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DECAY OF SUPERCONDUCTIVITY
AWAY FROM THE MAGNETIC ZERO SET

BERNARD HELFFER AND AYMAN KACHMAR

ABSTRACT. We establish exponential bounds on the Ginzburg-Landau order parameter away
from the curve where the applied magnetic field vanishes. In the units used in this paper,
the estimates are valid when the parameter measuring the strength of the applied magnetic
field is comparable with the Ginzburg-Landau parameter. This completes a previous work by
the authors analyzing the case when this strength was much higher. Our results display the
distribution of surface and bulk superconductivity and are valid under the assumption that the
magnetic field is Holder continuous.

1. INTRODUCTION

1.1. The functional. In non-dimensional units, the Ginzburg-Landau functional is defined as
follows,

2
sw.A) = [ (w — inHA)[? = 2] + Tl + (<H)*| curl A — BOP) dr,  (1.1)
Q

where:

e 2 C R? is an open, bounded and simply connected set with a C* boundary ;
o (1, A) € HY(Q;C) x HY(Q:R?);

e >0 and H > 0 are two parameters;

e By is a real-valued function in L?(Q).

The superconducting sample is supposed to occupy a long cylinder with vertical axis and hor-
izontal cross section §2. The parameter k is the Ginzburg-Landau parameter that expresses
the properties of the superconducting material. The applied magnetic field is kH Bgé, where
€ =(0,0,1). The configuration pair (¢, A) describes the state of superconductivity as follows:
0| measures the density of the superconducting Cooper pairs, curl A measures the induced mag-
netic field in the sample and j := (iy), Vb — ik H A1) measures the induced super-current. Here
(+,+) denotes the inner product in C defined as follows, (u,v) = ujv; + ugve where u = uy + iug
and v = v1 + vy .

At equilibrium, the state of the superconductor is described by the (minimizing) configurations
(1, A) that realize the following ground state energy

Egs(r, H) = inf{E(¢, A) : (,A) € H'(Q;C) x H'(Q;R?)}. (1.2)

Such configurations are critical points of the functional introduced in (1.1), that is they solve the
following system of Euler-Lagrange equations (v is the unit inward normal on the boundary)

—(V—irHA) Y = r2(1 - |¢2)0 in Q,
—VE(cwlA - By) = (kH) 'Im(¢ (V — ikHA)Y) inQ, (1.3)
v-(V—ikHA)Y) =0 on 012, '
curlA = By on 0f).

Once a choice of (k, H) is fixed, the notation (¢, A), p stands for a solution of (1.3). When
By belongs to C%(Q), we introduce two constants 39 and 3; that will play a central role in this
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paper:
Po :=sup |By(z)| and p; := sup |By(z)|. (1.4)
zeQ z€0Q
1.2. The case with a constant magnetic. A huge mathematical literature is devoted to the
analysis of the functional in (1.1) when the magnetic field is constant. This corresponds to taking
By =1in (1.1). The two monographs [15, 39| and the references therein are mainly devoted to
this subject. One important situation is the transition from bulk to surface superconductivity.
This happens when the parameter H increases between two critical values H¢c, and He, called
the second and third critical fields respectively.
In this analysis the de Gennes constant plays a central role. This constant is universal and
defined as follows

eosz{ inf (/OOO (|u’(t)|2+(t—§)2|u(t)\2)dt>}. (1.5)

€eR Ujufl2=1
Furthermore, it is known (cf. [15]) that

1

The de Gennes constant appears indeed in the asymptotics of He, for s large
He, ~ 0y 's,
while we have for the second critical field
He, ~ k.

To be more specific, if b > 0 is a constant and (¢, A), g is a minimizer of the functional in (1.1)
for H = bk (and By = 1), the concentration of ¢ in the limit x — oo depends strongly on b.

If 0 < b < 1, then ¢ is uniformly distributed in the domain Q (cf. [28, 40]). If 1 < b < 6, ",
then v is concentrated on the surface and decays exponentially in the bulk (cf. [12, 34]). If
b> @51, then ¢ = 0 (cf. [25, 31]). The critical cases when b is close to 1 or @al are thoroughly
analyzed in [16, 14].

1.3. The case with a non-vanishing magnetic field. The case of a non-constant magnetic
field By satisfying the assumptions
By € C°Q) and inf By(z) >0,
HISY)
is qualitatively similar to the constant magnetic field case. This situation is reviewed in [22,
Sec. 2.2]. Surface superconductivity is studied in [15], while the transition to the normal solution
is discussed in [36].

1.4. The case with a vanishing magnetic field. The results in this paper are valid for
a large class of applied magnetic fields, see Assumption 1.2 below. However, one interesting
situation covered by our results is the case where the applied magnetic field has a non-trivial
zero set. In the presence of such an applied magnetic field, we will study the concentration of the
minimizers (¢, A), g of (1.1) in the asymptotic limit k — 400 and H ~ . Unlike the results
in [15, 36] that only investigate surface superconductivity, the situation discussed here includes
bulk superconductivity as well.
The discussion in this subsection is focusing on magnetic fields that satisfy:

Assumption 1.1. [On the applied magnetic field]
(1) The function By is in C*(Q) .
(2) The set T :={x € Q : By(x) = 0} is non-empty and consists of a finite disjoint union
of simple smooth curves.
(3) T'N O is either empty or a finite set.
(4) For allz € Q, |Bo(z)| + |VBo(z)| #0.



DECAY OF SUPERCONDUCTIVITY 3

(5) The set T is allowed to intersect S transversely. More precisely, if T NOQ # 0, then on
this set, v x VBy # 0, where v is the normal vector field along 0f) .

A much weaker assumption will be described later (cf. Assumption 1.2). Under Assump-
tion 1.1, we may introduce the following two non-empty open sets

Qp={xeQ : By(zr) >0} and Q_={zxeQ : By(x) <0}. (1.7)
The boundaries of Q1 are given as follows
00 =T U(QLNON).
Magnetic fields satisfying Assumption 1.1 are discussed in many contexts:

e In geometry, this appears in [32] under the appealing question: can we hear the zero locus
of a magnetic field ?

e In the semi-classical analysis of the spectrum of Schrodinger operators with magnetic
fields satisfying Assumption 1.1 (and T' C §2). These operators are extensively studied in
[13, 20, 24].

e In the study of the time-dependent Ginzburg-Landau equations [4, 5], applied magnetic
fields as in Assumption 1.1 naturally appear in the presence of applied electric currents.

e For superconducting surfaces submitted to constant magnetic fields [11], the constant
magnetic field may induce a smooth sign-changing magnetic field on the surface.

e In the transition from normal to superconducting configurations [35], one meets the
problem of determining H such that the ground state energy in (1.2) vanishes on a curve
meeting transversally the boundary. The results in [35] are sharpened in [9, 33].

e The asymptotics of the ground state energy in (1.2) and the concentration of the corre-
sponding minimizers for large values of k and H is analyzed in |7, 8, 22, 23|.

Of particular importance to us are the results of K. Attar in [7]. These results hold under
Assumption 1.1, for H = bk with b > 0 constant. One of the results in |7] is that the ground
state energy in (1.2) satisfies, as kK — 400,

(e, 1) = 12 [ g01Bo(@)]) do -+ o(s). (18)

Here the function g(-), which was introduced by Sandier-Serfaty in [40], is a continuous non-
decreasing function defined on [0, 00) and vanishes on [1,00) (cf. (2.5) for more details).

K. Attar also obtained an interesting formula displaying the local distribution of the minimiz-
ing order parameter 1. If (¢, A), g is a minimizer of the functional in (1.1) for

H = bk,

and if D is an open set in €2 with a smooth boundary, then, as kK — 400,
/D () |* de = —2/1)g(b|Bo(w)|) dz 4 o(1). (1.9)

The interest for an L* control of the order parameter comes back to Y. Almog (see [2] and the
discussion in the book [15, Ch. 12, Sec. 12.6]).
The formula in (1.9) shows that v is weakly localized in the neighborhood of ', V (%), where:

V(e) = {x € Q, |Bo(a) < e} . (1.10)

For taking account of the boundary effects (the surface superconductivity should play a role
like in the constant magnetic field case) we also introduce in 02 the subset

Vel (e) i= {2 € 9, Og|Bo(x)| < €} . (1.11)

We would like to measure the strength of the (exponential) decay of the minimizing order

parameter 1 in the domains
1 1
- ]:=0Q - . 1.12
<(3) =2 () 012



4 BERNARD HELFFER AND AYMAN KACHMAR

O)E

FIGURE 1. Illustration of Regime I for H = bk and b = 1/e: Superconductivity
is destroyed in the dark regions and survived on the entire boundary.

FIGURE 2. Illustration of Regime II for H = bk and b = 1/&: Superconductivity
is also destroyed on the boundary parts {Og|By(z)| > e} N IN.

Note the role played by the two constants introduced in (1.4). If % > fp, then V(%) = Q. For
this reason we will focus on the values of b above 3, 1 We also observe that, if % > Opp1, then
Vbnd(%) = 0f). Hence, boundary effects are expected to appear when b < ﬁﬁl .

