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On the non-homogeneous boundary value problem for
Schrodinger equations

Corentin Audiard *f

Abstract

In this paper we study the initial boundary value problem for the Schrédinger equation with
non-homogeneous Dirichlet boundary conditions. Special care is devoted to the space where the
boundary data belong. When (2 is the complement of a non-trapping obstacle, well-posedness
for boundary data of optimal regularity is obtained by transposition arguments. If Q€ is convex,
a local smoothing property (similar to the one for the Cauchy problem) is proved, and used
to obtain Strichartz estimates. As an application local well-posedness for a class of subcritical
non-linear Schrédinger equations is derived.

Keywords : Schriodinger equations, non homogeneous boundary value problem, non-trapping and
convex obstacles, dispersive estimates.

Introduction
The purpose of this article is to study the initial boundary value problem (IBVP)

1w+ Apu = f, (z,t) € Q x [0,T],
u‘t:() = Up, T € Q, (IBVP)
uly =g, (z,t) € ¥ := 090 x [0,T],

where f may be a forcing term or a nonlinearity depending on « (but not its gradient), typically
behaving like a power of u. We recall that an homogeneous boundary value problem (BVP) corre-
sponds to g = 0, while a pure boundary value problem would be ug = 0.

The homogeneous BVP for the Schrédinger equation in non trivial geometrical settings has received
a lot of interest over the last years. The first results that were not consequences of semi-groups
arguments were obtained in dimension 2 for ug € H} (see Brezis-Gallouét [5], Tsutsumi [29]) which
is precisely the level of regularity where the semi-groups arguments do not work anymore. They re-
ceived a number of significant extensions, until the work of Burq-Gerard-Tzvetkov [6] who obtained
the first results (to our knowledge) of global well-posedness for large dimensions and data when the
equation is posed on the complement of a compact “non trapping” obstacle. An important idea was
to separate the solution in two parts localized near and far from the obstacle, it had some similarity
with the method of Staffilani-Tataru in [25] who dealt with the Cauchy problem, but with a variable
coeflicient Laplacian.

Since then, there has been important developments on the link between the geometry of 2 and
the existence of dispersive estimates (and of course relatd well-posedness results). Ivanovici [12]
proved that the full range of Strichartz estimates holds for the homogeneous BVP posed outside a
strictly convex set, and obtained with Planchon [I3] the well-posedness of the energy critical quin-
tic Schrodinger equation on general non-trapping domains. Surprisingly, dispersive estimates were
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obtained even for bounded domains [2][3]. Morawetz and virial identities also proved to be powerful
tools even for boundary value problems (at least for simple geometries, e.g. if ) is star shaped), see
for example [23].

Nevertheless, all the results cited above concern homogeneous BVP. For non-homogeneous boundary
data results are more scarce, since even the question of the natural regularity of Dirichlet data is
not absolutely clear yet. Bu and Strauss [26] proved a global existence result for defocusing nonlin-
ear Schrodinger equations with smooth boundary conditions. The boundary controllability of the
Schrodinger equation has also received a lot of interest, in linear settings [I7][16] [21][27], and more
recently for nonlinear problems [24][22], however works on controllability are done for € bounded,
and to our knowledge trace smoothness and dispersive estimates is still a largely open subject in
both bounded and unbounded domains.

It should be underlined that the local-well posedness of the nonlinear IBVP in the special case of
dimension one is quite well understood since the work of Holmer [10], in particular he clarified the
fact that for an initial data ug € H*(R*), the boundary data should belong to H*+1/2)/2(R,). The
numerology of regularity indices may be understood as follows : local smoothing allows the trace of
the solution to gain 1/2 derivative in space, then from the scaling of the equation one expects the
solution to be twice less regular in time than in space. In larger dimension however, the situation
remains largely open.

The natural space for boundary data can be somehow circumvented by scaling arguments. We note
that in any dimension d, if u(z,t) is solution of the linear Schrédinger equation, u(Ax, A%t) is also a
solution, with initial data ug(Az). Now [lug(A-)||ms = A*~%2||lug]| g+, while

— )\s+1/2—(d-1)/2-2/2 25— d/2

lu M) 2k, mrov1r2(00)) lull 2 presr/e = [ull L2 resase,

[[u(A, )‘2')”H(5+1/2>/2(]Rt,L2(8Q)) = )‘Sid/2||u||H(3+1/2)/2L2'

From this little computation, it appears that the boundary data g should belong to some anisotropic
Sobolev space of the kind H+/2/2(R,, L2(9Q)) N L?(Ry, H*/2(98)). Another argument in the
same direction is the following estimate (which originates at least to [I5], see theorem 4.3 in [I8] for
a simple proof),

; 2
sup // | |Dg;j ‘1/26ZtAU0’ d.’l?l s 'dxj,1d$j+1 s da:ddt S ||U0||%27
T

this strengthens the idea that the boundary data should gain 1/2 derivative with respect to the
Cauchy data.

Actually, in the flat case 2 = R4~1 x Rt we proved in [4] that the IBVP for the linear Schrédinger
equation is well posed for ug € H, g € L2([0,T], H3/2(09))NHE/*([0,T], L?). The proof used direct
methods (Fourier-Laplace transform), but relied on a relatively complex construction of a Fourier
multiplier to derive a priori estimate, whose adaptation for general curved boundaries is certainly
not possible in general, since it is expected that the geometry of the domain plays a crucial role in
well-posedness issues (and in particular boundary regularity).

This article aims at giving similar (and more precise) results for less simple geometries, by relying
on very different tools. Our main result is Theorem [I6] which states a local well-posedness result
for the nonlinear Schrodinger equation in dimension 2 and 3 with a nonlinearity satisfying |F'(z)| <
|z](14]2])%, a < 2/(d—1) and some other standard assumptions. The main difficulties are of course

1. Low regularity of the initial data, namely uy € H'/? (the corresponding critical power would
be a« =4/(d - 1)),

2. Consistant numerology of the boundary data g € L2([0,T], H') N H'/2([0,T], L?) (actually a
slight loss will be necessary for the nonlinear problem, but not for the linear one).
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We give in section 2 a well-posedness result (without dispersive estimates) for the linear IBVP that
is only obtained by classical duality/representation arguments and a local smoothing property for
the homogeneous BVP. Since local smoothing occurs as soon as €2 is non trapping (see [6]), we do
not need further geometric assumptions for this part. In section 3, we use a virial identity to derive
a local smoothing property for the nonhomogeneous BVP. Contrarily to section 2, we assume that
Q is the complement of a convex set to have good multipliers so that the virial identity gives useful
estimates. With arguments very similar to [6], we then deduce Strichartz estimates with loss of 1/2
derivative for the nonhomogeneous BVP.

