N
N

N

HAL

open science

Bank monitoring incentives under moral hazard and

adverse selection

Nicolds Hernandez Santibanez, Dylan Possamai, Chao Zhou

» To cite this version:

Nicolas Herndndez Santibanez, Dylan Possamai, Chao Zhou. Bank monitoring incentives under moral
hazard and adverse selection. Journal of Optimization Theory and Applications, 2020, 184, pp.988-

1035. 10.1007/s10957-019-01621-9 . hal-01435460

HAL Id: hal-01435460
https://hal.science/hal-01435460
Submitted on 20 Jan 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01435460
https://hal.archives-ouvertes.fr
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Abstract

In this paper, we extend the optimal securitization model of Pages [41] and Possamai and Pages
[42] between an investor and a bank to a setting allowing both moral hazard and adverse selection.
Following the recent approach to these problems of Cvitani¢, Wan and Yang [12], we characterize
explicitly and rigorously the so-called credible set of the continuation and temptation values of
the bank, and obtain the value function of the investor as well as the optimal contracts through
a recursive system of first-order variational inequalities with gradient constraints. We provide a
detailed discussion of the properties of the optimal menu of contracts.

Key words: bank monitoring, securitization, moral hazard, adverse selection, principal-agent
problem
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1 Introduction

Principal-Agent problems with moral hazard have an extremely rich history, dating back to the early
static models of the 70s, see among many others Zeckhauser [59], Spence and Zeckhauser [54|, or
Mirrlees [33, 34, 35, 36|, as well as the seminal papers by Grossman and Hart [19], Jewitt, [25],
Holmstrom [23]| or Rogerson [48]. If moral hazard results from the inability of the Principal to monitor,
or to contract upon, the actions of the Agent, there is a second fundamental feature of the Principal-
Agent relationship which has been very frequently studied in the literature, namely that of adverse
selection, corresponding to the inability to observe private information of the Agent, which is often
referred to as his type. In this case, the Principal offers to the Agent a menu of contracts, each
having been designed for a specific type. The so-called revelation principle, states then that it is
always optimal for the Principal to propose menus for which it is optimal for the Agent to truthfully
reveal his type. Pioneering research in the latter direction were due to Mirrlees [37]|, Mussa and Rosen
[38], Roberts [46], Spence [53|, Baron and Myerson [6], Maskin and Riley [29], Guesnerie and Laffont
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[20], and later by Salanié [50], Wilson [58], or Rochet and Choné [47]. However, despite the early
realisation of the importance of considering models involving both these features at the same time, the
literature on Principal-Agent problems involving both moral hazard and adverse selection has remained,
in comparison, rather scarce. As far as we know, they were considered for the first time by Antle [1],
in the context of auditor contracts, and then, under the name of generalised Principal-Agent problems,
by Myerson [39]'. These generalised agency problems were then studied in a wide variety of economic
settings, notably by Dionne and Lasserre [14|, Laffont and Tirole [27], McAfee and McMillan [30],
Picard [44], Baron and Besanko [3, 4], Melumad and Reichelstein [31, 32|, Guesnerie, Picard and Rey
[21], Page [40], Zou[60], Caillaud, Guesnerie and Rey [9], Lewis and Sappington [28], or Bhattacharyya
71

All the previous models are either in static or discrete-time settings. The first study of the continuous
time problem with moral hazard and adverse selection was made by Sung [55], in which the author
extends the seminal finite horizon and continuous-time model of Holmstrom and Milgrom [24]. A more
recent work, to which our paper is mostly related has been treated by Civtani¢, Wan and Yang [12],
where the authors extend the famous infinite horizon model of Sannikov [51] to the adverse selection
setting. If one of the main contributions of Sannikov [51] was to have identified that the continuation
value of the Agent was a fundamental state variable for the problem of the Principal, [12] shows that
in a context with both moral hazard and adverse selection, the Principal has also to keep track of the
so-called temptation value, that is to say the continuation utility of the Agent who would not reveal his
true type. Although close to the latter paper, our work is foremost an extension of the bank incentives
model of Pages and Possamai [42], which studies the contracting problem between competitive investors
and an impatient bank who monitors a pool of long-term loans subject to Markovian contagion (we also
refer the reader to the companion paper by Pagés [41] for the economic intuitions and interpretations
of the model). In the model of [42], moral hazard emerges because the bank has more "skin a game"
than the investors, and has the opportunity, ez ante and ex post, to exercise a (costly) monitoring of
the non-defaulted loans. This is a stylised way to sum up all the actions than the bank can enter into to
ensure itself of the solvability of the borrowers. Since the investors cannot observe the monitoring effort
of the bank, they offer CDS type contracts offering remuneration to the bank, and giving it incentives
through postponement of payments and threat of stochastic liquidation of the contract (similarly to
the seminal paper of Biais, Mariotti, Rochet and Villeneuve [8]). In the present paper, we assume
furthermore that there are two types of banks, which we coin good and bad, co-existing in the market,
differing by their efficiency in using their remuneration (or equivalently differing by their monitoring
costs). Even if the investor is supposed to know the distribution of the type of banks, he cannot know
whether the one is entering into a contract with is good or bad.

Mathematically speaking, we follow both the general dynamic programming approach of Cvitanié,
Possamai and Touzi [11], as well as the take on adverse selection problems initiated by [12]. Intuitively,
these approaches require first, using martingale (or more precisely backward SDEs) arguments, to solve
the (non-Markovian) optimal control problem faced by the two type of banks when choosing each
contracts. This requires obviously, using the terminology introduced above, to keep track of both the
continuation value and the temptation value of the banks, when they choose the contract designed for
them or not. The problem of the Principal rewrites then as two standard stochastic control problems,

!There were earlier attempts in this direction, but providing a less systematic treatment of the problem; see the
income tax model of Mirrlees [37], the Soviet incentive scheme study of Weitzman [57], or the papers by Baron and
Holmstrém [5] and Baron [2].

*We refer the interested reader to the more recent works of Faynzilberg and Kumar [16], Theilen [56], Jullien, Salanié
and Salanié [26], Gottlieb and Moreira [18].



one in which he hires the good bank, and one in which he hires the bad one. Each of these problems
uses in turn the aforementioned two state variables (and these two only, because the horizon is infinite
and the Principal is risk-neutral), with truth-telling constraint, asserting that the continuation value
should always be greater than the temptation value. This leads to optimal control problems with
state constraints, and thus to Hamilton-Jacobi-Bellman (HJB for short) equations (or more precisely
variational inequalities with gradient constraints, since our problem is actually a singular stochastic
control problem) in a domain, which, following [12], we call the credible set. This set is defined as the
set containing the pair of value functions of the good and bad bank under every admissible contract
offered by the investor. The determination of this set is the first fundamental step in our approach.
Following the the orignal ideas of [12], we prove that the determination of the boundaries of this set
can be achieved by solving two so-called double-sided moral hazard problems, in which one of the type
of banks is actually hiring the other one. Fortunately for us, it turned out to be possible to obtain
rigorously® explicit expressions for these boundaries by solving the associated system of HJB equations
and using verification type arguments. We also would like to emphasise that unlike in [12], there is
certain dynamic component in our model, since we have to keep track of the number of non-defaulted
loans, through a time inhomogeneous Poisson process. This leads to a dynamic credible set, as well as,
in the end, to a recursive system of HJB equations characterising the value function of the Principal.

After having determined the credible set itself, we pursue our study by concentrating on two specific
forms of contracts: the shutdown contract in which the investor designs a contract which will be
accepted only by the good bank, and the more classical screening contract, corresponding to a menu
of contracts, one for each type of bank, which provides incentives to reveal her true type and choose
the contract designed for her. These two contracts correspond simply to the offering, over the correct
domain of expected utilities of the banks (so as to satisfy the proper truth-telling and participation
constraints), of the best contracts that the investor can design independently for hiring the good and
the bad bank.

Since we characterise, under classical verification type arguments, the value function of the investor
through a system of HJB equations, we also have classically access to the optimal contracts through this
value function and its derivatives. This allows us to provide an associated qualitative and quantitative
analysis. It turns out that he optimal contracts designed for the good and the bad bank share the
same attributes, and are close in spirit to the ones derived in the pure moral hazard case in [42]. On
the boundaries of the credible set, the value function of the bad bank plays the role of a state process.
The payments of the optimal contracts are postponed until the moment the state process reaches a
sufficiently high level, depending on the current size of the project. Similarly, when one of the loans
of the pool defaults, the project is liquidated with a probability that decreases with the value of the
state process. If the value function of the bad bank at the default time is below some critical level, the
project will be liquidated for sure under the optimal contracts. On the other side, if the value function
of the bad bank is high enough at the default time, the project will be maintained. In the interior of
the credible set, the continuation value and the temptation value of the banks are the state processes
for the optimal contracts. It is possible to identify zones of good performance inside of the credible
set, where the agents are remunerated and the project is maintained in case a default occurs. It is
also possible to identify zones of bad performance, where the agents are not paid and the project is
liquidated in case of default. In the rest of the credible set the optimal contracts provide intermediary
situations.

3Notice that in this respect the study in [12] was more formal, and our paper provides, as far as we know, the first
rigorous derivation of this credible set.



The rest of the paper is organised as follows. In Section 2, we present the model, we define the set of
admissible contracts and we state the investor’s problem. In Section 3, we recall the results obtained
in [42] for the case of pure moral hazard, which will be useful later on for us. In Section 4, we formally
study the credible set and obtain an explicit expression for it. In Section 5, we study both the optimal
shutdown and screening contract, describing their characteristics and the behaviour of the banks when
they accept these contracts. The Appendix contains all the technical proofs of the paper.

Notations: Let N denote the set of non—negative integers. For any n € N\{0}, we identify R"
with the set of n—dimensional column vectors. The associated inner product between two elements
(z,y) € R™ x R™ will be denoted by z - y. For simplicity of notations, we will sometimes write column
vectors in a row form, with the usual transposition operator T, that is to say (z1,...,2,)’ € R” for
some z; € R, 1 <i <mn. Let R} denote the set of non—negative real numbers, and B(R ) the associated
Borel o—algebra. For any fixed non—negative measure v on (R, B(R)), the Lebesgue-Stieljes integral
of a measurable map f: R, — R will be denoted indifferently

t
f(s)dvs or / f(s)dvs, 0 <u <t.
[u,t] u

2 The model

This section is dedicated to the description of the model we are going to study, presenting the contracts
as well as the criterion of both the Principal and the Agent. As recalled in the Introduction, it is actually
an adverse selection extension of the model introduced first by Pagés in [41] and studied in depth by
Pagés and Possamai [42].

2.1 Preliminaries

We consider a model in continuous time, indexed by ¢ € [0,00). Without loss of generality and for
simplicity, the risk—free interest rate is taken to be 0*. Our first player will be a bank (the Agent,
referred to as "she"), who has access to a pool of I unit loans indexed by j = 1, ..., I which are ez
ante identical. Each loan is a perpetuity yielding cash flow p per unit time until it defaults. Once
a loan defaults, it gives no further payments. As is commonplace in the Principal-Agent literature,
especially since the paper of Sannikov [51], the infinite maturity assumption is here for simplicity and
tractability, since it makes the problem stationary, in the sense that the value function of the Principal
will not be time-dependent. We assume that the banks in the market are different, and that two types
of banks coexist, each one being characterised by a parameter taking values in the set R := {pg, ps}
with pg > pp. We call the bank good (respectively bad) if its type is pg (respectively py). Furthermore,
it is considered to be common knowledge that the proportion of the banks of type p;, ¢ € {g,b}, is p;.

Denote by
I

Nt = Z l{TjSt}7

i=1

the sum of individual loan default indicators, where 77 is the default time of loan j. The current size
of the pool is, at some time ¢ > 0, I — N;. Since all loans are a priori identical, they can be reindexed
in any order after defaults. The action of the banks consists in deciding at each time ¢t > 0 whether

4As already pointed out in the seminal paper of Biais, Mariotti, Rochet and Villeneuve [8], see also [42], the only
quantity of interest here is the difference between the discounting factors of the Principal and the Agent.



they monitor any of the loans which have not defaulted yet. These actions are summarised by the
functions e{"i, where for 1 < j < T— N, i € {g,b}, e{"i = 1 if loan j is monitored at time ¢ by the bank
of type p;, and et"i = 0 otherwise. Non-monitoring renders a private benefit B > 0 per loan and per
unit time to the bank, regardless of its type. The opportunity cost of monitoring is thus proportional
to the number of monitored loans. Once more, more general cost structures could be considered, but
this choice has been made for the sake of simplicity.

The rate at which loan j defaults is controlled by the hazard rate a{ specifying its instantaneous
probability of default conditional on history up to time t. Individual hazard rates are assumed to
depend on the monitoring choice of the bank and on the size of the pool. In particular, this allows to
incorporate a type of contagion effect in the model. Specifically, we choose to model the hazard rate
of a non—defaulted loan j at time ¢, when it is monitored (or not) by a bank of type p; as

o= ar_p, (1+ (1—4’“’) g>, £>0, j=1,....0 — N, i€ {b, g}, (2.1)

where the parameters {o; }, <j<g Yepresent individual “baseline” risk under monitoring when the number
of loans is j and € > 0 is the proportional impact of shirking on default risk. We assume that the
impact of shirking is independent of the type of the bank. Actually, we found out that differentiating
between the banks in this regard created degeneracy in the model. We refer the reader to Section H
in the Appendix for a more detailed explanation.

For i € {b, g}, we define the shirking process k’ as the number of loans that the bank of type p; fails
to monitor at time ¢ > 0. Then, according to (2.1), the corresponding aggregate default intensity is

given by
I—Ny

M=ol =arn, (I Ny +eki). (2.2)
j=1

The banks can fund the pool internally at a cost » > 0. They can also raise funds from a competitive
investor (the Principal, referred to as "he") who values income streams at the prevailing risk—less
interest rate of zero. We assume that both the banks and the investor observe the history of defaults
and liquidations, as well as the parameters p, and py, but the monitoring choices and the type of the
bank are unobservable for the investor.

2.2 Description of the contracts

Before going on, let us now describe the stochastic basis on which we will be working. We will always
place ourselves on a probability space (€2, F,P) on which N is a Poisson process with intensity \? (which
is defined by (2.2)). We denote by F := (F{¥)i>0 the P—completion of the natural filtration of N. We
call 7 the liquidation time of the whole pool and let H; := 14>,y be the liquidation indicator of the
pool. We denote by G := (G;)>0 the minimal filtration containing F and that makes 7 a G—stopping
time. We note that this filtration satisfies the usual hypotheses of completeness and right—continuity.

Contracts are offered by the investor to the bank and agreed upon at time 0. As usual in contracting
theory, the bank can accept or refuse the contract, but once accepted, both the bank and the investor
are fully committed to the contract. More precisely, the investor offers a menu of contracts ¥; :=
(k',0°, D), i € {g,b} specifying on the one hand a desired level of monitoring k* for the bank of type
pi, which is a G—predictable process such that for any ¢t > 0, k! takes values in {0,...,I — N;} (this
set is denoted by £), as well as a flow of payment D?. These payments belong to set D of processes



which are cadlag, non—decreasing, non—negative, G—predictable and such that
EF[D!] < +oc.

We do not rule out the possibility of immediate lump—sum payments at the initialisation of the contract,
and therefore the processes in D are assumed to satisfy Dy- = 0. Hence, if Dy # 0, it means that a
lump—sum payment has indeed been made.

The contract also specifies when liquidation occurs. We assume that liquidations can only take the form
of the stochastic liquidation of all loans following immediately default® Hence, the contract specifies
the probability 67, which belongs to the set © of [0, 1]—valued, G—predictable processes, with which
the pool is maintained given default (dN; = 1), so that at each point in time, if the bank has indeed
chosen the contract ¥,
dH, — {0 with probability 6, |
dNy with probability 1 — 6;.

With our notations, given a contract W;, the hazard rates associated with the default and liquidation
processes Ny and H; are, if the bank does choose the contract V,, )\fZ and (1 - 9@) )\fz, respectively.

The above properties translate into

]P’(TG {7’1,...,7'1}) =1, and P(r = 7| Fy, 7> =1-6",, je{1,...,1}.

T3
For ease of notations, a contract ¥ := (k, 0, D) will be said to be admissible if (k,8,D) € R x © x D.
As is commonplace in the Principal-Agent literature, we assume that the monitoring choices of the
banks affect only the distribution of the size of the pool. To formalise this, recall that, by definition,
any shirking process k € £ is G—predictable and bounded. Then, by Girsanov Theorem, we can define
a probability measure P* on (Q, F), equivalent to P, such that Ny — fot )\fds, is a P*—martingale. More
precisely, we have on G;

= _ gk
dP t

where Z* is the unique solution of the following SDE
t /\k
Zf:1+/ zk <A—g— > (ANs — A)ds), 0<t<T, P—a.s.
0 s
Then, if the bank of type p; chooses the contract ¥;, her utility at ¢ = 0, if she follows the recommen-
dation k?, is given by

uh(k', 0, DY) .= EF" [ /0 e " (p;dD% + BE! ds)] , (2.3)

while that of the investor is

vo (Ti)iegopy) = D PiEPki [/OT (I — Ns) pds — dDé] : (2.4)

i€{g,b}

The parameter p; actually discriminates between the two types of banks through the way they derive
utility from the cash—flows delivered by the investor. Hence, for a same level of salary, the good bank
will get more utility than a bad bank. Such a form of adverse selection is also considered in the paper
of Civtani¢, Wan and Yang [12].

®Obviously, several other liquidations procedures could be considered. In the pure moral hazard case treated in [42]
(see also the thesis [45, Chapter 8, Section 4]), which will be reviewed below in Section 3, some heuristic justifications
are given, which lead to thinking that this should in general be, at least, not too far from optimality.



