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and normally hyperbolic invariant cylinders

P. Bernard? V. Kaloshin! K. Zhang?
January 14, 2017

Abstract
We prove a form of Arnold diffusion in the a priori stable case. Let
Ho(p) +eH1(0,p,t), 6€T", peB", te T=R/T

be a nearly integrable system of arbitrary degrees of freedom n > 2 with a strictly convex
Ho. We show that for a “generic” eH1, there exists an orbit (6, p)(t) satisfying

() — p(O)[| > I(H1) >0,

where [(H1) is independent of e. The diffusion orbit travels along a co-dimension one reso-
nance, and the only obstruction to our construction is a finite set of additional resonances.

For the proof we use a combination geometric and variational methods, and manage to
adapt tools which have recently been developed in the a priori unstable case.

1 Introduction

On the phase space T™ x B™, we consider the Hamiltonian system generated by the C" time-
periodic Hamiltonian

H.(0,p,t) = Ho(p) + eH1(0,p,t), (0,p,t) € T" x B" x T,

where T = R/Z, B™ is the unit ball in R” around the origin, and £ > 0 is a small parameter.

The equations )
0= GPHO + Eale , p=—cOgH

imply that the momenta p are constant in the case e = 0. A question of general interest in
Hamiltonian dynamics is to understand the evolution of these momenta when € > 0 is small
(see e.g. [Arl, Ar2, AKN]). In the present paper, we assume that Hy is convex, and , more
precisely,

(1/D) I <&2Hy< D I, (1)

and prove that a certain form of Arnold’s diffusion occur for many perturbations. We assume
that 7 > 4 and denote by 8" the unit sphere in C"(T™ x B™ x T).
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Theorem 1. There exist two continuous functions £ and €9 on 8", which are positive on an
open and dense set U C S”, and an open and dense subset Vy of

V= {H0+€H12H1 Eu, 0<5<€0(H1)}

such that the following property holds for each Hamiltonian H € V;:
There exists an orbit (0(t),p(t)) of H. and a time T € N such that

[p(T) = p(O)[| > £(H).

The key point in this statement is that ¢(H;) does not depend on & €]0,e¢(H1)[. In sec-
tion 1.1, we give a more detailed description of the diffusion path. Moreover, an improved
version of the main theorem provides an explicit lower bound on I(H;) (see Theorem 2.1 and
Remark 2.1).

The present work is in large part inspired by the work of Mather [Ma3, Ma4, Ma5]. In [Ma3],
Mather announced a much stronger version of Arnold diffusion for n = 2. Our set V is what
Mather called a cusp residual set. As in Mather’s work the instability phenomenon thus holds
in an open dense subset of a cusp residual set. Our result is, however, quite different. We obtain
a much more restricted form of instability, which holds for any n > 2. The restricted character
of the diffusion comes from the fact that we do not really solve the problem of double resonance
(but only finitely many, independent from &, double resonances are really problematic). The
proof of Mather’s result is partially written (see [Mad]), and he has given lectures about some
parts of the proof [Ma5]. !

The study of Arnold diffusion was initiated by the seminal paper of Arnold, [Arl], where
he describes a diffusion phenomenon on a specific example involving two independent pertur-
bations. A lot of work has then been devoted to describe more general situations where similar
constructions could be achieved. A unifying aspect of all these situations is the presence of a
normally hyperbolic cylinder, as was understood in [Mo] and [DLS], see also [DGLS, DH, T1,
T2, CY1, CY2, Bel]. These general classes of situations have been referred to as a priori
unstable.

The Hamiltonian H. studied here is, on the contrary, called a priori stable, because no
hyperbolic structure is present in the unperturbed system Hy. Our method will, however, rely
on the existence of a normally hyperbolic invariant cylinder. The novelty here thus consists
in proving that a priori unstable methods do apply in the a priori stable case. Application
of normal forms to construct normally 3-dimensional hyperbolic invariant cylinders in a priori
stable situation in 3 degrees of freedom had already been discussed in [KZZ] and in [Mar]. The
existence of normally hyperbolic cylinders with a length independent from & in the a priori
stable case, in arbitrary dimension, have been proved in [Be3], see also [Be5]. In the present
paper, we obtain an explicit lower bound on the length of such a cylinder. The quantity I(H;)
in the statement of Theorem 1 is closely related to this lower bound (see also Remark 2.1).
Let us mention some additional works of interest around the problem of Arnold’s diffusion
[Be4, Be6, BB, BBB, Bsl, Bs2, Bo, BK, CL1, CL2, Cr, GR1, GR2, KS, KL1, KL2, KLS, LM,
MS, Zha, Zhe, X] and many others.

1.1 Reduction to normal form

As is usual in the theory of instability, we build our unstable orbits around a resonance. A
frequency w € R™ is said resonant if there exists k € Z" ™1, k # 0, such that k - (w,1) = 0. The

LAfter a preliminary version of this paper was completed for n = 2 the problem of double resonance was
solved and existence of a strong form of Arnold diffusion is given in [KZ2].



set of such integral vectors k forms a submodule A of Z"*!, and the dimension of this module
(which is also the dimension of the vector subspace of R™™! it generates) is called the order, or
the dimension of the resonant frequency w.

In order to apply our proof, we have to consider a resonance of order n — 1 or, equivalently,
of codimension 1. For definiteness and simplicity, we choose once and for all to work with the
resonance

where
w=(w*w) e R xR.

Similarly, we use the notations
0=(6°6")eT I xT, p=@p')ecR" xR,

which are the slow and fast variables associated to our resonance (see Section 2 for definitions).
More precisely, we will be working around the manifold defined by the equation

aps Ho(p) =0

in the phase space. In view of (1), this equation defines a C"~! curve I' in R”, which can also
be described parametrically as the graph of a C"~! function p3(pf) : R~ — R. We will also
use the notation p.(pf) := (p(pf), pf)).

We define the averaged perturbation corresponding to the resonance T,

Z(6%,p) := / Hy(0°,p%,07, p! t)do’ dt.
If the perturbation H; (6, p,t) is expanded as
Hi(0,p,t) = Hy(0°,67,p,t) = Z hige &t 1) (p)ein(ks.es-i-kf.ef-i-l‘t),
ksezZn—1 kf€Z,IeZ
then _
Z(0%,p) = Zh[kS,O,O] (P)€2m(k ),
kS

Our first generic assumption, which defines the set &/ C 8" in Theorem 1 is on the shape of Z.
We assume that there exists a subarc I'y C I" such that :

Hypothesis 1. There exists a real number \ €]0,1/2[ such that, for each p € T'y, there exists
02 (p) € Tt such that the inequality

Z(6°,p) < Z(6(p),p) — Ad*(6°,65(p)) (HZN)

holds for each 6°.

1.2 Single maximum

This condition implies that for each p € T'; the averaged perturbation Z (6, p) has a unique non-
degenerate maximum at 6%(p). In Section 1.5 we relax this condition and allow bifurcations
from one global maxima to a different one. The set of functions Z € C™(T"~! x B") satisfying
Hypothesis 1 on some arc I'y C T' is open and dense for each r > 2. As a consequence, the
set U of functions H; € 8" (the unit sphere in C"(T™ x B™ x T)) whose average Z satisfies
Hypothesis 1 on some arc I'y C I" is open and dense in S” if r > 2.



The general principle of averaging theory is that the dynamics of H. is approximated by the
dynamics of the averaged Hamiltonian Hy 4+ ¢Z in a neighborhood of T" x I". The applicability
of this principle is limited by the presence of additional resonances, that is points p € I such
that the remaining frequency d,s Ho is rational. Although additional resonances are dense in I',
only finitely many of them, called punctures, are really problematic. More precisely, denoting
by U.i/5(I'1) the e'/3-neighborhood of T'y in B™ and by R(I'1,¢,0) C C"(T™ x B™ x T) the set
of functions R(6,p,t) : T" x B™ x T — R such that

[Rllc2(mnxu_y 5 (ra)xT) < 0
We will prove in section 2 that :

Proposition 1.1. For each ¢ €]0,1[, there exists a locally finite subset Ps C T' and &1 €]0, 4],
such that :

For each compact arc Ty C T disjoint from Ps, each Hy € 8", and each € C|0,e1[, there
ezists a C" smooth canonical change of coordinates

:T"xBXxT —T"xR"xT

satisfying ||® — id||co < /€ and such that, in the new coordinates, the Hamiltonian Hy + eH,
takes the form
N. :HO(p)+€Z(957p)+€R(97pat)7 (2)

with R € R(I'1,¢,9).

The key aspects of this result is that the set Ps is locally finite and independent from e.
Because it is essential to have these properties of Py, the conclusions on the smallness of R are
not very strong. Yet they are sufficient to obtain:

Theorem 1.2. Let us consider the C" Hamiltonian
N(0,p,t) = Ho(p) +€Z(6°,p) + cR(0,p, 1), (3)
and assume that || Z||c2 < 1 and that (HZX) holds on some arc T'y C T of the form

U= {(p«(p")), 0" € la—, a4]}.

Then there exist constants 6 > 0 and &g, which depends only on n, Hy, and X\, and such
that, for each ¢ €)0,e0[, the following property holds for an open dense subset of functions
R e R(T'1,¢,06) (for the C" topology):

There exists an orbit (0(t),p(t)) and an integer T € N such that ||p(0) — p«(a_)|| < v/ and

Ip(T) = pe(ai)|| < VE.

1.3 Derivation of Theorem 1 using Proposition 1.1 and Theorem 1.2

Given [ > 0, we denote by D" () the set of C” Hamiltonians with the following property: There
exists an orbit (0(t), p(t)) and an integer T such that ||p(T) —p(0)|| > I. The set D" (1) is clearly
open.

We denote by D" (1) the set of C" Hamiltonians with the following property: There exists
an orbit (0(t), p(t)) and an integer T such that ||p(T") —p(0)|| > I. The set D" (1) is clearly open.

We now prove the existence of a continuous function €9 on §” which is positive on Y and
such that each Hamiltonian H. = Hy+eH; with H; € U and £ < g9(H) belongs to the closure
of DT(Eo(Hl)).



For each Hy C U, there exists a compact arc 'y C T and a number X €]0,1/4[ such that the
corresponding averaged perturbation Z satisfies Hypothesis 1 on I'y with constant 2A. We then
consider the real 0 given by Theorem 1.2 (applied with the parameter \). By possibly reducing
the arc I'1, we can assume in addition that this arc is disjoint from the set Ps of punctures for
this 0. The following properties then hold:

e The averaged perturbation Z satisfies Hypothesis 1 on I'y with a constant A’ > \.
e The parameter § is associated to A by Theorem 1.2.
e The arc I'y is disjoint from the set Ps of punctures.

We say that (I'1, A, d) is a compatible set of data if they satisfy the second and third point
above. Then, we denote by U(T'1, A, d) the set of H; € 8" which satisfy the first point. This
is an open set, and we just proved that the union on all compatible sets of data of these open
sets covers U.

To each compatible set of data (I'1, A, §) we associate the positive numbers £ := ||p— —p4||/2,
where p1 are the extremities of I'y, and e2(I'1, \,d) := min(eq, £2/5,£), where £ is associated
to 6 by Proposition 1.1.

Using a partition of the unity, we can build a continuous function €y on 8" which is positive
on U and have the following property: For each Hy € U, there exists a compatible set of data
(Fl, /\7 5) such that H; € U(Fl, /\7 5) and Eo(Hl) < EQ(Fl, )\, 5)

For this function &g, we claim that each Hamiltonian H. = Hy + ¢H; with H; € U and
0 < & < ego(Hy) belongs to the closure of D" (eg(Hy)).

Assuming the claim, we finish the proof of Theorem 1. For [ > 0, let us denote by V(1)
the open set of Hamiltonians of the form Hy + eH;, where Hy € U satisfies g9(Hy) > 1 and
e €]0,e0(Hy)[. The claim implies that D(I) is dense in V(I) for each I > 0. The conclusion
of the Theorem (with {(H;) := e9(H;)) then holds with the open set V; := Uiso(V(I) N D(1)),
which is open and dense in V = U;~oV(1).

To prove the claim, we consider a Hamiltonian H. = Hgy + ¢H;, with Hy € U and
e €]0,e0(H1)[. We take a compatible set of data (I';,\,d) such that Hy € U(T'1,\,0) and
eo(Hy) < e2(T'1, N, 6). We apply Proposition 1.1 to find a change of coordinates ® which
transforms the Hamiltonian Hy 4+ € H; to a Hamiltonian in the normal form ®*H. = N. with
R € R(T'1,¢,6). The change of coordinates ® is fixed for the sequel of this discussion, as well as
€. By Theorem 1.2, the Hamiltonian N, can be approximated in the C" norm by Hamiltonians
N. admitting an orbit (6(t), p(t)) such that p(0) = p_ and p(T) = p,. for some T' € N. Let us
denote by H, := (@_1)*NE the expression in the original coordinates of N.. It can be made
arbitrarily C"-close to H. by taking N. sufficiently close to N.. Since ||® — Id||co < v/Z, the
extended H.-orbit (z(t),y(t),t mod 1) := ®(A(t), p(t),t mod 1) satisfies ||p(0) — p_| < v/ and
I(T) = p-| < V&, hence

y(T) = y(O)]| > lp+ — p-Il — 2V > € > eo(H1).

In other words, we have H, € D(eo(Hy)). We have proved that H. belongs to the closure of
D(eo(Hy)). This ends the proof of Theorem 1. O

The Hamiltonian in normal form N. has the typical structure of what is called an a priori
unstable system under Hypothesis 1. Actually, under the additional assumption that ||R||cz <
0, with § sufficiently small with respect to €, the conclusion of Theorem 1.2 would follow from
the various works on the a priori unstable case, see [Bel, CY1, CY2, DLS, GR2, T1, T2]. The
difficulty here is the weak hypothesis made on the smallness of R, and, in particular, the fact
that ¢ is allowed to be much smaller than 4.



1.4 Proof of Theorem 1.2

We give a proof based on several intermediate results that will be established in the further
sections of the paper. The first step is to establish the existence of a normally hyperbolic
cylinder. It is detailed in Section 3. As a consequence of the difficulties of our situation, we get
only a rough control on this cylinder, as was already the case in [Be3]. Some C' norms might
blow up when ¢ — 0 (see (4)).

The second step consists in building unstable orbits along this cylinder under additional
generic assumptions. In the a priori unstable case, where a regular cylinder is present, several
methods have been developed. Which of them can be extended to the present situation is
unclear. Here we manage to extend the variational approach of [Bel, CY1, CY2] (which are
based on Mather’s work). We use the framework of [Bel], but also essentially appeal to ideas
from [Mag] and [CY2] for the proof of one of the key genericity results. A self-contained proof
of the required genericity with many new ingredients is presented in Section 5.

The second step consists of three main steps:

e Along a resonance I' prove existence a normally hyperbolic cylinder C and derive its
properties (see Theorem 1.3).

e Show that this cylinlder C contains a family of Mané sets N (¢), ¢ € T, each being of
Aubry-Mather type, i.e. a Lipschitz graph over the circle (see Theorem 1.4).

e Using the notion of a forcing class [Bel] generically construct orbits diffusing along this
cylinder C (see Theorem 1.5).
1.4.1 Existence and properties of a normally hyperbolic cylinder C

Theorem 1.3. Let us consider the C" Hamiltonian system (3) and assume that Z satisfies
(HZX) on some arc T'y C T of the form

Iy o= {(pe ("), € [as, as]}.

Then there exist constants C' > 1>k > § > 0, which depend only on n, Hy, and A, and such
that, for each ¢ in 10, 4], the following property holds for each function R € R(T'1,¢,0):
There exists a C? map

(0%, PO, p? 1) : T x [a_ — ke'/3,aq + ke'B] x T — TV x R??
such that the cylinder
C={(0°p°) = (©°,P)(07 .0 ,1); pf €la —re"Pay + k%), (07,8) €T x T}

is weakly invariant with respect to N. in the sense that the Hamiltonian vector field is tangent
to C. The cylinder C is contained in the set

W= {(O,p,t);pf € la_ — keY?,ay + re'/3),
16° =6zl < &, Ilp* —p2(07)II < wVE},

and it contains all the full orbits of N. contained in W. We have the estimate

[l < (%) - lstrs <o, ®
2 R Era ®

le(87,p7.t) — 62 (")l < CV6.



A similar, weaker, result is proved in [Be3]. The present statement contains better quanti-
tative estimates. It follows from Theorem 3.1 below, which makes these estimates even more
explicit. The terms ke'/3 come from the fact that we only estimate R on the e'/4-neighborhood
of 'y, see the definition of R(I'1,¢,0).

For convenience of notations we extend our system from T™ x B™ x T to T" x R™ x T. It is
more pleasant in many occasions to consider the time-one Hamiltonian flow ¢ and the discrete
system that it generates on T” x R"™. We will thus consider the cylinder

CO = {(qvp) € T" x R™: (Qapv()) € C}

We will think of this cylinder as being ¢-invariant, although this is not precisely true, due to
the possibility that orbits may escape through the boundaries. If r is large enough, it is possible
to prove the existence of a really invariant cylinder closed by KAM invariant circles, but this is
not useful here.

The presence of this normally hyperbolic invariant cylinder is another similarity with the a
priori unstable case. The difference is that we only have rough control on the present cylinders,
with some estimates blowing up when ¢ — 0. As we will see, variational methods can still be
used to build unstable orbits along the cylinder. We will use the variational mechanism of [Bel].
Variational methods for this problem were initiated by Mather, see [Ma2] in an abstract setting.
In a quite different direction, they were also used by Bessi to study the Arnold’s example of
[Arl], see [Bsl].

1.4.2 Weak KAM and Mather theory

We will use standard notations of weak KAM and Mather theory, we recall here the most
important ones for the convenience of the reader. We mostly use Fathi’s presentation in terms
of weak KAM solutions, see [Fa], and also [Bel] for the non-autonomous case. We consider the
Lagrangian function L(6,v,t) associated to N (see Section 4 for the definition) and, for each
c € R", the function

1

Gulto,62) == min | L((0).5(0),0) = - 30t
0

where the minimum is taken on the set of C! curves «y : [0,1] — T" such that v(0) = 6, v(1) =

01. It is a classical fact that this minimum exists, and that the minimizers is the projection of a

Hamiltonian orbit. A (discrete) weak KAM solution at cohomology c is a function u € C(T™, R)

such that

u(f) = 52]%1 [u(@ —v) + Ge(0 —v,0) + a(c)]

where a(c) is the only real constant such that such a function w exists. For each curve ~(¢) :
R — T™ and each S < T in Z we thus have the inequalities

T

u(y(T)) = u(v(5)) < Ge(7(5),7(T)) + (T = S)a(e) < /S L(y(#),7(t), 1) — ¢ -(t) + a(c)dt.