To summarize, the structure of the paper is as follows :

e Section 1 sets up some notations, defines the spaces used and their embedding or interpolation
relations.

e Section 2 prove the well-posedness of the initial boundary value problem with Dirichlet bound-
ary condition of optimal regularity, this is done by classical duality arguments in the spirit of
those used in control theory, but we need to carefully use the local smoothing properties of
the homogeneous BVP in order to include appropriately the boundary data and forcing term,

e In section 3 we use a virial identity to prove a local smoothing property, which then implies
(most likely non-optimal) Strichartz estimates,

e Section 4 makes use of these estimates to prove a local well-posedness result for a class of
subcritical nonlinear IBVPs in dimension 2 and 3, without smallness assumptions.

Some comments about directions of further investigation are included in the end.

1 Notations and a reminder on Sobolev spaces

LP(Q) denotes the usual Lebesgue spaces on the open set . If X is a Banach space, we use the
compact notation
LP([0,T]; X) = LA X.

If a,b depend on a number of parameter we mean by |a| < |b| that there exists some constant C > 0
independant of those parameters such that |a| < C|b|. For two Banach spaces X,Y’, the notation
X — Y means that X is continuously embedded in Y.

For m a positive integer, the space W P(Q) is defined as

{u € L(Q), Y]a] <m, 0% € LP, ||lullym» = Z [[0%w|| e},

la]<m

We also use the quasi norm associated to the homogeneous spaces Wmp
lullypms = > [0%u]Lr.

|a]=m

If p = 2, we follow the usual notation W™?2 = H™. For Q = R? H™(RY) is equivalently defined as
[ s iepymiapds < .
Rd

moreover this is also the definition used for H*, s € R. The C>°(R?) functions are a dense subset
of H*(R?), the C2°(€)) functions are a dense subset of H*(£2) under geometric assumptions that we
assume to be satisfied (for details, see Adams [1]).

For s € Rt \ N, the W*P?(R?) spaces are defined by complex interpolation between LP(RY) and
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Wm™P(R?), m > s (this gives the family of Bessel potential spaces, sometimes noted H*?, as de-
scribed in [I] chapter 7 or [28]). If 2 is a smooth open set, s > 0, the functions of W#?(Q) are defined
as restriction on Q of functions in W*P(R4). If 9Q is a smooth compact submanifold, H*(99) is
defined by local maps. The spaces W*? are defined in the same way.

Following Lions and Magenes [20], we will also use anisotropic Sobolev spaces. For M = Q or 94,
we set

H*?(M x [0,T]) == L*([0,T); H*(M)) N H*/*([0, T]; L*(M)),

(for the reader familiar with Lions-Magenes notations, those are the H**/2(X) spaces).

Given X° a space of functions where s is the level of regularity, if s is an integer we define X as the
closure of C°(U) in X, and for s > 0 it is defined by interpolation. Negative order Sobolev spaces
are defined by duality : Vs > 0, H™% := (Hg)'.

Note that this definition does not always coincide with the usual one where X§ := C*(U)
For example the closure of C2° in H'/? is H'/? while the interpolated space [L?, H0]1/2 is not Hl/2

(it is the space usually called Hy.?, see [I9]), and as a direct consequence H~1/2 is not (H/2)'. We
make this non conventional choice because it will allow us to give much more compact statements,
where we will not have to separate the case s = 1/2[Z].

We will use the following results on traces and liftings of functions in Sobolev spaces.

s

Theorem 1. (Lions-Magenes [19] for usual Sobolev spaces, [20] for anisotropic)
Given Q a smooth open set, for any s > 1/2, a multi-index such that |a| < s —1/2, the application

Y . H3(Q) — H*1M=12(90),

u — 0%lsq,
is a continuous linear operator. In the special case O x [0,T] or Q x [0,T], s > 1/2, the application
0, 7] — H*Y2(00) or H*~Y%(Q),
t — (i),

depends continuously of t. Conversely, for each of these operators there exists a lifting, namely a
right inverse (tr*)~1: H~1®1=1/2(9Q) — H*(Q) such that tr* o (tr*)~! = Id.
Similarly, for any fived t € [0,T] the trace

try - HS2([0,T] x Q) — H 7Y ({t} x Q) x H*7/22([0,T] x 8Q),

is well defined, continuous and moreover its first component is continuous in t. The operator try
is generally not a surjection (there are usually compatibility conditions), but the projections on the
first and second coordinate define surjections. For s > 1, the trace

H*2([0,T] x 9Q) — H*12({t} x 0Q),
is a continuous surjection for fized t, and continuously depends on t.

We also give a list of interpolation and injection relations between Sobolev spaces.

Theorem 2. (Lions-Magenes [19]]20], Triebel [28])
Let Q) be a smooth open set (or manifold) with compact boundary.

r

—H
For 0 <s<1/2, HS(Q) = H*(Q), so that H* = (H®), and C*(Q) =H" for 0 <r <1/2.
For0<0<1, s1,8 >0, the Sobolev spaces satisfy the following (complex) interpolation relations

[HSI,HSZ]Q — H(1—9)81+9827
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HO=0)s1=052 if (1 — )5 — fs9 >0,

H™ (H*)]) =
[ 7( ) }0 {(H—(1—9)81+982)/ Zf (1 _ 9)31 _ 952 < 0.

[HSI,ng]Q _ H(()l—@)éd-‘r@sz’ [H*Sl’HfsQ}e _ H7(179)517052’ [HSLQ’HSQ,Z}G _ H352+(1—9)sl,2’
HI# 05 Gr g, —
H6527(179)51 Zf 032 o

e . H9527(179)51 ’Lf Osy —
[H ’H 2]9 == { H9827(179)81 ,Lf 082 _

Given any p > 1, the following Sobolev embeddings hold :
o Fors <d/p, W*P — L1, q=dp/(d— sp),

[Hisl,HSZ]g — {

1-06
17081<0
1-0

—~ A~ o~

)s1

)

)s1 >

1-— 0)81 < 0

e Ford/p+1>s>d/p, WP — C%* o =s—d/p.

Proof. These results are mostly standard, yet some special parameters of the interpolation identities
do not seem to be covered in our references. We give a sketch of proof for the most significant case

o | B0 1
o HP V250 < 1/4.
According to [I9] chapter 1 Theorem 12.3,
H™ Y2 =[H™', HY)y 6, H/ [H~, H3ls/6,

thus, using the reiteration theorem (chapter 1, Theorem 6.1) and the interpolation theorem 12.4 in
[19]

HY 7?80 > 1/4,

H¥=12if g < 1/4.

The other cases are either classical or direct adaptations of this argument. O

[H2, Hy o = [H™Y By 20/ = {

2 The linear boundary value problem

In this section we only assume that {2 is a non-trapping open set of compact complement, with
smooth boundary (meaning that we have local maps as differentiable as needed). Non trapping
means roughly that any ray reflecting on the boundary according to the laws of geometric optics
goes to infinity. The mathematical definition is actually more involved since a ray may touch the
boundary tangentially, and then “glide” on it, see [11] section 24.3 for a precise definition.

