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CONSISTENT SEGREGATED STAGGERED SCHEMES WITH EXPLICIT STEPS
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FOR THE ISENTROPIC AND FULL EULER EQUATIONS.

R. HErBIN!, J.-C. LaTcHE? AND T.T. NGUYEN?

Abstract. In this paper, we build and analyze the stability and consistency of decoupled schemes,
involving only explicit steps, for the isentropic Euler equations and for the full Euler equations. These
schemes are based on staggered space discretizations, with an upwinding performed with respect to
the material velocity only. The pressure gradient is defined as the transpose of the natural velocity
divergence, and is thus centered. The velocity convection term is built in such a way that the solutions
satisfy a discrete kinetic energy balance, with a remainder term at the left-hand side which is shown to
be non-negative under a CFL condition. In the case of the full Euler equations, we solve the internal
energy balance, to avoid the space discretization of the total energy, whose expression involves cell-
centered and face-centered variables. However, since the residual terms in the kinetic energy balance
(probably) do not tend to zero with the time and space steps when computing shock solutions, we
compensate them by corrective terms in the internal energy equation, to make the scheme consistent
with the conservative form of the continuous problem. We then show, in one space dimension, that,
if the scheme converges, the limit is indeed an entropy weak solution of the system. In any case, the
discretization preserves by construction the convex of admissible states (positivity of the density and,
for Euler equations, of the internal energy), under a CFL condition. Finally, we present numerical
results which confort this theory.
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1. INTRODUCTION

The objective pursued in this work is to develop and study, both theoretically and numerically, a decoupled
scheme for the simulation of non viscous compressible flows, modeled either by the isentropic Euler equations or
by the full Euler equations for an ideal gas. More precisely, we intend to build a variant involving only explicit
time-steps (i.e. without any linear system solution) of implicit and semi-implicit schemes that were developed
and studied recently in the framework of the simulation of compressible flows at all speeds [13,17]. In this latter
works, the implicit scheme is studied as a first step in the mathematical analysis of some pressure correction
schemes; these are obtained by extending some algorithms which are classical in the incompressible framework;
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they are based on (inf-sup stable) staggered discretizations. In our approach, the upwinding techniques which
are implemented for stability reasons are performed for each equation separately and with respect to the material
velocity only. This is in contradiction with the most common strategy adopted for hyperbolic systems, where
upwinding is built from the wave structure of the system (see e.g. [2,7,23] for surveys). However, it yields
algorithms which are used in practice (see e.g. the so-called AUSM family of schemes [19,20]), because of their
generality (a closed-form solution of Riemann problems is not needed), their implementation simplicity and
their efficiency, thanks to an easy construction of the fluxes at the cell faces. Up to now, these schemes have
scarcely been studied from a theoretical point of view; one of our main concerns here will thus be to bring, as
far as possible, theoretical arguments supporting our numerical developments.

We first deal with the isentropic Euler equations:

Op + div(pu) = 0, (1a)
O:(pu) + div(pu ® u) + Vp =0, (1b)
p=0,p=pp)=p, (1c)

where ¢ stands for the time, p, w, and p are the density, velocity and pressure respectively, and v > 1 is a
coefficient specific to the considered fluid. Note that, for v = 2, this system is identical to the usual shallow
water (or Saint-Venant) equations in the case of no source term (no topography, no Coriolis force), up to a
multiplicative coefficient 1/2 at the right-hand side of the equation of state (and replacing the density p by the
fluid height h). Of course, this minor change in the equation of state does not bring any additional difficulty,
and, more generally, present results may probably be extended to the barotropic case, i.e. to general equations
of state of the form p = ¢(p) with ¢ a strictly increasing function.

We then address the full Euler equations, which read:

Op +div(pu) =0, (2a)
O(pu) +divijpu @ u)+ Vp =0, (2b)
O(pE)+div(p Eu) +div(pu) =0, (2¢)
p=(r—Dpe, E=hulte, (2d)

where F and e are the total energy and internal energy respectively. For this system, the coefficient ~y is now
supposed to be strictly greater than 1. Problems (1) and (2) are posed over Q x (0,7, where {2 is an open
bounded connected subset of R?, 1 < d < 3, and (0,7) is a finite time interval. They are complemented by
initial conditions for p, e and w, denoted by py ey, and ugy respectively, with py > 0 and eg > 0, and by a
boundary condition which we suppose to be u - = 0 at any time and a.e. on 912, where n stands for the
normal vector to the boundary.

The organization and main results of this paper are as follows.
- The space discretization is given in Section 2.

- Section 3 is devoted to the isentropic Euler equations (i.e. System (1)). The proposed scheme is decoupled
in time (the mass and momentum equations are solved one after the other) and only involves explicit steps.
The scheme is based on a staggered mesh, and obtained by writing a finite volume discretization on the
primal cells for the mass balance equation and a finite volume scheme on the dual cells for the momentum
balance equation. Upwinding is performed with respect to the material velocity (by opposition to the
speed of the waves of the system), and the pressure gradient is defined as the transpose of the natural
velocity divergence, so is thus centered. We prove that the solutions of this scheme satisfy a discrete
kinetic energy balance (on dual cells) and an elastic potential balance (on primal cells). Then, in one
space dimension, we show that the algorithm is consistent in the Lax-Wendroff sense: passing to the limit
in the scheme, we prove that, if a sequence of discrete solutions obtained with vanishing time and space
steps converges and is uniformly bounded in suitable norms, then its limit satisfies a weak formulation
of the continuous problem. Then, passing now to the limit in the discrete kinetic energy and elastic
potential equations, we show that the limit of such a converging sequence also satisfies the weak form of
the entropy balance.

- Section 4 is devoted to the full Euler equations. The scheme is obtained by complementing the algorithm
developed for the isentropic case by an explicit finite volume discretization of the internal energy balance
equation on the primal mesh. This offers two main advantages: first, we avoid the space discretization
of the total energy, the expression of which involves cell-centered and face-centered variables; second,
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the discretization ensures by construction the positivity of the internal energy, under a CFL condition.
However, since this scheme does not use the original (total) energy conservative equation, in order to
obtain correct weak solutions (in particular, with shocks satisfying the Rankine-Hugoniot conditions), we
need to introduce corrective terms in the internal energy balance. These corrective terms are found from
the discrete kinetic energy balance (already derived in the isentropic case), observing that this relation
contains residual terms which do not tend to zero (at least, under reasonable stability assumptions) and,
finally, compensating them in the discrete internal energy balance. With this correction, we are once
again able to prove, in 1D, the consistency of the scheme in the Lax-Wendroff sense; more precisely
speaking, passing to the limit separately in the discrete kinetic and internal energy balances (which are
not posed on the same mesh), we obtain that the limit of a convergent sequence of discrete solutions
satisfies a weak form of the total energy equation.

- Finally, we present some numerical tests for both the isentropic case and the full Euler case in Section 5.

In several theoretical developments, we are lead to use a derived form of a discrete finite volume convection
operator (for instance, typically, a convection operator for the kinetic energy, possibly with residual terms,
obtained from the finite volume discretization of the convection of the velocity components); the proofs of
various related discrete identities are given in the Appendix A. Note that some of the results of the work which
we present here were announced in the proceedings [15], but without any proof.

2. MESHES AND UNKNOWNS

In this section, we recall some staggered discretizations which were already used for implicit schemes for
compressible flows, see e.g. [13]; we focus here on the discretization of a multi-dimensional domain (i.e. d = 2
or d = 3); the extension to the one-dimensional case is straightforward (see sections 3.3 and 4.2).

Let M be a mesh of the domain 2, supposed to be regular in the usual sense of the finite element literature
(e.g. [4]). The cells of the mesh are assumed to be:

- for a general domain {2, either non-degenerate quadrilaterals (d = 2) or hexahedra (d = 3) or simplices;
in two space dimensions, both types of cells may possibly be combined in a same mesh;

- for a domain whose boundaries are hyperplanes normal to a coordinate axis, rectangles (d = 2) or
rectangular parallelepipeds (d = 3) (the faces of which, of course, are then also necessarily normal to a
coordinate axis).

By € and &(K) we denote the set of all (d — 1)-faces o of the mesh and of the element K € M respectively.
The set of faces included in the boundary of  is denoted by €.yt and the set of internal faces (i.e. € \ Eoxt)
is denoted by &int; a face o € iyt separating the cells K and L is denoted by ¢ = K|L. The outward normal
vector to a face o of K is denoted by ng . For K € M and o € €, we denote by |K| the measure of K and by
|o| the (d — 1)-measure of the face 0. For 1 < i < d, we denote by £ C & and Egi()t C Eext the subset of the
faces of € and €.y respectively which are perpendicular to the i** unit vector of the canonical basis of R?.

The space discretization is staggered, using either the Marker-And Cell (MAC) scheme [11,12], or the degrees
of freedom (i.e. the discrete unknowns) of nonconforming low-order finite element approximations, namely the
Rannacher and Turek element (RT) [21] for quadrilateral or hexahedric meshes, or the lowest degree Crouzeix-
Raviart element (CR) [5] for simplicial meshes.

For all these space discretizations, the degrees of freedom for the pressure, the density and the internal energy
are associated to the cells of the mesh M, and are denoted by:

{pK, PK, €K, KEM}

Let us then turn to the degrees of freedom for the velocity (i.e. the discrete velocity unknowns).

- Rannacher-Turek or Crouzeix-Raviart discretizations — In this case, all the components of the ve-
locity are approximated on each face of the mesh, so the degrees of freedom for the velocity components
are located at their center. The set of degrees of freedom reads:

{ua',i; (S 87 1§Z§d}

- MAC discretization — Only the normal components of the velocities are approximated, and the degrees
of freedom for the i*" component of the velocity are defined at the centre of the faces o € £®, and the
set of discrete velocity unknowns is:

{tog, c€ €W, 1<i<d}.
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FIGURE 1. Notations for control volumes and dual cells — Left: Finite Elements (the present
sketch illustrates the possibility, implemented in our software CALIF3S [3], of mixing simplicial
(Crouzeix-Raviart) and quadrangular (Rannacher-Turek) cells) — Right: MAC discretization,
dual cell for the y-component of the velocity.

We now introduce a dual mesh, which will be used for the finite volume approximation of the time derivative
and convection terms in the momentum balance equation.

- Rannacher-Turek or Crouzeix-Raviart discretizations — For the RT or CR discretizations, the dual
mesh is the same for all the velocity components. When K € M is a simplex, a rectangle or a cuboid,
for o € E(K), we define Dk , as the cone with basis o and with vertex the mass center of K (see Figure
1). We thus obtain a partition of K in m sub-volumes, where m is the number of faces of the mesh, each
sub-volume having the same measure |Dg | = |K|/m. We extend this definition to general quadrangles
and hexahedra, with a (virtual) partition with sub-cells which are still of equal-volume, and with the
same connectivities. The volume D , is referred to as the half-diamond cell associated to K and o.
For o € Eint, 0 = K|L, we now define the diamond cell D, associated to o by D, = Dk » U Dy ,; for an
external face 0 € Eext N E(K), Dy is just the same volume as D ;.

- MAC discretization — For the MAC scheme, the definition of the dual mesh depends on the component
of the velocity. For each component, the MAC dual mesh only differs from the RT or CR dual mesh by
the choice of the half-diamond cell, which, for K € M and o € &(K), is now the rectangle or rectangular
parallelepiped of basis o and of measure |Dg | = |K|/2.

We denote by |D,| the measure of the dual cell D,, and by ¢ = D,|D,s the face separating two diamond
cells D, and D,/. The set of the faces of a dual cell D, is denoted by &(D,).

Finally, we need to deal with the impermeability (i.e. u - n = 0) boundary condition. As in [13] we suppose
throughout this paper that the boundary is a.e. normal to a coordinate axis which allows to simply set to zero
the corresponding velocity unknowns:

fori=1,....d, Voe &,  uy,;=0. (3)
Therefore, there are no degrees of freedom for the velocity on the boundary for the MAC scheme, and there are

only d — 1 degrees of freedom on each boundary face for the CR and RT discretizations, which depend on the
orientation of the face. We again use the notations of [13] to be able to write a unique expression of the discrete

equations for both MAC and CR/RT schemes: we introduce the sets of faces 8? associated to the degrees of
freedom of each component of the velocity (8 stands for “scheme”):

e\ 82.% for the MAC scheme,

e\ € for the CR or RT schemes.

ext

e =

For both schemes, we define é(i), for 1 <4 < d, as the set of faces of the dual mesh associated to the ith
component of the velocity. For the RT or CR discretizations, the sets £(*) does not depend on the component
(i.e. of 7), up to the elimination of some unknowns (and so some dual cells and, finally, some external faces) to
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take the boundary conditions into account. For the MAC scheme, e depends on 7; note that each face of e
is perpendicular to a unit vector of the canonical basis of R?, but not necessarily to the i* one.

