N
N

N

HAL

open science

Rings of h-deformed differential operators

B Herlemont, O Ogievetsky

» To cite this version:

B Herlemont, O Ogievetsky. Rings of h-deformed differential operators. Theoretical and Mathematical
Physics, 2017, 192 (2), pp.1218-1229. 10.1134/S0040577917080104 . hal-01435264

HAL Id: hal-01435264
https://hal.science/hal-01435264
Submitted on 13 Jan 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01435264
https://hal.archives-ouvertes.fr
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In memory of Petr Kulish
Abstract

We describe the center of the ring Diffy, (n) of h-deformed differential operators of type
A. We establish an isomorphism between certain localizations of Diff,(n) and the Weyl
algebra W,, extended by n indeterminates.

1 Introduction

The ring Diff,(n) of h-deformed differential operators of type A appears in the theory of
reduction algebras. A reduction algebra R“; provides a tool to study decompositions of repre-
sentations of an associative algebra A with respect to its subalgebra in the situation when this
subalgebra is the universal enveloping algebra of a reductive Lie algebra g [M, AST]. We refer
to [T, Zh] for the general theory and uses of reduction algebras.

Decompositions of tensor products of representations of a reductive Lie algebra g is a
particular case of a restriction problem, associated to the diagonal embedding of U(g) into
U(g) ® U(g). The corresponding reduction algebra, denoted D(g), is called “diagonal reduction
algebra” [KO2]. A description of the diagonal reduction algebra D(gl,,) in terms of generators
and (ordering) defining relations was given in [KO2, KO3].

The diagonal reduction algebra D(gl,) admits an analogue of the “oscillator realization”,
in the rings Diff,(n, N), N = 1,2,3,..., of h-deformed differential operators, see [KO5]. The
ring Diffy,(n, N) can be obtained by the reduction of the ring of differential operators in nN
variables (that is, of the Weyl algebra W,,y = W) with respect to the natural action of gl .
Similarly to the ring of ¢-differential operators [WZ], the algebra Diff,(n, N) can be described
in the R-matrix formalism. The R-matrix, needed here, is a solution of the so-called dynamical
Yang—Baxter equation (we refer to [F, GV, ES] for different aspects of the dynamical Yang—
Baxter equation and its solutions).

The ring Diffy(n, N) is formed by N copies of the ring Diffy,(n) = Diff,(n,1). The aim of
the present article is to investigate the structure of the ring Diff,(n). Our first result is the
description of the center of Diff},(n): it is a ring of polynomials in n generators.

1On leave of absence from P. N. Lebedev Physical Institute, Leninsky Pr. 53, 117924 Moscow, Russia



As follows from the results of [KO4], the ring Diffy,(n) is a noetherian Ore domain. It
is therefore natural to investigate its field of fractions and test the validity of the Gelfand—
Kirillov-like conjecture [GK]. For the ring of g-differential operators, the isomorphism (up to
a certain localization and completion) with the Weyl algebra was given in [O]. The second
result of the present article consists in a construction of an isomorphism between certain local-
izations of Diff,(n) and the Weyl algebra W,, extended by n indeterminates. In particular, our
isomorphism implies the isomorphism of the corresponding fields of fractions.

According to the general theory of reduction algebras, the ring Diff},(n) admits the action
of Zhelobenko operators [Zh, KO1] by automorphisms. The Zhelobenko operators generate the
action of the braid group B,,. However the Weyl algebra W,, admits the action of the symmetric
group S,, by automorphisms. As a by-product of our construction we define the action of the
symmetric group by automorphisms on the ring Diffy,(n). Moreover these formulas can be
generalized to produce the action of the symmetric group by automorphisms on the rings
Diffy(n, N) for any N, and on the diagonal reduction algebra D(gl,,). We conjecture that the
general reduction algebra R“; admits an action, by automorphisms, of the Weyl group of g.