For 0 < T < oo, we set ¥ = [0,7] x 9Q, Ap is the Dirichlet Laplacian on , of domain H? N Hg.
It is a self adjoint operator, for which e®*2? is defined by the functional calculus.

We first recall a few results on the homogeneous boundary value problem.

Lemma 1. For 0 < s <1, the solution of the boundary value problem

0+ Apu = [ € LN(0, 7], H(%).
uli—o = ugp € Hg, (2.1)
U‘E = 07

is u(t) = eAryy + fot e't=9)AD f(s5)ds, it satisfies the semigroup estimate

||€itAD’U,0||Loo (0,7, Hg) = ||u0||H§7 ||/ i(t—s ADf dSHLOo (0.7, Hg) = Hf”Ll ([0,7], HS)» (22)
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and the local smoothing property
Yy € CE®, VT >0, [XVul o, 22y < Crlluoll e + Tl oy ey (29)
Proof. The local smoothing without forcing term is Prop 2.7 in [6]
Ixe"* P uo|| g2 g1 < Crlluoll g1/,

the estimate with a forcing term f is then a direct consequence of Minkowski’s integral inequality

IN

t T
| [ a2 sl e <[ el 20 1)l

A

T
| Tacdlxe 08 f) s < TCr

The local smoothing can be used to derive a (well-known) trace smoothing.
Proposition 3. Let ug € Hé/2((2), ue C,HY?N LQTH(} loc De the unique solution of the boundary
value problem (2.1). Its normal derivative on OS2 is well defined and satisfies the estimate

18/ 00l L2 (o, 11x00) S luoll gare +11f 1y gra/2-

Proof. We follow the multiplier method from [2I] combined with the local smoothing. (this is also
done with a slightly different method, comparably simple but without an f term, by Planchon-Vega
in [23]). By a density argument, we may assume that u is smooth enough so that all the computations
are rigorous. For ¢ in C?(R?), and denoting n the normal on 02, we have the identity

)
p— .’rL
2 )¢

2 T

Oul’ys = 1{Im / uqvudx} + IRe / w(Vdivg) - Vadzdt
2 Q 0 [0,T1x2

on 2

+Re/ fq-Vudxdt + Re/ V@t VqVu dzdt
[0,T]1xQ [0,T]1x$2

1
+§Re/fﬂdiqua:dt .

We choose ¢ such that ¢ - n > 0 on 012, this gives

1Onullz < lull

2 e+ IVAVG Vs 1 el

VIVl [Vl 25

2 2
S Mol + 11, e

A

O

As a consequence we prove by duality the well-posedness of the non-homogeneous boundary value
problem with a compactly supported forcing term.

Definition 1. Let x € C(R?), f € L2H1(Q). We say that u is a transposition solution of the
problem
i0u+ Au=xf e LZ2H 1,
u\t:() = 0, (24)
u‘g =gc LQ([O’T] X Q)v



2 THE LINEAR BOUNDARY VALUE PROBLEM 7

when v € CoH™Y2, and for any f, € LlTHé/2, if v is the solution of

i+ Av = f, € LLH?,

v|i=r = 0, (2.5)
U‘g = 0,
we have the identity
T T T
/ <U7f1>H71/2’H3/2dt = / <f, XU>H—1,H5dt +/ (gaanU)Lz(aﬂ)dta (2-6)
0 0 0

(here (-,-)x x' denotes the usual duality product).

Remark 4. Tt is clear that any smooth solution (say C?) of (2.4) is a transposition solution. Indeed
by density of C¢° in L%«Hé /% it is sufficient to check the identity 1' for smooth v, which is simply
an integration by parts.

Remark 5. For technical reasons that are clarified hereafter, the construction of a C'pH?/2 solution

requires that the forcing term f satisfies f|aq € L2.L?(052), therefore it is preferable to chose f in
the dual smoothing space L2 H! rather than the natural space L1.H 3/2,

Proposition 6. For any (g,f) € L*(Z) x L*([0,T), H~Y(Q)), the problem (2.4) has an unique
solution u € CpH™Y2(Q). If moreover g € HY®, xf € LAH*"! for 0 < s <2, then u € CrH*"'/2,
with the estimate

lullep o2 S Ngllmse + [ fllz2 rs-1-

In particular, if (gn, fn) € C°(X) x C°([0,T] x Q) converges to (g, f), then u is the strong limit of
the corresponding sequence of solutions (uy,).

Proof. The uniqueness is clear since (L%«Hé/ 2)’ = LFH~1/? (actually duality gives uniqueness in
LPHY/2). For f; € LLH)?(€), we denote by v the solution of (2.5). The linear form L is defined
as

L: LLHY? = R
T T
i = / (f, XU>H—1,Hgdt+/ (9, Opv)dt.
0 0
Using Cauchy-Schwarz’s inequality, duality, and the local smoothing we get
ILAl < ez m— Ixollcz g + l9llzz ) 10nvllzey S (gl + 1 1z =D 1l g gz

1/2

so that L is continuous on LlTHS/ % Thus it can be represented by some v € L3 H ~/* satisfying

T T T
v fi € LLhH,?, / Ofs vy g dt + / (g, Onv)dt = / (u, F1) o garedt,
0 0 0 ’
and the continuity of L reads as
”uHLgS’H*l/? N ||9||L2(2) + ||Xf||L2TH—1- (2.7)

It remains to prove that u actually belongs to CrH /2. We take two sequences of smooth approxi-
mations g, — g (L*(X)), fn — f (L3H™'). The problem with data (g, fn) admits a smooth
solution w,, (this is a consequence of simple trace arguments and the theory for the homogeneous
problem, see for example [20]), which is also a transposition solution. In particular, u, € CrH —1/2
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and the estimate (2.7) implies that u is the limit of u, in L$°H~'/2. Since C7H~'/2 is closed in
L2 H~Y/2 this implies u € CrH /2,
For higher regularities, we first prove that if g € Hg’Q, f € L2H! then u € CpH?/?. Up to as-
suming g, f smooth and doing again a density argument the function u can be assumed as smooth
as needed and we are only reduced to obtain a priori estimates (note that it is essential here that
g € Hg 2 and not simply H?? else standard compatibility conditions at ¢t = 0, € 9 would not
be satisfied, preventing u from being smooth). Since xf € LZH'(Q), we have xf|s € L2L?*(0Q)
(actually LZH'/2(9Q), but this is not needed here). The function Awu is the transposition solution
of
i’ + Au' = A(xf),
u’|t:0 = AUO == O, (28)
’U/lz = f|§; — iatg € L2([O,T] X 89) s
in particular (2.7)) gives
Au e CpH 2 with |Aullop -1 S 10wglle2 + I floallL2s) + A 2 -1
< Ngllans + Il

We can reformulate this as : u(-,t) is solution of the elliptic boundary value problem

—Au = 2
u|8§2 =9,
where |l m-172 S gl 22 +lIxfll L2 g1 According to Theorem H?2(]0,T)x09Q) < CTH(99),

so that by lifting (same theorem) there exists u; € CpH®/? such that uiloo = g, [[u1llo,gsr S
||gHH2,2. The function w = u — u; satisfies

—Aw = ¢+ Aug,
wlpn = 0,

by elliptic regularity we have w € CrH3/2, |wl| ¢, gs2 S |9l 2z + [Xfllz2 g1 then

lullermsre < llutllopmsz + wllopmssz S Ngllaze + X Fllrzar

(see Gilbarg and Trudinger [8] Theorem 8.8 for regularity with a forcing term in L2, the H~!
case is an application of Lax Milgram theorem, finally the H~1/2 case follows from the relations
[H~Y, L], = H"Y/2, and [H, H?]1 /5 C H?/? in Theorem .