General domains can be addressed with the CR or RT discretizations by redefining, through linear combi-
nations, the degrees of freedom at the external faces, so as to introduce the normal velocity as a new degree of
freedom.

3. THE ISENTROPIC EULER EQUATIONS

We address in this section the numerical solution of the isentropic Euler equations (i.e. System (1)). The
presentation is organized as follows. We first describe the proposed scheme (Section 3.1). Then, we study its
stability properties in Section 3.2 (precisely speaking, we show that the solutions satisfy a discrete kinetic energy
and an elastic potential balance ). Finally, consistency properties of the scheme, in 1D, are studied in Section
3.3.

3.1. The scheme

Let us consider a discretization 0 =ty < t1 < ... < ty = T of the time interval (0,7'), which we suppose
uniform for the sake of simplicity, and let 6t = ¢,41 — ¢, for n = 0,1,..., N — 1 be the (constant) time step.
We consider a decoupled-in-time scheme, which reads in its fully discrete form, for 0 <n < N — 1:

K|, o
VK € M, 5 (pptt — Z Fg, =0, (4a)
c€eé(K)
VK eM,  pit=plpr) = (o), (4b)

For1<i<d, Yoeé&l’,

Do |

s ug T = b up )+ D Fuli+ Dol (V)5 =0, (4c)

ec&(D,)
where the terms introduced for each discrete equation are defined herafter.

Equation (4a) is obtained by the discretization of the mass balance equation (1a) over the primal mesh, and
Fg , stands for the mass flux across o outward K, which, because of the impermeability condition, vanishes on
external faces and is given on the internal faces by:

Vo = K|L € E’iﬂtﬂ FI’%,G = |U| pZ u’rll(,o" (5)
n 1S relation, u 1S an a roximation o € normal veloct (0] € Iace o outwar ernne :
In this relation, u},  is an approximation of th I velocity to the f tward K, defined by

(e e - ng, for o € €9 in the MAC case,

(6)

n
UK,U -

ull - nk . in the CR and RT cases,

where e(”) denotes the i-th vector of the orthonormal basis of R?. The density at the face 0 = K|L is approxi-
mated by the upwind technique:
i ifuf, >0,

(7)

Po =

L otherwise.

We now turn to the discrete momentum balance (4c), which is obtained by discretizing the momentum
balance equation (1b) on the dual cells associated to the faces of the mesh. The first task is to define the values
pgﬂ and pp,_, which approximate the density over the dual cell D, at time "1 and t" respectively, and the
discrete mass flux through the dual face € outward D, denoted by F' ; the guideline for their construction is

that we want a finite volume discretization of the mass balance equation over the diamond cells, of the form

DG’ n 7 mn
voee, el S R =0 )
GGé(Dg)
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to hold in order to be able to derive a discrete kinetic energy balance (see Section 3.2 below). The density on
the dual cells is given by the following weighted average:

for 0 = K|L € &y, for k=nand k=n+1, |D,|p} =|Dko| ol +|Dro| o 9)

For the MAC scheme, the flux through a dual face which is located on two primal faces is the mean value of
the sum of fluxes on the two primal faces, and the flux through a dual face located between two primal faces
is again the mean value of the sum of fluxes on the two primal faces [14]. In the case of the CR and RT
schemes, for a dual face € included in the primal cell K, this flux is computed as a linear combination (with
constant coefficients, i.e. independent of the cell) of the mass fluxes through the faces of K, i.e. the quantities
(F'¥ o )oce(x) appearing in the discrete mass balance (4a). We refer to [1,6] for a detailed construction of this
approximation. Let us remark that a dual face lying on the boundary is then either also a primal face or the
union of the half-part of two primal faces, and, in both cases, the flux across this face is zero. Therefore, the
values u'; are only needed at the internal dual faces, and are upwinded:

ul it Fr. >0
fOI‘ € = D |D , u’n. —_ T, g,6 — I (10)
o g’y €,1 n .
U, ; otherwise.

The last term (Vp)gjl stands for the i-th component of the discrete pressure gradient at the face 0. The
gradient operator is built as the transpose of the discrete operator for the divergence of the velocity, the
discretization of which is based on the primal mesh. Let us denote the divergence of u™*! over K € M by
(divu)}’(ﬂ; its natural approximation reads:

1
: n+l _ & n+1
for K e M,  (diva)i! = ] > ol uptl. (11)
ce&(K)

Consequently, we choose the components of the pressure gradient as:

n o n n [
for 0 = K|L € &y, (Vp)gjl = % (PLJr1 - PKH) MK, - el ); (12)

in order that the following duality relation (with respect to the L? inner product) be satisfied:
d
D K (dive) i Y0 D Do uplt (Wp)pit =0, (13)
KeM i=1 geg(®

Note that, because of the impermeability boundary conditions, the discrete gradient is not defined at the
external faces.

Finally, the initial approximations for p and u are given by the average of the initial conditions py and wug
on the primal and dual cells respectively:

1
VK eM, py = m/}(ﬂo(m)dm,

; 1
for1<i<d Voee?, ul,= 5 I/ (w0 () da.
o D,

The following positivity result is a classical consequence of the upwind choice in the mass balance equation.

Lemma 3.1 (Positivity of the density). Let p° be given by (14). For a € R, let us define at = max(a,0).
Then, since po is assumed to be a positive function, p® > 0 and, under the CFL condition:

5t < LY

Y ol (e )t

c€e&(K)

VK e M and for 0 <n <N —1, (15)

the solution to the scheme satisfies p” >0, for 1 <n < N.



3.2. Discrete kinetic energy and elastic potential balances

We begin by deriving a discrete kinetic energy balance equation, as was already done in [13] in the implicit
and fractional time step cases. Let us denote by Ej the kinetic energy Ejy = % |u|%. Let us recall that, taking the
inner product of (1b) by w yields, after formal compositions of partial derivatives and using the mass balance
(1a):

O (pEx) + div(p Exu) + Vp-u =0. (16)
This relation is referred to as the kinetic energy balance, and we recover its discrete analogue from the scheme
by some equivalent discrete computations.

Lemma 3.2 (Discrete kinetic energy balance). A solution to the system (4) satisfies the following equality, for
1<i<d oecél ando<n<N-1:

1 |DU| () n () n 1 n n n n n
5 7 [ijl(uajl)2 - ng(ua,i)2:| + 5 Z Fa,e (ue,i)2 + |D<T| (Vp)a,—ii_l uajl = _Rajla (17)
ec&(D,)
with:
n 1 |D<T| n n n 1 mn \— n n
Ro',Jirl = §Wij_l(ua,Jir1 - ua,i)2 + 5 Z ) (Fa',e) (ua’,i - ua,i)Q
e=Do|D,/ €&(Dy)
- Z (Fge)i(ugw - ng) (ugtl - U’Zz)v (18)
e=D,|D_,€&(D,)
where, for a € R, a= > 0 is defined by a— = —min(a,0). This remainder term is non-negative under the
following CFL condition:
(i) Do | pi
Vo € &g, < (19)
> (F)
GGé(Da)

Proof. The proof of this lemma is simply obtained by multiplying the (i** component of the) momentum balance
equation (4c) associated to the face o by the unknown uZi—'l, and invoking Lemma A.2 of the appendix A. O

We now derive a balance equation (with remainder terms) for the so-called elastic potential. This quantity
is the function P, from (0,+00) to R, defined as a primitive of s — p(s)/s?; as in [13], we also introduce I,
defined by H(s) = sP(s), Vs € (0, +00). For the specific equation of state p used here, we obtain:

s

H(s)=sP(s) = V1 o=t (20)

sln(s) if v =1.

As soon as @ is an increasing function, which is true here, H is convex. In addition, it may easily be checked
that pH'(p) — H(p) = p(p). Therefore, by a formal computation detailed in [13, Appendix A], multiplying (1a)
by H'(p) yields:

9 (H(p)) + div(H(p) u) + pdiv(u) = 0. (21)
The solution to the scheme (4) satisfies a discrete version of this relation, which we now state.

Lemma 3.3 (Discrete potential balance). Let H be defined by (20). A solution to the system (4) satisfies the
following equality, for K e M and 0 <n < N —1:

K]

= [ = 3|+ DD Tl k) uiep + K| pe(divu)x = R (22)

ce&(K)
In this relation, the remainder term is defined by:

=55 H'Pka) (i = k) + 5 ST ol (k)T HIB) (0 — p1)?
o=K|Le&(K)

n+1
RK

+ Y loluk, 3 (Phc2) P5 (05T — k), (23)
c€e&(K)
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with DY 1, P € % Pkl and P € |[p%, p2]| for all o € E(K), where, for a, b € R, we denote by [a,b] the
interval {fa + (1 —0)b, 6 € [0,1]}.

Proof. The proof of this lemma is obtained by multiplying the discrete mass balance equation (4a) by ' (p%+)
and invoking Lemma A.1 of the appendix A. O

Summing (16) and (21), we get: 9yn + div((n + p) u) = 0, where n = pE), + H(p). In fact this computation
can only be done for regular functions; for irregular functions, one gets the following entropy inequality (see
e.g. |7, Introduction, Section 3.2]):

O+ div((n +p)u) <O0. (24)

The quantity 7 is an entropy of the system, and an entropy solution to (1) is thus required to satisfy:

T
//Q[*nats&*(U+p)U~Vs&]dwdt*/ﬂno@(wvo)deO, Vo e CX(Qx [0,T)), >0,  (25)
0

with ng = % poluol? + H(po). Then, since the normal velocity is prescribed to zero at the boundary, integrating
(24) over Q yields:

d

dt Jq
Since p > 0 by Lemma 3.1 and the function s — H(s) is bounded by below and increasing at least for s large
enough, Inequality (26) provides an estimate on the solution. In [13, Proposition 3.3 and 3.13], we gave a
discrete equivalent of this latter estimate for implicit and semi-implicit schemes. Unfortunately, we are not able
to do so for the explicit scheme since the remainder term RT}(H defined by (23) is not always positive; therefore
we are not able to prove a discrete counterpart of the total entropy estimate (26), which would yield a stability
estimate for the present explicit scheme. However, under a condition for a time step which is only slightly more
restrictive than a CFL-condition, and under some stability assumptions for the solutions to the scheme, we are
able to show, in one space dimension, that the possible non-positive part of this remainder term tends to zero
in L1(Q x (0,T)) with the space and time steps; this allows to conclude, still in the 1D case, that a convergent
sequence of solutions satisfies the entropy inequality (25): this is the result stated in Lemma 3.6 below.

[5 o lul? +3(p)] dz < 0. (26)

3.3. Passing to the limit in the scheme

The objective of this section is to show, in the one dimensional case, that if a sequence of solutions is controlled
in suitable norms and converges to a limit, this latter necessarily satisfies a (part of the) weak formulation of
the continuous problem.

As in [13, Sections 3.1.3 and 3.3.2], the 1D version of the scheme which is studied in this section may be
obtained from Scheme (4) by taking the MAC variant of the scheme, using only one horizontal stripe of grid
cells, supposing that the vertical component of the velocity (the degrees of freedom of which are located on the
top and bottom boundaries) vanishes, and that the measure of the vertical faces is equal to 1. For the sake
of readability, however, we completely rewrite this 1D scheme, and, to this purpose, we first introduce some
adaptations of the notations to the one dimensional case. For any face o € &, let z, be its abscissa. For K € M,
we denote by hx its length (so hx = |K|); when we write K = [00’], this means that either K = (z,,2,/) or
K = (z,/,x,); if we need to specify the order, i.e. K = (24,2, ) with 2, < 24/, then we write K = [o¢’]. For
an interface o = K|L between two cells K and L, we define h, = (hx + hr)/2, so, by definition of the dual
mesh, h, = |D,|. If we need to specify the order of the cells K and L, say K is left of L, then we write 0 = I?TL)
With these notations, the explicit scheme (4) may be written as follows in the one dimensional setting:

1
VK eM, p% = m/ po(x)dz,
K

27a)
1 (
Vo € Eint, ugz—/ ug(x) dz,
t D4l Jp, o)
—

VK = [oo’] € M,

K i T n n

%(mﬁl —pk)+Fg = F =0, (27Db)

VK eM, pitt=p(pi) = (oF), (27c)



—
Vo = K|L € &y,
Do' n 7 7
5 5t (o5 utt — o) + Fpug - Pk + 03 — it =0, (27d)

The mass flux in the discrete mass balance equation is given, for o € Eint, by F2 = pluy, where the upwind

approximation for the density at the face, p7, is defined by (7). In the momentum balance equation, the density
associated to the dual cell D,, with o = K|L, reads

1
2|Ds|

fork=nandk=n+1, p} = (1K ol + LI p), (28)
and the application of the procedure described in Section 3.1 yields, for the mass fluxes at the dual face located
at the center of the mesh K = [o0]:
1
Fip = 5 (B + F). (29)
The approximation of the velocity at this face is upwind: u% = uy if F > 0 and v} = u}}, otherwise.

