and Lukas , 1998,
Svoboda and Lukas , 2000, Tinga et al , 2009). However, most of these approaches were devoted to account for
the mechanical behavior evolution along the < 001 > crystallographic orientation with little attention on the γ′

rafting kinetics along other crystallographic orientations whose process is quite different than along the < 001 >
direction (Gaubert et al , 2015, Tian et al , 2012, Tien and Copley , 1971), leading to different consequences on
the mechanical behavior. Moreover, very few of them made an attempt to consider fast non-isothermal loadings
(i.e. thermo-mechanical loading paths closer to real in service conditions of aero-engines or turboshaft engines for
helicopters) inducing both the γ/γ′ microstructure degradation under the form of (directional) coarsening and the
dissolution/re-precipitation of hyperfine γ′ particles after a very high temperature exposure. According to our very
best knowledge, the only model tackling this issue is the one proposed recently by le Graverend et al (2014a).

Within this context, the aim of the present paper is to develop a tensorial description of the γ′ microstructure
evolution during high temperature exposure within thermodynamics framework. The aim of this approach is to
consider both isothermal and non-isothermal loading paths inducing homothetic coarsening and/or directional
coarsening of the γ′ phase, whatever the crystallographic loading direction. After presenting the assumptions of
the models and main microstructure processes taken into account, the equations of the proposed model will be
presented as well as experimental data necessary for its identification. An important point (and modeling choice)
is the scale at which plasticity and rafting variables are introduced. In the present work one proposes to use a
Kelvin modes based initial plasticity framework (Arramon et al , 2000, Bertram and Olschewski , 1996, Biegler
and Mehrabadi , 1995, Cowin et al , 1991, Desmorat and Marull , 2011, François , 1995, Mahnken , 2002),
the link with single crystal plasticity framework being given as Appendix F. Finally, the performances of the
visco-plasticity coupled with tensorial rafting model will be presented and compared to several experimental data
specifically generated for this study.
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1. Background and motivations

In the model we will develop hereafter in the present article, both the isotropic coarsening and the directional
coarsening will be considered. The isotropic coarsening of γ′ particles is a diffusion controlled process following
the Lifshitz-Slyozov and Wagner (LSW) theory occurring during thermal exposure in the absence of mechanical
applied stress (Lifshitz and Slyozov , 1961, Wagner , 1961). In such a situation, γ′ particles are first growing
keeping a square morphology and then, a loss of such a cuboidal morphology is obtained due to a progressive
relaxation of the γ/γ′ interfacial coherency stress during aging (Leidermark et al , 2010, Link et al , 2011). Even
if the cuboidal morphology is progressively lost, in the following of the paper, it will be assumed that the growth
of γ′ particles follows the LSW theory:

λ3 − λ3
0 = Ct (1)

where λ = λ(t) and λ0 = λ(t = 0) are the microstructure periodicity (see Fig. 3) after a given exposure t at
high temperature and in the initial state respectively and C is the growth kinetics at a given temperature which is
assumed to be of Arrhenius type.

Regarding the γ′ rafting, extensive literature has been dedicated to the determination of the orientation of γ′

rafts with respect to mechanical stress orientation and/or misfit value (Ichitsubo et al , 2003, Louchet and Hazotte ,
1997, MacKay and Ebert , 1985). Under elastic conditions, the thermodynamic driving force for γ′ rafting is a
function of three main parameters: (i) the applied stress, (ii) the lattice mismatch δu between the γ matrix and
the γ′ particles, and (iii) the difference between their elastic constants (Nabarro , 1996). However, during time
dependent inelastic straining of Ni-based single crystal superalloys, which is our main focus in this paper, it has
been shown that the main driving force for the development of γ′ rafting is the relaxation of the coherency stresses
due to the development of γ/γ′ interfacial dislocations (Fährmann et al , 1996, Matan et al , 1999, Véron et
al , 1996). Such interfacial dislocations generally come from high temperature creep deformation of the matrix.
Indeed, one of the nicest experiment proof has been provided by Matan et al (1999). They have indeed shown
that if a given high temperature creep strain threshold (ε

p

th
∼ 0.1% at 950◦C) is overcome, γ′ rafting can then

proceed without any external applied stress while if the creep strain introduced is lower than this threshold, the γ′

microstructure remains cuboidal. Up to now, none of the above mentioned model accounting for the consequences
of the γ′ degradation on the mechanical properties has taken into account such a threshold in their formulation,
probably since this threshold is quite low and can be neglected from a technological point of view. This will be
one of our objective. Moreover, one of our aims is to take into account the different morphological evolutions
occurring during creep, either in tension or in compression and along all crystallographic loading direction. For
this, the degree of rafting will be described by the evolution of the γ channel thickness, as illustrated in Fig. 2
for a tension/compression creep loading along the [001] direction. As an example, when a tensile creep loading
is applied along the [001] direction (denoted direction 1), two types of matrix channels are closing (w2 and w3

in Fig. 2) and the last one, normal to the applied load is widening (w1 increases)(Chen and Immarigeon , 1998,
Kamaraj , 2003), as already shown Fig. 1. However, when a compressive creep load is applied, former channels
perpendicular to the applied load are closing (i.e. w1 is decreasing) and the two other families of γ channels are
widening (Mughrabi and Tetzlaff , 2000, Ott and Mughrabi , 1999), leading to the development of γ′ rods aligned
along the [001] directions or plates along two directions, as illustrated in Fig. 2. One of our aim with the model we
will present in the subsequent sections of this paper will be to reproduce the change in γ′ rafting direction when
first a compressive creep load is applied and then a tensile load, or vice versa. Indeed, as shown by Xingfu et
al (2009), as well as by Mughrabi and Tetzlaff (2000), Ott and Mughrabi (1999) and more recently by Giraud et
al (2012), if first a compressive creep load is applied along a [001] direction and then a tensile creep load, a P-type
rafting will first develop and then, during the stress reversal, a breakdown of the former P-type rafting will occur
and progressively lead to the formation of a N-type rafting. Before developing the N-type rafting after the stress
reversal, the γ′ morphology will transiently be almost isotropic (all the γ channels wi having the same width), but
without developing once again a cuboidal morphology. We will also take into account the process of γ′ rafting
when a tensile or creep stress is applied along another crystallographic orientation. As examples, when a tensile
creep load is applied along a [011] orientation (Tian et al , 2012, Tien and Copley , 1971, Ghighi , 2013, Ghighi et
al , 2013, Sass et al , 1996), γ′ particles are elongating along two < 100 > directions (i.e. only one channel width
wi will tend toward 0) while during a tension creep test along a perfect < 111 > orientation (Golubovskii et al ,
1987), almost no directional coarsening is observed. Having a tensorial framework is definitely required to be able
to capture such evolutions in γ′ directional coarsening through the widening/closing of the γ channels.

Finally, we will not consider at this stage the differences in γ′ rafting kinetics at the dendritic scale. It has
indeed been shown several times that the γ′ rafting first starts in the primary dendrite arms, and then continue in
the interdendritic spacings, due to a high γ/γ′ lattice mismatch in the dendrites (Milhet et al , 2012, Mughrabi ,
2009, Reed et al , 2007a). In our opinion, such a difference in γ′ rafting kinetics can only be captured having a
robust modelling framework applied to a finite element simulation accounting for the chemical segregations at the
dendritic scale of Ni-based single crystal superalloys. Moreover, we will not consider the γ/γ′ toplogical inversion
occurring at the end of creep tests performed at rather low temperature (below 1000◦C) and leading to a creep
acceleration (Caron et al , 2008, Epishin et al , 2000, 2001, Fredholm and Strudel , 1987, Reed et al , 1999). This
means that our modeling approach will remain valid up to reasonable creep strains, typically below 5 percents of
creep elongation. In addition, under low creep strain magnitude, the directional coarsening of the γ′ phase always
follow the < 100 > crystallographic direction, even if lattice rotation may occur (le Graverend et al , 2014b).
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Figure 2: Schematic of the γ′ microstructure evolution during high temperature creep and definition of the stereological parameter used in
present work.

Hence, the use of the channel width values wi as defined in Fig. 2 will remain valid.

2. Kelvin modes based (visco-)plasticity of cubic materials

Single crystal material behavior is often modeled by means of so-called crystal plasticity framework: the
permanent strain ǫ p of the Representative Volume Element (RVE) of continuum mechanics is then the sum of the
individual shearing contributions of the (active) slip planes, gathered by families (Asaro and Rice , 1977, Asaro ,
1983, Hill and Rice , 1972, Peirce et al , 1983, Rice , 1975). Schmid law based criterion functions are most often
used at the slip planes scale (Schmid and Boas , 1935).

For present Ni-based single crystal superalloys, this approach defines an additional scale smaller of course
than the RVE scale, but also smaller than the cuboidal microstructure (rafting) scale described in previous section.
The mechanical interactions are quite complex with the evolving microstructure and with Orowan stress relaxation
(see Section 4.2). We therefore prefer in the present modeling approach not to introduce such an additional scale
and to write plasticity in a phenomenological manner directly at RVE scale using so-called Kelvin mode based
macroscopic plasticity.

2.1. Kelvin decomposition in elasticity and for plasticity coupling

Kelvin spectral formulation of elasticity (Kelvin , 1856, 1878) (see Appendix A) concerned initially linear
anisotropic elasticity but now also materials with asymmetric elasticity in tension and in compression (Desmorat
and Duvaut , 2003), multiaxial strength criteria (Arramon et al , 2000, Desmorat and Marull , 2011), creep (Bertram
and Olschewski , 1996, Mahnken , 2002) and Continuum Damage Mechanics (Biegler and Mehrabadi , 1995,
Desmorat , 2000, 2009, Desmorat and Marull , 2011, François , 1995). As pointed out by Cowin et al (1991), it
is possible to use such a formulation as a tool to derive yield criteria and plasticity theories for initially anisotropic
materials, as it naturally extends the concept of deviatoric and hydrostatic stresses to anisotropy.

2.2. Yield criterion defined in terms of Kelvin stresses

A criterion function f (σσσ) defines the elasticity domain by f < 0 and is often used as an evolution potential
to derive, by normality, the plasticity evolution laws. In case of isotropy f is usually expressed in terms of stress
invariants. The anisotropic case is more difficult (Barlat et al , 2005, Lemaitre and Chaboche , 1991, Lemaitre et
al , 2009, Hill , 1950, 1979). A possibility is to use Kelvin stresses σσσk (defined in Appendix A) and to write the
criterion function as f (σσσ) = f (σσσk=1, ...,σσσk=N). Such a formulation is objective (thanks to the objective definition
of Kelvin stresses). Global convexity is gained by ensuring the convexity with respect to each Kelvin stress.

In the isotropic case, there are only two Kelvin stresses, associated with the Kelvin moduli 3K = E/(1 − 2ν)
and 2G = E/(1 + ν) (with E and ν the Young modulus and the Poisson ratio). They are respectively the hydrostatic
stress tensorσσσH and the deviatoric stress tensorσσσ′

σσσH = σH 111 =
1

3
trσσσ111 σσσ′ = σσσ − 1

3
trσσσ111 (2)

with 111 the second order unit tensor.
In case of cubic material symmetry, encountered for instance in FCC single crystals alloys, the elasticity tensor

has three Kelvin moduli (eigenvalues) Λk=1 = 3K = E/(1 − 2ν), Λk=2 = E/(1 + ν), Λk=3 = 2G , E/(1 + ν) and
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three Kelvin stresses σk = Pk : σ, the Kevin projectorsPk being defined in the Appendix (Eq. A.5),
i) the hydrostatic stress, associated with the Kelvin modulus 3K = E/(1 − 2ν),

σk=1 = PH : σ = σH =
1

3
trσ111 (3)

ii) the diagonal part of deviatoric stress tensor σ′ in (cubic) Natural Anisotropy Basis, associated with the Kelvin
modulus E/(1 + ν),

σk=2 = Pd : σ = σd (4)

iii) the out of diagonal part of deviatoric tensor σ′ still in Natural Anisotropy Basis associated with the Kelvin
modulus 2G,

σk=3 = Pd : σ = σd (5)

σd = (σd)′ and σd = (σd)′ are deviatoric and one has the stress (Kelvin) partition

σ′ = σd + σd and σ = σd + σd + σH (6)

in an objective manner in case of cubic material symmetry. An application of this modeling framework to creep of
SRR99 Nickel-based single crystal supralloy has been proposed by Bertram and Olschewski (1996).

Following notations are used next for the particular von Mises norms

σd
eq =

√

3

2
σd : σd σd

eq =

√

3

2
σd : σd (7)

2.3. Macroscopic Kelvin mode based cubic plasticity

For cubic material symmetry, the yield criterion is function of the 3 Kelvin modes/stresses (3)-(5): σd (the

diagonal deviatoric part of stress tensor in Natural Anisotropy Basis), σd (the out of diagonal deviatoric part of
stress tensor in Natural Anisotropy Basis) and hydrostatic stress σH = σH 111 = 1

3
tr σ. Incompressible plasticity is

assumed so that generic yield criterion is

f = f (σd,σd) f < 0 → elasticity (8)

Examples of such yield criteria for CMSX-4 and AM1 superalloys are given in Desmorat and Marull (2011) (see
also section 2.3). Note just that in order to recover a non homogeneous field in torsion, out of diagonal Kelvin

mode σd has to act by means of cubic non quadratic norm ‖σd ‖a = (|σ12|a + |σ13|a + |σ23|a)1/a for out of diagonal
stress tensor (components in Natural Anisotropy Basis), with a , 2.

Normality combined with Kelvin projectors (A.5) gives plastic strain rate (Kelvin) partition

ǫ̇ p = λ̇
∂ f

∂σ
= ǫ̇ pd + ǫ̇ pd















ǫ̇ pd = Pd : ǫ̇ p = nd ṗd

ǫ̇ pd = Pd : ǫ̇ p = nd ṗd
(9)

with λ̇ the plastic multiplier. Three accumulated plastic strains are defined in an objective manner for cubic mate-
rials

p =

∫

√

2

3
ǫ̇ p : ǫ̇ p dt pd =

∫

√

2

3
ǫ̇ pd : ǫ̇ pd dt pd =

∫

√

2

3
ǫ̇ pd : ǫ̇ pd dt (10)

p is standard accumulated plastic strain. It is shown in Desmorat and Marull (2011) that accumulated plastic strain

pd is representative of octahedral slip systems plasticity and that pd is representative of cubic slip systems plasticity
(see section Appendix F). One has:

• pd = p, pd = 0 for tension/compression in direction < 001 >,

• pd = 0, pd = p for tension/compression in direction < 111 >.