The result for 0 < s < 2 is obtained by interpolation. O

A simple consequence is the well-posedness of the full initial boundary value problem.

Definition 2. Let f € LLH~Y/?n L%Hgi, ug € H-Y%(Q), g € L*(X). We say that u is a
transposition solution of the problem

10+ Au = f,
uli=o = o, (2.9)
uly, =g,

when v € CpH=Y/2, and for any f, € LlTHé/z, if v is the solution of
0w+ Av = f; € LYHY?([0,T] x Q),

U|t:T = 07
U|E =0,
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we have the identity for some fived x € C(RY), x = 1 near

T T
/ <uaf1>H—1/2,H1/2dt: / <faXrU>H*1,H01 +<f7(1_X)v>H—1/27H1/2dt

0 0 0

T
+ / (9, 3nU)L2(ag)dt + i<’u,0, U(O)>H*1/2,Hé/2'
0

Theorem 7. For f € L2THS_1/2 NLLH®, g€ HTY22(D), ug € Hf, —1/2 < s < 3/2, the initial

loc

boundary value problem (2.9) has an unique transposition solution. It satisfies
lullere S 1N gevvzs g + lolliresssaa + luollmg.

Moreover the assumption f € LL.H?® can be dropped if f is compactly supported.

Proof. The uniqueness is again a direct duality argument.
For the existence, by linearity we simply fix x € C>°(R9), xy = 1 on a neighbourhood of €, and split
(2.9) as two problems, one which is a pure BVP like (2.4)

i0puy, + Auy, = xf € L2H*~Y/2(Q),
Upli=o = 0,
ub|2 =g c HS+1/2’2(Z),

and an other homogeneous one like (2.1

i0pue + Aue = (1 = x)f € L%“HS(Q)v
Uc|t:0 =uUg € H87
uc|§; =0.

It is then sufficient to check that the solution u. given by Lemmall|l|is also a transposition solution.
This is the consequence of an integration by parts if u. is smooth enough, and the general case is
obtained by a density argument.

If f is compactly supported it suffices to chose y such that (1 — x)f = 0. O

3 A smoothing estimate and application

This section is devoted to the proof of a local smoothing estimate by direct methods and its appli-
cation : Strichartz estimates with losses. We consider the solution u of the IBVP . As a first
step we recall the virial identity, which does not seem to be really standard for non zero boundary
data. If h is a nonnegative measurable function on €2, we set

My (t) = / h(x)|u(z, t)>d . (3.1)

Q
For specific h, it is often possible to check that M, is signed (usually with quantitative estimates
+M] > ||lu||%, with X some Banach space). This has been used in several applications, two notable

ones being the explosion of solutions in finite time (the sign of M}’ implies an impossible change of
sign for some quantity) and dispersive estimates, obtained simply by using

T
el 01150 S / M}/(T) = M(T) — M} (0).

This is the second approach that we follow here, with the technical addition that  # R? and the
boundary data are not 0.
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Proposition 8. Let h belong to C*(Q) such that h|ag = 0, VFh is bounded for 1 < k < 4.
If u is a smooth solution of (2.9) we have the identities

dMy,

Q
2
My o d hWifdr = 4Re | Hess(h)(Vu, Va) — 1|u|2A2h + Vh-Vuf + Laan fdx
dt? dt Jq Q 4 2

+Re/ 20,,h|V ru|* — 20,,h|0,u|? — 2i0, hduaudS

o

+Re/ —2uAhO,u + |ul?0, AhdS, (3.3)
o

where we denoted V. the gradient along the tangent plane to 02, or equivalently if n is the normal
derivative pointing outside ), V. =V —no,.

Proof. A direct computation gives, using that h|sq =0 :

dth = / h(udyi + wdyu)dx = / ih(Aut — Atiu — hfu + hfu)dx
Q Q

= —2Im/ hulAu — hufdz
Q

2Im/ |Vu|2h+hﬂVu-Vh+ﬂfdx:2Im/ﬂVu-Vh+hﬂfdw.
Q Q

Differentiating again in t we get

d> My, d _
T 2Im£ hufder = 2Im/ OwuVu - Vh +uVowu - Vhdx
Q Q

= 2Re/QWh-VAu— AuVh-Vu + fVu-Vh—uVf-Vhdx
= 2Re( / —Vi - VhAu — Vh - VuAT — TAhAu

- /Q 2Vh - Vuf + aAhfdz + " OnhAuT — T f@nhds)
= 2Re(/Q —2V1 - VhAudr — uAhAu + 2Vh - Vuf

+uAhfdx + /

—ianhatuud5> .
a0
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We focus on the integral terms on €2 where f does not appear :
Re/ —4Vu - VhAu — 2uAhAudr = 4/ Hess(h)(Vu, Vu) + %Vh -V |Vul2dx
Q Q
+2Re / Ah|Vul* + aVAh - Vudzx
Q
—2Re/ 2Vu - Vho,u +uAhd,udS
ble)
= 4/ Hess(h)(Vu, Va) — %Ah|Vu|2dx
Q
+2Re/ Ah|Vul? + %vm - V|u|?dx
Q
—2Re/ 2V - VhO,u +uAhd,udS
o0
+2 [ 9,h|Vul?dS
o0
1
= 4/ Hess(h)(Vu, V) — ZAQhMQdm
Q
—2Re/ 2Vu - Vho,u +uAhd,udS
o0
1
+2/ 0|V ul? + = ul>8, AhdS .
o9 2
Finally, the boundary terms are treated by using the fact that h = 0 on 9%, so that Vh = (9,h)n :
Re / —4VT - VhO,u — 2uAhOyu + 20, h|Vu|? + |ul?0,, AhdS
o0

- Re/ — 4|0, u|20h — 20AR,u + 20, h(|0nul? + |Voul?) + |ul?0, AhdS
o0

Re/ —2|0,u|20,h — 20ARO,u + 20, 1|V -ul® + [u|20, AhdS .
o0

We obtain as expected

d? M,

1 -1
= 4Re/ Hess(h)(Vu, Vi) — ~A?h|u|*dz 4+ Vh - Vuf + ~uAhfdr + QImi/ hufdx

+Re / 20, hhut — 2|0 uPOnh — 2EARIu + 20,k rul? + |u200 AR dS .
o0

A cautious look at identities (3.2)) and (3.3]) indicates that the equation

T
M(T) = M3(0) = [ Moy

can be turned into useful estimates if there exists h such that
1. hlag =0,

2. Hess(h)(z) > a(x)Ily > 0 (in the sense of quadratic forms), with possibly a(z) =400 0,
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3. Onh|aq < 0 or equivalently if n; is the normal pointing inside €, d,,,h > 0.

