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Abstract. We rigorously prove the convergence of the micro-macro limit
for particle approximations of the Aw-Rascle-Zhang equations with a
maximal density constraint. The lack of BV bounds on the density vari-
able is supplied by a compensated compactness argument.
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1. Introduction

Macroscopic traffic flow models usually consist of partial differential equa-
tions describing the evolution of aggregated quantities, like traffic density
and mean velocity. They express the mass conservation and eventually the
traffic acceleration. In this article, we focus on a pressure-less gas dynamics
system subject to a maximal density constraint, which was introduced in [5]
and can be derived through a singular limit in the pressure term of a modified
Aw-Rascle-Zhang model [2, 12].

In the following, we denote by p, v the density and velocity of the traffic
and by p the “reserve” of velocity acting as an anticipation factor of drivers to
the local traffic conditions. We consider the following system of conservation
laws

atp + aw(pv) = 0)
{ O (p(v + p)) + 0a(pv(v + p)) =0, t>0,zeR, (11

subject to the constraints

0<p(t,z) <p*, pt,z)>0, (pt,x)—p )p(t,z)=0 ae t, z, (1.2)
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for some p* € R denoting the maximal density of cars allowed on the road.
System (1.1) is equipped with the following initial data
p(0,2) = p°(z), v(0,z) =0"(x), p0,2)=p°(z), z€R.  (1.3)
We assume that
(H1) p° € LY(R) N L*°(R) with 0 < p° < p* and p® with compact support;
(H2) v9,p° € L*(R) NBV(R) with v >0, p® > 0 and (p°(z) — p*)p°(z) = 0
for a.e. z € R.
In [5], the authors introduced the following constrained follow-the-leader
model to compute approximate solutions of (1.1)-(1.3).
Let us denote by z;(t), Vi(t) and p;(t) the position, speed and reserve of
velocity, respectively, of the i-th particle at time ¢t > 0, for 0 < ¢ < N. The
initial conditions
_ —N _ ,
N0y =z", VN0)=V,, pN0)=p) fori=0,...,N, (1.4)
are defined as follows: let & nin < Tmax the extremal points of the convex hull
of the support of p°, so that

Supp(po) c [xmimxmax]y (15)
and set )
lN:N/pO(x)dx, dy =In/p", (1.6)
R
T = Tmin, T :sup{x eR; / P (x) dx < ZN}, fori=0,...,N,
L,
(1.7)
Vﬁvz sup Y, Y= sup p° fori=0,...,N —1,
VJIX = sup UO, T%N = sup pO.
(BN ool [FX ool
Notice that from (1.7) we get T = Zmax and
Tmax N E7N
[o@dr= [ payi =30 [ wde= N,
Tmin i=1vTi—1
since -
lN:/z P (x) de, 1=1,...,N.
A
Notice also that we have
zV
Iy = [N p() dz < [|p°)|oo (@ —Ty) < p* (@) —TLy) (1.9)

i—1
forall i =1,..., N, and therefore

zN¥ -z > dy, i=1,...,N.

N
The dynamics of the discrete model is the following: each particle moves
freely until it reaches the minimal distance to the preceding one, that is to
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say 1 (t) — 2N (t) = dn. At this point, the particle i takes the velocity

of the particle ¢ + 1 and they keep the distance dy forever. For any initial
positions and velocities of the N 4 1 particles, these “interactions” can only
happen k times, with £ < N. Let us denote by t; <ty < ... < t; the times
when an interaction happens and we denotes by i,, the number of particle(s)
for which at time t,,, the collision is between the i,,-th and the (i,, + 1)-th
particles. The particle dynamics is therefore described by the following rules

&) (t) = VN (), t>0, fori=0,...,N,
VY (6) =V,
VNt =0 t#tm, m=1,....k, fori=0,...,N—1,
pN(t)=0 t#t,, m=1,....k fori=0,...,N—1,
(1.10)
and at times t,,, there is a jump such that for ¢ > t,,,
VN =V () t>t
& tm ’ = 1.11
{ Plomy () = V¥ (tn=) = VN (b +) + DY, (). (L11)
We introduce the variables
l
yN(t) = i=0,...,N—1, (1.12)

xi—i—l(t) - x{v(t)’

which satisfy

N0 ) Y

@V () — 2V ()2 v

Since 2 (t) — x| (t) > dn, we have yN (¢) < In/dn = p*.

i

We define the piecewise constant density p~ by

g (t) = vih(@) - vih@).  (113)

?