2.3 Formulation of the investor’s problem

We assume for simplicity that the reservation utility for banks of both type is Rg. The investor’s
problem is to offer a menu of admissible contracts (V;);cfg s = (K, 01, Di)ie{g,b} which maximises his
utility (2.4), subject to the three following constraints

ub (K, 6%, DY) > Ry, i € {g,b}, (2.5)

ub(k', 0", D) = sup uh(k, 0", D"), i € {g,b}, (2.6)
ker

up(k', 0%, DY) > sup ud (k, 07, D7), i # 4, (i,5) € {g,b}*. (2.7)
ker

Condition (2.5) is the usual participation constraint for the banks. Condition (2.6) is the so—called
incentive compatibility condition, stating that given (6%, D?) the optimal monitoring choice of the bank
of type p; is the recommended effort k%. Finally, Condition (2.7) means that if a bank adversely selects
a contract, she cannot get more utility than if she had truthfully revealed her type at time 0. Following
the literature, we call such a contract a screening contract.

In the sequel, we will start by deriving the optimal contract in the pure moral-hazard case, then we
will look into the so—called optimal shutdown contract, for which the investor deliberately excludes the
bad bank, before finally investigating the optimal screening contract.

3 The pure moral hazard case

In this section, we assume that the type of the bank is publicly known and is fixed to be some p;,
i € {g,b}, which makes the problem exactly similar to the one considered in [42] (up to the modification
of some constants). In particular, the investor only offers one contract. We will briefly explain how
to solve the general maximisation problem for the bank and then recall the results obtained in [42].
Furthermore, the results we obtain here, in particular the dynamics of the continuation utilities of the
banks, will be crucial to the study of the shutdown and screening contracts later on. Therefore, they
will be used throughout without further references.

In this setting, the utility of the investor, when he offers a contract (k‘,0°, D') € & x © x D is given by

v (K, 0", DY) = £ [/0 (I — Ny) pds — dD;’] , (3.1)

o]

for which we define the following dynamic version for any ¢ > 0

WPk 67, DY) = B [/ (I — N,) pds — dD!
t

AT

3.1 The bank’s problem
3.1.1 Dynamics of the bank’s value function

As usual, the so—called continuation value of the bank (that is to say her future expected payoff) when
offered (6%, D') € © x D plays a central role in the analysis. It is defined, for any (t,k) € Ry x & by

gt} .

ui(k, 0", D) .= EF* [ /t e "7 (p;dD! + ks Bds)

AT




We also define the value function of the bank for any ¢ > 0

U6, DY) := ess sup ul(k, 6%, D).
keRr

Departing slightly from the usual approach in the literature, initiated notably by Sannikov [51, 52],
we reinterpret the problem of the bank in terms of BSDEs, which, we believe, offers an alternative
approach which may be easier to apprehend for the mathematical finance community. Of course, such
an interpretation of optimal stochastic control problem with control on the drift is far from being
original, and we refer the interested reader to the seminal papers of Hamadéne and Lepeltier [22] and
El Karoui and Quenez [15] for more information, as well as to the recent articles by Cvitani¢, Possamail
and Touzi [10, 11| for more references and a systematic treatment of Principal-Agent type problems
with this backward SDE approach. Before stating the related result, let us denote by (Y, Z%) the
unique (super—)solution (existence and uniqueness will be justified below) to the following BSDE

Y;'=0—/ gi(s,lgi,zg)ds+/ Z;'-dM;+/ dK!, 0<t <7, P—a.s., (3.2)
t t t
where .
M, == (Ny, H))", M} := Mt—/ 21,1 —6%) T ds,
0
it = inf itk —ry—(I-N) (r_nez-(1,1—0)T —B)
gty )=, mf T z) =y = (1= N (arvez (11 6)T - B)

We have the following proposition, which is basically a reformulation of [42, Proposition 3.2]. The
proof is postponed to Appendix A

Proposition 3.1. For any (6',D%) € © x D, the value function of the bank has the dynamics, for
te0,7], P—a.s.

U0, D) = (U0, D)~ B4 0 2 (11— 0)T ) dt = pudD} — 7} - 431,

where Z' is the second component of the solution to the BSDE (3.2). In particular, the optimal moni-
toring choice of the bank is given by

k= (I = Nz 0160 <b}-

Notice that the above result implies that the monitoring choices of the bank are necessarily of bang—
bang type, in the sense that she either monitors all the remaining loans, or none at all, which in turn
implies that the investor can never give the bank incentives to monitor only a fraction of the loans at

a given timeS.

3.1.2 Introducing feasible sets

Following the terminology of Cvitani¢, Wan and Yang [12], let us discuss the so—called feasible set for
the banks.

Definition 3.1. We call V} the feasible set for the expected payoff of banks of type p;, starting from
some time t > 0, that is to say all the possible utilities that a bank of type p; can get from all the
admissible contracts offered by the investor from time t on.

5We assume here, as is commonplace in the Principal-Agent literature, that in the case where the bank is indifferent
with respect to her monitoring decision, that is when Z; - (1,1- 9§)T = b¢, she acts in the best interest of the investors,
and thus monitors all the I — N; remaining loans.



Our first result gives an explicit form of the the feasible set V}, which turns out to be independent of
the type of the bank. The proof is relegated to Appendix A

Lemma 3.1. Fori c {g,b} and for any t > 0, we have that Vi = V;, with

B(I — Ny) +OO>

Vi = ,
! r—l—)\l{_Nt

To describe the results of [42], we need to limit our subsequent analysis (for this section only), to
contracts enforcing a constant monitoring from the banks, that is to say contracts incentive—compatible
with £ = 0. Obviously, for such contracts, the feasible set of the banks are not equal to Vs, although
we will see next that in this case again, it does not depend on the type of the bank.

Definition 3.2. The set Vto’i C V; is called the feasible set for the expected payoff of the banks of type
pi, starting from some time t > 0, when the investors can only offer contracts enforcing k = 0.

This sets can also be obtained explicitly, see Appendix A for the proof.

Lemma 3.2. We have for i € {g,b} and for any t > 0 that Vl?’i =V, with V? := [by, +00).

3.2 The investor’s problem and the optimal full-monitoring contract

As mentioned above, in this section only, we follow [42] and consider that the only acceptable be-
haviour for the bank, from the social point of view, is that she never shirks away from her monitoring
responsibilities”. In other words, we only allow contracts with a recommendation of k = 0. Therefore,

gt:| ’

A% (t, Ro) == {(6",D") € © x D, s.t. (¢',D") enforces k =0 and U} (6", D*) > Ry} .

the value function of the investor becomes

VPO(Rg) = esssup  EF [/ (I — Ny)uds — dD;
(D# 1) A% (¢, Ro) tAT

where the set of admissible contracts A% (t, Ry) is defined for Ry > by, by

The main findings of [42] require the following assumptions. Define for any ¢ > 0 and j € {1,...,1},

||m.

J

Q

J
1~ . B
= ZE’ )\9— = ajj, bj = P
i=1 J
Assumption 3.1. (i) p > aj.
(i1) We have for all j < I, rB(1+¢) < (ue — B)eaq;.

(t4i) Individual default risk is non—decreasing with past default, a; < oj_1, for all j < 1.

Define next for z > 0

([ 1+z o  ¢x)—x
o= (55) 0= T

"We refer however to Example 3.1 below, where we show that this may not always be optimal for the investor, which

is reason why we will forego this assumption later in the paper.



Let us then define some family of concave functions, unique solutions to the following system of ODEs

07\ (i 50 [ u=b; ; ~ > T
(ru + )\?bj> (V) (u) + jpu — AJ (vj(u) - 1] vj_l(bj_1)> =0, uc (bj, bj + bj_l] ,
i

~

(Tu + X%}) (v;)/(u) +jp— /)\\? (v;(u) - v§_1(u - bj)> =0, ue (ZJ +/5j—17’y]i':| )

pl(v;)/(u) +1=0, u> 7;-,

(3.3)

with initial values 7} := by and

. 1 ~ -
vi(u) :==0] — —(u—"b1),u > by, T} = =
' Yop VPR

ﬁ /51(7‘ + X(l))

and where for j > 2, 7; is defined recursively by T/X? —-1€ 81);_1(7; — gj), where 81);_1 is the
super—differential of the concave function U;-_l. The main result of [42] is

Theorem 3.1. Assume that the (Xg) satisfy the following recursive conditions for j > 2

1<5<I
vi_y (b1 N + b

r ) ) e e (%)

Aj bj U§—1<bj—1> Aj

Then, under Assumption 3.1, the system (3.3) is well-posed and we have

VP™O(Ry) = sup vi_y, (),
ut>Ro

where (ug)s>¢ is defined as the unique solution to the SDE on [t,T)

dug = (Tus + A?—NSEI—NS) ds — p;dD*"

B <1{us€[31—1vs 7EI*NS*1+EI*NS)}(US _EI_NS_I) +31_NSl{uSE[/gI*NsJ'_gI*Ns*l77}71\75)}) AN
— (1{“436[3]7NS 7317N871+317NS)}€I—NS—1 + (us —ZI_NS)1{%6[317%+317N871,%-7NS)}> dH,
with initial value uy at t, and where we defined for s € [t,7) and j=1,...,1
(ug — 7}_Nt)+

D=1y + [Ny, 07 2= 01 (),

Pi
J ._ 79 J J o P - J -~ -
0 () = Lpumyy = 00 (W) = Lucpy b, _11y)) T Ly 49,1400

We finish this section with an example showing that forcing the bank to always monitor all the loans
may not always be optimal for the Principal, which we explain why we forego this assumption in the
rest of the paper.

Example 3.1. Consider the case when there is one loan in the project, I = 1. The value function of
the investor is given by

VP (Ro) = sup of (ur) =

ut>Ro

ﬁil - i(RO _/51)7 RO 2?1)
vy, Ry < by.

10



It follows from Lemma 8.1 that the contract given by 8 =0, D = 0 is the only one such that the banks

get utility equal to % under it. Therefore, the value function of the investor at the point of minimum

r+ %
B
e — ] = £,
T+ Al A

0% (r+\9) m({ B mo0 ([ B o .
< B ikl SUE 24 VA > P >
If Ry Y and p < PRETESVIE then V, AT <V Y and it is not optimal for the

inwvestor to offer contracts under which the banks never shirks.

utility is equal to

4 Credible set

In this section we come back to the case in which there are two types of banks in the market, and
study the so—called credible set, which is formed by the pairs of value functions of the banks under the
admissible contracts.

As in [12], we do not expect all the points in the feasible set to correspond to a pair of reachable values
of the banks under some admissible contract. We will therefore follow the approach initiated by [12]
and we will characterize the credible set. We emphasise an important difference with [12] though, in
the sense that in our context, the credible set becomes dynamic as it depends on the current size of
the pool.

In this section we work with generic contracts (6, D) € © x D, not necessarily designed for a particular
type of bank.
4.1 Definition of the credible set and its boundaries

We first define 17j = [Bj/(r + /)\\]SH ),00). Observe that the feasible set

B(I — N,
Vi = Mm),

p— M
7‘+/\f Nt

satisfies V; = IA)I_ N, for every ¢, so the only dependence of the feasible set in time is due to the number
of loans left. The formal definition of the credible set is the following.

Definition 4.1. For any time t > 0, we define the credible set Ci_n, as the set of (ub,u9) €
Vi_n, X Vi_n, such that there exists some admissible contract (6, D) € © x D satisfying U(0, D) = u?,
U2(0,D) = u9 and (U0, D),U{(0,D)) € Vi_n, X Vi_n, for every s € [t,7), P — a.s.

Given a starting time ¢t > 0 and u® € 171_ N, define the set of contracts under which the value function
of the bad bank at time ¢ is equal to u?,

Ab(t,ub) = {(e,p) €O xD, U'B,D) = ub} .

We denote by ;(u’) the largest value U7 (6, D) that the good bank can obtain from all the contracts
(6, D) € A°(t,ub). Once again, this set only depends on ¢ through the value of I — Ny, so that we will
also use the notation ﬁI—Nt (ul) := ty(ub). We also denote the lowest one by £;(u’) and EI_Nt(ub)
indifferently. Next, define

~

Cj = {(ub,ug) S ﬁj X 9]', E]’(ub) <u < ﬁ](ub)} .

11



We will prove in Proposition 4.3 below that CA] = C; for every j = 1,...1. Therefore, we will call
respectively the functions £; and &; the lower and upper boundary of the credible set when there are
j loans left. The aim of the next sections is to obtain explicit formulas for these boundaries.

4.2 Utility of not monitoring

We introduce some notations, and denote by k° the strategy of a bank which does not monitor any
loan at any time, i.e. k37 = I — N, for every s > 0. We also denote by /)\\SH the default intensity
under k%" when there are j loans left, i.e. /)\\fH = ojj(1 +¢). We observe that /\SH = )\kSH =
ar—n,(I —Ny)(1+¢), for every t > 0 such that I — N; = j. Now consider any starting tlme t such that
I — N; = j and any 6 € ©. The continuation utility that the banks get from always shirking (without
considering the payments) is

SH T
W (K57 0,0) = ul (k5 0,0) = EF* U e "= BESH g
tA

T

gt] . (4.1)

This quantity is obviously increasing in 6, so that (4.1) attains its minimum value under any contract
with # = 0, which is equal to ¢(j,1) := Bj/(r + )\jSH). Moreover, if the pool is liquidated exactly after
the next m defaults, with m € {2,...,j}, (4.1) is equal to (see Appendix B)

j—1

. Bj Bi &y ASH
c(],m) =t E — =4 | | I p—
SH SH SH

r—l—)\j Z.:j_m+1r+)\- £:i+1r+)\e

In particular, under any contract such that § = 1, (4.1) attains its maximum value, which is equal to

7—1

C) = el j) = —2 Y '%

’)\‘SH

J
I %= (4.2)
=i T >‘4§H

4.3 Lower boundary of the credible set

The lower boundary of the credible set is the simplest of the two boundaries and it can be computed
directly. We will see that it is a piecewise linear function corresponding to two lines with different
slopes. The next proposition states the main inequalities that determine the lower boundary.

Lemma 4.1. For any t € [0, 7] and any admissible contract (6, D) € © x D, the value functions of the
good and the bad banks satisfy, P — a.s.

U{(6.D) > U;(6, D), (4.3)

Ut(6.0) = 220b6.0) - Lo - ), (1.0
b b

where the function C(j) is defined in (4.2).
Using Lemma 4.1, we prove the following characterisation of the lower boundary of the credible set.
Proposition 4.1. For any j € {1,...,1}, the lower boundary when there are j loans left is given by

c(j,1) < ub < C(j),

Pap— La=PY) iy o)) < b < +oo.
Pb Pb
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4.4 Upper boundary of the credible set

The upper boundary of the credible set is not as simple to obtain as the lower boundary and we have
to solve a specific stochastic control problem to identify it. Notice that this approach is similar to the
one used in [12].

Let us fix any contract (0, D) € © x D. We remind the reader that thanks to Proposition 3.1, we know
that there exist G—predictable and integrable processes (h'9(0, D), h*9(6, D)) such that

dU%(0,D) = (rU%(0, D) — BK=9(0, D)) ds — p,dDs — h9(9, D) (st - A’;*’viD)ds)

— n29(60, D) (dH, — (1 = 07" @Pds ), 5 € [0,7], (4.5)
where we recall that the optimal monitoring choice £*9(68, D) is given by

k390, D) = (I = No)L 195, p) 4 (1-0,)029 (6, 0)<bs )

Similarly, there exist G—predictable and integrable processes (h1?(8, D), h*?(6, D)) such that
dUb (8, D) = (rUf(G, D) — Bk*b(8, D)) ds — pydDs — h1*(8, D) (st - A'g*’b((”D)ds)

— h2b(8, D) (st (- QS)AE*’b(O’D)ds> . s 0,7, (4.6)

with k3°(6, D) = (I — NS)1{h§”’(9,D)+(1—93)h§'b(9,D)<bs}' We will use the dynamics (4.5)—(4.6) to define
a simple set of admissible contracts in which we will reinterpret both the value functions of the agents
as controlled diffusion processes, where the controls are (D,6,h"9, h%9 h10 h%b) and satisfying the
instanteneous conditions (A.2). Obviously, doing so makes us look at a larger class of "contracts",
in the sense that in the above representation of the value functions of the bank, the choice of the
processes (19, h?9, hl?, hz’b) is not free, since they are completely determined by the choice of (6, D).
Nonetheless, we will prove later a verification result that will ensure us that the solution of the stochastic
control problem we consider provides us the upper boundary of the credible set.

Let us therefore denote by H the set of non—negative, G—predictable and integrable processes. We
abuse notations and define, for every W := (D, 6, h"9, h%9, b1 h2b) € D x © x H*, the processes U9 (V)
and U°(W) which satisfy the following (linear) SDEs (well-posedness is trivial)

dUS (V) = rUS(T) — BE9(T) — pydDy — h19 (st - A’;*"W)ds) _ h29 (st —(1- es)A’;*’W)ds) ,
(4.7)

AU (W) = rU(0) — BE*Y(W) — pydDs — h1® (st - /\lj*'b(‘l’)ds) _p2b (st (- es)A’;*”’@)ds) :
(4.8)

where we defined

E29() = (I - N,) kYD) = (1 - N,)

Linbo—on29<b.} 1{h§"’+(1_es)h§v"<bs}-

Remark 4.1. In the model, there is no need to consider k™9 and h' as positive processes and we
do this just for technical reasons. Intuitively, the optimal contracts should satisfy this additional con-
straint because the investor does not benefit from earlier defaults and if a contract increases the banks’
continuation utilities after one of the defaults, the banks should increase the default intensity as much
as possible.

13



For any starting time ¢ € [0, 7] and for every u® > B(I — N;)/(r + /)\\}qi{Nt) define

A (t,ub) = {\I/ = (D,0,h*", h??) € D x © x H?, such that Vs € [t, 7],

B(I — N,
Ul (0) = hbb + p20 UL (W) — ALt > ﬁ Ub(0) = ub}.