A curve 6(t) : R — T" is said calibrated by u if

T

w(0(T)) — u(0(5)) = / L(0(t),0(t), 1) — ¢ (1) + alc)dt,
s

for each S < T in Z. The curve 6(t) is then the projection of a Hamiltonian orbit (6(t), p(t)),

such an orbit is called a calibrated orbit. We denote by

Z(u,c) C T" x R"



the union on all calibrated orbits (6,p)(t) of the sets (0,p)(Z), or equivalently of the sets
(0,p)(0). In other words, these are the initial conditions the orbits of which are calibrated by w.
By definition, the set Z(u, ¢) is invariant under the time one Hamiltonian flow ¢, it is moreover
compact and not empty. We also denote by

sZ(u,c) CT" xR" x T

the suspension of Z(u, ¢), or in other words the set of points of the form ((6(t),p(t),t mod 1)
for each t € R and each calibrated orbit (0, p). The set sZ(u,c) is compact and invariant under

the extended Hamiltonian flow. Note that sZ(u,c) N {t = 0} = Z(u,¢) x {0}. The projection
Z(u,c) CT"
of Z(u,c) on T™ is the union of points #(0) where 6 is a calibrated curve. The projection
sI(u,c) CT" x T

of sZ(u,c) on T" x T is the union of points (A(t),¢ mod 1) where t € R and 6 is a calibrated
curve. It is an important result of Mather theory that sZ(u,c) is a Lipschitz graph above
sZ(u,c) (hence Z(u,c) is a Lipschitz graph above Z(u,c) ). We finally define the Aubry and
Mané sets by

A(c) = NuZ(u,c) , sA(c) = NusZ(u,c) , N(c) = U Z(u,c), sN(c)=Uy,sL(u,c), (6)

where the union and the intersection are taken on the set of all weak KAM solutions u at coho-
mology c¢. When a clear distinction is needed, we will call the sets sfl(c), sN (¢) the suspended
Aubry (and Mané) sets. We denote by s.A(c) and sN(c) the projections on T" x T, of s.A(c)
and sN(c). Similarly, A(c) and N(c) are the projections on T" of A(c) and N'(c). The Aubry
set A(c) is compact, non-empty and invariant under the time one flow. It is a Lipschitz graph
above the projected Aubry set A(c). The Mané set A(c) is compact and invariant. Its orbits
(under the time-one flow) either belong, or are bi-asymptotic, to fl(c)

In [Bel], an equivalence relation is introduced on the cohomology H!(T",R) = R", called
forcing relation. It will not be useful for the present exposition to recall the precise definition
of this forcing relation. What is important is that, if ¢ and ¢’ belong to the same forcing class,
then there exists an orbit (6(t),p(t)) and an integer T' € N such that p(0) = ¢ and p(T) = .
We will establish here that, in the presence of generic additional assumptions, the resonant arc
I'y is contained in a forcing class, which implies the conclusion of Theorem 1.2, but also the
existence of various types of orbits, see [Bel], Section 5, for more details. To prove that T'; is
contained in a forcing class, it is enough to prove that each of its points is in the interior of its
forcing class. This can be achieved using the mechanisms exposed in [Bel], called the Mather
mechanism and the Arnold mechanism, under appropriate informations on the sets

A(e) € Z(u,¢) € N(e), ceTly.

1.4.3 Localization and a graph theorem
The first step is to relate these sets to the normally hyperbolic cylinder Cy as follows:

Theorem 1.4. In the context of Theorem 1.3, we can assume by possibly reducing the constant
d > 0 that the following additional property holds for each function R € R(T'1,¢,0) withe €]0,]:

For each ¢ € T'1, the Mané set /\7(0) is contained in the cylinder Cy. Moreover, the restriction
of the coordinate map 6% : T" x R — T to f(u, ¢) is a Bi-Lipschitz homeomorphism for each
Weak KAM solution u at cohomology c.



Proof. The proof is based on estimates on Weak KAM solutions that will be established in
Section 4. Let x be as given by Theorem 1.3. Theorem 4.1 (which is stated and proved in
Section 4) implies that the suspended Marie set sA(c) is contained in the set

{l1° = 02Nl < ko D = P2l < wve, [T — e < rve}

provided R € R(T'1,¢, x'%) and e €]0,¢0[ (a constant depending on x). As a consequence, this
inclusion holds for R € R(I'1,¢,8) and ¢ €]0, [, with § = min(x!%,&g). The suspended Mafié
set sN° (¢) is then contained in the domain called W in the statement of Theorem 1.3. Tt is thus
contained in C, hence N (c) C Co.

Let us consider a Weak KAM solution u of N. at cohomology ¢ and prove the projection
part of the statement. Let (6;,p;),7 = 1,2 be two points in Z(u, ¢). By Theorem 4.2, we have

lp2 = p1ll < 9VDz|6> — 1] < 9VD=((|65 — 6] || + |65 — 63)).
Since the points belong to Cp, the last estimate in Theorem 1.3 implies that
15 = 0311 < C(U+ V/6/2)(10f = 6|l + llp2 — pa).
We get
lp2 = p1ll < 9CVD(2vE + V6) (103 — 671| + 9CVD(VE + V5) 2 — pu.

If § is small enough and £ < 9, then

9CVD (Ve +V3) <9CVD(2vE +V6) <

N | =

hence 1
Ip2 — p1]| < 9CVD(2vE + V) (|65 — 0| + 3 llp2 = pall;

thus
Ip2 = p1ll < 9CVD (4 +2v6) (10 — 0] || < 1|67 — 0] ]

O

1.4.4 Structure of Aubry sets inside the cylinder and existence of diffusing orbits

This last result, in conjunction with the theory of circle homeomorphisms, has strong con-
sequences:

All the orbits of Ay(c) have the same rotation number p(c) = (pf(¢),0), with pf(c) € R.
Since the sub-differential da(c) of the convex function « is the rotation set of A(c), we conclude
that the function « is differentiable at each point of 'y, with da(c) = (p®(c), 0).

When p*(c) is rational, the Mather minimizing measures are supported on periodic orbits.

When p®(c) is irrational, the invariant set A(c) is uniquely ergodic. As a consequence, there
exists one and only one weak KAM solution (up to the addition of an additive constant), hence

N(c) = Alc).
In the irrational case, we will have to consider homoclinic orbits. Such orbits can be dealt
with by considering the two-fold covering

£:T" —s "

»Yn—1 »Yn—1



The idea of using a covering to study homoclinic orbits comes from Fathi, see [Fa2]. This
covering lifts to a symplectic covering

T x R" — T" x R™
(Gap) = (eapfapiapga e 717271) — E(Gap) = (g(e)apfapi/2ap§a e 7pf171)a

(1]

and we define the lifted Hamiltonian N = N o Z. Tt is known, see [Fa2, CP, Bel] that

Apoz(€*c) = 27 (An(0))

where £*c = (¢f,¢5/2,¢5,...,¢5 ). On the other hand, the inclusion

NNoE(f*C) D Eil(/\?‘]\[(c)) = Eil(AN(C))

is not an equality. More precisely, in the present situation, the set Anoz(&) is the union
of two disjoint homeomorphic copies of the circle Ay (&), and Nyoz(é) contains heteroclinic
connections between these copies (which are the liftings of orbits homoclinic to Ay (c)). More
can be said if we are allowed to make a small perturbation to avoid degenerate situations. We
recall that a metric space is called totally disconnected if its only connected subsets are its
points. The hypothesis of total disconnectedness in the following statement can be seen as a
weak form of transversality of the stable and unstable manifolds of the invariant circle Ay (c).
Theorem 1.5. In the context of Theorems 1.3 and 1.4, the following property holds for a dense
subset of functions R € R(T'1,¢,80) (for the C” topology): Fach ¢ € T'y is in one of the following
cases:

1. 05(Z(u,c)) C T for each weak KAM solution u at cohomology c.

2. p(c) is irrational, 6/ (N (c)) = T (hence, Ny (e) is an invariant circle), and Nyoz(E*c) —
E-Y(WNn(c)) is totally disconnected.

The arc I’y is then contained in a forcing class, hence the conclusion of Theorem 1.2 holds.

Proof. By general results on Hamiltonian dynamics, the set Ry C R(I'1,¢,0¢) of functions R
such that the flow map ¢ does not admit any non-trivial invariant circle of rational rotation
number is C"-dense. This condition holds for example if N is Kupka Smale (in the Hamiltonian
sense, see [RR] for example).

Since the coordinate map 67 is a homeomorphism in restriction to f(u,c), this set is an
invariant circle if 0/(Z(u,c)) = T. If R € Ry, this implies that the rotation number p(c) is
irrational. In other words, for R € R, condition 1 can be violated only at points ¢ when p (c)
is irrational, and then Z(u, ¢) = A(c) = N(c) is an invariant circle.

When R € Ry, it is possible to perturb R away from Cy in such a way that NNoa(E*C) —
=1 (N (c)) is totally disconnected for each value of ¢ such that A'(¢) is an invariant circle. This
second perturbation procedure is not easy because there are uncountably many such values of
c. This is the result of Theorem 5.1. A result of this kind was obtained in [CY2], here we give
a self-contained proof with many new ingredients, see Section 5.

We now explain, under the additional condition (1 or 2), how the variational mechanisms
of [Bel] can be applied to prove that I'y is contained in a forcing class. It is enough to prove
that each point ¢ € T'y is in the interior of its forcing class. We treat separately the two cases.

In the first case, we can apply the Mather mechanism, see (0.11) in [Bel]. In that paper,
the subspace Y (u,c) C R", defined as the set of cohomology classes of closed one-forms whose
support is disjoint from Z(u, c), is associated to each weak KAM solution u at cohomology ¢
(in [Bel], the notation R(G) is used). In the present case, we know that the map 6/ restricted
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toZ (u, f) is a bi-Lipschitz homeomorphism which is not onto. We conclude that Y (u, ¢) = R™.
Since this holds for each weak KAM solution u, we conclude that

Y(c) := N, Y (u,c) = R™

The result called Mather mechanism in [Bel] states that there is a small ball B C Y'(¢) centered
at 0 in Y such that the forcing class of ¢ contains ¢ + B. In the present situation, we conclude
that ¢ is in the interior of its forcing class.

In the second case, we can apply the Arnold’s Mechanism, see Section 9 in [Bel]. We work
with the Hamiltonian N o Z lifted to the two-fold cover. By Proposition (7.3) in [Bel], it is
enough to prove that £*c is in the interior of its forcing class for the lifted Hamiltonian N o =;
this implies that ¢ is in the interior of its forcing class for N.

The preimage =~ ! (NN(C)) is the union of two closed curves &; and Sy. The set NNog(g*c)
contains these two curves, as well as a set 7:[12 of heteroclinic connections from 51 to 5'2, and a
set Hgy of heteroclinic connections from S to S;. Theorem (9.2) in [Bel] states that £*c is in
the interior of its forcing class provided 7:112 and 7:L21 are totally disconnnected. Actually, the
hypothesis is stated in [Bel] in a slightly different way, we explain in Appendix B that total
disconnectedness actually implies the hypothesis of [Bel]. We conclude that each ¢ € T'y is in
the interior of its forcing class. Since I'; is connected, it is contained in a single forcing class. It
is then a simple consequence of the definition of the forcing relation, see [Bel], Section 5, that
the conclusion of Theorem 1.2 holds. This ends the proof of Theorem 1.2, using the results
proved in the rest of the paper. O

1.5 Bifurcation points and a longer diffusion path

This section discusses some improvements on Theorems 1 and 1.2. There are two limitations
to the size of the resonant arc I'y C I' to which the above construction can be applied.

The first limitation comes from the assumption that hypothesis (HZ\) should hold on T';.
Given a resonant arc I'y C I, it is generic to satisfy this condition on a certain subarc I'y C I's,
but it is not generic to satisfy (HZ\) on the whole of I'y. The presence of values of ¢ € I’y such
that Z(., c) has two nondegenerate maxima can’t be excluded. In this section, we explain how
a modification on the proof of Theorem 1.2 allows to get rid of this limitation.

The second limitation comes from the normal form theorem, and from the impossibility to
incorporate a finite set of additional resonances (punctures) in the domain of our normal forms.
This limitation is serious, and bypassing it would require a specific work around additional
resonances which will not be discussed here. Some preprints on this issue appeared after the
first version of the present works, see [C, KZ1, KZ2] (the latter ones being sequels to the present
work, and the first one is independent). Here, the best we can achieve is to prove existence of
diffusion orbits between two consecutive punctures. The number of punctures is independant
from ¢, it depends on the parameter § in Theorem 1.2, which can be computed using the
non-degeneracy parameter A, see Remark 2.1.

In order to get rid of the first limitation, we consider a second hypothesis on Z:

Hypothesis 2. There exists a real number X > 0 and two points 95,95 in T~ such that the
balls B(95,3\) and B(V5,3\) are disjoint and such that, for each p € T'1, there exists two local
mazima 05(p) € B(V5,\) and 05(p) € B(95,\) of the function Z(.,p) in T"! satisfying

3. Z(05(p),p) <M, 93.-Z(05(p),p) < M,
Z(6°,p) < max{Z(6{ (p), p), Z(64(p), p)} — A(min{d(6° — 67),d(6° — 63)})"

for each p € Ty and each 65 € T" 1.
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Given an arc I'y € R", the following property is generic in C"(T"~! x R, R):

The arc I'; is a finite union of subarcs such that either Hypothesis 1 or Hypothesis 2 holds
on each of these subarcs, with a common constant A > 0.

We have the following improvement on Theorem 1.2:

Proposition 1.6. For the system (3), assume that there exists X > 0 such that for each ¢ € Ty,
either Hypothesis 1 or 2 hold for each ¢ € T'y. Then there exists § > 0, which depend only on
n, Hy, and \, and such that, for each e €]0,0][, the following property holds for a dense subset
of functions R € R(I'1,e,d) (for the C" topology):

There exists an orbit (0(t),p(t)) and an integer T € N such that p(0) = p.(a—) and p(T) =

pxla).

Proof of Proposition 1.6. We use the same framework as in the proof of Theorem 1.2, so it is
enough to prove that each element of I'y is in the interior of its forcing class.

Observe first that Theorem 3.1 can be applied to prove the existence of two invariant cylin-
ders C! and C? in the extended phase space T™ x R™ x T. Moreover, we can chose the parameter
r smaller than A, in such a way that

0°(C) C B(03,2)) , 6°(Ca) C B(15,2)).

As earlier, we denote by Cj and C3 the intersections with the section {t = 0}. By Theorem 4.4,
we have

Ale) cciuc?
for each ¢ € I';. Let us now introduce two smooth functions F;(6%) : Tt — [0,1], i € {1,2},
with the property that Fy; = 1 in B(¥5,2)), F1 = 0 outside of B(95,3)\), F» = 1 in B(¥5,2))
and F» = 0 outside of B(95,3\)

Considering the modified Hamiltonians N — F; will help the description of the Mather sets
of N. One can check by inspection in the proofs (using that F; does not depend on p) that
Theorem 4.1 applies to N — Fj;, and allows to conclude that the Mané set M(c) of N — F; is
contained in C§. Let us denote by «;(c) the a function of N — F;. These objects are closely
related to Mather’s local Aubry sets.

Lemma 1.1. For each ¢ € Ty, a;(c) are differentiable at ¢, and a(c) = max{ai(c), az(c)}.
Moreover,

e Ifa(c) = ar(c) > aa(c), then N(c)
o If afc) = aa(c) > ai(c), then N'(c) = Na(e),
o If afc) = a1(c) = az(c), then Ni(c) UNa(c) € N(c).

N1(C),

Proof. The functions «;(c) are C! for the same reason as a(c) is C! in the one peak case.
Since N — N; < N, we have a;(c) < a(c). On the other hand, we know that

a(c) = max (- plp) — /papN — Ndp),

where the minimum is taken on the set of invariant measures p. Since we know that A(c) C
C3 UCZ, and since the maximizing measures are supported on the Aubry set, we conclude that
each ergodic maximizing measure is supported either on C' or on C2. If the measure is supported
in C?, then we have

ai(e) =z c-p(p) —/papN—N—i—Fid,u =c-p(p) —/papN—Ndu: alce).
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This proves the equality a(c) = max{ai(c), az(c)}.

As is explained in the proof of Theorem 4.4, there are two possibilities for the Mané set
N(c): either it is contained in one of the C§, or it intersects both of them, and then also contains
connections (because it is necessarily chain transitive).

If the Mané set N (¢) intersects 8, then the intersection is a compact invariant set, which
thus support an invariant measure. This measure must be maximizing the functional ¢- p(u) —
J PO, N — Ndy, and thus also the functional ¢ - p(p) — [ pd, N — N + F;du. As a consequence,
we must have a(c) = a;(c). O

We can prove by the variational mechanisms of [Bel] that a point ¢ is in the interior of its
forcing class in the following three cases:

First case, the Mané N (¢) set is contained in one of the cylinders C(i), and it does not contain
any invariant circle. Then the Mather mechanism applies as in the single peak case, and c is
contained in the interior of its forcing class.

Second case, the Mafié set is an invariant circle (then necessarily contained in one of the
cylinders C3), it is uniquely ergodic, and Nyoz(c) — 2~ (N (c)) is totally disconnected. Then
the Arnold’s mechanism applies as in the single peak case, and c is contained in the interior of
its forcing class.

Third case, the sets \;(c) are both non-empty and uniquely ergodic, and N'(c) — (N (c) U
N (c)) is totally disconnected. Then the Arnold’s mechanism applies directly (without taking
a cover), and ¢ is contained in the interior of its forcing class.

Each ¢ € I'; is in one of these three cases provided the following set of additional conditions
holds:

e The sets N;(c) are uniquely ergodic.
e The equality a;(c) = as(c) has finitely many solutions on T';.

e The set N'(c) — (Ni(c) UN>(c)) is totally disconnected (and not empty) when a;(c) =
as(c).

e The set Nyoz(c) —Z~1(N(c)) is totally disconnected whenever NV (c) is an invariant circle.

Let us now explain how these conditions can be imposed by a C” perturbation of R.

We first consider a perturbation R; of R such that, for each rational number p € Q x {0},
there exists a unique Mather minimizing measure of rotation number p. Such a condition is
known to be generic (because it concerns only countably many rotation numbers) see [Mn, CP,
BC, BeT].

We then consider a perturbation Rs of the form Ry — sFp, with a small s > 0. It is easy to
see that the functions a?(c),c € I'y associated to the Hamiltonian Hy + £Z + e Ry are

%

af(e) =en(e) . aj(c)=az(c) +
where o} (c) are the functions associated to Hy + €Z + €R;. By Sard’s theorem, there exist
arbitrarily small regular values s of the difference o} — ad. If s is such a value, then 0 is a

regular value of the difference a2 — a2, hence the equation a?(c) = a3(c) has only finitely many

solutions on I'. Note that the perturbation is locally constant around the cylinders C?, hence
this second perturbation does not destroy the first property.

We then perform new perturbations supported away from C?, which preserve the first two
properties. The third property is not hard to obtain since it now concerns only finitely many
values of ¢. The last property is obtained using arguments of Section 5.

We have proved that the Hamiltonian R can be perturbed in such a way that each point of
T'y is in the interior of its forcing class. |
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2 Normal forms

The goal of the present section is to prove Proposition 1.1 which allows to reduce Theorem 1 to
Theorem 1.2. This reduction to the normal form does not use the convexity assumption. We
put the initial Hamiltonian H. in normal form around a compact subarc I'y of the resonance

I'={p* =p.(p’)} ={(p € R",8,- Hy = 0}.

This global normal form is obtained by using mollifiers to glue local normal forms that depends
on the arithmetic properties of the frequencies. This allows a simpler proof for instability, as
we avoid the need to justify transitions between different local coordinates.

Recall that study a resonance of order n—1 or, equivalently, of codimension 1. The resonance

of order n — 1 is given by a lattice A span by n — 1 linearly independent vectors ki, ..., k,—1 €
(Z™\ 0) x Z. Denote by 05 = k; -0, w? =k;-VHo(p), j=1,...,n—1,and 6° = (0,...,0;_;)
the slow angles and by w® = (w§,...,w?_;) the slow actions resp. Choose a complement angle

0/ so that (6%,07) € T"~! x T form a basis.

For p € T' we have w(p) = (0,0,r Ho(p)). We say that p has an additional resonance if
the remaining frequency 0,s Ho(p) is rational. In order to reduce the system to an appropri-
ate normal form, we must remove some additional resonances. More precisely, we denote by
D(K,s) C B the set of momenta p such that

® [|0p+ Ho(p)|| < s, and
e |k70,;Ho(p) + k'| > 3Ks for each (k/, k') € Z? satisfying max(|k/|, |k!|) €]0, K].

The following result, which does not use the convexity of Hy, is a refinement of Proposi-
tion 1.1:

Theorem 2.1. [Normal Form] Let Ho(p) be a C* Hamiltonian. For each § €]0,1[, there exist
positive parameters Ko, o, B such that, for each C* Hamiltonian Hy with |H;||cs < 1 and each
K > Ky, € < gg, there exists a smooth change of coordinates

P:T"xBxT—T"xR"xT

satisfying ||® — id||co < /2 and ||® — id||c> < & and such that, in the new coordinates, the
Hamiltonian Hy + €Hy takes the form

N, = HO(P) + EZ(@S,p) + ER(@,p, t)a
with | R c> <6 on T" x D(K, Be'/*) x T. We can take Ko = c6 2,8 = cd~ 1", g9 = 6"*5 /¢,
where ¢ > 0 is some constant depending only on n and ||Hop||ca.