N-1
PN (t,x) = Z yfv(t)l[mg\'(t),xﬁl(t)[(x)v (1.14)
i=0
the velocity oV by
N-1
PN (t ) = y OV ()T (1) 28, 1)](2), (1.15)
i=0

and the pressure term pY by

N-1

PPN (t, ) = Z yzN(t)pfv(t)I[mg\'(t),zﬁl(t)[(x) (1.16)
=0

Remark 1.1. These definitions identify ¢~ and p~ where p& # 0, that is to
say away from vacuum. Thus we need to extend the functions ¢V and p~
when p%V = 0. While the pressure term must be equal to zero by (1.2), the
velocity is given any non-negative constant value that does not increase the
total variation. For example, by taking the average between two no-vacuum
zones and extending by constants at infinity.
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The main result of the present article is the convergence of the micro-
scopic constrained follow-the-leader model to the macroscopic constrained
Aw-Rascle-Zhang system as the number of particles tends to infinity.

Theorem 1.2. Let p°, v° and p° satisfy (H1)-(H2) and consider the discrete
quantities (pN, 0N, pN) defined by (1.14)-(1.16) with (1.12) and (1.4)-(1.8).
Then there exists (p,v, p) with p € L*(R)NL>®(R) and v,p € L>°(R)NBV (R),
solution of (1.1) with the constraints (1.2), with initial data (p°,v°,p°) such
that, up to a subsequence,

pN—=p, NN = v, pNpN — pp

in the distributional sense.

The proof is deferred to Section 4.3. We recall that previous deriva-
tions of macroscopic traffic models from microscopic dynamical systems have
been investigated for the classical Lighthill-Whitham-Richards equation [7, 8]
and its non-local version [11], for the Aw-Rascle system [1, 9], for a phase-
transition model based on a speed bound [6], and for Hughes model of crowd
motion [10]. In our case, the main difficulty is represented by the lack of a
uniform bound on the density total variation, that cannot be compensated
by the compactness of the Riemann invariants like in [9], due to the zero-
pressure term in the momentum equation. Therefore, the convergence relies
on a compensated compactness argument introduced in [3].

The paper is organized as follows. In Section 2 we provide the con-
vergence proof for initial data. Section 3 collects the L> and BV estimates
satisfied by the approximate solutions, which allow to show their convergence
in Section 4.

2. Initial data limit

We start first by proving that the discrete quantities constructed at the pre-
vious section are compatible with the initial data.

Proposition 2.1. Let p*,v° and p° satisfy (H1)-(H2). We consider the discrete
quantities (1.14)-(1.16) with (1.12) and (1.4)-(1.8). Then, for all ¢ € C(R),
we have

[ 0ve@d = [ Pa)p s (2.1)

[ 0at 0@ o [ Pet@i@a @)
and

/ PN (0, 2)p™ (0, 2)p () dx Nl P (2)p’ (z)p(x) da. (2.3)
R © JR

Proof. We have
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N-1 N-1 zN,
Yove@) =) | = P@eE))d
1=0 ];7_01 ;H-l
=3 [ @) + ol - @) da
=0 i N wﬁrl
= O:r x)dx O:r fN — T X
/Rp(>¢<>d+§/w P @)(pE) - o) d
Therefore
/ PN 0,2)p() dr— [ P@)p(a) de
R R
N—-1 T,
=3 [ @) - pla)) ds
i=0 Y7T;
N-1 ZN
In Tida o)) da
3 sy [ ) - e
Now