We will abuse notations and also call elements of Zb(t, ub) contracts. The upper boundary Ll; solves

gt] 9

Ub(W,) = ub + / (ru{; — BESP(W) + A0 L p2b(1 — es)A’;*"’) ds — p / D,
t t

the following control problem

Uy (ub) = ess sup g [/ e "7 (p,dD, + BEI(W)ds)
TeA’ (tub) t

subject to the dynamics

T T
— / hLPdN, — / h2PdH,, t <r <,
t t
with

k9 (V) € argmax EP*
keRr

EYP(0) = (I — N1 / e "5 (p,d Dy + Bkyds)

{RIP 4+ (1-05)h2 <br_ N, }’ ]

a|

Indeed, the above stochastic control problem corresponds to the highest value that the good bank can
obtain from any admissible contract, while ensuring that when the bad bank takes it, she receives
exactly u®, which is exactly the definition of the upper boundary of the credible set. Also, notice that
the dependence of 4 on the time is only through the number of loans left at time t.

The next subsections are devoted to first obtaining the HJB equation associated with the above prob-
lem, its resolution and then finally to the proof of a verification theorem adapted to our framework.
Notice that the above is actually a singular stochastic control problem, since the control D is a non—
decreasing process, which is not necessarily absolutely continuous with respect to the Lebesgue measure.
We refer the reader to the monograph by Fleming and Soner [17] for more details. In particular, this
implies that the HJB equation associated to the problem will be a variational inequality with gradient
constraints.

4.4.1 HJB equation for the upper boundary

Fix some 1 < j < I, and define for every k =0,1,--- , 4, /)\\gf := oj(j+ke). The system of HJB equations

~

associated to the previous control problem is given by Uy =0, and for any 1 < j < T

Ui (ub) (rub — BEY + [h' + (1 — 0)R2NY -
min¢ —  sup Aj(u,\) <7‘u * [A + N I7IA; > , Z/{]'-(ub) - 0, (4.9
0.n1h2)ecs | +AF 0Us 1 (u® — BY) — (N + r)U;(u®) + BRI Po

for every u® > r+§jH’ with the boundary condition ﬁj(Bj/(r + /)\\fH)) = Bj/(r + XfH), where kb :=

J

jl{h1+(1_9)h2<3j}, k9 = jl{zftj ()00, (ub— 1)<} and the set of constraints is defined by
CI =3 (0,h',h?) €[0,1] x RZ, bt + 1% = b, h? > Lfl) .
r+ /\fﬂ
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Remark 4.2. Note that the incentive compatibility condition for the good bank is implicit in the HJB
equation. Indeed, at every s we have

Ur-n, (UL(T)) — Z:{\I—st (UL (v)) = (Z:[\I—NS,—I(Usbf(\I’) — hiP (W) — LA{I—NS, (Uff(‘l’))> AN;
— Uy, (UL (®) = hi (W) AH,,

which implies that on the upper boundary hy® (W) = ﬁI_st (UL_(v)) — ﬁI_st_l(Ué’, () — htt (D))
and h29(V) = ﬁI_st_l(Ué’, (U) — he®(W)). Therefore

By () + (1= 0)h3I(0) = Up-n,_ (UL (V) = 0%U;r—n,_ 1 (UL (V) = hP(D)).

At the points where ﬁ]’ (u®) > py/pp, the first term of the variational inequality (4.9) must be equal to
zero, so the upper boundary must satisfy the following equation

7 U () (rub — BEY + [hY + (1 — 0)h2|AK"
otanees | +Hia? —h)0 — BN + BES
We will refer to this equation as the diffusion equation.

e Step 1: case of 1 loan, solving the diffusion equation

Before dealing with the variational inequality (4.9), we will solve the diffusion equation (4.10). When
7 =1, it reduces to

Uy (u?) = U (ub) (rub — BE" + ub/)\\]fb) — Uy (uP)NE* + BRI, (4.11)

: b _ N — ~ —~
with k% = 1{ub<b1}’ k9 = l{u(ub)<b1}'

Remark 4.3. Notice that the boundary condition L/{\l ( B > = ffl 1s implicit in the equation.
1

r+)\i
Our first result is the following, whose proof is deferred to Appendix F

Lemma 4.2. There is a family of continuously differentiable solutions to the diffusion equation, indexed
by some constant C' > 0, which are given by

r+’/\\%
— B B B
Cr ’LLb— = + =, ’LLbG —A,QZ'ZV s
r+A ) r4 A T+ M
o~ —~ ~ 7‘+X1 7‘+X(1)
UC by :=¢ MR S\ 5\ R
CblrHl Tt - b — ' ,ul e [z5, b1),
4 A} r+ M
Cub, ub € [by, +00),
’I‘+X% AO
1\ 730 ~ A B
where :Elc’* = <—> i b1r +A1 + —.
c r+ AL r Al

e Step 2: case of 1 loan, solving the HJB equation

In this case the variational inequality (4.9) reduces to
min {rﬁl(ub) —U' (W) (Tub — BE® + ub/)\\lfb> + Z?l(ub)i’f” — BK9, Ul (u’) — p_g} =0. (4.12)
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We already found the solutions of the diffusion equation inside of this variational inequality and now
we will take care of the whole HJB equation. We expect the upper boundary to saturate the second
term in the variational inequality for big values of u’, so we will search for a solution of (4.12) satisfying
the following condition: there exists 2* € [B/(r + Al), 00) such that

~

Uy (z*) = P9 and Ul (u?) > p—g, for u® < a*. (4.13)
Pb Pb

At first sight it could seem that by doing this we face the risk of not finding the correct solution of the

dynamic programming equation. Nevertheless, this is not the case and we will prove later a verification

result which assures us that the solution that we find under this condition corresponds indeed to the

upper boundary of the credible set. The proof of the following Lemma will be given in Appendix F.

Lemma 4.3. The unique solution of the HJB equation which satisfies condition (4.13) is given by,

; x . Pa/pu*
defining x7 1= x

( 7‘+X%
A0 B B B
<p_g> i Ub - = + =, Ub S —A,xf s
Pb r+ Al r+ M Ag+>&
o~ o~ R R 7‘+)\1 7‘+)\1
U (ub) o= UL/ P () = 3139 31\ moat B\ ~ (4.14)
Py, w1 1 +A(1] - e fabe [T, 1),
Pb T+ Ay 4+ A
%ub, ub € [by, +o0).
b

As an illustration, in Figure 1 we show the credible set which corresponds to the region delimited by its
upper and lower boundaries. In this example, we considered r = 0.02, B = 0.002, ¢ = 0.25, a; = 0.055,

Pg _
Pb
ug
p_g/\
Pb b1
b1 i
B/\
r—{-)\% | ub

Figure 1: Credible set with one loan left.

e Step 3: solving the HJB equation in the general case

In the general case, when j > 1, we can reduce the number of variables and rewrite the diffusion

16



equation (4.10) in an equivalent form

N U (ub) (rub — BEY + [ub — O(ub — 1)K’
- s B ) ( [u® — O — hHIAE)

- ~ ~ (4.15)
O.pveci |+ (Uj—l(ub —h')o — Uj(ub)) AV 4 Bl

where we recall that kb = 1{ub—9(ub—h1)<3j}’ k9 = l{aj (ub)— 00,1 (uP—h1)<B; } and the set of constraints

is now given by

C = {(e,hl) € [0,1] x Ry, ub2h1+B(‘77:1)}. (4.16)

r+ )\fﬁ

When we proved that the lower boundary of the credible set is reachable we used contracts of maximum
duration, which maintain the pool until the last default. This gives us the intuition that the longer the
contract lasts, the smaller the difference between the utilities of the banks will be. Therefore the upper
boundary of the credible set, where the difference between both utilities is maximal, should be reachable
with contracts of minimum duration, which terminate the contractual relationship immediately after
the first default. In the model this means that 0 is equal to zero and the resulting HJB equation for
the upper boundary has the same form that the one in the case with one loan left. We expect then
that the solution of the diffusion equation will be the of the same form as (4.14). The object of the
next proposition is to prove our guess rigorously. We postpone the proof to Appendix F.

Proposition 4.2. For any j > 1, the function 271; defined by

( r'+XfH
<pg> T+/>:JG- ub _ B] B] b B] *
Pb r+ X ) ASH r ASHT )
Ur(u®) = RT3 SSH Sach o\ (4.17)
J - &bw r+ A] T+Aj ub B B] T+Aj ub . [x* g)
ij A\ r—l—Xg T+X]SH ’ e
Baub, wb e [bj, +00),
ﬂ T+ A0 Bj
r+AY o~ :
where 7 := <&> i b; ~L + jSH, is a solution of the HJB equation (4.9).
Pg rH AT A

4.4.2 Verification Theorem

According to the maximisers in equation (4.15) we define the following controls

BB (ub) = b, R2I (ub) = 0, (4.18)

(
Kb (ub) = jl{ub<$j}’ k99 (uP) := j1

{Ur (ub)<b;}

Before stating the verification result for the upper boundary, we make a comment about the domain
of the functions L/{\]* Rigorously speaking, it is possible for the utilities of the banks to be zero but this
happens only at time 7 when all the pools are liquidated. The domain of ¢/ is the set V; but in the
proof of the verification theorem it will be implicitly understood that Z/{; (0) = 0. In any case, we do

not need the functions L/{\]* to be defined at zero because Itd’s formula will be used on intervals which
do not contain 7.
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B(I—Ny)
NSH
T+)\I*Nt

Theorem 4.1. Consider any starting time t > 0. For any u® > , let the process (Ug)se[t,—r} be

the unique solution of the following SDE

ul = b —|-/ [(7‘ + )\I;b’liNt)uZ — BEYITNe () — ppot =N (ug)} ds — / u’_dNg, v e t,7]. (4.19)
t t

Then, under the contract W* := (D9* 99* hLb* h20*) € D x © x H? defined for s € [t, 7] by
D} = 6N (ud)ds, 05 =0, hy* = WMOTEN (W), 2P =0,

the value function of the bad bank is UP(¥*) = u® and the one of good bank is UJ(¥*) = ﬁl*_Nt(ub).

Moreover, ¥* € Zb(t,ub) and for any other contract which belongs to .,le(t,ub), the value function of
the good bank under such a contract is less or equal to Us_ Nt(ub). In particular, this implies that

Ur_y, (W®) = Ly, (u?).

To conclude the section, we state that C_] is indeed equal to the credible set with j loans left and
therefore the functions {; and £; correspond to its upper and lower boundaries.

Proposition 4.3. For every 1 < j <1, (f’; = C;.

5 Optimal contracts

In this section we study two kind of contracts that the investor can offer to the bank, the shutdown
contract, which corresponds to a single contract designed to be accepted only for the good bank and
the screening contract, corresponding to a menu of contracts, one for each type of agent, providing
incentives to the bank to accept the contract designed for her true type.

5.1 Shutdown contract

In the so—called shutdown contract, the investor designs a contract ¥, = (k9, D9,69) only for the good
bank and makes sure that the bad bank will not accept it. Under these conditions the utility of the
investor at time t = 0 is

&S (g ) = p BPY [ / w(I — Ng)ds — dDY| . (5.1)
0

So the investor will offer a contract which maximises (5.1) subject to the constraints

uf(k9,09, D) > Ry > sup ub(k, 69, DY), (5.2)
uf(k9,69, D9) = sup uf(k,09, D). (5.3)

Recalling the dynamics (4.5)—(4.6), we can rewrite the investor’s maximisation problem as follows

*9(09. DI T
vgh“t = sup ngPk @00 [/ w(l — Ng)ds — dDg] ,
(997D9)6‘Aghut 0

where

At = {(GQ,Dg) €0 xD, Up“(07,D) < Ry < Ug(eg,pg)} '
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Remark 5.1. We will use the notation U»¢(09, D9) for the value function that the bad bank gets if she
does not reveal her true type and accepts the contract designed for the good bank. We make a distinction
between this process and Ub(Hb,Db), which corresponds to the value function that the bad bank obtain
if she accepts the contract designed for her by the investor. We make the same distinction between the
associated processes h*(0, D), h**¢(0, D) and h**(0, D), h**(6, D).

As in the previous section, we will define a simple set of contracts and consider the value functions
of the agents as diffussion processes controlled by (D, 6, h"9, h?9 h10¢ p%b) As explained before,
by doing so we will look at a larger class of "contracts". Nonetheless, we will prove later that under
reasonable assumption the solution of the problem we consider do coincide with the optimal shutdown
contract.

Define for any (¢,u?,u>¢) € [0, +00) x Cr_n,

,@@Mwwyz{%:%mﬁ%H%%%MWWMQGDXQXH{mﬂﬁ@ﬁ%émﬁ

B(I-N,) .,

Usg*(\l'g) = hbg + h?’g7 Usg*(\l'g) - hbg = Ve A Ui (Vg) =uf

B(I- N
U?%%):h?‘+h§w,@V@@y—ﬁhczzﬁxﬁﬁglﬁ%%ﬂzu“}.
S

We will also consider in the sequel the following standard control problem, for any (u”€,u9) € C;

*,9 T
ﬁ(ubvc,ug) = sup ngPk o) [/ w(l — Ng)ds — dDg] .
U, €A9(0,ud,ub-c) 0

We abuse notations and also call elements of .49 (t,ud,u>c) contracts.

5.1.1 Value function of the investor

In this section, we characterise the value function of the investor when he offers only shutdown contracts.
We will start by computing the value function on the boundaries of the credible set, before explaining
how it can be characterised by a specific HJB equation in the interior of the credible set, under
reasonable assumptions.

5.1.1.1 Value function of the investor on the lower boundary

Recall the lower boundary with j loans left

ube, c(4,1) < ube < C(j),

&ub,c _ (log _pb) C(]), O(]) < ube < 0.
Py Pb

Consider any starting time ¢ > 0. For u®¢ € C;_y,, we denote by V*9(u"¢) the value function of the

investor in the lower boundary, that is

*, T
V;S’g(ub’c) = ess sup gre o) [/ (u(I — Ng)ds — dD?)
\IIQEA\Q(IZEI*Nt (ubyc)ﬂLb’C) t

@} (5.4)

The following two propositions are proved in Appendix G and give explicitly the value of Vf’g (ube).
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Proposition 5.1. For every u®¢ € Cr_n,, if u»© > C(I — N;) then the value function of the investor

in the lower boundary is given by
(I ubt — C(I — Ny)
Z )\SH a :

=N, Pb

Proposition 5.2. Fiz somet > 0. For every u”¢ € C;_n,, with ¢(I — Ny, 1) < ub¢ < C(I — Ny), let
v(u®®) be the unique solution of the following equation in v

B(I — N,
BU—N) ASHt) - + Z / e | fr,(x)dz =0,
T+ TN, i=Np41 7 5i(v) T+)‘

where fr. is the density of the law of 7; under P and where

plr+ 275

O, I/SAiZ,

) B,

R EON AR I WU 1
—m\| —==— 14 — = -
a7 B

Then the value function of the investor in the lower boundary is given by

-1 .
p( — Ny) > p(I — 1)
AgHNt i= N1 7 si(v(u”e)) A?HZ

Remark 5.2. Observe that the function Vf’g computed in Propositions 5.1 and 5.2 depends on t only
through the quantity I — Ny. Define, for any j =1,...,J the map

1729, by ._
Vi (ue) =

ST I/u

by )\San,z( z) dz, u¢ e (c(4,1),C()).

We have therefore, that Vtﬂ’g(ub’c) = ‘7}2"}% (ube).

5.1.1.2 Value function of the investor on the upper boundary

The next proposition states that the upper boundary of the credible set is absorbing in the following
sense: if under any contract the pair of value functions of the banks reaches the upper boundary at
some time, the pair will stay on the upper boundary until the pool is liquidated.

Proposition 5.3. Consider (t,u?,u%¢) € [0,+00) xC_p, such that ud = S N, (u¥€) and any contract
U, = (D9,09,h19, h29 ploe p2bey e A9(t,u9, u>C). Then U (¥,) = Sy, (U (v g)) for every s €
[t, 7).

The next proposition states an important property satisfied by the contracts which make the continu-
ation utilities of the banks lie in the upper boundary of the credible set.

Proposition 5.4. Consider (t,u9, ub®) € [0,400) x Ci_n, such that u9 = $;_, (ub®) and any contract
U, = (D9,09,hM9, h>9, hlbe p20e) € A9(t,ud,u>c). Then
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(i) 69 =0 for every s € [t,7) such that U?°(¥,) < b,.

(13) If Uf(’)c(\llg) > b, for some so € [t,T) then k;’b’c(\llg) =0 and US’C(\IIQ) > by for every s € [sg,T).
We are now ready to give the value function of the investor on the upper boundary of the credible set,
under the assumptions of Theorem 3.1.