The proof actually builds a symplectic diffeomorphism ® of T"*! x R"+1 of the form

(0, p,t,e) = (®(0,p,t),e+ f(0,p,1))

and such that B
N.+e=(H:.+¢)od.

We have the estimates ||® — id||co < /z and [|® — id||¢> < 0.

Remark 2.1. [Distance between punctures] On the interval, the distance between 2 adjacent
rationals with denominator at most K is 1/K?. Choose K = K as in Theorem 2.1, the distance
between adjacent punctures is at least D™1/K? > D™ 1c7164,

The length of 'y is determined by the choice of &, which can be chosen optimally in Theo-
rem 1.3 and Theorem 4.1. Upon inspection of the proof, it is not difficult to determine that 0
can be chosen to a power of \, which shows the distance between punctures is polynomial in X.
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To prove Theorem 2.1 we proceed in 3 steps. We first obtain a global normal form N,
adapted to all resonances. We then show that this normal form takes the desired form on
the domain D(K, s). However, the averaging procedure lowers smoothness, in particular, the
technique requires the smoothness » > n + 5. To obtain a result that does not require this
relation between r and n, we use a smooth approximation trick that goes back to Moser.

2.1 A global normal form adapted to all resonances.

We first state a result for autonomous systems. The time periodic version will come as a
corollary. Consider the Hamiltonian H. (¢, J) = Ho(J) + eHy(¢, J), where (¢, J) € T™ x R™
(later, we will take m =n +1). Let B = {|J| < 1} be the unit ball in R™. Given any integer
vector k € Z™ \ {0}, let [k] = max{|k;|}. To avoid zero denominators in some calculations, we
make the unusual convention that [(0,---,0)] = 1. We fix once and for all a bump function
p: R — R be a C* such that
1, |z| <1
ple) = { >

0, |z|>2

and 0 < p(z) < 1 in between. For each 5 > 0 and k € Z™, we define the function py(J) =

p( 5374?,;’] ), where /3 > 0 is a parameter.

Theorem 2.2. There exists a constant ¢, > 0, which depends only on m, such that the
following holds. Given:

o A C* Hamiltonian Hy(J),

o A C" Hamiltonian Hy(p, J) with ||[Hi||cr =1,

e Parameters r > m+4, § €)0,1[, € €0,1[, 8 >0, K > 0,
satisfying

o K > cméﬁis,

o 53 on(l+ | Hollo)s /2,

o Be/* < || Hollcs,

there exists a C? symplectic diffeomorphism ® : T™ x B — T™ x R™ such that, in the new
coordinates, the Hamiltonian H. = Hy + eHy takes the form

H€O®:HO+€R1+€R2
with

o Ri =Y icom ni<k ok (J)hi(J)e>™E9) - here hy(J) is the k' coefficient for the Fourier
expansion of H,

* [[Rellc2 <6,
o ||® —id|co < 8y/E and ||® —id||c2 < 0.
If both Hy and Hy are smooth, then so is ®.

We now prove Theorem 2.2. To avoid cumbersome notations, we will denote by ¢, various
different constants depending only on the dimension m. We have the following basic estimates
about the Fourier series of a function g(¢, J). Given a multi-index o = (aq, -+ , @y, ), we denote
la| = a1 + -+ 4 @ Denote also Ky, = > 5 [k 7™ L.
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Lemma 2.1. For g(¢,J) € C"(T™ x B), we have
L IfL<r, we have || gr(T)e*™ ) || oo < [k gllo-

2. Let gp(J) be a series of functions such that the inequality ||0j«gi|lco < M[k]~lel=m=1
holds for each multi-index o with |o| <, for some M > 0. Then, we have
| S pezm gr(D)e™ ED) | o < crp M.

3. Let TIj,g = Z|k|>ng(J)62”(k'¢). Then for I < r—m — 1, we have ||jg|lct <
K B g o

Proof. 1. Let us assume that k # 0 and take j such that k; = [k]. Let o and 7 be two
multi-indices such that | + 5| < [. Finally, let b = r — [, and let 8 be the multi-index
8=1(0,...,0,b,0,...,0), where 8; = b. We have

gk(J)e%”'(k’W) :/ 9(9, J)e2i7r(k,90—9)d9 :/ g(9+g0, J)e—2i7r(k,9)d9’

m m

hence

Do (gr(D)e™ ™ D) = | Do g6 + o, T)e >0 g,
'er
_ / apa&ﬂ,]ng(@ + @, J) ef2i7r(k19)d9_
m (QiFkU)b

Since |a + 8 + 1| < 7, we conclude that
g (D™ * A lco < Ngller/ @nlk)” < llgller k)

2. We have || gi(J)e? ™ ")) <

1> b NP F o < alklTTM < ek M,
kezm kezm

recall that x,, = ZkeZ"" |k|_m_1'
3. Using 1., we get

Mgl < D K lgller < llgler K™+ 37 k=t
|k|>K |k|>K

<lglerB™ =Y k]
kezm

Proof of Theorem 2.2. Let G(¢,.J) be the function that solves the cohomological equation
{Hy,G}+ H, = R, + R,

where Ry = H}Hl. Observing that pg(J) = 1 when k- 9;Hy = 0, we have the following
explicit formula for G:

(1= pI)AE() amieay
k- 0y Ho(J)

Glp, J) = (2mi) ™ )

[k|<K
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where each of the functions (1 — py(J))hg(J)/ (k- 05 Hy) is extended by continuity at the points

where the denominator vanishes. This function hence takes the value zero at these points. G
is well defined thanks to the smoothing terms 1 — p; we introduced, as whenever k- 9;Hy =0
we also have 1 — pp = 0 and that term is considered non-present. Since G as defined above is
only C2, we will consider a smooth approximation

Gl )= 3 gu()emitio)

|k[<K

where g (J) are smooth functions which are sufficiently close to % in the C® norm.

Let ®! be the Hamiltonian flow generated by G. Setting F; = Ry + R, + t(H;— R1— Ry),
we have the standard computation

at((Ho +ekFy)o @t)) = cOiFy 0 ®' + e{Hy + eF;,G} o &

=e(0uF, + {Hop,G}) 0 @' + *{F,,G} o @'
- EQ{Fta G} © (I)tv

from which follows that

1
HEO¢1:H0+€R1+€R++€2/ {Ft,G}Oq)tdt.
0

Let us estimate the C? norm of the function Ry := Ry + gfol{Ft, G} o ®'dt. It follows from
Lemma 2.1 that 1
[Reles < k2 o < 2

We now focus on the term fol{Ft, G} o ®'dt. To estimate the norm of Fy, it is convenient to
write F}, = F, + (1 f~t)R1, where F, = (1 —t)R4+ + tHy. Notice that the coefficients of the
Fourier expansion of F} is simply a constant times that of Hy, Lemma 2.1 then implies that

1Flles < D (M* T Hiller = kol Hillor
kezm

provided that 7 > m + 4, where we set fp, = >, [k] 7™ 7L

We now have to estimate the norm of R; and G. This requires additional estimates of
the smoothing terms pj as well as the small denominators k- d;Hy. We always assume that
1 €{0,1,2,3} in the following estimates:

(A1 = |(k-05Hy) Y < p e VA KT
- [I(k - 05 Ho) M ler < emBI e DA Holl! on {py, # 1},
- Nlow(Dller < emB™'e M| Holllps and [[1 = pr() | < emB™'e™ 4| Holla-

We have been using the following estimates on the derivative of composition of functions: For
f:R™ — Rand g:R™— R™ we have || f o gllct < cmullfllc:(1+ llg]lL)-
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- For each multi-index |a| < 3, we have that

100 (1 = pr ()i (J) (K - D1 Ho) ™) [l co
< > It =pr(Dllgtes 1Pkl cras [ (K - 05Ho) ™ | ctost (gp 1)

a1 tastaz=«a

<em o (Bl A GG ]l Hy o

artaztaz=a

.6*|0¢3|7157(\a3|+1)/4”H0”\CafH-l)
@mﬂ*‘“'*lf“‘““)/‘*[k]‘“'*’”HHOH'(?J“||H1|\CT_
In these computations, we have used the hypothesis Be'/* < ||Hgllcs. Since G(p,J) =
> kezm (1= pr(J))ha(J) (K - dyHy)~'e?™(#¢) Lemma 2.1 nnphes (since r > m+1) :
- NGler < emB1=Le= /A H [ | H e < 7.
We now turn our attention to Ry = Z|k|<K pk(J)hk_(J)e2i7r(k'¢):
- Nhller < (k] =71 H |-
- lpehrllor < emB~'e™ Ak Holla | Ha [l
- Riller < emB~le™4| Ho||L || Hi || oy provided r > m + 4.

We obtain
IFillcr < [[Raller + | Filler < emB™'e™ 4| Hollboal | Hyll o,

and

{FGHie2 < Y. IFlcullGlloes < emB e [ Holl&a | HilIE-
[ar +az|<3

Concerning the flow ®*, we observe that ||eG||cs < 1, and get the following estimate (see e. g.
[DH], Lemma 3.15):

- [[@* —id||c2 < emel|Glles < emB™ [ Hollga [ Hnllor <0
- @~ idllco < emellGllor < emB2VEI Hol2: | Hiller < 6%.
Finally, we obtain

ell{Fi, G} 0 @'|[c2 < emel{Fr, G22I

<
< emB7H [ Holl&a [ HAIE < 6/2.

2.2 Normal form away from additional resonances

We now return to our non-autonomous system and apply Theorem 2.2 around the resonance
under study. To the non-autonomous Hamiltonian

H.(0,p,t) = Ho(p) + eH1(0,p,t) : T" xR" xT — R
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we associate the autonomous Hamiltonian
He(p,J) = Ho(I) + e +eH1 (0, 1) : T"*' x R"™ — R,

where ¢ = (0,t) and J = (I,e). We denote the frequencies w € R™! by w = (wf,w® W) €
R* ! x R x R, and define the set

K, s) = {w e R ||w¥]| > s, [Kfwf + Kw?| > 3sK V(k*, k) € 22},

where we have denoted by Z2 the set of pairs (kf, kt) of integers such that 0 < max(k’, k) < K.
Note that
D(K,s) ={peR": (0,Ho(p),1) € QK,s)}.

Corollary 2.2. There exists a constant ¢, > 0, which depends only on n, such that the following
holds. Given :

e A C* Hamiltonian Ho(p),

e A C" Hamiltonian H1(0,p,t) with ||H1|cr = 1,

e Parameters r 2 n+5, 6 €]0,1], € €]0,1[, 6 > 0, K > 0,
satisfying

o K > cnéﬁlﬂi,

o B3 cn(l+ [ Hollon)oV2,

o B/t < |[Hollos,

there exists a C% symplectic diffeomorphism ® of Tt x R™ ! such that, in the new coordinates,
the Hamiltonian H. = Hy + € Hy takes the form

N, =Hy+¢eZ + <R,
with
o [|[R|c2 <6 on T" x D(K, Be'/*) x T,
o 16— idloo < 6yE and | — id]|cs < 6.
The symplectic diffeomorphism ® is of the form
©(0,p,t,e) = (B(0,p,1),e + f(0,p,1))

where ® is a diffecomorphism of T™ x R™ x T fizing the last variable t. The maps ® and ® are
smooth if Hy and Hy are.

Proof. We apply Theorem 2.2 with H., m =n+ 1 and § = §/2. We get a diffeomorphism P
of ™! x R™*! as time-one flow of the Hamiltonian G. By inspection in the proof of Theorem
2.2, we observe that G does not depend on e, which implies that ® has the desired form. We

have ~ ~ ~
H.0o® = Ho(J) +eRy +eRs

where || Rz > < 6/2 and

. kT - 0,r Ho + k*0ps Ho + Kt ik
R0 = Y p( S TR g e o)
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Let us compute this sum under the assumption that p € D(K, Bel/ 4) (or equivalently, that
(0, Hy, 1) € Q(K, Be'/*)). We have

k! - 0,r Ho
ﬁ€1/4[k]

hence

kT - 0,r Ho + k*0ps Ho + Kt
p Bel/A[k]
for k such that k% = 0 = k*. For the other terms, we have, by definition of Q(K, s),
k%0, Hy + k'
- Bel/AK

s t
’kz OpsHo + k >3,

Bel/A[k]

hence

=

kS 0,s Ho + k*0ps Ho + k'
ﬁ€1/4[k]

and these terms vanish in the expansion of R;. We conclude that

- . of
Ri(0,p,t) = Z g(kf,o,o)(p)e%rlC ¢
kfezr—1 k1<K

hence Ry = Z — I1;.(Z), with the notation of Lemma 2.1. Finally H.o® = Hy+cZ+eR, with
Ry = Ry — H}Z. From Lemma 2.1, we see that

I Z) ez < cn K™ 377 Z |l or < e K™ Hyllor < e K™T377 < 5)2.

On the other hand, || Ra||c2> < 6/2, hence ||Ra ¢ < 6. O

2.3 Smooth approximation

We finally remove the restriction on r and obtain a smooth change of coordinates. If r < n+5,
we use Lemma 2.3 below to approximate H; by an analytic function Hy := S;H; (with a
parameter 7 that will be specified later).

Lemma 2.3. [SZ] Let f : R — R be a C" function, with r > 4. Then for each 7 > 0 there
exists an analytic function S;f such that

HSTf - f”cs < c(n’r)||f||037.r—3,

I1S: fllos < e(n,r) | fllosr™ 77

CsT )
for each s > r, where c¢(n,r) is a constant which depends only on n and r.

In order to obtain a smooth change of variables, it is also convenient to approximate Hy(p)
in C*(B) by a smooth H((p) (using a standard mollification). We then apply Corollary 2.2 to
the Hamiltonian

H! :=H)+eH{ = Hj +¢e2H>

with Hy = Hy /|| H} ||cr2, with €2 = ¢|[Hf ||cr2, and with some parameters rp > 7 and da < § to
be specified later. We find a smooth change of coordinates ® such that

H:o® = Hy +ey75+eaRo = Hy + 2 + || Hy||cr2 R

20



and || Ra|lc2 < 82, where Zo(0%,p) = [ Had6dt and Z*(0%,p) = [ Hidf/dt. As usual, we have

denoted by I:IE* and H{ the automomized Hamiltonians HZ = HZ + e and Hj = Hj + e. With
the same map ®, we obtain o B
H.od=Hy+eZ+<cR

with
R=||Hfllcr2Ro + (Z = Z*) + (H} — H1) o ® + ((Hg — Ho) + (Ho — Hg) 0 ®) /e
In the expression above, the map @ is the trace on the (0, p, t) variables of the map P. Choosing

T = 5;/(”_3), and assuming that |Hf — Hollcr < €d/c(n,4) we get

=3
- |HY = Hilles < e(n,2)d5%™

Ty —T

1Hlcma < e(n,r2)dy, ™7

r—3

12* = Zlle= < ||Hf = Hillo2 < e(n,r2)65° "

S|P —id|| 2 < 0 < T <1,
- (Hy = Hi) o @2 < e(n,r2)[|HY — Hille2(|@]l o2 + [|@[I22) < e(n, 5)[|HY — Hil| .
- |[(Ho — Hg) 0 ®f|c2 < 6/c(n, 72).

and finally

r—3

IRllc2 < e(n, r2)65> " +8/c(n, 72).

We now set -
dg =073 Je(n,ry) < /2

and get ||R||cz < 6. To apply Corollary 2.2 as we just did, we need the following conditions to
hold on the parameters:

ro—3 1
- K > c(n,ry)6 T 90a-=1 | which implies K > c,65
ro—3 _
- B> c(n,m2)(2 4 ||Hollcs)d™ 2= which implies 8 > ¢, (1 + || Hf||¢4)d4 /2

- Bel4 < (14 ||Hol|c4)5T75 which implies Bed/* < || HE||cs.

We apply the above discussion with ro = 2n + 5 and get Theorem 2.1. Note the estimate

N

- 1——t277"
id— P Cco < (52 £9 1) 2r2=9) \/g < \/g
2

3 Normally hyperbolic cylinders
In this section, we study the C? Hamiltonian
Ne(0,p,t) = Ho(p) +€Z(0°,p) + €R(0,p, 1).

In the above notations we denote by p%(p/) € R"~! the solution of the equation 9, Ho(p%(p/), p/) =
0. We recall also the notation p.(pf) := (ps(p/),p?) from the introduction. We assume that
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[Z]lcs < 1, and that D~'T < 82,Ho < D1 for some D > 1. To simplify notations, we will be
using the O( ) notation, where f O(g) means |f| < Cg for a constant C' independent of ¢,
A, 6, 7, a”, a”. We will not be keeping track of the parameter D, which is considered fixed
throughout the paper.
Given parameters
A€l0,1], a” <at,

we assume that for each pf e [a™,a™] there exists a local maximum 62 (pf) of the map 6° —
Z(0%,p«(p’)), and that 02 is a O2 function of p/. We assume in addition that

< 0poge Z(03(p7),pu(p”)) < —AI (7)

for each p/ € [a~, a™], where as before I is the identity matrix. We shall at some occasions lift
the map 6 to a C? map taking values in R"~! without changing its name.

Theorem 3.1. The following conclusion holds if b €]0,1] is a sufficiently small constant (how
small does not depend on the parameters e, \,8,a~,a™): If the parameters X €]0,1], a= < a™,
e, 0 satisfy

0<e<b\’? | 0<68<b\/?,

if IR|lc2 <6, on the open set
{O.p,0): p! €la”,a’[, |Ip°—pip!)l <2}, (8)
and if (7) holds for each p’ € [a™,a™], then there exists a C* map
(0%, P)(0F,p% 1) : T x [a™ + Voe,at — Voe] x T — T x R™ 1
such that the cylinder
C={(6°p°) = (©°, P07, p/,1); p/ ela” +Voe,a™ —Voe], (6/,t) €T xT}

is weakly invariant with respect to N in the sense that the Hamiltonian vector field is tangent
to C. The cylinder C is contained in the set

V= {(0,p,t);p’ € [a” + Vie,at — Viel;
(07 — 02(p") | < BVPNY2 |Ip* — pi(pT)|| < bY/ON2el/2},

and it contains all the full orbits of N. contained in V. We have the estimates
||®S(9f7pf,t) — Qi(pf)H < O(}\*lé‘ + /\73/4\/5),

1P*(67, 07, 1) — i ()| < VEO(AT2/6 + X712 V),

00" A2V + AT4NG 00" ) 5
- - ~5/4
S B
ops oprs
[t BCUIR o) B

Notice that the domain V is contained in the domain (8) where the assumption on R is
made.
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Proof of Theorem 1.3. We derive Theorem 1.3 from Theorem 3.1 as follows. We assume that
Hypothesis (HZ\) holds on

U= {(p«(p")), 0" € la—, a4]}.

Then the inequality
I < 8.9 Z(0:(07), 04 (p7)) < =21

holds for pf € [a_,ay]. Since ||Z||¢s < 1, the inequality
—I < 82.5.2(0°,p) < =
holds for each (6%, p) in the A-neighborhood of (65(a—),p«(a—)). The inequality
200, p.(a-)) < Z(8:(a-), pu(a-)) — A2(6°,03(a_))

implies that the function Z(.,p.(p/)) has a global maximum 62 (pf), which is contained in the
ball B(#:(a_),\), provided |pf —a_| < bA? and b is small enough. By a similar reasoning at
a4, we extend the map pf — 62(p) to the interval [a_ —bA3, ay +bA?] in such a way that, for
each p/ in this interval, the point 62 (pf) is a local (and even global) maximum of the function
Z(.,p«(p")) which satisfies the inequalities

—1 < 034 Z(05(p7), pu(p”)) < = AL

Taking a small b > 0, we set £ = b'/9A%/2 and § = b°\?. Assuming as in the statement of
Theorem 1.3 that the estimate ||R||c2 < ¢ holds on T™ x U,/s x T, hence on

{0.p,0): p elam — /2,00 + 2720 Ip° = pl(p))] <'/?/2}.
and that ¢ €]0, §[, we apply Theorem 3.1 on the interval
[a=,a%] == [a_ —¥/3/2,a; +/3/2] Cla_ — bA3,ay + DA
If b (hence ) is small enough, then we have the inclusion

[a™ +Ved,aT —Ved) D la_ — ke'/3 ay + re/?).