Using (quadratic) von Mises normsσd
eq, σd

eq and accumulated plastic strains pd, pd, Hill cubic criterion function
and associated equivalent stress and accumulated plastic strain are simply

f = σHill − σy σHill =

√

(σd
eq)2 + h2(σd

eq)2 pHill =

∫ √

(

ṗd
)2
+ h−2( ṗd)2 dt (11)

with σy = σy001 the yield stress in < 001 > direction and h Hill material parameter for cubic plasticity. Plastic

power is then σ : ǫ̇ p = λ̇
∂ f

∂σσσ
= σHill ṗ

Hill with λ̇ = ṗHill(Hill , 1950).
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Non quadratic cubic yield criterion functions have been identified in Desmorat and Marull (2011) for CMSX-2
superalloy,

f =















σd
eq

σy















n

+















‖σd‖a
τ̄y















m

− 1 (12)

using for ”diagonal” deviatoric stress tensor (quadratic) von Mises normσd
eq and for ”out of diagonal” stress tensor

non quadratic norm ‖.‖a = (|σ12|a + |σ13|a + |σ23|a)1/a (components in cubic Natural Anisotropy Basis): this choice
allows to recover a non homogeneous stress field in torsion (see Nouailhas and Cailletaud (1995) for experimental
evidences), as shown in Appendix B. Material parameter σy = σy001 is the yield stress in direction < 001 >. The

yield stress for tension in direction < 111 > is σy = σy111 = 3−
1
a τ̄y.

When the value a = 2 is considered for non quadratic norm ‖.‖a, one gets (3−
1
a ‖σd‖a)a=2 = σd

eq then equal

to von Mises norm of ”out of diagonal” σd. Note that to take a = 2 simplifies the writing –for instance of the
normality law– and as long as pure shear is not encountered this will be the choice made.

2.4. Two criterion function macroscopic modeling

In order to obtain a close link with Schmid based single crystal plasticity (Asaro , 1983, Hill and Rice , 1972,
Rice , 1975), multi-criterion by nature, an alternative two criterion framework can be used, defined at RVE macro-
scopic scale (Bertram and Olschewski , 1996, Cowin et al , 1991, Mahnken , 2002). We introduce

• a first criterion function f1 = f1(σd,σd), mainly function of ”diagonal” deviatoric stress σd representative

of octahedral slip plasticity, also function of ”out of diagonal” σd (this choice will be justified in section
Appendix F),

• a second criterion function f2 = f2(σd) only function of ”out of diagonal” σd, representative of cubic slip
plasticity.

For multiaxial loading cases, including tension-torsion testing, consider Hill criterion for f1 (introducing pa-
rameter h within definitions Eq. (11)),

f1 = σHill − σy f2 = 3−
1
a ‖σd‖a − σy (hardening omitted) (13)

For the sake of simplicity set h = 0 and a = 2, retrieving then von Mises criterion (7) for non deviatoric stress

tensor σd,

f1 = σ
d
eq − σy f2 = σ

d
eq − σy (hardening omitted) (14)

Normality law becomes

ǫ̇ p = ǫ̇
p

1
+ ǫ̇

pd

2















ǫ̇
p

1
= λ̇1

∂ f1
∂σσσ
= ṗd

1
nd + ṗd

1
nd

ǫ̇
pd

2
= λ̇2

∂ f2
∂σσσ
= ṗd

2
nd

(15)

with the two independent (visco-)plastic multipliers equal to λ̇1 = ṗHill

1
=

√

( ṗd
1
)2 + 1

h2 ( ṗd
2
)2, λ̇2 = ṗd

2
.

As in case of Schmid single crystal visco-plasticity (Méric et al , 1991), two different viscous stresses are
introduced so that visco-plasticity evolution corresponds to :

ṗHill

1 =

〈

f1

KN

〉N

+

ṗd
2 =

〈

f2

KN

〉N

+

(16)

with KN , N, KN , N Norton material parameters in cubic visco-plasticity.
For an uniaxial loading along < 001 > Norton law is recovered, with σy is the yield stress σy001 in direction

< 001 >,

|ε̇p| =
〈 |σ| − σy

KN

〉N

+

(direction < 001 >, hardening omitted) (17)

For an uniaxial loading along< 111 > a double viscosity model is obtained (corresponding isotropic framework
given in de Bussac (1993)), as well as for Schmid single crystal visco-plasticity modeling when slip planes with
different Schmid factors are activated,

|ε̇p| = h

〈

h|σ| − σy

KN

〉N

+

+

〈 |σ| − σy

KN

〉N

+

(direction < 111 >, hardening omitted) (18)

σy is the yield stress σy111 in direction < 111 > when it is lower than σy/h.
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2.5. Saturating visco-plasticity law

The validity domain of Norton law is often limited in terms of strain rate. Most often it applies properly in
creep regime but less in tension at ε̇ ≥ 10−3s−1 and in dynamics cases of impacts for which a saturation of the
viscous stress occurs. This can be simply modeled by means of power-exponential viscosity law, formulated Eq.
(19). For criterion function f1 it reads

ṗHill

1 =

〈

−σv∞
KN

ln

(

1 − f1

σv∞

)〉N

+

or σv = σv∞

(

1 − exp

(

− KN

σv∞
( ṗHill

1 )1/N

))

(19)

Eq. (19) gives well a saturating viscous stress σv → σv∞ at high strain rate (such as f1 = σv in visco-plasticity).
KN , N are previous Norton parameters (identified for < 001 > at low strain rate), saturation value σv∞ is a material

parameter, temperature dependent. At low strain rate one recovers ṗHill

1
≈

〈

f1
KN

〉N

+
, σv ≈ KN( ṗHill

1
)1/N .

3. Tensorial variables for rafting

The microstructure evolution under a tensile load along [001] –the crystallographic orientation taken as frame
direction 1– is illustrated schematically in Fig. 3. The initial microstructure is assumed perfectly cubic. Geometric
lengths wi and ℓi with i = 1, 2, 3 are respectively the widths of the three matrix channels in direction i and the
size of the γ′ precipitates. The direction [001] ≡ 1 is usually assumed to coincide with the centrifugally stressed
axis of blades. Thus, w1 is the width of the channel normal to the loading axis. Similarly, ℓ1 is the size of the
precipitates along the loading direction. Quantities w2 and w3, as well as ℓ2 and ℓ3, are the channel widths and the
precipitates sizes mesured along transverse directions [100] ≡ 2 and [010] ≡ 3, λ = λ1 is the vertical perioditicy
of the microstructure.

Loading the material along the [001] crystallographic direction, the rafting proceeds towards the widening of
the w1 channels and the horizontal coalescence of the precipitates. Thus, the w2 and w3 channel widths tend to
become thinner (Fig. 3-2) until they vanish (Fig. 3-3). At the same time, the vertical size of precipitates decreases
while the horizontal one increases. While the directional coalescence proceeds, the coarsening proceeds too. Thus,
the final microstructure presents only non-zero vertical channel width w1 and wider horizontal channels as well as
an increased vertical periodicity.

The main question concerns the nature of thermodynamics variables for rafting. Do we need to choose a
vetorial or a tensorial description of the microstructure evolution? For instance, it is easier to consider the wi and
ℓi as principal values of second order tensors w and ℓℓℓ (of general components wi j, ℓi j) rather than vectors, in order
to introduce the Natural Anisotropic Basis –cubic, denoted next NAB– of the single crystal within the mechanical
modeling (see section 3.3).

Figure 3: Microstructural evolution: 1) initial microstructure (w1 = w2 = w3 = w0
001

), 2) intermediate microstructure (w1 > w2 = w3), 3) rafted

and coarsened microstructure (w1 > w0
001

, w2 = w3 = 0).

3.1. Fedelich and coworkers variables for rafting

Let us first summarize some key points present in Fedelich et al (2009, 2012a) concerning the status of the
chosen variables for the mechanical description of rafting.

At thermodynamics equilibrium, i.e. at low enough thermomechanical loading rate, the γ′ precipitates volume
fraction fγ′ can be considered as a function of absolute temperature T only, with no delay (see Harada et al (1990),

Roebruck et al (2001), Royer et al (1998), Eq. (20) plotted in Fig. 4 for f 0
γ′ = 0.7 and two values of exponent n),

fγ′ = fγ′eq(T ) = f 0
γ′

[

1 − 〈T⋆〉n+
]

T⋆ =
T − TE

TS − TE

(20)

with fγ′eq(T ) the equilibrium volume fraction function.
The increase of the periodicity length λ – measured in [001] tensile direction – has been found independent of

the stress level for all temperatures. In isothermal cases, it is represented by a diffusion type function of temperature
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T and time t (λ0
001

: initial periodicity, Qλ: activation energy, τλ: characteristic time, kB: Boltzmann constant,
exponent aλ ≈ 3),

λ[001] = λ(t, T ) = λ0
001

[

1 + exp

(

− Qλ

kBT

)

t

τλ

]1/aλ

(21)

Eq. (21) generalizes Eq. (1). In such a modeling, the volume fraction fγ′ = fγ′eq(T ) is not considered as a
thermodynamics variable, neither is explicitly the periodicity length λ. One can nevertheless remark that λ satisfies
the differential equation

λ̇ =

(

λ0
001

)aλ

aλ τλ
λ1−aλ exp

(

− Qλ

kBT

)

(22)

which can be interpreted as an evolution law of thermodynamics of irreversible processes, periodicity length λ
taken then the status of a state (internal) variable (Lemaitre and Chaboche , 1991).

Rafting for tensile (creep) loading in principal orientation < 001 > is mainly studied in literature and a dimen-
sionless variable ξ, this time considered as a thermodynamics state variable, is defined in order to characterize the
type of rafting/coarsening change in microstructure (Fedelich et al , 2006),

ξ =
w − wcube

wraft − wcube















wcube = λ(t, T )
(

1 − f
1/3
γ′eq(T )

)

wraft = λ(t, T )
(

1 − fγ′eq(T )
) (23)

In Fedelich and co-workers works, the index of rafting ξ is considered as the single thermodynamics variable ac-
counting for rafting in the constitutive modeling. The combined effects of γ′ precipitates volume fraction (through
temperature) and of periodicity length (through time and temperature) are taken into account within single defini-
tion (23) for ξ (within wcube and wraft).

3.2. Tinga et al variables for γ′ rafting (Tinga et al , 2009)

For the geometrical-mechanical description of γ′ rafting Tinga et al use as internal variables the 3 dimensions
ℓ1, ℓ2, ℓ3 of large γ′ precipitates, of initial values ℓi(t = 0) = ℓ0, for instance in an evolution law of the form

ℓ̇i = −
ℓi

τℓ

3

2

σ′
ii

σeq + σε
exp

(

−
Qℓ − σeqU

kBT

)

(no sum over i) (24)

with σeq von Mises equivalent stress, σ′
ii
= σd

ii
the diagonal components of deviatoric stress tensor σ′ in the cube

Natural Anisotropy Basis. Material parameters are rafting characteristic time τℓ, numerical parameter σε (small,
it avoids division by zero), activation energy Qℓ, function U = U(T ). In Eq. (24) the multiplication by length ℓi

enforces automatically a constant volume of γ′ precipitates Vγ′ = ℓ1ℓ2ℓ3 = ℓ3
0

, feature observed in experiments
(Chen and Immarigeon , 1998, Ma et al , 2008).

A time/temperature diffusion like evolution is considered (Eq. (21) with aλ = 3), with the assumption λ1 =

λ2 = λ3 = λ(t, T ) of an isotropic periodicity change, with the same remark as in previous section 3.1 on the
thermodynamics status of variable λ. The volume fraction of precipitates is also not an additional variable, it is
fγ′ = ℓ1ℓ2ℓ3/λ

3. Finally, the widths wi of the 3 orthogonal γ channels are determined from the unit cell geometry,
wi = λ − ℓi. They are not additional internal variables neither.

3.3. Tensorial variables for rafting

3.3.1. Tensorial ℓℓℓ and e

One can first consider that the large precipitates dimensions ℓi are the components of a vector l = (ℓ1, ℓ2, ℓ3)T .
This point of view is not pertinent in misoriented loading (i.e. out of the [001] crystallographic orientation) cases
for which the rotation of the crystal (therefore of the Natural Anisotropy Basis) may occur (Ardakani et al , 1998,
Ghighi , 2013, MacKay and Maier , 1982, MacLachlan et al , 2001, Staroselsky et al , 2010, Stinville et al , 2015).
This additional information is present within a second order tensor considered then as one of the pertinent internal
variable for rafting: principal values of tensor of ℓℓℓ – which can be diagonalized if chosen symmetric – are the large
γ′ precipitates sizes ℓi in a possibly rotated basis.

Evolution law (24) for rafting can be rewritten in a tensorial form

ė = − 1

τℓ

3

2

σd

σeq + σε
exp

(

−
Qℓ − σeqU

kBT

)

ℓℓℓ = ℓ0 exp(e) (25)

where σd = Pd : σ (Eq. (4), with Pd a Kelvin projector (A.5)) is diagonal deviatoric part of stress tensor σ
in Natural Anisotropy Basis, possibly rotating when loading. The definition of symmetric second order tensor
e = ln(ℓℓℓ/ℓ0) allows to recover constant volume of γ′ precipitates (from trσd = 0, tr e = 0) as

Vγ′ = det ℓ = ℓ3
0 det

(

exp(e)
)

= ℓ3
0 etr e = ℓ3

0 (26)
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3.3.2. Tensorial description of the matrix and microstructure

The complementary quantities allowing for the geometric description of the evolving microstructure are the γ
channels widths wi and the periodicities λi in the 3 natural anisotropy directions 1 ≡ [001], 2 ≡ [100], 3 ≡ [010].
This means that two additional tensorial variables for the description of γ′ rafting are γ the channel width tensor
w and the periodicity tensor λλλ (assumed isotropic, λλλ = λ 111, in Tinga et al (2009)). Both w and λλλ are assumed
symmetric second order tensors. When the principal basis remains the initial Natural Anisotropy Basis:

w =

















w1 0 0
0 w2 0
0 0 w3

















NAB

λλλ =

















λ1 0 0
0 λ2 0
0 0 λ3

















NAB

(27)

The three tensors ℓℓℓ, w and λλλ are not independent:

ℓℓℓ + w = λλλ (28)

The γ′ precipitates volume fraction is then not an independent variable either, it is :

fγ′ =
ℓ1ℓ2ℓ3

λ1λ2λ3

=
(λ1 − w1)(λ2 − w2)(λ1 − w2)

λ1λ2λ3

(29)

definition which can be generalized to complex rafting cases as intrinsic expression

fγ′ =
detℓℓℓ

detλλλ
=

det (λλλ − w)

detλλλ
(30)

even when second order tensors λλλ and w do not remain coaxial.