Loosely speaking, we would like to prove that, for all values of b > 3 ! the density ||? is
exponentially small (in the L?-sense) outside the set V(3) U V"™(1). This will lead us to two
distinct regimes:

Regime I: For 3, L<b < (081)7Y, Vbnd(%) = 0f) and 0f) carries surface superconductivity
everywhere. This is illustrated in Figure 1.
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FIGURE 3. Mlustration of Regime II when {By =0} NdN =0, H =bx,b=1/¢
and e is small: Superconductivity is destroyed on the entire boundary and is
concentrated in the set {|By| < €}.

Regime II: For b > (©B3;)~!, we will get that v is exponentially small outside the set
Vbnd(%). Here we have two cases:
e As b increases, surface superconductivity shrinks to the points of {z € 99, By(z) = 0},
provided that this set is non-empty (cf. Figure 2).
o If {By(z) =0} NI =0, then, for sufficiently large values of b, no surface superconduc-
tivity is left (cf. Figure 3).
Regime II is consistent with the results of [22, Thm. 3.6] devoted to the complementary regime
where b > 1 as k — 400.
The results in this paper confirm the behavior described in these two regimes and are valid under
a much weaker assumption than Assumption 1.1 (cf. Assumption 1.2 below).
The transition to the normal state is studied in [9, 33, 35]. This happens, when & is large, for
H ~ c,x?% (equivalently b ~ c,k), where ¢, > 0 is a constant explicitly defined by the domain
and the function By .

1.5. Main results.
In this paper, we will first work under the following assumption:

Assumption 1.2.
e The function By is in C%*(Q) for some a € (0,1);
e The constants By and By in (1.4) satisfy B1 > By > 0.

Note that this assumption is much weaker than Assumption 1.1. With the previous notation
our main theorem is:

Theorem 1.3. [Exponential decay outside the superconductivity region]
Suppose that Assumption 1.2 holds, that b > 60_1 and let O be an open set such that O C w(%) ,
where w(3) is the domain introduced in (1.12)

There exist kg > 0, C > 0 and ag > 0 such that, if K > ko and (Y, A), g is a solution of

(1.3) for H = bk, then the following inequality holds
[l 10y < Ce™ " (1.13)
Furthermore, if b > (©gf1)~!, then the estimate in (1.13) holds when the open set O satisfies

_ 1 1
O C {iL’ € 09, @0|Bo(l‘)| > g} Uw <b> .
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The proof of Theorem 1.3 follows from the stronger conclusion of Theorem 3.1, establishing
Agmon like estimates.

Remark 1.4. [Sign-changing magnetic fields]
In addition to Assumption 1.2, suppose that 4 and Q_ are non-empty. The constant Sy in
(1.4) can be expressed as follows

Bo = max(By, B;) where 8F = sup |Bo(z)|.
rENL

We will discuss the conclusion of Theorem 1.3 when BS‘ < By - We have:
o If (Bo) ™t < b < (B7)7", then w(3)Ny = 0. Consequently, the exponential decay occurs
in w(3)NO_.
e If (3§)~! < b, then the exponential decay occurs in both w($) N Q4 and w($) N Q- .

The situation when £, < ﬁ{f can be discussed similarly. Next, we suppose that the two sets
(00) 1 :={x €0, Bo(z) >0} and (0N)_ :={x €I, By(z) <0}
are non-empty, and we express the constant ;1 in (1.4) as follows

B1 = max(By, B7) where fi = sup |Bo(x)|.
z€(09Q)+

According to Theorem 1.3, when /Bf < By and (B1)7! < b < (B;)7L, then the exponential decay
occurs on {x € 9, Ogb|By(x)| > 1} N (9Q)_, since {z € 9N, Opb|By(z)| > 1} N (0N)L =0.

Our next result discusses the optimality of Theorem 1.3. This theorem determines a part of the
boundary where the order parameter (the first component 1 of the minimizer) is exponentially
small. Outside this part of the boundary, we will prove that the L* norm of the order parameter
is not exponentially small. In physical terms, superconductivity is present there.

The statement of Theorem 1.5 involves the following notation:

e Forall t >0, Q(t) = {z € R? : dist(z,00) < t}.

e By smoothness of 02, there exists a geometric constant ¢y such that, for all z € (~2(t0) ,
we may assign a unique point p(z) € 9 such that dist(p(z),x) = dist(z, ).

e If b > 0, we define the open subset in R?

Q(to,b) = {z € Qto) : 1 < b|Bo(p(x))| < O5'}. (1.14)

o Faur: [1,051) = (—00,0) is the surface energy function which will be defined in (4.5)
later. This function is continuous and non-decreasing.

o If Q(to,b) # 0, we define the following distribution in D’(ﬁ(to, b)):

O (Qto.1)) > ¢ v T(p) = —2 / B (0Bo(@))) o) ds(z),  (1.15)

Q(topynon | b1 Bo(z)

where ds is the surface measure on 9€2.
o If D C Q, we introduce the local Ginzburg-Landau energy in D as follows

/{2
e A D) = [ (I(V—inHAWPE = 0P + L lp@)") da. (116

e 1 denotes the characteristic function of the set Q.

Theorem 1.5. [Existence of surface superconductivity]

Suppose that Assumption 1.2 holds, that b > 60_1 and that ﬁ(to, b) # 0, where By is the constant
introduced in (1.4). If (Y, A)w g is a minimizer of the functional in (1.1) for H = bk, then as
Kk — 00, we have the following weak convergence

klote |t =Ty in D' (Qto, b)) (1.17)
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Remark 1.6. Theorem 1.5 demonstrates the existence of surface superconductivity. We can
interpret the assumption in Theorem 4.8 in two different ways.

o If H =0k, b>0is fixed and xg € 91, then to find superconductivity near zg, this point
should satisfy 1 < b|Bo(zo)| < O

o If o € 0N is fixed and |By(zo)| is small, then to find superconductivity near zg, the
intensity of the applied magnetic field should be increased in such a manner that H = bk
and 1 < b|Bo(wo)| < 6.

Our last result confirms that the region {By(x) < f} carries superconductivity everywhere.
To state it, we will use the following notation:
e If p,q € 09, distoq(p, q) denotes the (arc-length) distance in 9 between p and ¢ .
e For 9 € R? and » > 0, we denote by Q,(x¢) = x¢ + (—r/2,7/2)? the interior of the
square of center xp and side r. When z¢ = 0, we write @, = Q,(0).
e For (x,0) € Q x (0,t9/2), we will use the following notation:

W(z0, ) = {x e Q : distoa(p(x),z0) < £ and dist(z,dQ) < 20} if g € 00,
0,t) = Qa0(0) if zp € 0.

Theorem 1.7. [The superconductivity region]|

Suppose that Assumption 1.2 holds for some a € (0,1), b > 0 and 2_%& < p < 1 be two
constants. Let xg € Q0 such that |By(zo)| < 1.

There exist kg > 0, a function r : [kg, +00) = Ry such that lim,_, o 1(k) = 0 and, for all
k > ko and for all critical point (1, A). m of the functional in (1.1) with H = bk, the following
two inequalities hold,

(1.18)

1

V(e ) ‘d b|B
W, w7 Sy ey P 12 2001 Bo ()]

<r(k)

and
‘5(1/), A; W (xp, Ii_p)) — /<a29(b|Bo(x0)|)‘ < k%r(k).

Here g(-) is the continuous function appearing in (1.8) and (1.9) (see Subsection 2.1 for its
definition and properties).

The result in Theorem 1.7 is a variant of the formula in (1.9) valid for applied magnetic fields
which are only Holder continuous, thereby generalizing the results by Attar [7] and Sandier-
Serfaty [40]. This will be clarified further in Remark 1.9.

Remark 1.8. Let us choose fixed constants « and p such that QJ%Q <p<landO<~vy<1l-—p.

Our proof of Theorem 1.7 yields that the constant o and the function () in Theorem 1.7 can
be selected independently of the point xg provided that

o k2 < b|B()(x())| <1;

o 1 € 0N or dist(xg, ) > 4x™PF.
The condition dist(zg, dQ) > 4k ensures that Q.,(2k7") C Q, which is needed in the proof of
Theorem 1.7.

Remark 1.9. Let v € (0, 537, ). If we assume furthermore the following geometric condition
{z €, [Bo(z)] <k 2} =0(1) (k— 00), (1.19)
then Theorem 1.7 implies the weak convergence
[, ()" = —29(b|Bo(-)]) in D'().

In (1.19), we used the following notation. If E C R?, |E| denotes the Lebesgue (area) measure
of E. Note that the condition in (1.19) holds under Assumption 1.1 considered in [7].
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The rest of the paper is organized as follows. In Section 2, we collect various results that will
be used throughout the paper. Section 3 is devoted to the proof of Theorem 1.3. In Section 4,
we present the proof of Theorem 1.5. Finally, we prove Theorem 1.7 in Section 5.

In the proofs, we avoid the use of the a priori elliptic L°°-estimates, whose derivation is quite
complicated (cf. [15, Ch. 11]), thereby providing new proofs for the results in [34, 40]. To our
knowledge, these L°-estimates have not been established when the magnetic field By is only
Holder continuous.

2. PRELIMINARIES

2.1. The bulk energy function. The energy function g(-), hereafter called the bulk energy,

has been constructed in [40]. We will recall its construction here. It plays a central role in the

study of ‘bulk’ superconductivity, both for two and three dimensional problems (cf. [19, 17]).