N (0, ) () do — O(x)p(x) dz
/Rpw,)md /memd

N-1

Nl I A
— N —
<l 3 [ PN aldo 4 6l Y oy [ -7 da
i=0 Y%

i—o Tit1 % JE)

N-1 T Nl T]-YH —zN
/ —N —N 0 ! (3 7
<9l 3@ =) [ e ety 3 PR
3 N-—1
< ||<P/HoolN§ Z(fﬁl -z})
1=0
<IN S o @Y - 7)
S N2 Pl TNy — X
3
<In=ll¢’ — Tpmi .
> ZN2 H(P ||oo(xmax l'mln) N:FOOO
Thus we get
/ P2 dr = [ P da. (2.4)
R —+oo Jr

We consider now now the product 5™ (0, )9™ (0, z). In this case we have
the relation

/ N (0,2)0" (0, 2)p(x) da
R
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N-1 =N
N /M
= 1% o(x)dz
=0 ' .13%_1 _xiv 55\(
N—-1 N—-1 =
—N _ —N In Tit1 _
=3 Vo) + YV e [ T ele) — pla) da
i=0 =0 Tirr T T Jay
and
N-1 Nol e,
Vilve@) = Y.V, [N P (z) () da
=0 =0 T3
N-1 ,.zN
TGN o N
=Y [V Pt + elal) - pla) de
i=0 Y 7T;
0 0 = [F 0 0
= [P@rt@e@drs X [ 70 =) @)t do
i=0 YT
N-1 i+1 N
+3 [ TR @) - @) do
i=0 /T
Therefore

. —N ..
Since V; are bounded by [[v°||, we get similarly as for the convergence of
pN the estimate

_N
_N lN Tit1 »
T S T - / (p(2) — p(@Y)) de
; Tiy1 — Ty JzN

< I 5 19/ oo [0 ool oo (Emax = Zmin) > 0.

Now for the last term of the inequality, we have
N-1 ,zN

2 / Y - @) @) do
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N—
<3 / (@) (@) o)
N_l
< / sup v’ — inf 00| pO(2) |p(x)| dx
go [Ef\,»%_,.l] [51 75?2_1]
gl Ei#»l
<lelloe 3| sup ®— inf / P (a) da
ey, EYEN | Jay

< InflellTV () = 0.

Thus we get

/RAN(U 2)o™ (0, 2)p(x z)dz = Rpo(w)vo(w)w(w)d% (2.5)

Similarly, we have

/RﬁN(O, 2)p™ (0, 2)p(z)dr = | p°()p°(2)p(2) dz. (2.6)

N—+oo R

3. L*° and BV estimates

The dynamics of z¥ (¢), V.V (¢) and pl¥ (t) described by (1.10), (1.11), implies
the following properties.

Lemma 3.1. Let p°,v° and p® satisfy (H1)-(H2). Then the functions V™ (t)
and pN (t) defined by (1.10), (1.11) satisfy

VN < 1[0%loor P )] < 100 + [12%]loo- (3.1)

Moreover, it holds
TV(VN () <TV(VY), (3.2)
TV (N (t,.) < TV(VO) + TV (pY). (3.3)

Proof. The L™ estimates (3.1) are deduced from the maximum principles

0 < V(1) < max V¥ (0) < sup o’
J

0 < p" (1) < max(V;¥(0) + 7 (0)) < sup(e” +p°),
J

which directly follow from the system dynamics.