Let a sequence of discretizations (M(m), 5t(m))m€N be given. We define the size h(™) of the mesh M(™) by
h(m) = SUPgentem) hr. Let ™) p(™) and u(™) be the solution given by the scheme (27) with the mesh M)
and the time step 6¢(™). To the discrete unknowns, we associate piecewise constant functions on time intervals
and on primal or dual meshes, so the density p{™), the pressure p{"™ and the velocity u(™ are defined almost
everywhere on  x (0,7 by:

N—-1
p(m) (:L',t) = Z (p(m))n :X:K(z) x[n,n-ﬁ-l)( )7
n=0 KeM
N—-1
P (x,t) = D 0™k Xk () Xpngn) (8), (30)
n=0 KeM
N—-1
ul™ (x,t) = (™) X p, (@) Xpp i 1) (D),
n=0 o€

where Xx, Xp, and Xp, ,,41) stand for the characteristic function of the intervals K, D, and [t", t"*1) respec-
tively.

For discrete functions ¢ and v defined on the primal and dual mesh, respectively, we define a discrete
LY((0,T); BV(Q2)) norm by:

N

N
lalresy =Y 06t > gt —dil, wlresv=>Y 06 > [vgr — Vg,
n n=0

=0  o=K|L€E&ins e:DU|DU/Eéim

and a discrete L' (€; BV((0,7))) norm by:

N—-1 N—-1
lallseey = > K> la —diel,  lollresy =D Dol > i+t — o2,
n=0

KeM n=0 o€l

For the consistency result that we are seeking (Theorem 3.5 below), it is assumed that a sequence of discrete
solutions (p(m),p(m),u(m))meN satisfies p(™ > 0 and p™ > 0, Ym € N (which may be a consequence of the
fact that the CFL stability condition (15) is satisfied), and is uniformly bounded in L°°((0,7) x Q)3 i.e.:

0< (P <, 0< (@M™)r <, for KeM™ 0<n<N™ meN, (31)

and

(™| < C, Voe&l™, for0<n<N™, ¥meN, (32)
where C' is a positive real number. By definition of the initial conditions of the scheme, these inequalities imply
that the functions py and ug belong to L*>°(€2). We also assume that a sequence of discrete solutions satisfies
the following uniform bounds in the discrete BV-norms:

10 26w + lu 7.0y < C. ¥m €N. (33)



10

We are not able to prove the estimates (31)—(33) for the solutions of the scheme; however, such inequalities are
satisfied by the ”interpolates” (for instance, by taking the cell average) of the solution to a Riemann problem,
and are observed in computations (of course, as far as possible, i.e. in a limited number of cases and with a
limited sequence of meshes and time steps).

A weak solution to the continuous problem satisfies, for any ¢ € C2° (Q x [0, T)):

_ /OT/Q{p Orp + pu@ch} dz dt — /on(x) ¢(x,0)dr =0, (34a)
_ /OT /Q [puat@ + (Pu2 er) (9150:| dx dt — /Q po(z) uo(:c) gp(z, 0) dz =0, (34b)
p=p (34c)

Even though these relations do not take into account the boundary conditions, they allow to derive the Rankine-
Hugoniot conditions; hence, if they are shown to be satisfied by the limit of a sequence of solutions to the scheme,
this implies, loosely speaking, that the scheme computes correct shocks. This is the result stated in Theorem
3.5. In order to prove this theorem, the following definitions of interpolates of regular test functions on the
primal and dual mesh are useful.

Definition 3.4 (Interpolates on one-dimensional meshes). Let € be an open bounded interval of R, let ¢ €
C* (2 x [0,7)), and let M be a mesh over Q2. The interpolate @y of ¢ on the primal mesh M is defined by:

N-1
oM = Z Z SD?( XK X[tn,tn+l),
n=0 KeM

where, for 0 <n < N and K € M, ¢% = p(xk,t"), with 2 the mass center of K. The time and space discrete
derivatives of the discrete function j are defined by:

2

n o, an
8t503y[ Z Z (pK (pK :X:K :X:[tn tnt1y, and 61803\/[ Z Z chhicpK :X:DU :X:[tn’tn+1).
n=0 KeM n=0 o’:mGSint 7

Let e be an interpolate of ¢ on the dual mesh, defined by:
N—-1
pe =Y Y @F Xp, Xpn iy,
n=0 oc€é&

where, for 0 < n < N and 0 € &, ¢? = ¢(z,,t"), with z, the abscissa of the interface . We also define the
time and space discrete derivatives of this discrete function by:

N-1 n+1 n N-1 n n
Po — P Por — Po
6t(pg = E E T xD,, x[tn7tn+1), and 61(,05 = E E T Xr x[tn7tn+1).
n=0 o€ n=0 — K
K=[oo']eM
Finally, let O, ,e be defined by:
N—-1 n+1 n+1 n+1 n+1
Yk —¥o Por  —PK
Oz = E E =17 X Xipn ¢n o2 X , Xppn gnr1y.
e n=0 = hi/2 Dic Mement1) + hri/2 Dic,or Hltm et
- K=[oo']eM

Theorem 3.5 (Consistency of the one-dimensional scheme).

Let Q be an open bounded interval of R. We suppose that the initial data satisfies pg € L°(Q) and up € L>(Q).
Let (M(m), 5t en be a sequence of discretizations such that both the time step 5t™ and the size h™) of the
mesh M("™) tend to zero as m — +oo, and let (p(m),p(m),u(m))meN be the corresponding sequence of solutions.
We suppose that this sequence satisfies the estimates (31)~(33) and converges in L™ (Q2x (0,T))3, for 1 <r < oo,
to (p, p, u) € L>=(Q x (0,T))3.

Then the limit (p, p, u) satisfies the system (34).
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Proof. 1t is clear that, with the assumed convergence for the sequence of solutions, the limit satisfies the equation
of state. The proof of this theorem is thus obtained by passing to the limit in the scheme for the mass balance
equation first, and then for the momentum balance equation.

Mass balance equation — Let ¢ € CX(Q x [0,T)). Let m € N, M("™ and §t(™) be given. Dropping for
short the superscript (™), let ¢ be the interpolate of ¢ on the primal mesh and let 9,05 and D, be its
time and space discrete derivatives in the sense of Definition 3.4. Thanks to the regularity of ¢, these functions
respectively converge in L"(Q x (0,7)), for r > 1 (including r = +00), to ¢, d:¢ and J,p respectively. In
addition, @y¢(-,0) (which, for K € M and x € K, is equal to 9% = ¢(z,0)) converges to ¢(-,0) in L"(Q2) for
r > 1. Since the support of ¢ is compact in Q x [0,T"), for m large enough, the interpolate of ¢ vanishes at the
boundary cells and at the last time step(s); this is always assumed in the sequel.

Let us multiply the first equation (27b) of the scheme by dt ga”“ and sum the result for 0 <n < N —1 and
K €M, to obtain 7™ + 7™ = 0 with

T(m) Z Z |K|(p n+1 )807}?_1, T(m) Z(gt Z (F™ Fn) ntl

n=0 KeM 1

m)

Reordering the sums in Tl( yields:

17
(™ = Zst 3 K] ok ng UK

n=0 KeM KeM
SO:
T
10 =~ [ [ §™aencdzar— [ (7)) pae(s.0)d.
0 JQ Q

The boundedness of py and the definition (27a) of the initial conditions for the scheme ensures that the sequence
((p™)9),,en converges to po in L7(Q) for » > 1. Since, by assumption, the sequence of discrete solutions and
of the interpolate time derivatives converge in L" (Q x (0, T)) for r > 1, we obtain:

T
lim 7™ = / / pOrpdrdt — / po(x) (z,0) dz.
m=3+00 0o Jo Q

Using the expression of the mass flux F’ and reordering the sums in TQ(m), we get, remarking that |Dy| = h,:

(m) N-1 (pn—i-l _ (pn-l—l
™ =— 5t D,| ptu? T 7K
D SEED DA TE
o=K|Lee
Since |Dy| = (|K|+ |L])/2 and p? is the upwind approximation of p™ at the face o, we can rewrite TQ(m) =

79 + RS with

N—-1 n+1 n+1
m T T 7
T =s et Y (Gekcr ) S
— o

n=0 " ,_K|Lee
N-1 n+1 n+1
m KL ny— By ] 927 — ¢
RS ):*Z& Z (Pk — PL) [7(%) +7(%)+} %7
n=0 =7
o=K|Le&
where, for a € R, a™ = max(a,0) and a~ = —min(a,0) (so a = at —a~). We have, for the term ‘J’ém):

T
‘Tgm) = —/ / P ™ E o0 da dt
0 Q

ml—lffooj / / p U0y daxdt.

and therefore
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The remainder term IRém) is bounded as follows, with Cyy = [|02¢|1,5 (x (0,7

N-1
RSV <Cp oSt D 1ok = P2l Dol lufl < Cp 0 0.1y 1™ lamy A,
n=0 oc=K|Le&

and therefore tends to zero when m tends to +o00, by the assumed boundedness of the sequence of solutions.

Momentum balance equation — Let p¢, 0;p¢ and 0,¢¢ be the interpolate of ¢ on the dual mesh and its
discrete time and space derivatives, in the sense of Definition 3.4, which converge in L™ (2 x (0,T)), for r > 1, to
¢, Orp and O, respectively. Let us multiply Equation (27d) by 6t 9", and sum the result for 0 <n < N —1

and o € &;,;. We obtain Tl(m) + TQ(m) + Tém) = 0 with

" = Z > Dol (ot up ™ = o up) 05,

n= OUESmt
™ = Z ot > [Frui - Fruk] et
—
oc=K|L€EE&ins
N-1
7(m) _ Z St Z (pp+t — ity pntt,
n=0 a:me&m

Reordering the sums, we get for Tl(m):

N-1 (pn-l-l _ (pn o 0 o
==Y 6t > |Do|ppus T > Dol p), ug ey
n=0

0€Eint 0€&int

Thanks to the definition of the quantity pp, (namely the fact that |D,|p} = (| K| p% + |L| p})/2), we have:

T
1) == [0 [ A s arar— [ (o) @) )0 @) e r.0)
0 Q Q

By the same arguments as for the mass balance equation, we therefore obtain:

T
lim T( —/ /ﬁd@ttpdxdt—/po(x)uo(x)go(:n,O)d:E.
0o Ja Q

m——+o0

Let us now turn to TQ(m). Reordering the sums and using the definition of the mass fluxes at the dual faces, we
get:

N-1 N—-1
1

-t ; Fieuie (¢5t! —ei) = =5 > at ; (Pl + prui) e (ot — it

n=0 K=[oo']eM n=0 K=[oo'leM

Using the relation
| Nl
/ Lo @R o drde = 3 36 Y phc [+ (3] (23 =),
n:O K

we can rewrite the term T.™ as

T
7" = - /0 /Q P M G 0p dar dt + RE™,

where:

N-1
m 1 n, n n ., n n 7 n n n n
R =330t Y (e o) uh — o ((w3)? 4 (ul)?)] (et = enth).
n=0
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Let us split this latter expression as ngm) = IR )+ fR22 , with:
1
Ry =5 D0t Y ul (phufe — phud) (9n = @i,
= K:[ﬁ]eM

N—
m 1 n n ., mn n,n n n
ngg) = _5 Z ot Z Ugr (pa’uK - pKua") ((pg—i_l (‘00+1)
K:[Q]GM
Applying the identity 2(ab — cd) = (a — ¢)(b+ d) + (a + ¢)(b — d), V(a,b,c,d) € R?, to the term pluf — pkul
and using the fact that the quantities pl} — p% and u} — u’ are either zero or differences of the density at two

neighbouring cells and of the velocity at two neighbouring faces respectively, we obtain for iRgl"):
m 2 m m m m m
RG] < ¢y [Ilu( N sy 10" o8y + 1™ e s 0.1y) 1867 17287 127 L 0077 | 5™

where the real number C, only depends on ¢. Since the same estimate holds for ngQ"), the remainder term

Rém) tends to zero when m tends to +o0o and:

T
lim T(m) / / p i’ dypdadt.
0o Ja

m——+oo

Let us finally study Tém). Reordering the sums, we obtain Tém) = ‘J'ém) + Rém) with:

N—-1
T =St >k (e - et

— p—
- K=[oo'leM
N-1
Ry == 0t Y R k) (e - et
=0 k_[ooleM

The remainder term reads:

Ry = Z& S Pk [@E =t = (e — o]+t > Pk (ve —9p),

— —
"=l Kk looleM K=[oo']em

and thus:
RS < Cp (61 4 h™) (1Pl 0.7

where the real number Cy, only depends on (the first and second derivatives of) ¢. Thus ngm) tends to zero

when m tends to 400 and, since
T
T = - / / ™ Bppne da dt,
o Ja

m1—1>I-I|-1<>oT / / DO dxdt.