Furthermore, it is related to the periodic solutions of (1.3) and the Abrikosov energy (cf. |1, 16]).
For b € (0,+),r >0, and Q, = (—r/2,7/2) x (—r/2,7/2), we define the functional,

Fyo, (u) = /Q <b|(V —iAg)ul — [uf? + ;u|4> de,  forue H'(Q)). (2.1)
Here, Ag is the magnetic potential,
Ao(z) = %(—xg,xl) . for = (z1,10) € R2. (2.2)
We define the Dirichlet and Neumann ground state energies by
ep(b,r) = inf{Fy o, (v) : ue Hy(Qr)}, (2.3)
en(b,r) =inf{F, o, (u) : uwe H(Q,)}. (2.4)

We can define g(-) as follows (cf. [7, 17, 40])

ep(b,r) ’ en(b,r)

Vb>0, b) = lim = ) 2.5
9(b) = Jim =57 = = o (2:5)
where |Q,| = r? denotes the area of Q, .
Furthermore, there exists a universal constant C' > 0 such that
ep(b,r) _en(b,r) C 2C
vVb>0, Vr>1, g < < + —<g()+—. 2.6
V="al =Tl =0T 20
One can show that the function g(-) is a non decreasing continuous function such that
1
g(0) = —3 g(b) <O0Owhenb<1, and ¢(b) =0 whenbd>1. (2.7)

2.2. The magnetic Laplacian. We need two results about the magnetic Laplacian. The first
result concerns the Dirichlet magnetic Laplace operator in a bounded set €2 with a strong constant
magnetic field B, that is

—(V —iBAy)? in L*(Q),
with the Dirichlet condition
u=0on 00.
Here Ay is the vector field introduced in (2.2), with curl Ag = 1. It is based on the elementary

spectral inequality:

Lemma 2.1. For all B € R and ¢ € H}(Q), it holds

[ 1 B A8 [ o) .
f Q



DECAY OF SUPERCONDUCTIVITY 9

The second result concerns the Neumann magnetic Laplace operator in a bounded set 2 with
a strong constant magnetic field B, that is

—(V —iBAy)? in L*(Q),
with the (magnetic) Neumann condition
v-(V—iBAp)u=0on 0f.

Here v is the unit inward normal vector on 0f2. The asymptotic behavior of the groundstate
energy as |B| — oo is well known (cf. [21, 30] and [15, Prop. 8.2.2|):

Lemma 2.2. There exist o > 0 and C' > 0 such that, if |B| > B and ¢ € H'(Q),
17— iBgo do > (ool - ClB) [ jof da.
Q Q

2.3. Universal bound on the order parameter. If (¢, A) is a solution of (1.3), then v
satisfies in 2 (cf. |15, Prop. 10.3.1])

[p(z)| < 1. (2.8)
2.4. The magnetic energy. Let us introduce the space of vector fields
HL (Q)={Ac HY(R?) : divA=0inQ and v-A =0o0nd0Q}. (2.9)

The functional in (1.1) is invariant under the gauge transformations (1, A) + (e!®y), A + Vo).
Consequently, if (1, A) solves (1.3), we may apply a gauge transformation such that the new
configuration (1) = %), A = A+V¢) is a solution of (1.3) and furthermore A € H} (Q). Having
this in hand, we always assume that every critical/minimizing configuration (i), A) satisfies
AcH éiv (©) which simply amounts to a gauge transformation.

For given By € L?(12), there exists a unique vector field satisfying

FcHL(Q) and curlF = By. (2.10)
Actually, F = V+ f where f € H?(2) N H} () is the unique solution of —Af = By .

Remark 2.3. By the elliptic Schauder Holder estimates (see for example Appendix E.3 in [15]),
if in addition By € C%*(2) for some a > 0, then the vector field F is smooth of class C1%(Q).

We recall the following result from [7]:

Proposition 2.4. Let v € (0,1) and 0 < ¢1 < ¢z be fized constants. Suppose that By € L*(
There exist kg > 0 and C > 0 such that, if K > ko, cik < H < cok and if (Y, A)wn
HY(Q) x HL () is a minimizer of (1.2), then

).
S

=|Q

S [

The proof of Proposition 2.4 given in |7] is made under the assumption By € C*°(Q), but it
still holds under the weaker assumption By € L?().

The next result gives the existence of a useful gauge transformation that allows us to approx-
imate the vector field F by a vector field generating a constant magnetic field. It is similar to
the result in [7, Lem. A.3], but the difference here is that we only assume F € C1%(Q) instead
of C2.

Lemma 2.5. Let a € (0,1), ro > 0 and By € C%*(Q). There exists C > 0 and for any a € Q a
function ¢, € C**(R?) such that, if r € (0,7¢] and B(a,7)NQ # 0, then

VaeBla,r)NQ, |F(z)— Bo(a)Ao(z —a) — Ve.(z)| < Crite.
Here F is the vector field satisfying (2.10).
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Proof of Lemma 2.5. Since the boundary of 2 is smooth and F € C1<(Q; ]RQ) the vector field

F admits an extension F in C %(R%;R?). We get in this way an extension By = curl F of By in
CY*(R?). We now define in R?, the two vector fields

1
B =Flatn). A= ([ sBola+s)ds) (-imn).
0

Clearly, curl F = curl A = §0(a+y). Consequently, by integrating the closed 1-form associated

with F' — A, there exists a function ¢ € C?®(R?) such that
F-Vg=A, ¢(0) =
Since By € C%*(R2), A(y) = By(a)(—y2,51) + O(r'+®) in B(0,r). We then define the function
©a by pa(z) = @(x — a) + By(a) (ag:rl — a,l:rg). This implies
VazeBlar), [Fx)—Bla)Ao(z—a)—Vea(z) <Crite,

and the lemma by restriction to €. [l

2.5. Lower bound of the kinetic energy term. The main result in this subsection is:

Proposition 2.6. Let 0 < ¢; < ¢g be fized constants. Suppose that o € (0,1] and By € CO*(Q).
There exist kg > 0 and C > 0 such that the following is true, with

o(a) = 32+aa . (2.11)

(1) For
e k> ko, ik < H<cok;
e (¢¥,A). H a solution of (1.3);
e ¢ € HY(Q) satisfies supp ¢ C {z € Q, |By(x)| > 0},

we have
/Q\(v _iRHA) (o) do > @MH/Q (1Bo(@)| — Cx @) [(x)P dx .
(2) If in addition & — 0 on DO, then
/Q (V — ik HA) (2)[2 da > ﬁH/Q (1Bo(a)| - Cx@))|¢(2) > da .

The estimates in Items (1) and (2) in this proposition are known when the vector field A is
C?, independent of (k, H), curl A # 0 and By is replaced by curl A (cf. Lemma 2.2 and [20]).

For a =1 (i.e. By is Lipschitz) the errors in Proposition 2.6 and Lemma 2.2 are of the same
order.

Proof of Proposition 2.6. Let us choose an arbitrary ¢ € H'(£2). All constants below are in-
dependent of ¢. For the sake of simplicity, we will work under the additional assumption that

supp ¢ C {Bp > 0}.

Step 1. Decomposition of the energy via a partition of unity.
For ¢ > 0 we consider the partition of unity in R?

ng =1, Z |ij\2 <C/¢? inR?, and supp x; C B(aﬁ,ﬁ).
j J
Here the construction is first done for / = 1 and then for general ¢ > 0 by dilation. Hence
the constant C' is independent of £. Although the points (a?) depend on ¢, we omit below the

reference to £ and write a; for a?.
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In what follows, we will use this partition of unity with
{=kr"", 0<p<1l and &k large enough.

Using this partition of unity, we may estimate from below the kinetic energy term as follows
/ (V —ikHA)G[ dz > </ [(V —inHA)(x;0)|* do — cﬂ/ X0 dx) . (212
Q , Q Q
J

Let oj(z) = (& — a;) - (A(aj) — F(a;)), where F is the vector field in (2.10). Note the useful
decomposition

A(z) —Va; =F(z) + (A(ac) — F(a:)) — (A(aj) — F(aj)) .
By Proposition 2.4, we have in B(a;,¢) N,
(V —ikHA)(x;0)|> = |(V — icH (A — Vay)) (e "% y;¢)
> (1= )V —inHF)e ™% y;0[? — 0 k2 H2 | A = F|IEo , ) [xi01”

> (1= £)|(V — inHF)(e” " x;0)[* — CH2 0y
(2.13)
Here § > 0 and v € (0, 1) are two parameters to be chosen later.
By Lemma 2.5, we may define a smooth function ¢; in B(aj,¢) N Q such that,

[F(2) ~ Vioj(x) — [Bolay)| Aol — a)| < CL1F2,

where C > 0 is independent of j.
Consequently, there exists C' > 0 such that, for all j,

(V — ikHF) (e "% x;6)[* > (1 = £2)|(V — i H|Bo(a;)|Ag(x — a;))e "%~ y |2
— ORZH?PF2070 02 . (2.14)
Step 2. The case suppé C {x € Q, Bo(x) > 0} and ¢ =0 on 0f).