3.4. 3D index of γ′ rafting xraft

An index of γ′rafting (ξ, Eq. (23)) has been introduced in Fedelich et al (2006); it is mainly based on an
uniaxial description of γ′ rafting, for which only one of the three γ channel widths is considered (the one in the
loading direction w1 = w[001] = w001). Such an index of rafting is built so that ξ = 0 for coarsening (γ′ precipitates
remains cubes at ℓ1 = ℓ2 = ℓ3, w1 = w2 = w3) and ξ = 1 for completed rafting in tension (at zero width channel
w2 = w3 = 0). It introduces the two references states wraft and wcube at the given volume fraction fγ′ and periodicity
λ (in fact the periodicity in direction [100]).

For compression and for misoriented or multiaxial loading cases a pure geometric definition is needed. Using
the fact that deviatoric part w′ = 0 in coarsening process, we propose to define such a geometric index of rafting as

xraft =
weq

tr w
weq =

√

3

2
‖w′‖ =

√

3

2
w′ : w′ (31)

i.e. an index built from tensorial γ channel width variable only w, of deviatoric part w′ = w − 1
3

tr w111.
One has the following properties for xraft:

• xraft is dimensionless,

• xraft = 0 for coarsening (weq = 0),

• xraft = 1 for rafting in uniaxial tension along [100] at diagonal w = diag[w1, 0, 0],

• xraft =
1
2

for rafting in uniaxial compression along [100] at diagonal w = diag[0,w2,w3 = w2].

Let us point out that the value xraft = 0 uniquely correspond to coarsening (spherical tensor w = w111), the value
xraft = 1 uniquely corresponds to complete rafting (rafting tensor w with two eigenvalues equal to zero).

The link with index ξ is given in Appendix D.

Remark. Definition (31) is inspired from the definition of stress triaxiality Triax = 1
3

trσ/σeq in the field of
ductile rupture and continuum damage mechanics (Lemaitre et al , 2009, Rice and Tracey , 1969).

3.5. On the choice of internal variables to represent microstructure degradation

The question of the choice of the best set of thermodynamics internal variables arises, a) for the geometric
description of γ′-rafting, b) for the mechanical consequences of rafting. In case a) the consideration of two tensorial
variables among the three ℓℓℓ, w, λλλ, seems an adequate choice (but the question of the tensors coaxiality arises then).
In case b) different choices are pertinent, including scalars variables – for instance index of rafting ξ (Fan et al ,
2015, Fedelich et al , 2006, Tinga et al , 2009), isotropic periodicity λ or precipitates volume fraction fγ′ Cormier
and Cailletaud (2010a), Ghighi et al (2013), Giraud et al (2013), le Graverend et al (2014a). One has simply to
be careful to the independency of the variables retained.

The first choice made next (section 4.5.1) will be to use tensorial variable w and scalar variable fγ′ as state
thermodynamics variables for the mechanical description of microstructural changes. Such a preliminary choice is
based on the following remarks:
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• the γ channel width is the quantity that directly acts in Orowan stress, that affects at first order the mechanical
response (hardening) of the RVE, the larger the channel width the lower the apparent yield stress; the three
direction widths wi can be measured with less difficulties than anisotropic precipitates shapes ℓi or anisotropic
periodicity lengths λi in case of advanced rafting,

• if both the sizes of γ′ precipitates ℓℓℓ and the periodicities λλλ are omitted, one cannot determine (by means of
Eq. (29)-(30)) the γ′ precipitates volume fraction; the effect of fγ′ has then :

– either to be neglected (possible choice at thermodynamics equilibrium as it can be considered at zeroth
order as a function of temperature only),

– or to be set as the second variable for the mechanical description of microstuctural changes (our choice
for possibly high thermomechanical loading rates),

• the γ′ precipitates volume fraction fγ′ is a scalar, in comparison with tensorial nature of ℓℓℓ and λλλ (tensors
difficult to measure, more costly choice for structural Finite Element applications), it is standardly measured,

• the evolution kinetic of γ channel width w001 is at first order mainly related to volume fraction fγ′ with the
same quantitative dependency measured for both coarsening and rafting processes. It has indeed already
been shown for MC2 alloy, under both isothermal and non-isothermal creep conditions that the γ channel
width only (mainly) depends on the γ′ volume fraction for a sufficiently high temperature, typically above
1000◦C (Cormier and Cailletaud , 2010a).

Such a first choice is fully consistent with the initial formulation of the Polystar model (Cormier and Cailletaud ,
2010a). A second choice will be proposed in section 4.5.2. It is here recalled that the index of rafting xraft is not an
additional variable.

4. Thermodynamics of rafting

For nickel-based single crystal superalloys at high temperature, the decrease in mechanical properties associ-
ated with the γ′ rafting mainly results from the widening of γ channels where the plastic deformation concentrates
(Pollock and Argon , 1994). Indeed, during creep at high temperature and low stress, typically in between 1000
and 1200 ◦C, depending on the alloy chemistry, the end of the pimary creep stage corresponds to γ′ completion.
The decreasing creep strain rate during this primary creep stage directly results from an easier dislocation mobility
in the γ channels which can be evaluated by the Orowan Stress, defined as :

σORO ∝
GB

w001

(32)

with B the Burgers vector magnitude (= 0.254 nm), and w001 the γ channel width along a < 001 > direction (i.e in
a (100) or a (010) plane).

Since dislocations under high temperature conditions are mainly gliding in the matrix on octahedral slip sys-
tems, a correction factor θ is considered for Orowan stress at (octahedral) slip systems scale,

τORO = θ
GB

w001

(33)

with for instance θ =
√

2/3 obtained when calculating the Orowan stress using γ channels width along the [001]
direction (Benyoucef et al , 1993). The value of θ was assumed to be 0.5 in Fedelich et al (2009) and 0.85 in Tinga

et al (2009), i.e a value close to the
√

2/3 considered in Cormier and Cailletaud (2010a).

4.1. Fedelich and coworkers model (Fedelich et al , 2009, 2012a)

Thermodynamics potential ρψ –with ρ the density, ψ specific free energy– is considered as a function of stress
tensor σ, of temperature T , of plastic strain tensor ǫ, of isotropic hardening (defined at the slip systems scale), of
octahedral αo and cubic αc kinematic hardening tensors (homogeneous to strains) and of γ′ rafting scalar variable
ξ. If thermal expansion and heat capacity contributions are omitted:

ρψ =
1

2
(ǫ − ǫ p) : E : (ǫ − ǫ p) + ρψ

isotropic
p + ρψkinematic

p + ρψu (34)

Hooke tensor E has cubic symmetry, the coupling of elasticity with rafting being neglected.
Stored energy density (contribution of the dislocation stresses) is classically quadratic in internal variables αo

and αc. Kinematic hardening contribution is coupled to rafting as

ρψkinematic
p =

1

2
co(1 − καξ)αo : αo +

1

2
ccαc : αc











Xo = ρ
∂ψ

∂αααo = co(1 − καξ)αo

Xc = ρ
∂ψ

∂αααc = cc αc
(35)
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introducing hardening moduli co, cc and rafting coupling parameter κα, the superscripts o and c respectively stand-
ing for octahedral and cubic slip systems.

Misfit energy ρψu represents the contribution of the γ/γ′ internal coherency stresses (Fedelich , 2002), here
relaxing when rafting occurs. It is expressed as (Fedelich et al , 2006)

ρψu =
1

2
(κu − κξξ)δ2

u (36)

where δu denotes the unconstrained lattice misfit, with κu and κξ two material parameters. Index ξ is defined by Eq.
(23), using Eq. (20) for fγ′ = fγ′eq(T ) and Eq. (21) for λ(t, T ). The driving force for rafting is then

X = −ρ∂ψ
∂ξ
=

1

2
καco αo : αo +

1

2
κξδ

2
u (37)

In the model, the pseudo-cubic slip systems are assumed not affected by the microstructure degradation. Thus,
they do not contribute to the rafting thermodynamics force X, nor to γ′ rafting evolution.

Plastic strain rate is gained from single crystal plasticity framework (Asaro , 1983, Cailletaud , 1991, Méric et
al , 1991, Peirce et al , 1983),

ǫ̇ p = ǫ̇ po + ǫ̇ pc =
1

2

12
∑

g=1

(

no
g ⊗mo

g +mo
g ⊗ no

g

)

γ̇o
g +

1

2

6
∑

g=1

(

nc
g ⊗mc

g +mc
g ⊗ nc

g

)

γ̇c
g (38)

The unit vectors mo
g, mc

g denote the slip directions and no
g, nc

g the normal to the slip planes of the slip system g,

octahedral, and either cubic (Méric et al , 1991) or pseudo-cubic (Fedelich , 2002); γ̇g is the corresponding slip
rate. The resolved shear stresses on both families of slip systems are τo = mo · σ · no, τc = mc · σ · nc. The
back-stresses at the level of the slip systems are then xo

g = mo · Xo · no, xc
g = mc · Xc · nc.

Finally, the evolution law for index of rafting ξ is

ξ̇ = R0(1 − ξ) Xr (39)

with R0 and r as material parameters.
Rafting reduces the hardening for the octahedral slip systems only, in a twofold manner,

• it reduces Orowan stress τORO ∝ GB/w, introduced as an isotropic hardening in viscosity law, by increasing
the γ channel width w according to Eq. (20)-(21) and (23), B being the magnitude of Burgers vector,

• it directly reduces the octahedral kinematic hardening Xo (Eq. (35)).

The microstructural degradation affects the viscosity law, with, depending on a model parameter, a yield thresh-
old τth either sharp at τth = |τo

g − xo
g|th ≈ τORO or allowing for visco-plasticity at τth = |τo

g − xo
g|th < τORO. Following

Johnson and Cook (1983), Lemaitre (1971), a multiplicative coupling with isotropic hardening is considered but
at the slip systems scale; it is not detailed here, nor are the nonlinear kinematic hardening rules α̇o = ..., α̇c = ...,
with nonlinear (sinh type) dynamic and static recovery terms.

4.2. Dislocation bypassing energy density

We propose to derive a thermodynamics framework for rafting directly at the RVE scale, without the use at this
stage of the single crystal plasticity framework. We nevertheless need to make the conceptual difference between
plasticity due to the octahedral slip systems, which are classically affected by Orowan stress, and plasticity due
to the pseudo-cubic slip systems, less affected by Orowan stress. In order to do so at RVE scale, we use Kelvin
modes based definitions of section 2 and introduce two accumulated plastic strains representative of < 001 > slip

systems (pd) and of < 111 > slip systems (pd) (Desmorat and Marull , 2011). Both accumulated plastic strains pd

and pd are mean values over the RVE. Corresponding ”deviatoric diagonal” ǫ pd and ”deviatoric out of diagonal”

ǫ pd Kelvin modes based plastic strains are close to octahedral ǫ po and cubic ǫ pc plastic strains of single crystal
plastic framework (see section Appendix F). Assuming Orowan stress behaves as isotropic hardening and using a
mixture law, the corresponding plastic work reads, with ρ the density,

ρψORO = fγσORO pd = (1 − fγ′ )σORO pd ∝ (1 − fγ′ )
GB

w001

pd (40)

generalized into dislocation bypassing energy density,

ρψORO = κOROg( fγ′) G
w0

001

‖w‖ (pd +̟pd)
dg

d fγ′
< 0 (41)

where mean anisotropic Orowan effect over the RVE is simply introduced through quadratic norm ‖w‖ = (tr w2)1/2

of γwidth channel tensor w, phenomenological function g( fγ′) of γ′ precipitates volume fraction, of parameter κORO.
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By means of material constant ̟, one has introduced in Eq. (41) a macroscopic second order contribution of the

accumulated plastic strain pd representative of < 111 > material response (Eq. (10)). The value ̟ ≈ 0.8–1 will
be obtained in section 7.4. Quantity w0

001
≈ 50 nm is the initial (room temperature) mean value of the γ channels

width, the corresponding initial value for γ′ precipitates volume fraction is f 0
γ′ . Material parameter κORO = κORO(T )

is temperature dependent.
The function g( fγ′) is a decreasing function of the precipitates volume fraction and it is normed such as g( f 0

γ′) =

1. Two possible expressions are given here, first one corresponding to (linear) mixture law, second one the power
law used (and measured) in the Polystar model (Cormier and Cailletaud , 2010a),

g( fγ′) =
1 − fγ′

1 − f 0
γ′

or g( fγ′ ) =















f 0
γ′

fγ′















mγ′

(42)

with the properties g( f 0
γ′ ) = 1 and

dg

d fγ′
< 0

An important remark is that as the precipitate volume fraction changes, the rafting and the coarsening all act in
energy density (41) as single (tensorial) dimensionless mechanical rafting variable

ω =
w

g( fγ′ )w
0
001

or ωi j =
wi j

g( fγ′ )w
0
001

. (43)

Thus, in the same spirit than for rafting (scalar) variable ξ in Fedelich and coworkers constitutive models, one
proposes next to give to dimensionless (tensorial) variable ω the status of single thermodynamics state variable
for microstructure degradation, possibly anisotropic. In this way the dislocation bypassing energy density at RVE
scale can be rewritten as

ρψORO = κORO

G

‖ω‖ (pd +̟pd) (44)

with the physical γ channels widths later determined as

w = g( fγ′ ) w0
001ω or wi j = g( fγ′) w0

001ωi j (45)

which is nothing else than a tensorial extension (with second order tensors w, ω of component wi j, ωi j) of initial
(scalar) Polystar equation for tension along [001] (Cormier and Cailletaud , 2010a),

w[001] = g( fγ′) w0
001 (ωmech + ωLSW) = g( fγ′) w0

001ω
Polystar (46)

constitutive equation shown to apply to thermo-mechanical loading at Ṫ , 0, ḟγ′ , 0. Dimensionless scalar

variable ωPolystar = ωmech + ωLSW is the sum of a mechanical rafting/coarsening contribution ωmech, stress and/or
plastic strain dependent, and of the diffusion term ωLSW consistent with Eq. (1).