O

The proof of Theorem 3.1 occupies the rest of the section.
The Hamiltonian flow admits the following equation of motion :

0° = 0pe Ho + €0y Z + €0ps R

ps = —EagsZ — EagsR

0f =0, Ho + 0,0 Z + 0,y R . (9)

pf = —c0ps R

t=1

The Hamiltonian structure of the flow is not used in the following proof.

It is convenient in the sequel to lift the angular variables to real variables and to consider the
above system as defined on R»™! x R*~1 xR x R x R. We will see this system as a perturbation
of the model system

0°=0pHy , p'=—c0p2 , 0F=0,Hy , p/=0 , i=1L (10)
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The graph of the map
(07,7, t) — (02(07), 22 (07))

on Rx]a™,a®[xR is obviously invariant for the model flow. For each fixed pf, the point
(02 (p?), p2(p’)) is a hyperbolic fixed point of the partial system

0° = 0y Ho(p*,p') , p° = —0p-2(6°,p%,p")

where p/ is seen as a parameter. This hyperbolicity is the key property we will use, through the
theory of normally hyperbolic invariant manifolds. It is not obvious to apply this theory here
because the model system itself depends on ¢, and because we have to deal with the problem of
non-invariant boundaries. We will however manage to apply the quantitative version exposed
in Appendix A.

We perform some changes of coordinates in order to put the system in the framework of
Appendix A. These coordinates appear naturally from the study of the model system as follows.
We set

B(p?) =02, Ho(p«(p7)) . Ap') := =05.4: Z(6;(p7), p. ("))

If we fix the variable p and consider the model system in (6%, p®), we observed that this system
has a hyperbolic fixed point at (65(p/), p3(pf)). The linearized system at this point is

0° =B )p* , p*=cA@p))6".
To put this system under a simpler form, it is useful to consider the matrix
TR!) = (B0 (B2 AW ) B2 () 2B 2 () 2

which is symmetric, positive definite, and satisfies T?(p/)A(p")T?(p/) = B(p?), as can be
checked by a direct computation. We finally introduce the symmetric positive definite matrix

Ap?) = TEHAPT W) =T~ (") BT~ ().
In the new variables
E=T ' (p")0* + e PTp* . n=T""p"e° - 2T )",
the linearized system is reduced to the following block-diagonal form:
E=ePApNE =AM,

see [Be3] for more details. This leads us to introduce the following set of new coordinates for
the full system:

) (0° = 0:(p7)) + 72T (") (p* — pi(p7))
(") (07 — 0:(p7)) — e 2T (") (p° — Pi(p7)),
I:Efl/pr , © :79f,

T—l
T—l

x
Y
where v is a parameter which will be taken later equal to §'/2. Note that
; s(.1/2 1 1/2 1/2 APy
0° = 0:(c"°1) + 5 T(e Phx+y), p°=pie?D)+ — I (e Pz —y).
Lemma 3.1. We have A(p/) = \/\/D I for each p’ € [a~,a™].
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Proof. The matrix A is symmetric, hence it satisfies A > A1, where A, > 0 is its smallest

eigenvalue. The real number ), is then an eigenvalue of the matrix { ] which is similar

0 —A

0 B . . . o

to [ A 0] . Since both A and B are square matrices of equal size, we conclude that A;

an eigenvalue of A71B~!. Since ||[A™!|| < A7! and ||[B7Y|| < D, we have \[? < ||[A7!B7!|| <

DX~1. We conclude that A\, > /A\/D. O
The links between the various parameters €, §, vy, A, p which appear in the computations

below will be specified later. We will however assume from the beginning that

J<p<A<l , Ve<p<l , 0<y<A<L

Let us first collect some estimates that will be useful to see that the system (9) is indeed a
perturbation of the model system.

Lemma 3.2. We have the estimates
Tl = OV, IT7H = 0(1), (18, Tl < ONT4), 1|9, T~ < O/,
10,5850 < O1), [l = O, 10° = 851 < O"4), " — ]| < O/%p),
where p = max(||z], [[y[])-
Proof. We recall that T' = (BY/2(BY/2 ABY/2)=1/2B1/2)/? and 7-1 = (B=V/2(BY/2 ABY/2)\/2=1/2) /2,
Since D™'T < B < DI and M < A < I, we obtain that |T|| < O(A\"'/*) and that

|7 < O(1). To estimate the derivative of T, we consider the map F : M +—— M/?
defined on positive symmetric matrices. It is known that

dFy - N = / Tt M2 gy
0
To verify this one can diagonalize M, perform integration, and match terms in (M 172 4

edFyr - N)Y(MY/? 4+ edFy - N) = M + &N + O(g?). This implies that

ldEA || < M2~ 2 < M2 /2,
As a consequence, if M (py) is a positive symetric matrix depending on py, we have

18, M| < [|1M 72|10 M /2.

We apply this bound several times to estimate 0,;T and 9,y T—!. In our situation, we have

9, A = O(1), 9,;B = O(1). Using M = A and B, we get 0,r(AY?) = O(A"1/2) and

apf(Bl/Q) = O(1) resp. Using M = BY2ABY? we get 5pf[(Bl/2ABl/2)1/2] = O(\"1/?),
and then

Hapf[T—l]” < H(B—1/2(Bl/QABl/Q)l/QB—l/Q)—1/2||||apf[B—1/2(BI/QABl/Q)l/QB—l/Q]H
= O YHONT2) = oA,

Recalling that
18 (M| < (1M 210, M,

we obtain (with M =T-1)
18 TI| < TN 0 [T < Bpr (M) = O(NT1).

The other estimates are straightforward. |
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Corollary 3.3. Let V be the image in the (x,y,1,0,t) coordinates of the domain called V in
the statement. We have

N - +
7 C o ol < 040N oyl < 0N R | 22 4 VB, B - VB xR

- - +
Vo {z: ||zl <26V N1 x {y ¢ ||yl < 264NT/4) xR x [“75 + /3, “—\/E — \/5} x R

provided b is small enough.

From now on, we work on the region
Lozl < e, Yl <

In view of Lemma 3.2, this region is contained in the (image in the new coordinates of the)
domain where the inequality ||R|/c2 < 0 was assumed.

p'ela,a

Lemma 3.4. The equations of motion in the new coordinates take the form
i = —VEAWEDZ + e 2ONTYA5 + X734 + O(e)
§ = VEANVEDY + PO+ A7) + O(e)
i = O(39),
where p = max(||z|, ||y||) is assumed to satisfy p < \. The expression for © is not useful here.

Proof. The last part of the statement is obvious. We prove the part concerning &, the cal-
culations for § are exactly the same. In the original coordinates the vector field (9) can be
written

6° = B(p")(p* = pi (")) + O(Ip* = pi(»")|*) + O(e),
B = A ) (0% — (7)) + O(e]6° — 03(p)|I?) + O(ed).
As a consequence, we have
& =T 'B(p* —pi) +"/*TA®0° - 05)
+T71-O(|lp* = p2|)? +e) + /2T - O(]|6° — 62* + 6)
+ (s T PP (0° = 02) + 728, T) 97 (0° — p2)
= T (9ys02) 97 — &7 2T (D7) P
We use the estimates of Lemma 3.2 to simplify (recall also that p/ = O(e6)):
i =T 'B(p® —ps) + e /*TA0° — 62)
+ 0(ep? + &) + O(e'/PA=3/4p2 4 /2 )\~ 1/45)
+ O\ "edp) + ON1ep) + O(N"Led + A1/ 41/25),

O
Lemma 3.5. In the new coordinate system (x,y,0,1,t), the linearized system is given by the
matrix
VeEA 0 0 0 0
0 —veA 0 0 0
L=1]0 0 0 0 0| +O0(VedA VA=t 4 JeX™3/4p 4 eA=5/4 4\ Jey),

0 0 0 0 0
0 0 0 0 0

where p = max(||z], ||y])-
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Proof. Most of the estimates below are based on Lemma 3.2. In the original coordinates, the
matrix of the linearized system is:

O(e) 9%, Ho+0(e) 0 aifpsHo +0() 0
) —£03.9:Z O(e) 0 O(e) 0
L= O(e) 0(1) 0 O(1) 0| + O(d¢),
0 0 0 0 0
0 0 0 0 0
In our notations we have
O(e) B+O0(+ep) 0 92 Hy+O0(e) 0
B A+ O0(ex"4p) O(e) 0 O(e) 0
L= O(e) O(1) 0 O(1) 0| + O(de),
0 0 0 0 0
0 0 0 0 0

In the new coordinates, the matrix is the product

;[ 0@y.0,0t) ] 5 [0(6°p°6%,pT.1)
Lo, ps. 07,07 1)

d(z,y,0,1,1)
We have
T/2 T/2 0 O(veA™) 0
a6, p%, 0 pf 1) VET™1/2 —ET7Y/2 0 \Edupi+O(A/"p) 0
[a, ’6’”’ }— 0 0 L 0 0
('rvya ) a) 0 0 0 \/g 0
0 0 0 0 1
hence
T 8(957p579f5pf5t) —1
L = )
{ 6wy, 6,1.0) | 00
VEBT 2+ 0(eN"1%)  —\EBT1/2+O0(eA"Y4) 0 O(ex™3/4p4¥2071) 0
eAT/2 4 O(eX=1/2p) eAT/24+O(eX"Y2p) 0 20\ 4p+ A1) 0
O(ve) O(ve) 0 O(ve) 0
0 0 0 0 0
0 0 0 0 0

This expression is the result of a tedious, but straightforward, computation. Let us just detail
the computation of the coefficient on the first line, fourth row, which contains an important
cancellation:

VED} e HoOpspl + VEDL; . Ho + O(eA™/p 4+ £%/2X71)

:\/gapf (8psHo(p* (pf)) + O(E);B/zip + 53/2>\71) _ O(€A73/4p + 53/2)\71)_

We now write

T-1 V2T 0 O(eVAATVY) o
1 _—1)2 —1/2\—1/4
O(e.,0.1.1 T 12T 0 O /2AY) o
50 o )= | ° 0 5 0 0,
y D7 y Py 0 0 0 5_1/2 0
0 0 0 0 1
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and compute that

VEA 4 O(VEX3/4p) O(v/EA=3/%p) 0 O(eA=5%) 0
O(VEA—3/p) —VEA+O(VEA™4p) 0 O(ex™/*) 0

L= O(Vey) O(Vey) 0 OWey) 0
0 0 0 0 0

0 0 0 0 0

+0(v/EdoN~ Y4y,
O
In order to prove the existence of a normally hyperbolic invariant strip (for the lifted system),
we apply Proposition A.4 to the system in coordinates (x,y,©,1,t). More precisely, with the
notations of appendix A, we set: u=x,s =y,c1 = (0,t),co = I, and consider the domain

0 =R2x 0 =R x a—;+x/5, B

NG
v=V8, a= VeNAD, o= Ve, (11)

observe that \/eA > 2al, by Lemma 3.1. We assume, as in the statement of the Theorem, that
0 < e < bX? and that 0 < § < bA®>/2. We apply Proposition A.4 with B* = {u : ||ju|| < p} and
B® = {s:|s|| < p} under the constraint

b_1/4(A_3/45+A_1/2\/E) g pg b1/6A5/4, (12)

at
NG
We fix

provided b €]0, 1] is small enough. Observe that, if b is small enough, the inequalities
b71/4(A73/45+ A71/2\/E) < 2b1/4>\7/4 < b1/6>\5/4

holds under our assumptions on the parameters, hence values of p satisfying (12) do exist. It
is easy to check under our assumptions on the parameters that such values of p exist. Let us
check the isolating block condition under the condition (12). By Lemma 3.4, we have

iz > 2alz))? — ||lz|| O(e/PATYA8 4 V/2A73/4)p% 1 ¢)
if x € B*,y € B®. If in addition |z| = p, then
S A L [ IR VAP iy o P

hence
iz > 2az)? - |26/ O(VeX) = al|z|®

provided b is small enough. Similarly, -y < —al|y[|?> on B* x B? provided b is small enough.
Concerning the linearized system, we have

Luuw = VEA + O(VESAV Ay ™1 4 (a3 p 4 eX™5/4 4 /)
= EA +O(YVe)) > o,
Lgs = —/eA + O(bY/5VeN) < —al

on B x B® x Q,. These inequalities holds when b is small enough because \/eA > 2al and
VeX < O(w). Finally, still with the notations of Proposition A.4, we can take

m = O(VeoA Vi 4 e 3 p 4 eX™* 4+ ey + /E6 /o)

= VEXO(VOXT3/ 4 pA™%/4 4 \eXTT/4) = VX O(bV/9). (13)
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If b is small enough, we have 16m < « hence
K <2m/a < 1/8,

and Proposition A.4 can be applied. The invariant strip obtained from the proof of Proposition
A4 does not depend on the choice of p, as long as (12) holds. It contains all the full orbits
contained in

— + ~
fo: llz] < B0 x fy s [yl < B/ON1) x R x [7 GE Wﬂ <RS TV,

where V is the image in the new coordinates of the domain V defined in the statement of
Theorem 3.1 and where the last inclusion holds provided b is small enough, as follows from
Corollary 3.3. So our invariant strip contains all the full orbits contained in V. On the other
hand, we can take p = 2bY/*\7/4 and since

— Jr ~
(2 |lz] < 26Y4N7/4) x {y : ||ly]| < 2674N7/4} x R x [% + VG, “—ﬁ - ﬂ] xRCV

(still for b small enough, by Corollary 3.3), our invariant strip is contained in V.
The possibility of taking p = b;1/4()\_3/46 + A7Y/2,/2) now implies that the cylinder is
actually contained in the domain where

||$Ha ||y|| < b;1/4()\73/45+ )\71/2\/{;).

Moreover, with this choice of p and using that K = O(m/ @), we can obtain an improved
estimate of the Lipschitz constant K (notation from the appendix):
K:O(\/g)\73/4+pA75/4+\/EA77/4)
= O(VoXT3/% 4o VoA b A EATT 4 BATT/Y)
= O(VoA™/4 4 VoAt by VA EATT/
= O(VoA by AVEATT/Y),

Observe finally that, since the system is 1/y-periodic in © and 1-periodic in ¢, so is the invariant
strip given by Proposition A.4. We have obtained the existence of a C! map

a at
¢ = (ws,uw): (0,I,t) ERX |—= + V8, —= — V6| x R — R" I x R*~!
w* = (wy, wg) : ( ) NG NG
which is 2K-Lipschitz, 1/y-periodic in © and 1-periodic in ¢, and the graph of which is tangent
to the vector field. Our last task is to return to the original coordinates by setting
1
O (07, p", 1) = 0:(p7) + 5T (') - (wi + w)(v07,e72p7 1)
- (14)
€ : ,
Ps(efapfa t) = pi(pf) + TT_l(pf) : (wi - wg)('yef’g_l/pr, t)

All the estimates stated in Theorem 3.1 follow directly from these expressions, and from the
fact that ||dw®|| < 2K. This concludes the proof of Theorem 3.1. O
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4 Localization and Mather’s projected graph theorem

We study the system in normal form N, = Hy+¢eZ + R of Theorem 1.2 from the point of view
of Mather theory at a fixed cohomology ¢ € R™ such that 0,: Hy(c) = 0 (or in other words such
that ¢ € T'). We assume that | Z|c> < 1, and that |[R||c2 < § on {||p—c| < '/3}. We continue
to assume (1), and, for simplicity, we assume that D is large enough and & small enough for
the following inequality to also hold:

(1/D)I < 92N, < DI.

Most of our statement depend on the shape of the function Z. : 6° — Z(6,¢). We will most
of the time assume that (HZ\) holds at ¢ : There exists 62 such that Z(6°,¢) < Z(0%,¢) —
Ad?(6%,02). We will rewrite this inequality as

2.(6°) < ~Ad(6°.6)

with the notation ZC = Z.—max Z.. Later in section 4.4, we also consider the double peak case,
which is not necessary for the proof of Theorem 1.2, but is very natural. Our first statement
localizes the Mané set.

Theorem 4.1. In the single peak case (when (HZX) holds at c), if 6 > 0 is small enough
with respect to n, D, \ and € is small enough with respect to n, D, \,d, then the Mané set at
cohomology ¢ of the Hamiltonian N satisfies

sN(c) € B(62,6Y5) x T x B(e, vad'/*) x Tc T" ' x T x R® x T.

This statement is proved in Section 4.2. Our second statement is a quantitative version of
the celebrated Mather Lipschitz graph Theorem, it does not rely on any particular assumption
on Z, besides || Z]|c2 < 1:

Theorem 4.2. For each Weak KAM solution u of N at cohomology ¢, the set f(u, ¢) C T xR"™
is contained in a 9v/ De-Lipshitz graph above T™.

This theorem is proved in Section 4.3. We will always assume in this section that § is
sufficiently small with respect to n, Hy and A, and that ¢ is sufficiently small with respect to
n, Hg, A\ and 4.

4.1 Some inequalities

We will denote by N the Hamiltonian N, and by L the associated Lagrangian function, which
is defined by
L(0,v,t) = v —N(0,p,t)).
(0,v,t) = max (p- v — N(6,p,t))
The function L is then C?, and the maps
(0,p,t) — OpN(0,p,t), (0,v,1) — 0yL(0,v,1),

are diffeomorphisms of T” x R™ x T, which are inverse of each other. The maximum in the
definition of L is reached at p = 0, L(0,v,t). Since I/D < 0, N < DI, we have

1/D < 9yL < DI.

We will also denote by Lo(v) the Lagrangian associated to Hp, or more explicitly Lo(v) :=
sup,(p - v — Ho(p)). It satisfies
1/D < dyyLo < DI.
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Lemma 4.1. For each p € [4De, '], the image of the open set T" x B(c, p) x T under the
difféomorphism O,N contains the set

T" x B(0pHo(c), p/2D —2¢) x T.

In particular, if € is small enough, the image of T™ x B(c,e'/*) x T contains T™ x B(c,e'/*/4D) x
T.

Proof. In view of the estimate 8§H > I/D, each of the applications p — 0,N (0, p,t) sends

the ball B(c,r) to a set which contains the ball B(9,N(6,¢c,t),r/2D). Since |0,N(0,c,t) —
OpHo(c)] < e+ ¢ed < 2¢, we conclude that the image contains B(d,Ho(c), p/2D — 2¢). O

Lemma 4.2. The estimates
|00y L||co < 2De,  ||0goL||co < 3e.
hold on T x B(c,e'/?/4D) x T.
Proof. Note first that the estimates
100, HI| < 2¢, |10 H|| < 2¢

hold on the domain T" x B(c,e'/3) x T, which contains the image of T x B(c,e'/?/4D) x T
under 9, L. Observing that dgL = —0pN (0,0, L.(0,v)), which implies

DvoL(0,v,t) = —0pgN(0,0,L(0, v,t),t)0py L(0, v, t)

we deduce that |9, L| < 2De on T" x B(c,e'/3/4D) x T. The equality
oo L(0,v,t) = —9pgN (0,0, L(0,v,t),t) — OpoN (6,0, L(0, v,1),t)gu L(6, v, 1),
implies that ||dpeL|| < 2¢ + (2¢)(2D¢) on T" x B(c,e'/3/4D) x T. O
Lemma 4.3. We have the estimate
|L(0,v,t) — (Lo(v) — eZ(0°,¢))| < 20

if |v — 0, Ho(c)| < €'/3/4D.
Proof. On the domain {|p — ¢| < £/3}, we have

IN(0,p,t) — (Ho(p) +eZ(0°,¢)| < e/ + &6 < 2e6.
If [v — 9, Ho(c)| < €'/3/4D, then by Lemma 4.1,

L(@,’l},p) = sup [pva(G,p,t)]
[p—cl<et/3

and, by Lemma 4.1 applied with R =0 and Z(0%,p) = Z(0°,¢)

Lo(v) —eZ(0°,¢) = st;p[p -v—Ho(p) —eZ(0°,¢)] = sup [p-v— Hy(p) —eZ(0°c).

|[p—c|<el/3

O
Let us now estimate the value «(c) of the Mather function of N. We use the notation
Z.(0°%) := Z(6%,¢).
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Lemma 4.4. The value a(c) of the Mather function of N satisfies
|a(c) — (Ho(c) + emax Z,.)| < 2¢4.