Conclusion — Gathering the limits of all the terms of the mass and momentum balance equations concludes
the proof. O

we obtain that:

We now turn to the entropy balance (25). To this purpose, we need to introduce the following additional
condition for a sequence of discretizations:

stm)
lim ————— =0. (35)
m—+00 maneM(m) hK

Note that this condition is more restrictive than a standard CFL condition. It allows to bound the remainder
term in the discrete elastic potential balance as stated in the following lemma.
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Lemma 3.6. Let  be an open bounded interval of R. Let (M) §t(™), oy be a sequence of discretizations
such that the time step 6t™) tends to zero as m — +oo, and let (p(m),p(m),u(m))meN be the corresponding
sequence of solutions. We suppose that this sequence satisfies the estimates (31) and (32). In addition, we
assume that (p™),.en satisfies the following uniform BV estimate:

o™ lmv < C, YmeEN, (36)
and, for v < 2 only, is uniformly bounded by below, i.e. that there exists ¢ > 0 such that:
cg(p(m))’}(, VK e M) for 0 <n < N V¥meN. (37)

Let us suppose that the condition (35) holds. Let R™) be defined by:

WW—E:&E:R?U—

n=0 KeM

with R%TY given by (23). Then:
lim R(™ =0

m——+oo
— — —
Proof. For K = [00’] € M, with 0 = M|K and o’ = K|L, we write Rix"! = (1) + (To) 5 4 (T3) %!, with:

@y = LB s ) i - ey
)™ 9@ (ke — b + () B (ke — k)],

(To)i = (ot = piul] 3¢ (i) (o3 = o),

(To)!

where D% 1, Do € 0%, o), P2 € (0%, ] and 5% € [[p%, pl;)l- The first two terms are non-negative, and

thus (R"H) < |(T3)%"|. Since both p, u and, for v < 2, 1/p are supposed to be bounded, we have:

St(m)
St "+1 <(O—20 "~y pm)
}j S B < Ot ™y,

n=0 KeM
which yields the conclusion by the assumption (35). O

Theorem 3.7 (Entropy consistency of the one dimensional scheme).

Let the assumptions of Theorem 3.5 hold. Let us suppose in addition that the considered sequence of discretiza-
tions satisfies (35), and that (p"™))en satisfies the BV estimate (36) and, for v < 2, the uniform control (37)
of 1/p™). Then the limit (p, p, @) satisfies the entropy condition (25).

Proof. Let ¢ € C° (Q X [O,T)), @ > 0. As in the previous proofs, we suppose that the space and times steps
are small enough for ¢ to vanish at the boundary cells and at the last time step. With the notations for the
interpolate of ¢ given in Definition 3.4, we multiply the kinetic balance equation (17)-(18) by 2!, and the
elastic potential balance (22)-(23) by <p"+1 sum over the edges and cells respectively and over the time steps,
to obtain the discrete version of (25):

T 4 4 ) B ) 4 ) plm) _ fylm) (38)

where:

" = Z S K] (o5 = H(pk)] i

n=0 KeM

73" = Z‘” S [Hpm) uy — Hpp) up] it

—
K=[oo']eM
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N-1
=N 0t Y Pk —ul)] i
n=0 1
K=[oo']eM
1Nfl
" =3 Dol [ (™) = i (up)?] @it
n=0 c€&n¢
1Nfl
T =530t 3 [FE})’ — Fi ()] @it
n=0 (T:K—|I)1€5mt
N-1
=36t Y pT - e entt,
n=0 =7
o=K|LEEint

N-1
R(m) _ Z 5t Rn—i—l n 17 R(m Z 5t Z RnJrl n+1

n=0 KeM n=0  o€&in

and the quantities R7™ and R2*! are given by (the one-dimensional version of) Equation (23) and (18)
respectively.

The fact that

lim T / /9’( Orpdrdt — /ﬂ{po o(x,0) dz,
m——+o0

is proven by the same technique as in the passage to the limit in the term Tl(m) of the discrete mass balance
equation in the proof Theorem 3.5, thanks to the fact that, with the assumed convergence of the sequence
(p")) men, the sequence (H(p™))men converge to H(p) in L7(Q x (0,T)), for » > 1. For TQ(m), we have,
reordering the sums:

—
o=K|LEEn

N-1
== 3"t > Hpm)ul (¢t - .
n=0

Let us write TQ(m) = ‘.Tém) + iRém), with

) _ N AL
T ==300t > (Dol Hpk) + |Dr.al H(o})) iy P T
n=0 G':I(—ll)legint 7
We have: .
‘Tgm) = f/ H(p"™) u™ By da dt,
Q
S0
lim T / /9{ U Opp dadt.
m——+o00o
The remainder term Rém) reads:
R — ALY
WS et S [1Da] 9 — 1Dl 36 — [Drel 360 i EE R
= o

n=0 _K|L€Cin

This term satisfies:

N—-1
RSV < STt ST R (k) — H| ul [t — o
—_—

=0 G_K|LcEn

and so

[R5™] < Cp hO™ [Ju™ |l 0,7y 10 7.03v,
provided that a uniform (with respect to the faces, the time steps and the meshes) Lipschitz condition holds
for |H(p%) — H(p})| which, in view of the expression of H, requires that the sequence (p™),,cn be bounded
by below away from zero when ~ = 1.

The other terms at the left-hand side of (38) are similar to the samely-named terms in the proof of consistency
of the scheme for the full Euler equations, and their treatment is detailed in the proof of Theorem 4.2 below.



16

Finally, the remainder term R("™ is non-negative under the CFL condition (19), while the positive part of R(m)
tends to zero in L1(Q x (0,7)) under the assumption (35) by Lemma 3.6. The proof is thus complete. (]

Remark 3.8 (On BV-stability assumptions).
The proof of Theorem 3.5 shows that the scheme is consistent under a BV-stability assumption much weaker
than (33), namely:

lim  At™ [”P(m)”tr,x,Bv + Hu(m)|

m——+oo
The situation is completely different when proving that the limit of convergent sequences is an entropy solution
(i.e. when proving Theorem 3.7); indeed, in the preliminary lemma 3.6, we need:

‘J’,z,BV] =0.

: 5tm)
lim e [[p"||5.1,pv = 0.
m—+00 IMIN g g\ r(m) hK

4. THE FULL EULER EQUATIONS

We build in this section a scheme for the solution of the full Euler equations (2). Let us recall that the
(conservative) energy equation in this system is the total energy balance, which reads:

O(p E) +div(p Eu) + div(pu) = 0.
If we subtract to this relation the kinetic energy balance (see Section 3.2)
O (pEx) + div(p Exu) + Vp-u =0,
we obtain the so-called internal energy balance equation:
O(pe) + div(peu) + pdivu = 0. (39)

Since,

- thanks to the mass balance equation, the first two terms in the left-hand side of (39) may be recast as a

transport operator: 0:(pe) + div(peu) = p [Ore + u - Ve,

- and, from the equation of state, the pressure vanishes when e = 0,
this equation implies, if e > 0 at ¢ = 0 and with suitable boundary conditions, that e remains non-negative at
all times. As mentioned in the introduction, solving this latter equation instead of the total energy balance is
appealing, to preserve by construction of the scheme this positivity property. In addition, it avoids to introduce
a space discretization for the total energy which, for a staggered discretization, combines cell-centered (the
internal energy and the density) and face-centered (the velocity) variables. However, a raw discretization of a
non-conservative equation derived (formally, i.e. supposing unrealistic regularity properties of the solution) from
a conservative system may be non-consistent (and numerical experiments show that, for the problem at hand,
the so-derived scheme is unable to capture shock solutions). We circumvent here this problem by correcting the
internal energy balance discretization, following a strategy already implemented in [13] for pressure correction
schemes: the remainder terms obtained in the kinetic energy balance (term defined by Equation (18)) are
compensated in the internal energy one, in order to make the scheme consistent with the total energy balance,
in a sense which will be clarified in Section 4.2 below.

The paper is organized as follows. We first introduce the scheme in Section 4.1, and the above-mentionned
corrective terms in the discrete internal energy balance are given; their expression is justified in Section 4.2
by proving a Lax-Wendroff consistency property for the algorithm in one space dimension (if a sequence of
discrete solution converges in suitable norms, the limit necessarily satisfies a weak formulation of the continuous
problem). The fact that the scheme keeps the internal energy positive under a CFL condition is demonstrated
in Section 4.1; since p is positive thanks to the upwind discretization of the mass balance (Lemma 3.1), the
proposed algorithm thus preserves the convex of admissible states.

4.1. The scheme

Let us consider a partition 0 =ty < t; < ... <ty =T of the time interval (0,7T), which we suppose uniform
for the sake of simplicity, and let §t = t;,41 —t, for n =0,1,..., N — 1 be the (constant) time step. We consider
a decoupled-in-time scheme, which reads in its fully discrete form, for 0 <n < N — 1:

|K| n+1 n n
VK e M, F(pl( - pg)+ Z FK,G'ZO’ (40a)
c€e€(K)
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K]

VK €M, = (pi el = picei) + D Fioeq + K| pl (diva) = Sk, (40b)
oc&(K)
VK €M, pitt = (v = 1) gt et (40c)
For1<i<d, Yoe&,
%(x)zzilu’;ﬁl — o s+ D Frauli+De| (V)T = 0. (40d)
ec&(Dy)

The discrete mass balance and momentum balance equations (40a) and (40d) have already been derived in
the previous section. Equation (40b) is an approximation of the internal energy balance (39) over the primal
cell K. The positivity of the convection operator is ensured if we use an upwinding technique for this term [18]:

€% if Fg, >0,
for 0 = K|L € &y, el =

et otherwise.

The discrete divergence of the velocity, (divu)%, is defined by (11). The right-hand side, S%, is derived below,
using consistency arguments; at the first time step, it is simply set to zero:

VK € M, S% =o.