Proposition 5.5. Under Assumption 3.1, we have that for any t > 0 and any u®¢ € 171_1\/“ the value
function of the investor on the upper boundary, defined by

VWA = esssup ) [ /t (W(I — Ny)ds — dD9) gt} , (5.5)
\I/gEAg(t,L[[,Nt(ubvc),ubvc)
verifies V, ’g( €)= VI (u be), where for any j =1,--- 1
( A
B ’I‘+X
9y o (ape - BLNTT ey
ASH r ASH ’
‘711 g( b, C) L X? X(J)'
= 0\ “T35H vy
’ By (ot —£2) (B rEN ) (e B T uvaE[w*g)
SV Al A N r+ ASH ’ 7
J J J
,Ub(ub,c), ubc > gj,

with

go ASH . A3
. . A . 30 T s H
& ﬁz_/U-+<@>HA @)~ G@>T“ b+ 3\
A0 NSH T\ py I X0 Pg r+ ASH

5.1.1.3 Value function of the investor in the credible set

We define, for any ¢ > 0 and any (u®®,u9) € Cr_ N;, the value function of the investor in the credible
set by

*,9 T
VI(ub€ u9) ;= esssup EP [/ (u(I — Ng)ds — dD?)
e A9 (t,ud ube) t

%} (5.6)

The system of HJB equations associated to this control problem is given by ‘A/Og = 0, and for any
1<j<I

8ub,c17jg(ub’c, u9) <rub’c — Bkbe 4 [pbbe 4 (1 — 9)h2,b,c]/)\\§bvc)
-Wwwwww%QW—Bw+mw+u_mMﬂ%ﬂ

min ¢ —sup

ol +[ng—1(ub’c _ hl,b7c, ud — hl’g) _ ng(ub’c, ug)]/\;?g

V(b — B — R (1 = 0NN+
0,V (W, 09) 4 pys VF (€, u) + 1} = 0. (5.7)

With kb¢=j-1 k9 =j5-1 and the set of constraints

{RLbef (1—0)h2be<b; L) {RL94(1-0)h2:9<b;}

Uj {(9 hl b,c h2bc hl,g h2,g) = [0 1] uwd = hl,g+h2,g ’LL hlbc h2’b’c,h2’g;h2’b’c > B(]: 1) }
T+ /\f;Hl
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The boundary conditions of (5.7) are given by

J

Vjﬂ(ubvc,ﬁj(ub‘)) = XA/.u’g(ub’c), for every ubc e ljj,
I/f]:‘](ubvc, f}j(ub’c)) = XA/f’g(ub’c), for every u™¢ € %.

The last step would now be to make a rigorous link between a solution in an appropriate sense to the

above system and the value function V9. We have then two possibilities at hand.

(4)

First, we can use classical arguments to prove that ‘7]9 is a viscosity solution of the above PDE
for every j = 1,...,1I, a result we should then complement with a comparison theorem ensuring
uniqueness of the viscosity solution. This would provide a complete characterisation of the value
function of the investor, and more importantly would make the problem amenable to numerical
computations, using for instance classical finite difference methods. As for the optimal contract, it
will correspond to the maximisers in the Hamiltonian above, and therefore would require that we
prove that ‘7]-9 is at least weakly differentiable (for instance if ‘A/jg is concave or Lipschitz continuous,
which we expect from the form of the problem) to be well defined. This program can in principle be
carried out using standard arguments in viscosity theory of Hamilton—Jacobi equations. However,
given the length of the paper, we believe that it would not serve a specific purpose and decided to

leave these arguments out.

Another possibility would be to show existence of a smooth solution to the PDE, and prove a
comparison theorem similar to Theorem 4.1. However, since the above recursive system involves
elliptic PDEs in dimension 2 in a non—trivial domain, we do not expect to be able to obtain explicit
solutions in general, which means that existence would have to be proved through abstract arguments.
Once again, we believe that such considerations are outside the scope of the paper. We will therefore
simply state without proof (since it would be extremely similar to that of Theorem 4.1) a verification
theorem adapted to our framework.

Theorem 5.1. Assume that the system (5.7) has a C'—solution and that the supremum in the Hamil-
tonian is attained at some (67 (u" u9), h:’l’b’c(ub’c,ug), h:’zb’c(ubvc,ug), h:’l’g(ub’c,ug), h:’z’g(ub’c,ug)).

Define then

1 ~1.%,9 ~1.*9
*,9 b,C gy .— g *,9 kS *7179 b,C g * b,C g kS *7279 byc g
07 (u™,ud) == P (TU = BEDY + Ay hpon, (@00 w) + (1= 0y, (w70, w?))ATE v hE, (0™ u)

g

x 1 9 b,c 9 b,c s

{pbaub,cvjfj\fs (u ’ 7ug)+pgau9V[7NS (u ’ 7ug)+1}

where

k59 (ub u9) = (I — Ns)l{h*,l,g

» )2, 7
I—Ng (ub’cvug)"‘(l_e;st (ub,c7ug))h;71\9]5 (ub’cvug)<b171\75 }7

kEPe(ube ud) « = (I — Ny)

Lt b o)+ (1679, (ube us) W5 2EE (ube us) by, }

If the corresponding contract is admissible

*g . *,g * *Lbe 3x2bc ypxl,g %249 *,b, *,
v g T <<6I—N.791—N-7hI—N. 7hI—N. 7hI—N.7hI—N. (U C7U g) ’

where (U*Y€,U*9) are weak solutions to the corresponding SDEs

)

079 = (U39~ BIS(UZ,U3) — it (U744, U%)) ds
IR (U Uy (AN, — AU g

G U U (4, — (1 63, (U3, U 1),
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AUz = (rUZSE = BIZPUEN,UL9) — pidy, (U4, U79) ) ds
— h;f}l\);f(U;’b7cg U;g) (st B )\];;*,b,c((U*,b,c7U*’g))ds)
— RO U) (dH, = (1= 039 (UP, U )N (W0 s )

then we have

=g, bc _ 79/, ,bc
sup  vj(uu?) = sup  pgV7(u”C u),
ube<Ro<ud ube<Ro<ud

,Ughut —
and U9 is an optimal contract for the investor.

5.2 Screening contract

Recall that in the screening contract the investor designs a menu of contracts, one for each agent, and

his expected utility is given by

K T ;
w (o) = 3w | [N pds - ap]. 59)
i€{g.b} 0
In this case, we will have to keep track of the continuation utilities of both banks, when they choose
the contract designed for them, as well as when they do not truthfully reveal their type. We will denote
by vg the maximal utility that the investor can get out of the screening contract.

*, T x,bgb pb T
v = sup p EE Y [ / M(I—Ns)ds—dDg] +pEET Y [ / M(I—Ns)ds—dDi’],
(69,0, D9,Db)E Ager 0 0

where
Aser = { (67,6, D7, D") € ©2x D2, US(8", D) = Ro, U (67, DY) = UZ“(6", D), (. ) € {g,b}*, i # j}.

Remark 5.3. Observe that we can omit the condition U§(09,D9) > Ry in the definition of Ager.
Indeed, it is implied by the inequality Uog’c(eb,Db) > UOb(Hb,Db), which follows from Lemma 4.1.

Different from the study of the shutdown contract, where the investor contracts only the good bank,
in order to obtain the optimal screening contract we need to characterise also the value function of the
investor when he contracts the bad bank. We will therefore follow Section 5.1.1, but by replacing the
good bank by the bad bank. Hence, we define for any (,u’, u9¢) € [0, 4+00) x C;_p, the set

AP (t,u? ub) = {qu = (D", 0% hb9c 29 plb 2 € D x © x H*, such that Vs € [t, 7],

B(I - N,)

UL_(Ty) = byt + 2P, U (W) — by > UP(Ty) = u®,

P4 NN
B(I — N,
UZ(Wy) = hy9C + h29°¢, UT4(W,) — hp9© > ﬁ Uy (W) = ug}
S

We also introduce the following stochastic control problem for any (u?,u9°) € Cy

*,b T
op (ub, u9°) == sup pEF* a [/ w(I — Ng)ds — leS’] .
W, e Ab(0,u9:¢,ub) 0

b

The aim of the next sections is to compute the function 7 (u9°,u?), representing the utility of the

investor when hiring the bad bank. We start by studying it on the boundary of the credible set.
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5.2.1 Boundary study

We denote by VP (u9°) the value function of the investor in the lower boundary, when hiring the bad
bank, defined by

Kb T
Vf’b(ub) = ess sup gFCY [/ (M([ — Ny)ds — dDg) gt] : (5.9)
) t

\Ijbe"zb (tvﬁfth (ub) 7ub

The first result is that the value function of the investor on the lower boundary of the credible set is
the same when hiring either the bad or the good bank. This is mainly due to the fact that both banks

shirk on the lower boundary.
Proposition 5.6. For every u® € C;_n,, we have V;’g’b(ub) = V;’g’g(ub).

Proof. By definition we have the set equality A9(t, £;_y, (u?),ub) = Ab(t, £_n,(ub),ub). From
Lemmas E.1 and E.2 we know that for every ¥, € ./Zl\b(t, EI—Nt (ub), ub), both agents always shirk under
Uy, therefore the objective functions in the definitions of Vts’g (u’) and V;’g’b(ub) are also the same and
equality holds. O

Let us now consider the upper boundary. We denote by V*?(u’) the value function of the investor on
the upper boundary when hiring the bad agent.

*,b T
Vtu,b(ub) — ess sup g ) [/ (M([ — Ng)ds — dDIS’)
\Ilbejb(t7ﬁ]71\]t (ub)vub) t

gt} : (5.10)

We have the following result.

Proposition 5.7. Under the assumptions of Theorem 3.1, for anyt > 0 and any u® € 91_1\/” we have

$0b S8Lb ,
that V" (ul) = ViTn, (ub), where for any j=1,--- ,I
RS
7 %b(yb T b < b,
Vit (u) = /\SH r_i_)\SH j
b b
v:(u’) b >b
with

_NSH

N ~ i

S T AN Dl AN

¢’ = Uj(b])_ASH NSH :
A T A7

Proof. The proof is identical to the proof of Proposition 5.5, with the only difference that since the

principal is hiring the bad agent, for u® < gj the ODE associated to the value function is

0= 17]’(ub) ((r—kaH) ub — Bj) — %(ub)XJSH + w7,

with the boundary condition V < Y H) = X‘;—JH O
J
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5.2.2 Study of the credible set

We define, for any ¢ > 0 and any (u?,u9°) € Cr_ N;, the value function of the investor in the credible
set when hiring the bad bank by

*,b T
VP(ub,u9¢) ;= esssup oL [/ <,u(] — Ny)ds — dDg)
) t

U,e Al (t,u9-c ub

gt] . (5.11)

The system of HJB equations associated to this control problem is given by 1701’ = 0, and for any
1<j<I

0,6 Vb (ub, uo*) (rub——13kb—%[hlb«+-tl——0)h2iﬂxgb)

+8ug,c‘7jb(ub, u9c) (rug’c — BEk9¢ + [Rb9¢ 4 (1 — 9)h2’9’C]X§g’c>
min { — sup

roi +[‘7jb—l(ub o hl’b, w9c — hl,g,c) _ V]b(u u9° )])\kb

—VP (ub — BY w9 — hL9C) (1 — 0)AE + puj
PO VP 1) 4 pydue VP ut) + 1] = 0. (5.12)
With kb = j - 1{h1»b+(1—0)h2»b<3j}’ k9¢=7- 1{h1,9»0+(1—9)h2,9»0<€j} and the same set of constraints C” as

in the system of HJB equations associated to the functions ‘7]-9 (ub€,u9). The boundary conditions of
(5.12) are given by

V-b(ub,ﬁj(ub)) = Vb (b), for every ub® € )7]-,

J j
T/%b(ub, Ej(ub)) = f/f’g(ub), for every ub ¢ %.

Theorem 5.2. Assume that the conditions of Theorem 5.1 hold, that (5.12) admits a C*—solution and
that the supremum in the Hamiltonian is attained for (67, h:’l’g’c, h:’z’g’c, h:’l’b, h:’z’b)(ugvc,ub). Define
then

b, g, by . 1 *,b *1,b ,c b * o bWTESY L x,2b c b

@(W,u)r-m<mL—Bk N R (e ub) (1= 0F_ iy (w0 ub) A B (e, ub))
{pgaugvc‘/}]b,Ns(ug'cyub)‘i’pbaub‘?}b,]\rs(ug'cvub)+1}’

where

P (w9 ul) = (I — Ng) -1, en . .. b . 2 e
57 (Ut u?) ( ) {h1N, (@9 ub)+(1-077 y (u9eub))hpey (udeub)<br Ny}’

*,0,C (0 95C by . (T _ . ~
R (Wi ut) s = (1= Ny) 1%}f}é}f(ug’c,ub)+(1—0}i’N3(ugv%ub))hﬁ}f}f(ugv%ub)<bzfzvs}‘

If the corresponding contract is admissible
Wb = (070 07w B WG R BER) (U, Uy )
where (U*9¢,U*) are weak solutions to the corresponding SDEs
AUt = (rUZY = BEENUZTS,URY) = byt (U9, USY) ) ds
RS 0, U2) (4N, — g,

i N N €7 A R (G o P A
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AUPSe = (FUZPE = BRLSCUZI9,US") = pgdy? y (U296, U)) ds
— B Urh) (st - A’s?*’g’c((U*’g’c’U*’b”ds>

— PR, U2 (dH, — (1= 07"y (U9, UL (00 ) g )

then (U9, U*P) is an optimal menu of contracts for the investor, and we have

vy = sup 29 (ub, u9) + 0 (ul, u9°)
{Ro<ub,ube<ub ugc<ud}
_ sup pg‘//\}g(ub’c, u9) + pb‘//\}b(ub, ude).

{Ro<ub,ub-e<ub ugc<ud}

5.3 Description of the optimal contracts

In this section we describe the optimal contracts for the investor when he designs a contract for the
good or the bad bank. We explain in detail the optimal contracts on the boundaries of the credible set,
which can be obtained explicitly from the value function of the investor. In the interior of the credible
set, we discuss the properties we expect the optimal contracts to have when the verification theorems

5.1 and 5.2 hold.

5.3.1 Optimal contracts on the boundaries of the credible set

We start with the upper boundary of the credible set. The following result is a direct consequence of
the proofs of Proposition 5.5 and 5.7, and the optimal contract for the pure moral hazard case described
in Theorem 3.1.

Proposition 5.8. Under Assumption 3.1, consider for any t > 0 and (u®,4(u?)) € Cr_n, the process
(u2)s>¢ as the solution of the following SDE on [t,T)

dul = ((m{; — BEY* 4+ M (RLO (1 — eg)hgvbv*)) ds — ppdD* — W P*dN, — h2Y*dH,,  (5.13)

S
with initial value u® at t, and with

b__ b + s
—(u ZI_Nt) —I—/ 51_Nr(ul;)dr, 0% = HI_NS(uZ),
b t

L o RN (), B2 s BN (48, R 1 R0,

D} = 1—p

forse[t,T) and j =1,...,1, where

. A0b, + rt w—b
] R JJ J ¥) - — ~ o~ ~ —] ~ o~
() = Loy = (W) = Ly 5,143 o ety 451001

o~ o~

Lbj(y) _ L uT I .
R (w) = o1 T Yuel, 5,145, (U bﬂ—l)+1{ue[bj+bj,1,v§?)}b?’

2,b,5 o 1,b,5 b,j A
PRI () = = R (), B () = T ) (109 ()20 () <5 )

Then, the contract U* = (D*, 0%, hbb* h2b*) s the unique solution of problems (5.5) and (5.10).
Let us comment the optimal contract for the investor on the upper boundary of the credible set. It

is the same if he designs a contract for the good or the bad bank. The state process (ug) s>¢ defined
by (5.13) corresponds to the value function of the bad bank under the optimal contract. The optimal
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contract offers no payments to the banks when u? is smaller than 7?_ N, In this case the continuation
utility of the bad bank is an increasing process and eventually reaches the value ’y?_ N, if no default
happens in the meantime. Payments are postponed until this moment. If the initial value for the
bad agent u is greater than ’y?_ N,» & lump-sum payment is made at ¢~ in order to have u; = 7?_ N,
When u? = 71}_ n, the banks receive constant payments which keep the value function of the bad bank
constant at this level. Concerning the liquidation of the project, if at the default time 7;, it holds
that ugj < Zj the project is liquidated. In case u% € [Ej —I—gj_l,vé?), the project will continue with
probability #; € (0,1) which will be closer to one as uf’rj gets closer to 7;?. If u?j > 7?, the project
will be maintained. Finally, the bad bank will monitor all the loans only when her value function is
greater than 31_ N., whereas the good bank will monitor when the value of the bad bank is greater than
ry7_y,. Figure 2 depicts the optimal contract of the investor on the upper boundary of the credible
set, denoting Ej ::gj —l—gj_l.

kI =1 — N k=0 k=0 kI =0 k=0
kKb=T—-N, Kkl=1-N, k=0 k=0 kb =0
s =0 0s =0 05 € (0,1) 0, =1 0 =1
dDg =0 dDs =0 dDs =0 dDs =0 dDs > 0
ol = Ns,1) LT N, /b\]—NS Elst 7117_1\15 ub

Figure 2: Optimal contract on the upper boundary.

For the lower boundary of the credible set, we have the following result.

Proposition 5.9. Under Assumption 3.1, consider for any t > 0 and (u®, £4(u®)) € Cr_n, the process
(ud)s>1 as the solution of the following SDE on [t,T)

dub = ((rug — BEY* + M5 (R 4 (1 - Hg)hg’b’*)) ds — ppdD} — hP*dN, — h2**dH,,  (5.14)

s

with initial value ub at t, and with

(u* = O(I = N+

Dy :=1,,_ , 05 =1y, - ’
(5=t} P {ub>C(I—Ns)}
h;’b7* — ’LLZ _ C(I _ Ns _ 1)1{uZZC(I—Ns)}’ h?’b’* = C(I - Ns - 1)1{UZ§ZC(I_N3)}’
kg,* =(I— NS)1{h§’b’*+(1—6§)h§’b’*<bs}’

for s € [t,T). Then, the contract U* = (D*, 0%, hbb* h20%) is the unique solution of (5.4) and (5.9).

Proof. The payments and the value of §* in the case u® > C(I — N;) are a direct consequence of the
proof of Proposition 5.1. From the proof of Proposition 5.2 we have that if u®* < C(I — N;) then

*
08 =1 V(ub)BXSH ’
1 I—Nyg
s—t>yIn| — s
u(r I—Ng

where v(ub) the solution of the associated dual problem. Since the quantity inside of the logarithm
decreases with time, we have that 6* is a process which starts at zero, jumps to one at some instant
and keeps constant afterwards. This means that if * jumps to one at some time s and the project is
still running, necessarily the continuation utility of the bad agent is equal to C'(I — Ns) because the
project will continue until the last default. O
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On the lower boundary of the credible set, the optimal contract for the investor also does not depend
on the type of the bank. If the initial value of the bad bank u’ is greater than C(I — N;), the banks
receive a lump-sum payment such that ui’+ = C(I — N;). This is the only payment offered by the
contract. If there is a default at some time s such that u® < C(I — Nj), the project is liquidated.
When u®? = C(I — N,) the contract maintains the project until the last default. Since the optimal
contract does not provides incentives to the banks to monitor the loans, the good and the bad bank
shirk until the liquidation of the project. Figure 3 depicts the optimal contract of the investor on the

lower boundary of the credible set.

k$=1— N, k=1 — N
kb =1- N, kb =1— N
s =0 0s =1
dDs =0 dDs > 0
(I — Ny, 1) C(I — Ny) ub

Figure 3: Optimal contract on the lower boundary.