The reason behind this inequality is that the value a(c) of the Hamiltonian Hy + €Z, is
Hy(c) + e max Z..

Proof. On one hand, we have

alc) < max N.(t,0,¢) < Ho(c) +emax Z.+¢ max R(0,¢,t) < Ho(c) + emax Z, + £4.
(t,0) (t,0)eTn+1

For the other inequality, we use that 9, Hy = 0. We consider the Haar measure / of the torus
T x {05(c)} x {0Hp(c)} x T, where 65(c) is any point maximizing Z.. This measure is not neces-
sarily invariant under the Lagrangian flow of L, but it is invariant under the Lagrangian flow of
Ly — Z. (because 0, Hy = 0) hence it is closed, which means that f Ocf +0of -vdu(d,v,t) =0
for each smooth function f(¢,0). See [Ba, FS] (both inspired from [Mn]) for the notion of closed
measures. Each closed measure p has a rotation vector p(p) := [wvdu(f,v,t) € R™, and its
action is not less than ¢ - p(u) — a(c). Here, p(n) = 9pHo(c) hence

a(c) = ¢ 0pHp(c) — /Ldu =c¢-0pHy(c) — Lo(w) +€Z.(05(c)) — 2¢6

= Hy(c) + emax Z. — 2¢4.

|
Lemma 4.5. If € is small enough (with respect to D and §), we have the estimates
L(0,v,t) —c-v+a(c) = ||v— dHy(c)||?/(4D) — e Z.(0°) — 4e6 (15)
L(0,v,t) — ¢ - v+ ale) < D|jv — dHy(c)||> — Z.(0°) + 46 (16)
for each (0,v,t) € T" x R™ x R, where 20(95) = Z(0°,¢) — maxgs Z(0°,¢).
Proof. 1t is a direct computation :
L(0,v,t) = c-v—N(0,c,t) + ||[v—0,N(0,c,t)||*>/2D
> c-v— Holc) — eZe(0°) — 6 + (|Jv — 9, Ho(c))|| — 2¢)° /2D
>c-v—a(c) +e(max Z, — Z.(0°)) — 38 + ||[v — 0, Ho(c))||> /4D — 16¢?,
L(0,v,t) < c-v—N(0,c,t) + Dllv = 9N (0, ¢, 1)[|*/2
< v —Hole) — eZe(6°) + €6 + D(|Jv — 9, Ho(c))|| +2¢)%/2
<c-v—alc) +e(max Z, — Z.(0°)) + 3¢5 + D|jv — 9, Ho(c))||* + 8De>.
|

It is useful to consider suspended weak KAM solutions. Recall that we defined Weak KAM
solutions associated to a Lagrangian L at cohomolgy ¢ as functions v on T" such that, for each
teN,

u(0) = int (uw(o» + [ 206499 - c-i(0) + a(c)ds) ,

Y
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where the infimum is taken on the set of C* curves v : R — T" such that v(t) = . We can
similarly define suspended weak KAM solutions as functions u : T" x T — R such that

T

u(0,T mod 1) = inf (u('y(S), S mod 1) +/

1 ; L(y(8),4(t), 1) + ¢ - 4(t) dt) :

for each real times S < T, where the infimum is taken on the space of C! curves v : [S, T] — T"
such that v(T) = 0. There is a bijection between suspended weak KAM solution w(6,t) and
genuine weak KAM solutions: Each suspended weak KAM solution u(6, t) restricts to a genuine
weak KAM solution u(f) = u(6,0), and each genuine weak KAM solution u(6) is the restriction
of a unique suspended weak KAM solution u(f,¢) which can be defined by

~

u(f,t mod 1) = inf (u(v(O) —|—/0 L(v(8),%(s),s8) + ¢-(s) + a(c) ds) ,

for each ¢t > 0, where the infimum is taken on C! curves v : R — T™ such that v(t) = 6. We
shall use the same notation for a weak KAM solution v and the associated suspended weak
KAM solution. Curves v calibrated by the weak KAM solutions u(6) are also calibrated by the
corresponding suspended weak KAM solution in the sense that

u(y(t2),t2 mod 1) — u(y(t1),t1 mod 1) = /t i L(v(s),7%(s),s8) + ¢-%(s) + a(c) ds

for each time interval [t1,%2]. Let us now estimate the oscillation osc v := maxu — minu of
suspended weak KAM solutions. We consider a convex subset (2 € T"~!, meaning that it is the
projection of a convex subset (2 of R"~!, of diameter less than 2/n.

Lemma 4.6. Let u(6,t) be a suspended weak KAM solution of N at cohomology c.
Given two points (61,t1), (02,t2) € T x Q x T, we have

u(og,tg) — u(91,t1) < 10 nDE(m+45),

where m := —infq ZC. We can take in particular = T, then m < 1 and we conclude that

osc u < 10v2nDe.

Proof. We have 0 > Z. > —m on Q. We take two points (0;,t;), ¢ = 1 or 2 in the domain
T x © x T, and consider the curve

0(t) =61 + (t — El)éQ — 0.+ [1(1T+“;~2£2_—£151)5H0(C)]

where T' € N is a parameter to be fixed later, where #; € [0,1[ and 6; € [0, 1[x €2 are representa-
tives of the angular variables ¢;, 6;, and where [w] € Z" is the component-wise integral part of
w. Note that 6(t;) = 0; and 0(ty + T) = 6, hence

2+ T . .
w02, 1) — u(Or, 1) <[ L(O(E), 6(t),1) — ¢+ () + alc) dt

E2+T . ~
< / D6 — OHo ()| — eZ.(0°(£)) + 426 dt

t1

EQJFT D
g/ __9D0n L acs dt
o (T +ty —t1)?
9Dn - -
<———+ (T +ty —t1)e + 496).
T+ 1) (T + 12 — t1)e(m + 46)
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This inequality holds for all T' € N, in particular, we can choose T' € N so that

"D - <3 nb
e(m +48) 2SN e(m + 40)
and obtain u(fs,t2) — u(01,t1) < 104/nDe(m + 46). O

4.2 Localization of the invariant sets

We prove Theorem 4.1. It is enough to prove that the inclusion
sZ(u,c) C B(03(c),6Y%) x T x B(c,/20/1%) x T

holds for each (suspended) weak KAM solution u. We fix such a solution u(6,t) and prove the
inclusion. The following preliminary localization, which does not use any assumption on the
shape of Z, implies that the set sf(u, ¢) is contained (when e is small enough) in the domain
{llp = ¢| < €'/3} where the assumption ||R| 2> < 6 is made.

Lemma 4.7. Let (0(t),p(t)) : [t1,t2] — T™ xR™ be an orbit calibrated by u. Ifto—ty > e~ 1/2,
then

Ip(t) — el < CVe

for each t € [t1,ts], where C is a constant which depends on n and D. In particular,
sZ(u,¢) C T" x B(e,Cy/e) x T C T" x B(c,e/3) x T.

Proof. We denote by C; various positive constants which depend on n and D. Since Ze < 0,
we have L(0,v,t) > ||v — d,Ho(c)||?/4D — 4e6. As a consequence, L(0,v,t) > 20evnD if
lv —0,Ho(c)|| = C1v/e. In view of Lemma 4.1, we thus have

L(6(t),6(t), t) > 20v/nDe

for each ¢ such that ||p(t) — ¢|| = C24/c. Since 6 is a calibrated curve, we have

/tZ L(0(t), 0(t), t)dt < osc u

t

for each [t},t5] C [t1,t2]. In particular, by Lemma 4.6 we have 20ev/nD(ty —t;) > osc w.
Therefore, there exists a time to € [t1, t2] such that ||p(to) — ¢|| = Cav/e. Let t3 € [t1,t2] be the
time maximizing ||p(t) —c||. We assume for definiteness that t3 > tg, and that ||p(t) —c|| = Ca+/c
for each t € [to,t3] (otherwise we reduce the interval). The equations of motion imply that
Il < 2 on [to, t3], hence t3 > to + (||p(ts) — ¢|| — Ca24/€)/2¢, and using the above lower bound
on L(0(t),0(t),t)

20vVnDe > osc u > /t3 L(O(t), 6(t), t)dt > 10vnD(||p(ts) — ¢|| — Cav/e)

which implies that ||p(t3) — ¢ < (2 + Ca)+/E. R O
We now assume that Z(0°%,c) < Z(05,¢) — Ad?(6°%,0%), or , equivalently, that Z.(0%) <
—Ad?(6%,62), and prove the horizontal part of Theorem 4.1, or more precisely that

sZ(u,c) C T x B(#3(c),0"/%) x T. (17)
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We consider the domain ©Q = B(6%,44/§/)). On this domain, we have —85/\ < ZC, hence,
by Lemma 4.6, the oscillation of u on ']I‘ X Q X ']I‘ satisfies

oscrxaxT U < 404/nDed/A.
For 0° ¢ Q, we have
L(0,v,t) —c-v—a(c) = ||[v—0,Ho(c)||*/AD + \ed®(6°,05) /2 > |[v*||*/AD + \ed? (6%, 6%) /2,

by Lemma 4.5. Let 6(¢t) : R — T™ be a curve calibrated by u, and let [¢;, t3] be an excursion of
0*° outside of 2, meaning that d(6%(t), 05) > 4,/0/X for each t €]ty, ta[, and that d(6°(t1),0%) =
0/A = d(0%(t2),03). We have the inequalities

VD= > | L0000, 6(0),1) — ¢ - 6(t) + alc) dt > / O LEO06)

t1 2

If the curve #°(t) is not contained in B(#2,6/5) on [ti,t5], then there exists a time interval
[t3,t4] - [tl,tg] such that d(@( ) 95) > 51/5/2 on [tg,t4] (H(tg) Oi) = 51/5/2 = d(@(t4),9i),
and maxe(y, ¢, d(0(t),05) > 61/°. We then have f 162 ()||dt > 6'/5 hence

2

ta |19s 2 2(ns s
4()@2/ ||94(]t))|\ L EEW.0:0)
t1
2

> [ 100 aD) < e 00002 > s ([l ) +

ts3

1
Ne(ty —t3)0%°)8 > ——————§%/5 4+ Xe0?/5(ty — t3)/8
e(ts —13)0777/ 4D(t4—t3) + Ae6”P (s — t3)/
v 52/5
° VD
which is a contradiction when ¢ is small enough with respect to n, D and A. We have proved
(17). O

We can now prove a better vertical localization of the set sZ(u,c) than was obtained in
Lemma 4.7. On the domain T x B(62,6'/°) x T, we have Z. > —6*/5/2. We deduce from
Lemma 4.6 that

106Y55 /D= > u(0(t2), ta) — u(6(t1), 1) = /t2 L(O(t),0(t),t) — - 0(t) + alc) dt

for each curve 6 : R — T™ calibrated by u and each time interval [t1,t2]. We can chose the
time interval [t;,¢5] as a maximal excursion outside of {||p — ¢|| < v/£6/16/2}. On [t1,t2], we
have [|0 — 0, Ho(c)|| = /26'/16 /5D (by Lemma 4.1) hence

L(6,0,t) — c- 0 + a(c) > e6Y/3/100D? — 4ed > £6/%/200D.

We thus have
(ty — t1)e0"/® /200D < 106*/°v/nDe

hence 2e(ty—t1) < /26116 /2 (if § is small enough). Since ||p|| < 2¢ and ||p(t1)—c|| = /&61/16/2,
we conclude that ||p(t) — ¢|| < v/€6'/16 on [t1,t5]. This ends the proof of Theorem 4.1. O
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4.3 The Lipschitz constant

We prove Theorem 4.2. We will work here with weak KAM solutions rather than suspended
weak KAM solutions. We recall the concept of semi-concave function on T™. A function
u: T™ — R is called K-semi-concave if the function

v — u(w) - Kz]*/2

is concave on R™, where u is seen as a periodic function on R”. It is equivalent to require that,
for each 6 € T™, there exists a linear form [ on R™ such that the inequality

u(®+y) <u(d) +1-y+ Klyl*/2

holds for each y € R™. It is sufficient to check that, for each 0, there exists [ such that this
inequality holds for ||y|| < 1. We will need the following regularity result of Fathi, see [Fal:

Lemma 4.8. Let u; and us be K-semiconcave functions, and let T C T™ be the set of points
where the sum wi +us is minimal. Then the functions uy and us are differentiable at each point
of Z, and the differential x — duy(x) is 6 K -Lipshitz on .

The Weak KAM solutions of cohomology ¢ are the functions u : T — R such that

Y

u(f) = min <U(7(0)) + /O L(v(),4(1),t) — ¢ - ¥(t) + ale) dt) ,

for each T' € N, where the minimum is taken on the set of C'! curves v : [0, T] — T" satisfying
the final condition v(T") = 6.

Proposition 4.3. For each ¢ € R™, each Weak KAM solution u at cohomology ¢ is 3v/ De/2-

semzi-concave.

Proof. Given T € N and ¢ € T", there exists a curve © : [0,T] — T" such that ©(T") = 0 and
which is calibrated by u, which means that

u(9) :u(G(O))—i—/O L(t,0(t),0(t)) — ¢ Ot) + alc)dt.

We assume that T' > ¢~ /2, which implies by Lemma 4.7 that ||p(t) — ¢|| < C+/E, for a contant
C independant of ¢ and §. We deduce that ||© — 8, Ho(c)|| < C/e (with a higher constant C)
for each t € [0, T]. We lift © (and the point § = ©(T)) to a curve in R™ without changing its
name, and consider, for each = € R”, the curve

O,(t) :=O(t) + ta/T,
so that ©,(T) = 0 + x. Bach of the curves ©,, ||lz|| < 1, satisfy ||©, — 8,Ho(c)|| < Cy/e <e'/?
(provided ¢ is small enough). We have the inequality

u(f 4 x) —u(f) < /OT L(©,(t),0.(t),t) — L(O(t),0(t),t) — ¢ - /T d.

Use Lemma 4.2, we get

L(©4(1), 04(t), 1) < L(O(t),0(t), 1)

+ 0y L(O(t), O(t), 1) - tw/T + 0, L(O(t),0(t),t) - x/T (18)
+ 3elta/T|?/2 + 2Det|z/T|* + D|z/T|*/2.
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Using the Euler-Lagrange equation and integrating by parts, we conclude that
w(® + ) —u(®) < (c+ 0 L(T,0(T),0(T))) - x + (T/2 + De + D/2T) x|
for each T € N, T > e~'/2. Taking T € [\/D/e, \/2D/e], we obtain
w(@ + z) — u(8) < (c+ Oy L(T,O(T), O(T)) - z + 3v/De|z|? /2

for each z € R", ||z|| < 1. This ends the proof of the semi-concavity. O

Proof of Theorem 4.2. Let u be a weak KAM solution, and let @ be the conjugated dual
weak KAM solution. Then the set Z (u, ¢) can be characterized as follows: Its projection Z(u,c)
on T™ is the set where u = u, and

I(u,c) = {(x,c+ du(z)),z € Z(u,c)}.

Since —a is semi-concave, it is a consequence of Lemma 4.8 that the differential du(x) exists
for x € Z(u,c). Moreover, we can prove exactly as in Proposition 4.3 that — is 3De/2-semi-
concave. Lemma 4.8 then implies that the map = — du(x) is 9v/ De-Lipschitz on Z(u,c). O

4.4 Double peak case
We now localize the Aubry and Mané sets in the more general case where (HZ\) is replaced
by:

Z:(0°) < —A(min{d(6° — 67),d(0° — 03)})".
It is natural to relax (HZ\) in this way because, for a generic family of functions Ze,c €T,
there exist values of ¢ for which Z, has two degenerate maxima. Note that Theorem 4.2 is still

valid in this case, its proof does not use (HZ\). On the other hand, Theorem 4.1 is replaced
by:

Theorem 4.4. If 6 > 0 is small enough with respect to n, D; X\ and if € is small enough with
respect to n, D, \,d, then the Aubry set at cohomology ¢ of the Hamiltonian N, satisfies

sA(c) € (B(65,6"°) U B(65,6%)) x T x B(e,/26"1) x TC T" ' x T x R" x T.
If, moreover, the projection 6°(sA(c)) C T"~! is contained in one of the (disjoint) balls
B(6%,6%/°), then the projection 6°(sN'(c)) C T"~1 of the Manié set is contained in the same ball
B(2,6%/°).

Proof. We assume that 05 # 03, and that ¢ is small enough for the balls B(6%,25'/°) to be
disjoint. We first show that

0°(sA(c)) € B(#5,6°)uU B(63,0'7).
As in the single peak case, we set r1 = 41/d/\, and observe that
L(O,v,t) —c-v—al(c) > |[v¥|*/4D + Ae(min{d(6°® — 67),d(6° — 93)})2/2

for 0° ¢ B(65,r1) U B(05,71). The % component of each orbit of the Aubry set spends a finite
amount of time outside of B(65,r1) U B(65,r1). There are four type of excursions that the
orbits of A(c) can perform outside of this union : From B(07,r1) to B(03,r1) for i € {1,2}
and j € {1,2}. Exactly as in the single pick case, the orbits segments connecting B(6,71) to
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itself are contained in B(6;, §1/%). So the claim holds, provided there exists no orbit segment
in sA(c) connecting B(0;,71) to B(07,71) with i # j.

Assume for example that there exists an orbit segment 0(t) : [t1,t2] — T™ connecting
B(03,r1) to B(65,71). Then, given any suspended weak KAM solution wu, the same action
estimates as in the single peak case imply that

£52/5_
8vD

Since the Aubry set is chain recurrent, there must exist an orbit segment 0(t) : [f1, o] — T™
connecting B(63,r1) to B(65,71), and we have

u(f(t),ta) — u(O(t1),t1) >

v 62/5
8VD
By using Lemma 4.6 with Q = B(65,r1) and 2 = B(03,71), we get that

u(é(fg),tvg) — u(é(fl), tVl)

w(0(F2), E2) — u(0(t1),t1) < 40/nDed/X and  u(0(ts), t2) — uw(B(f1), f1) < 40\/nDed/A.

All these inequalities together imply that

40+/nDed /A 62/5

which does not hold if § is small enough. This contradiction proves that no excursion connecting
B(65,7m1) to B(05,71) can exist in the Aubry set. Note that we have used the chain recurrence
of the Aubry set, and that the conclusion does not in general apply to the Mané set. We have
proved that

sA(c) C T x (B(65,6/°) U B(63,5"°)) x T.

The vertical part of the localisation follows exactly as in the single peak case.

In general, such a localization does not hold for the Mané set, which may contain connections
from one of the regions T x B(62,6'/%) x T to the other (but, in view of the calculations above,
not in both direction). If such a connection exists, then its «-limit is contained in one of the
domains T x B(63,0'/%) x T, say T x B(65,5'/°) x T, and its w-limit is containedin the other
domain T x B(#3,5'/°%) x T. Recalling that the a and w limits of the Maiié set are contained
in the Aubry set, we conclude that each of the intersections

sA(c) N (T x B(6;,5Y°) x T)

is non empty. This proves the last part of the statement O

5 Nondegeneracy of the barrier functions

In this section we prove:

Theorem 5.1. In the context of Theorem 1.5, by possibly taking a smaller oy, for a residue
set of R € R = R(r,¢,0y) the following hold: for any c € T'y such that p(c) is irrational and
07 (Nn(c)) =T, the set Nyo=(€*c) — E~H(Nn(c)) is totally disconnected.