Section 2 contains the definition of the ring of h-deformed differential operators and some
of their properties used in the sequel. In Section 3 we present a family of n quadratic central
elements. We then describe an n-parametric family of “highest weight” representations of
Diffy(n) and calculate values of the quadratic central elements in these representations. In
Section 4 we introduce the necessary localizations of Diffy,(n) and of the Weyl algebra, check
the Ore conditions and establish the above mentioned isomorphism of the localized rings. In
Section 5 we prove the completeness of the family of central elements constructed in Section 3.
Then we describe the action of the symmetric group on Diff,(n, N) and D(gl,,) as well as the
action of the braid group, generated by Zhelobenko operators, on a localization of the Weyl
algebra. Also, we present a 2n-parametric family of representations of the algebra Diffy(n)
implied by our construction.

Notation

Throughout the paper, £ denotes the ground ring of characteristic zero.
The symbol s; stands for the transposition (7,7 + 1).

~ We denote by U(h) the free commutative E-algebra in generators hiy i =1,....n. Set
hij = hi — h; € h. We define U(h) to be the ring of fractions of U(h) with respect to the
multiplicative set of denominators, generated by the elements (h;; + k)™, k € Z. Let

wi::Hﬁik,%::Hﬁik and Xi::d}iwgai:la'”an‘ (1>

k:k>1 k:k<i

Let €5, j = 1,...,n, be the elementary translations of the generators of U(h), ¢; : hi — h; + (53
For an element p € U(h) we denote ¢;(p) by ple;].



2 Definition and properties of rings of h-deformed dif-
ferential operators

R ~ Kkl _
Let R = {R;;}7,1,=1 be a matrix of elements of U(h), with nonzero entries

Ry=-—. i#j. ad  Ri=3 2 ' (2)
i 1, i>j.

The matrix R is the standard solution of the dynamical Yang-Baxter equation

Z RZbRbk Z R —& R‘muRnr[ ] (3>

a,b,u a,b,u

of type A.

The ring Diffy,(n) of h-deformed differential operators of type A is a U(h)-bimodule with
the generators 2/ and d;, 7 =1,...,n. The ring Diff,(n) is free as a one-sided U(h)-module;
the left and right U(h)-module structures are related by

The defining relations for the generators z7 and 5j, j=1,...,n, read (see [KO5])

vl =Y Rpatd 8 = Z R};040) . = Z Ry; [e4)Oh’ — (5)
kel
or, in components, 3
o hy+1 .
e = il i<y, (6)
I O
az 7 ~ ajai7z<ja (7>
5j$i , 1<7,
l’zéj = }NL h 2) _ (8)
Z{(” )@1 L i> g,
(hij — 1)
1
x’@izzl_ llﬁjxj—l. (9)
j i



The ring Diffy, (n) admits Zhelobenko automorphisms ¢,, i =1,...,n — 1, given by (see [KO5])

(V]z(xl) = _xl+l”7—+17 Qi(a:H_l) = xla q2($]) = .T], J 7& 1,1+ 1 5
hiig1—1
- hii1—1 - 5 = . /(& - 10
qz(al) = _f;aﬂrla qz( i+1> = aiv qz(aj) = 8]7 J 7£ 2,1 + 1 ) ( )
hiiv1
Ai(hj) = hs,) -
The operators q;, i = 1,...,n — 1, generate the action of the braid group, see [Zh, KO1].
The ring Diffy,(n) admits an involutive anti-automorphism e, defined by
DY — F 3\ i AN | o Yi o isz -
e(hi) = hi, €(0;) = i’  e(z’) = Oyp; , where ¢; 1= = = vi=1,...,n, (11)
vil-eil wik>i ik — 1
The proof reduces to the formula
T—e. h2 —1
#il GJ]: A for 1<i<j<n.
Pi hi;
The construction of central elements in the next Section uses the elements
[ =0z for i=1,...,n. (12)
We collect some properties of these elements.
Lemma 1. We have
C hy 41 _ hy—1.
(i) Tya? = {—+xJFi and I,0; = ]ﬁ o;I'; fori#j, i,7=1,...,n.
ij ij
(i) q;(I';) =Tgy fori=1,...,.n—land j=1,...,n.
(111) FZFJ = FJPZ for ’L,j = 1, o, n.
Proof. Formulas (i) and (ii) are obtained by a direct calculation; (iii) follows from (i). O
We will use the following technical Lemma.
Lemma 2. Let 2 be an associative algebra. Assume that elements ;Li, Z, Z; € A,9=1,...,n,

satisfy
=1,...,n.