The initial approximations for p, e and u are given by the average of the initial conditions py and ey on the
primal cells and of uy on the dual cells:

1 1
VK eM, p% = K] /Kpo(a:) de, and el = K| /Keo(m)da:,
(41)

0,1

. 1
for1 <i<d, Vo€ 8(5”, ul, = m/ (uo(z)); de.
o D,

Let us now detail how we choose the corrective term Sk in the internal energy balance, with the aim to
recover a consistent discretization of the total energy balance. We wish to build these corrective terms so
as to compensate the remainder terms in the kinetic energy balance (16), which we suspect not to tend to
zero (for instance, the piecewise constant function associated to these terms for a shock solution - precisely
speaking, to the terms obtained by applying (18) to the interpolate of a discontinuous function, on a sequence
of discretizations with vanishing time and space steps - does not tend to zero in L'). The first idea to do this
could be just to sum the (discrete) kinetic energy balance with the internal energy balance: it would indeed be
possible for a collocated discretization. But here, we face the fact that the kinetic energy balance is associated
to the dual mesh, while the internal energy balance is discretized on the primal mesh. The way to circumvent
this difficulty is to remark that we do not really need a discrete total energy balance; in fact, we only need to
recover (a weak form of) this equation when the mesh and time steps tend to zero. To this purpose, we choose
the quantities (S%%™) in such a way as to somewhat compensate the terms (Rgfl) given by (18). For K € M,

. n+l _ d n+l _ 1.
we obtain S =3 i Sk with:

1 | Dk o] 2
St =gedt Y. S (e mup) e YD ekl RYY (42)
aES(K)ﬂEéi) eeég), eNK#D

where R?jl is defined as follows. Let ¢V and o be the two primal faces such that ¢ = D,p|D,v and that

oo . < 0, which means that D,p is the dual cell located downstream e. Then:

o
n+1 __ | 0.576 n n 2 n n+1
€i 9 (ua'eD,i - uo’?,i) + Fa'eD,E (uaeD,i - U

Q3

D,i) (UZUz - UZDZ)

The coeflicient ak . allows to distribute the remainder term R?jl over the neighbouring primal cells. If the

face € is included in K, ag, = 1, which means that R?jl is totally affected to K; this is the only situation
to consider for the RT and CR discretizations. For the MAC scheme, some dual faces also are included in the
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primal cells (and for these faces, ak . is still set to 1), but some lie on the boundary of the primal cells. In such
a case, let us denote by N the set of the two primal control volumes separated by oP. The coefficient af ¢ is
then given by:
K
|&] if K e NP,
K, = ZLGNED |L| (43)
0 otherwise.
For a uniform grid, this formula yields ax . = 1/2 if K € NP.
The expression of the correction terms S?(H, K € M is justified by the passage to the limit in the scheme
(for a one-dimensional problem) performed in the next section. We note however here that:

> Sptt — Z > Ryt =o. (44)

KeM =1 G’ESESZ)

Indeed, the first part of S}?’;l, thanks to the expression (9) of the density at the face p”“, results from
dispatching the first part of the residual over the two adjacent cells:

1|D| 1 1 21|DK,| 1 1 21|DL| 1 1 2
5 5p po (ugt gt =5 = T (ut ) g T T (ug ! )

affected to K affected to L

The same argument holds for the terms associated to the dual faces, which explains, in particular, the definition
of the coefficients ak . The scheme thus conserves the integral of the total energy over the computational
domain. In the scheme itself, we shall use the term S rather than S?(H, because we want an explicit scheme,
but this does not hinder the consistency of the scheme, as shown in the proof of Theorem 4.2.

The definition (42) of (S?(H) xewm allows to prove that, under a CFL condition, the scheme preserves the
positivity of e.

Lemma 4.1. Let us suppose that, for 0 <n < N —1, for all K € M and o € &(K), we have:

K D " n+1
ot < min( K] Dol Pk 7). (45)
Y Z |U| U’KO’ Z QK e (Fa',e)
c€€(K) eeé(D,,)7 eNK#0

Then the internal energy (e™)1<n<n given by the scheme (40) is positive.

Proof. Let n such that 0 <n < N be given, and let us assume that e} > 0 and S > 0 for all K € M. Since,
by assumption, v > 1, the CFL condition (45) implies that the CFL condition (15) is satisfied, and by Lemma
3.1 we thus have p% > 0 and an > 0, for all K € M. In the internal energy equation (40b), let us express the
pressure thanks to the equation of state (40c) to obtain:

St =[Sk - Y Fro)t - (=i Y ol Wio)t] ek
cee(K) c€E(K)
+ Y FR) G- Dkek Y ol (wh,)” + Sk (46)
cee(K) c€E(K)

Using the fact that, when uf , > 0, the upwind density at the face is pi, we have:

)

(Fg )"+ (v =1) ol pi (uf ,)" =7 lo| p (uk ,)"

and hence Relation (46) reads:

Skt =[5 X lol (k)] sk
c€e&(K)

+ Y (FRo) b+ (r—Dokek Y ol (uk,)” + Sk

ce&(K) ce&(K)



19

Then we get e-"" > 0 under the following CFL condition:

5t < K]
T Yeeer) lol(uf )t

Let us now derive a condition for the non-negativity of the source term. To this purpose, for K € M, let us
recall the definition (42) of Sj!:

1 DK 2
spi—pet X P o
ocee(K)ned

5 n n 2 n n+1 n n n
+ E QKe |: 9 (ua,i - ua”,i) + Fa,e (uo,i - ua,i) (ua/,i - ua’,i):| .
CGéESi), eNK#0,
e=D,|D,/, F" <0

s o e

In the indexes of the last sum, the purpose of the second line is to define the notations used in the sum: the
diamond cells separated by € are denoted by D, and D, and D, is the cell downstream e. We also recall that
the coefficient ag . is different from zero only if o is a face of K (and, of course, o € S(Si), so, if ag,. #0, o
appears in the first sum of the expression). Applying Young’s inequality to the last term of S}‘(';l, denoted by
(S?(J;-l)g, we obtain

n n
(Sn-i-l) > _ |FU,€ ( n+l . n )27 |FU,€ ( n _an )2
K, /3= QK e 9 Ug g Ug g aK,e o Ugr i — Ug i) -
€&MW) enK#0, €&MW) enK#0,
e=Dg|D,/, F}' <0 ¢=Dg|D,/, Fl <0

Gathering all terms of S?(inl yields:

1 27| Dk, _
s> Y e P[Pl S ]
c€&(K) ec&(D,), eNK#D

thus S}’(t.l is non-negative under the CFL condition:

Dk o] p?(-‘rl

S ekl (B2

ec&(D,), eNK#D

ot <

Vo € E(K),

which concludes the proof. O

4.2. Passing to the limit in the scheme

As in the isentropic case, we are now going to show in the one dimensional case that if a sequence of solutions
is controlled in suitable norms and converges to a limit, this latter necessarily satisfies a (part of the) weak
formulation of the continuous problem. We again write a 1D version of the scheme and use the same notations
as in Section 3.3. The explicit scheme (40) may be written as follows in the one dimensional setting:

1 1
VK € M, P = W/Kpo(x) dr, ey = ﬁ/}(eo(x) da,
1

(47a)
Vo € Eint, ug = / ug(z) d,
0.1 /o,
—
VK = [o0'] € M,
K T mn mn I
B e — o) + P~ 7 =0, (470)
—
VK = [oo’] € M,
K
] pbtenst  meny 4 Fnen, — Fren + pe(ul — ul) = Si (47¢)

ot
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VK e M, pitt=(y—1)ptt ettt (47d)
Vo = K|L S 8int;

Bel et — g ) + P — Fieuge + 93— =0, (170

where the corrective term S} reads, for 1 <n < N and VK = [0/ — o]:

K
st = B = (e — 2] +

K] [P
46t

2

(up™" — g )?

— |Fg M (uy —ug™) (ug —ug™h), (48)

o

—
where the notation K = [0’ — o] means that the flow goes from ¢’ to o (i.e., if Ft > 0, K = [0'0] and, if
—
F <0, K = [00']). At the first time step, we set S% =0, VK € M.

We again consider a sequence of discretizations (M), §t(™)),, oy with R(™) = SUPgenem hi. Let pm)
p(™), e(™) and u(™) be the solution given by the scheme (47) with the mesh M(™) and the time step 6t("). As
in the isentropic case, to the discrete unknowns, we associate piecewise constant functions on time intervals and
on primal or dual meshes, so the density p(™), the pressure p(™, the internal energy e("™ and the velocity u(")
are defined almost everywhere on €2 x (0,7 by (30) and

N-1
= > (€"™)k Xie(@) Xppn) (1)- (49)

n=0 KeM

For the consistency result that we are seeking (Theorem 4.2 below), we have to assume that a sequence of
discrete solutions (p(m),p(m),e(m),u(m))meN satisfies p(™) > 0, p(™ > 0 and ™ > 0, Vm € N (which may
be a consequence of the fact that the CFL stability condition (15) is satisfied), and is uniformly bounded in
L®(Q x (0,7))4, i.e., form € Nand 0 < n < N(™):

0< (p™)k <C. 0< (™) <C, 0< (™) <O, VK €M™, (50)

and

|(u™)r <O, Yoe &™), (51)
where C' is a positive real number. Note that, by definition of the initial conditions of the scheme, these
inequalities imply that the functions pg, ep and ug belong to L°°(€2). We also have to assume that a sequence
of discrete solutions satisfies the following uniform bounds with respect to the discrete BV-norms:

167 28v + 1P 728y + €™ |72y + [[u™|728v <C, VmEN, (52)

and

™| v < C, V¥meN. (53)
Again, we are not able to prove such estimates for the solutions of the scheme; however, such inequalities are
satisfied by the ”interpolates” (for instance, by taking the cell average) of the solution to a Riemann problem,
and are observed in computations (of course, as far as possible, i.e. with a limited sequence of meshes and time
steps).

A weak solution to the continuous problem satisfies, for any ¢ € C2° (Q x [0, T)):

/0 ' /Q [poue + puye drat - /Q po() (. 0) da = 0, (54a)
-/ : [ lpuae+ o +p) o] dndt— [ po(o)uola) ol,0)de =0, (54b)
0 Q Q

T
/ / pEp + (0 B+ p)udyg] dodt ~ / po(z) Eo(z) o(z, 0)dz = 0, (54c)
0 Q Q

1 1
=(y—1)pe, E= §u +e, FEp= §u3 + ep. (54d)
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As in the isentropic case, these relations are not sufficient to define a weak solution to the problem, since they
do not imply anything about the boundary conditions, but allow to derive the Rankine-Hugoniot conditions. We
show hereafter that they are satisfied by the limit of a sequence of solutions to the discrete problem (Theorem
4.2). This result thus proves that the introduction of corrective terms in the internal energy balance indeed
yields a consistent scheme; conversely, without these terms, we may anticipate that the algorithm will compute
uncorrect shocks (i.e. shocks where the jumps of the unknowns and of the fluxes are not linked to the shock
speed by the Rankine-Hugoniot conditions); this is confirmed by numerical experiments.

Theorem 4.2 (Consistency of the one-dimensional explicit scheme).

Let © be an open bounded interval of R. We suppose that the initial data satisfies pg € L=(2), po € BV(Q),
eo € L2(Q) and ug € L®(Q). Let (M) 5t(™), .y be a sequence of discretizations such that both the time
step 6t and the size h™) of the mesh M(™) tend to zero as m — oo, and let (p(™,p("™) (™) (™)), be
the corresponding sequence of solutions. We suppose that this sequence satisfies the estimates (50)—(53) and
converges in L™(Q x (0,T))*, for 1 <r < oo, to (p, p, €, u) € L=( x (0,T))%.

Then the limit (p, p, €, @) satisfies the system (54).

Proof. As in the isentropic case, it is clear that with the assumed convergence for the sequence of solutions, the
limit satisfies the equation of state. The fact that the limit satisfies the weak mass balance equation (54a) and
the weak momentum balance equation (54b) was shown in the previous section. There only remains to prove
that (54c) holds, by passing to the limit in the scheme, in the internal and the kinetic energy balance equations.

Let ¢ € C®(Q2x[0,T)). Let m € N, M("™ and 6¢(™ be given. Dropping for short the superscript (™), let o
be the interpolate of ¢ on the primal mesh and let 9,y and 9,5 be its time and space discrete derivatives in
the sense of Definition 3.4. Thanks to the regularity of ¢, these functions respectively converge in L" (2 x (0, 7)),
for r > 1 (including r = +00), to ¢, O and 9, respectively. In addition, pa(-,0) (which, for K € M and
z € K, is equal to 9% = ¢(xk,0)) converges to ¢(-,0) in L"(Q) for r > 1. We also define ¢¢, 0:p¢ and 0,p¢,
as, respectively, the interpolate of ¢ on the dual mesh and its discrete time and space derivatives, still in the
sense of Definition 3.4; once again thanks to the regularity of ¢, these functions converge in L" (€ x (0,T)), for
r > 1, to p, Oyp and 9, respectively. As for the primal mesh interpolate, the dual mesh interpolate weg (-, 0)
(which, for o € € and x € D,, is equal to 9% = ¢(z,,0)) converges to ¢(-,0) in L"(2) for r > 1.

Since the support of ¢ is compact in Q x [0,7T), for m large enough, the interpolates of ¢ vanish on the
boundary cells and at the last time step(s); hereafter, we assume that we are in this case.