As was pointed out by the reviewer, there can be no such function if ¢ is not convex : indeed
by assumption 2 the set {h < 0} must be convex and thus contains the convex hull of 9, while
assumption 3 implies that on a neighbourhood of 9Q, h > 0, so that conv(0Q) C QF, and the
converse inclusion is obvious (as Q¢ is bounded).

Since conditions 2. and 3. only involve derivatives of h, we start by looking for a function which
is constant on 9. In the case where ) = K° K convex, 0 € int(K) (this last assumption can
obviously always be made, up to a translation), there is a natural candidate : the gauge of K -
sometimes called Minkowski’s functional-

jl@)=inf{A>0: /X € K}. (3.4)

Indeed, by definition j = 1 on 0K and it is well known that j is convex if K is. We also point out
that j is homogeneous of degree 1 so that Vo € Q, Vj(z) # 0.

The next lemma quantifies how positive Hess(j) is depending on the geometry of 2. The basic
tools of geometry used may be found for example in [9], chapter 10 (where the presentation is limited
to dimension 3, but with clear extension to any dimension).

Lemma 2. Assume that 9 is a C? submanifold. It is defined by the implicit equation j(x) = 1.
For zg € 0Q we denote by Ty, the hyperplane tangent to OQ at xq, II(xg) the second fundamental
form at xo (this is a quadratic form on (Ty,)?), and Hess(j)|r,, is understood as the quadratic form
defined by restriction of the bilinear application Hess(j) on (Ty,)?. Then there exists ¢(K) > 0 such
that

Hess(j)(xo)|, > cll(xp).

xrg —

In particular, Hess(j)|r,, is defined positive if and only if 11(zo) is.

Proof. For conciseness and simplicity, we give a proof which is slightly formal, but that can be made
rigorous by using local maps. Since j = 1 on 052, the normal pointing outside K is n = Vj/||Vj||.
Note that this defines a vector field n defined smoothly not only on 92, but on R%\ {0}. The second
fundamental form is usually defined as the gradient of n in local coordinates in 92, we will rather
use the fact that it also coincides with the restriction of Vn(zg) (seen as a quadratic form, and
where V is the “full” gradient on R?) to (7%,)2. This rewrites

Vn = Hess(j)/ ||Vl = Vi(VIViID'/ IVl
so that for any tangential vector 7 € T}, using 7-n =0 :

Hess() ,Vi(V|Vil)'Hess(j)
II(r,7) =71 e _ =1t ~=T,
™) =T 50 e il

using that 0 is compact, we have inf,ecpq ||Vj(z)|| > ¢ > 0, this concludes the proof. O

Remark 9. Tt is not true that Hess(j) > 0 as a quadratic form on R?, actually since j is homogeneous
of order one we always have Hess(j)(z)(z,z) = 0. However the non negativity Hess(j) > 0 is true
since j is convex.

In view of the lemma, and since identity (3.3)) involves fourth order derivatives of h, we assume
from now on that 91 is a C* submanifold of positive principal curvatures, so that I1(x) > 0
at any x € 99, or equivalently Hess(j)(z)|r, > 0.

Proposition 10. The function h(z) = \/1 + j2 — \/2 satisfies the three required assumptions.
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Proof. The identity h|sq = 0 is obvious.

94
The positivity of 0,,h is obtained as follows : let ¢ € 0K, by homogeneity we have (axj) (x9) =
0

j(zo) =1 > 0. On the other hand j is constant on 99, thus Vj(zo) = (9;/0n(xo))n(xo),

<3BJ> (o) = Vij(wo) - w0 = (95/On(x0))(x0 - n(x0))-
o

9
Since K is star shaped with respect to 0, xo - n(xg) > 0, thus <8n(§c )>(a:0) >1/(xp-mn) > 1/||z]| >
0

1/diam(K). The positivity of 9,,h then directly follows from the identity

Onh = jOnj/\/1 4 j% = 0nj/V2 > 1/(V2diam(K)).

By homogeneity, it is sufficient to prove the positivity of Hess(h) for x € K. By direct computations

- . . .t -H . .2 . .t
Vhe Y Hessn) = YL L7 eSS(.D _J VJVJ3
V1i+5? VIHZ VI+2 142

ViVt jHess(j)

For 2o € 09, X € R, we split X = X, + X,, where X, belongs to T}, and X, is parallel to n(z).
Using X, - Vj = 0 we get

Vi Xn?  jX'Hess(j)X

VIERE VIR

X'"Hess(j) ()X =

If X,, # 0, the fact that Hess(j) > 0 gives

Vi X,|?
X'Hess(j)(z)X > M >0,
V1+ 352
while if X 1 n, X = X,, Lemma [2 implies
jXiHess())X,

X"Hess(j) ()X = Hess(5)|r, (X, X;) > 0.

/1+j2 o /1+j2

In either case we have Hess(h)(x0)(X,X) > 0, by compactness of 9Q and homogeneity we can
conclude

Je>0: Vo eQ, Hess(h)(z) > ﬁ]d

We may now state the local smoothing property :

Proposition 11. Let u be the transposition solution of (2.9). If f is compactly supported, for any

e >0,
Vul?
// [Vl P+ // Opul2dSdt < CE,T<|9|21+5‘2 + lluollZ/-
0.1x2 \/1+ |22 [0,T]x 00 ) 0

+||f||iw>.
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The proof requires a preliminary lemma due to the special structure of H'/2.

Lemma 3. For any e > 0, let u € CpH'/? be the solution of the Schrédinger equation (2.9) with
g€ Hé+€’2, f € LZL? with compact support in space, ug € Hé/Q, Then Vu € C’T(Hl/Q)' and

IVullor ey S M9l gaee +lluoll grre + 1 fllLz 2

Proof. If (uo, f,g) € Hé/2+€ x LEZH® x Hyt"? w e CpHY?te so that Vu € CrH™ /%t =
Cr(H'/?~#)" with obvious norm control.

If (uo, f,g) € L? x LAH /% x Hy ™% the embedding Hy = < CrH® gives the following (formal)
identity

VoeH, j=1---d, tc [O,T],/ dju(t)v = —/ u(t)0;vdx —|—/ g(t)n;vlandsS,
Q Q a9
which implies for smooth solutions
IVullor @y S lullorrz +19llore S llgllgrves + 1z a1 + lluollr-1/2,

the gradient is then extended as a continuous operator L? x LZH /2 x Hé+5’2 — Cr(H'Y.
We obtain the lemma by interpolation with interpolation parameter § = 1/(1 + ¢). O

Proof of Proposition[1} By density, it is sufficient to establish the estimate for smooth solutions.
We start with (3.2), according to lemma 3]

|M;L(t)721m/ hufdz] = |21m/ Vh - Vuudz|
Q Q
S Mol g +lolses + 17122 .