o o v, o .
77[)7;::Hhik,i/)iI:Hhik,Z:l,...,n.
k:k>1i

k:k<i
Assume that the elements Eij are invertible. Then
(i) the clements Z! satisfy
711’]’ +1

i ="

2170 for i<j,i,j=1,....n

if and only if any of the two families {Z°}"_, or {Z"}™_, where

7%= 20 7= ZiyY) (13)
is commutative;
(i) the elements Z; satisfy
o hg—1g o
Z;Z; = 7 ZiZ; for i<j,i,j=1,...,n
(]

if and only if any of the two families {Z°}7, or {Z°}™, where
27 =il 2= 2, (14)
1s commutative.

Proof. A direct calculation. OJ

3 Quadratic central elements

Let e, = Zi1<_,~_<ik Bil ...hi, k =0,...,n, be the elementary symmetric functions in the

variables le, .. h,. Set
8€k
CL I:ZaTthj—ek y
j
where I';, j = 1,...,n, are the elements defined in (12).

It follows from Lemma 1 that ¢;(cx) =cp forall j=1,...,n—land k=1,... n.

Proposition 3. The elements ¢, k = 1,...,n, belong to the center of the ring Diff,(n).



Proof. We shall use the generating functions

n

e(t) := Z eptt = H(l + hit)

k=0 i
and

ctk—u +1 with wu(t) =t r,—1.
Zk e(t) ZHM

The expression u(t) is introduced for convenience; the denominator 1+ hit, which is not defined
in the ring Diff,(n), vanishes in the combination u(t)e(t).

We shall check that the polynomial ¢(t) is central. We have
1+ (h; — 1)t

et) = — iyt

e(t)a’ . (15)

Next, it follows from Lemma 1 that

. ¢ R t 1
ru(t) = < — T + = —Iy—1) — 1) x’
kkz;éjl—i‘hkthk]"‘l 1+(h]—1)t<;1—hjk )

The coefficient of 'y, in this expression is equal to

for both k # j and k = j. Therefore,

+(h
: 1+ hyt ,
Pu(t) = #u(t)xi . (16)
14 (h; — 1)t
Combining (15) and (16) we find that c(t) commutes with 27, j = 1,...,n. For 9; one can
either make a parallel calculation or use the anti—automorphism (11). O
Lemma 4. (i) The matrix V, defined by Vk ah , 1s invertible. Its inverse is
: —1)71 prd
v—l g _ ( ) 7
( ) Xi
where the elements x; are defined in (1).
(ii) We have o )

Proof. (i) See, e.g. [OP], Proposition 4.
(ii) Rewrite the equality ¢, =}, V/T; — ¢ in the form

1 - o -
T, = Z(V—l);?(ck +ep) = — Z(—U’f—lh;—k(ck +ex) = ——L(c(=h;") +e(=h;') — 1) .
k Xi 7 X
Since e(—izj’l) = 0, we obtain (17). O



Highest weight representations. The ring Diffy(n) admits an n-parametric family of
“highest weight” representations. To define them, let ®,, be an U(h)-subring of Diff,(n) gen-
erated by {8;}™,. Let X := {\1,..., A} be a sequence of length n of complex numbers such
that \; = \; ¢ Z foralli,j =1,...,n,i # j. Denote by My the one-dimensional €-vector space

with the basis vector | ). Under the specified conditions on X the formulas
his|) = Nl ), O |) =0, i=1,...,n,

lefh(n) M

define the ©,,-module structure on M;. We shall call the induced representation Indg b

the “highest weight representation” of highest weight .

Lemma 5. The central operator ¢, k = 1,...,n, acts on the module Inleﬂrh M by scalar
multiplication on —ey| husa_1» the evaluation of the symmetric function —e;, on the shifted
vector {\ —1,..., A\, — 1}.