The assumption on the support of ¢ yields that x;¢ € H}(£2). Collecting (2.13), (2.14) and
the spectral inequality in Lemma 2.1, we get the existence of C' > 0 such that for all j

LI — iAo e = (1= 260w [ (Bl ol da
- CH2(£2776 + R2€2+2a6)/ ’Xj¢|2 dx .
Q
Since By is in C%*(Q), we have By(x) = By(a;) + O(£*) in B(aj,¥). Thus
[0 = intA) o) do > i [ Bo(o)] (o)l da
— CH?(0% + 00 4 (2170 4 22120709 /Q Ix;(x)* dx .
After summation and using that j X? =1, we get
/ (V — icHA)$|* dz
Q

> kH </ |Bo()] |p(z)|? dz — C (0% 4 €0 4+ £2770 4 2032070 | (;=29=2) / || d:n) .
Q Q

Hence the goal is to choose, when k — 400 and with £ = k™7 | the parameters p, §, v and « in
order to minimize the sum

S0k, £) i= 4 4 00 4 (2070 4 222070 4 =22 (2.15)



12 BERNARD HELFFER AND AYMAN KACHMAR

If we take § = v, which corresponds to give the same order for the second and the third terms
in Y, we obtain with £ = k=

/ (V — ikHA)¢|* do > KH/ (|Bo(3:)| — C(K™P% 4 kP 4 g2 CH20=7)p 4 52”_2) ¢(2)|? da.
Q Q

In the remainder, to minimize the error for the two last terms, we select p such that
2—242a—7y)p=2p—2,
i.e.
p=4/(4+2a—7).

Getting the condition 0 < p < 1 satisfied leads to the condition o > /2. We select v = %04.
This choice is optimal since

()._ ( )_ 2c _ 2
(@)= g, o) =00 (@0 ) =57

where

4o 4~ 22a — )
4420 -y 4+200 -~ 4+2a—v)

This finishes the proof of Item (2) in Proposition 2.6.

-

Step 3. The case supp ¢ C {z € Q, By(z) > 0}.
We continue with the choice § = v = %a and p =4/(4 + 2a — 7). We collect the inequalities in
(2.13), (2.14) and Lemma 2.2 and write

/ (V —ikHA)(x;0)|? de > (1 — 20%/3) KJH/ (60|Bo(aj)\ — C(ﬁH)*l/‘*) x;6|° dz
Q Q

—C’H2n_"(°‘)/ﬂlxj<b\2dx.

Since By € C%%(Q), we can replace By(a;) by Bo(z) on the support of x; modulo an error O(¢%).
We insert the resulting estimate into (2.12) and use that >, X? =1 to get,

/ (V — ikHA)? dx > /@H/ (®0|Bo(x)| — (k@ 4 /@—1/2)) |6(2) [ d.
Q Q

Observing that o(a) < 1, we have achieved the proof of Item (1) in Proposition 2.6. O

3. EXPONENTIAL DECAY

3.1. Main statements. We recall the definition of the de Gennes constant g in (1.5), and the
two constants [y, 1 in (1.4). For all A € (0, fp), we introduce the two functions on w(\):

ta(z) = dist(z,0w(N)) and (i(z) = dist(z, 2N Ow(N)), (3.1)
where w(+) is the domain introduced in (1.12).

Theorem 3.1. [Exponential decay outside the superconductivity region]

Let ¢1 and cy be two constants such that 50_1 < 1 < cy. Suppose that Assumption 1.2 holds for
some o € (0,1). There exists pg > 0 and for all p € (0, po), there exist kg > 0, C > 0 and
& > 0 such that, if

k2> ko, c1k<H < ek,
and (1, A). g is a solution of (1.3), then the following inequalities hold:
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(1) Decay in the interior:

=1Q

/ (|@ZJ($)|2 + i|(V —ikHA)Y (;v)|2) exp (de HHt)\(QS‘)>d$ <
wN{ta (@)= A=) wH

where \ = %—F,u ;
(2) Decay up to the boundary:

=1Q

B()2 + —=|(V — inH A (2)[2) exp (26VRH Cs(x) )do <
( rH

)

/w(mm{cﬁ (2)> A

K
here = 65" (5 + 1)
where B o (7 +u
Remark 3.2. Theorem 3.1 says that, for u > 0 sufficiently small, bulk superconductivity breaks
down in the region {z € Q, |Bo(x)| > {7 + u} and that surface superconductivity breaks down
in the region {x € 9%, ©¢|By(x)| > {7 + p}. This is illustrated in Figures 1 and 2.

Remark 3.3. In the constant magnetic field case, By = 1, Theorem 3.1 is proved by Pan [34], in
response to a conjecture by Rubinstein [37, p. 182]. Our proof of Theorem 3.1 is simpler than
the one in [34] since we do not use the a priori elliptic L>-estimates, whose derivation is not

easy (cf. [15, Ch. 11]).

Remark 3.4. On a technical level, one can still avoid to use the L*°-elliptic estimates in the proof
of Theorem 3.1 when the magnetic field is constant, by establishing a weak decay estimate on
the order parameter (namely |42 = O(k~/4)). This has been done by Bonnaillie-Noél and
Fournais in [10] and then generalized by Fournais-Helffer to non-vanishing continuous magnetic
fields in [15, Cor. 12.3.2]. However, in the sign-changing field case and the regime considered in
Theorem 3.1, the weak decay estimate as in [10] does not hold.

The substitute of the weak decay estimate in our proof is the use of a (local) gauge transfor-
mation. This has been used earlier to estimate the Ginzburg-Landau energy (cf. [29, 9]), and
the exponential decay of the order parameter for non-smooth magnetic fields (cf. [6]). We will
extend this method for obtaining local estimates in Theorems 4.7 and 4.8.

Remark 3.5. The conclusion in Theorem 1.3 is a simple consequence of Theorem 3.1 and the
estimate in Proposition 2.4. Actually, if O is an open set independent of « such that O C w(x/H),
then

OCw(%—FM)

for p sufficiently small, and
K
. K N :
dlst(x,aw <H +p)> >¢, in O,

for a constant ¢, > 0.
Similarly, when O is an open set independent of £ and

O Cw(k/H)U{x €09, O9|Bo(z)| < k/H},

oo +)

then

for p sufficiently small, and

dist(x,@w (@al(% +,LL)>> > ¢, in O,

for a constant ¢, > 0.
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The rest of this section is devoted to the proof of Theorem 3.1, which follows the scheme of
the proof of the semi-classical Agmon estimates (cf. |15, Ch. 12| and references therein).
Suppose that the parameters x and H have the same order, i.e.

k>ky and ck < H <ok,

where k9 > 1 is supposed sufficiently large (this condition will appear in the proof below).
Suppose also that
> > Byt

where ¢y, co are fixed constants and 3y was introduced in (1.4).

3.2. Useful inequalities. For all v > 0, we extend to Q the definitions of ¢, and ¢, given in
(3.1) as follows

dist(x, 0w(y)) if z € w(v)
ty(z) = { 0 ( V) if x € ﬁzw(’y)) (3:2)
and
¢ (@) = { gist(aﬁ,Q N dw()) i i E cguz(iyzu(’y) ' (3.3)

In the sequel, we will add conditions on v to ensure that w(vy) # (.
Let x € C*°(R) be a non negative function satisfying

% =0on (—oo,%], %=1 on[1,00).
Define the functions X, 7, f, and g, on § as follows:
Xy (@) = X(VEHE(2)) , 1y(2) = X(VEHG, (7))
(@) = x4 (2) exp (0VkH () and gy (z) = ny(z) exp (aVKH G(z)),  (3.4)

where & is a positive number whose value will be fixed later. B
Let h € {fy,g,}. We multiply both sides of the first equation in (1.3) by h%*J and then
integrate by parts over w(vy). We get

/ (\(v —ikHA)(h)|* = K2h2[|? — |Vh]2|1p|2> dz < 0. (3.5)
w(v)

In the computations below, the constant C' is independent of &,v,x and H. We estimate the
term involving Vh as follows

[ IR < 26t [+ CRHTR),

where
/ wPde it h=,,
W)V ()<1)
T(h) == (3.6)

/ ()| de if h=g,.
w(y)N{VRHC, (z)<1}

In this way we infer from (3.5) the following estimate

/ . (\(v —ikHA)(h) (2)|* = 52h(x)2 ()| — m%Hh(x)?W(x)\?) dx < CkHT(h). (3.7)
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3.3. Decay in the interior.

Now we choose

K
’y:)\:E—i-,u.

Here 0 < p < pg and pyg is sufficiently small such that pg+ % < Bo . This ensures that w(A) # 0.

We choose in (3.7) the function h = fy, where f) is the function introduced in (3.4). Note
that fyi € H}(w(A\)). We may apply the result in Proposition 2.6 to ¢ := fy1 and infer from
(3.7)

(1= Cn o) | Bofa)| — 20° — ) P dz < [ 9(w)P de
/wm ( H ) wN{VRHL () <1}

We then use that [Bo(x)| > A in w(\) and that A = 5 + . Consequently, for 0 < p < po,
0< &< adg, k> Ko, & sufficiently small (for example 43 < p/4) and kg sufficiently large

(1 — Ck7)| By ()| — 24> — % > %

Consequently, there exists a constant €, > 0 such that

/ fa(@)? ()P da < O ()2 dae
w(\) WVt (2)<1}
C

<

by (2.8).

3

Inserting this into (3.7) (with h = fy and T'(f\) defined in (3.6)) achieves the proof of Item (1)
in Theorem 3.1.

3.4. Decay up to the boundary. Now we prove Item (2) in Theorem 3.1. Here we choose

y=8=6;" (%Jru).