4.3. Coupling elasticity-rafting

Pineau (1976) by using a micro-mechanics approach and more recently Tinga et al (2009) by using unit cell
Finite Element computations have shown that the strain energy during a creep test decreases as yielding and rafting
proceed (see also (Fan et al , 2015)). As there is a lack of experimental evidences on the rafting-elasticity coupling,
one can simply assume that elasticity remains cubic and sets

ρψe =
1

2
(ǫ − ǫ p) : E (1 − κEωeq) : (ǫ − ǫ p) =

1

2
ǫe : E (1 − κEωeq) : ǫe (47)

where ǫe is elastic strain tensor and where one has introduced the elasticity-rafting coupling paremeter κE . No effect

is considered when coarsening (ωeq =

√

3
2
‖ω′‖ is the norm of deviatoric part ω′ = ω − 1

3
trω111), if needed replace

ωeq by ‖ω‖. The thermodynamics framework derived next will consider such a coupling (in order to recover the
energetic contribution to rafting driving force derived in Fan et al (2015)) but the final model proposed in section
6 will neglect it (κEωeq << 1, Eq. (74)).

Thermo-mechanical terms are omitted in Eq. (47). Considering the unconstrained misfit1 δu, as a difference in
reference temperature for γ and for γ′ phases allows to define a thermo-elastic misfit contribution −3 fγ′Kγ′δu tr ǫ =

3 fγ′
Kγ′

K
|δu| trσ (see Appendix C), proportional to both the absolute value of the misfit |δu| and to the stress (as in

Fedelich (2002), Nabarro et al (1995)). Following Fedelich et al (2006, 2009) for high temperature visco-plastic
processes, such a contribution will also be neglected, this time compared to next misfit energy ρψu.

1negative for considered CMSX-4 superalloy
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4.4. Misfit energy density ρψu

The misfit energy density ρψu =
1
2
(κu − κξ ξ)δ2

u (Fedelich et al , 2006), Eq. (36) and definition (23)), with the
–here negative– unconstrained mistfit, has the following properties: ρψu remains constant during coarsening (as
then ξ = 0), it decreases when rafting takes place (as then ξ → 1). It is worth remarking that the dependency of
material parameters κu and κξ with respect to fγ′ has not been exhibited in pioneering works. In most models (Fan
et al , 2015, Fedelich et al , 2006, 2009, 2012a, Tinga et al , 2009) , thermodynamics equilibrium is assumed with
biunivoque (instantaneous) relationship between fγ′ and temperature T so that the dependencies with respect to fγ′

is hidden into temperature dependency κu = κu(T ), κξ = κξ(T ).
A first possibility for tensorial rafting framework is to rewrite ρψu as a function of the 3D dimensionless

index of rafting xraft defined in Eq. (31) (also such as xraft = 0 when coarsening and xraft → 1 when rafting).
Thermodynamics will not allow us to do so (impossibility to prove in any case the positivity of the intrinsic
dissipation).

Instead we propose to simply use the remark that one has a zero deviatoric part w′ = ω′ = 0 when coarsening
and write misfit energy density as

ρψu =
1

2

(

κu − κω ωeq

)

δ2
u ωeq =

√

3

2
‖ω′‖ (48)

with κu and κω as temperature dependent material parameters. Misfit energy is expressed as a function of de-
viatoric part ω′ of mechanical rafting variable and of temperature; therefore it remains constant during a pure
isotropic coarsening process and it decreases during the gamma-prime rafting process, as wanted. Compared
to Fedelich’s expression it is now dependent on the intensity of rafting (the γ-channels widths). Note that at
thermodynamics equilibrium, one has f ′γ = fγ′eq(T ) so that Eq. (48) becomes equivalent to alternative formula-

tion ρψu =
1
2

(

κu − κwweq

)

δ2
u with an adequate definition of temperature dependency of parameters κu = κu(T ),

κω = κω(T ), κw = κw(T ). Remark that present parameter κω has the same dimension but differs in value from κξ
parameter introduced by Fedelich and coworkers.

4.5. Thermodynamics potential

The thermodynamics potential, here Helmholtz free energy density ρψ, is function of the total strain ǫ, of the
temperature T and of internal variablesVVVK . The thermodynamics forces are (Lemaitre and Chaboche , 1991)

σ = ρ
∂ψ

∂ǫ
s = −∂ψ

∂T
AAAK = ρ

∂ψ

∂VVVK

(49)

with s the specific entropy andAAAK the associated variables to internal variablesVVVK .
The intrinsic dissipation is then (”•” meaning multiplication for scalar variables, scalar product ”:” for tensorial

variables)

D = −
∑

K

AAAK•V̇VVK (50)

and is positive when the second principle of thermodynamics is satisfied.

4.5.1. w and fγ′ as state variables

The question is then the proper definition of the internal variables for the considered material and applications.
Let us follow a priori choice made in section 3.5, and first consider as internal variables

• macroscopic plastic strain ǫ p (associated with −σ) instead of the plastic slips over each slip system; note
that crystal plasticity constitutive equations will be derived in section Appendix F,

• macroscopic isotropic hardening variables pd (associated force: isotropic hardening R) for octahedral-like

slip systems and pd (associated force: isotropic hardening R) for cubic-like slip systems,

• tensorial rafting variable w (associated force: W),

• γ′ precipitates volume fraction fγ′ (associated force: −Fγ′),

The state laws are

σ = ρ
∂ψ

∂ǫ
= −ρ ∂ψ

∂ǫp
R = ρ

∂ψ

∂pd
R = ρ

∂ψ

∂pd
W = −ρ ∂ψ

∂w
Fγ′ = −ρ

∂ψ

∂ fγ′
(51)

The intrinsic dissipation is therefore the sum of a plastic contribution (Desmorat and Marull , 2011, Lemaitre and
Chaboche , 1991) and of a rafting contribution (which includes γ′ precipitates evolution):

D = Dplast +Draft











Dplast = σ : ǫ̇ p − Rṗd − Rṗd

Draft =W : ẇ + Fγ′ ḟγ′
(52)

13



The dissipationDplast is always positive if criterion functions f1 = σ
d
eq − R −σy, f2 = σ

d
eq −R −σy – including

Orowan contributions – are considered altogether with standard visco-plasticity loading/unloading conditions (16),
as one has then

Dplast = (σd
eq − R) ṗd + (σd

eq − R) ṗd ≥ 0 (53)

as σ′ = σd +σd, and from Eq. (15), σd : nd = σd
eq ṗd and σd : nd = σd

eq ṗd. Presented modeling corresponds to the
case of a vanishing Hill parameter h. The case h , 0, i.e. of a Hill criterion function f1 = σHill − R − σy, is simply

obtained by replacing σd
eq by σHill and (pd, pd) by (pHill

1
, pd

2
) (see section 2.4).

Concerning the dissipation due to microstructure degradationDraft, the thermodynamics does not give specific
limitations (one only has to enforceD ≥ 0).

But note that at thermodynamics non equilibrium, the γ′ precipitates volume fraction –measured as well as
modeled within initial Polystar model– may either increase and decrease (Cormier and Cailletaud , 2010a), de-
pending on the temperature rate history. It is indeed not possible to write fγ′ = fγ′eq(T ) at any time of a thermo-
mechanical loading since out of equilibrium states generating fine precipitates are possible in cases of fast heating
and fast cooling rates. On heating, fine and coarse precipitates are dissolving, the dissolution kinetics being higher
for a fine precipitate. On cooling, both fine and coarse precipitates volume fractions increase at different kinetics,
depending on the cooling rate and on the temperature variation from the high temperature state (depending on the
driving force for fine γ′ nucleation in the γ channels) (Cormier and Cailletaud , 2010a, Giraud et al , 2013, le
Graverend et al , 2014a). This fact makes impossible to satisfy separately, i.e. mechanism by mechanism / internal
variable by internal variable, the positivity of each intrinsic dissipations W : ẇ and Fγ′ ḟγ′ . This means that from

a thermodynamics point of view, the evolution (rate) laws ẇ = ... and ḟγ′ = ... for internal variables w, fγ′ are
coupled in a quite complex manner in order to always satisfy the positivity of the dissipation.

From the remarks

i) that the γ width channel may increase and decrease in a reversible way by slow (at equilibrium) temperature
variation,

ii) according to i), that there is no evolution law of the form ẇ = ... in Polystar constitutive equations handling
out of thermodynamics equilibrium states but rate independent equation (46),

iii) that the contribution of all rafting variables can be included in Helmholtz free energy density within single
variable ω,

we propose in next section an alternative thermodynamics framework based on single tensorial mechanical rafting
variable ω.

4.5.2. Tensorial mechanical rafting variable ω as state variable

Helmholtz free energy density is assumed to be a function of total strain ǫ, of temperature T , of macroscopic

plastic strain ǫ p, of the two macroscopic isotropic hardening variables pd and pd and of tensorial mechanical rafting
variable ω,

ρψ =
1

2
(ǫ − ǫ p) : E (1 − κEωeq) : (ǫ − ǫ p) +

(

R∞ +
κOROG

‖ω‖

)

pd +

(

R∞ +̟
κOROG

‖ω‖

)

pd +
1

2

(

κu − κω ωeq

)

δ2
u (54)

with E Hooke’s tensor having cubic elasticity symmetry (material parameters E, ν and G) and where ωeq =
√

3
2
‖ω′‖ is von Mises norm of symmetric second order tensor ω. The rafting-elasticity coupling parameter κE is

introduced but have in mind that the term κEωeq will ne neglected.
For the sake of –relative– simplicity the mechanical parts of isotropic hardenings are assumed saturated through

material parameters R∞, R∞ (if not, replace them by functions of pd and pd), the thermal expansion and heat
capacity contributions have been omitted.

The state laws are

σ = ρ
∂ψ

∂ǫ
= E(1 − κEωeq) : ǫe R = ρ

∂ψ

∂pd
= R∞ +

κOROG

‖ω‖ R = ρ
∂ψ

∂pd
= R∞ +̟

κOROG

‖ω‖ (55)

with elastic strain ǫe = ǫ − ǫ p = ǫ − ǫ pd − ǫ pd, and for rafting:

ΩΩΩ = −ρ ∂ψ
∂ω
= κORO

G

‖ω‖2
ω

‖ω‖ (pd +̟pd) +

√

3

8

[

κE ǫ
e : E : ǫe + κω δ

2
u

] ω′

‖ω′‖ (56)

−Ω is the thermodynamics force associated with the internal variable ω.
The dissipation due to rafting, previous Eq. (52), becomes

Draft = ΩΩΩ : ω̇ (57)

a simple expression which includes γ′ precipitates contribution.
DissipationDraft has to be positive for any loading, isothermal or not, proportional or not.
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5. Positive intrinsic dissipation from generic tensorial rafting evolution law

One aims at modeling rafting, coarsening and homothetic γ channels width growth from a tensorial evolution
law ω̇ = .... The question is wether it is possible to propose a generic expression that always satisfies the second
principle of thermodynamics. A first possibly is it to use the framework of standard generalized materials (Halphen

and Neguyen , 1975, Lemaitre and Chaboche , 1991) and to write ω̇ = ∂F
∂ΩΩΩ

, with potential of dissipation F convex
in Ω. This proves to be not general enough. For instance Tinga type evolution law (24) does not satisfy such a
standard framework (see Appendix E).

A more general non standard evolution law is derived next, written in terms of dimensionless variable ω.

5.1. LSW homothetic growth (hg), loading independent

The initial microstructure is represented by a spherical γ channel width tensor w = w0
001

111 (i.e. wi j = w0
001
δi j

in terms of components) with w0
001
≈ 50 nm at room temperature for the considered CMSX-4. At zero load,

the cuboidal morphology of the microstructure is kept but temperature enhanced diffusion controlled coarsening
ẇ1 ≈ ẇ2 ≈ ẇ3 > 0 takes place (standard LSW theory Lifshitz and Slyozov (1961), Wagner (1961), see Section
1): the channels width tensor evolves in a homothetic growth ω̇ ∝ 111 (i.e. wi j ∝ δi j).

After a first mechanical loading, having induced creep deformation, a continuation of anisotropic γ channel
widths growth has been observed at load removal (Matan et al , 1999): if rafting has taken place during an initial
creep loading performed in direction 1 ≡ [001] and if a large enough plastic strain has been reached, the rafting
phenomenon continues. This means in terms of widths evolutions rates that ẇ1 ≥ 0, ẇ2 ≈ ẇ3 < 0 and w2 ≈ w3 → 0
at long times, evolutions that cannot be decribed from a law of the spherical type ω̇ ∝ 111.

In order to properly model both standard LSW coarsening and Matan et al rafting continuation phenomenon at
load removal, we prefer –instead of ω̇ ∝ 111– to define homothetic growth as a γ channel width growth proportional
to second order γ channel width tensor w as

ω̇hg = Ġ w

‖w‖ = Ġ
ω

‖ω‖ Ġ ≥ 0,
∂Ġ
∂σσσ
= 0,

∂Ġ
∂ǫ p
= 0,

∂Ġ
∂ǫ̇p
= 0 (58)

where homothetic growth function Ġ is furthermore assumed to be independent from the intensity of the mechani-
cal loading. Recall is made here that γ channel width tensor w is itself proportional to dimensionless tensorω. The

positivity of Ġ will be justified next. Law (58) does not ensure negative ω̇2 and ω̇3 by itself but it has the sought

asymptotic property ω̇
hg

i
= 0 when wi = 0. Additional coarsening/rafting contributions (see Sections 5.2 and 5.3)

are necessary to enforce the observed feature ẇ1 ≥ 0, ẇ2 ≈ ẇ3 < 0, and w2 ≈ w3 → 0 at long times, both during
tensile loading and at load removal.

5.2. Mechanical coarsening (mc)

We define mechanical coarsening as the spherical growth of the γ channel width due to mechanical loading,

ω̇mc = Ċ111 Ċ ≥ 0 (59)

i.e. the loading enhanced contribution of the γ channel width growth proportional to second order unit tensor 111,
with Ċ a function of loading intensity through the stress or/and the plastic strain. In a consistent manner with the
observations made in Matan et al (1999), a plastic strain threshold for rafting will be introduced, enforcing Ċ = 0
as long as accumulated plastic strain remains below a threshold (as long as εp < ε

p

th
with ε

p

th
a material parameter,

Heaviside term H(pd
2
− εp

th
) in Eq. (85).