On one hand, let us multiply the one dimensional discrete internal energy balance equation (47c) by dt <p"+1,

and sum the result for 0 <n < N —1 and K € M. On the other hand, let us multiply the one-dimensional
version of the discrete kinetic energy balance (17) by dt gpg“, and sum the result for 0 <n < N—1and o € Ejut.
Finally, adding the two obtained relations, we get:

T(m)+T(m)+T(m)+T(m)+T(m)+T(m) S(m) ]%(m)7 (55)
where:

N—

m |K| ntl on n

( ) = Z [PK+1 6K+1 — PK eK] ‘PK-Ha

=0 eM
N—-1
=36 Y henun —phepu] o
n=0 -
K=[oo'leM

N-1
Tém) = Z ot Z P (ul, —ul) it

—
K=[oo'leM
N—-1
~(m 1 |DG'| 7 n Y n T
T(™ =5 300t o S o et = o, ()] et

=36t > (@t - pEhurttentt
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m>—25tZSK¢ m>—Z§tZR"“ AR

n=0 KeM n=0  o€&int

and the quantities S% and R?! are given by Equation (48) and (the 1D version of) Equation (18) respectively.

Reordering the sums in 7™ yields:

m 50 790
Tl( = ZétZ|K|pK6KK7 Z |K|PK€K90Ka
n=0 KeM KeM

so that:

T1(m) / / (m) g(m) Dot dxdt—/( (m)) (z) (e(m))O(l.) on(z,0) da.

The boundedness of pg, ep and the definition (47a) of the initial conditions for the scheme ensures that the
sequences ((p)°),,en and ((™)%),,en converge to po and eg respectively in L"(Q) for » > 1. Since, by
assumption, the sequence of discrete solutions and of the interpolate time derivatives converge in L" (Q x (0, T))
for r > 1, we thus obtain:

lim 7" / /pe@ttpdxdt—/po( ) eo(x) o(x, 0) da.

m——+o0o

Reordering the sums in TQ(m), we get:
N—1
== T8t Y pheiuy (BT - ok
—
o=K|Leé&

Using the fact that h, = |D,/|, this relation reads:

m _ N~ or o
T ==t S Do g epuy F—P
n=0 a.:](—u)/eg 7
thus Tg(m) = Tém) + ngm) with:
3 n+1 n+1
T ==Yt 5 [Pkl sk + 11 o e u T E
n=0 o= K—|L>€5
n+1 n+1
m n._n 7 nlup £ —
Ry = 2515 > |:|Do'|pa'ea'_|DK7U| PK €K — |DLU|/)L6L} B
n=0 L ’
o=K|Le&

The first expression reads:

Q

T
émzf/‘/ﬁmgmMM5Mme,
0 Q

and thus, thanks to the convergence assumptions:

T
lim ‘T(m *—/ /ﬁéﬂ Oz dx dt.
0 Jo

m——+o00o

Let us choose ¢ in such a way that p? = p and e} = e’ (in other words, we choose to call K the upwind cell
to o instead of the left cell, which we denote by o = K — L). We thus get, with C, = [02¢0|l1, (o (0,1))"

N—-1
RSV <0, Yot > Dpol

n=0 o=K—Le&

Pk €k — PLeL| [ugl.
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Applying the identity 2 (ab — ¢d) = (a — ¢)(b+ d) + (a + ¢)(b — d), which holds for any {a,b,c,d} C R, to the
quantity p% e’k — p7 e}, we obtain:

|fRém)| <Cp Rt ||u(m)||L°°(Q><(O,T)) [HP(W)HT,Z,BV He(m)||L°°(Q><(O,T)) + Hl)(m)HLx(szx(o,T)) ||€(m)| T,2,BV |,

and thus |ngm)| tends to zero when m tends to +oo.

For the term Tl(m), the definition (9) of pp, and a reordering in the summation yield:

7(m) 1N_1 ) §0n+17§0?(
T =536t > |IDrol i +|Dngl pf | (ug)? P
n=0 o=K|LeE

N | —

> [IDkol o+ IDrol ] (12)? o,
o=K|Le&

so that, by similar arguments as for the term Tl(m), we get:

~(m T r 1
lim Tl( ) = —/ / 5 p i’ Oypdadt f/ 5 po(z) uo(z)? p(x,0)dz.
0o Ja Q

m——+o0

Let us now turn to the term TQ(m). Reordering the sums, we get:

N—-1

n(m 1 n n n n

™ = -3 Yoot > FR(up)? (et —enth,
=0 g _[ooleM

and, by definition of the mass flux at the dual edges:

N-—1
~(m 1 n._n n,n n n n
TQ( ) = _Z } ot g (pa'ua + po”ua/) (U’K)2 ((p0/+1 - (‘0‘7+1)’

n=0 K=[oo']leM

n
o’

where we recall that u’ is equal to either u)} or u[,, depending on the sign of F}}. Let us write TQ(m) =

T 4+ R with:
~ 1 N-1
T =120t Y AR [wh) i) (e - en).
=0 K _[ooleM

We have: T
- 1
7= / / 5 A" (™) Do dadt,
0 Q 2

and hence:
- T rq
lim T = 7/ / = pa® Oypdadt.
o Ja?2

m——+0o0

The remainder term reads:

—

N-1

nlm 1 n,n no,n n n n n n n

R =330t D (e o) (i) = o () 4 (i) )] (it = i),
n=0 K=[oo']eM

Using the notation K = ¢ — ¢’ in the above summation in order to have u} = u?, we obtain, with ¢ = +1:

N-—1

plm € n, n n.,mn n n n n n n

R =23 at 3 (e et () = o () + (ui)?) |23 - th).
n=0 K=oc—o'eM

For 0 <n < N —1and K € M, we have:

(ot + plprut) (ui)? = pie ((u)? + (uf)?) =

(pg = Pic) (ug)* + (pgr — pic) ugs (ug)? + plc ugy (ug +ugy) (ug — ),



24

Since, in this expression, p{ and p[, are the density either in K or in a neighbouring cell of K, we get:

~ 3 2

RE™] < Co A [0 [0y N0708v + 10 et 0.9 18 et 0. 11 l0,v ]
where the real number C, only depends on ¢. Hence |5€gm)| tends to zero when m tends to +oo.

We now turn to Tém) and Tz)’(m). By a change in the notation of the time exponents, using the fact that ¢,
vanishes at the last time step(s), we get:

T =36t Y - pR)uper =T+ R,
—

with:

REV =5t > @) Pl uled+ Y 6t ST (0 — pk)ul (92 — ).
— —

We have, thanks to the regularity of ¢:

Iﬁém)l <Cy st [H(U(m))OHLw(Q) ||(p(m)>0||BV(Q) + Hu(m)HLOO(Qx(O,T)) ||p(m)||ff,x,BV]

Therefore, invoking the regularity of the initial conditions, this term tends to zero when m tends to +o0o0. We
now have for the other terms, reordering the summations:

5 4 T Zat ST PRl (0 — oY)+ plul (it — o

=0 K _[oo)leM
T
= —/ /p(m) u(m™) Oz, e dx dt.
o Ja

Since 0,¢n,e converges to O, in L"(Q x (0,T)) for any r > 1, we get:

T
lim (7™ + ™)) = —/ /p @ Oy da dt.
m—>+oo( 3 3 0 Q

It now remains to check that limm_,+oo(5(m) — R(m)) = 0. Let us write this quantity as S(m) _ R(m) —
525’”) + ngm) where, using that,VK € M, S% =

N-1
jng) _ Z 515[ Z S;L(—i—l(p}l(-i-l o ZRHH n-‘,—l]’
n=0

KeM cee

—1
RM™ = Z 378 (0 - o).
n=1
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First, we prove that lim,, 4o RY”) = 0. Gathering and reordering the sums, we obtain ngm) = IRYH) + fRYZ) +
RS with

N-1
m 1 |DK70| (s n n n n
:Rg,l) = 5 Z ot Z |: 5t pK+1(ua+1 - UU)Q(()DK+1 - (JDGJrl)
n=0 oc=K|Le&

D10l
+ T it — ) (o) - o)

N-1
m 1 mn n n n n
Ry =52 0t D FR| (g —uh)? (PR - e,
n=0

K=[o'—0o]eM

R = Nzlat ST IFR] (u — ) (it —ul) (95— et
n=0 K=[o'—0]eM
We thus obtain:
RV < R Co (16 e e oy 18 oy 18 N7 8y,
and
RD]+ IRTD <A™ C (19 e e 0,19y 1™ e oy 140

T,xz,BV,
so all these terms tend to zero. The fact that |1Rgm)| behaves as 6t(™) may be proven by similar arguments.

Gathering the limits of all terms concludes the proof.

Remark 4.3 (On BV-stability assumptions).
The proof of theorems 3.5 and 4.2 shows that the scheme is consistent under a BV-stability assumption that is
much weaker than (52)-(53), namely:

lim (™) + 6t™)) [Hp(m)ll‘f,z,Bv + 1P l7,2.8v + €™ |70,8v + [ul™]

T,2,BV T ”u(m)”"]’,t,BV} = 0.
m——+0o0

Remark 4.4 (Convergence to the entropy weak solution). An entropy function for the incompressible Euler
equations with the perfect gas EOS may be defined as:

n: R xRy =R

(p,e) = n(p,e) = = (¢(p) + py(e))

DI

In(s). Under the assumptions of Theorem 4.2, assuming the

where for s > 0, ¢(s) = sln(s) and ¥(s) = i L

additional time BV estimates on the approximate densities and internal energies:
10" lr By < C, le™|7mv <C, Vm €N,

and provided that the following stronger CFL condition holds:

' Stm)
lim —— =0,
m—+o0  min hg
KeM(m)

it can be shown that the limit of approximate solutions (up to a subsequence) is an entropy weak solution, in
the sense that it also satisfies a weak entropy inequality, which reads

T
Vi € C (2% [0,7),Ry), —/0 /Q [pn(p,e) A + pun(p,e) 3#} dzdt — /Qn(po(w),eo(w)) o(x,0)dz <0.

The proof of this result may be found in [22, Chapter 4] (see also [16]), where the general multi-dimensional
case and higher order schemes are also studied.
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o——o——0 exact solution
»———— numerical solution
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o——0o——0 exact solution

»——— numerical solution
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FIGURE 3. Shallow water eq., first Riemann problem — h = 0.001, 6t = h/12 —Velocity at ¢t = 0.025.

5. NUMERICAL RESULTS

5.1. The isentropic Euler equations

We assess in this section the behaviour of the scheme on various test cases. For all these tests, we chose
p = p? for the equation of state, so the solved system turns out to be the so-called shallow water equations,
and we solve Riemann problems, i.e. 1D problems the initial conditions of which consist in two constant states
separated by a discontinuity.

5.1.1. A first Riemann problem
In this first test, the chosen left and right states are given by:

o lpr=11, ' . |pr=10
left state: LLL _ 5] ; right state: {“R _ 7.5} .

The computational domain is 2 = (0,1) and the final time is T = 0.025. The (known) analytical solution of
this problem consists, from the left to the right, in a shock wave and a rarefaction wave, both traveling to the
right, separated by constant states.

Results - The density and velocity obtained at ¢ = 0.025 = T" are shown on Figures 2 and 3 respectively; these
results have been obtained with A = 0.001 and §¢ = h/12 (the maximum velocity and sound speed computed
from the analytical solution being umax = 7.5 and cmax =~ 4.5, respectively). In addition, we performed a
convergence study, successively dividing by two the space and time steps (so keeping the CFL number constant).
The difference between the computed and analytical solution at ¢+ = 0.025, measured in discrete L!(€) norm,
are reported in the following table:
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o——o——0 exact solution
——— numerical solution

FIGURE 4. Shallow water eq., first Riemann problem modified to obtain a nearly vanishing
velocity at the intermediate state — Viscosity= 0 — h = 0.001, §t = h/12 — Density at ¢ = 0.025.

4.5

o——o——0 exact solution
——— numerical solution

4.0 T

3.5
P Lo
PN SRR SRS SN RS SRS SO o

2.0 - oo e Rt EERRELR SELEETE

e R
B R DO SO HUS
T s ot
T W

-0.5 } t i
0.0 0.1 0.2 0.3

FI1GURE 5. Shallow water eq., first Riemann problem modified to obtain a nearly vanishing
velocity at the intermediate state — Viscosity= 0 — h = 0.001, 6t = h/12 — Velocity at ¢ = 0.025.

space step | hg =1/250 ho/2  ho/4 ho/8 ho/16
lp = Pl 0.0449 0.0256 0.0135 0.00775 0.00429
Ju—ili | 00411 00233 00119 0.00696 0.00384

We observe an approximatively first-order convergence rate.