Note that the estimate in Item (2) of Theorem 3.1 is trivially true if w(5) = 0. So, we assume
in the sequel that w(8) # 0. This holds if

H>cik, c¢1> (@051)_17

and p is sufficiently small.
We write (3.7) for h = gg, where gg is introduced in (3.4) and T'(gg) in (3.6). We apply
Proposition 2.6 to ¢ := ggt and get
[ ((1=cx i) - Ca* - 1) gs(aPlo@) do < € w(a)ds.
w(B) H w(BN{VRH () <1} 5
3.8

as follows

)

Lo Lot Lo

w(ﬁ) wint(ﬁ) wbnd(ﬁ)
where

wint(B) = w(B) N {@dist(x, 00) > 1} and  wpna(B8) = w(B) N {@dist(x,@(l) <1}.

From (3.2), we see that (g(z) = tg(z) and fz(z) = gg(x) in wine(B). Furthermore, from the
definition of w(-) in (1.12), we see that w(B) C w(A) and tg(z) < tx(x) on w(pB) if B > A. Hence,
by the first item in Theorem 3.1 (which is already proved for all & € (0, &p)),

K C
/A " (1= Crmo )0l Bo(a)| - 262 ~ 7| ga(@)? [Y(@)Pde < . (3.9)

We decompose the integral over w
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Thus, we infer from (3.8) (and the bound |¢| < 1),

[ (0= e enmow) - 26 - ) gotelota) o <
Wond (B) H

x| Q

But, in wyna(8), ©o|Bo(x)| > {7 + p, by definition of w(f) and 3 = @al(% + 1) . Thus, as long
as & is selected sufficiently small, we have

(1= Cr7)Og|By(x)| - 26° — — >

Y

N =

5
H

and consequently, for some constant éu >0,

/ g5(2)2 () [P da < <E
wbnd(ﬁ) K

We insert this estimate and the one in (3.9) into (3.8) to get

C,+C
/ gs(x)2 () 2 da < S TC
w(B) K

Finally, by inserting this estimate into (3.7) (with h = gg and T'(gg) defined in (3.6)), we finish
the proof of Item (2) in Theorem 3.1.

4. SURFACE ENERGY

The analysis of surface superconductivity starts with the work of St. James-de Gennes [38|,
who studied this phenomenon on the ball. In the last two decades, many papers adressed the
boundary concentration of the Ginzburg-Landau order parameter for general 2D and 3D samples
in the presence of a constant magnetic field. We refer the reader to [3, 12, 14, 16, 19, 18, 31, 34].

In this section, we study surface superconductivity in non-uniform magnetic fields. Our pre-
sentation not only generalizes the results known for the constant field case, but also provides
local estimates and new proofs, see Theorems 4.7 and 4.8. The most notable novelty in the
proofs is that we do not use the L elliptic estimates.

4.1. The surface energy function. In this subsection, we give the definition of the continuous
function Fgyy : [1,05'] = (—o0,0] introduced by X.B. Pan in [34] and which appeared after
(1.14) and in Theorem 1.5. ©g is as before the de Gennes constant introduced in (1.5) with
property (1.6).

For b e 1,0, 1} and R > 0, we consider the reduced Ginzburg-Landau functional,

. 1
V(Ur) 3 ¢ — Evr(d) = /U <b[(V(W) +irf)p> — |g]> + 2\¢|4> dodr, (4.1)
where f = (1,0) and Up is the domain,
Ur=(—R,R) x (0,+00), (4.2)
and
V(UR) ={u€ L*(Ur) : (Vior +itf)u€ L*(Ur) , u(+R,-)=0}. (4.3)
We introduce the following ground state energy,
d(b, R) = inf{&,r(8) : ¢ € V(UR)}. (4.4)
In [34], it is proved that, for all b € [1,0;"], there exists Egyt(b) € (—o0, 0] such that
d(b, R)

Bout(b) = Tim —o%

The surface energy function Egu¢(-) can be described by a simplified 1D problem as well (cf.
[3, 18] and finally [12] for the optimal result). We collect some properties of Eqy(-):

(4.5)

e Egue(+) is a continuous and increasing function (cf. [19]);
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o Eont(05") =0 and Egye(b) < 0 for all b € [1,075") (cf. [14]).
The next theorem gives the existence of some minimizer with good properties (cf. [34, Theo-
rems 4.4 & 5.3|):

Theorem 4.1. There exist positive constants Ry and M such that, for all b € [1,@61) and
R > RO"
(1) The functional (4.1) has a minimizer ugr in V(Ug) with the following properties:
(a‘> UR :/'_é 0 ;
(b) lurlleo <1;
()

1 2 . 2 2 2 4
= /URm{Tz3} W (!(V(JJ) +irf)ur|® + |ur(o, 7)|* + 7°|ugr(o, 7)| ) dodr < M .

(2) The surface energy function Eg,t(b) satisfies

Esurf(b) S d(S}zR) S Esurf(b) + % .

The upper bound in Item (2) above results from a property of superadditivity of d(b, R), see
[34, Eq. (5.4)]. The lower bound in Item (2) above is not explicitly mentioned in [34], but its
derivation is easy [17, Proof of Thm 2.1, Step 2, p. 351] and can be sketched in the following
way. Let R > 0 and n € N. Let ug € H}(Ug) be a minimizer of the functional in (4.1). We
extend up to a function in H&(U(MH) r) by periodicity as follows

ug(x1 + 2R, x2) = ur(z1,x2) .
Consequently,
d(b,(2n +1)R) < & (an41)r(ur) = (2n + 1)d(b, R) .
Dividing both sides of the preceding inequality by 2(2n 4+ 1)R and sending n to +oo, we get

d(b, R)
Eour(b) < —2—=.
surf ( ) > 2R
4.2. Boundary coordinates. The analysis of the boundary effects is performed in specific co-
ordinates valid in a tubular neighborhood of 9€2. We call these coordinates boundary coordinates.
For more details on these coordinates, see for instance [15, Appendix F].

For a sufficiently small ¢y > 0, we introduce the open set
Q(to) = {x € R? : dist(z,09Q) < to}.

In the sequel, let zp € 90 be a fixed point. Let s — ~v,(s) be the parametrization of 92 by
arc-length such that v;,(0) = zo. Also, let v(s) be the unit inward normal of 9Q at v4,(s). The
orientation of v,, is selected in the counter clock-wise direction, hence

det (’yéo (s), 1/(8)) =1.
Define the transformation

09| 092
D, [—‘2‘, |2‘> X (0,t0) 3 (8,t) — Yao(s) +tr(s) € Qto) . (4.6)
We may choose ¢y sufficiently small (independently from the choice of the point zy € 9€Q) such
that the transformation in (4.6) is a diffeomorphism. The Jacobian of this transformation is

|D®,,| =1 —tk(s), where k denotes the curvature of 992. For = € Q(t9), we put
7, (x) = (s(2), t(2)).

In particular, we get the explicit formulae

t(z) = dist(x,0Q) and s(zg) =0. (4.7)
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Using ®,,, we may associate to any function u € L?(f2), a function u = Ty, u defined in
o] |00
[~ 150 % (0,t0) Dy,
(s, t) = u(Pgy (s, 1)) - (4.8)

Also, for every vector field A € H!(2), we assign the vector field
Als, 1) = (A(s,1), As(s, 1)
with
Ar(s,t) = a(s,)A(Duy(5,)) 7%, (5).
Ag(s,t) = A(®ay(s,0)) - u(s),
and
a(s,t) =1—1tk(s).

The following change of variable formulas hold.

Proposition 4.2. For u € H'(Q) and A € H'(;R?), we have:

to 128U
. 92 B 2 L o P
/Q(to) (V —iA)u|” dx = /0 /_|02ﬂ| [[a(s,t)] |(0s — iA1)u|* + (0 — 1A2)Tl ] a(s,t)dsdt,
(4.10)

and
[092]

to =
/ |u(:c)|2d:z::/ /2 (s, 1)|2a(s, t) dsdt . (4.11)
Q(to) o J-1ZU

Recall the vector field Ay introduced in (2.2). Up to a gauge transformation, the vector field
Ay admits a useful (local) representation in the coordinate system (s, ).
For zop € 00 and ¢ € (0,tp), we introduce the set V,(¢) C Q(to) as follows:

Vio(0) = @y ((=£.0) x (0,0)) (4.12)

Lemma 4.3. There exists ro > 0 such that, for any xzo in 02, there exists gy, in
C>®((—2rg, 2r9) x (0,70)) such that

t2

Ag(s,t) — Vg, (s, 1) = <—t + k(s)Q,O) in (—2rg, 2rg) x (0,7¢).

Here Ag is the vector field associated with Ao by the formulas in (4.9) and one can take ry =
min(t, @)

For the proof of Lemma 4.3, we refer to |15, Proof of Lem. F.1.1]. Note that Lemma F.1.1 in
[15] is announced for a more general setting.