5.3. Rafting (raft)

When rafting is due to a tensile stress in direction 1 ≡ [001], one has in Natural Anisotropy Basis (NAB)

w =

















w1 0 0
0 w2 0
0 0 w3 ≈ w2

















NAB

= g( fγ′ ) w0
001ω (60)

and the longitudinal γ channel width w1 grows, the transverse channels widths equally shrinks to zero (ẇ1 ≥ 0 and
w2 ≈ w3 → 0). Rafting leads then to a non spherical tensorial rafting variable ω (therefore w) having a non zero
deviatoric part ω′ = ω − 1

3
trω111 , 0 of the form (using equality w2 = w3)

w′ ∝ ω′ ∝



















1 0 0

0 − 1
2

0

0 0 − 1
2



















NAB

∝ ǫ̇ pd (61)

i.e. proportional to plastic strain rate tensor ǫ̇ p = ǫ̇ pd as in present uniaxial tension case

ǫ̇ p = ṗ n = ṗd nd n = nd =



















1 0 0

0 − 1
2

0

0 0 − 1
2



















NAB

(62)
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One emphasizes in Eq. (62) that out of diagonal part in Natural Anisotropy Basis of strain rate tensor is zero, i.e.

using the notations of Kelvin mode based plasticity (see Section 2) ǫ̇ p = ǫ̇ pd = Pd : ǫ̇ p, ǫ̇ pd = Pd : ǫ̇ p = 0 , ṗ = ṗd,

ṗd = 0 as is present case yielding is due only to octahedral slip systems.
In a complementary manner, an uniaxial tensile stress is applied along < 111 > direction gives

σ ∝ 1

3

















1 1 1
1 1 1
1 1 1

















NAB

ǫ̇ p = ǫ̇ pd ∝ 1

2

















0 1 1
1 0 1
1 1 0

















NAB

= nd ǫ̇ pd = 0 (63)

and experimentally only leads to coarsening (Golubovskii et al , 1987) at ω̇′ = 0. This means that cubic plasticity

(through ǫ̇ pd = ṗd nd) does not contribute to rafting.
A quite generic multiaxial evolution law for deviatoric part ω′ is then

ω̇′ ∝ ǫ̇ pd = Pd : ǫ̇ p ∝ nd (64)

The question of the time dependency or independency of rafting evolution law is not addressed here so that at this

stage one simply writes ω̇′ = Ṙ nd. The question of the sign of the proportionality factor Ṙ (for rafting) needs an
answer. Two possibilities, addressed in more details in Section 8 are:

• in modeling A we enforce a positive dissipation due to rafting by itself (Draft ≥ 0, as Dplast ≥ 0 this implies
D ≥ 0),

• in modeling B, we allow the possibility toDraft to become negative but to enforce a positive global dissipation
D ≥ 0.

Next proof (given in Section 5.5) of the positivity of intrinsic dissipation for modeling A will use a positive pro-

portionality factor (i.e. ω̇′ = Ṙnd, Ṙ ≥ 0) at positive scalar product w : nd ≥ 0 equivalent to ω : nd = ωi jn
d
i j
≥ 0; it

will use a vanishing deviatoric rate ω̇′ = 0 (i.e. Ṙ = 0) at strictly negativeω : nd < 0 so that we propose to write

ω̇raft = (ω̇raft)′ = ṘH nd Ṙ ≥ 0 (65)

where

• for modeling A

H = H(ω : nd) or

{

H = 1 if ω : nd ≥ 0,

H = 0 if ω : nd < 0
(66)

• for modeling B the Heaviside function applies to intrinsic dissipationD itself,

H = H(D) or

{

H = 1 ifD ≥ 0,

H = 0 ifD < 0
(67)

For compression in direction 1 ≡ [001]

n = nd =



















−1 0 0

0 1
2

0

0 0 1
2



















NAB

(68)

so that Ṙ > 0 implies ω̇1 < 0, ω̇2 = ω̇3 > 0 as observed in the work of Fredholm and Strudel (1987) (Fig. 1,
P-type coalescence in compressive loading).

Expression (65) is consistent with the observations: rafting during uniaxial compression creep tests (along
< 001 >) is developing in the form of rods and/or plates almost aligned with the stress axis, the so-called P-type
rafting (Giraud et al , 2012, Ott and Mughrabi , 1999, Tien and Copley , 1971) described in the Introduction. Once
the uniaxial loading changes to a tensile stress, the former P-type is progressively broken to develop a γ′ rafting
(Xingfu et al , 2009).

Note again that a threshold ε
p

th
in term of accumulated plastic strain has been observed Matan et al (1999) so

that one will later enforce Ṙ = 0 as long as εp < ε
p

th
by means of multiplication by Heaviside term H(pHill

1
− εp

th
) in

Eq. (84).

5.4. Generic evolution law for tensorial internal variable ω

To sum up a generic evolution law for rafting, coarsening and homothetic γ channel width growth, is

ω̇ = ṘH nd + Ċ111 + Ġ ω‖ω‖ w = g( fγ′) w0
001ω (69)

where normal nd = dir(ǫ̇ pd) = ǫ̇ pd/ ṗd has to be seen in single crystal plasticity models as the macroscopic (mean)
plastic strain direction due to active octahedral slip systems only (not the cubic ones). Evolution law (69) is
consistent with Tinga et al (2009) evolution law (as shown in Appendix E). It applies to nickel-based single
crystal superalloys having a negative misfit δu.
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5.5. Dissipation due to rafting – Positivity of intrinsic dissipation

Using state law (56), and generic evolution law (69) the intrinsic dissipation due to rafting becomes

Draft =















κORO

G

‖ω‖2
ω

‖ω‖ (pd +̟pd) +

√

3

8

[

κEǫ
e : E : ǫe + κωδ

2
u

] ω′

‖ω′‖















:

(

ṘH nd + Ċ111 + Ġ ω‖ω‖

)

(70)

so that, with the fact that normal nd = (nd)′ is deviatoric and therefore that ω : nd = ω′ : nd,

Draft =Ṙ














κORO

G

‖ω‖3 (pd +̟pd) +

√

3

8

κEǫ
e : E : ǫe + κωδ

2
u

‖ω′‖















(

ω : nd
)

H + Ċ κORO

G trω

‖ω‖3 (pd +̟pd)

+ Ġ














κORO

G

‖ω‖2 (pd +̟pd) +

√

3

8

[

κEǫ
e : E : ǫe + κωδ

2
u

] ‖ω′‖
‖ω‖















(71)

with all terms always positive except scalar productω : nd. Let us first check whether the dissipation due to rafting
Draft = ΩΩΩ : ω̇ –which includes γ′ precipitates evolutions– remains positive or not.

When ω : nd ≥ 0 in case of modeling A –i.e. when Heaviside function H = H(ω : nd) = 1– one has
(ω : nd)H = 〈ω : nd〉+ ≥ 0: the dissipation due to microstructure degradationDraft is then positive for any rafting

/ mechanical coarsening / homothetic growth evolution law of generic form (69) under natural assumption Ṙ ≥ 0,

Ċ ≥ 0 and Ġ ≥ 0. This includes any complex loading without rafting (w′ = 0) and any monotonic loading (w′

coaxial with constant normal nd) such as creep loadings of Sections 7.3 and 7.4.
In the other loading cases, both dissipationsDraft andDmay become negative ifH = 1 is set whenω : nd < 0.

In order to avoid this in complex loading cases, we will consider modeling B which enforces H = 0 to avoid

negative dissipation by settingH = H(D) and by considering assumption Ṙ ≥ 0, Ċ ≥ 0, Ġ ≥ 0. In such a modeling
B, the dissipation due to rafting may become negative, the positivity of intrinsic dissipation being then gained
thanks to a large enough plastic dissipationDplast > 0.

To sum up, for both modeling A and B, the intrinsic dissipation D is shown to be always positive, for any
loading, monotonic or not, proportional or not, isothermal or not. But this is not the case of the dissipation due to
raftingDraft only when modeling B is considered. Examples and consequences are detailed in Section 8.

5.6. At thermodynamics equilibrium

We have mentioned a few times some consequences of thermodynamics equilibrium. The first of them, implicit
in this work, is the possibility to define temperature and more generally thermodynamics state variables at RVE
scale. But a second consequence is encountered for CMSX-4 and MC2 superalloys at temperature rate below
10− 20◦C/min−1 and strain rates below 10−4s−1 in case of strain controlled tests: at low thermomechanical loading
rate, a microstructure chemical equilibrium is reached, especially in the matrix which is the phase mostly affected
in terms of chemical composition by the dissolution/precipitation of γ′ particles. The constitutive phases are
stabilized at an equilibrium volume fractions, only function of temperature for γ′ precipitates, fγ′ = fγ′eq(T ) (Eq.
(20) or (90), Fig. 4).

This second consequence allows for thermodynamics modeling (at equilibrium) at macroscopic scale without
the explicit introduction of volume fractions of constitutive phases, as often done (Fan et al , 2015, Fedelich et
al , 2009, 2012a, Tinga et al , 2009): these volume fractions are naturally replaced by corresponding temperature

dependencies of the material parameters. In this case, generic evolution law (69) becomes (isothermal case, Ṙ ≥ 0,

Ċ ≥ 0, Ġ ≥ 0, δu < 0):

ẇ ≈ g( fγ′eq(T ))w0
001ω̇ = w0(T )

[

ṘH nd + Ċ111 + Ġ w

‖w‖

]

(72)

i.e. a rafting law directly expressed in terms of γ channel width tensor rate ẇ with w0(T ) = g( fγ′eq(T ))w0
001

a

function of temperature homogenenous to a length and at room temperature equal to initial γ channel width w0
001

.

For considered CMSX-4, w0
001
≈ 50 nm, w0(1050◦C) ≈ 80 nm.

6. Viscoplasticity coupled with tensorial rafting model

The thermodynamics framework and the ingredients for a constitutive modeling of viscoplasticity coupled to
tensorial rafting have been developed in previous Sections. Let us summarize here the choices made to derive a
multiaxial model for single crystal CMSX-4 superalloy at high temperature. Creep up to the secondary stage is the
main domain of validity sought so that kinematic hardening and the coupling with damage are omitted in such a
first model with tensorial rafting.

Concerning viscoplasticity, let us use the Kelvin modes based two criterion viscoplasticity framework of Sec-

tion 2.4 for cubic single crystals. Let us recall the definitions σd def
= Pd : σ (also referred to as ”diagonal deviatoric
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stress”, diagonal in Natural Anisotropy Basis), σd def
= Pd : σ (also referred to as ”out of diagonal deviatoric stress”

in Natural Anisotropy Basis), and partition σ′ = σd +σd. One also has Kelvin partition of the plastic strain tensor

ǫ p = ǫ
p

1
+ ǫ

p

2















ǫ
p

1
= ǫ

pd

1
+ ǫ

pd

1

ǫ
p

2
= ǫ

pd

2

(73)

with ǫ
pd

1

def
= Pd : ǫ

p

1
(diagonal in Natural Anisotropy Basis), ǫ

pd

1

def
= Pd : ǫ

p

1
(out of diagonal in Natural Anisotropy

Basis) and ǫ
pd

2
= Pd : ǫ

p

2
= 0.

Concerning microstructure degradation, we use the formulation in terms of rafting variable ω derived in Sec-
tions 4.5.2 and 5.

No damage is introduced in the present version of the model, this coupling and the description of tertiary creep
being left to further work.

6.1. Proposed model (Part I Mechanics)

The constitutive equation for cubic elasto-visco-plasticity coupled with tensorial rafting are:

• elasticity law coupled with rafting (with in practice the coupling of elasticity with rafting neglected, κEωeq << 1)

σ = E : (ǫ − ǫ p − α (T − Tref)111) (74)

Hooke’s tensor E has cubic material symmetry, α is the thermal expansion coefficient, Tref is reference
temperature.

• stress partition in cubic symmetry

σ = σd + σd +
1

3
trσ111 σd

eq =

√

3

2
σd : σd σd

eq =

√

3

2
σd : σd (75)

introducing equivalent von Mises norms σd
eq and σd

eq,

• criterion functions with saturated hardening and Orowan stress effect (Hill criterion for f1, for the sake of
simplicity quadratic norm a = 2 for f2),

f1 = σHill − R∞ −
κOROG

‖ω‖ − σy f2 = σ
d
eq − R∞ −̟

κOROG

‖ω‖ − σy (76)

where

σHill =

√

3

2

(

σd : σd + h2σd : σd
)

(77)

with h Hill material parameter for cubic (visco-)plasticity.

• plastic strain rate

ǫ̇ p = ṗHill

1

∂ f1

∂σ
+ ṗd

2

∂ f2

∂σ
(78)

• accumulated plastic strain rates

ṗHill

1 =

√

2

3

(

ǫ̇
pd

1
: ǫ̇

pd

1
+

1

h2
ǫ̇

pd

1
: ǫ̇

pd

1

)

ṗd
2 =

√

2

3
ǫ̇

pd

2
: ǫ̇

pd

2
(79)

• viscosity laws

ṗHill

1 =

〈

−σv∞
KN

ln

(

1 − f1

σv∞

)〉N

+

ṗd
2 =

〈

f2

KN

〉N

+

(80)

The material parameters are: E, ν, G for elasticity, thermal expansion coefficient α, yield stresses σy and σy,

Hill parameter h, saturated hardenings R∞ and R∞, parameter κORO for Orowan stress effect, viscosity parameters

KN , N, KN , N for orientations < 001 > and < 111 > viscoplasticity. A tendency to saturation of the viscous stress
will be obtained for < 001 > orientation so that viscosity law (19) is used, introducing the saturation value σv∞ as
material parameter.
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6.2. Particular uniaxial cases (Mechanics)

For an uniaxial loading in direction < 001 >, σHill = |σ|, pHill
1
= p =

∫

|ε̇p| dt (with εp the uniaxial plastic

strain), σd = 000, σd
eq = 0, pd

2
= 0 so that, at low strain rate,

|ε̇p| ≈
〈 |σ| − R∞ − κOROG

‖ω‖ − σy

KN

〉

N

+

< 001 > orientation (81)

with then σy = σy001 the yield stress in direction < 001 >.

For an uniaxial loading in direction < 111 >, σd = 000, σd
eq = 0, pd = 0, σd

eq = |σ|, hpHill
1
+ pd

2
= p =

∫

|ε̇p| dt
(with εp the uniaxial plastic strain), so that, at low strain rate,

|ε̇p| ≈
〈 |σ| − R∞ −̟ κOROG

‖ω‖ − σy

KN

〉

N

+

+ h

〈

h|σ| − R∞ − κOROG

‖ω‖ − σy

KN

〉

N

+

< 111 > orientation (82)

For small enough values of h, the right hand inside term can be neglected and Eq. (82) then come back to Norton
law (with then σy = σy111 the yield stress in direction < 111 >). The value h ≈ 0.5 will be obtained in section
Appendix F by cross identification with a Schmid law based single crystal visc-plasticity model.