Proof. Tt is sufficient to calculate the value of ¢; on the highest weight vector | ). In terms of
generating functions we have to check that

eu(t): |) = = A+ =1)t) |) .
It follows from [KO5], section 3.3, that

X;lei] :
L|)= J']|),]:1,...,n.
Xj

Therefore we have to check that

(tZ Ll —1):|>~>—H<1+<Ai—1)t>|>. (18)

14+ hit X

We use another formula from [KO5] (Note 3 after the proof of Proposition 4.3 in Section 4.2)

Hho—m—1+z~ L xlel
] ho hl j hg—hj Xj

where hg is an indeterminate. After the replacements ho — t~! and izj — —}Nlj, J=1...,n,
this formula becomes . |
e(t)[—¢] +tz X;;] —1,

L+hit X

where € = &1 + - -+ + £,,, which implies (18). O



4 Isomorphism between rings of fractions

It follows from the results of [KO4] that the ring Diff,,(n) has no zero divisors. Let S, be the
multiplicative set generated by z7/, j = 1,...,n. The set S, satisfies both left and right Ore
conditions (see, e.g., [A] for definitions): say, for the left Ore conditions we have to check only
that for any 2* and a monomial m = 9;, ... ;2% ... 292 there exist § € S, and m € Diffy,(n)
such that §m = ma*. The structure of the commutation relations (6-9) shows that one can
choose § = (2*)” with sufficiently large v. Denote by S, 'Diff,,(n) the localization of the ring
Diffy,(n) with respect to the set S,.

Let W,, be the Weyl algebra, the algebra with the generators X7, D;, j = 1,...,n, and the
defining relations

X'X) = X'X", D;D; = D;D; , D;X? =6 +X'D; , i,j=1,....n.

Let T be the multiplicative set generated by X/D; — X¥Dy+¢,1 < j <k <n, (€ Z, and X7,
j=1,...,n. The set T satisfies left and right Ore conditions (see [KO4], Appendix). Denote
by T~'W,, the localization of W,, relative to the set T.

Let ay,...,a, be a family of commuting variables. We shall use the following notation:

Hj = Dij s ij = Hj _Hk )

\I[;Z:Hij,\Ijj::Hija

k:k<j k:k>j
C(t):=> apt", Ty=H(1-C(-H;")) .
k=1

The polynomial C has degree n so the element T; is a polynomial in H;, e =1,...,n.
Theorem 6. The ring S, ' Diffy,(n) is isomorphic to the ring €[a;, ..., a,] ® T™'W,,.

Proof. The knowledge of the central elements (Proposition 3) allows to exhibit a generating set
of the ring S 'Diff,,(n) in which the required isomorphism is quite transparent.

In the localized ring S;'Diff,(n) we can use the set of generators {h;,z’,T;}" , instead
of {hi,z",0;,},. By Lemma 4 (ii), {hs, 2", ¢;}?, is also a generating set. Finally, Bp :=
{Ei,$°i,ci " ., where 2/ := x4, , i = 1,...,n, is a generating set of the localized ring
S, 'Diffy(n) as well. It follows from Lemma 2 that the family {2/°’}?, is commutative. The
complete set of the defining relations for the generators from the set Bp reads

Biilj = BJFLZ s Bix’oj = .T,Oj<ili + 55) y .I'/Oil'/oj = x"’j:lf"’i s Z,j = 1, e, Ny (19)

c; are central , 1 =1,...,n .



In the localized ring €[as,...,a,] ® T~'W,, we can pass to the set of generators By :=
{H;, X* a;}I_, with the defining relations

HiH; = H;H; , /HZXJ:X](/HZ—F(SZ) , XX =XIX* L, =1,...,n,

a; are central , i =1,...,n . (20)
The comparison of (19) and (20) shows that we have the isomorphism
w: ta, ..., a, ® T'W, — S 'Diffy(n)
given on our generating sets Bp and Bw by
W X Hyes by ai— e, i=1,...,n. (21)
The proof is completed. ]

We shall now rewrite the formulas for the isomorphism g in terms of the original generators of
the rings S, ' Diff,(n) and €[ay, ..., a,] ® T~'W,,.
Lemma 7. We have
e XZ = xl%/ ) D’L = (w;)_lhz(lﬂ)_l y Aj 2 G L= 17 EREN 2 (22>
and
-1 71 i ) 1 ) Tz 1y—1 ;
ol hZHHZ,xr—)Xa,&HE(X) ,t=1,....n. (23)

Proof. We shall comment only on the last formula in (23). Lemma 4 part (ii) implies that
p (i) = Y, and the formula for ;~1(9;) follows since 9; = T';(x?) L. O

5 Comments

We shall now establish several corollaries of our construction.