5.3.2 Discussion about the optimal contracts in the interior of the credible set

Figure 4 represents the optimal contracts on the boundaries of the credible set as well as the movements
of the values of the banks along these curves. The green zone corresponds to the region where the
contract offers payments to the agents and the project is maintained if there is a default. The red zone
corresponds to the region where there are no payments and the project is liquidated immediately after
a default. Intermediate situations correspond to the yellow zone. We remark that the banks are paid

only on the green zone.

w9
~ .
U (u?) £i(ub)
/’//ug =l
2 L7
Py e
C(j) g
7|
Bi |
X ”; 1* : : ’y u®
i ar 5. C(y j
T+/X; J b] (j)

Figure 4: Optimal contract on the boundaries of the credible set.

Let us now consider the whole credible set and explain how we expect the green and red zones on the
boundaries to propagate towards the interior region. If the verification theorems 5.1 and 5.2 hold, then
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the optimal contracts for problems (5.6) and (5.11) correspond to the maximisers in the Hamiltonian
of the systems (5.7) and (5.12). Moreover, payments only take place when the value function of the
investor saturates the gradient constraint. Therefore, it is natural to expect that if at some point of
the credible set the banks are paid, this will also be the case under movements in the direction (py, pg).
The interpretation of this property is that the green region, where the banks are paid and the project is
maintained after a default, is formed by the points where the banks have a good performance and they
are rewarded. A movement in the direction (py, pg) correspond to a better performance of both banks,
so it seems unnatural to deprive them of the reward. We can do the opposite interpretation for the
red region, consisting of the points where the banks receive no payments and the project is liquidated
after a default. In consequence, we expect that under the optimal contracts, it will be possible to
identify red and green areas in the credible set, where the characteristics described in the boundaries
will remain, and that will be delimited by some curves similar to those shown in figure 5 below.

ug
0 (u) 85 (u)
N /,/’/ugzub
P9y, Phe
Py i
C(j) -
i f
By
T+ ’/1 : : : : ub
Bj  a% b Cl) Vi
N b, CU)

Figure 5: Optimal contract on the credible set.
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A Proofs for the pure moral hazard case

We provide in this section all the proofs of the results of Section 3. We start with the

Proof. [Proof of Proposition 3.1] Using the martingale representation theorem® (recall that D is
supposed to be integrable and that k is bounded by definition), we deduce that for any k € R there
exist G—predictable processes hb** and h*"F such that

dui(k, 0, D) = (rui(k, D',0%) — Bk;) dt — pidDi — h}:"F (dNt . Afdt)
Rk (dHt —(1- eg)Afdt) L0<t<T P—as. (A1)
Let us then define
VP =k 67,00, 270 = (gt T My = (N HY) T
W= = [ 00 ds, K = i
so that we can rewrite (A.1) as follows

Ytz,k =0— / (s, ks, ysz,k7 Z;,k)ds + / Z;vk -dM? + / dK:, 0<t<T, P—a.s.,
t t t

8We emphasise that since the filtration G is augmented and generated by inhomogeneous Poisson processes, the
predictable martingale representation holds for any of the probability measures (]P’k) kER-
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where
fit,k,y,2) =1y — Bk + kar_nez- (1,1 — 6",

In other words, (Y%*, Z%¥) appears as a (super—)solution to a BSDE with (finite) random terminal
time, as studied for instance by Peng [43] or Darling and Pardoux [13|. Following then Hamadéne and
Lepeltier [22] and El Karoui and Quenez [15]. By direct computations, it is easy to see that g’ satisfies,
for any (t,y,v,2,2') € Ry x R x R x R x R?

9"t y,2) — 'ty )| =71y —

)

gi(t,y,z) - gi(t7y7zl) < sup {kaI—NtE(Z - Z,) ’ (17 1- 9;)1—} = ’Yt(z72,))‘?(2 - Z/) ’ (17 1 - 62)—'—7
0<k<I—N;
where v(z,2") = €142 (1,1-6i)T >0, verifies 0 < Y(2,2") <e. In particular, this means that the
generator ¢' satisfies the classical sufficient condition, introduced by Royer [49, Condition (A,)], en-
suring that a comparison theorem holds for the corresponding BSDE with jumps (see [49, Theorem
2.5]). Moreover, since the intensity of the Poisson process M under P is bounded, it is clear that 7
has exponential moments of any order. Since in addition we have ¢'(¢,0,0) = —B(I — INy), it is clear
that the generator and the terminal condition of the BSDE (3.2) admit moments of any order and thus
satisfy all the requirements ensuring wellposedness. Therefore, we deduce immediately that for any
ke R _
Vi <y = v B g,

where we defined

B

7N, E

k:’l = ([ — Nt)l{ZZ~(1,l—92)T<bt}7 and bt = s t>0.

This means that Y is the value function of the bank, and that her optimal response given (#¢, D?) €
O x D is k*°. O

We continue with the

Proof. [Proof of Lemma 3.1] First of all, it is clear that the bank of type p; can get arbitrarily large
levels of utility (it suffices for the investor to set dD% := nds for n large enough, starting from time t).
The bank’s maximal level of utility is therefore 400, which corresponds to a utility equal to —oo for
the investor. Then, coming back to the definition of the bank’s problem, or to the BSDE (3.2), it is
clear, for instance by using the comparison theorem for super solutions to (3.2) (see [49, Theorem 2.5|),
that in order to minimise the utility that the bank obtains, the investor has to set D’ = 0. Moreover,
since by definition we must always have Y > 0 and Y = 0, and since the totally inaccessible jumps
of Y (recall that D is assumed to be predictable) are given by AY}! = —Z! - AM;, we must have that

Vi=2z-(1,1)", and V. > Z{-(1,0)7, t >0, P—a.s., (A.2)

Indeed, the support of the laws of 7 and the 77 under P is [0, 4+00). This implies in particular that
we must have Z} - (0,1)T > 0, which in turn implies that the generator ¢’ is then non-increasing with
respect to #%, and thus that the minimal utility for the bank is attained, as expected, when 6 = 0.
Then, if (6%, D) = (0,0) (which is obviously in © x D) starting from time ¢, it is clear that the bank
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will never monitor and will obtain

U 0,0) = B(I — N,)EF'™™ [ / e s
t

Qt} _BUI-Ny) <1 PN [e_r(r_w‘ gt])

r
— M 1— /+OO )\I—Nte—m(r+)\£7Nt)dx
T 0 ¢
B(I = Ny)
4 AN
Notice that this corresponds to the investor getting
p( — Ny)

I-N.
N([ - Nt)EP [T - t’ gt] = N
t

We finish with the
Proof. [Proof of Lemma 3.2] Let us show that for any (#°, D*) € © x D enforcing k = 0 from time ¢,
we have Uf(0%, D') > b;. With such a contract, we must have

ZE (1,1 =007 >b,, s>t

s

By (A.2), this implies that for s > ¢, Ysi, > bs, which, by right-continuity at time ¢ leads to the desired
result. Notice also that this result implies the so—called limited liability property of the bank, which
reads

Vi —Zi- (1,007 > by

Now, in order for the investor to ensure that Uj (6%, D*) = b, it suffices for him, after time ¢, to offer
the optimal contract derived in [42] (with initial condition b; at time ¢), which we recall below (see
Theorem 3.1). By [42, Proposition 3.16], the utility of the bank will then be b;. O

B Utility of not monitoring

In this section we compute the utilities that the banks get from always shirking (without considering
the payments) under contracts which liquidates the pool after some fixed number of defaults. Observe
first that we have

[e'¢) SH
EP [e‘T(TNt“_t) gt:| = / e—mA?fINte‘A?ENf” dr = _)‘I—é\f]; =
0 r+ )‘I—Nt
and for any [ € {N; +1,...,1 -1}
0 SH
EPkSH |:e—r(7'l+1—7'l) gt:| _ / e—T’Z‘)\?{Jle—)\fﬂm dr — AI—éH.
0 r+ )‘I—l

For m € {2,...,I — N}, consider 6 € © given by

17 t é S é TNt—l—m?
0s =
O, $ > TNy+m-
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It means that the pool will be liquidated exactly after the following m defaults, so that the utility that

g

the bank gets from shirking is

SH T
u (k57.0,0) = BF* [ / e "D B(I - Ny) ds
t

Ni+m—1

SH TNy+1 Ti+1
=E* [ / TR~ Ny ds + > / e "D B(I — i) ds gt]
t i=Ng+1 /T
_ B(I - Nt)EPkSH |:1 _ e_'r(TNt+1—t) gt:|
r
Ni+m—1 .
B —1) pS7 | ity a(ripa—t)
oy A oo G,
i=N¢+1
Ni+m—1 . —1
B(I — Ny) B(I —1i) _prsH (1 _ _
= v SRS 1) (1 — e~ r(Tim Tz)) e~ (Tr1—T)
T+ A?let ._Z r 1_[ gt
i=N¢+1 =Nt
Therefore, by independence we have
(651 9.0y = BU=ND) ﬂt*z"f‘l B(I - i) H AT
ut ) ) = 9
T+ /\ngt i=Np+1 T+ A?E =N, T+ /\fﬁl
B(I - N,) I‘gt:‘l Bi Iﬁ“ ASH
="+ — S B
SH SH SH
T+ /\I—Nt =T~ Ne—mt1 A =ip1 " +A

C Short—term contracts with constant payment

In this section we analyse the optimal responses and the value functions of the banks at a starting time
t > 0, under contracts with constant payments of the form dDg; = cds, where c¢ is any G;-measurable
random variable, and with 8 = 0, so that the pool is liquidated immediately after the first default.

C.1 Optimal responses and feasible set

In this section we compute the optimal responses of the agents to the described contracts, depending
on the value of ¢. We also show that for this class of contracts the set of expected payoff of the agents,
starting of time ¢, is exactly V; = [B(I — N)/(r 4+ M) 00

(i) Let k% := 0. If the bank of type p; always monitors, we have

piC
g} __pe
! r+)\,’fo

Hence, the continuation utility is constant in time and if the payment c is exactly equal to ui(r—l—)\fo) / Pis

ul(k°,0,D) = EF’ [/ e picds
t

then the bank receives exactly u’. In this case, k¥ is incentive compatible if and only if u’ > by_y,.
The minimum payment such that the bank of type p; will always work is therefore

by (r M)
- Pi
(73) If the bank of type p; always shirks, her continuation utility is constant and equal to
g} _ pic+ B(I — Ny)
| =
r +/\§SH

. SH T
W (k5" 9, D) = EF* [ / e "6 (pic + B)ds
t
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Then, if one takes ¢ equal
ui(r + AT - B(I — Ny)
Pi ’

is incentive compatible if and only if u? < b;_y,. Nevertheless,

the bank receives u'. Therefore k5

since the payment ¢ must be positive, u’ must be greater than B(I — N;)/(r + /\fSH). The supremum
of the payments such that the bank of type p; will always shirk is therefore equal to
KkSH %0
__bin (A )= BUI=N) by (r+ A

C; = = C;.

Pi Pi

Therefore the set of expected payoff under this class of contracts is V,. Let us summarise our findings.

Response of the bank of type p; to the contract § =0, dDs = cds, after time ¢:

k0
With o = 2=Nelr £A0),

Pi
| | i+ B(I—N
eifc<@ — k(0,D) = kSH, Ui(0, D) = LT (kSH )
T+ Aj

pic
r+ /\ffO .

eifc>¢ = k*(0,D)=k", Uj,D) =

C.2 Credible region under short—term contracts with constant payments

Once we know the optimal responses of the good and the bad bank for every payment ¢, we can study
the relationship between their value functions for any short—term contract with constant payments.

i) Suppose ¢ € [0,%,). Since &; < T, we have that k*°(6, D) = k*9(0, D) = k" and
(¢) Supp [79) g ) ) )

B(I — Ny) PgC
r+ )\fSH r+ )\fSH ’

B(I — Ny) PbC
r+ )\fSH r+ )\fSH '

Uf(0,D) = Ub(6, D) =

Thus, the value functions verify the following equation

U9, D) = o6, 0y + LN (1 - ”—9> :

Pb A A Po
as well as
B(I - Ny) > b [B(I—Nt) Pb B(I —Ny) < Pb>>
U’0,D) € | ———=~,br_ , U 0,D)e | ——, —bj_n,+ ——- 1 — — .
t( ) _’_)\fSH I—-N t( ) T_"_)\fSH P I—N¢ T_"_)\fSH Pg

(i) If c € [¢5,), then k*9(0, D) = kO, k~°(0, D) = k™ and the value functions of the banks are

B(I — Ny) PbC
P AT e

Pgc b
U’(0,D)= —— UJH,D)=
/(0.0) = g, U0, D)

Hence, they verify

SH
pg (14 A b pg B(I — Ny)
Ude,D)==2 [ —2L U, D) - =2 7
t( ) Pb(T—I-)\fO t( ) Ob 7‘+)\fo

with

BU-N)(, m
U8, D) e [bI_N,p—gbI_N>, U9, D) e [@bI_N po <1—— b )
t( ) t Ob t t( ) Pg t r_'_AfSH Pg t
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(431) Finally, if ¢ € [G5,00) then k*°(0, D) = k*9(0, D) = k° and

PgC€ b PyC
Ul(9,D) = —— U, D)= —"—.
t( ) T—l—)\fo t( ) T+)\fSH
Hence
U#(0, D) = 22ub(9, D),
Pb
with

Utg(97D) € [%bl—]\ﬂm OO) ) Utb(97D) € [bI—Nw OO) :
b

Figure 6 shows the pair of values of the banks that can be obtained using contracts with constant

payments. For simplicity, u9 denotes the value function of the good bank and u’ that of the bad bank,

and j := I — N;. Depending on the payments, the values of the banks belong to one of the three lines

represented, the last one being unbounded.

Ug;
scoud =l
e
4
e
e
P o
_g . 4
Pb b] L’
e
4
,l
4
e
e
Li: ud = Poyb
1 w Pbu
b; SSH )
’ Lo: wd = 22U Db po By
b (r+A9) Pb r+AY
Bj P,
Ly: ud =00y 2 (12
3 Pb + 7'+/\3-9H Po
Bj Pb Bj ( pb>
~SH xj = Ltbh; = 1-— £
7"+/\]$H J pg I T r+)\fH Pg
> b

Figure 6: Credible region under short-term contracts with constant payments.

C.3 Initial lump—sum payment

Take any point (ub, u9) € L1ULoULs. We know that there exists a contract 6 = 0, dDy = cds, starting
from time ¢, such that UP(, D) = u® and U/ (0, D) = u9. Consider the payments D’ which differ from
D only at time ¢, where a lump-sum payment of size £ > 0 is made. This added lump-sum payment

will not change the banks’ incentives and the new value functions at time t will be
U?(0, DY) = u9 + pyt, U0, DY) = u® + pyt.

Hence, the new pair of values of the banks belong to the line with slope 'Z—Z which passes through the
point (ub, u9). Since in our setting there is no upper bound on the payment, by increasing the value of
¢ it is possible to reach every point of the ray which starts at (u,u9) and goes in the positive direction.
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The subregion of the credible set that can be obtained by short-term contracts with constant payments
and initial lump—sum payments is shown in Figure 7, with the same conventions as in Figure 6.

Ug;
scoud =l
e
4
e
e
P o
_g . 4
Pb b] L’
e
4
g — Pa,b
u pbu
b
J ol — pg(r+/\fH)ub _ pg Bj
’ Pb(r"")‘j) Pb r+)\j
. _ Pg,b Bj Py
ud =Huy -
Pb + T+>\JSH ( Pb)
Bj . _ PbpSH Bj Pb
T+>\JSH i g bj T T+)\fH 1 Pg
ub

Y

Figure 7: Credible region under short-term contracts with constant payment and lump-sum payments.

D Short-term contracts with delay

In this section we study the optimal responses of the banks and their value functions at a starting time
t > 0, under contracts with constant payment after a certain time t* > ¢, and # = 0. The case t* =t
corresponds to the situation of Appendix C.

D.1 Optimal responses and feasible set

In this section we compute the optimal responses of the agents to the described contracts, depending
on the values of ¢ and t*. We also show that under this class of contracts the set of expected payoff of
kSH

the agents, starting at time ¢, is exactly V; = [B(I — Ny)/(r+ A7), oo).