6.3. Proposed model (Part II Tensorial evolution law for rafting)

General evolution law (69) satisfying second principle of thermodynamics is rewritten, taking care to ensure

Ṙ ≥ 0, Ċ = ω̇mc ≥ 0, Ġ =
√

3 ω̇LSW ≥ 0,

ω̇ = ω̇raft + ω̇mc 111 +
√

3 ω̇LSW

ω

‖ω‖ or ω̇i j = ω̇
raft
i j + ω̇mc δi j +

√
3 ω̇LSW

ωi j

‖ω‖ (83)

Pre-factor
√

3 = ‖111‖ is such as if w ∝ 111, ωhg = ωLSW 111 with initial values ωLSW(t = 0) = 1, ωraft = 000, ωmc = 0 and
ω(t = 0) = 111. Recall that ω̇raft = (ω̇raft)′ is a deviatoric second order tensor.

To account for γ′ rafting and mechanical coarsening using a unified expression from the previous models
Cormier and Cailletaud (2010a), Tinga et al (2009), we propose:

ω̇raft = Kraft exp
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ω̇mc = Kmc exp

(

−
Q − σeqUmc

kBT

)

H(pd
2 − ε

p

th
) (85)

with eitherH = H(ω : nd) in modeling A orH = H(D) in modeling B.
In equation 84 the stress affection on rafting has been bounded replacingσd

eq by min(σd
eq, σ

µ

lim
) in the Arrhenius-

Tinga exponent (equation 24) in order to correctly model monotonic tension (higher magnitude of stress than
creep).

As already discussed, a rafting threshold ε
p

th
and a mechanical coarsening threshold ε

p

th
are introduced according

to Matan et al (1999). In the next section, one will obtain ε
p

th
= 10−4 and ε

p

th
≈ 0+ from mechanical measurements.

As rafting does not occur for tension in direction < 111 >, the contribution ω̇raft is made dependent on σd
eq

(vanishing for tension along < 111 >, see Eq. (75)). Full von Mises stress σeq, non zero for both < 001 > and
< 111 > orientations, is assumed to drive the mechanical coarsening contribution ω̇mc.

In the initial Polystar model Kraft and Kmc are functions of both the accumulated plastic strain and the loading
rate. One considers next them as material parameters, temperature dependent only. Thermal/stress activation
constants Q and U are assumed not to depend on temperature, kB is Boltzmann constant.

Matan et al plastic strain threshold (Matan et al , 1999) is introduced through Heaviside functions H. It
corresponds to the density of dislocations on octahedral slip systems necessary to relax the misfit stresses (so
that ε

p

th
>> ε

p

th
). Once the γ/γ′ lattice mismatch is relaxed with a given dislocation density, rafting can proceed,

even in the absence of any applied stress. This phenomenon is not represented in Tinga approach.
For homothetic growth no threshold has been observed so that the evolution law (Cormier and Cailletaud ,

2010a)

ω̇LSW =
KLSW

3ω2
LSW

exp

(

− Q

kBT

)

(86)

consistent with both Eq. (1) and Eq. (22) is considered.
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6.4. Particular uniaxial cases (Tensorial evolution law for rafting)

For an uniaxial loading in direction < 001 >, σd
eq = σeq = |σ|, nd = 3

2
σσσ′

σeq
, p = pHill

1
, so that

ω̇ = Kraft exp













−
Q −min(|σ|, σµ

lim
)Uraft

kBT













H(p − εp

th
)H nd (87)

For an uniaxial loading in direction < 111 >, σd
eq = 0, and σeq = |σ| so that, at ε

p

th
= 0+,

ω̇ = Kmc exp

(

−Q − |σ|Umc

kBT

)

111 (88)

6.5. Proposed model (Part III γ′ precipitates evolution / γ channel width)

For the γ′ precipitates volume fraction fγ′ , the evolution law retained is the one of anisothermal Polystar model
in Giraud et al (2013), previously identified le Graverend et al (2014a),

ḟγ′ =















1 − δγ′e
−

pHill
1
eγ′















fγ′eq(T ) − fγ′

τγ′
(89)

Parameter δγ′ = 0.8 is such as 0 < δγ′ < 1 in order to ensure fγ′ = fγ′eq(T ) at thermodynamics equilibrium,

at rate controlled by characteristic time τγ′ = 200 s−1 and by parameter eγ′ = 5 10−3; fγ′eq(T ) is equilibrium
volume fraction, function of the absolute temperature T only. Instead of Eq. (20), we use for considered CMSX-4
superalloy a modified expression (plotted in Fig. 4):

fγ′eq(T ) =
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(90)

with f 0
γ′ = 0.7, f 1

γ′ = 0.48, T0 = 1073 K, T1 = 1418 K, T2 = 1543 K for the considered CMSX-4. All these

parameters have been identified based on our own experiments. These experiments consists in stereological ana-
lyzes of SEM pictures taken from different specimens first submitted to a creep deformation at 1050◦C and 140
MPa for 100 hours whose aim is to develop a regular gamma-prime rafted structure. They were then held for
1 hour at different temperatures ranging from 850◦ C to 1300◦ C, then water quenched to be able to extract the
gamma-prime volume fraction from area-fraction measurements. Note that stereological analyzes were performed
in both the primary dendrite arms and in the interdendritic spacings, as shown in Fig. 4. The γ′ volume fraction is
constant from ambient temperature to around 800◦ C (Link et al , 2011).

Figure 4: Equilibrium volume fraction fγ′eq of γ′ precipitates as a function of temperature (here in ◦C). Measurements: marks, Proposed
expression: Eq. (90), Fedelich expression: Eq. (20).

As a matter of fact, once yielding has taken place, a γ′ dissolution kinetics is observed, enhanced by the level
of plasticity (Ghighi et al , 2013, Giraud et al , 2013, le Graverend et al , 2014a). The coupling with plasticity is
written in terms of accumulated plastic strain pHill

1
(representative of octahedral slips, with eγ′ a material parameter)

since γ′ microstructure evolutions are mainly driven by the slip activity in the γ matrix, i.e. on the octahedral slip
systems (Giraud et al (2013)).
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The γ channel width tensor is then, using mixture law (40):

w = g( fγ′) w0
001ω g( fγ′) =

1 − fγ′

1 − f 0
γ′

(91)

with w0
001
≈ 50 nm, f 0

γ′ = 0.7 respectively the channel width and γ′ volume fraction at room temperature.

7. Creep and rafting along different orientations of CMSX-4 superalloy under isothermal condition at
1050◦C

The time integration of the constitutive equations –by means of simple Euler explicit scheme for presented
results– allows to calculate the model responses to any loading case. Note that, in 1D as well as in 3D, the
proposed elasto-viscoplastic model with tensorial rafting only needs the coupled computation of the strain, stress,
plastic strain and of dimensionless tensorial variable ω (constitutive equations of Sections 6.1 and 6.3). The
determination of both the γ′ volume fraction fγ′ and the physical γ channel width tensor w at any time can be
computed in a post-processing manner (constitutive equations of Section 6.5, the coupling with mechanics being
made through dimensionless tensor ω instead of width tensor w).

7.1. γ′ precipitates volume fraction

For an isothermal loading, the thermodynamics equilibrium is quickly reached (small characteristic time τγ′ )
and f ′γ ≈ fγ′eq(T ). At 1050◦C, it is a γ′ precipitates volume fraction f ′γ = 0.54. For the next calculations the initial
γ channel width is w0(1050◦C) = w001(t = 0) = wi(t = 0) = 80 nm (measured). Using Eq. (91), one has at this
temperature g( f ′γ) = 1.533. One gets then a 20◦C γ channel width w0

001
= 52 nm, value very close to the standard

50 nm for CMSX-4 and MC2 superalloys. We consider this as a validation of mixture law (91) for g( f ′γ) function.

7.2. LSW homothetic growth

At 1050◦C, only few experimental datas are available for load free LSW homothetic growth of the cuboidal
microstructure (marks in Fig. 5 from reference Fedelich et al (2012a)). The fitting curves due to different authors
for similar nickel based single crystal superalloys are also plotted

• by means of Eq. (86) for MC2 superalloy (curve from le Graverend (2013), w0(1050◦C) = w(t = 0) = 80
nm).

• by means of Eq. (21) with CMSX-4 material parameters from Fedelich et al (2012a) with here also

w0(1050◦C) = 80 nm (w = 80 [1 + 0.198 t]0.0745 nm with t in hours),

The retained choice corresponds to Eq. (86)-(91) with KLSW exp
(

− Q

kBT

)

= 1.1 10−6 s−1.

Figure 5: Channel width evolution as a function of time t in hours (1050◦C)

7.3. < 001 > creep

During tensile creep along the < 001 > direction, there is γ′ rafting perpendicular to the applied stress (Fig.
6c, γ width channel w1 increases, w2 = w3 decrease to zero). In the present model the evolution is gouverned by a

Kraft = 1.7 10−7s−1 and it is stress enhanced according to non zero Tinga et al material parameter u =
Uraft

kBT
= 0.025

within Arrhenius exponential. The mechanical responses are given in Fig. 6a-b for three creep stresses: 140
MPa, 180 MPa, 200 MPa. The black thin lines of the figures corresponds to experiments performed on CMSX-4
specimens oriented close to a < 001 > orientation with less than 5 degrees misorientation. One sees in Fig. 6a
and 6b that the experimental curves are well reproduced by the model up to the 5% of strain, meaning that the
creep rate increase only results from the microstructure degradation and not from a damage mechanism in the form
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of, e.g., cavitation. It is also seen from Fig. 6c that the evolutions of the gamma channel widths, using Matan et
al threshold ε

p

th
= 10−4, reproduce quite well the experimental observations at the end of the tests. For coupling

viscoplasticity and microstructural degradation an Orowan parameter κORO = 2.1 MPa−1 has been identified. The
shear modulus of the material is G = 96 MPa. The index of rafting xraft (see Section 3.4) is plotted in Fig. 6d,
it shows the completion of rafting phenomenon during the initial nonlinear creep regime (xraft=1 for fully rafted
microstructure). The further nonlinearity of ṗ versus p curves (Fig. 6b) is due to LSW diffusion term. At each
stress level tested, the widths of the γ′ channels (corresponding to the experimental points on Fig.6c) have been
calculated as the average of the Gaussian distribution of the values mesured on SEM micrographs, showed in
Fig.7a. The error bars correspond to the standard deviation of the distributions.

Figure 6: [001] creep responses of CMSX-4 alloy at 1050◦C: a) Creep curves ε(t), b) ṗ vs p curves, c) γ channel width curves (upper lines:
model w1(t) > w0, lower lines: model w2(t) = w3(t) < w0 , marks: measurements at 140 MPa and 200 MPa), d) Index of rafting xraft = weq/ tr w
as a function of accumulated plastic strain p.

Figure 7: γ/γ′ rafted microstructure at 1050◦C along [001]: a) at 140 MPa after 101 h, b) at 140 MPa after 242.5 h c) at 200 MPa after 34.9 h.
Note that the gamma-prime phase appears in dark while the gamma matrix is in light gray.

Figure 8: γ/γ′ rafted microstructure at 1050◦C along [111]: a) at 180 MPa after 114 h, b) at 200 MPa after 66.9 h. Note that the gamma-prime
phase appears in dark while the gamma matrix is in light gray

22



Figure 9: < 111 > creep responses of CMSX-4 alloy at 1050◦C (Thick lines: model at h = 0, ̟ = 1): a) Creep curves ε(t), b) ṗ vs p curves,
c) γ channel width curves (lines: model w1(t) = w2(t) = w3(t) > w0, marks: measurements at 180 MPa and 200 MPa), d) Index of rafting
xraft = weq/ tr w = 0 as a function of accumulated plastic strain p.

7.4. < 111 > creep

For creep in direction < 111 > there is γ′ coarsening but no γ′ rafting, neither in experiments (as it can be seen
in Fig.8 and which corresponds to black thin lines in 9 and 10) nor in the model (H(pHill

1
− εp

th
) = 0 so that the Kraft

term vanishes in evolution law for ω, thick lines in the Figures). The three γ channel widths wi are equal in the 3
crystallographic directions [001] ≡ 1, [100] ≡ 2 and [010] ≡ 3, with a zero index of rafting (xraft = 0, Fig. 9c-d).
A zero threshold ε

p

th
= 0+ allows to properly model the microstructure change. The evolution of the channel width

has been modeled with a Kmc = 1.4 10−5s−1 and it has found to be independent on the stress level so that Umc = 0.
The coupling with the microstructure degradation is due to a non zero value of parameter ̟ (̟ = 1 in Fig. (9),
̟ = 0.8 in Fig. (10)).

A first identification is presented in Fig. (9) with h = 0 (and ̟ = 1), with the same remarks than for direction
[001]: the nonlinearities, pronounced concerning the creep rate, are due to the microstructure change with no need
to introduce damage up to εp = 0.05 of plastic strain. Let us point out a key point in the success of the modeling:
a zero plastic strain rate ṗ = 0 is obtained by the model during the first hours of the creep test, up to ≈2.5h for
σ = 180 MPa creep test and up to ≈15h for σ = 140 MPa creep test. There is no creep elongation as long as the

Orowan stress contribution – parametrized by ̟– is large ( f2 < 0). When coarsening takes place, the term ̟ κOROG

‖ω‖
decreases so that apparent yield stress σy + R∞ +̟

κOROG

‖ω‖ diminishes up to allow for creep (at f2 > 0).

A second identification is presented in Fig. 10 with a non zero Hill parameter h, better than first identification
at low strain (up to a few percents) and low stress (here σ = 140 MPa). The value h = 0.5 is considered (value
theoretically justified in Appendix F) with ̟ = 0.8 for the coupling with microstructure change. Exactly the same
microstructure evolution is obtained than for first identification. Let us last point out that damage has not been
introduced, it will be needed for a better modeling of creep at εp > 0.03 for this second identification.

7.5. Responses in monotonic tension

The tension curves are given in Fig. 11 for the two orientations < 001 >, < 111 > and the two identifications.
Tensile test data along the < 111 > orientation are extracted from (Fedelich et al , 2012b) The proper modeling of
< 001 > tension at strain rate 10−3s−1 is gained thanks to a saturation value of viscous stress for criterion function
f1 (σv∞ = 600 MPa). Compared to first identification (with h = 0, ̟ = 1), the second identification (with h = 0.5,
̟ = 0.8) underestimates a little the ultimate stress for orientation < 111 >.