1. We can now give the description of the center of the ring Diffy,(n).
Lemma 8. The center of the ring Diffy(n) is formed by polynomials in the elements {¢;}! ;.

Proof. This is a direct consequence of the defining relations (19) for the generating set Bp.
Indeed, any central element ¢ must have h-weight zero, so it belongs to a subring generated by
ciand by, i=1,...,n. Interpret ¢ as a rational function in hi,i=1,...,n. Since ¢ commutes
with 2°*, i = 1,...,n, this rational function is periodic, with period 1, with respect to any iL,-,
1 =1,...,n. Therefore ( belongs to the subring generated by ¢;, « = 1,...,n, as stated.

Another proof consists in using the isomorphism p and the triviality of the center of the
Weyl algebra. O



2. The symmetric group S, acts by automorphisms on the algebra W,
(X)) = X" | 7(D;) = Dy for 7€, .

The isomorphism g translates this action to the action of S,, on the ring S, 'Diffy,(n). It turns
out that the subring Diff,(n) is preserved by this action. We present the formulas for the action
of the generators s; of S,,.

. L~ . o] . .
si(a') = =2 hiip, si(ah) = 55171 , si(a?) =2’ forj#ii+1,
i,i+1
_ 1 _ _ - _ _ _
81;( z) = —= Oit1 Si( i+1> = hi,i+laz' ) 5i<aj) = aj for j #i,0+1, (24>
ii+1
Si<hj> = hsi(j) :

3a. For the R-matrix description of the diagonal reduction algebra D(gl,) in [KO5| we used
the ring Diffy,(n, V) formed by N copies of the ring Diffy,(n). We do not know an analogue of
the isomorphism g for the ring Diff, (n, N). However a straightforward analogue of the formulas
(24) provides an action of S,, by automorphisms on the ring Diff,(n, V).

We recall that the ring Diffp(n, N) is a U(h)-bimodule with the generators 7 and §;q,
j=1,...,n,a=1,...,N. The ring Diffy(n, N) is free as a one-sided U(h)-module; the left
and right U(h)-module structures are related by

izixj’a = xj’a(izi + 55) , iligjﬂ = 5]‘7,1(?1@' — (SJ) . (25)
The defining relations for the generators 27 and 5]-,0(, j=1...,n,a=1,...,N, read

o ~ij ~ - Ak~ = - Aki, = ,
mz,aw]ﬁ — Z Rklxkﬂml,a ’ a@ozaj,ﬁ — Z R‘jiak,ﬁal,a ’ e ;5 = Z le [5k]ak,ﬂl'l’a—5g ; : (26)
il il kil

or, in components,

1 . hE—1 . 1 ... .
2B — ~—x”5x]’°‘+”~—2xmx”°‘ | ahopht = — —gByhe L gibBade ] << j<n, (27)
ij ij i
_ S - . 1. - - o
87,704 P8 = _iL_ 1”38]04 + }NLQ 6]'7587;@ s aj@aiwg = ?angal'@ + @ﬁ(?j,a s 1 S 1< ] S n., (28)
ij ij ij
hij(hij +2) = .
203 = 052" , 110, 5 = M@i,gaﬂ’a ,1<i<j<n, (29)
(hij +1)?
- n 1
0, 5 = — Ok b — 59 1<i<n. (30)

10



Lemma 9. The maps s;, i = 1,...,n — 1, defined on the generators of Diff,(n, N) by
1

si(x") = ="y, si(@HY) = 20 , si(@h) = for j# 4 i+ 1,
] hi,i—‘rl

Si(gi,a) = —= 5i+1,a ) Si(aiJrl,oz) = iLi,iﬂgi,a ) Si(gj,a) = 5j,a for j 7& i+ 1, (31)
ii+1

Si(ﬁj) = Bsi(j) 5

extend to automorphisms of the ring Diffy,(n, N). Moreover, these automorphisms satisfy the
Artin relations and therefore give the action of the symmetric group S,, by automorphisms.