A problem with a vanishing velocity in the intermediate state - To complete the study, we perform
a computation of a Riemann problem obtained from the former one by subtracting a constant real number to
the left and right velocity, in such a way that the velocity on the intermediate state approximatively vanishes.
In this case, we observe spurious oscillations on the solution (see Figures 4 and 5), probably due to the fact
that the numerical diffusion in the scheme vanishes. However, adding an artificial viscosity term in the discrete
momentum balance equation, with a viscosity equal to 0.5 ph (so equal to the upwind viscosity which would
be associated to a velocity equal to 1) completely cures the problem (see Figures 6 and 7). This observation
strongly supports the idea to build a higher order scheme using an a posterior: fitted viscosity technique, as in
the so-called entropy viscosity method [9,10]; this work is underway.

When we subtract once again a constant to the velocity at both left and right state, and so the velocity at
the intermediate becomes negative, we recover a wiggle-free solution without adding any viscosity (Figures 8
and 9).

On a naive scheme - We also test the “naive” explicit scheme obtained by evaluating all the terms, except

of course the time-derivative one, at time ¢t". In the one dimensional setting and with the same notations as in
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FIGURE 6. Shallow water eq., first Riemann problem modified to obtain a nearly vanishing
velocity at the intermediate state — Viscosity= 0.5ph — h = 0.001, §¢ = h/12 — Density at
t = 0.025.
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Ficure 7. Shallow water eq., first Riemann problem modified to obtain a nearly vanishing
velocity at the intermediate state — Viscosity= 0.5ph — h = 0.001, §t = h/12 — Velocity at
t = 0.025.

10

o——o0——0  exact solution H

= numerical solution '
; !

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

FIGURE 8. Shallow water eq., first Riemann problem modified to obtain a negative velocity at
the intermediate state — h = 0.001, 5t = h/12 — Density at ¢t = 0.025.

Section 3.3, this scheme thus reads:

— K
VK = [o0'] € M, %(P’}«“ — pi) + F} — FJ =0,
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FIGURE 9. Shallow water eq., first Riemann problem modified to obtain a negative velocity at
the intermediate state — h = 0.001, §t = h/12 — Velocity at t = 0.025.
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o——o——C  exact solution
*——— numerical solution

F1GURE 10. Shallow water eq., first Riemann problem — p~-u~-p scheme — h = 0.001, it =
h/12 — Density at ¢t = 0.025.

— D,
Vo = KIL € & el et — ) + Py~ Fjuge 0 s =0, (560)
VK € M, Pt = e = (). (56¢)

Hereafter and on the figure captions, this scheme is referred to as the ” p~>wu~vp scheme” (since the pressure
is updated after the computation of the velocity rather than after the computation of the density).

The computed density and velocity at time 1" = 0.025 are plotted on figures 10 and 11 respectively. From
these results, it appears clearly that the p ~» u ~» p scheme generates discontinuities in the rarefaction wave,
and further experiments show that this phenomenon is not cured by a decrease of the time and space steps;
this seems to be connected to the fact that, for this variant, we cannot prove that the limits of converging
sequences satisfy the entropy condition (in fact, they probably do not). When trying to do so, in our proof
and from a purely technical point of view, the trouble comes from the fact that the pressure gradient term
which appears in the kinetic energy balance reads u" ™'V p™ and it seems difficult to make the counterpart (i.e.
p"div(u"Tt)) appear, with the corresponding time levels, in the elastic potential balance, starting from a mass
balance with a convection term written with w”; hence a dicretization of the momentum balance equation with
an updated pressure gradient term Vp"t!, and thus the inversion of steps in the algorithm, to get the actual
scheme proposed in this paper.

5.1.2. Problems involving vacuum zones in the flow

The objective of the two tests presented in this section is to check that the time step does not have to be
drastically reduced in the presence of vacuum. Both are Riemann problems, posed on Q = (0, 1).
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FIGURE 11. Shallow water eq., first Riemann problem — p~-u~-p scheme — h = 0.001, it =
h/12 — Velocity at ¢ = 0.025.
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FiGURE 12. Shallow water eq., Riemann problem with vacuum at the right state — h =
0.001, 0t = h/8 — Density at ¢t = 0.05.

We first begin with a case where the vacuum is initially present, at the right initial state:

L =1

left state: [p
ur = 1

] ; right state: [pR - 0} .

’U,R:O

In the computer code, pg is fixed as pr = 10729, to prevent divisions by zero due to imprudent programming.
The results obtained at ¢t = 0.05 are plotted on Figure 12 (density) and Figure 13 (velocity); they have been
obtained with A = 0.001 and a constant time step equal to 6t = h/8, which seems to be near to the stability
limit (the maximum velocity and sound speed computed from the analytical solution being given by tmax >~ 3.8
and cmax =~ 1.4, respectively). We observe that the accuracy of the velocity computation is rather poor near to
the vacuum front; we however check on Figure 14 that the scheme converges to the right solution. Moreover,
Figure 15 shows that the quantity pu (which is, in this case, the quantity of physical interest) is in fact obtained
with a reasonable accuracy with the coarsest meshes of this study.

We now turn to a case where the chosen left and right states are given by:

=11 . Clpr=1
left state: LLL _ 8] ; right state: |:UR _ 8} .

In this case, the solution consists in an intermediate state corresponding to vacuum connected to the left and
right initial states by rarefaction waves. The computed density and velocity at ¢ = 0.03, with A~ = 0.001 and
0t = h/12 (while, in the analytical solution, umax = 8 and cmax ~ 1.4), are plotted on Figures 16 and 17
respectively. Once again, the behaviour of the scheme is satisfactory.



4.0

3.5

3.0

2.5

2.0

1.5

o——o——C  exact solution

*——= numerical solution
' ' '

-----------------------------------------------------

———————————————————————————————————————————

1.0

0.

FiGureE 13. Shallow water eq., Riemann problem with vacuum at the right state — h =
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FIGURE 14. Shallow water eq., Riemann problem with vacuum at the right state — h = hy =
0.001 to h = ho/16, 6t = h/8 — Velocity at t = 0.05.
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FIGURE 15. Shallow water eq., Riemann problem with vacuum at the right state — h = hy =
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0.001 to h = ho/16, 6t = h/8 — Mass flow rate at ¢t = 0.05.

5.2. The full Euler equations

5.2.1. Riemann Problems

31

We first assess in this section the behaviour of the scheme on a Riemann problem referred to as Test 3
in [23, Chapter 4], which is stiff enough to evidence consistency and stability properties of the scheme. The left
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1.2

om——c—0 exact solution
= numerical solution
' ' .

FIGURE 16. Shallow water eq., Riemann problem with vacuum appearance — h = 0.001, 6t =
h/12 — Density at ¢t = 0.03.

10
o——0—>5 exact solution
—————— numerical solution

FIGURE 17. Shallow water eq., Riemann problem with vacuum appearance — h = 0.001, 6t =
h/12 — Mass flow rate at ¢t = 0.03.

and right states are given by:

pr =1 pr=1
left state: ur, =0 ; right state: ur =0
pr = 1000 pr = 0.001

The computational domain is Q = (0,1) and the final time is 7" = 0.012. The (known) analytical solution of
this type of problem consists in two genuinely nonlinear waves (i.e. rarefaction or shock waves) separated by a
contact discontinuity. For the initial data chosen in this section, the left wave is a rarefaction wave, traveling
to the left, and the right wave is a shock wave, traveling to the right.

The density, pressure, internal energy and velocity obtained at t = 0.012 = T with h = 0.001 and 6t = h/100
(as the maximal celerity of waves is close to 60) are shown on Figures 18, 19, 20 and 21 respectively. We observe
that the scheme is rather diffusive especially for contact discontinuities for which the beneficial compressive effect
of the shocks does not apply. More accurate variants may certainly be derived, using for instance MUSCL-like
techniques; this work is underway.

We also observe that the scheme keeps the velocity and pressure constant through the contact discontinuity;
this may be checked directly from the expression of the discrete balance equations (precisely speaking, one may
prove that, if p™ and u™ are constant, so are p"*! and u"™*1).

In addition, we perform a convergence study, successively dividing by two the space and time steps (so
keeping the CFL number constant). The differences between the computed and analytical solution at ¢t = 0.025,
measured in discrete L' (£2) norm, are reported in the following table.
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FIGURE 18. Euler equations, Riemann problem 3 of [23, Chapter 4] — h = 0.001 and 6t = h/100
— Density at ¢ = 0.012.
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FIGURE 19. Euler equations, Riemann problem 3 of [23, Chapter 4] — h = 0.001 and §t = h/100
— Pressure at ¢ = 0.012.
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FIGURE 20. Euler equations, Riemann problem 3 of [23, Chapter 4] — h = 0.001 and §t = h/100
— Internal energy at t = 0.012.

space step | hg = 0.001  ho/2 ho/4  ho/8  ho/16

o — ﬁHLl(sz) 0.0651 0.0455 0.0310 0.0217 0.0153
PPl | 187 1.05 0530 0284 0.164
|lw — ﬁ||L1(Q) 0.0967 0.0536 0.0258 0.0134 0.00795
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FIGURE 21. Euler equations, Riemann problem 3 of [23, Chapter 4] — h = 0.001 and 6t = h/100
— Velocity at t = 0.012.
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FIGURE 22. Euler equations, Riemann problem 3 of [23, Chapter 4] — Scheme without corrective
terms — h = 0.001 and §t = h/100 — Density at t = 0.012.

We measure a convergence rate which is slightly lower to 1 for the variables which are constant through the
contact discontinuity (i.e. p and u), and equal to 1/2 for p.

Finally, we test the behaviour of the scheme obtained when setting to zero the corrective terms in the internal
energy balance. The density obtained with h = 0.001 and §¢ = h/100 is reported on Figure 22. From this result
and from further numerical experiments with more and more refined meshes, it seems that the scheme converge,
but to a limit which is not a weak solution to the Euler system: indeed, the Rankine-Hugoniot condition applied
to the total energy balance, with the states obtained numerically, yields a right shock velocity slightly greater
than the analytical solution one, while the same shock velocity obtained numerically is clearly lower.

Importance of the order of the equations in the decoupling — We also test the “naive” explicit scheme
obtained by evaluating all the terms, except in time-derivative one, at time ¢t”. In the one dimensional setting
and with the same notations as in Section 4.2, this scheme thus reads:

_> K
VK = ool €M, Sl - gy - 7 =0, (57a)

—
VO':K|L€(€int,
|DU| n+l, n+l _ n . n Fry® — Fliy? no__,n __ b
S5t (pDa Uy pDaua)+ Lur KUK +pL Pk *07 (57 )
—
VK = [oo’] € M,

K
L et — pleei) + Fpvet — Fel 4 pielulst™ —ugth) = 5367 (57¢)



35

1000

om——c—0 exact solution
~——— numerical solution
T 0 i

900
800
T
B G e e e

500

400

300

200

100

FIGURE 23. Euler equations, Riemann problem 3 of [23, Chapter 4] — p~>u~>e~>p scheme —
h =0.001 and &t = h/100 — Pressure at t = 0.012.

VK €M, pit=(y—1) gt e (57d)

Hereafter and on the figure captions, this scheme is referred to by the p~»u~e~>p scheme (according to the
order of update of the unknowns). Note that we are able, for this scheme also, to prove a consistency result
similar to Theorem 4.2.

The computed pressure at time 7' = 0.012 is plotted on figures 23. From this result, it appears clearly that,
as in the isentropic case, the p~»u~-e~+p scheme generates discontinuities in the rarefaction wave, and further
experiments show that this phenomenon is not cured by a reduction of the time and space step.

5.2.2. A two-dimensional problem

We now turn to a two-dimensional problem, consisting in the interaction of a shock wave with an obstacle.
The initial data is (p,uw,p) = (pr,wr,pr) (vesp. (p,u,p) = (pr,ur,pr)) for 1 < 0.7 (resp. 1 > 0.7), with:

PL 8 PR 14
ur | = |8.25 (I,O)t , UR| = (0,0)t ,
PL 116.5 PR 1

Without any obstacle, this initial condition would yield a pure shock wave travelling to the left at the speed
v = 10; since the speed of sound in the right state is ¢ = 1, this wave is often referred to in the literature as a
”Mach= 10 shock wave”. The obstacle is the square (1,3) x (—1,1). Thanks to the symmetry with respect to
the axis xg = 0, the chosen computational domain is = (—1,6) x (0,4). The final time is t = 0.5 (so that in
the absence of an obstacle, the shock line would be defined by 21 = 5.7 at the final time).