We will use Lemma 4.3 to estimate the following Ginzburg-Landau energy of u,

Go (u, Ag; Vi (£)) :/V o

Lemma 4.4. There exist constants C > 0, £y > 0 and kg > 0 such that, for all g € 02,
€ (0,4p), k> kKo, K2 < hex < @51,%2, and u € H}(Vy, (€)) N L®(Vy, (€)) satisfying ||lulle < 1,
the following two inequalities hold:

2
(V — ihexAg)ul|® — k2|ul? + %|u|4) dx . (4.13)

K20 Rex
go (’LL, AO, ‘/;50 (6)) > 2\/T;Esurf (/{/2> - Cﬂ€<€ + /€3£4 + K/€2> 5 (414)
and )
K ~
o Ao; Vao () < (14+CO =&,y o) + Cne(m?’e“ + fw?) : (4.15)
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where .. is the functional introduced in (4.1) and

o0, 7) = oxb (itx i (7= =) ) (7= =)

0, T)=¢eX —Wex Jxo \ —F77—> ) .

P 520\ Vhex’ Vhe e V/hox

Here w is the function associated with u by (4.8) and g, is introduced in Lemma 4.3.

Proof. Using Proposition 4.2 and the assumptions on u, we may write, for two constants Cp, C' >
0 and for all 0 < ¢ < min (3Cy", o),

¢t _ 2
Go (1, Ag; Vi (€)) > (1 — Cof) / / (y(v — ihexAg)u|? — K2[U? + %mﬁ) dsdt — Ck2(3 .
0 J—¢

Let g := gu, be the function defined in Lemma 4.3 and w(s,t) = e~"ex9(807(s, 1) . Using the
Cauchy-Schwarz inequality, we get the existence of C' > 0 such that

L L 2
go(u,AO;vxo(e))2(1—2005)// (](V—i—ihextf)@\?—n2|@\2+%\@]4)dsdt—C/f4£5—Cm2€3.
0 J—¢

Here f = (1,0). We apply the change of variables (0,7) = (v hex S, Vhex t) and v(o, 7) = w(s,t)
to get

K2

Go(u, Ag; Vi (£)) > (1 — 2coz)h75hex Jn2,r(0) — CEM® — CRr26°

1
where R = héx ¢ and &2 g is the functional introduced in (4.1) for b = hex /K2 .

Note that we extended v by 0, which is possible because u € HJ(Vy,(¢)). Using the second
Item in Theorem 4.1 and the assumption Cyf < % , we get

/432

hex
Qo(u, Ao; Vmo(g)) Z 2(1 — 200@ h

1
(hgx E) Esurf <H> - C/€4£5 — 05253 .

2

ex

This proves the lower bound (4.14) in Lemma 4.4 .
Similarly, using Lemma 4.3, the Cauchy-Schwarz inequality on the kinetic term and a change of
variables, we get the upper bound (4.15) of Lemma 4.4. O

4.3. Existence of surface superconductivity.
The proof of Theorem 1.5 follows from the exponential decay stated in Theorem 3.1 and the
following result:

Theorem 4.5. Suppose that Assumption 1.2 holds and that b > 60_1, where By is the constant
introduced in (1.4). There exists p € (0,1) such that the following is true.

Let xg € 09 such that § < |Bo(zo)| < @%b. If (Y, A)w.m is a minimizer of the functional in
(1.1) for H = bk, then

. 1 4 _ 1
im (2,.@ +p /VZO(H_p) [v(z)] d:n) = 2,/b’B()(mO)’Esurf(byBo(xo)y) >0, (4.16)
1
i (26078 (0, A Vi (7)) ) = 550 ey ot (1 Bolzo)) < 0. (4.17)

The proof of Theorem 4.5 will follow from the upper bound in Theorems 4.7 and 4.8 below.

and

Remark 4.6. Let € € (1,05 —1). The convergence in (4.16) and (4.17) is uniform with respect
to zo € {1 + ¢ < b|Bo| < Oy} NIN. This is precisely stated in Theorems 4.7 and 4.8.
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4.4. Sharp upper bound on the L*-norm.
In this subsection, we will prove:

Theorem 4.7. Suppose that By € C%*(Q) for some a € (0,1), p € (3%1, 1) and

b> By, with By :=sup|Bo(z)| > 0.
€N
There exist kg > 0, a function r : [Ko,+00) — Ry such that limg_ 1o 1(k) = 0 and, for all
Kk > Ko, for all critical point (¢, A), g of the functional in (1.1) with H = bk, and all xy € O
satisfying
1 < b|Bo(zo)| < 057,

the inequality

1

— Y(x Yde < —2kx~ 1
57 on(@' ()]

m Byt (b \Bg(x0)|> +rtr(k),

holds with
C=r""and Vg, (0) is defined in (4.12).

Proof.
The proof is reminiscent of the method used by the second author in |26, Sec. 4] (see also [27]).
We assume that By(zg) > 0. The case where By(zp) < 0 can be treated in the same manner by
applying the transformation u — .

Let o € (0,1) and ¢ = k™ as in the statement of Theorem 4.7. Let f be a smooth function
satisfying,

f=1 inVy (), 0<f<land|Vf|< % in Vo ((140)0). (4.18)

The function f depends on the parameters xg, ¢,o but the constant C' is independent of these
parameters. We will estimate the following local energy

E1(fib, A) = E1(f1h, A; Vi (1 + 0)0)) (4.19)
where, for an open set V C €2,
2
E1(u, A V) = / (](V —ikHA)u|* — &%u|® + 2|u|4> dz
%

2
E(u, A3 V) = / (](V —ikHA)ul? — £%ul? + 2|u|4> dz (4.20)
v
+ (HH)2/ |curl A — By|? dz .
Q

Since (¢, A) is a solution of (1.3), an integration by parts yields (cf. [16, Eq. (6.2)]),

a(rvA) = [ 7 (—1 ; 1f2> ltds+ [ VSRR A, (421)
o (140)0) 2 Vao (140)0)

Ve

Since f =11in Vg, (€) and =1+ 3 f? < —1 in V(1 + 0)¢), we may write

1 1
/ I (—1 n f2> ittdrs—y [ juitde.
Vig (140)0) 2 2 Jviy 0

0

We estimate the integral in (4.21) involving |V f| using (4.18) and ‘supp f‘ < Col?, where
lsupp f} denotes the area of the support of f. In this way, we infer from (4.21),

2
Ei(fy,A) < —’i/ ]1/1]4 dr +Co~ L. (4.22)
2 IV (0)
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Now we write a lower bound for this energy. We may find a real-valued function
w € C%%(Vy, ((14 o)) such that

) 2
&(f1,A) /V ctroyy (A= CONT =i Bofan) M) (e f) =21 fyP+ 0l da
- C 2 62775_’_ 2£2+20¢76 27
ey [

where v € (0,1) is a constant whose choice will be specified later and § > 0.

The details of these computations are given in (2.13) and (2.14).

From now on we choose § = «/, use the lower bound in Lemma 4.4 and the assumption that
H = bk to write

Ei(fy,A) > 2(1 = CL)k(1 + o)l Eguri (b Bo(x0)|)

1
b| Bo (o)

— CRU(L + K3+ kl2) — CR? (ea 4oy H2€2+a> / o]

Vi (140)€)

Using the bound || f¢]|e < 1, we get further

Ei(fy,A) >2(1 —CUl)k(140)l Esurf(b|Bo(xo)|)

1
b|Bo (o)
— Cre (z T I /{3€3+O‘) . (4.23)
To optimize the remainder, we choose v = «. Our assumption
(=rk"" with (1+a)'<3B+a)t<p<i

yields that the function
(K, £) = 0% + £+ K0T 4 33T

tends, with £ = k77, to 0 as kK = 400.
Now, coming back to (4.22), we find

2
Egut (b Bo(0)]) — C kL E(k, ) < _ W[t dz + Cot .

2(1+ o)l | ————
W20 31 Bo o)) 2 Jo o

We rearrange the terms in this inequality, divide by x?¢, and choose o = #3(P=D | In this way,
we get the upper bound in Theorem 4.7 with, for some constant C' > 0,

r(k) =C (E(H, K P) 4+ /ﬁ%(”_l)> .

O

4.5. Sharp Lower bound on the L*-norm.

In this subsection, we will prove the asymptotic optimality of the upper bound established in
Theorem 4.7 by giving a lower bound with the same asymptotics.

We remind the reader of the definition of the domain V,,(¢) in (4.12) and the local energy
& (¥, A; V) introduced in (4.20).
Theorem 4.8. Let 1 < € < @al -1, Hia <p<landl—p<d <1 be constants. Under
the assumptions of Theorem 4.7, there exist kg > 0, a function T : [ko, +00) — R4 such that
limy 400 £(k) = 0 and, for all kK > kKo, for all minimizer (Y, A)xm of the functional in (1.1)
with H = bk, and all xg € 0N) satisfying

1+ € < b|Bo(xo)| < 65",
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the two inequalities

1 : _

dx > —2 : bB t(k),
5 ), VN e = =20 ,/MBO Bt (b1Bo(w0)|) = 5" i(r)
51(T/J,A Vzo( “ b‘BQ surf b‘BO .%'0)‘)

hold, with { = k™~ P and o =Kk

< KE(R),

Remark 4.9. Let cg > ¢; > 0 be fixed constants. The conclusion in Theorem 4.8 remains true if
¢ satisfies
kP <t<cor™".

Proof of Theorem 4.8. In the sequel, o € (0,1) will be selected as a negative power of kK, o = k0

for a suitable constant 6 € (0,1). As the proof of Theorem 4.7, we can assume that By(zg) > 0.
The proof of the lower bound in Theorem 4.8 will be done in four steps.