On the other hand, the identity (3.3)) combined with Prop [L0| gives

d* My,
dt?

- 1
_2111%/ Wifde = 4/ Hess(h) (Vu, V1) — [u?A%h + Vh - VuJ + ulhfde
Q Q
+Re/ 20,h|Vrul? — 20,h|0,u|? + 200, hd,uudS
o0

+Re / —2uAhd,u + |u|?0,AhdS
o0

> c(/Q|Vu2/\/de+/m|8nu|2dS>
C( ullZ2(@) + IVrulollZz + dll0nulagllzz + C(8)[uloalZ
+|VUL?(B((LR))||f||L2(B(0,R))> +Re /aﬂ 2i0, hOyuudS

>

2
c</ |Vu\2/\/1+\x|2dx+/ |8”“|ds>
Q s 2
O (P + tlonll s + - Vulamy + ooy
LQ(Q) o0 H&’Q 20/ LZ(BR) 2,)/ LQ(BR)

+Re / 2i0, hdyuuds,
o0
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by choosing § < ¢/2C, R such that supp(f) C B(0, R).
Use next

Re / | 2i0uh0umds| < Wiglonllnalallage 5 lolonly

and fix v < ¢/(V1+ R?), the identity M} (T) — M;(0) = f M} (t)dt gives as expected

T 2
c(/ /\vu|2/ 1+ |z2dz + / / [0t dS)
0 Q o0

THUIILooLz o)+ g7z + 1£11Z2 12()

IN

2
+m|\wum(3m + CO)lullze 2

+C’||u0||ié/2,

5[ e+ [ )

< CT(”uO”ilé/Z + Hg\@;wﬂ + ||f||2L2TL2(Q))'
O

Remark 12. As can be seen in the proof above, the constant C, r blows up as 7" — oo because of
the term —|u|?A%h, as the sign of Agh is unknown It can be positive, even in very simple cases :
if Q¢ = B(0,1) in dimension 2, h(z) = \/1 + 2?2 + 23, A2h = 1/h% +6/h> — 15/h" > 0 for large x.

Corollary 1. We say that (p,q), p > 2 is a weakly admissible pair when

1. d _d
lpe_¢ 3.5
ST .= 3 (3.5)

Let u be a transposition solution of (2.9). Assume that f € L2L*(Q)) and for some x compactly
supported, such that x = 1 near 02, we have xf = f. Then

lull e wirea S ”“0”113/2 + 1 fllzz e + HQH}I;%?'

Remark 13. The usual Strichartz admissible pairs are couple (p,q) such that (p/2,q) is weakly
admissible. Scaling wise, they correspond to a gain of one derivative, while the weak pairs correspond
to a gain of 1/2 derivative.

The constant hidden in the < of Corollary [1|is unbounded as T' — oo, however it is not a concern
in this article since we only deal with local well-posedness.

Proof. The proof follows closely the method from [6], which also points to ideas of [25]. It consists
in splitting © = xu + (1 — x)u in one part supported near the obstacle, and the other one away from
the obstacle. Near the obstacle local smoothing is used in combination with Sobolev embeddings
while the other part satisfies a Schrodinger equation on R? for which better Strichartz estimates are
available.

We fix x € C¥(R?) as in the statement of the corollary. Prop [11]implies

IVxullez 20y S llull g oz + 1w/ 1+ |22l L2 2 S lluoll gore + 9l gzvee + 112z L2
As a consequence, yu € L2TH10L§’9H1/2 — LI%HI/HI/? for any p > 2 (the injection is a consequence

of a Gagliardo-Nirenberg’s inequality on the Sobolev part and Hélder’s inequality on the L? part).
The Sobolev embedding implies xyu € L'}Wl/2’2dp/(dp_2), and indeed the pair (p,2dp/(dp — 2))
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satisfies (3.5]).
We now turn to the estimate of (1 — y)u : since (1 — x)u = 0 near 92 we may extend it by 0 on Q°,
and the extension (abusively still denoted (1 — x)u )is the solution of the following Cauchy problem

{ i0y(1—x)u+ Al —x)u=(1-x)f+[A 1—x]u, (z,t) € R x[0,T],
(1 —x)u(t =0) = (1 - x)ug, = € RL

We now use that (1 — x)f = 0, according to the Duhamel formula

t
(1 =x)u(t) = eitA(l — X)uo +/ ei(t_s)A[A, 1 — x]uds,
0

where A is the laplacian on R?. Standard Strichartz estimates (e.g. corollary 2.3.9 in [7]) imply
™2 (1 = x)uoll pzryp /e S 10— x)uoll 1/,

and according to (the proof of) Prop 2.10 in [6],

t
H/O e TIRA (1= XJu(s)ds | gz zg S NA L= Xullzre < luoll sz + 1 gz + gl -

The embedding LQTPW1/2"1 — L?Wl/lq ends the estimate for (1 — x)u, and thus the proof. O

Remark 14. All estimates in this section are done for compactly supported f € LZL2. We did not
include any results for the more classical forcing f € LLH 1/2 since it did not prove to be useful for
section 4. However it is worth noting that up to a few more computations, the estimate in Prop
may be brought to include f € L%«Hl/2 such that for some y compactly supported, xf € L2.L?
(the only thing to do would be to split f = xf 4+ (1 — x)f in the proof of Prop 11| and use again the
duality inequality | [ VAVu(1 — x) fdz| < lull oo 2 1 f I 2a 12 )-

4 Local Well-posedness of non-linear boundary value prob-
lems

In this section we consider the non-linear boundary value problem

10w+ Au = F(u), (z,t) € Q x[0,T],
uli—o = up € HY*(9), (4.1)
uls = g € Hy™*(3).

We will use the same technical assumptions sufficient for local well-posedness in [6], namely

Ja>0, [F(z)] < [2(1+4]2]%), (4.2)
|F(21) = F(z2)] S |21 — 22|/(1+ [21]” + [22]?) (4.3)
IV.2F(21) = V.2F(22)] < o1 — 2|(1 + |ag (@07 |y max(0a=l)y, (4.4)

Since there is no trace operator on H'/2(12), we should clarify what we call a solution of the nonlinear
boundary value problem.

Definition 3. We say that u is a solution of (4.1)) if given g € H3/?*52(Q) a lifting of g, and if we
denote by v € CrHY? the transposition solution of

i + Av = F(g), (x,t) € Qx[0,T],
v|i—o = 0 € HY2(Q),
vls =g € Hy* (%),
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then F(u) — F(g) € LlTHé/2 and the following equality holds in C’THé/2 :
t
u(t) — v(t) = APy + / elt=9)Ap (F(u) — F(g))ds.
0

Let us first recall some Strichartz estimates for the homogeneous boundary value problem.