It is observed in Fig.11a a stress softening for the slowest tensile tests (at 10−5s−1) whereas a plateau is observed
for tensile tests at 10−4 and 10−3s−1. This decrease in flow stress for the solwest tension test results from the
progressive degradation of the the gamma/gamma-prime microstructure since this test is long enough to develop
gamma-prime rafting (not shown here). Such a microstructure degradation is well-captured by the model since
a decrease of the Orowan stress is observed under this strain rate conditions, while the Orowan stress is almost
constant for the tests performed at 10-4 and 10-3s-1. One also has to note that the stress peak observed just
after yielding is not reproduced by our model since this peak results from the micromechanisms of dislocation
deposition in vertical and then horizontal gamma-channel before recovery processes (e.g. dislocation climb) occur
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Figure 10: < 111 > creep responses of CMSX-4 at 1050◦C (h = 0.5, ̟ = 0.8): a) Creep curves ε(t), b) ṗ vs p curves, c) γ channel width
curves w1(t) = w2(t) = w3(t), d) Index of rafting xraft = weq/ tr w as a function of accumulated plastic strain p.

(Mughrabi , 2009). Due to parameter ̟ ≈ 1, the softening phenomenon also occurs in the model for tension
in direction < 111 >, but unseen! The softening rate in < 001 > is related to the value of material parameters
Uraft , 0 representing a stress enhanced rafting phenomenon (therefore a quicker softening of Orowan stress when
Uraft is taken larger). In < 111 > there is no rafting and the material parameter acting in mechanical coarsening is
Umc = 0 (stress independency). The softening obtained for Orowan stress (and of the stress) is so slow for tension
in < 111 > that it is barely seen in Fig. 11b.

Figure 11: a) < 001 > uniaxial tension curve at 10−5s−1, 10−3s−1 and 10−3s−1 (Orowan stress also reported), b) < 111 > uniaxial tension curve

at 10−3s−1 (Orowan stress also reported) for the two identification h = 0, ̟ = 1 and h = 0.5, ̟ = 0.8: . CMSX-4 at 1050◦C (stress (model):
thick lines, Orowan stress (model): dotted lines).

8. Thermodynamics of rafting under complex loading

In the aim of both checking the ability of the model to reproduce complex microstructure evolutions and the
positivity of intrinsic dissipation, we have simulated a complex experiment starting first by a compression creep
test at 1050◦C for 100 hours and then, a stress reversal. Experimental data for such experiments can be found
in Tetzlaff and Mughrabi (2000). In Section 5.3, we have proposed two possibilities to ensure the positivity of
intrinsic dissipation: modeling A with as argument of Heaviside function H the scalar product ω : nd (Eq. (66),
this strong assumption enforces the positivity of the dissipation due to rafting itself, as illustrated in Fig. 12d) and
modeling B with as argument ofH the total dissipation D (Eq. (67),D ≥ 0 but negative values of the dissipation
due to rafting are accepted, see Fig. 12d).

Recall first that these two possibilities of modeling give exactly the same responses in creep and in monotonic
tension: the responses of Section 7 are those of both modeling A and B. Within these cases both Draft ≥ 0 and
D ≥ 0.

Differences only occur for complex loading cases, for instance with load reversal, when rafting takes place. In
order to emphasize them and to retain one modeling (it will hereafter be modeling B) we study here an academic
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loading made of a first creep stage in compression, 100 hours at σ = −140 MPa, followed by a 10 hours long load
reversal at stress rate σ̇ = 7.78 10−3 MPa s−1 up to a second creep stage, this time at positive stress σ = 140 MPa
(other positive σ and σ̇ give similar results with different phenomenon rates). The loading direction is [001] ≡ 1.

During the initial stage in compression a P-type rafting is well obtained (see Fig. 1, compressive case and
Fig. 2), w1 = 0 and w2 = w3 > w0 with an index of rafting xraft = 0.5. This situation is otained up to time
t = 100 h of the start of the load reversal (the microstructure evolution is given in Fig. 12a). The microstructure
evolution rate, stress enhanced, is much lower in the load reversal stage: the crossing of the elasticity domain and
the corresponding low stress level decrease quite much the rate of rafting, rate which even vanishes when H = 0
for thermodynamics considerations (as then ω̇raft = 0). For both modeling A and B the intrinsic dissipation D
remains positive (as proven in Section 5.5) but not the dissipation due to raftingDraft for modeling B atH = H(D)
(see Fig. 12d).

The main difference between both modeling approaches is obtained in the second creep stage at positive stress:

• for modeling A, the (slow) microstructure evolution is due to LSW homothetic growth only as then ω : nd < 0
and H = 0 from t = 105 h up to the end: the microstructure remains P-type rafted at xraft = 0.5, feature
which is not consistent with the experimental results of Tetzlaff and Mughrabi (2000).

• for modeling B, the stage at H = 0 is short (between t = 107 h and t = 108.7 h) and rafting takes place
again for t > 108.7 h, up to fully N-type rafted microstructure at xraft = 1: this is in full agreement with the
experimental results of Tetzlaff and Mughrabi (2000) on similar nickel based single crystal superalloys with
a negative misfit.

Figure 12: and : modeling A with H = H(ω : nd), and : modeling B withH = H(D).
a) Evolution of γ channel widths w1 (solid lines), w2 = w3 (dotted lines), b) Evolution of index of rafting xraft = weq/ tr w, c) Evolution of
intrinsic dissipation D (logarithmic scale to underline the positivity ofD), d) Evolution of dissipation due to rafting Draft.

Let us conclude on the thermodynamics features. Both modeling approaches are fully equivalent in standard
(constant) creep and in monotonic loading cases, either tensile or compressive. Both modeling always satisfy
the second principle of thermodynamics but, the most stricking result is that modeling B allows for a negative
dissipation due to rafting (compensated by positive plastic dissipation Dplast to ensure D ≥ 0). The expression
for Heaviside term H chosen to ensure a positive intrinsic dissipation has a major role on the rafting evolution:
modeling A withH = H(ω : nd) spuriously blocks the tensile evolution after a pre-compression stage of rafting (of
P-type), when modeling B withH = H(D) allows to properly model the change from P-type rafting in compression
to N-type rafting in tension. This is the modeling to retain.

9. Isotropization at very high temperature

Let us last point out an interesting feature due to the consideration of Hill (cubic) criterion for yielding function
f1 and of material parameter h: the possibility to model the observed visco-plastic isotropization at very high
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temperature (> 1100◦C, Caron et al (1988), Hana et al (2010), Mataveli et alal (2010)). In proposed model an
isotropization is simply gained by a temperature dependency of Hill parameter h made such as

h = h(T ) −→
high T

1 (92)

if in the same time the temperature dependent sum yield stress + hardening σy(T ) + R∞(T ) for criterion function

f2 is made larger than σy(T ) + R∞(T ) for criterion function f1, i.e. material parameters such as ǫ̇
p

2
<< ǫ̇

p

1
. Such

an isotropisation of the viscoplastic properties is generally obtained under conditions of fast development of the
gamma-prime rafting, without any degradation of the stability of the rafted structure (i.e. no γ − γ′ topological
inversion (Epishin et al (2000, 2001)). Under such conditions, a creep life anisotropy factor of 2 at maximum is
experimentaly obtained.

Conclusion

Starting from literature models / sets of constitutive equations (Cormier and Cailletaud (2010b), Tinga et
al (2009), Fedelich et al (2009, 2012a)) for the physical and mechanical descriptions of the γ − γ′ rafting –
including coarsening – process, we propose an original phenomenological model for nickel based single crystal
superalloys having a negative γ−γ′ negative misfit (mostly Ni-base superalloys like CMSX-4 and SR99). Our work
main originality is to give a thermodynamics (state) status to the tensorial rafting variable ω representative of γ
channel widths in the three < 001 > directions. This is made possible thanks to a Kelvin mode based description of
cubic visco-plasticity but a Schmid criterion based can neverthless be recovered. The originality is also to derive the
full thermodynamics framework of elasto-visco-plasticity coupled with anisotropic rafting phenomenon, including
novel coupling of macroscopic Orowan stress with the norm of second order tensor ω. The rafting / mechanical
coarsening / LSW homothetic growth is represented by a tensorial rate evolution law ω̇ = ....

CMSX-4 observed N-type rafting, normal to loading direction, and P-type rafting, parallel to loading direction,
are well reproduced during tension/compression creep testing along the < 001 > orientation. CMSX-4 observed
coarsening (microstructure growth) with no rafting is represented for < 111 > orientation. The increase of creep
plastic strain rate and corresponding convexity of creep curves are obtained, at least up to a few percents of strain,
without damage (thanks to to microstructure degradation). Matan et al (1999) plastic strain threshold is introduced
within the proposed model. Mechanical rafting of CMSX-4 is shown to be stress enhanced (material parameter
Uraft , 0), this stress dependency being responsible of the progressive softening observed during slow rate tension
tests along the < 001 > orientation. Mechanical coarsening of CMSX-4 is found stress independent (material
parameter Umc = 0) so that there is no apparent softening in tension curve for < 111 > orientation.

The second principle of thermodynamics is satisfied by the proposed constitutive equations (intrinsic dissipa-
tion proven to be positive). An interesting point is that in the model retained for complex loading, only the total
dissipation, sum of (visco-)plastic and rafting dissipations, remains positive. The dissipation due to γ′ rafting may
take –thermodynamics admissible– negative values. This is shown to be a key feature of the proper description of
rafting in case of alternated / cyclic loading.

Note last that the present work gives also the possibility to model the mechanical/rafting behavior of single
crystals superalloys at positive misfit δu (mostly Co-based superalloys (Pyczak et al , 2013, Tanaka et al , 2012)).
For those, the N-type rafting occurs in compression while the P-type rafting occurs in tension (Mughrabi (2014)).
The evolution law for tensorial γ channel width variable has to be changed into

ω̇ = −sgn(δu)ṘH(D) nd + Ċ111 + Ġ ω‖ω‖ , Ṙ ≥ 0, Ċ ≥ 0, Ġ ≥ 0

With sgn(δu) = δu

|δu| and where the Heaviside functionH = H(D) ensures the positivity of the dissipation.
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Appendix A. Kelvin decomposition of elasticity tensor

The elasticity fourth rank tensor E (resp. its Voigt matricial representation [E]) has eigenvalues Λ(I) and
corresponding second rank symmetric eigentensors e(I) (resp. eigenvectors ê(I)) are solutions of the eigenproblem

E : e(I) = Λ(I)e(I) , e(I) : e(J) = δIJ (A.1)

with δIJ the Kronecker symbol. The couples (Λ(I), e(I) or ê(I)) are the Kelvin modes (or strains here), the eigenvalues
Λ(I) are the Kelvin moduli (Rychlewski , 1984). These moduli are at most six (Cowin et al , 1991), they are only
two in case of isotropic elasticity (3K and 2G if K and G are the bulk and shear moduli).
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Kelvin decomposition of Hooke tensor is then simply the following re-writing

E =

6
∑

I=1

Λ(I)e(I) ⊗ e(I)
E =

N≤6
∑

k=1

Λk
P

k
S = E−1 =

N≤6
∑

k=1

1

Λk
P

k
P

k =
∑

I/Λ(I)=Λk

e(I) ⊗ e(I) (A.2)

There is always a family of six orthogonal eigentensors e(I) but some eigenvalues can be multiple, depending on
the material symmetry. The terms of identical moduli Λ(I) = Λk are grouped to form Kelvin projectors (François ,

1995), if S is compliance tensor, with N the number of different Kelvin moduli. The projectorsPk are unique for
a given elasticity tensor E.

The elastic energy density reads

we =
1

2
ǫ : E : ǫ =

1

2
σσσ : S : σσσ =

1

2

N
∑

k=1

Λk ǫk : ǫk =
1

2

N
∑

k=1

1

Λk
σσσk : σσσk (A.3)

with ǫ and σσσ the strain and stress tensors and where σσσk = Pk : σσσ. For a given material symmetry, this equation
defines in a unique and objective manner the Kelvin stressσσσk as the projection of the stress tensor on the kth Kelvin

mode. If the same projection is made for the strain, i.e. ǫk = Pk : ǫ, the elasticity law σσσ = E : ǫ is equivalent to
σσσk = Λkǫk ∀k (no sum).

In case of cubic material symmetry the Kelvin eigentensors are (in the material (cubic) Natural Anisotropy
Basis)
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They defines the three the projectorsPk – renammedPH, Pd, Pd – in an objective and unique manner,























P

k=1 = PH = e(1) ⊗ e(1)

P

k=2 = Pd = e(2) ⊗ e(2) + e(3) ⊗ e(3)

P

k=3 = Pd = e(4) ⊗ e(4) + e(5) ⊗ e(5) + e(6) ⊗ e(6)

(A.5)

so that one has the strain partition σ = σH + σd + σd with Kelvin stresses

σH = PH : σ =
1

3
trσ111 σd = Pd : σ σd = Pd : σ (A.6)

also defined in an objective and unique manner. In cubic Natural Anisotropy Basis, σd = (σd)′ is diagonal

deviatoric part of σ and σd = (σd)′ is out of diagonal deviatoric part of σ.

Appendix B. Heteregenous field in torsion

Consider here the thin tube of longitudinal axis in [001] (= ez = e3) orientation tested in torsion in Nouailhas
and Cailletaud (1995). Unit vectors ek of cartesian basis are set parallel to each < 001 > directions, defining
Natural Anisotropy Basis of present cubic material. Radial and tangential unit vectors are er = cos θ e1 + sin θ e2,
eθ = − sin θ e1 + cos θ e2.

At homogeneous shear strain γ = 2εθz applied in torsion on the tube the non zero stress components are
σ13 = Gγ cos θ, σ12 = −Gγ sin θ so that diagonal deviatoric stress tensor σd = 0 and out of diagonal deviatoric

stress tensor σd = σ. Non quadratic norm ‖σd‖a introduced in section 2.3 is at the elasticity limit

‖σd‖a = Gγ (|cos θ|a + |sin θ|a)
1
a a ≥ 1 (B.1)

It is constant for a = 2 (homogeneous von Mises stress field in torsion atσd
eq = 3−1/aGγ = const, it is heterogeneous

for a , 2 with

• for a > 2: the maximum value of the yield criterion f̄ is reached when radial basis vector er is aligned with
< 100 > orientation (at angle θ = k π

2
, k integer), the minimum value of f̄ is reached when radial basis vector

er is in direction < 110 > (at angle θ = π
4
+ k π

2
from < 100 > orientation).
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• for 1 ≤ a < 2: the location of minima and maxima of f̄ are inverted, the minimum value being reached
at θ = k π

2
, the maximum value at angle θ = π

4
+ k π

2
from < 001 >: yielding will initiate for the < 110 >

orientations, at π
4

from < 100 > orientations.