Step 1: Construction of a trial function.
The construction of the trial function here is reminiscent of that by Sandier-Serfaty in the
study of bulk superconductivity (cf. [40]). Define the function
t(x)

w() = Ly, (14010 (@)X (€> exp (inHw(z)) vp o @ (@) + mil@)(z) (w€Q).  (4.24)

Here Vg, (-) is introduced in (4.12), t(x) = dist(z,09Q), P4, is the coordinate transformation
defined in (4.6),

vRr(s,t) = exp (iHngO (S,t))uR(S\/Bo(ZL‘())/@H,t\/Bo(l‘o)/iH) , (4.25)

R= (14 0)l\/Boy(zo)cH , (4.26)

and (cf. (4.1))

upg(+) is a minimizer of the reduced functional &g (2,),r(") -

The function g, (s,t) satisfies the following identity in (—2¢,2¢) x (0,£) (cf. Lemma 4.3),

- 12

Ao(s,t) — Vg (5,8) = (— t+ Sh(s), o)
The function x € C*°([0, 00)) satisfies

x=1in[0,1/2], x=0in[l,00), and 0 < x <1.
The function 7, is a smooth function satisfying
ne(x) =0in Vo (L +0)0), me(x) =11in Q\ Voo (1 +20)¢), 0<mn(z)<1in Q,
and
[Vie()| < Co™ '™ in Q,

for some constant C' > 0.

Finally, the function w is the sum of two real-valued C*®-functions wy and ws in Vg, ((1+0)f)
and satisfying the following estimates

C
|A(z)—F(x)—Vw(z)| < ;KO‘ and |F(2)—Bo(xo)Ao(z)—Vws(z)] < COTY in V,, ((14+0)0).
(4.27)
By Proposition 2.4, we simply define w;(z) = (z — z¢) - (A(zo) — F(xo)). The fact that the
vector field Ag(z) is gauge equivalent to Ag(x — z¢) and Lemma 2.5 ensure the existence of ws.
We decompose the energy £(u, A) as follows

E(u, A) = E(u, A) + E(u, A), (4.28)
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where
E1(u,A) = & (u AV (1 + 0)5)) and  Ex(u, A) = & (u A0\ Vi (1 + a)e)) (4.29)

are introduced in (4.20).
Step 2: Estimating & (u, A).
Using the Cauchy-Schwarz inequality and the estimates in (4.27), we get

Si(u, A) < (1469 & (e—me u, Bo(xo)Ao) n C(;@QEQ*“ n /{4£4+a) .
For estimating the term &; (e‘i”Hw u, BO(xO)A()), we write

&1 <€—me u, BO(SUO)AO) = Go <€_iﬁHw U, hex Ag; Vg ([7)) ;

where ~
{=(1+40)l, hex=rHBy(xg) and Gy is introduced in (4.13).
We apply Lemma 4.4 and get
1
< o ~ 3p3+a 14+«
Si(u, A) < (1 +Ce®) 7b30(x0)5b30<x0>,3(xz ug) + C’/-@E(K; B 4 g ) :

where
- .
) =x [ ——) . b=H/k, and R = /hey ? ,
Xe(r) X(wm) [k, an ¢

in conformity with (4.26).

Note that supp(1 — X?) C [{VkH /2, 400) and supp X} C [(V/kH /2,0vkH]. Using the decay of
up established in Theorem 4.1, we get

N | In(¢VkH)|?
Eoto(eo). 1 (Xe UR) < Evpoao) () + O 7t

Since &,y (o), r(Ur) = d(bBo(wo), R) and R = (1 + 0)f+/Bo(zo)xH, Theorem 4.1 yields

1
A) <2kl | —— E, s (bB
81 (U, ) — K b|B(](330)| su f( 0(930))
In(¢v/kH)[?
+ C’M(ﬁa 43T 4 gt 4o (k) 4 W) . (4.30)

Step 3: Estimating & (u, A).
Let Vg, (E)E =0\ Vg, (0) and u = npyp. By the Cauchy-Schwarz inequality, we get, for any
¢e(0,1),

/V (E)U|(V - mHA)ngw|2 dx
zQ

<@tm) [V - mHAWP e (k) [ Onfufde
Vi (€) z(

< (1+/<_C)/ (V — ik HA)Y|? dx
Vi (£)C

(1) / VI dr (14 ) / VP2 de
{t(x)<al}NVz, )¢ {t(z)>cl}

<(1 +m<)/ . (V —ikHA)Y|? dz + C(1+ K°).
Vao (€)

Here we used the properties of the function 7, namely that 1, < 1, |[Vn| = O(c~1471) and
{t(z) < ol} N Vi (0)F] = O(26?) .
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For the integral over {t(x) > o/}, we use that b|By(zo)| > 1 + €, which in turn allows us to use
Theorem 1.3 and prove that the integral of |1|? is exponentially small as £ — +00.

Vao () N supp(1 — m)’ = O(of?) to write

—/<c2/ . |77gw|2da: = —I€2/ ) |1/1]2da; + 52/ i c(l — n%)\w\Q dx

Vi (€) Vi (€ Vzg

Now we use that

< —/@2/ [p|? dz + CrPol?.
Vi (£)©

This yields

2
Eauw ) < (1w [ (I imHAWE = R+ 0lY) do

Q\Va (0)
+ C(l + K¢ + /@2(%2) + /@2H2/Q |curl A — Bo|? dz .
Remembering the definition of £ (1, A) in (4.29), we obtain
Ea(u, A) < (1+ k) &, A) + C (1 + S+ ,.;20—52) . (4.31)

Step 4: Upper bound of the local Ginzburg-Landau energy.

Since (¢, A) is a minimizer of the functional £(-,-), (¢, A) < £(0,Ap) = 0 and
EW,A) < E(u,A) =& (u,A) + E(u, A).
Using that £(1, A) < 0, we get further
1+ £ )EW,A) < E(u,A) = & (u, A) + Ex(u, A).

By (4.29), we may write the simple identity E(¢, A) = E1(¢, A) + E2(¢, A). Using (4.31), we
get

(1+ £ ) E (Y, A) < E(u, A) + 0(1 + S+ /-:2062) .

Now, we use the estimate in (4.30) to write

1
A) <2kl | ———— Esut(bB
In(¢v/kH)[?
+ CH@(K_C O BB L g (k)TN R kol W) . (4.32)
Step 5: Lower bound of the L*-norm.
We select
_ -5 1— P
{=x"", o=&k and (:?,
with .
1 1-— 1.
1—i—a<3+a<p< and p<d<
In this way, we get that, the restriction ¥(x, k™7, k%) of
_ In(¢vVkH)|?
S(k, l,0) = kS LY+ K3CT L T p o4 (k)T T kol + IIn(evrH)[" , (4.33)
02K2
tends to 0 as Kk — 400.
Consequently, we infer from (4.32),
E1(, A) < 2K/ Egut (bBo(w0)) + C klE(k, 577, K0, (4.34)

b|Bo(zo)|
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Now, let f be the smooth function satisfying (4.18). Again, using the properties of f and a
straightforward computation as in Step 3, we have

Ei(fh, A) < (14K E (Y, A) + C’(/@C + /<;20€2> ,

[ (g wtar= =5 |

0

(4.35)
oh|* d 4+ Col?.
0

Using the lower bound of & (fv; A) in (4.23), we get from (4.34) and (4.35),

E1(y,A) — 2kl _t Esut (bBo(x0))| < CrEE(k, 577, 57°).

b|Bo (o)

Remembering the definition of & (1, A) = & (¢, A; Va, ((1 4 0)f)), we get the statement con-
cerning the local energy in Theorem 4.8.
Now we return back to (4.21). Using (4.35), we write
2
K

(1+ £ & (0, A) + C(IQ_C + 52062) > 5

/ ||t dax — Col?k? .
2 Jvay (0

Rearranging the terms, then using (4.34) and (4.33), we arrive at the following upper bound

2

K _
— [(x)|*de > =2kl \ | ——=——— Fure (bBo(x0)) + C k£ 3(k, k77, k70).
2 Vao () b|Bo(zo)| ( )

Using the remark around (4.33), this finishes the proof of Theorem 4.8. O

5. THE SUPERCONDUCTIVITY REGION: PROOF OF THEOREM 1.7

In this section, we present the proof of Theorem 1.7 devoted to the distribution of the super-
conductivity in the region

{x €Q, b|Byo(x)| <1} for the applied magnetic field H = bk .

The proof follows by an analysis similar to the one in Section 4, so our presentation will be
shorter here.

Remark 5.1. As ¢ — 04, the area of W(zo,{) as introduced in (1.18) is
Wiz, 0)| = 402 if 29 € Q,
and
Wz, )| = 402 + o(£?) if zo € 09Q.

2

The proof of Theorem 1.7 is presented in five steps. In the sequel, p € (m,

are fixed,

1)and e >¢1 >0
ok P <l<ck? and o= KT (5.1)
We will refer to the condition on £ by writing ¢ ~ k™"

Step 1. Useful estimates.
Let f be a smooth function such that

f=1 inW(zp,¢), 0<f<1land|Vf| < % in W(zo, (1 +0)f) . (5.2)

As in the proof of (4.22), we have

2
&1(Fo, AW, (1 +0)0)) < -2 /W(xo’z) () do + Co!. (5.3)
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Here & is introduced in (4.20). Furthermore, we have the following two estimates (cf. (4.35)):

E1 (0. A W0, (140)0)) < (14 rVE (0, A W(o, (1+0)0))
+ Cr%? (0_1/14(/%)_2 +0), (5.4)

and (cf. (4.21))

) 2 of 1, 1p 4
SRR Ey AL C Ra 1 IS

2 (5.5)
> / (@) |* de + Col2s?,
2 JW(zo.0)
where ¢ € (0,1) is a constant to be chosen later.
Step 2. The case By(xp) =0.
The upper bound for the integral of [¢)|* in Theorem 1.7 is trivial since || < 1 and g(0) = —3 .