Proposition 15. (Strichartz estimates, Prop. 2.14 in [6])
If (p,q) is a weakly admissible pair (see (3.5) ), the operator e*~P satifies the following dispersive
estimates :

VO<s <1 Vg€ Hy, [€Punllppwen S ol (4.5)
t

VEeLhHg, | [ 000 ] s S 1l (4.6)
0

In order to use these estimates for the nonlinear problem we recall a number of “rules” on
fractional derivatives.

Lemma 4. (Kato [T])], lemma A2 and A4)
Let F € CY(C,C) such that F(0) = 0, F'(z) < |2/ k > 1. Then for 0 < s < 1, 1/r =
1/p+(k=1)/q
V(@) oty S Il sl
Fors>0,1/r=1/p1 + 1/pa,

lurvallyiper S llutllyism wallnee + lugl|zes [[uallyis.m, -

Theorem 16. Ford=2,3,0< a <2/(d—1), e >0 and any (ug,g) € Hé/Q x Hyt?, there emists
T(H(uo,g)||Hé/szé+e,2) such that the problem 1) has an unique solution

2d(d + 1)

we ([0, 7], HY3) N pg VW, g = S

The flow map is locally Lipschitz continuous if d = 2, meaning that given any (g,uo), up to decreasing
T there exists a meighbourhood of this point on which the solution map is Lipschitz continuous
HI*? x HY? — CrHVY2,
Proof. For d = 2,3, set Xp = CpHY2(Q) N LYY/ Vw1/2a(0) ¢ = 3 (so that (441,3) is a
weakly admissible pair). Let § € H?/22(Q x [0,T]) be a compactly supported lifting of g. We define
ugy as the solution of

i0pug + Aug = F(g), (x,t) € Q x[0,T]

Ugle=o0 = 0,

ugls = g € Hy* (%),
as a first step we check that u, € X7r. According to Prop. |§| and Corollary [1] it is sufficient to
prove that F(g) € L2L?. We use H3/?? — H:?}/(4+2d)H3d/(2(2+d)) s L2@2)/(d=1) ([0, T] x Q),
and of course H3/22 «— L2([0,T] x Q). Since 2 < 2(a + 1) < 2(d + 2)/(d — 1), the assumption
|F(u)| < |u| + |u|*T! and Hélder’s inequality imply

IF@)2o.r1x2) S N9l + 1915580 S lgllar2(lglife +1).
Setting w = u — ug, u € Xp iff w € X7, and we are reduced to finding a solution w € X to

i0yw + Aw = F(w + ug) — F(g), (z,t) € Q x[0,T],
wli=o = uo, (4.7)
’LU|E = O,
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which is now a homogeneous boundary value problem. To our knowledge no proof of local well-
posedness of this problem was provided yet (the results of [6] are done at L? and H' regularity),
however this can be tackled by methods quite similar to the classical ones for the initial value problem
in fractional Sobolev spaces (as done for example by Kato [14]). We set Xor = CTHé/Q(Q) N

L§?+1)/(d71)W01/2’q(Q), and define S: Xy — Xo 1 which associates to w € Xo 1 the solution of

10w + Av = F(w + ug) — F(g), (z,t) € Qx (0,77,
Vlt=0 = w0, (4.8)
'U|E = 07

the well-posedness of (4.7) will be a consequence of the fact that S sends Bx, (0, R) to Bx, (0, R)
for R large enough, T small enough, and is a contraction - only in a weaker space if d = 3. We recall
that if Ap is the Dirichlet laplacian, S(w) writes as

S(w)(t) = e"Pug + / =80 (F(w + ) — F(9))ds.
0

Estimate (4.5)) implies ‘
le™ 2P uollxo 1 < lluoll 72 (4.9)

while (4.6]) gives
t
I /0 IR (F(w + ug) — F(@)dsl|xyr S IF(w +1g) = F@)l| 112,

and we are left to estimate | F(w + uy) — F(g)

||L1Hé/2'

Special care is required since the Sobolev norm HS/ % is not equivalent to the H'/2 norm, but it
can be split as ||v|| gi/2 + ||v/d"/?| 2 where d(z) is the distance of = to Q¢ ([I9] chapter 1 section
11). This supplementary term is handled by using that uy — g € Xor (g € X by basic Sobolev
embeddings) and the assumption w € Xy 1 : we fix 8 such that min(2/(d +1),a) < 8 < 2/(d — 1),

I(E(w + ug) = F(g))/d" ||y 12

A

1w + g — 3) (1 + ugl® + 317 + [w]?) /d?|| 13 12

L PR [ X)) e

7L L LS8
+||’LU +ug — §||L%"H3/2
] ~ ~
< Tty =gl s o)
Ly W™ LIt L2nL12/(d-1)

AT w +ug = gl x5

where 0 = (2 — 5(d —1))/(d+ 1) > 0. The estimate above is closed by noting that in dimension 2
and 3, W1/23 — [64/(2d=3) — [12/(d=1) finally

[(F(w +ug) = @)/l 00 S (T +T) (g~ Gowsug DI o) (410)

To handle the H'/? part of the norm, we take some ¢ € C>®(R"), v» = 1 near 0, and split
F(z) =y(|lz|)F(x) + (1 —¥)(|z|))F(x) = F1 + F5. Since F} is clearly a Lipschitz function, we have
[Ey(w)ll sz S lwll /2, thus

IEL (W)l Lge prve S Tllwl[xr, (4.11)

(and similarly for g, ug).
For Fy, we choose we, getig. continuous extensions of w,g on the whole space, and we will only
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estimate the H'/2 part of the H'/? norm, the L? part being easier. Since |Fy(z)| = O(|z|**!) near
0, the rules of fractional differentiation imply

[F2(w +ug) = F2 (9 pre S [ F2(we +uge) = Falge)ll Ly o/

[ (we, ges Ug&)”%(dﬂ)/(dfl)u [ (we, ges Ug,e)H

A

__d+1
LdFI—a(d—1) }i/1/2,m1

S H(wagvug)”%(dﬂ)/(d—l)Lr”(wvgaug)”[]#‘mwlmml

1 1
where & +— = 3 We choose 7 to be the exponent of the critical Sobolev embedding W'/29 «— "
T T1

(namely r = 2d(d+1)/(d—1)?), so that ry = 2d(d+1)/(d(d+1)—a(d—1)?). Since o < 2/(d—1), we
have 2 < r1 < ¢, and we use the inequality [|¢|y1/2.m S ||<p||?,{1/2||g0||‘1/;19/2’q, with 0/2+ (1 —0)/q =
1/rq (this last inequality is a direct combination of the expression of fractional Sobolev norms and
Holder’s inequality).