This is a delicate perturbation problem, and a version of it for a priori unstable systems
appeared in [CY2] and was discussed in [Mag]. In this section we give a self-contained proof
with many new ingredients.
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5.1 Outline of the proof

In this section we prove Theorem 5.1 assuming some statements to be proven in later subsec-
tions. Let L denote the Lagrangian associated to N

e We define Ry C R(r,&,0) to be the set of R such that 6 (N (c)) # T whenever pf(c) is
rational. The set R is a residue subset of R. We also abuse notations and denote by R
the set of Hamiltonians of the form N = Hy+eZ +eR,R € R;.

e We define
I(N)={ceTi: 6/ (Nn(c) =T},

according to the previous item, for N € Ry and ¢ € F*(N ), we necessarily have p(c)
irrational. In particular, Ax(c) = Ny(c) contains a unique static class. In view of the
upper semi-continuity of the Mané set, I'.(N) is a compact subset of I'y.

o If N € Ry and ¢ € T'x(N), then the Aubry set Anoz(€¥c) = E71An(c) contains exactly
two static classes denoted Sp,S» (with projections S1,S82). Then the Mane set is the
disjoint union

Nioz(€¢) = S USy; UHio U Ha, (19)

where Hio (and 7:L21) is the set of heteroclinic orbits from S; to S, (aI}d vice versa).
Projections are denoted #Hj2, H21. Note that NNo_(f* ) — 27NN (c) = Hia UHa. We
will also use the notations S; (N, c) and Hza( ¢) when discussing the dependence on N, c.

e For N € Ry and ¢ € T',(N), the static classes Sy, S, determine two elementary forward
and two backward weak KAM solutions

h’(gla ')a h(CQa ')a h’('vgl)a h('aC?)v Cz S S’L; 1= 1527

where the barrier function§ are evaluated for N o= and {*c. The associated pseudographs
are denoted &;(N,c¢) and &;(N,c), i = 1,2 respectively, they do not depend of the choices
of points (1 € S1,(2 € Sa. Define

by.o(0) = h(C1,0) + h(0,C2) — h(C1, C2)

and bxc similarly defined with (1, (5 switched. The functions b . do not depend on
the choice of points (1 € S1,(2 € So, they are non-negative, and Vamsh respectively, on
Hi2 US; USy and Hop US; USs.

Given ¢ € T'y, we consider the compact subset £ C T™ formed by points 6 such that
d(6°(c),0%) > 1/10. There exists ¢ > 0 such that the Mafnié set N (N, ¢) is disjoint from K for
each c € '1NB,(c) and N € R(r,¢,080). The compact set K = £~1(K) (€ is the double covering)
is then disjoint from Ancz(£*c). Moreover, for these N and ¢, the set 7~ '(K) intersects each
orbit of Nyoz(£*c) — Anoz(£¥c).

Since the compact interval I'; is the union of finitely compact segments, each contained in
a ball of the form B, (c), it suffices to prove Theorem 5.1 for each segment. Therefore, we can
assume without loss of generality that I'; is actually contained in one of these balls. Then,
there exists a compact set K such that

e For each c € Ty and N € R(r,e,d), K is disjoint from Ayncz(£*c) and 771 (K) intersects
each orbit of Nyoz(£*c) — Anoz(£¥c).

We make this additional assumption for the sequel of the section.
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Lemma 5.1. For each (N,c) € Ry xT'y, the set NNOE(E*C) — =Ny (¢) is totally disconnected
if and only if the set

NNoE(f*C) nNK = (ng(N, C) U Hor (N, C)) nK
is totally disconnected.

Proof. The set Nnoz(£*c) N K is a compact metric space, so it is totally disconnected if and
only if it has topological dimension zero, see [HW]. Assuming that this property holds, The
set Nyoz(£*¢) N1 (K) is the disjoint union of two homeomorphic copies of Nyoz(£*¢) N K,
hence it is compact and of zero topological dimension. As a consequence, each of the sets
d* (Nnoz(€*¢) NK), k € Z is compact and of zero topological dimension, where ¢* is the time
k Hamiltonian flow of N. The countable union

Nioz(€%¢) — Anoz(E¥c) = U " (Noz(£¢) NK)

kEZ

is then also of zero dimension. As a consequence the projection Nyoz(£*¢) — Anoz(£¢) is of
zero topological dimension, hence it is totally disconnected. |

We want to prove that a dense Gs of Hamiltonians N € R; have the property that
Nnoz(€*c) N K is totally disconnected for each ¢ € T',(N). The Gs part follows from the
next Lemma.

Lemma 5.2. Let J C T’y and K C T™ be compact subsets, then the set of R € R such that all
c € (JNTL(N)) satisfies
Q(N,C,K) ::NNoE(f*C)ﬂK (20)

is totally disconnected is a G set.

Proof. Consider N satisfying the conditions of the lemma, then for each ¢ € (J N T (N)),
Q(N, ¢, K) is compact and totally disconnected, and hence has zero topological dimension.

Let’s call a compact subset 1/k disconnected if it admits a finite disjoint covering by compact
subsets of diameter at most 1/k. If N satisfies the conditions of the Lemma, then Nyoz(*c)NK
is 1/k disconnected for each k € N and each ¢ € (J NT.(N)). Since the Mafe set is upper
semi-continuous in the Hamiltonian (in the C? topology), so is Nyo=(£*c) N K and we have,
for each fixed k :

There exists an open set IV containing I',(N) N J and a neighborhood U of N in C? such
that the set Myroz(£*¢’) N K is 1/k disconnected for all ¢ € T and N’ € U.

We now use the observation that I'.(N) is upper semi-continuous in N, hence so is JNT™*(N)
since J is compact. We deduce the existence of a smaller neighborhood U’ C U of N, such that
JNTL(N') C I for each N € U’. We have proved: the property that Nyoz(£*c) N K is 1/k
disconnected for each ¢ € T',(N) N J is C? open (and hence C” open). The Lemma follows by
taking the intersection on k. O

We now adress the density part. Let us consider the product space C"(T™ x R™ x T) x R"
with the standard norms on both spaces. Define the following subset

Q={(N,¢): NeRy,ceTl.(N)} CRxT; CC"(T" x R" x T) x R™.

The following proposition allows us to perturb the function bﬁ . locally simultaneously for
an open set of c. The proof is given in section 5.2.
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Proposition 5.2. Let (Ng,cp) € Q and K C T™ be a compact set disjoint from An,o=(£%co).
Then there exists o > 0 such that for all N € Ry N B,(Ny), 6o € K N Hi2(No,cp), and
¢ € CL(B,(00)) with ||¢|lcr < o, there exists a Hamiltonian N, such that:

1. For all ¢ € B,(co), the Aubry set Ay, o=(&"c) coincides with Anoz(£*c), with the same
static classes. In particular, By (co) NTw(N) = By(co) N Ty (Ny).

2. For all ¢ € By(co) NT.(N), there exists a constant e € R such that

bvaC(G) = b;,c(e) + 90(9) + €, 9 S BU(G()). (21)

The same holds for 8y € K NHa1(No, co), with bt replaced with b~ in (21). Moreover, for each
N € Ri1NBy(Ny), |[Ny, — Nlcr — 0 when [|¢|lcr — 0.

We will use Proposition 5.2 to perturb all barrier functions near a given ¢y simultaneously.
Because we are perturbing an uncountable family of functions, we need an additional informa-
tion on how the functions bﬁ . depends on c. The proof is given in Section 5.3.

Proposition 5.3. For each N € Ry, the maps ¢ — b}y ., by . are 1/2-Hélder from T'.(N) to
C°(T", R).

This regularity implies that the set {bic,c € T"(N)} is compact and has Hausdorff di-
mension at most 2 in C°(T™, R). The following Lemma will allow to take advantage of this
fact:

Lemma 5.3. Let F C C°([—1,1]",R) be a compact set of finite Hausdorff dimension. The
following property is satisfied on a residue set of functions € C"(R™ R) (with the uniform C”
norm):
For each f € F, the set of minima of the function f+ ¢ on [—1,1]" is totally disconnected.
As a consequence, for each open neighborhood Q of [—1,1]™ in R™, there exists arbitrarily
C"-small compactly supported functions ¢ : 0 — R satisfying this property.

Proof. We first consider the case n = 1 The set F = {c—f,f € F,c € R} is compact and of
finite Hausdorff dimension (one more than the dimension of F). For each compact subinterval
J C [~1,1], the set F; C C(J,R) is also compact and finite dimensional, since the restriction
map is Lipschitz. If J is non trivial, the complement

o(J) == C"(R,R) — (F; N C"(R,R))

is open and dense in C" (R, R). To prove density, we consider a subspace H C C"(R,R) of finite
dimension larger that the Hausdorff dimension of F. We moreover assume that all functions of
H are compactly supported inside the interior of J. Given ¢ € C"(R,R), we consider the affine
space ¢ + H. Considering the C°([—1, 1], R) distance, the Hausdorff dimension of F; N (¢ + H)
is not greater than the Hausdorff dimension of F, hence it is less than the dimension of H. This
implies that the complement (¢ + H) — F is dense in ¢ + H endowed with the C° distance.
Since the C° and C" norms are equivalent on the finite dimensional space ¢ + H, we conclude
that ¢ belongs to the closure of ®(J) in C"(R, R).

Let Ji be a sequence of compact subintervals of [—1, 1] such that each open interval contains
one of the Ji. Then if ¢ € NE®(J) (this intersection is a dense Gjy), each of the functions
f+ o, f € F has the property that it is not constant on any open interval, hence its set of
minima in [—1, 1] is totally disconnected.
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Let us now turn to the general case. We denote by m; : [—1,1]™ — [—1, 1] the projections
on the factors. We associate to each function f € C°([—1,1]",R) the functions

fio[-1,1] 3 @i — fi(z) = ﬁn)m f(x).
For each k and i, the following property holds on an open and dense subset of functions ¢ €
C™(R™,R): None of the functions (f + ¢);, f € F is constant on J.

To prove density, we consider a function ¢ € C"(R™,R). The map f — f; is Lipschitz
hence the set F;(¢) = {(f + »)i, f € F} € C°([~1,1],R) is compact and has finite Hausdorff
dimension. We can aplpy the result for n = 1 to this family and obtain that for generic
1 € C"(R,R), none of the functions

(f+e)it+toi=(f+e+ei)

for f € F is constant on the interval Jy.

By taking the intersection on n and k, we obtain that, for generic ¢ € C"(R",R), each of
the functions (f 4 ¢); has a totally disconnected set of minima in [—1, 1].

Since m;(argmin(f + ¢)) C argmin(f + ¢);, this implies that argmin(f + ¢) is totally dis-
connected. O

Proof of Theorem 5.1. Let Ro C R be the set of Hamiltonians N which have the property
that Myoz(£*¢) N K is totally disconnected for each ¢ € T'. (V).

By Lemma 5.1, it is enough to prove that R, is a dense Gs5. By Lemma 5.2, Rs is a G, we
have to prove density.

Let us fix Ng € Ry. For each 6y € Nyoz(£*c) N K, we consider ¢ > 0 small enough so that
Proposition 5.2 applies. We define the cube

D, (6) ={6: m;fini — 05| < o/(2v/n)} C B, (6o).

In view of Proposition 5.3, we can apply Lemma 5.3 to the family of functions bﬁ nceln
I.(N) on the cube D,(6) for each N € Ry. We find arbitrarily small functions ¢ compactly
supported in B, (6p) and such that each of the functions b3 , 4 ¢, ¢ € I*(N)NT; have a totally
disconnected set of minima in D, (6p). If N € Ry N Bg(Né), we can apply Proposition 5.2 to
get Hamiltonians N, approximating N. We obtain:

e The set of Hamiltonians N such that Nyoz(£*¢) N Dy (6p) is totally disconnected for each
¢ € T.(N) is dense in Ry N By(Np). By Lemma 5.2, it is a Gy.

Since K is compact, there is a finite cover K C Ule D,,(0;), such that the above can be
applied on each D, (6#;) some constant o; > 0. For oy = mino; > 0, we obtain:

e For a residue set of N € By, (Ny), the set Nyoz(£*¢) N Dy, (6;) is totally disconnected for
alli=1,...,k and c € T, (N).

Taking the intersection over i, we obtain :

e For a residue set of N € B, (Np), the set Nyo=(£*c) N K is totally disconnected for all
ceT'(N).

In particular, Ny is in the closure of Rs. O
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5.2 Perturbing the Peierls’ barrier functions

Let L be the Lagrangian for N = Hy+ecZ+<cR. We define the generating function R" xR" — R
by

1
G (z,2') = min / Ly t)dt, 7(0) =z, (1) =2,
0

Note that Gy (z + k, 2’ + k) = Gp(z,2') for all z,2’ € R™ and k € Z". If ¢ is sufficiently small,
there is a one-to-one correspondence between the time-1 map of the Euler-Lagrange flow of L,
and the generating function G. We will also consider the generating function of the Hamiltonian
N o E (pull back of the double covering), which satisfies

GNOE(Z';Z'/) == GN(f:C,f:C/), (22)

where we have lifted £ to a map R — R". It is important to keep in mind that Gyoz
has an additional symmetry Gyoz(z,2') = Gyoz(x + %el,x’ + %el) where e; = (1,0,---,0),
corresponding to the deck transformation of £. We also denote

M
AN (61,602) = min/ L(v,%,t) —c- 4+ an(e)dt, ~(0) =01, y(M) =205 €T",
0

and note that A%I’ . and therefore hy . is completely determined by Gn. We will perturb the
barrier functions by perturbing Gy .

Let U,V C R™ be open sets which projects injectively to T", namely U N (U + k) = ) for
all k € Z¢. We define a perturbation block to be the set

By(U,V) := én(U x R?) 0 (V x R") € R" x R",

in other words, the set of (6, p) such that § € V and ﬁgtl)&l(@,p) € U, where ¢y is the time-1-
map of the Hamiltonian N. We can also consider By as a subset of T x R™ since V projects
injectively to T™.

Given Uy C Uz C R™ and V' C R" as before, for ¢ € C7(V), we define a perturbation of the
generating function (depending on ¢, Uy, Us, V') as follows:

Gy(z,2") = Gy (,2) + p(a)e(z’), (23)

and extends it by periodicity G, (z + k, 2" + k) = Gy (x,2’) for all k € Z". Here p : R" —
RT U {0} is a standard mollifier function such that

p|U1 =1, p|(U2)C = 0.

Lemma 5.4. When ||¢|cr is small enough, there exists a Tonelli Hamiltonian N, whose
generating function is equal to G,. Moreover, ||[N, — N|cr — 0 as ||¢||cr — 0.

Proof. Let g(x,2") = p(a)p(2’), extended by periodicity, then | g||cr < C||¢||cr for some C' > 0
depending on p. Let G¢(x,2") be the generating function of the time-t map of the Hamiltonian
N, we consider the following functions

G;(l‘,l‘/) = Gt(xa xl) + S(t)g(.%‘,l'/),

where s : [0,1] — [0,1] is a C° mollifier function with s(t) = 0 on [0, %] and s(t) = 1 on
[2,1]. When ||g||c2 is small enough, the functions G} uniquely determines exact symplectic

maps Y, : T" x R® — T" x R™.
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It’s easy to see that there exists an exact symplectic isotopy between 1), and ¢, then there is
an exact symplectic isotopy between (¢;) !4, and id. In view of Proposition 9.19 and Corollary
9.20 of [MDS], we get {1 }o<i<1 is a Hamiltonian isotopy. Moreover, since %1/115 is periodic in
t, it must be generated by a time periodic Hamiltonian N’(6,p,t). The maps are C"~* in (6, p)
and C* in t, the vector fields are C"~! and the Hamiltonians are C”.

Moreover, it’s easy to see that 1;(¢;)~! converges in C"~! to identity uniformly over ¢ as
llgllcr — 0. Since 9¢(¢;)~! has the Hamiltonian function —N; o ¢y + N/ o ¢; (see [MDS]
Proposition 10.2) we conclude that | Ny — N{||cr — 0 as ||g][cr — 0. O

The following lemma prepares us for the perturbation. For an orbit contained in the psu-

dograph & (N, ¢), there exists a perturbation block that the orbit of (8, p) never returns to in
backward time. Moreover, the orbit also does not return to the “copy” of the perturbation
block under the deck transformation of =. This is important because we would like to perturb
the generating function G .z by perturbing only V.

Lemma 5.5. Consider (No,co) € Q, and (6y,p0) € Hi2(No, co). Then there exists o > 0, and
open sets V 3 0y and Uy C Uy C R™, such that

e The covering map & : T" — T is injective on Us, V.
e U U(Us+ 2e1), VU(V + 3e1) are disjoint from An,oz(£*c).
The following hold for each (N,c) € QN By (No, cp).

1. For 0 € V, let (6,p) be contained in the closure of the psudograph E1(N,c).

(a) (0,p) € Bnoz(U1,V).

(b) The backward orbit ¢3F=(0,p) is asymptotic to Sy (N, c).

(¢) Fork > 1, ¢3}=(0,p) is not contained in Byoz(Uz, V) or Byoz(Us + 2e1, V + Le1).
2. For 0 € V, let (0,p) be contained in the closure of the psudograph m

(a) The forward orbit ¢%;(0,p) is asymptotic to Ss.

(b) Fork >1, qb’fV(E(G,p)) is not contained in Bnoz(Us, V) or Byoz(Us + %el, V+ %61)

Moreover, an analogous statement holds for Hoy, where the roles of &1, &, are replaced by &
and &;.

Proof. First we claim: for any ¢ > 0, there is ¢ > 0 such that: if [0 — 6] < o, (N,c) €
B, (No,co) N Q, then (0,p) € £ (N, ¢) implies:

(c1) llp = poll <.
(c2) The backward orbit ¢*=(6,p) is asymptotic to Si(N, c).
(¢3) There exists M > 0 such that k > M implies dist(¢5"=(0,p),Si(N,¢)) < .

We note that 0y € Hi2(No, co) implies the weak KAM solution h((1,-) is differentiable at 6o,
and therefore pg is the unique super-differential. Ttem (c1) then follows from semi-continuity of
super-differentials, see Proposition C.1.

Since 0y € H12(No, ¢o), we have for h = hnyoz, e+c

h(C1,00) + h(Bo, ¢2) = min (h(Cr, ) +A(, ¢2)) = h(C1, C2)- (24)
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Assume by contradiction that for (Ny,cr) — (No,co) in Q, and (0, pr) € E1 (N, cx) with
0, —> 0o, the backward orbit of (6, pr) accumulates to Sa(Nyg, ¢x). This implies
hNkoE,g*ck (Cfa ek) = hNkoE,E*ck (gfa Céc) + hNkOE,f*Ck (Céca 9k)7 Cf € Slv §§ € Sa.

Taking limit as k — oo (by Proposition C.1), we obtain

hiNgoz, €0 (€15 00) = Rngoz, £7eo (C15 C2) 4+ ANgoz, e760 (G2, 60), 1 € S1,(2 € Sa.
Combine with (24) we get (omitting the subscript of h)

h(Ch §2) = h(<17 90) =+ h(QOa CQ) = h(<17 §2) =+ h(<27 90) + h’(o()a <2)7

or h(Cz,00) + h(0y,(2) = 0 this is a contradiction with 0y ¢ Ss.

To prove (c3) we again argue by contradiction. Let Ny, ¢, 0, px be as before, we assume that
there exists My — oo such that dist(¢ 2 (Ok, pr), S1 (N, ¢)) = €. Denote my, = 1o (O, Pr),
using the fact that backward orbit of (0, py) is calibrated, we have

oz, ever (€1, Ok) = oz, evey (G, M) + A%foa,g*ck (M, Or).

Up to taking a subsequence, assume mjy — myg, take limit as k — 0o, we obtain
h(Ci560) = h(Cismo) + h(mo, 80) = h(Ci, mo) + min (A(mo, G;) + (G, 00)) ,

where h are evaluated at Ny o Z, £*co. Since h((1,mg) + h(mg, (1) > 0, the above minimum is
not reached at ;. Therefor h(C1,00) > h(C1,mo) + h(mo, (2) + h(C2,00) = h(C1, G2) + h(C2, 00),
but we showed (in the proof of (¢2)) this is also impossible.