Proof. After the formulas (31) are written down, the verification is a direct calculation. O

3b. The operators s, := es;e, where € is the anti-automorphism (11), generate the action
of the symmetric group S,, by automorphisms as well. The action of the automorphism s,
1=1,...,n — 1, involves only the element iLi,iH (as the action of the automorphism s;) and is
given by

sh(z™) = —;xi“’a L s = byt (2P = 2 for j A di+ 1,
hiiv1 .

‘,a) = - i+1,ahi,i+1 ) 32(5i+1,a) = ai,a~ ) Sg(am) = am for j 7’£ 1+ 1, (32>

»
~
—~

N

4. The diagonal reduction algebra D(gl,) is a U(h)-bimodule with the generators Lg , 1, =
1,...,n. The defining relations of D(gl,,) are given by the reflection equation, see [KO5]

Ri2Li RioLi = Li Ris Li Rz = Rz Ly — Ly Raz
where L = {L/ 7i—1 is the matrix of generators (we refer to [C, S, RS, KS, 10, IOP, IMO1,
IMO?2] for various aspects and applications of the reflection equation).
For each N there is a homomorphism ([KO5], Section 4.1)
7v: D(gl,) — Diffy(n, N) defined by 7y(L!) = Z:vj’o‘éi,a .

Moreover 7y is an embedding for N > n.
The formulas (31) show that the image of 7y is preserved by the automorphisms s;.

The element s;(7x(L7)) can be written by the same formula for all N. Since 7y is injective
for N > n we conclude that the formulas (31) induce the action of the symmetric group S,, on
the diagonal reduction algebra D(gl,)) by automorphisms.

11



The resulting formulas for the action of the automorphisms s;, © = 1,...,n — 1, on the
generators Lf, J,k=1,...,n, read
i i+l 7 i+1 i 1 N
Si(Lj):_Lj hiiv1 Si(Lj ):Lj~ s JF LI+
iit1
; 1 ; ; = i
Si(Lf) = —}~Z‘ ) L§+1 ) Si(Lngl) = hi,i—i—l Lj ,JF i+

si(Li) = LTt | s;(Li,y) = — LI (hygpr — 1)%

Si(Li+1) = — Li+1 —(iL n 1)2 s Sz(LZi%) = Lz s
iyi+1

si(LE) =L k#di+landj#dii+1.

5. The isomorphism g can be also used to translate the action (10) of the braid group
by Zhelobenko operators to the action of the braid group by automorphisms on the ring
tal,...,a,) ® T~'W,. It turns out that this action preserves the subring T~'W,. More-
over, let Ty be the multiplicative set of T generated by X7D; — X*D, +¢,1 < j < k < n,
¢ € Z. Then the action of the operators ¢;, i = 1,...,n — 1, preserves the subring T;'W,. We

present the formulas for the action of the operators ¢,, e =1,...,n — 1:
- (i 1 i1 =yl i < j j NN
qi(X):’H X q(XT) = X" Higp, QX)) =X for j#i,i+ 1,
iit1
1

q{L(D’L) = Di+lHi,i+l ) Qz(DH-l) = Dl ) Qz(DJ) = Dj forj 7& 7’72 +1.

Hiiv1

6. The isomorphism (23) allows to construct a 2n-parametric family of Diffy, (n)-modules dif-
ferent from the highest weight representations. Let ¥ := {v,...,7,} be a sequence of length
n of complex numbers such that v, — v, ¢ Z for all ¢,7 = 1,...,n, i # j. Let V5 be the vector
space with the basis

vs = (XP(XP)E (X where = {1, g} 1y adn €2

Under the conditions on ¥, V5 is naturally a T ~1W,-module. Define the action of the elements
ax, on the space Vy by a: vz — Apv; where A= {Ay,..., A,} is another sequence of length n of
complex numbers. Then V5 becomes an €[ay, . . ., a,] ® T~'W,-module and therefore Diffy,(n)-
module which we denote by Vi The central operator ¢ acts on Ve x by scalar multiplication
on Aj.

Acknowledgments. The work of O. O. was supported by the Program of Competitive Growth
of Kazan Federal University and by the grant RFBR 17-01-00585.
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