(1) If the bank of type p; always works, at any time ¢ < s < t*, her continuation utility is, noticing

that since § = 0, we have that (/\Zo)uzt is constant,

—r—i—)\fo t*—s) ..
gs} _ e e — ui (10,0, D)elr A1),

1(1.0 _ mP° T —r(u—s) .
uy(k”,0,D) =E [/t*ATe picdu r—l—)\fo

) . 0\
Therefore, at s = t* the continuation utility of the bank is ul. (k%,0, D) = ui(kO,H,D)e(”')‘f ) =t),
Next, for any s > t*, the continuation utility of the bank will be

pic
Q] = :
T

ul(k°,0,D) = EP’ [/ e (=) picds

38



Then, we see that once the bank starts being paid, her continuation utility becomes constant and it
must be equal to ul. (k°,0, D). Then, if for some u’ > 0, one chooses ¢ equal to

uie(’”r)‘fo)t* (r+ AF)

Pi

: (D.1)

the continuation utility of the bank will be an increasing process with initial value u’. Therefore, k¥ is
incentive compatible if and only if u* > b;_y,. The minimum payment and delay such that the bank
always works are t* = 0 and
0
. bI—Nt(T + )\f )
GG =—""™"7"———.
T Pi

(73) If the bank of type p; always shirks, at any time ¢t < s < t*, her continuation utility is

e_(’""‘)‘fSH)(t*_s)pic B(I — Ny)

;] - |
° r—l—/\fSH r+/\fSH

ul (K91 0, D) = EP* [/ e_T(“_s),oicdu+/ Bdu
t*AT

s

Therefore

. SH . — —
ug(k:SH,G,D) _ e(r—l—)\f )(s—t) (ui(k:SH,H,D) o B(I Nt)) B(I Nt)

4 AR 4 AR

and the continuation utility is an increasing process. Recall that &5 is incentive compatible if and
only if ul(k°H 6, D) < b;_p, for every s > t. However, if t* is large, there will exist t,, such that
(0 (k;SH ,0,D) = br_p, and the bank will start to work. More precisely, ¢,, depends on the initial value
ul (k5" .0, D) and is given by

R < br_n,(r+ M) = B(I = Ny) )
uj(

4 AEST ESH 9, D)(r + X°") — B(I — Ny)
Notice that t,, > t if and only if by_n, > ui(k°H,6, D). Therefore, k5 is incentive compatible if and
only if t* < t,,. Under this condition, at ¢ = t* the continuation utility of the bank is

ul (k°1,0,D) = e““‘fSH)

e B(I-N,)\ B(I-N,
=) <ut(kSH767D) - T(+ Aka?) 7‘(‘1‘ )\kSI—ﬁ) < bI—Nt'
t t

Once the bank starts being paid her continuation utility is constant and equal to

Wi (kSH 9, D) = EF*" [ / e "= (pic + B(I — Ny))ds

S

] _ pic+ B(I — Ny)
7‘+)\fSH

So if the payment ¢ is equal to
T (i ) — BT - )
Pi

, (D:2)

the expected payoff of the bank at time ¢ is u’. The supremum of the delays and payments such that
the bank always shirks are t,, and

SH
o+ X ) (1) br_n, (r + AfSH) - B(I — Nt)] br_n, (r + /\,’fo)
C; = -

Pi Pi
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(737) Finally, consider the case when t* is greater than t¢,,. Under this contract, the bank will shirk
until time t,, and will work afterwards. Indeed, from the previous analysis we know that this strategy
is incentive compatible. At time ¢, we have that u} (k°¥,0,D) = b;_n, and for s € [t,t*) the
continuation utility is given by

G ] _ o= (N =8) .0

ik(]’e’D :EIPO |:/T —r(u—s) scd
u( ) t e picdu R

*AT

::e(r+A§OXs—¢w)u;U(ka{’9,l)):: b[_phe(r+kfoﬂs—th
Therefore, at t = t* the continuation utility of the bank is
. 0 "
Upe (K0, 0, D) = by el )¢ =to),

and for any s > t*, the continuation utility of the bank is constant and equal to

pic
g} _ .
B 7‘+/\fo

ul(k°,0,D) = EF’ [/ e (=) picdu

So if the payment c¢ is equal to

0
7“+A§

b[_Nt(r+)\fo)e(r+>\fo)(t*_t) Ui(T—i—)\fSH) _B(I-N) VL
o br—n, (r + A"

, (D.3)

the expected payoff of the bank at time ¢ is u’. The minimum payment and delay such that the bank
shirks first and works afterwards are t* = t,, and
br-n, (7 + A
o = Tt AT) o
- Pi
The following box summarizes our findings in this case. Here, ¢;(c) is the corresponding expression for
t, as a function of the payments c.

Response of the bank of type p; to the contract 6 =0, dDs = 1y,5+ycds after ¢:

K0 }
w, ti(c) ==t + #ko log <Lko>
i ’r’—|—)\t bI—Nt(T—i_)\t )
B(I - ;)

. . SH., ., o
olfc<E — ki(0,D) = kSH, Ui(9, D) = e+ " —t) _Pi _
—= ( ) t( ) r+ )\fSH r+ )\fSH

Let ¢; =

. . 0 " i
e lfe>7, ¢ <Ti(e) = k(0,D) = K0, Uj(9, D) = e~ M=) Lo,
T+ A

o 1fe>a ¢ >Tle) = k0, D) = kM ) + K ary(0) 2nd

N .

i (B H pic el bon (r+ A B(I— Ny)

CHON DR [—ko] ) : kSHt + WSH -
br—n, (r+ A7) T+ A T+ Af
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D.2 The upper boundary can be reached with contracts with delay

In this section we show that in some cases the short-term contracts with delay provide to the agents a

pair of value functions lying in the upper boundary of the credible set.

(i) Let ¢ > & > ¢; and t* < %(c) < Ty(c). Then k*°(6, D) = k*9(6, D) = k° and the values of the
banks are . .
PgC (ARt —t b PbC  —(rAF )t —t
U0, D) = —29—_e= (X)W =0) b DY = e (r AT )t —=t)
t ( ) r+ )\?O t( ) r+ A1]‘?()

Therefore the utilities satisfy

Uf(9,D) = Zg Ub(0, D), with U{(0, D) € [%bj_]vt,oo>, Ub(0, D) € [by_n,, 00).
b

(i1) If ¢ > @ and &(c) < t* < t4(c), we have that the good bank will always work and the bad bank

will start to work at time ¢,(c). Their value functions are

Uf:q(ea D) = Po” 0 6_(T+>\§O)(t*_t)a

Y
7"+AkSH
U6, D) = e~ 1) [ R } o b (r 4+ M) L BU-Ny
Y bI—Nt (7" + Afo) r+ Afs r 4+ AfSH )
so they belong to the curve
AfSfokO i 2 kO r-+/\fo
Uf(0,D) = bﬁ (Ub(e D) — M>A"SH T\ T
mV[N o A 4+ AR ’

and take values in the sets (recall the definition of z7 in proposition 4.2)
U2(6.D) € [br-is 201, ), UN6.D) € [a . bi-)

(i17) If ¢ > @ and t,(c) < t*, the good bank will start to work at time ¢,(c) and the bad bank will start

to work at time ¢,(c). Their value functions are

SH
ot
02(6.D) = N0 [ B[l b wm ) BU-N)
o b[_Nt(T‘ =+ /\fo) /\fs "+ /\fSH )
r+AkSH
U6, D) = e~ ) —0) [L} T b (r M) BU = V)
Y bI—Nt(T—F/\fO) T+)‘fSH T‘i‘)\fSH )
so they belong to the line
i kSH
t
" B(I — Ny) B(I — Ny)
Uf(0,D) = <”—9> ot <Ub 0,D) - >+ :
/(0.0 = (2 0.0 - 2gh) + 2

with

B(I - N, B(I-N,) .
U/ (0,D) € [%,bl Nt> , Up(0,D) € [ﬁvznl—]\ft) :
t
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D.3 Credible region under contracts with delay

From the previous subsection we know that for every point (u?,u9) on the upper boundary there exists a
pair (c,t*), with ¢ > @, such that under the contract (6 = 0,dDs = cl{y>¢ds) we have Ul9,D) = ub
and U?(A, D) = u9. As explained in C.3, if we consider the contract (6, D’) with an additional initial
lump-sum payment, the incentives of the banks will not change and the new value functions of the
agents will be UP(0, D) = ub + pyl, UJ (0, D) = u9 + pyl. Therefore under short-term contracts with
delay which reach the upper boundary and lump-sum payments, all the subregion of the credible set
delimited by the lines shown in Figure 8 can be reached. We will not enter into details but it can
be proved that under all the short-term contracts with delay (not only the ones who reach the upper
boundary) and lump-sum payments, the subregion of the credible set which can be reached is exactly
the same. When there is only one loan left, this region is equal to the whole credible set but when
j > 1 the credible set is strictly bigger due to the pair of utilities that can be achieved in situations
when 6 # 0.

Ug;

Pap.
py I

—L__
r+)\fH K
X > b
B ] b
r+)\j

Figure 8: Credible region under short-term contracts with delay and lump-sum payment.

E Technical results for the lower boundary

We begin this section with the

Proof. [Proof of Lemma 4.1] The value functions of the banks under ¥ := (6, D) are given by

s].
o]

Ug(w) = EF Y [ / e (57 (pydDy + BE9(W)ds)
t

*,b T
Ub(w) =g " [ / e "D (pydDy + BE(W)ds)
t
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Thus, we first have, P — a.s.

*,b T
Ug(v) > P [ / e (p,dDy + BEX(W)ds)
t

:

*,b T
t

g

*,b T
= U(W) + (pg — po)EF" [ / e 704D, gt}
t
— *,b T
— Up(w)+ Lo =) (Uf(qf) ~E { / e O BEEY (W) ds
t

Pb
_ *,b T
= %Utb(\lf) — Lgp pb)EPk o [/ e T BER (W) ds gt:| .
b b t
gt} - U e BR ds
t

But we also have

*,b T
Uf(v) > e [ / e "D (p,dDy + BEXY(W)ds)
t

d)

Observe next that

sup EF* [/ e "% Bl ds
ker t

gt:| ’

because the left—hand side is the value function of a bank who is offered a contract with no payments.

Therefore, we have that

— SH T
v (w) > o) - Lo g [ / e BSH g
Pb Pb ¢

gt] > L)) - (”f’p%”’)cu ),

because the utility that the banks get from shirking is non—decreasing with respect to the process 6
and its maximum value is equal to C(I — N;), attained when 6 = 1 (see (4.2)). 0

We continue this section with the

Proof. [Proof of Proposition 4.1] Due to Lemma 4.1, it suffices to prove the existence of contracts
under which the value functions of the banks satisfy the equalities.

e Step 1: First, fix some t > 0, take any u® € [¢(I — N;,1),C(I — Ny)] and fix m € {1,...,I —
N; — 1} such that c¢(I — Ny, m) < u® < e(I — Ny,m + 1). Next, take 69 (u’) € [0,1] such that

u’ = (I — Nyym) 4 09 (ub) (¢(I — Nyym +1) —e(I — Nyym)) .

Then, there is a contract (6, D) € © x D such that U?(#, D) = U?(0, D) = u’. Such a contract can be
defined as follows

dDs :=0, 05 := 1{tSSSTNt+m} + (1 — 62 (u?)) for every s > t.

1
{TNt +m<SSTNt+m+1 } ’

The contract has no payments, it always maintains the pool after the first m defaults, maintains the
pool with probability 6y after default m + 1, and liquidates the pool at default m + 2. It is clear that
under this contract both banks always shirk in [¢, 7], since they are not paid, and their value functions

:

= c(I — Ny,m) + 02(u®) (c(I — Nyym + 1) — ¢(I — N;,m)) = ub.

satisfy

SH T
U%(0, D) = U0, D) = B [ / e "= BESH gg
t
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e Step 2: Fix again some ¢ > 0, and choose now any u® > C(I — N;) and define

wd = Payp 7('09 — pb)C(I — Ny).
b b
Let ¢; := (u® — C(I — Ny))/pp and consider the admissible contract satisfying, s = 1, dDs = Ulis—py,
for every s > t. The optimal strategy for both banks under this contract is to always shirk and then

SH T
Ub(9,D) = EF [ / e ") (pyd D, + BESH ds)
t

gt] oyl 4 C(L— Ny) = b,

SH T
U0, D) = EF* [ / e ") (pyd Dy + Bk ds)
t

Qt} = pgls + C(I — Ny) = u.

a

We conclude this section by proving some useful results that will be used in Section 5.1.1 in the study
of the value function of the investor on the lower boundary. We show that there are several ways of
reaching the lower boundary and that all the contracts which can achieve it have the same structure
as the ones used in the proof of Proposition 4.1.

Lemma E.1. Consider any (t,u’,u9) € [0,7] x Vi_n, x Vi_n, such that in addition v’ = u9. Any
contract U = (6,D) € © x D such that UY(¥) = ub and UJ(¥) = u9, has no payments on [t,7] and
consequently both banks always shirk under U.

Proof. Looking at the proof of (4.3) we deduce that necessarily
ke9(0) = Ky (), dDy =0, Vs > t.

Since there are no payments, we have that k39 (0) = k3 (W) = kSH for s € [t, 7] and indeed have

[ / ’ e "G B(I — Ny)ds gt} :
t

Lemma E.2. Consider any (t,u9,u’) € Ry x )A/I_Nt X 9I_Nt such that in addition

WSH

U (W) = Up(¥) = E

= Loy~ Lo ) oy

Pb Pb

Under any contract ¥ = (0, D) € © x D such that UY(¥) = u® and UJ(¥) = w9, the pool is not
liquidated until the last default (1 = 1) and both banks always shirk on [t,T].

Proof. Looking at the proof of (4.4), we deduce that necessarily k9(¥) = kX*(0) = kS, 6, = 1,
for every s > t. Thus, the value functions of the banks are given by

LSH !
US(T) = p,EF / eTE=0dD,| G| + C(I - Ny),
t

1

SH T
UL (D) = p,EF* [ / e "T0AD, | G| + O(I — Ny).
t
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F Technical results for the upper boundary

Lemma F.1. For every j > 1, x5 > &bj.

Pg
Proof. For any j > 1, define the functions g,h: R — R by

7“+X‘,SH

Trp XSH o ASH

g(x) ==z h(zx) := bjx.

Then g is strictly convex in Ry and we have that g(1) = k(1) = b; and ¢/(1) = /(1) = b;. Thus, h is
the tangent line to g at x = 1 so g(x) > h(x) for every x # 1 and therefore

=g () >0 (2) =2,
Pg Pg Pg

Proposition F.1. For every j > 1, the function LA{J* defined by (4.17) satisfies

Moreover, equality holds if and only if © > gj.

~

Ur(x ~ ~
Proof. Define A(x) := i ) If © > b;_1 then A(z) = pg/pp. If now x € [27,b;), we have
T
SSH_30 ~ eV =y
A(r) = 22(5,) fg—sf_ g (74 AT\ T 1, Bj 37
oy 7 T+ A x o+ ASH

This function is decreasing so that A reaches its maximum value over [3:;, b;) at 3:; Next, we have

A(x}) = 2 < b x; > @bj,
Ly Pb Pg
and the last inequality holds as a consequence of Lemma F.1.
. . Bj «
Finally, if x € |:7“+)\]‘5H7:Ej> then
'r+’/\\“7sH
1 A0 Bj 1 Bj
A =1 (2) 7 (o B LB
Z \ Pb 7‘+/\]SH ZET—I-/\JSH
. . .. . Bi
This function is increasing, hence A(x) < A(z}) < Z_i’ V€ [ﬁ,x;] . 0

Corollary F.1. Let j > 2 and L/{\]*, Z:{\J*_1 defined by (4.17), and assume that :\\;“g < X;“b Then, for any

b > pLb BG-1) we have
w= T r+>\.£{1

J
~

N (b — p1b) < 0.

o~ —~ —~ /
(= R — () ()
Furthermore, equality holds if and only if u® — h1* > /b\j, ub > gj and :\\;Qb = /)\\fg
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Proof. Under the conditions of the corollary, the following allows us to conclude immediately

Ur_ | (ub — h?) o\
j—1 < Py < * b
ub — hl:b Py (u]> (u )

a

Corollary F.2. Forj > 1, let 6']- and L/{\]* be defined by (4.16) and (4.17) respectively. If (8, h1?) € 6']-
is such that u® —0(ub —h'?) > gj then L/{\]*(ub) - 92:{\;_1(ub —hbb) > gj, As a consequence, in the context
of equation (4.15), for every (0, h'?) € 6']- we have k9 < kP and X?g < X?b

Proof. First observe that u® — 6(u? — h%b) > Zj implies u® > Bj_ Then we have

[ b 1,b
Ur(u®) —b; > p—‘Z(Ub —bj) > W(“b = bj)-
y
— b
Also, 0 < ﬁ and thus

We now proceed with the

Proof. [Proof of Lemma 4.2] We start with the region u® < 31, Hl(ub) < by. For these points, we have
that k® = k9 = 1, so (4.11) can be solved easily and leads to, for some C; € R,

N B B
Z/[l(ub) = 01 <ub - > +

r A el

If ub < 31 and al(ub) > 31, then k* = 1, k9 = 0 and we can solve (4.11) to obtain for some Cy € R

’I‘+X(1)
- B AL
Uy (ub) = O | ub — —2 "
r+ Al

Finally, when u® > ?)\1 and U (ub) > ?)\1 the optimal strategies are k* = k9 = 0 and we have for some
Cs € R, Uy (ub) = C3u®. We are interested in smooth solutions of (4.11). Denote by Lll(l), Z/{1(2) and u1(3)
the following functions

30
'r+/\1

7“+XI
Ty = (- — BV B oy — o (- B V0O by = Cod
1 (W) 1<u 7’+X%> 7’+)\%’ () o | u 7’+X% , U (U’ .