We now define the sets U, V. Since ‘bzivfog (0o, po) is asymptotic to S1(No, o), project via =

implies (b&f (Z(bo, po)) is asymptotic to Z(S1) = Anp,(co). There exists ¢; > 0 such that

dN" (E(60.po)) NE(B(6o,po)) = 0,

and £(B,,(6p)) N Ay =0 for all N € B,,(No) N Ry.
Apply claim (c1)-(c3) to ¢ = ¢1/2, and obtain the parameters o, M. Since the orbit of (6y, po)
is wondering, there exists 0 < o1 < o such that (6,p) € By, (60,p0), N € By, (Ng) implies

N (E(Bo, (00,10))) N E(Bo, (00,p0)) =0, 1< k<M.
apply the relation = o ¢noz = ¢y 0 Z we get
dnoz (E(Bo, (00, 10)) NET'E(Bo, (60, p0)) =0, 1<k <M. (25)

For a later determined oo < o1, choose o3 < 09 using claim (cl) again to ensure any
(0,p) € E1(N, ¢) with [|0 — 09|| < o3 implies ||p — po|| < o2. Define V' = B, (),

Ui= | m0nt=(Ba,(B0) ¥ Bo,(po). (26)

NeBs4(No)

Us = B,,(Uy). Since Uy — ﬂ(b]}iog (6o, po), as 02,03 —> 0, we can choose 09, 03 small enough
such that L
BNOE(UQ)V) CBUl(GO)pO)) VNGBUJ(NO)

We now verify that for § € V and (0,p) € (N, c), ¢ni=(0,p) € Uy due to (26). Moreover,
since

_ — 1 = 1
Bnoz(Us2,V) U Byoz(Us + €1 V+ 561) C E7'EB,, (60, po),
<

(25) implies 1(c) for 1 < k < M. On the other hand, (c3) ensures the same for k > M as well.
The proof of 2(a)(b) and the moreover part is analogous and we omit it. O
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Proof of Proposition 5.2. Given 6y € K NHi2(No,co), let (0g, po) be the corresponding point in
7:112(N0, ¢p). Choose o > 0, Uy, Uz, V as in Lemma 5.5. For ¢ € C7(£V), consider perturbation
N, via (23) using the neighborhoods £Uy, EUs, V. Note that for W = U;, V, we have W =
WU (W + %e1) and we will use this notation throughout the proof. First, notice that according
to Lemma 5.4, | N, — N|jcr — 0 as ||¢|lcr — 0.

Item 1. We first show that the perturbation IV, does not affect Aubry set and static classes.
Lemma 5.5 asserts £ 1¢Uy, 71V are disjoint from An,o=(£*co). For (N,c) € B,(Ng,co)
and o small enough, using semi-continuity, £~1¢Us, £~ 1¢Vare disjoint from Apno.z(£*c) and
AN, oz(£%c). Then (23) and (22) implies the Lyoz action and Ly,_o= action coincide on orbits
of Anoz(€*c) and An_oz(£%¢). As a result Ayoz(€*c) and Ay, o= (£*¢) must coincide with the
same static classes.

Item 2. We proceed to prove (21). Let (6,p) € & (N,c), then v(t) := mg o ¢'(0,p) is a
calibrated orbit (on (—oo,0]) for the weak KAM solution Ay oz, ¢-¢(C1,-), with 1 € Si. Write
v = (t). Since (t) is backward asymptotic to Sy, there is i, — 0o such that

thoOEqﬁ*C(Clv 9) = khm A?\?on,g*c(’y*im’YO)

— 00
- (27)
= hm Z (GNpoz(vjs Y1) — €5 (i1 — 75) + an,oz(€7¢))
j=—ik

where in the last line v is lifted to R™. In view of 1(c) and (23), for any j < —2, we have

GN,oz(7:7j+1) = G, (£75,§vi41) = GN (€75, £7+1) = Gnoz(V),Vj+1)-

By the same reasoning, we have

GnN,oz=(7-1,7) = GNoz(7-1,7) + p(7=1)¢(0) = GNoz=(7-1,70)-

Using (27), we get
N oz, ge(C1,0) = lim Al oz e e(Tmis70) < hvoz, e=c(1, 6).

Observe that the previous arguments holds when N, and N are switched, the last displayed
formula becomes an equality. By the same reasoning, using Lemma 5.5, 2(a),(b), we obtain

hn, oz, e+c(0,(2) = hnoz,e+c(0,(2), (2 € Sa.

These (21) follows. The proof for b~ is identical with two static classes switched. O

5.3 Holder continuity of the barrier functions

We prove Proposition 5.3 by relating the barriers to the stable and unstable manifolds of the
Aubry sets.

Recall that the system N admit a weakly invariant cylinder C which contains the Aubry
set AN(C) for ¢ € T'y. Using the covering map =, we obtain Z7!C = C; U C» and denote
Si(N,¢) =CiNE"(A(c), i = 1,2 for all ¢ € T,(N).

Recall that ', (N) is the set of ¢ € T'y such that Ay (c) is an invariant curve contained in C.
Let ¢t be the ¢ € T',(N) with the smallest and largest p/ component. Then the component of
C bounded by Ay (c*) is an invariant set for ¢, we denote it A,. Let Ay, Ay be the lifts under
=, then A; C C; are normally hyperbolic invariant manifolds for ¢noz.

They admit C? center stable and center unstable manifolds W¢/¢% which are locally graphs
above (6, p/). These manifolds are foliated by the strong stable and unstable manifolds W (z)
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of the points of A;, see Appendix A. The leaves W*%(z) of this foliation are C?, they are locally
graphs above 0°. The foliation itself is Cl.~
Consider ¢ € T'.(N), then for i = 1,2, §;(N, ¢) is a Lipshitz invariant curve. Define the sets

Wi (N = | W),
ZESZ‘(N,C)

Since Si(N ,c) are Lipshitz graphs over #/, and since W** are a C' foliation whose leaves are
graphs over 0%, Wiu/ °(N, ¢) are Lipshitz graphs over 6 in a neighborhood of S;. We will show
that they coincides with the pseudographs &;(N, ¢) in a neighborhood of S;(N, ¢).

Lemma 5.6. Fori,j=1,2,if (0,p) € &(N,c¢) is backward asymptotic to S;(N,c), then there
exists M > 0 such that ¢} = € WH(N,c) for each k > M.

Suppose an orbit is backward asymptotic to S; (N, ¢), then it is asymptotic to the normally
hyperbolic set A;. This orbit is contained in the strong manifold of a point z’ € A; which
is asymptotic to S1(V,¢), but which in principle may not belong to S1(V,¢). To prove that
z' € §1(N,¢), we need an argument similar to Theorem 1.4.

We need the following version of Proposition 4.3.

Proposition 5.4. Suppose k > 1/\/g, then for each semi-concave function ug, the function
ur, = TFug is 6D+/e—semi-concave and 6D+/ne— Lipschitz. Similar statement holds for Tu.
As a result, for any weak KAM solution u and k > 1/+/2, the set

On" (Geu)
is a 6D+/e— Lipschitz graph over the 8 component.

Proof. We observe that the proof of Proposition 4.3 applies as long as we replace u(0) by ug
and u(©(0)) by uo(©(0)). The assumption k > % ensures we can choose T' € [1/24/e,1/1/¢]
in that proof.

For the second part, observe that

¢;/k (gc,u) - gcﬂli\gc,TCku
and the proof is similar to Theorem 4.1. O
For the rest of this section, ¢ denotes ¢noz.

Proof of Lemma 5.6. We only prove for the case i = j = 1 as the others are similar. Since
z = (0,p) is backward asymptotic to S;(N,c¢) C Aj, then there exists z; € Ay such that
(0,p) € W¥(z1). Necessarily ¢~%(z;) converges to S; (N, c). We will show z; € S1(N,¢).

Arguing by contradiction, suppose z1 ¢ S1(IV, ¢), then using the fact that TC; is the central
direction, dist(¢~*z1,S1(IN,c)) converges at a maximal rate of p™.

Denote 2¥ = ¢=%(21), S1(N, ¢) projects onto 8/ component, for any k € N, there is 2§ €
S1(N, ¢) such that 6f(z2F) = 67(25). According to Theorem 3.1, there exists D; > 1 such that
C is an D /+/e graph over (67, pf), which implies

I (=) = p? (25)| = V&/ D12t = 25| > Dy ' Vep" (28)
for some Dy > 1. Let z* = ¢7F(z), we have ||z¥ — 2F|| < CAF. Suppose k is large enough such
that CAF < £D;'\/ep*, then

I (%) = 0 (z3)Il = lIp (1) — 07 (z2)I| = lIp" (%) = p (1)1 = %Ilpf(Zf) Pl (29)
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Assume k > 1/4/e. We now use Proposition 5.4 to get for some D3 > 1,

lp(=*) = p(=5)Il < Dsv/e (16°(2") — 0°(=5) | + 167 (2*) — 67 (25)]))
Dsv/e (1|6°(2%) — 0°(=5) | + 1167 (=) — 67 (z1)]]) (30)
Dov/z (||0°(2%) — 0°(25)]]) + D2D3v/eN",

keep in mind that 67 (2F) = 6/ (2). Since 2§, 25 € Cy, using Theorem 1.4, we get for small ¢,

)_
)_

<
<

16°(2%) — 05 (=) | < 110°(=F) — 0°() )| + O
< LR (o1t — o eyl 1 o) — ) + O
<4r7192e77||pl (27) = pf ()| + CA
Combine with (30), we get
Ip(2*) — p(h)I| < 4CKT6% |[p(2*) — p(2h)I| + 2D2 Ds/EA".

When 7162 < 1 we get [|p(z¥) — p(25)|| < 4D2D3\/EXNF, but this contradicts with (28) and
(29). O

Lemma 5.7. For (N,cq) € Q, there is 01,02, M > 0 such that for all ¢ € By, (co) NT(N), we
have fori=1,2,

1.
Ei(N,c) N7 (Bo, (Si(N, o)) € Wi(N,c).
This also implies E;(N,c) = E;(N,c) and is C* over By, (Si(N,cp)).

2. For each (0,p) € (N, c), there exists k < M such that

¢ "(0,p) € By, (S1(N,c) USy(N,c)).

Proof. We prove item 1. for i = 1, the proof for i = 2 is identical. We first prove the statement
for ¢ = ¢p then extend to a neighborhood by continuity. First of all, we refer to [Bel] Lemma
4.4, to get the existence of o3 > 0 such that every (0,p) € & (N, ¢) with 6 € B,,(S1(N, cp)) is
backward asymptotic to S;. By Lemma 5.6, there exists k such that ¢=%(6,p) € W(N,¢). We
now show that & can be chosen uniformly for all 0 € B, /2(S1(NV, cp)). Arguing by contradiction,
if there is k; — oo and ¢~ (0;,p;) ¢ W(N,¢) for all 0 < j < k;, after taking a convergent
subsequence, we get (0;,p;) — (0.,ps) € E1(N,c) whose backward orbit does not intersect
Wi (N,c). This is a contradiction. Using a similar compactness argument over ¢, we obtain:

There exists 04,05 > 0 and M > 0, such that for all ¢ € B,,(co) NT(N) and (6,p) €
By (S(N, cp)), we have ¢~%(0,p) € W{(N,c) for all k > M.

Finally, we choose o small enough so that By, (S1(N,cp)) € ¢~ (By,(S1(n,cp))). Since
S1(V, ¢) is semi-continuous in ¢, this property extends to a small neighborhood of ¢ € T',(N).

We now prove item 2, for ¢ = 1. Assume there exists o7 > 0, k; — oo, (0;,pi) € E1(N,¢;)
with ¢; — ¢p, such that ¢=7(0;,p;) ¢ Bo,(S1 USs) for all 0 < j < k;. Taking limit up to
a subsequence, we obtain an orbit (0., p.) € &1(N, ) not backward asymptotic to S; U S, a
contradiction. O

For each ¢ € T'.(N), the set S (N, c) is a graph over 67, hence there exists a map 7, : T —
T x R™ such that S; (N, C) is the image of 7. and my; o n.(s) = s.
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Lemma 5.8. There exists C; > 0 such that
1
sup [[1e(s) — ner(s)|| < Calle = €'||2

for each ¢ and ¢ in T(N).

Proof. We denote by D; different positive constants that may depend on ¢ and §. Since C; is
a Lipschitz graph over (6f,p),

sup [|ne(s) = ner (s)|| < Dy sup [|mprme(s) = mpsmer(s)]]- (31)

Each Weak KAM solution u. is differentiable on &1 (V, ¢), and we have 7,01, = c+duc(mgon,).

We have
/pd9 = /cd9 + / duc(mg o ne)dd = Ty (c),
n n n

hence the symplectic area A(7.,7.) of the domain of C; delimited by the curves 7. and 7. is

AMesner) = </n—/> pdf = Ty (c) — mpr ().

Recall that the cylinder C; is given by a graph (0%,p°) = (0%, P*)(0/,pf). The estimates
(4) imply that, if v,v" are two vectors tangent to Cy, then |(d©° A dP®)(v,v")| < CV6|doT A
dp’ (v,v")|, hence, if § is small enough,

|(d© A dP)(v,v")| = =|(d8’ A dp”)(v,v")|.

|~

Note that given two C' Lipshitz functions v1,7v2 : T — R with v1(s) > y2(s),

1
Jon=)ds > 55w In() -2

Let £ denote the region on C; between 7. and 7. For ¢,¢’ € Ty, there is D3, D4 > 1 such

that )
Dalle= ¢ > Iy (€)= 7 ()l = Al > 3| [ 07 na
1 1 (32)
= 5| [ s 01e6) = 7y 0] > s s 01e) = 7y 0]
Combine with (31) we get our conclusion. O

Lemma 5.9. In the context of Lemm 5.7, consider for ¢, € By, (co)T«(N), and {; € S1(N,¢)
and ¢} € S1(N, ), denote

Ue() = heee(Cy ) = hvozgne(Crs)s uer(r) = hewe (C2s ) = hnoz,exe (G5 )-
Then for 6 € B,,(S1(N,c)) -
1. [Vue(9) = Vue (0)] < Calle — /|12 ;
2. Jue(0) — uer(0) — C3| < Cafle— /|5

Moreover, the same holds with S, replaced with Ss.
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Proof. For 0 € B,,(S1(N,cp)), let y = (0, Vuc(0)), and let z € S1(N, ¢) be such that y € W*(z).
We then define 2z’ € S;(N,¢’) be the unique such point with 6/(z") = /(z). Finally, define
y' € WH(2') such that 6°(y’) = 0°(y), which is possible since W*"(z’) is locally a graph over 6°.

We note that within the center unstable manifold W*(A), the NHIC A on one hand, and
0% = 0°(y) on the other hand serves as two transversals to the strong unstable foliation {WW*(-)}.
Since the foliation is C!, there exists D; > 0 such that

1
ly =4l < Dillz = &'l < C1Dalle = |2,

where Cj is from Lemma 5.8. Denote w = (6, Vue(6)), and noting y' € W (N,d) =
{(z, Vue(z))} which is locally a C! graph, we get for Dy > 0

lw =yl < Dallmo(w) — mo(y")| = D2llma(y) — mo(y")ll < Dally —¥/'ll,
therefore
IVue(®) = Vue 0)| < llw =yl < Jw =yl + lly = ¢/l < Dslly = ¢/l| < Dalle = |2
Ttem 1 follows. For item 2, we consider 6,0y € B, (S1(N, o)), then integrating item 1 leads to
[e(8) = e (0) — (ue(B0) — uer(60)) | < Dslle — /|| (33)
Ttem 2 follows by taking Cs = u.(6p) — uc (0o). O

Proof of Proposition 5.3. Fix (N, cg) € Q, we consider ¢ € B,,(co) NT(N) in the context of
Lemma 5.7. From item 2 of that lemma, for every 6 € T", there exists a calibrated orbit
v : (—00,0] — T™ with v(0) = 6, such that v(t) € By, (S1(N,c)US2(N,c)) whenever t < —M.
Then (omitting the subscript N o Z)

hg*c(Clae) = min min min {hf*c(glag) + hﬁ*c(Ciael) + Alg*c(e/ae)} .

i=1,2 k<M 6'€B,,
Since he«c(¢;,0') are uniformly 1 Holder in ¢ for §' € B,,(Si(N,c)) and ¢ € By, (co) NT.(N),
each Alg*c are uniformly Lipshitz in ¢, the family he«(¢1,6) is 3 Holder in c. O
A Normally hyperbolic manifold

Let F : R® — R™ be a C' vector field. We give sufficient conditions for the existence of a
Normally hyperbolic invariant graph of F. We split the space R™ as R™* x R™ x R", and
denote by & = (u, s, c¢) the points of R™. We denote by (F.,, Fs, F.) the components of F":

We study the flow of F' in the domain
Q= DB"x B*xQ°

where B" and B® are the open Euclidean balls of radius r, and s in R™* and R", and ¢ is
a convex open subset of R™. We denote by

L,
L(z) = dF(z) = | Lsyu(x)
L

<

—
8

~

Lus(z)  Lyc(x)
Lgs(z) Lgc(x
L



the linearized vector field at point z. We assume that ||L(z)|| is bounded on €, which implies
that each trajectory of F'is defined until it leaves Q2. We denote by W€ the union of full orbits
contained in ). In other words, this is the set of initial conditions x € 2 such that there exists
a solution z(t) : R — Q of the equation @ = F(z) satisfying x(0) = z. We denote by W*¢
the set of points whose positive orbit remains inside ). In other words, this is the set of initial
conditions z € § such that there exists a solution z(t) : [0,00) — Q of the equation & = F(z)
satisfying x(0) = z. Finally, we denote by W"¢ the set of points whose negative orbit remains
inside 2. In other words, this is the set of initial conditions z € 2 such that there exists a
solution z(t) : (00,0] — 2 of the equation & = F(x) satisfying (0) = z. These sets have
specific features under the following assumptions:
Hypothesis 3 (Isolating block). We have:

e F.=0 on B* x B® x 00)°.

o F,(u,s,¢)-u>0 ondB*x B* x Q°.

o F(u,s,c)-s<0 on B"xdB* x 0°.
Hypothesis 4. There exist positive constants o and m such that:

o Lyu(x) = al, Ls(x) < —al for each x € Q in the sense of quadratic forms.

o || Lus(@)[| + [ Luc(@)|| + [ Lsu(@)]| + | Lsc(@)]] + | Lew(@)|| + [[Les(@)]| + | Lec(@)[| < m for
each x € Q.

Theorem A.1. Assume that Hypotheses 3 and 4 hold, and that
m_ 1
a—2m 2

Then the set W3¢ is the graph of a C' function

0< K =

w*: B® x Q¢ — B“,
the set WU¢ is the graph of a C' function
w"® : BY x Q¢ — B?,
and the set W¢ is the graph of a C* function
w® = (ws,ws) : Q¢ — B x B,
Moreover, we have the estimates
[dw™| S K, [ldw"’|| < K, [|dw’| < 2K.

Proof. This results could be reduced to several already existing ones, see [Fe, HPS, McG, Ch] or
proved directly by well-known methods. We shall use Theorem 1.1 in [Ya] which is the closest
to our needs because it is expressed in terms of vector fields. We first derive some conclusions
from the isolating block conditions. We denote by 7°¢ the projection (u, s, c) — (s, ¢), and so
on.

Lemma A.1. If Hypothesis 3 holds, then
(W) = B x Q. and 7"(W") = B" xQ°
Moreover, the closures of W3¢ and W"¢ satisfy
W C B* x B* xQ°, W"*C B"x B* x Q°.
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Proof. Let us define T%(x) € [0,00] as the first positive time where the orbit of x hits the
boundary 9. Let us denote by o(t,z) the flow of F. If T (z) < oo (which is equivalent to
x & W*¢), we have (T (z),z) € 0B* x B® x Q¢ as follows from Hypothesis 3. Then, it is
easy to check that the function T is continuous, and even C!, at .