We present two computations. The first one is a uniform 1400 x 800 grid from which the cells corresponding
to the interior of the obstacle have been removed, leading to a total number of cells close to 108; the time step is
equal to 104, For the second one, the mesh is built from a 10000 x 5700 grid, for a total number of cells close to
5310, and a time step equal to 107°. In both cases, the MAC scheme is used for the space discretization, and
the numerical viscosity is set to ph. Both computations are performed in parallel (the CALIF3S software uses
PETSc primitives), with a multi-domain technique: the domain is split into subdomains (using the open-access
software METIS), and each subdomain is treated by a processor. The second computation involves 120 Intel
Xeon X5660 2.8GHz processors on an InfiniBand Linux cluster, for about 190 hours of restitution time (for
50000 time steps, so that each time step takes about 13.7 seconds; note that the software is designed for general
meshes, and thus is by construction not optimized for structured grid). We observe here the beneficial effects of
the simplicity of the convective flux construction; indeed, solving a Riemann problem at each interface would
lead to a much more CPU time-consuming algorithm.

The obtained density at ¢ = 0.5 is shown on Figure 24. One observes a strong reflection upstream the
obstacle; behind this reflection, a shock-to-shock interaction occurs, which does not seem to generate an irregular
reflection. As expected, the second computation shows much more details, especially in the wake of the obstacle.
A closer view of this zone is provided on Figure 25

Finally, we also test the algorithm on unstructured meshings, using the RT discretization. The initial
condition is the same, the obstacle is now a disk centered on (2,0)" and of radius equal to 1, Q@ = (0,5) x (0, 3.3)
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FIGURE 24. Euler equations, shock-square interaction — Density at ¢ = 0.5 — Results obtained
with 110% (top) and 53105 cells (bottom). For this last computation, only a part of the
subdomains (about one half of the 120 subdomains) are drawn.

and the final time is ¢ = 0.4. The number of primal cells is close to 1110 (so each velocity component is
approximated on about 22 10% dual cells), and the time step is 5107%. The numerical viscosity is set to 2 p h.
The density fields obtained at time ¢ = 0.2 and ¢ = 0.4 are shown on Figure 26.

Finally, note that other 2D and 3D experiments have been conducted and may be found in the more numerical

paper [8].
6. CONCLUSION

In this paper we presented a decoupled scheme based on staggered meshes for the isentropic and full Euler
equations. This algorithm uses a very simple first-order upwinding strategy which consists, equation by equation,
to implement an upwind discretization with respect to the material velocity of the convection term. The pressure
gradient is defined as the transpose of the natural velocity divergence, and is thus centered. In the case of the full
Euler equations, the scheme solves the internal energy balance instead of the total energy balance, to ensure the
positivity of the internal energy by the above-mentionned upwinding technique; because of the staggered nature
of the scheme, the total energy balance is only recovered at the limit of vanishing time and space steps, thanks
to the addition of corrective source terms in the discrete internal energy balance. Under CFL-like conditions
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FIGURE 25. Euler equations, shock-square interaction — Density at ¢ = 0.5 — Results obtained
with 53109 cells, in the area where shock-to-shock interaction occurs, behind the obstacle.

which based on the material velocity only (by opposition to the celerity of waves which constrains classical
hyperbolic schemes), this scheme preserves the positivity of the density, the pressure and, for Euler equations,
of the internal energy (in other words, the scheme preserves the convex set of admissible states). Finally, the
scheme has been shown to be consistent for 1D problems, in the sense that, if a sequence of numerical solutions
obtained with more and more refined meshes (and, accordingly, smaller and smaller time steps) converges, then
the limit is a weak solution to the continuous problem.

These theoretical results may be extended in two directions: first, in the full Euler case, the limits of
convergent sequences may be shown to be entropy solutions; second, the scheme may be shown to be consistent
in the multi-dimensional case. This is the object of a paper that will soon be submitted [16]. Another point
of further investigation concerns the design of a discretization scheme that would be able to cope with non-
conforming locally refined meshes. This work is now being undertaken.

Numerical studies show that the proposed algorithm is stable, even if the largest time step before blow-up is
smaller than suggested by the above-mentioned CFL conditions. This behaviour was to be expected, since these
CFL conditions only involve the velocity (and not the celerity of the acoustic waves): indeed, were they the only
limitation, we would obtain an explicit scheme stable up to the incompressible limit. However, the mechanisms
leading to the blow-up of the scheme (or, conversely, the way to fix the time step to ensure stability) remain
to be clarified, even if one may anticipate from qualitative arguments (the scheme should allow a ”transport
of the information” at the same speed as the continuous problem) that the time step should be small enough
to avoid that the waves cross more than one cell per time step. In addition, still as expected, the scheme is
rather diffusive, especially at contact discontinuities; MUSCL-like extensions have recently been developed [22]
to cure this problem, combined with a strategy similar to the so-called entropy-viscosity technique [9,10] to
damp spurious oscillations which are sometimes observed when the velocity is small.

Since the proposed scheme uses very simple numerical fluxes, it is well suited to large multi-dimensional
parallel computing applications, and such studies are now starting at IRSN. Still for the same reasons (and, in
particular, because the construction of the discretization does not require the solution of the Riemann problem),
it seems that the presented approach offers natural extensions to more complex problems, such as reacting flows;
this is under development at IRSN, for applications to explosion hazards.
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FIGURE 26. Euler equations, shock-disk interaction — Density at ¢ = 0.2 (top) and ¢t = 0.4
(bottom).
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APPENDIX A. SOME RESULTS CONCERNING EXPLICIT FINITE VOLUME CONVECTION
OPERATORS

The convection operator appearing in the mass balance equation reads, in the continuous problem, p —
C(p) = O¢p + div(pu), where u stands for a given velocity field, which is not assumed to satisfy any divergence
constraint. We recall [13, Appendix A] that if ¢ is a regular function from (0, 4+00) to R; then:

¥ (p) C(p) = 9 (v(p)) + div(v(p)u) + (p¥'(p) — 1 (p)) diva. (58)

This computation is of course completely formal and only valid for regular functions p and uw. The following
lemma states a discrete analogue to (58) for the decoupled scheme studied in this paper (see. [13, Appendix A]
for an implicit scheme).

Lemma A.1. Let P be a polygonal (resp. polyhedral) bounded set of R? (resp. R?), and let E(P) be the set of

its edges (resp. faces). Let v be a twice continuously differentiable function defined over (0,+00). Let p% > 0,

pp >0, 6t > 0; consider three families (p))peepy C Ry \ {0}, (V))yeep)y C R and (F)yee(py C R such that
Vn € E(P), Fy=p; V.

Let Rp st be defined by:

P
Rp st = % (pp = Pp)+ D FJ;] ¥ (pp)

ne&(pP)
== Wlor) —v(R)+ D L)V, + et (o > Vi
neE(pP) neE(P)
Then this quantity may be expressed as follows:
R |P|( - *) . Z V* * ) //(—*)+ Z v *( o *) ( (2))
P,6t = 2 5t Pp w p’r] np’r] PP Pp 1/1 Pp )
7768 P) ne&(P)

where ﬁgg), pp) € llop, pp) and ¥y € E(P), by, € [pp, pyll- We recall that, for a, b € R, we denote by |[a, b] the

interval |[a,b] = {0a+ (1 —6)b, 6 € [0,1]}.

Proof. By the definition of F}, we have:

P P
[|5t| (0P —pp)+ > Fy] %(ppfp’{a)w’(pp)
neE(P)
+ O Vi (ep)+ Y eV [¥ (op) = (pp)]. (59)

ne&(P) neE(P)

By Taylor expansions of 1, there exist two real numbers ﬁg) and ﬁg) € |lp%, pp] and a family of real numbers

(P )nece(p) satistying, ¥n € E(P), by, € |[pp, py ], and such that:

(0r — ) ¥/ (o) = ¥{pp) — (i) + 5 (o — 0} 0" (),
P (p5) = (p}) + b (pp) — ¥(pp)] —

V' (pp) — ' () = (pp — pp) " ().

1 * * —%
5 (pn - pP)2 w”(p’r])a

Substituting in (59) yields the result we are seeking. O

We now turn to the convection operator appearing in the momentum balance equation, which reads, in the
continuous setting, z — C,(2) = 0;(pz) + div(pzu), where p (resp. u) stands for a given scalar (resp. vector)
field; we wish to obtain some property of C, under the assumption that p and w satisfy the mass balance
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equation, i.e. dyp + div(pu) = 0. Formally, using twice the mass balance yields:

V'(2) Colz) =0 (2)[0e(p2) + div(pzu)] = (2)p[0rz + u - Vz]
— p[0(=) +u- V()] = Ai(p (=) + div(pii(z) w).
Taking for z a component of the velocity field, this relation is the central argument used to derive the kinetic

energy balance. The following lemma states a discrete counterpart of this identity, for a finite volume first-order
explicit convection operator.

Lemma A.2. Let P be a polygonal (resp. polyhedral) bounded set of R? (resp. R?) and let E(P) be the set of
its edges (resp. faces). Let pp >0, pp >0, 0t > 0, and (Fy;),cepy C R be such that

P * *
% (op —pp)+ > F;=0. (60)

neE(P)

Let v be a twice continuously differentiable function defined over (0,+00). Forup € R, up € R and (u;)yee(p) C
R let us define:

P P
Rpgst = ['(%' (ppup — ppup) + Z Fy uﬂ W (up) — {% [pp¥(up) — pp(up)] Z Fr p(u; }
ne&(P) ne&(P)
Then:

(i) the remainder term Rp s reads:

1|P| 1

Ri = 5 0 o (up — )P0/ @) — 5 S B () ()
ne&(P)
Y0y (- up) (up—up) (@) (61)
ne&(P)

with Eg),up) € [[up,upll, and ¥n € E(P), uy, € |[up,uy].

1) If we suppose that the function v is convex and that u = u} as soon as F} > 0, then Rpgs is
n P n )
non-negative under the CFL condition:

5t < [Plor (62)
Y oneep) )T (0p)? /y

n

where ¢, = min_ 4"(s), U5 = max YP"(s) and " =  min " (s).
— s€lup,up] s€llup,up] —n SE\[u;‘,,u;]\

For v(s) = s?/2 (and therefore ¥ (s) = 1, Vs € (0,+00)), this CFL condition simply reads:

[P pp
Bt < P (63)
dnee(r)(Ey)
Proof. Let Tp be defined by:
P " o
TP:[% (ppup —ppup) + Z Ey } up).
ne&(P)

Using equation (60) multiplied by u}, we obtain:

Tp = [|(];| pp (up —up) + Z Fy (uy —up)} ' (up).

neE(pP)

We now define the remainder terms rp and (r:;)neg( p) by:

rp = (up —up) Y'(up) — [Y(up) — (up)], = (up —uy) V' (up) — [Y(up) — ¥(uy)].
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With these notations, we get:

Tp = |5P;| PP W(up) *w(u})] + Z F; [7/’(“;) fq/}(u};)}
neE(P)
+% pp TP = Z L Z Er (u), —up) (¢ (up) — ¢ (up)).

ne&(P) neE(P)

Using once again equation (60), this time multiplied by ¢ (u}), we obtain:

P
Tp = % [opy(up) = pp(up)] + D Fyi(u;)
ne&(P)
i % PP TP = Z Fyory+ Z Ey (u), —up) (¥ (up) — ¢ (up)).

neE(P) neE(P)

The expression (61) of the remainder term Rp s follow by remarking that, by a Taylor expansion, there exist

el
P

)72 € [lup,up), and Vi € E(P), @, € [u},us] such that:

rp =

N | —
=
/\\
g
= %
N
—
S
= %
\
S
3
N
[\v]

V@R)) (up —up)?, v =

|~

and

O (up) — ' (up) = " (@5) (up — up).

If ¢ is convex, 7p is non-negative. If, in addition, u} — u; vanishes ¥n € €(P) when F; is non-negative, —r; is

] n

non-negative. By Young’s inequality, the last term in Rps: may be bounded as follows:

> (B (= up) (up —up) ¢ (@)

neE(P)
=(2)y2
’L/J”(’U, ) *\ — 1 * 1 *\ — * * —%
< X EDT | e g 3 (R () 0w,
neEE(P) g nee&(P)
so this term may be absorbed in the first two ones under the CFL condition (62). O
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