The estimate (3.2) derives from the fact that between two interaction
times t,,, the functions t — VN (¢) are constant. At time t,,, for a collision
between the i,,-th and the (im + 1)-th particles, from (1.11) we have

TV(VN (to+, - Z| Ni(tmt) = VN (tm+)|
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im—1

= > VAL tmt) = VN )|+ 1V 11 () = Vi, ()
=0

+ Z VY (tmt) = Vi (tm+)]
1 =im+1
G —1 N-1
_ N N
= ZI — VNt + D V(=) = VN (b))
=iy, 41

IN

TV(VN( tm—;-)),

thus proving (3.2). Notice that the variation which is lost for V¥ is transferred
to pV, thus giving (3.3). O

These properties clearly have the following consequences on the func-
tions pV, oV and pV
Proposition 3.2. We have the following estimates:
1. The functions p~, o~ and p™ are bounded in L>°(]0, +0oo[xR).

2. Furthermore

TV(@N(t,.)) < TV (), TVEN(t,.)) <TV(@Y)+TV(p®), VN eN.
(3.4)

Finally, notice that for all z € R we have

([)N(tv T) — p*)ﬁN(th) =0.
Indeed, this is true at t = 0. Moreover
L. if pN(0,2) # Oforz € [, TN [, then pN (t,2) = p* forz € [z (1), 2],
for t > 0;

2. when p" passes from 0 to non-zero, as described by (1.11), then it is
when pN = p* is satisfied.

4. Convergence proofs
4.1. Study of the approximated equations
We first start by studying the limit of the approximated equations.

Proposition 4.1. Let p° v° and p° satisfy (H1)-(H2). Then, for any ¢ €
C2°([0,400[xR), it holds
— <N +0.(pN0N), 0> = [ pP2)p(0,7)dx (4.1)

and

— <O pN (0N 4+ pN) + 0o (PN 0N (0N + pN)), 0 >

N ) PO () (0° + p°)(2) (0, ) da. (4.2)
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Proof. Let ¢ € C([0,+00[xR). We have
= <P + 0x(pNON), >

/+oo/ (t,2)0pp(t, x) + ( z)d N(t,x)azgo(t,x)dxdt

N- 'L+1(t)
= M) (Dvo(t, ) + VN (£)pip(t, 2)) dx dt.
> [Two ) e ¢

=N (t)
Notice that
d Iﬁ-l (t)

— o(t, z) dx
dt Joy

x4 (2)
_ / L Ot de a2 @O (0) = Y Oelt Y (0)
:v{v t

;54 (t)

= [ Bt de 4V @ptt  (0) = VY Ot 2 @)
z; (t

therefore

— <OV + 0 (NN > (4.3)

e N N N
=X [ Ao(G ) etod -Gt @)
1=0

0

+ VN e(t ol (1) + VN () (et 21 (1) w(t,wfv(t)))) dt

N-1 oo zi (1)
=X [ oG [, etede— 00 -V O 0) d
1=0

@ (t)

Now
+oo a (t)
/ i (1) d/ o(t,x) do dt

RO

17];\-11(0) +o0 xﬁ_l(t)
) / p(0,2) de — / N (t) / o(t,2) dedt,
x 0 x

O]

i

which, with (1.13), gives

+oo d £ﬁ»1(t)
/ WL / o(t, ) du dt
0 dt Jay @)

N $1'1\g»1(0)
= Y0 / (0, 2) dz
x N (0)

N
zih ()

400 (N 2
+/0 WO v () — ViN(t))/ ot x)dedt.  (4.4)

In 2N (1)
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Furthermore
tada) = - [ e @) d
etz (1)) = / o(t, i\, (1)) dx
i oy () — 2N (t) Jorr) o

N
= yili]\ft)cp(t,mﬁ_l(t)) dz. (4.5)

Reporting (4.4) and (4.5) in (4.3), we obtain
— < 0p™ + 0, (AN@N) <p>

7+1(0)
/ An(t)dt — Zyl / ©(0,z) dx

)

+o0o
— — N (0, x T)dx .
- /O An(t) dt /O /R N (0,2)(0, 2) da dt, (4.6)

N
x4 (1)