Set p1 = (d+1)(d+ 1 — a(d — 1)), using Holder’s inequality in time, we get

~ (4 —6
1F(w +ug) = F@lpy e S w9, u9) %, 1w, 9,01 2os grasel(w, 9,09 | vy 2.0

< TP 21| (4 g )%
< b T

T D2 (w, g,ug) |55 (4.12)

Gluing (4.94.10}f4.11}f4.12)), we get for some v >0, o < < 2/(d — 1),

15 (w)llx0,7 < C(lluoll a2 + T (1 + ll(w, g, ug) I35,

and it is clear that for R large enough, T" small enough, S maps Bx, ,.(0, R) to Bx, (0, R).

In the special case d = 2, we now prove that it is a contraction, so that the standard Picard-
Banach fixed point theory directly implies existence, uniqueness and smoothness of the solution
map. Following the same argument as previously, contractivity reduces to checking that there exists
6 > 0 such that

0<a<l: [Flug+wi) = Flug+ws)ll 1 yore < TC(I(wr,ws,ug)lxe) Jn = wallxo . (413)

For the L1 L? part of the estimate we fix some 8 satisfying max(1,a) < 8 < 2,

IF (ug +w1) = Flug +wo)llape S 11+ fug| + [wi] + [wa])?[wy — walll s pe
< ”(unglva)HiaTBme”wl _w2||L3TL4
+T|lwy — walpgere

(T + TP DP) (L + || (ug, i, w2) | x7)” wr — w2 x44.14)

IA

The term ||(F(ug 4+ w1) — F(ug + wg))/d1/2||L1TLz can be estimated similarly, and we now turn to
the LLH'/? part. Let us write

1
F(ug+w) — Flug +ws) = / VF(ug + wa + t(w1 —ws)). (w1 — wa)dt,
0
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and apply Minkowski’s integral inequality,

1
||/ VF(ug+we + t(wr —ws)).(wr —w2)dt|| /e
0

A

1
/ ||VF(ug —+ wo + t(w1 — w2)).(w1 — wQ)”L,}Hl/th
0

IN

1
/ [(VVE) (ug +ws + t(wr — w2)).(w1 — w2)|[ L1 g1/2dt
0

1
+/ H ((1 — Q/J)VF) (Ug —+ wo + t(wl — wg)).(wl — w2)||LéﬂH1/2dt
0

We only detail the estimate of the first term (the second is simpler). Set G(z) = ((1 —¥)VF)(ug +
wy + t(wr —wa))(x), y(x) = (ug + wa + t(w1 — w2))(z). Up to using extensions on the whole space
as previously, we may use the rules of fractional derivatives (see lemma [4) to get :

1G(@) - (w1 = w2)ll g S NGllzsll(wi = w2)llyirares + Gl 225 [wr — wa| 12

We recall that G = 0 on a neighbourhood of 0, thus |G (y)| < |y|? for any 8 > a, in particular if we
choose max(7/6,a) < 8 < 2, we get

IG- (w1 = w2)ll a2 S Nyl Fos o = wallyirses + Nyl rato—n [9llwrrzs lwr — wal| . (4.15)

As W1/23 <5 122 < 12(8 — 1),68 < 12, Hélder’s inequalities imply

Ill iz < Nyl Ze Nyl s [9lzes < 9N 22yl s

The integration in time of (4.15)) and similar basic Holder inequalities finally give

30> 0 ||G-(wr = w)ll s rae S TONyl%, llwr — wollxy (4.16)

so that (4.14){4.16)) gives (4.13]), this ends the proof for d = 2.

In dimension 3, this argument can not be applied, essentially because we may not choose some
8 strictly between 1 and 2/(d — 1) = 1. Instead we prove that the map S : Bx,,(0,R) —
Bx, (0, R) is a contraction for the weaker topology associated to Y7 = LFL?* N L%.L3. Fix 8 such
that max(1/3,a) < 8 < 1, the inequality with s = 0 implies

1S (wi) = S(w2)llyy S F(wi) = F(wa)llpsze S (14 (lwa] + |wa])?) w1 — wall| s 12
< T|lwr —wellpsere

B

Hlwy = wall 26 o

[Jwy — w2||L2TL3

IN

TOB2(1 4 ||(wr, w2) | xp )2 lwr — wa vy

Up to decreasing 7', S is thus a contraction, whose fixed point is in Xp since S maps X to Xr.
The uniqueness in dimension 3 is an obvious repetition of the argument above. The case of dimension
2 is similar : let uy, us be two solutions, then by definition

t
for j = 1,2, uj(t) — vj(t) = e**Puq +/ =98 (F(u;) — F(g;))ds,
0

but since v; — vy = fg’ ei(t=s)Ap (F(g1) — F(g2))ds, we get

t
Uy — uy = / =82 (F(uy) — F(us))ds,
0
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In other words, w = w1 — uo satisfies

i0yw + Aw = F(uy) — F(us2), (x,t) € Q x [0,T],
w|t=0 = 07
w|2 = 07

independently of the choice of the liftings g1, g2. We note that (3,3) is a weakly admissible pair in
dimension 2 and set Y = L‘%OL2 N L%Ls,. For any 3 > «, the Strichartz estimate (4.6) implies

l[wllyz [1F(u1) = F(uz)lry 2
(L + (Jua| + |U2DBU/||L1TL2

Tllwlpgerz + l|(ur, uz)| Los pos |wllps s

VAR ZANR AN

Choosing now max(1/2,a) < # < 2 so that 3 < 63 < 12 and using the embedding W1/23 < [12
we finally obtain

lollye S Tllwllye +TE 2 (g, u2) |5, o]l v,

~

this implies w|jg 71 = 0 for T" small enough, and then w = 0 on the interval of existence by connect-
edness. O

Some further questions

e We did not derive smoothing estimates at other levels of regularity than H'/2, though it would
be particularly interesting to extend our results for the energy space H'. By differentiating
the equations and interpolation arguments, one should obtain local smoothing at any level H?,
s > 1/2, leading to well-posedness results similar to Theorem

e Similar results at the H! regularity level would open naturally the question of existence of
global solutions. Indeed contrarily to the homogeneous IBVP there is no conserved energy,
but for defocusing non-linearities F' = 9V/9z, V > 0 we still have the formal identity

i/ |Vu|2dx—|—V(u)dm:Re/ Opudyuds,
dt Q oQ

which may lead - with appropriate control of d,u- to global existence results. The expected
trace estimate

1Onullgrs=1/22 S lluollers + gl resrsze,

is however not a clear consequence of local smoothing for s > 1/2. In the absence of such an
estimate, one may not expect to obtain better than local existence results, independently of
wether the nonlinearity is focusing or defocusing.

e Since for the homogeneous boundary value problem well-posedness was established up to o =
4/(d — 1) in [12] for d = 3, there is still a gap (at least for low regularity boundary data) for
2/(d—1) <a<4/(d—1) when Q is the complement of a convex set.

e More generally, it would be interesting to obtain dispersive estimates for the IBVP when
the obstacle is not convex by direct (non duality based) methods. The case where Q is the
complement of a star shaped obstacle should be the most natural further step.
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