We will determine the relations between the constants which allow the smooth fitting of ﬁl. First we
impose Z/{1(2)(b1) = Ul(g)(bl) and we get

30
7‘+)\1

~ /)\\0 r'+X1 ~
o (5,520 ) T 2 ouhy
T+ )\%
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It can be checked that this relation between Cj and Cy ensures also that (Z/{(z)) (bl) (Z/{(g)) (b ).
Next, define x1 as the point such that 2/[1( )(xl) = bl, i.e.

b A9 B
x1=—1 T+A1 + =
Cr \r+\ r+ Al

Also, define x5 as the point such that LAll(Z) (x9) = 51, i.e.

r'+X%

/51 7‘+X? n B
Tro = —_— —_—=_.
Cs r+ A

We impose 1 = 2 and we get

and this relation ensures also that (Z/All(l))’ (x1) = (ﬁ12 ) (z2). Expressing both Cy and Cy in terms of
C3 we get Z/ll(g) (u’) = C3u®, and

] B B
U by = 05 | ub - —— ~
r+ Al r+ Al
Y PN et
R AT )\ r+A1 B r+A1
G2 by = cpp, ™ [ A w - 2
7+ A r+ Al
O
We pursue with the
Proof. [Proof of Lemma 4.3] For C' > 0, define the following modification L/{\IC’* of Z:{\lc
ﬁlc(ub), u’ < a:lc’*,
Uy (') = P c Sere. c
P_Z(“b —a ) H UL (a77), ud > at
where
B N
a:lc’* =infu’ € | —=,+o0 |, (Uf) (u?) < s\,
r+ A Po
The function Z/{ * is continuously differentiable, solves the diffusion equation in [B/(r + )\1) C*) and

satisfies ﬁlc * / = pg/pp in (x? ,00). In the following we will study for which values of C' this function
indeed solves the HJB equation.
A}
— First of all, if C™H < Z—i, we have that

B ~ B B PN

Co _ Coxr by _ Pg | b ( c,*>

x{" = —, U777 () == u — — | + —, (U Py — pg =0,
! r+)\% ) Pb( 7’—1—)\%) 7’+)\% ! ( ) 7

so that we need to check that for every u? in [B/(r + A1), 00)
. e\ ~ . ~
rulc’*(ub) — (Z/{lc’*) (ub) (rub — BEY + ub)\lfb> +Ulc’*(ub))\]fg — BEkY > 0.
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Take u® > 31. Then k9 = k® = 0, and we have

~ PO ~ ~ ~
TL{IC’*(ub) - <L{IC’*> (u?) (rub — BE® + ub/\]fb) —I—Z/{f’*(ub))\]fg — BEKY

B B ~ ~ B B
= | P2 [t - — | + — —&[(r—k)\?)ub]—k)\? Pa (b — — | + —
Pb r+ A r+A | P Pb T+ M r+ A
~ B
= (r+\0)—— < —@><0.
7+ A Pb
Hence Z:{\lc’* is not a solution of (4.12).
3y ~ r3]
_pg (e TR pg Cx _ 3 14N &);m; B b< ] g pb—
If (pz;) 1 <C'§pb,thena:1 _b1r+X} (Cpg 1 1+T+X%.Takeu > by, then k9 = k> =0

and

~ PN ~ ~ ~
rufv*(ub) — ( 10*) (u?) (rub — BE® + ub)\'fb> +Ulc’*(ub))\lfg — BEKY

r'+X(1) ~

31 o~
(A (6105??9 <&> THNZAM e B
Pg r+ /\% Pbr + )\%
:.1+on AT1+XA(1)0 31 _ 30
e ( () ()TN p B
Pb Py r 4 /\% Por + /\%

o [~ pg M —NO B
:(T‘—l-/\(l)) blﬁ 1 Al— A& =0.
Pb 7‘+)\% 7‘+/\%Pb

The inequality is strict if C' < Z—Z so the only value of C' such that L/{\f ™ solves the HJB equation is
C =70

— For large values of C, i.e. C > Z—i’, we have that x?’* = +o00 and then ﬁlc* = ﬁlc We exclude
this case because these functions do not satisfy condition (4.13). O
We end this section with the

Proof. [Proof of Proposition 4.2] The proof is by induction. For j = 1 the result is proved in Step
2, so we take any j > 1 and assume that L/{\]’-*_l solves its corresponding diffusion equation. We will
need to consider three different cases to prove that Z:{\j* solves the equation (4.15). In each one of them
we prove that the supremum in the right-hand side of (4.15) is attained with 6 = 0, so therefore the
diffusion equation takes the same form as the one in the case with one loan left. Then, it follows from
the analysis in Step 2 that its solution satisfies also the variational inequality (4.9).

— Case 1: o’ <gj, L/{\]*(ub) <3j.
In this case for any (0, h') € (7]’, we have that k9 = kb = j. To simplify the notations, let us define
N/ ~
cj(ub) == <Z/{J*> (ub) (Tub — Bj + ub)\JSH>, then the term inside the sup in (4.15) becomes

~ ~ ~ ~ ~ !/
¢j(ub) — Uz ()NS5 4 Bj + oASH [ (e = b = () @) (? - hl)} ,
and the optimal choice of ¢ in this case is 0 (uniquely) because from Corollary F.1 we have
~ ~ /
5 (ub — Y — (u;) (Wb)(ub — hY) < 0.
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— Case 2: u’ < Zj, ﬁ]*(ub) > Bj_
In this case k” = j for every (6,h!) € Ci. The term inside the sup in (4.15) becomes
N~
¢;(u?) = U (uP)NE + BRY + 0 |UF_y (ub — h)NE — (uj*) (W)NH (b — p1)] .
Define the following sets
Cf = {(0,h") € C7, U (ub)—0U;_ (uP—n1) > b;}, CF = {(0,h") € C7, Us (ub)—0U;_, (uP—h') <b;},

and note that k9 = 0 for every (0,h') € C'JQ and k9 = j for every (0,h') € C']]-. Also, the pair (0,h!)
belongs to (7]0 for every feasible h'.

o If (,h') € 6]0 we have
—~ ~ —~ ~ ~ \/ ~
¢;(ub) — U (uP)NE + BRI + 0 [u;_l(ub — B — (u;) (uP)NSH (b — hl)}
— ¢;(u?) — U ()N + 0 [A;_ (ub — BHA) — (u) (uP)NH (b — hl)} < ¢j(u?) — U ()

where the inequality is due to Corollary F.1.
o If (0,h') € 6]] we have

~ ~ ~ ~ ~ / ~
cj(ub) — U;(ub))\?g + Bk9 + 0 [L{j*_l(ub — hl))\?g — <Z/{]*) (ub))\fH(ub - hl)]
—~ / ~
= i)~ TR+ B+ |~ R — (@) R~ )
¢j(ul) — Ur ()N + Bj

= ¢;(u) — U (WO)NTH 4 b, AT - X0)
< cj(ul) —UFW)NTH + U W) AFH = NY) = ¢;(u?) — U (u?)A,

A

where the first inequality is a consequence of Corollary F.1 and the second one holds because Z/A{J* (ub) >

~

b;. So we conclude that the optimal value for 6 in this case is also 0 (uniquely).
— Case 3: u’ > Zj, ﬁ]*(ub) > Bj_

Thanks to Proposition F.2 , we know that there are only three possibilities for the value of (k, k9).
Define the sets

5]9’0 = {(H,hl) e/, ub —0(ub —nh) 23
010 .= {(e,hl) e 07, ub — O — hY) < by, Ur(ub) — 0L, (u — V) zzj} ,
& = {(9, W'y e &9, ub — Bl — hhy < by, Uk (ub) — 0L (u® — h') < Bj} .

Then, (k*, k9) = (0,0) for every (0,h') € 6;)’0, (k% k9) = (4,0) for every (6,h!) € 65’0 and (k° k9) =
(4,7) for every (6,h') € (7]?’]'. Also, (0,h!') belongs to 6'](-]’0 for any feasible h'.

o If (0,h') € 6]‘?70 then the term inside the sup in (4.15) is, because of Corollary F.1, equal to
~ / ~ ~ ~ ~ —~ ~ /
(&) @y (r+39) = T ()N + 639 |y (u = nY) = (87) (u)(u? — hl)]
~\/ ~ ~ ~
< (U;) (u®)ub (7‘ + A?) — Z/{j*(ub))\?,
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* ()b A.
& ()b, . The term in the sup in (4.15) is

.If(e hl)GCJO thenh1<b and W Rl hl <9_m

¢j(ul) — U (u")A + 0 [A;_l(ub ~ R — () ()RS (u hl)]

u° —

* N u _/5' /7 N ) N
< el - u<b»9+<b o ) |t = 3 = (@) @R - w0
~ N\ ~ N\ ~
< o) - @+ (8 | (7) @R - (@) W]
N\ ~ ~ ~
= <Z/{]*) (u®) <rub + ub)\?> - Z/{;(ub))\?.
Both inequalities are direct consequences of Corollary F.1.
e Finally, if (9, h!) € éjj’j, note that h! < gj, ﬁ;(ub) - Af_l(ub — Rl < Zj and

w0, _ B -5

S = <.
=BT (= k)

Then, the term inside the sup in (4.15) becomes

Pg Pg
N ) Pb 5 ) PbSHT . NN
= )\]SH (Z/{]*) (u?) <ub - EU;(J’)) + (L{j) (u?) (rub + p—g)\bej - B]) - A?bj.

The first inequality is a consequence of Corollary F.1 and the second one of the fact that the function
h' —s Z/[j*_l(ub — hY)/(ub — h') is non-decreasing and constant for large values of h', which implies
that Z/A{j*_l(ub —hY)/(u® — ) < py/py. Now we use the explicit form of 271; and compute

N e\’ Pb 7% e\’ PbISHT . 307
A (uj) (u®) <ub - —uj (ub)> + (uj) (u®) (rub + EAbej - Bj> — \0b;
_Pg

Tub—i-XJSHZj— Bj—)\ob ="ry +B]< p_g> < Papyp,
Pb Po

Pb Pb

N/ ~ . ~
The term in the last line corresponds to (Z/{J* ) (u®) (rub + ub)\g> —Uuy (ub))\gJ and therefore the optimal

6 in this case is also 0. Observe that in this case every (0, h') € 6'](-]’0 such that u® — h! > gj is optimal.
g

We next continue with the
Proof. [Proof of Theorem 4.1] We divide the proof in 3 steps.

e Step 1: Let us prove first that the SDE (4.19) has a unique solution, keeping in mind that
U* liquidates the pool immediately after the first default. We consider two cases: if u® < br_y,, by
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right-continuity we can find for every solution of (4.19) some ¢ € (0,7 — t) such that u? < by N, for
s € [t,t +¢]. Consequently u’ solves the ODE

dub = [(r + X?th)uZ — B(I — Nt)] ds, s € [t,t +¢],
whose unique solution is given by

b_ S ) (e—t) <ub _ B(I- M)) L BUI-N)

Ug = =
r+ AR ) r A

, S E [t t+e]

So, as long as there is no default and the project keeps running u? will be deterministic until it reaches
the value b;_p,. That will eventually happen at time

b, (r + A\
t*(ub) ==t + Al log L (r + X1 ,
ub(’r' + >\§£{Nt) — B(I — Nt)

and we see from (4.19) that at time t*(u’) we will have du® = 0, so u® = by_y, for every s € [t*(u?), 7).
In the second case, if u® > b;_y, then (4.19) becomes du® = —uls’,st, s € [t,7], and necessarily

b

u® = u® for every s € [t, 7). This proves the existence and uniqueness of the solution of (4.19) in both

cases.

e Step 2: Now we turn to the values of the banks under ¥*. If ub > ZI_N“ we know from the
previous analysis that u? = u® > b;_y, for every s € [t,7), so in this case ¥* is a short—term contract
with constant payment, see Section C.1. Using the notations of this section, since ¢ > ¢ > ¢; both
banks will always work, the value function of the bad bank is UP(¥*) = pye/(r + A N,) = ub and the

one of the good bank is U (¥*) = pye/(r + X(}_Nt) = pg/ppul = a}‘_Nt (ub).

In the case where u’ < by_ N,» W* is a short-term contract with delay #*(u®) and constant payment,
see Section D.1. Using the notations of this section, since ¢ = ¢, the bad bank will always shirk and
her value function is - ,
—(r+X7 2y, )t (u®)
e t B
UL(0*) = pye = + = =’
r+ APH r+APH

For the good bank we have two sub-cases. First, if u® € [m}_Nt,/l;j_Nt) then %, (c) > t*(u®), so the good
bank will always work and her value function is

X?HN,S*X?th —~ T+X?*Nt TN,
—sSH SH T ASH —=sH
graxy _ Pa7 7"*AiriHrNt T+ /\I—Nt AN b B(I — Nt) AN, i b
Uy (V) = ==b,_ —_—— u— = Ur_n (ub).
t I—N¢ I—N;
Pb T+ AL,

If ub € |:7"+)\2H ,x}_Nt> then %,(c) < t*(uP), so the good bank will start working at time t*(u®) and
I—Ng

her value function is

r+:\\§EINt

o B(I — N, B(I — N, ~

vy = Lo (oo BUZND ) BUN) g 0y,
Pb r+ Ay, r+ Ay,

e Step 3: Since UP(¥*) = P, it is trivial that ¥* € Zb(t,ub). Consider now any contract
U = (D,0,h"b h2Y) € .,le(t, u’). We recall that the value function of the bad bank under ¥ satisfies

dUb(T) = (rUf(fo) — BRSO (W) + [hP + h2(1 — 98)]A’§*’b(‘1’)) ds — pydDy — hYPdN, — h2PdH,,
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with k3P () . Define the process

= 1gae 1ian2b<n,
Gy = / e (st [pgdDs + k9 (¥)Bds] + e_r(w_t)ljl\l*_Nw(Ug(\If)), w € [t,7].
t

Observe we can rewrite the second term in the following form (with the convention 7, = ¢, 7n,+1 = w)

Ny
T, (Up() = 3 T (UL () = e (U ()

=Ny e
+ Nfl S (ﬁ?—um <UZ+1 (\If)> ~ Ui <U o (‘I’))) + Ui, <Utb(\1’)) ’
i=N¢

Since the functions Z:{\j* are C', we can apply Ité’s formula on the intervals [r; A 7,7;11 A T) with

i € {N¢,..., Ny} to obtain an integral expression for the first sum. Regarding the second sum, observe
that

7/ b /7 b

;—(’i-{-l) (U‘I‘iJrl (\II)) - u}(—z <U7_ijrl (\P)>
_ (7 b Lo\ _ i b g b _plb
N (uj_(i—"l) (UTz‘ll(\II) B hTi“) Ui <U7—ijrl (\Ij)>) ANTiﬂ UI_(H'l) (UTz‘ll(\II) hTi“) AHTiﬂ
Titl , __ R Titl __
* b b * b b b

_ / (@ (V@) =)~ (U0 (@) ) aNy = [ ) (U2 (9) — L) an,

Hence

I-1 Ti+1\V

Goro =Ui_py () + Y /

i=N; Y Ti\V

e 7o) <Pg P (zjl*—z)/ (Uf(l’))) dDj

I-1 Tit1\V

+ i;w /T e (keo(w)B — rtdi_; (UE(D)) ) ds

N § /nHN’ e—r(s—t))\lg*,g(‘lf) (982:{\;_2,_1 <U§, (T) — h;’b) _ Z:{\;—z <U§(\I/))> ds

i=N; Y TNV
-1 Ti v
+ / Y oy (U2)) (rUL () = BR (W) + A (1P 4 (1 - 0,)h2") ) ds
Ti AU I—i s s s s ° o

S [ e (@ (v - 2) (0 ) a8

i=N; VTNV
I-1 Ti+1A\V N g

S5 [ e (U () - W) (@ - X (1 0,)as).
i=N; Ti \v

We know that the derivative of every Z:{\j* is greater than p,/pp by definition, and since D is non-
decreasing, the first sum of integrals is non—positive. Also, the functions Z/A{]* are solutions of the system
of HJB equations, which implies that for any admissible contract the second and the third sum of
integrals are also non—positive. We deduce

I-1 Tit1/\v

Grao S Uiy (') + 3 / e (U, (U2 () = n) = di (U2 () ) (dN, = AL ds)

=Ny Y TNV
I-1 Ti+1\V N g
-y / e (U;L(\IJ) - h;vb> (dHy — A9 (1 — 9,)ds). (F.1)
i=N; T; \U
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Next, for every ¢ we have that, recalling that the functions 271; are non—decreasing and null at 0

P [/ (50 g (Uf(\lf) - hi’bﬂds Qt} g [/ e =02 () ds gt}
+ t

Pb
< EP [/T e =D LI b (4N g gt:| < 00,
t

Pb

with A := maxi<j<s /)\\]SH . Indeed, we have between two consecutive jump times of N
avb(W) = (rUL(W) = B (W) + (AL + (UL(®) = hLY)(1 = 0)A" ) ) ds — pydD,
< (rU2(R) + BRI 00  (UP() = BED(1 = )00 ds
( (1= g )Nt >) ds + hPe AR g

(T—I-)\k )> ds,

where we used the facts that hi® € [0, U%(W)], the functions L/{\]* are non-decreasing and U?(W) is
bounded from below and has positive jumps. Similarly
i

Epk*’g [/ e—r(S—t) A*_ _ <Ug, (\I/) — h;’b) - Z:{\;—Z <U£’)’ (\Il)> ‘ ds
t
_ Epk*,g [/T (5=t A*_ B (Ub,(\ll) _ hi’b) gt] —|—E]P’k*,g [/T e~ T(s=t) A*_
< ) s t
é E]Pk*,g |:/ e_r(s_t)p—gUf(\P)dS gt:| + E]P’k*vg |:/ e_T(S—t)p_gUf(ql)dS‘ gt:|
t b : Pb

é 2E]P>k*7g |:/T e—T(S—t)&ube(T-F)\)st
t Pb

= UL(D)
< UY(T)

. (U}(@)) ( ds

g

gt:| < Q.

Then, the stochastic integrals appearing above are martingales, and taking conditional expectation in
*,9 o~
(F.1) we get EF" " [Grrol Gi] < Ur_n, (u’) and from Fatou’s Lemma we obtain

Ui y,(w) > im B [Grnol G > EF [ i G, gt} = Uf (D),
V—00 V—>00
where we used that, P¥"’ — a.s.
TAV .
lim Gy, = lim e "7 [pgd Dy + k39 (U) Bds] + Ljperye " Uy, (US())
V—00 V=00 J¢

_ / =761 [p,dD, + K29(W)Bds) .
t

We end this section with the

Proof. [Proof of Proposition 4.3] The definition of (f’; does not necessarily match with the credible set
Cj, however we can notice that the inclusion C; C é; holds and therefore we only need to prove that
é;- C C;. We will make use of contracts with lump-sum payments to prove that every point from é;
belongs to the credible set C;. We start by defining the line with slope pg/pp which passes through the

. b Bj Bj
oint (u’,u9) = =2 =
p ( > ) <T,+>\JSH=T,+>\?*H )

_ Bi
imj(ub) = p—gub + Aj < - &> ,
Pb r+AH Pb
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and the sets
C]l = {(ub,ug) eV xVj, /ﬂﬁj(ub) < ud Sﬁj(ub)},
2 .= {(ub,ug) eV xV;, Li(ub) <uf < smj(ub)} .