-1, N
ant= > L w0 - vy [ et - et o
i=0 N z ¥ (t)

with T, such that ¢(t,z) = 0 for t > T,. Now we have

[t — oty < 120 vy = L2 el

2 (1) T2y )
thus
SDI oolN 90/ oolN
Aol < by S gy vy < DLty )
=0
and

< I¢lllool . TV@®) — 0.
- 2 @ N—+o00

/0 " An(t) dt

Finally, we use Proposition 2.1 to conclude to (4.1).
For the second equation, we have

= < (PN (N + ™) + 0 (PN (N +5N)), 0 > (4.7)

+o0
= /0 /]R/SN(t, z) (0N + pN)(t, ) (Drp(t, ) + 0N (t, 2)Dpp(t, x)) da dt

N-1 too aq (t)
=3 [ oo o) [ @l + V@0l de
i=0 /0

@ (1)
Notice that VNV (t) + pN(¢) is constant with respect to t. Indeed, when there

is no collision VN (t) = 0 and pN (t) = 0 and at a collision time t,,,

(t
Vz]:,i( m+) +pim( )= Vilmvﬂ(t =), ‘*‘V/,X(t =)= ‘/i]l-s-l(tm—)“‘pi\;(tm—)

= Vz: (tm_) + pim (tm_)-
Thus we get the convergence (4.2) as for the first equation. (I
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4.2. Compactness estimates for 5’

To go further, a key point is to obtain some compactness for p%.

Proposition 4.2. Let p° and v° satisfy (H1)-(H2). For any ¢ € C>°(R), there
exists Cyp > 0 such that for any N € N and any s,t € [0,T], it holds

< Cylt — 3. (4.8)

/R (PN (¢, 2) — PV (5, 2))d(2) de

Therefore, up to a subsequence, there exists p € L*(]0,T[xR) such that
pN — p in C([0,T), Ly, (Ry)), ie.
eLl®),  sw | [ (Y- o)t
tel0,T] |J/R

— 0.
k—+oo

Proof. In the formulation (4.6), we take ¢(t,z) = I'r(t)é(x) with T'r with
a compact support in ]0,4+-oo[ and we make I'r — 1,4 when R — o0, it
gives

[ 6% )= ¥ s.oota) da+ [ t [0 | "Anlo)do

for ¢ where

N-1

} N ()2 e (1)
Avie) = 3 W i —v o [ ote) = olela (o)
i=0 zi (¢

Similarly as in Section 4.1, we have

/S t An(0)do

Furthermore, from Proposition 3.2,

t
/ / NN oo dx do
s R

19/ lloo In
s| ———

<|t-
2

TV (°).

<ft= sl ) [ Il
R

then
[0 - ¥ s o) o
19/ lloc 11£°]11 0y L % (10
< |t — .
<lo—of (15 v o) o o [ 161
To conclude, we use the following Lemma 4.3 proved in [4]. O

Lemma 4.3. Let (ng)ren be a bounded sequence in L (]0, T[xR) which sat-
isfies: for all ¢ € C(R), the sequence ([ nk(t,x)gb(z)dx)k is uniformly
Lipschitz continuous on [0,T], i.e. 3Cy > 0,

Vk eN, Vs, tel0,T], < Cylt — s|.

/(nk(t,x) —ng(s,x))o(z)dx
R
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Then, up to a subsequence, there exists n € L>=(]0, T[xR) such that n — n
in C([0,T), Ly, (Ry)), ie.

— 0.
k— o0

vI' e L'(R), sup
te[0,T]

/R (e — n)(t, 2)T(x)dz

We have a similar result from the second equation, that is to say:

Proposition 4.4. Let p°,v° and p° satisfy (H1)-(H2). For any ¢ € C°(R),
there exists Cy > 0 such that for any N € N and any s,t € [0,T], we have

/R (Y (0N + M)t ) — (V0N + pV)) (s, 2))b(x) da

Then, up to a subsequence, there exists ¢ € L*°(]0, T[xR) such that p™¥ (0 +
pY) — q in C([0,T), L, (R,)), i.e.