We have the obvious inequalities
2 2
& (fo A Wian, (14 0)0) = [ (=il + Srol) doz =5 | de.
W(zo,(1+0)L) 2 2 JW(zo,(14+0)0)
Inserting this into (5.4) and selecting ¢ = 1_Tp , we get
&1 <¢, A;W(xo, (1 + J)E)) > —Cr*? (U_lﬁc(ﬁf)_2 +0) = o(k*?),

sincea:n%l,[z/ﬁ;_p andﬂ%<p<1.
Now we prove an upper bound for & (fw, A;W(xo, (1 + J)é)). Let ny be a smooth function
satisfying
776(53) =0in W($07 (1 + O-)E) ) 772(517) =1inQ \ W(mOa (1 + 20_)6) , 0< W(fﬁ) <1lin {2, (56)
and
IVne(z)| < Co™ ! inQ, (5.7)

for some constant C > 0. We define the function

u(z) = exp (ikHw(z)) f(z) + ne(z)y(z),

where the function w is the sum of two functions w; and ws such that the two inequalities in
(4.27) are satisfied in W(xo, (1 4 0)¢)).
We have the obvious decomposition

E(u, A) = & (exp (ikHw(@)) f(2), A;W(zo, (140)0) ) +E (melw)i(x), A; 2\ W(ao, (140)0))

where & and & are introduced in (4.20).
We estimate & <m(a:)w(:z:), A Q\ W (o, (1+ a)ﬁ)) as we did in the proof of Theorem 4.8 (cf.
Step 3 and (4.31)). In this way we get

&2 (me(w)i(@), A\ Wiao, (1+0)0)) < (L+ 5~ (v(@), As 2\ Wiao, (1+0)0))
+ C(o7 kS + 0r20%) . (5.8)
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For the term &; (exp (ikHw(x)) f(x), A;W(zo, (1 + J)E)), we argue as in the proof of Theo-
rem 4.8 (Step 2) and write

& (exp (ixHw () f(z), As Wz, (1 + a)z))

< (14008 (£(), Bo(wo) Ao Wiao, (1+0)0) ) + C(r2*H 4 wlet+e),

Note that
& (f (@), Bo(wo) Ao: Wlao, (1 +0)0)) = & (f(@), 0:W(ao, (1 +0)0))
2
Co! 2 2( JL
<Co " +k /W(a:o,(1+o)£)f ( 1+ 2>da:

2
<Co ' - %|W(m0, (14 0)0)| + Cor?e2.

Therefore, we get the estimate

2
& (exp (ixHw(x)) f (), A; W(ao, (1 + a)e)) <—(1+ za)%\W(g;o, (1+0)0)]
+ CRAC (™ + K2 + oY (k)2 + o),
and consequently

E(u,A) < —'i\W(xo, (1+0)0)|+ (14 £9)&E (w(x), A Q\ W(xo, (1+ a)£)>

+ CR2C (0™ + K20 4 o7 S (k)2 + o).

Using that £(¢, A) < min (O,S(w, A)), we get

2
(1+ K7€ (¥, AW ao, (1+0)0)) £ = Wi(ao, (1+ 0)0)|
+ CR2C (0™ + K20 4 o7 WS (k)2 +0). (5.9)

We insert this into (5.4), then we substitute the resulting inequality into (5.5). In this way we
get

1
/ ([ do > 5 W(zo, (1 +0)0)] = Clo + o RS (RO TR 4 RECT 0 + 1C).
W(zo,€)

The assumption on o and ¢ in (5.1) and the choice ¢ = PT’) yield that the term on the right
hand side above is o(1), hence we get the lower bound for the integral of ||* in Theorem 1.7.
Now, the estimate of the energy follows by collecting the estimates in (5.9) and (5.5).

Step 3. The case |By(xp)| > 0: Upper bound.
We use (2.13) and (2.14) with v = § = a. We obtain, for some C%® real-valued function w,

E1 (0 A W0, (1+0)0)) = (1= )& (7™ iy, Agi Wiao, (1 + o)1) )
— CRA2P (0 + K22 . (5.10)
If xg € Q, we get by re-scaling and (2.6) that

& (eii”wai/J, Aog; W(zo, (1 + 0)€)> > 41@2(1 + U)2€2g(b\Bg(xo)\) )
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If g € 092, then we may write a lower bound for &; (fw, Ao; W(zo, (14 0)5)) by converting to
boundary coordinates as in Lemma 4.4 and get

&1 (71 £y, AW (a0, (1+0)0))
(1-c0

~ blBo(x0)]
> 4k2%(1 + 0)20%g(b| By(xo)|) — CK2¢? (¢+ K203+ (ﬁf)_l) .

<b|B0(:c0)|, 2(1+ o)l |Bo(:z:0)|mH> — CR22 (0 + 1203)

Thus, we infer from (5.10), for zg € Q,
& (f16, AW (a0, (1+ 0)0)) = 463(1 + 0)22g (b Bo(ao)|) — CH (£ + K2+ + (k) ™).

Inserting this into (5.3), we get

1

2/ ()| dz < 4(1 + 0)*02g(b|Bo(xo)|) + CL* (0¥ + 20T + (k€)' + (0) 207 ") .
W(zo,£)

Our choice of o and £ in (5.1) guarantees that the term on the right side above is o(¢?). Using

Remark 5.1, we get the upper bound in Theorem 1.7.

Remark 5.2. The proof in step 3 is still valid if |Bg(z)| > £~27, 0 < v < 1 — p and the following
condition holds:
If g € Q then Qu.-o(zo) C Q.

Step 4. The case |By(zo)| > 0 and zp € 092: Lower bound.

For the sake of simplicity, we treat the case By(zg) > 0. The case By(xp) < 0 can be treated
similarly by taking complex conjugation.

We define the function

w(@) = Lyy(ag (1400 (@) exp (iKHw(z))wg 0 5} () + ne(z)y(z)
where the function 7, satisfies (5.6) and (5.7). Similarly as in (4.24), the function w is the sum

of two functions wy and ws, defined in W(zo, (1 4+ 0)¢)) and satisfying the two inequalities in
(4.27). Finally

—ikHst

) uR(S\/B()<I‘0)I<JH, t\/Bo({L‘())K,H) s

and g, is the function satisfying (4.25) in W(zo, ¢) (by Lemma 4.3). The function ur € H}(QRr)
is a minimizer of the energy e (bBy(zo), R) for R = 2(1 + 0)+/Bo(wo)xH (cf. (2.3)). We can
estimate &(u, A) similarly as we did in the proof of Theorem 4.8 and get

wr(s,t) = exp (ikH g, (s,t)) exp (

E(u,A) < 4(1+0)*?k%g(bBo(z0)) + (1 + £~ )E (¥, A)
+ Cr%0? (e + K22 4o 4 0_1/14(/@'5)_2) ,
where ¢ € (0,1) will be chosen later and

2
&2, A) = (1V = inH A = k22 + |yl ) de

/Q\W(xo,(1+a)ﬁ)
+ /€2H2/Q |curl A — Bo|? dz .
Now we use that £(1, A) < min(0,E(u, A)) to write
(14 57)& (6, A W(ao, (1+0)0)) < 4(1+ 0)*k2g (bBo (x0))
+ OR2C (0 + KT + o+ o 'sC(k0)72) . (5.11)
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Now we use (5.4) and (5.5) to obtain

2
— H/ (@) [*do + Col?k* < 41 + v °) (1 + 0)20?k%g(bBy(x0))
2 W(zo,£)
+ CR*C (0 + KT + o + o (k) 7Y)

We select ¢ = %. Remembering that o = k"7 and £~ kP (cf. (5.1)), we get the lower bound

for the integral of |1|* as in Theorem 1.7.
For the estimate of the local energy &1 (v, A; W(xo, (1 + 0)f)), we collect the inequalities in
(5.11), (5.4), (5.5) and the lower and upper bounds for the integral of |t)|*.

Remark 5.3. Remark 5.2 holds for Step 4 as well.

Step 5. The case |By(z)| > 0 and zp € Q: Lower bound.
In this case Wy, (1 + 0)) = Qa(140)¢(70). We define the following trial state

w(x) = Ly (g, (140)0) () exp (ikHw(z) ) wr(z) + no(z)v(x) |

where the functions w and 7, are as in Step 4,

ZLR(\/BQ(:L'())K,H (33 — 1:0)) if B()(J,’o) >0,
uR(\/BQ(.%'())KJH (l’ — xo)) if B()(xo) <0,

and ug € H}(Qg) is a minimizer of the energy e” (bBo(xo), R) for R =2(140)+/Bo(zo)kH (cf.
(2.3)).

We argue as in Step 4 and obtain the lower bound for the integral of |)|* in Theorem 1.7. The
details are omitted.

wg(s,t) =
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