The second case is the one observed in experiments (Nouailhas and Cailletaud , 1995) so that a value of material
parameter a ∈ [1, 2[ has to be considered (a simple choice being a = 1).

Appendix C. Thermo-elastic terms

Additional thermo-mechanical terms have to be considered. If the thermo-elastic effect of misfit is derived
from simple mixture law (Lemaitre et al , 2009), potential ρψT M is added to isothermal potential defined in Eq.
(54), with Tref the thermo-elastic reference temperature,

ρψT M = −3 fγKγ αγ (T − Tref) tr ǫ − 3 fγ′Kγ′ (αγ′ (T − Tref) + δu) tr ǫ − ρCε(T ln
T

Tref

− T + Tref) (C.1)

or, introducing K and α the homogenized bulk modulus and thermal expansion coefficient,

ρψT M = −3K α (T − Tref) tr ǫ − 3 fγ′Kγ′δu tr ǫ − ρCε(T ln
T

Tref

− T + Tref) (C.2)

so that fγ′ the γ′ precipitates volume fraction, Kγ′ the elastic bulk modulus of such a γ′ phase, δu the unconstrained
misfit (homogeneous to a strain); Cε is the material specific heat capacity assumed constant over a large temperature
range. Latent heat due to phase change has been neglected.

From state law σ = ρ
∂ψ

∂ǫ one gets

ǫ = E−1 : σ + α(T − Tref)111 + ǫ
p + fγ′

Kγ′

K
δu 111

Appendix D. Link with index of rafting ξ

For an uniaxial loading performed in direction 1 ≡ [001] (the most important one from a technological point
of view), the transverse channel widths remain equals, w2 = w3 = cw1 with c a scalar, pure coarsening being c = 1
and complete rafting c = 0. In cubic Natural Anisotropy Basis,

w =

















w1 0 0
0 cw1 0
0 0 cw1

















NAB

w′ =





















2
3
(1 − c)w1 0 0

0 − 1
3
(1 − c)w1 0

0 0 − 1
3
(1 − c)w1





















NAB

(D.1)

and tr w = (1 + 2c)w1, weq =

√

3
2
‖w′‖ = (1 − c)w1 so that the 3D index of rafting xraft is simply related to c (and

reciprocally) as xraft =
weq

tr w
= 1−c

1+2c
or c =

1−xraft

1+2xraft
Note that this relationship between c and xraft applies to any more

complex rafting / coarsening / homethetic growth process ensuring w2 ≈ w3.
In order to make a link with Fedelich rafting index ξ, let us place ourselves in the same state of comparison

than for definition (23) and use the fact that both definitions of coarsening expression wcube and of complete rafting
expression wraft are made at given volume fraction fγ′ and at given periodicity λ. Isotropic periodicity λi = λ is
assumed so that, from Eq. (29),

fγ′ =

(

1 − w1

λ

) (

1 − w2

λ

) (

1 − w3

λ

)

=

(

1 − w1

λ

) (

1 − c
w1

λ

)2

(D.2)

The definition (23) is valid for tensile loading. From the assumption w1 = w = wcube + ξ (wraft −wcube) it is possible

to write w
λ
= 1 − f

1/3
γ′ + ξ ( f

1/3
γ′ − fγ′ ) , so that we get explicitly c = c( fγ′ , ξ) as a function of fγ′ and ξ.

Finally inverting c =
1−xraft

1+2xraft
, the index of rafting xraft = weq/tr w is related to both the γ′ precipitates volume

fraction and index of rafting ξ as

xraft =
1 − c( fγ′ , ξ)

1 + 2c( fγ′ , ξ)
= xraft( fγ′ , ξ) (D.3)

Eq. (D.3) applies to tensile loading in < 001 > direction. Recall that it is an approximate expression obtained
thanks to the assumption of equal periocities in the three directions of space λ1 = λ2 = λ3 = λ. It gives back
xraft = 0 when ξ = 0 (coarsening) and xraft = 1 when ξ = 1 (rafting).
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Appendix E. From Tinga et al evolution law to ẇ = ...

Let us consider uniaxial tension or compression along orientation 1 ≡ [001]. Diagonal deviatoric part of stress
tensor σd (in cubic Natural Anisotropy Basis) is equal to stress deviator σ′ and defines normal nd, as

σ′ = σd =
2

3
σ



















1 0 0

0 − 1
2

0

0 0 − 1
2



















NAB

=
2

3
σd

eq nd σd
eq = σeq = |σ| (E.1)

Evolution law (24) gives a diagonal second order tensor ℓℓℓ which commutes with normal nd. Altogether with the
assumption of constant volume of precipitates Vγ′ = ℓ1ℓ2ℓ3 = ℓLℓ

2
T
= ℓ3

0
inherent to Eq. (24) this defines

ℓℓℓ =





























ℓL 0 0

0
ℓ

3/2

0√
ℓL

0

0 0
ℓ

3/2
0√
ℓL
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L = ℓℓℓ · nd = nd · ℓℓℓ = sgn(σ)
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0
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2
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ℓL
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(E.2)

where we set ℓ1 = ℓL and ℓ2 = ℓ3 = ℓT = ℓ
3/2

0
/
√
ℓL respectively the longitudinal and the transverse sizes of large

γ′ precipitates. Evolution law (24) becomes

ℓ̇ℓℓ = − 1

τℓ

σeq

σeq + σε
exp

(

−
Qℓ − σeqU

kBT

)

L = − 1

τℓ

σd
eq

σd
eq + σε

exp















−
Qℓ − σd

eqU

kBT















L (E.3)

Using in present uniaxial case the fact that in tension sgn(σ) = 1, ℓL < ℓ0 due to ℓ̇1 < 0 (from Eq. (24)), and in
compression sgn(σ) = −1, ℓL > ℓ0 (from Eq. (24)), one gets

L =
2ℓ

3/2

L
+ ℓ

3/2

0

3
√
ℓL

nd + sgn(σ)
ℓ

3/2

L
− ℓ3/2

0

3
√
ℓL

111 =
2ℓ

3/2

L
+ ℓ

3/2

0

3
√
ℓL

nd −
∣

∣

∣ℓ
3/2

L
− ℓ3/2

0

∣

∣

∣

3
√
ℓL

111 (E.4)

Eq. (24) can be rewritten in a tensorial form valid for tensile of compressive loading in any < 001 > directions,

ℓ̇ℓℓ =
1
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σd
eq

σd
eq + σε

exp
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3
√
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(E.5)

Combined with an anisotropic periodicity growth λ̇λλ = λ̇λλ
′
+ 1

3
tr λ̇λλ111 ≥ 0 (growth meaning that λ̇λλ is a definite

positive second order tensor), one obtains an evolution law for γ channel width ẇ = λ̇λλ − ℓ̇ℓℓ as the sum of a
deviatoric part (interpreted as rafting contribution, including homothetic growth) and of a spherical or isotropic
part (coarsening, including homothetic growth). As furthermore second order periodicity tensor λλλ also has equal
transverse elongations λ2 = λ3 = λT , it is of the form

λ̇λλ = L̇nd + λ̇iso111 λ̇iso =
1

3
tr λ̇λλ (E.6)

so that evolution law (24) combined with anisotropic periodicity growth ends up in to

ẇ = ẇ′raft+hom + ẇcoars+hom 111

ẇ′raft+hom =















1
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3
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kBT
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1

τℓ

∣
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L
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0
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∣
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3
√
ℓL

σeq

σeq + σε
exp

(

−
Qℓ − σeqU

kBT

)

(E.7)

The γ′ rafting contribution is therefore proportional to the normal nd to yield surface f = σd
eq − σy. A periodicity

growth term λ̇iso ≥ 0 large enough is needed to ensure coarsening.
It is important to point out that, even if only < 001 > loading are considered here, one has anticipated the fact

that misoriented γ′ rafting is also governed by the diagonal deviatoric part of stress tensorσd in Natural Anisotropy
Basis: even if one has the equality σeq = σ

d
eq in < 001 > uniaxial loading cases, rafting contribution in Eq. (E.7) is

written in terms of invariant σd
eq. For coarsening the whole stress components may act so the full von Mises stress

σeq is kept.
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Remark. If parameterσε is not small, the term
σd

eq

σd
eq+σε

(resp.
σeq

σeq+σε
) introduces, through hardening, a dependency

to accumulated plastic strain pd (resp. p) that tends to saturate.

Appendix F. Model rewritten in crystal plasticity framework

We give here the reformulation of proposed model in crystral plasticity framework (Asaro , 1983, Asaro and
Lubarda , 2006, Hill and Rice , 1972, Peirce et al , 1983, Rice , 1975, Schmid and Boas , 1935), framework often
used for the description of constitutive equations of Ni-based single crystal superalloys (Fedelich , 2002, Méric
et al , 1991). For the sake of simplicity, isotropic hardening is assumed saturated, no kinematic hardening is
introduced.

Appendix F.1. Constitutive equations

In standard crystal plasticity framework, the constitutive equation for elasto-visco-plasticity coupled with ten-
sorial rafting are:

• elasticity law coupled with rafting

σ = E(1 − κEωeq) : (ǫ − ǫ p − α (T − Tref)111) ≈ E : (ǫ − ǫ p − α (T − Tref)111) (F.1)

with in practice the coupling of elasticity and of thermal expansion with rafting neglected.

• resolved shear stresses on octahedral and cubic slip systems g (Schmid and Boas , 1935)

τo
g = mo

g · σ · no
g τc

g = mc
g · σ · nc

g (F.2)

with mo
g, mc

g the unit vectors of the slip directions and no
g, nc

g the normals to the slip planes, γ̇g the slip rates.

In general multiaxial case a maximum of 12 octahedral slip systems (with for each τo
g = mo

gσ) and of 6 cubic
systems (with for each τc

g = mc
gσ) can be activated. mo

g and mc
g are the Schmid factor on octahedral and cubic

slip systems (Ghosh et al , 1990).

– In tension along < 001 > there are 8 active octahedral slip systems at τo = mo
001
σ with mo

001
= 1√

6
, no

active cubic slip systems.

– In tension along < 111 > there are 6 active octahedral slip systems at τo
g = mo

111
σ with mo

111
= 2

3
and 3

active cubic slip systems at τc
g = mc

111
σ with mc

111
=
√

2
3

.

• plastic strain rate

ǫ̇ p = ǫ̇ po + ǫ̇ pc =
1

2

12
∑

g=1

(

no
g ⊗mo

g +mo
g ⊗ no

g

)

γ̇o
g +

1

2

6
∑

g=1

(

nc
g ⊗mc

g +mc
g ⊗ nc

g

)

γ̇c
g (F.3)

allowing to define the total, octahedral and cubic macroscopic accumulated plastic strains as

p =

∫

√

2

3
ǫ̇ p : ǫ̇ p dt po =

∫

√

2

3
ǫ̇ po : ǫ̇ po dt pc =

∫

√

2

3
ǫ̇ pc : ǫ̇ pc dt (F.4)

• viscosity laws for octahedral and cubic slip systems (saturated hardening, coupling with Orowan stress),

γ̇o
g =

〈

−τv∞
ko

ln

















1 −
|τo

g| − mo
g
κOROG

‖ω‖ − ρo

τv∞

















〉

no

+

γ̇c
g =

〈 |τc
g| −̟mc

g
κOROG

‖ω‖ − ρc

kc

〉

nc

+

(F.5)

with, from macroscopic parameters of section 6.1, identified for orientations < 001 > and < 111 >

no = N ρo = mo
001(σy + R∞), ko = mo

001(8mo
001)1/N KN , τv∞ = mo

001σv∞ (F.6)

nc = N ρc = mc
111(σy + R∞), kc = mc

111(3mc
111)1/N KN , (F.7)

• microstructure degradation, written at RVE macroscopic scale using ”diagonal” Kelvin stress σd = Pd : σ

(projectorPd defined in Eq. (A.5)), and its von Mises norm σd
eq =

√

3
2
σd : σd,

ω̇ = ω̇raft + ω̇mc 111 +
√

3 ω̇LSW
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H(pc − εp

th
)

ω̇LSW =
KLSW

3ω2
LSW

exp

(

− Q

kBT

)

(F.8)
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• volume fractions of γ′ precipitates, using crystal plasticity octahedral accumulated plastic strain po,

ḟγ′ =

(

1 − δγ′e
− po

eγ′

)

fγ′eq(T ) − fγ′

τγ′
fγ′eq(T ) from Eq. (90) (F.9)

• γ′ channel width tensor

w = g( fγ′) w0
001ω g( fγ′) =

1 − fγ′

1 − f 0
γ′

(F.10)

Appendix F.2. Tension along < 001 >

For an uniaxial loading in direction < 001 >, there are 8 active octahedral slip systems and no active cubic slip
systems so that one exactly recovers Eq. (81)

|ε̇p| = 8mo
001

〈

mo
001
|σ| − κOROG

‖ω‖ − ρo

ko

〉

no

+

=

〈 |σ| − R∞ − κOROG

‖ω‖ − σy

KN

〉

N

+

< 001 > orientation (F.11)

Appendix F.3. Tension along < 111 >

For an uniaxial loading in direction < 111 >, the accumulated plastic rate is the sum of the contributions of 6
octahedral slip systems and of 6 cubic slip systems,

|ε̇p| = 3mc
111

〈

mc
111
|σ| − ρc −̟ κOROG

‖ω‖
kc

〉

nc

+

+ 6mo
111

〈

mo
111
|σ| − κOROG

‖ω‖ − ρo

ko

〉

no

+

< 111 > orientation (F.12)

or, using Schmid factor mo
111
= 2

3
mo

001
and parameters definition (F.7),

|ε̇p| =
〈 |σ| − R∞ − σy −̟σORO

KN

〉N

+

+
1

2

〈 2
3
|σ| − R∞ − σORO − σy

KN

〉N

+

< 111 > orientation (F.13)

which, making the approximation 1
2
≈ 2

3
≈ h, is found close to be Eq. (82) obtained from macroscopic Klevin

modes based model of section 6.1.
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Desmorat, R., 2009. Kelvin decomposition and multiple effective stresses concept in anisotropic materials. C.R. Mécanique., 337, 733–738.
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Véron, M., Bastie, P., 1997. Strain induced directional coarsening in nickel based superalloys: Investigation on kinetics using the small angle

neutron scattering (SANS) technique, Acta Mater., 45, 3277–3282.
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