/R (NN + V) — g)(t, )T (z)dz

< Cylt —s]. (4.9)

— 0.
k—+oco

VI e LY(R), sup
t€[0,T]

Proof. This time, we have, for any ¢ € C*(R),

/R((ﬁN(ﬁNﬂLﬁN))(tw) = (PN (0N +pM))(s,2))9(x) dx

—/St/RﬁNf}N(@N+;5N)3z¢+/:AN(J) do

where
N-1 o
' ®)? N @) s
0= 2 N ) IOV o) /xm (6(x) (a1 (1)) de.

We have now

/S " An(o) do

using furthermore (3.1). Then we get

/R((ﬁN(@N +M)(t,2) — (BN (0N + V) (s, 2)))d(2) dx

< [t = 81116 lloo INTV () (10" o0 + 12l 0)

1211 )
<t — s <||¢'I|oo Ty TV) + 20" [0l A [0l dz ) (J0°]loc + 1P°llo0)-
We conclude using the previous Lemma 4.3. O

4.3. Convergence to the limit equations
We need now to pass to the limit in the product terms. We recall the following
result, which is the key point of the proof to pass to the limit in the products.

Lemma 4.5. Let us assume that (ng)ren is a bounded sequence in L>(]0, T[xR)
that tends to n in LSS, (]0, T[xR), and satisfies for any ¢ € C°(R,),

/]R (ne — n)(t, D)b(2)dz — 0, (4.10)

k— o0
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either i) a.e. t €]0,T[ or ii) in L'(]0, T][;).

Let us also assume that (wg)ken 8 a bounded sequence in L (]0, T[xR) that
tends to w in L2, (]0, T[xR), and such that for all compact interval K = [a, b],
there exists C > 0 such that the total variation (in x) of wy, over K satisfies

Vk e N, TVg(wk(t,.)) <C. (4.11)
Then, npwi —nw in L, (]0, T[XR) as k — +o0.

Remark 4.6. This is a result of compensated compactness, which uses the
compactness in x for (wg)x given by (4.11) and the weak compactness in ¢
for (ny)r given by (4.10) to pass to the weak limit in the product njwy. We
can refer to [3] for a complete proof, even in the case where

VkeN, TVg(w(t,.)<C (1 + 1) ,

which is more general. Notice that the total variation bound (in x) of w over
K is also satisfied thanks to the lower semi-continuity to the BV norm.

We are now able to obtain the limit result.

Proof of Theorem 1.2. Since (p™)n, (9™V)n, (pV) n are bounded in L, there
exists (p,u,p) such that

N _

PN p, N, PN —p i I35(]0, +oo[xR).

By Proposition 4.2, we also have p%¥ — p in C([0,T], L2, (R,)).

Using Proposition 3.2, we get that the sequences (97 (t,.))n and (™ (¢,.))n
are uniformly bounded in BV with respect to t.

We can then apply the Lemma 4.5, which gives that pN o~ — pv in L2, (]0, T[xR)
and pNpN — pp in L2, (]0, T[xR). Therefore the (4.1) of Proposition 4.1 gives
that

— < Op + 0 (pv), 0 >= / P (2)p(0, ) d.
R

By Proposition 4.4, there exists ¢ € L>(]0,T[xR) such that, up to a sub-
sequence, pN (0 + pY) — ¢ in C([0,T], L, (R,)). By uniqueness of the
limit ¢ = p(v + p). We apply now Lemma 4.5, which gives that pN o™V (6% +
p) — pv(v+p) in L, (]0, T[xR). Therefore the (4.2) of Proposition 4.1 gives
that

— < Op(v+p) + u(pv(v +p)), p >= /Rpo(w)(vo(x) +10°(2))¢(0, z) da.
Now we pass to the limit in 0 < p& < p*, pV > 0, (pV — p*)p™Y = 0 to get

the constraints and conclude the proof. O
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