From Section D.3 in the Appendix, we know that @ C Cj. The reason of this is that every point from
the upper boundary ﬁj belongs to the credible set and that if we perturb a contract ¥ = (6, D) only by
adding a lump-sum payment € at time ¢, that is dD;I’/ =1i—pne+ dDY | then the values of the banks
under ¥ are U/ (¥') = u9 + ep, and Ut (V) = ub + epy, so (UP(P), U7 (V') = (ub,u9) + E(pb,pg)
We use this idea to prove also that C2 C C;. From Proposition 4.1, we know that the graph of £ is
contained in C;. Therefore any point of the following form belongs to C;

@, 09) = (u’,u9) + Lpy, pg), £>0, ud = £;(ud). (F.2)

By the geometry of the lower boundary Ej, the set of points of the form (F.2) is exactly CJZ-. ad

G Principal’s value function on the boundary of the credible set

We start this section with the

Proof. [Proof of Proposition 5.1] Consider any time ¢ > 0 and take any u”¢ > C(I — Ny), as well as
some ¥, € .Zg(t, EI_Nt (u>€), u>¢). From Lemma E.2, we know that the components of ¥, must satisfy
69 = 1 and that both banks shirk under ¥,. The payments determine the utility of the banks and the
following holds by definition

TI
EPkSH [/ e—r(s—t)dDg
t

Besides, the utility of the investor under the contract ¥, is

SH !
] Z” T EP [/ D9
=N, A7 t

B ub — O(I — Ny)
Pb '

Gt

I

g [ /t " (Wl — Ny)ds — dDS)

o

Qt] _ube—CI- Ny

Now, observe that

I I

BP [ / D9 gt] > P [ / e~ (5= 43
t t

b,c__ _
and the equality holds if and only if D9 has a jump at time ¢ of size %{w and dDJ = 0 for
every s > t. That means that it is optimal for the investor to use a contract with an initial lump—sum

)

Pb

payment and to pay nothing afterwards. Consequently, the value function of the investor on the lower
boundary is given by

I-1 .
I—1) ubc — C(I — Ny)
Vﬂ,g ub,c — /L(A o ( )
= 2 z

We continue this section with the
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Proof. [Proof of Proposition 5.2] Consider any time ¢ > 0. Take any u®¢ € [¢(I — N, 1), C(I — Ny)),
and ¥, € A9(t, ub¢,ub¢). From Lemma E.1, we know that the components of U, must satisfy dDJ = 0
for all s > t and that both banks will shirk under this contract. Then, #9 determines the continuation

gt:| 9

utilities of the banks in the following way

SH T
ube = EF* [ / e B(I — Ny)ds
t

so in this case, the problem (5.4) reduces to

SH T SH T
(P) sup EF* [ / w(I — Ny)ds gt} , s.t EF* [ / e "N B(I — Ny)ds gt] = ube,
0€0 t t
Next, we rewrite the objective function in a more convenient way
SH T
E** [ / u(I — N,)ds gt]
¢
PkSH I-1 ] ]P’kSH
=p = NJE"  [1n,41 — G + p( =DE"  [1psry(Ticn — 70)| Gi]
i=N¢+1

ul —N) &2 o okSH [ s
= TSH + Z N(I - Z)E |:E [1{T>Ti}(T’i+1 - 7-7,)| gﬂ] gt:|

ATEN, i=N¢+1

I-1

I— N, 1S WSH WSH
- s T S [EP [1romy | Gr] BT (71 — 7l Gr] gt}

)\I Nt i= Nt-i-l
_ pn(I prSH
o )\SH Z SH E [97i| gt] .

I—N; i=N¢+1

We do the same with the constraint

S T
BP [ / e "GO B(I — Ny)ds gt]
t

SH TN¢+1 Ti+1
— P [/t t B(I — Ny)e ™= s + Z 1{'r>'rl}/ —r( (I —1)ds

i=N¢+1

g
) -1

_ B(I— N B(I —d) St [ prSH Cr(ri—t) 1 (rip1—t)
_ UM PUZ D e g2 (1,000 (e _ 0| g
AﬁHNt iZ%t:-l-l - |: { g } ( > ‘ ]

o]
-1

_BUiNtH S BUZ O fornng ™ (1, B 1 e

G|

:

r+ A2 Ne  i=Ni+1

I-1 ,
B(I — N, B(I - SH 1
_ ( t) + Z ( Z)Epk

HT'E_T(Ti_t)‘ gt:| '
r AP Ny 2N+1T+)‘SH -

So we obtain the following expression for our problem

I-1
_ S
sup N(A Ny) N(/{ Z)E]P’k 16, Gi]
9co SH A\SH ¢
(P) I—N¢ Z—]I\fi—:il-l I—i
B([— Nt) Z B([— Z) ]Pks [9 e 7’(7'1 t)‘g] _ ub,c
T+ XSH r—+ XSH- 1
I—N¢ i=N¢+1 I—i



We do not know how to solve (P) directly, so we will define its dual problem, characterise its solution
and show that the duality gap is zero. In order to do that, we define the Lagrangian function L :
O xR x Q2 — R as follows

I—

[y

w(l — Ne(w pu(l — i) _prSH
L(@,V,w) e— (ASH t( )) o (/)\\SH )E]P’ [97—1|gt] ((U)
I-Ni(w) i=Nt(w)+1 I—i
-1 o SH
+v w 73([/\512{) EP* [ HTie_T’(Ti—t)‘ gt] (w) —ube |,
TA MW =Ny T AT

and also define the dual function and the dual problem respectively as

g(r,w) = eileléL(Q,V,w), (D) ISJEEQ(V,W) .

Then, we have the weak duality inequality (where val denotes the value of the optimisation problem)

—val(P) = inf sup L(6,v,w) > sup inf L(0,r,w) = val(D).
0O LeR veR 0€0O

We rewrite the dual function as follows

o) = - PEZ D)) [ BO - N)) e
AFM() AL N @)
i I—i) _o(n@)- w(I —1) SH
+ inf / 6 r(ri(@)—t) - dP H (),
96@2 Ntz(;; < 7,_’_)\ )\?fll t, ( )

where ]P’fff is a regular conditional probability distribution for the conditional expectation with respect
to the raw (that is to say not completed) version of G;. We have easily that it is optimal to set the

optimal control 6 to be 67 (©) := 1z i (@), where the set A, is defined by

MT—}-)\SE
' Q, lfV<BAS,7H,
A, = I

v BM\SH + A5
O @) —t> im0 Uy, s S HTHAT
r ,u(r—i—)\}qﬂ) B )\SH

Therefore, for any v € R the dual function has the following form, using that the conditional law of
7; — t given G; is the same as the law of 7;

pd = Niw)) [ BU=Nw)) e

)\}qHNt(w r 4+ \SH

/sl (VB o “fs,,)>fn<> )

It is not difficult to see that ¢ is a continuous and differentiable function. As we want to maximise g

g(V7w) =
I—N¢(w)

i=N¢(w

in the dual problem, we compute its derivative with respect to v and we get

(o) = PLZTOE) ey Z:/ﬁ

SH SH
7‘+/\I_ — N1 r+/\

_mfn( )dz.
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Since v — s;(v) is non-decreasing for any ¢ = 1,...,I, ¢’ is non-increasing in v. Furthermore, since
ube > ¢(I — Ny, 1), we have the limit at +0o of ¢’ is non—positive, and that its value for small v is
positive because u”¢ < C(I — N;) and

B(I —T:E
I—N¢ i=N¢+1

Therefore, there is a unique value of v that makes ¢’ equal to 0.

Now, we compute for any v the value of the constraint from the primal problem for the control 6

I1—-
pk° v —r(ri—t) _ e T
%: r+ )\ E [ e ‘ gt i= %:+1 /Sz(v T+ >\ e

so 0¥ is feasible in problem (P) if and only if ¢'(v,w) = 0. Next, we compute for 6” the value of the

objective function in the primal (minimisation) problem

-1
(I — Ny) pd =) pEST oy

B NSH o Z NSH E; [971_] - )\SH Z )\SH fﬂ()
=N, i=Ny+1 - T-N, i=Ng+1

If this quantity is equal to g(v,-), the duality gap is zero. From (G.1) we see that this happens if and
only if

B(I — Ny) o —1i) _ ,
v f ¢+ — rmez =0 <— vg(v,-) = 0.
<7’ + )\?H i %;—l—l si(v) T+ )\SH ( ) ( )

We conclude that if v € R is such that ¢’(v) = 0 then the control ¥ is optimal in the primal problem.
g

We continue with the

Proof. [Proof of Proposition 5.3] Define the process £5 = QI_NS(US’C(‘I’g)) — U{(¥,) and note that
ls > 0 for every s > 0. We will prove that ¢; = 0 implies ¢, = 0 for every v > t. Assume thus that
ly = 0. Following the same idea as in the proof of Theorem 4.1, we have for v >t

I-1 Tir1AV
bo= Z/ - (TUE(‘I’Q) — BESI(U,) + [h9 + (1 — 09)R29) N (s )) ds

F30 [ T (U () — BRP(,) + AT (e 4 (1 - 09)n20)) ds

Since the functions £f; solve the system of HJB equations (4.9), and (pg - pbﬁ;(Ug’c(\Pg))) dD? <0
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for every s, we have

I-1 Ti+1/\V R .
Ev < Z / <7°L[1_Z-(Ugc(\1/g)) — rUg(\Ijg) _ [hivg + (1 _ eg)hg’g]AI; g(\I/g)) ds

S
i=N; Y TNV

I-1 Tit1/\v * R —~
- Z / ART(To) <95Lll—i—1(Ublc(\I’g) — RLbey — Llf—z'(Usb’c(‘I’g))> ds

S
i=N; VTNV

S S

I-1 Ti+1/\V R R
+ ) / (h;g + Uy (U (W) — hLbe) — uf_i(U*’f(szg))) dN;,

i=N¢ 3 A\U
I-1 Ti+1/A\V . b b

+3 / <h§’g — Sy (UP(0,) — hY 70)> dH,
i:Nt Ti \V

I-1 Tit1/\V N - - N
=> / (r 4+ A7) S (U2(0g) = UZ (W) + (h39 = Up—ima (U2(Wg) — hy®)OINT " ds
i:Nt Ti \V

I-1 Ti+1/\V R R
+ > / (hyg 8 (UP(W,) — AL —il[_i(U:f(\Ifg))) dN;

i=N¢ 3 A\U

I-1 Tit1/\v . b

+ > / (hg’g — (U, - hiv“)) dH,.
i:Nt Ti \V

Recall from Remark 4.2 that on the upper boundary, we have

Wb = Uy (UMW) — Up—n 1 (UE(Wy) — hEP(Wy)), 29 =Up_n 1 (U2(Wy) — hEe(T,)),

s—

so that for ¢ = Ny the drift of the right—hand side is 0 in [7;, 7;4+1) and the jump at time 7;41 is also 0.
It is easy to see that the same happens for every i € {N,..., I} and therefore ¢, < 0 for every v > 0
which means ¢, = 0 for every v > t. O

We go on with the
Proof. [Proof of Proposition 5.4]

(i) We have from the proof of Proposition 5.3 that the processes (89, h1:b¢, h20€) are necessarily max-
imisers of the system of HJB equations (4.9). We can go back to the proof of Proposition 4.2, which
is based on Corollary F.1, to observe that for u®¢ < b; the optimal 6 € CV is uniquely given by 6 = 0.

(ii) Observe that for every (t,ub,u9) € [0,7] x Vi_n, x Vi_n, and U, € A9(t, ud, ubc) we have

J

Pb Pb
1-2) > 207(0,).
gt} < Pg) - Py ¢(¥y)

Utb,C(\I/g) > E]Pk*,g(\lfg) |:/ e—r(s—t)(pbdDg +Bk:’g(\llg)ds)
t

— %Utg(\yg) +E]P’k*,9(¢'g) |:/ e—r(s—t)Bk;,g(\I/g)dS
g t

Then UL (W,) = Z—iUﬁO(\I’g) implies that k39(0,) = k3"°(W,) = 0, for every s € [sg,7), and in
consequence

Ube(w,) — %Usg(ng) > by, for every s € [sg, 7).
b

We end this section with the
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Proof. [Proof of Proposition 5.5] We divide the proof in 2 steps.

e Step 1: We start with the region u®¢ > g[_Nt. Let U, = (D9,09, h1:0e p2be) € AY(t,ubc) be
such that Utb’c(\lfg) =u"® > by_n,, U (¥,) = Us_n, (u>€). From Proposition 5.4 we know that

Ugc(\llg) ZEI—Nsv k*7b7c(\llg) =0, se [t77_)'
Therefore, Problem (5.5) is equivalent to

Ube(W,) > br_n,, s € [t,7),

LL o 0 T T
‘/; g(ub ) — E}}p EP |:/ M(I— Ns)ds —/ dDg:| s s.t po T (st ub7c
Wy A (tub) t t E / e gDy | = —.
t Pb

This is exactly the problem of [42], recalled in Section 3.2, so we conclude that V;u’g (ub) = vb_ N, (ube).

e Step 2: For the rest of the upper boundary, observe that the system of HJB equations
associated to (5.5) is is given by Vy =0, and for any 1 < j < T

Vi(ub€) (rube — BEDC 4 [ + (1 — 0)h2NE"" - 1
min ¢ — sup ](u )(rg ~ ke ~ A) | ! > ) V;(Ub’c)+— =0, (G2)
(60,h1,h2)ECHI Fpj + A0V (ube — hY) — NV (ube) Pb

Bi . .. a . ~ e
for every ub¢ > r+XZSH’ with the boundary condition V;(Bj/(r + )\fH)) = ,uj/)\fH, and where

kb’c .

" jl{h1+(1—9)h2<3j}= K

= jl{l:{\;(ub’c)—eﬁ;71(ubvc—h1)<gj}’
and the set of constraints C*J determined by Proposition 5.4 is defined by
BG -1

O”J::{e,hl,iﬂeo,lxRQ,hlJrh?:uva,h?z .
( ) €[0,1] xRy A,

01 gy = (KSR ep ) = o}.
Then, for any u¢ < Zj, the diffusion equation in (G.2) reduces to the ODE

0= lA)j/(ubc) ((7‘ + /)\\fH> ub — Bj) — @(ub’c)/)\\?g + g, (G.3)
with the boundary condition 17j <H_B#> = X‘J;—JH If ubc < z7, we get that

SSH

o~ J
. SH .\ oS H
ey = 29 oy (TN e - BT
7 xor AT JsH NSH ’
J J

J

for some C; € R. If ub¢ e [m?,@), equation (G.3) is solved by

N . r+ /)\\SH . :
Vj (ub’c) = /i—j + Cy -7 ub® — @ ,
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for some Cy € R. The values of Cy and Cy for which the solution of equation (G.3) is continuous are
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It follows from the properties of the map fu;?, that the resulting function 17]- is a concave map with slope
greater than —% and therefore the family {93'}195 7 is a solution of the system of HJB equations
(G.2). It can be proved similarly as in the proof of Theorem 4.1 (see also Theorem 3.15 in [42]), that
the verification result holds for this family of functions. We therefore omit the proof of this result. 0O

H Extension: unbounded relationship between utilities of the banks

One possible extension of our model could rely on a further differentiation between the work of the two
banks, 7.e. when both banks work, the good one would be more efficient in the sense that the associated
default intensity is strictly smaller than that of the bad bank. We can do this by introducing an extra
type variable with values my and my, with m, < m; and modelling the hazard rate of a non-defaulted
loan ¢ at time ¢, when it is monitored by a bank of type j as ai’j =ar-n, (1 + ei’jmj +(1— ei’j)s).
Then, if the banks fails to monitor k loans, the default intensity will be

AT = ar (I = N (14 my) + (e — my)ky).

We did not consider such a situation because it creates a degeneracy, in the sense that the credible set
no longer has an upper boundary. Indeed, consider for simplicity the case 7 = 1 and take any ul(’) > b,
t* > 0 and choose the corresponding payment

00y px 20,b b 20,6 20,
o(t*) = uge(H 1)t (7‘4‘)\1 ) > b1(7"+)‘1 ) > b‘(1](7"+)‘1 g)'
Pb P Pg

Then, under the contract with delay and constant payments given by dD; = c(t*)1{5>t*}ds the bad
bank will always work and her value function will be equal to uj (see section D.1). Notice that the
optimal strategy for the good bank will be also to work at every time. Then, her value function is
equal to R
uf = ol py(r "‘i‘og’b) OV

pu(r + A7)
We see that by increasing ¢*, it is possible to make uf as big as we want and keep fixed the value of
the bad bank. This means that the credible set will have no upper boundary in the interval [bl{, 00).
Moving to any j > 1 and considering short-term contracts with delay, with 8 = 0 and the analogous
payments, we observe the same degeneracy and the credible set will have no upper boundary in the
interval [b;’-, 00).

One way out of this problem would be to consider different discount rates for the banks, r, and 7y,
and assume that the default intensities are such that )\g,b +r < )\g,g + r4. However, this complicates
things a lot because simple statements that we expect to be true are very difficult to prove or need
assumptions on the parameters of the problem. For example the inequality UJ(D,0) > UP(D, ) is
no longer clear at all. We therefore refrained from going into that direction, and leave it for potential
future research.
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