We prove the first equality of the Lemma by contradiction, and assume that there exists a
point (s,¢) € B* x Q¢ such that W*¢ does not intersect the disc B* x {s} x {c}. Then, the first
exit map

B*3>uvr— 1 op(Tt(u,s,c),(u,s,c)) € 0B,

extends by continuity to a continuous retraction from B* to its boundary B". Such a retraction
does not exist. The proof of the other equality is similar.
Finally, we have

W“CB“XBSxQC:(B“XBSXQC)U(aB“xBSxQC).

Hypothesis 3 implies that each point of 9B x B* x Q¢ has a neighborhood formed of points
which leave Q after a small time. As a consequence, the set 0B" x B* x Q¢ can’t intersect W,
and we have proved that ¢ C B* x B* x Q°. The other inclusion can be proved in a similar
way. O

In order to prove the statement of the Theorem concerning W?*¢, we apply Theorem 1.1 of
[Ya]. More precisely, using the notation of that paper, we set

a=u/K, z=/(s,c), fla,z)=F,(Ka,z)/K, g¢gla,z)=(Fs(Ka,z),F.(Ka,z)).

We have the estimates

aaf = Lyu = «, azg = |:£ss ésc:| <m

in the sense of quadratic forms. Moreover, we have the estimates
m
19: 1 < 220 19agll < Km.

Since
m+m/K+Km<2m+m/K =a

we conclude that Hypothesis 2 of [Ya] is satisfied. Hypothesis 1 of [Ya] is verified by the domain
Q, and Hypothesis 3 is precisely the conclusion of Lemma A.1. As a consequence, we can apply
Theorem 1.1 of [Ya], and conclude that the set W*¢ is the graph of a C! and 1-Lipschitz
map above B® x Q¢ in (a, z) coordinates, and therefore the graph of a K-Lipschitz C! map
w3 : B® x Q° — B" in (u, 8, ¢) coordinates.

In order to prove the statement concerning W"¢, we apply Theorem 1.1 of [Ya] with

a=s/K, z=(u,c),

fla,z) = —=Fy(Ka,2)/K, g¢g(a,z)=—(F.,(Ka,z),F.(Ka,z)).

It is easy to check as above that all hypotheses are satisfied.

Let us now study the set W¢ = W3¢ N Wue, First, let us prove that W¢ is a C! graph above
Q¢. We know that W*¢ is the graph of a K-Lipshitz C! function w®(s, c) and that W4 is the
graph of a K-Lipshitz C! function w“¢(u, c). The point (u, s, c) belongs to W¢ if and only if

u=w*(s,c) and s=w"(u,c),
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or in other words if and only if (u, s) is a fixed point of the K-Lipschitz C! map
(1, 5) > (°(s,¢), w" (u, ).

For each ¢, this contracting map has a unique fixed point in B* x B*, which corresponds to
a point of Ws¢ N Wue. It follows from Lemma A.1 that this point is contained in B* x B*.
Then, it depends in a C'' way of the parameter c. We have proved that W¢ is the graph of a C'*
function we. In order to estimate the Lipschitz constant of this graph, we consider two points
(ui, 8i,¢i),1=10,1 in We We have

lJur — uol* < K(||s1 — sol|> + ller — coll?)

and
lIs1 = soll* < K*([lur — uol|® + [ler — o).

Taking the sum gives

(1= K?)(|lur — uol? + lIs1 — soll*) < 2K3[|ex — co?

2K?2
[[(u1,81) = (uo, s0) [l < 4/ mHCl = co < 2K[ler — cof,

since K < 1/\/5 We conclude that we is 2K-Lipschitz. O

It is useful to go a bit further in the study of the invariant manifold W° = {(w (c), wi(c),c)}.
This manifold is a partially hyperbolic invariant set, hence by the usual theory, to each point
x € W€ is attached a strong stable manifold W?*(x) and a strong unstable manifold W*(x),
which are C! (and even C” if F' is C"). The manifolds W%(x),z € W¢ partition W%, although
this partition is not usually a C! foliation. For each z € W, we denote by E*(z) the strong
unstable space, which is the tangent space at = of the only unstable manifold W*(xo) which
contains xg. We define the exponents

and

ey = — sup lim sup log(|lv(—%)||) /¢,
zEWC,’UEEu(I) t—ro0

= — sup lim sup log(|lv(—%)||)/t,
zeWue veEu(z) t—>00

el == sup limsuplog(|o(t)]])/t,
xeWe veT, W, t—00
€ = oy ind |, iminflog(lu(®)])/1,

where v(t) is the solutions of the linearized equation ¥(t) = dFyy) - v(t) with initial condition
v(0) = v, and z(t) is the solution of &(t) = F o x(t) starting from x(0) = .

Lemma A.2.
—m —2mK < e_ <ei <m+2mK.

Proof. We consider an orbit z(t) € W€, and a variational orbit v(t) = (u/(¢), s'(t), ¢'(t)) tangent
to We. Observe that ||(u/,s)]] < 2K ||| for each ¢, which implies:
’ d

A2
e

=2/{c/, Lyt + Less' + Leed)| < 2(m + 2Km)||c||2.

O
The next Lemma implies that the manifolds W*¢(z) are the graphs of C! and K-Lipschitz
maps wj : B® — B" x Q¢ wY : B* — B* x Q°.
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Lemma A.3. If z(t) :|T~,TT[— Q is an orbit of F, then the linearized equation v(t)
dFyq - v(t) preserves the cone C* = {[|(s',c)|| < K|[u'|[} in forwad time, and the cone C° =
{|; )| < K||$||} in backward time.

We have E*(x) C C* for each x € W*¢, E%(x) C C* for each x € W*°.

Finally we have the estimate

ey = a—2mK > «f2.
Proof. Let v(t) = (u/(t),s'(t), ¢'(t)) be a solution of the linearized equation along x(¢). Then
d
TP = (W Lt + Luss’ + Luced) = alu’|* = m|(s", )[[w/]] > (@ = m) /]|
(this estimate will also provide the desired growth rate in the unstable direction) and
d
I I(s",ENI? = (8", Lot + Lys8’ + Lgec') + (¢, Loyt + Less’ + Leec')
<ml|(s", NI+ 11", ) < mE (1 + K)o
This implies implies that

d
E(K2||UIH2 —I(s',N]?) = K*(a — mK —m —m/K)||u||* > 0,

recalling that m + m/K + mK < a. The estimates concerning C* are similar. O

In general, the maps w? and wY are not better than (Holder)-continuous in x, but we can
obtain a better regularity under stronger hypotheses:

Theorem A.2. In the context of Theorem A.1, let us assume the additional assumptions that
Fis C% and K < 1/8 (or equivalently, m < «/6). Then each of the manifolds W€, W1 W*¢ is
C?, and the manifolds W*(x),x € W€ form a C! foliation of W (similarly for W* in W),
The foliations are C* in the strongest possible sense, namely the map v — E“(x) is C1 on
Et, which imply that the foliation admits C' charts, and that the local holonomies ar C'.

Proof. An easy computations shows that m 4+ 2mK < «/4, hence we obtain

ew > af2, el <al4, e >—al4

C

This implies that e, > 2e}, hence W¢ is 2-normally hyperbolic, hence it is C?, as well as Wu¢
and W7, see [Fe, HPS].
Moreover, we have the bunching condition e,, > el — e, which implies the C! regularity of
the unstable foliation, see [Fe2, PSW, DLS]. O
We need the following easy addendum:

Proposition A.3. Assume in addition that there exists a translation g of R™ such that
g(Q)=Q° and Fo(id®id®g)=F.
Then we have

wo (id® g) =w*, w'o(id®g)=w", w'og=w".
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Proof. Tt follows immediately from the definition of the sets W*¢, W*¢ and W€ that g(W*°) =
wee, g(Whe) = WHe and g(W*e) = We. O

In applications the first condition of Hypothesis 3 is usually not satisfied, except in the case
where Q¢ = R". In view of the applications we have in mind, it is useful to split the central
variables into two groups and consider

Q° = R™ x Q°,

where 0° is a convex open set in R™, nl + n% = n,. Given a positive parameter o, let €2¢2
be the set of points ¢y € R" such that d(c,Q) < o. This is a convex open subset of R™
containing Q2. We denote by Q¢ the product R7 x Q% and by ), the product B" x B*® x Q¢.
With the notation F, = (F,,, F,,), and denoting by W*¢(F,Q), W"(F,Q), W¢(F, Q) the set of
positive half orbits (resp. negative half orbits, full orbits) of F' contained in 2, we have:

Proposition A.4. Let F : R™ x R™ x Q¢ — R™ x R™ x R" be a C? vector field. Assume
that there exists \,m,o > 0 such that

o Fy(u,s,¢)-u>0 ondB*x B xQ¢.
o Fy(u,s,¢)-s<0 on B*xdB* xQ¢.

o Lyu(x) > al, Lg(x) < —al for each x € Q, in the sense of quadratic forms.

o ILus@) ] + ILue@)l + [ Los (@) + [ Zael@l] + | Eeu@)l] + [ Les@)] + | Lee@)] < m for
each x € Q.
o || Lus(@)[[+ | Luc(@) [+ Lss (@) |+ Lse (@) [+l Lew(@) |4+ | Les (@) [+ Lee (@) [ +2]| Fee (2) || /o <

m for each x € Q, —

Assume furthermore that

ol —

~
a—2m

then there exist C? maps
w : B* x Q. — B", w"“:B“x QS — B, w‘:Q. — B"x B*
satisfying the estimates
ldw™| < K, [ldw"’|| < K, [|dw® < 2K,

the graphs of which respectively contain W5¢(F,Q), WH4(F,Q), W¢(F,Q). Moreover, the graphs
of the restrictions of W, w"¢ and w® to, respectively, B® x ¢, B" x Q¢ and ¢, are tangent
to the flow.

There exists an invariant C1 foliation of the graph of w“¢ whose leaves are graphs of K-
Lipschitz maps above B“. The set W“(F,Q) is a union of leaves : it has the structure of an
invariant C' lamination. Two points z,x’ belong to the same leaf of this lamination if and only
if d(z(t), 2’ (t))et*/* is bounded on R~

If in addition there exists a group G of translations of R™1 such that Fo(id®id®g®id) = F
for each g € G, then the maps w* can be chosen such that

w*o (id®g®id) =w’, w'o(id®g®id)=w", wo(g®id)=w (34)

for each g € G. The lamination is also translation invariant.
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In contrast to the earlier results of this section, the map w®¢ is not uniquely defined, and
neither is its restriction to B® x ¢. Moreover, the intersection with  of the graph of w®¢ is
not necessarily positively invariant. It can contain strictly the set W*¢(F,€2). Similar remarks
apply to w"¢ and w°.

Proof. We take a function p : Q%22 — [0, 1] such that :
e p =0 near the boundary of Q&
e p=1o0n N2,
e ||dp|| < 2/0 uniformly.

We claim that the vectorfield

F(U, S,C) = (Fu(uaSaClaCQ)an(uasaclaCQ)aFC1 (U,S,Cl,CQ),p(CQ)FCZ (U,S,Cl,CQ))

satisfies all the hypotheses of Theorem A.1 on (2,. Note also that F = F on Q. Denoting by
L., the variational matrix associated to F', we see that

Lcu(uv S, C) = p(CQ)Lcu(uv S, C)a Ecs(uv S, C) = P(Cz)Lcs(% S, C)a

LClcl (ua S, C) = p(c2)LCICI (uv S, C)a LCICZ (ua S C) = p(CQ)L0102 (uv S, C),
and

l~/0202 (u, 8,¢) = p(ca)Leyey (U, 8,¢) + dp(c2) @ Fey(u, s, ).

As a consequence, we have

[ Luss (@) + [ Luc(@) | + | Lss @) + [ Lsc(@) | + | Lew(@)| + | Les (@) + || Lee() |
:P(CQ)(HLuS(x)H F | Luc(@) || + | Lss (@) || + | Lse (@) + [ Lew(@) || + || Les(2) ]| + ||LCC($)||)
| Fe, (@) ||| dp(e2)|| < m.

The claim is proved. We define w*¢, w"¢, w® as the maps given by Theorem A.1 applied to Fon
Q.. Since F' = F on Q, we have W*(F,Q) ¢ W*(F,Q,) for * = sc,uc or ¢. These maps may
depend on the choice of the function p but, once the function p is chosen, they are uniquely
defined. In the case where a group of translation G exists as in the statement, then we have
Fo(id®id® g®id) = F for each g € G. The uniqueness then implies (34). By definition,
W*(F,Q,) is the graph of w*, the statement follows from this observation. O

B Disconnectedness of Heteroclinics

We consider a Tonelli Hamiltonian H, a cohomology ¢, and the associated Aubry and Mané
sets A and A. We assume that the Aubry set is the union of two static classes S;,i = 1,2. The
Mané set can then be written as the disjoint union

N:51U52Uﬂ12Uﬁ21,

where:l:[lg i§ a set of heteroclinic orbits from 31 to 5'2, and 7:121 is a set of heteroclinic orbits
from Sy to S;. Morever, the sets

ilg = 51 US~2 U7:[12 and jgl = Sl U SQ U 7:[21
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are invariant compact Lipschitz graphs. In the notations of [Bel], we have Ty = I(Es,) =
Es, N ESQ, Igl = I(ESZ) Es, N E51

In [Bel], Section 9, it is proved that the cohomology ¢ is in the interior of its forcing class
provided each of the sets 7—212 and 7:121 is neat in the following sense:

The set 7:[12 is neat if there exists a compact subset 1612 which contains one and only
one point in each orbits of Pl and which is acyclic, which means that there exist an open
neighborhood U of K12 in TM such that the inclusion of U into T'M generates the null map in
homology.

In Section 1.4 of the present paper, we apply this result under the assumption that the sets
7:L12 and 7:121 are totally disconnected. We can do so in view of the following:

Proposition B.1. The set 7:[12 (or 7:{,21 ) is neat if it is totally disconnected.

Proof. We first recall that a compact metric space is totally disconnected if and only if it has
dimension zero, which means that each of its points has a basis of neighborhood made of open
and closed sets, see [HW], section I1.4.

By removing small open neighborhoods of 31 and 32 in fu, we form a compact subset of 7:[12
which contains at least one point in each orbit. This compact subset is totally disconnected (it is
a subset of ng) hence each of its points is contained in an open and closed set which is disjoint
from both &; and S,. We cover our compact by finitely many of these neighborhood. Their
union is a compact and _open subset Q of 7-{,12 which contains at least one point in each orbit.
The set K12 := Q — gp(Q) is then compact and open, and it contains exactly one point of each
p-orbit. It is totally disconnected, and therefore acyclic, in view of the following Lemma. O

Lemma B.1. Let M be a manifold and let K C M be a totally disconnected compact subset of
M. Then K 1is acyclic.

Proof. The subset K has dimension 0, see [HW]. As a consequence, each point of K is contained
in an open, closed, and acyclic neighborhood (small open sets are contained in discs hence are
acyclic). We cover K by finitely many of these subsets Uy, ..., Uy and set Vi = Uy, Vo = Ua— V7,
V; = U; — V;_1. We obtain k open acyclic subsets V; which are pairwise disjoint and cover K.
This implies that K is acyclic. O

C Continuity property of the Peierls’ barrier function
We consider here a general Tonelli Lagrangian L. We recall, see [Be2], section 4, that the
difference of two weak KAM solutions is constant on each static class.

Proposition C.1. Let Ly, — L be a sequence of Tonelli Lagrangians T™ x R™ x T converging
in the C? compact open topology, and ¢, — ¢ € R™ ~ HY(T",R). Assume that Ar(c) has
finitely many static classes. Let ;, € Arg, (ci) be such that (i, — (o € AL(c), then for any
0 eTm,
lim hg, e (Ck,8) = he(Co, 0).
k—> 00

Proof. First, since each A (61, 62) is continuous in L and ¢, we obtain

Hm ®p, ., (01,02) < lim (A} | (61,02)) = A} .(01,02)
k—> 00

k—o0

taking infimum over N, we get limy_ o0 Pr, ¢, (01,02) < Pp (01,02). Since hr (01,02) =
O (01,02) if either 01 or 05 is in Af(c), we obtain

lim he, (Ck, ) < he(Co, 0)-
k— 00
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Given ¢, — 0, let vy : [-Qk,0] — oo be a sequence of extremal curves such that
Yi(=Qk) = Cks £(0) = 0, and

AZE | (Cin0) < hpy e (Cr0) + e

We note that on each interval [i, j] C [-Qk, 0], we have

AL (@), (7))

= A% (7 (=Qr), e (0)) — AT (v (—Qu), e (8)) — A7 (7(5), 7%(0)) (35)
< h(C, 0) — e — (h(Crs Va (7)) — h(Chs Y (—Qk))) — (M(Crs £(0)) — A(Cr, v(5)))

< higen (Cor Ye(5)) = Py en (G, Y2(2)) + ks

since h(Cx, v (—Qk)) = h(Ck, Cx) = 0 and v, (0) = 0. Note we omit the subscript Ly, ¢; in the
intermediate calculations.

Let 4,1} be two consecutive visit of v4(7) to U = Bs(Ar(c)), we first show that i} — iy
must be bounded as k — co. Assume otherwise, then the curves v (t + i + 1)|[0, 4}, — ix — 2]
converges in uniformly over compact sets to v, : [0,00) — T". Assume the weak KAM
solutions Ay, ¢, (Ck,-) converges uniformly to a weak KAM solution u of L, ¢, taking limit in
(35) implies v, must be calibrated by w. Therefore v, must accumulates to Az (c) which is a
contradiction.

Let Si,---, S, be the static classes of A(L). Denote U, = B;s(S;) and assume § is small
enough so that U, are all disjoint. Let us note each 7, determines sequences ¢s € {1,---,7},
s=1,---,r,and 0 =149 < jo < -+ < iy < Jr < Q as follows.

L Set’i():jozo.

e Let 41 be the first visit of y(—i) to |J, Uy and Uy, is the set that y(—i1) visits. Let ji be
the last visit to Uy, , namely j; = max{i: v(—i) € Ug,)}.

e The process stops if js_1 = —Qg, we set then set iy = js = -+ = i, = j, = Qk,, and
s =" =d4r = {s—1-
Otherwise, let 75 be the first visits to Uq U, for i > js_1, and U,, the set it visits. Define
Js be the last visit to U,, and continue.

Then

Wiy (Ciy0) + € = ATE . ((=Qx), 7x(0))

=Y AT (i), e (—ds—1)) Y AT (=), vk (i)

s=1 s=1 (36)
> Y ATy (=), Y (—ds1)) + D ((Cs Y (i) = Rl(Crr v (—3s))) — Tek,

where the subscript Lg, ¢, was omitted in the last two lines. By restricting to a subsequence, we
may assume that for all v, the ordering ¢1, - - - ¢, are identical. Our previous observation implies
fors=1,---,r, is — js—1 are bounded as kK — oo. By restricting to another subsequence, we
may assume is — js_1 is constant for all k, and vy, (—is) — 05, Yu(—Jjs) — 0, as k — oo.
Note that for s = 1,---,7, 05,0, € Bs(S,,), therefore, there exists ns,n, € S, such that

Sy Vs

[10s — nsll, 105 — nill < d. Let us also note, by definition 6y = 6f, = 0, 0, = 0. = (. Define
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no = ny = 0 and n, = n,. = . Up to taking a subsequence, assume the weak KAM solutions
hi.ex (Ces-) — u(-) uniformly. Take limit as k& — oo in (36), we obtain

T

Jim R, (G 0) > 7 (AT (0, 0000) + u(6,) — u(6)))

s=1
r

> (A7 e mo) + ulng) — u) — 409)

s=1

= Z (A%;js*l (775; 77;71) + h’L,C(COv 775) - h’L,C(COv 77;) - 405)
s=1

T

2 Z (hL,c(COa 77;;71) - hL#(C@aU;) - 406)

s=1

= hr.e(Co,m0) — hr.e(Co,me) — 4106 = hy, o((o,0) — 4rC9.

Since ¢ is arbitrary, we obtain limg_ oo hr, ¢, (Cis @) = hr.c(Co, 6). O
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