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Modal Analysis of Liquid-Structure Interaction

Roger Ohayon and Jean-Sébastien Schotté

Abstract The computation of the linear vibrations of structuresipéytfilled with
liquids is of prime importance in various industries suctaesospace, naval, civil
and nuclear engineering. It is proposed here to presentaufation for the modal
analysis of incompressible liquids in elastic tanks takirig account sloshing, pres-
surization and elastogravity effects obtained throughdapted procedure of lin-
earization. A corresponding Finite Element formulatiothisn presented.

1 Introduction

The case of structures partially filled with liquids (prdgets, cooling liquids, lig-
uid natural gas, etc.) is very common and many industrialalomare interested
in this issue especially in the transport and aerospacesirids (for instance lig-
uid propelled launchers and satellites). Computationaéets of fluid-structure in-
teraction and sloshing (with or without surface tensioreef) may be found in
[1, 4,5, 6, 7,9, 13, 14, 15, 21]. We are here interested in itheait vibrational
response of elastic structures partially filled with a ldjuAs we are primarily con-
cerned with the low frequency domain, the liquid may be cder®d as inviscid. As
a result, the liquid small motions are irrotational. Thisistraint can be taken into
account through various procedures [2, 8]. Using a scalserig#ion for the fluid,
alternative symmetric variational formulations have béerived [10, 13].

In the present work, through a specific derivation of thedineed equations of
the coupled system, particular phenomena, such as tardeufjas pressure and
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elastogravity stiffness effects, are analyzed [17, 18, Rid$tly, the nonlinear equa-
tions are posed, followed by an adapted linearization ghoe Secondly a finite
element discretization, leading to a symmetric matrixeaystis presented through
an appropriate variational formulation.

2 Local equations in the deformed configuration

We suppose that the referential is a Galilean frame. Thamaohanical coupling is
not considered here, therefore all mechanical parameitérs aystem are supposed
given at a nominal temperature and are considered constangdhe observation
time. The dynamic state of this coupled problem is charadrby the structure
displacement fieldJS(x,t), the fluid velocity fieldv™ (x,t), the fluid pressure field
P(x,t) and the tank ullage gas press#®x,t), which are the unknown fields of
the problem. The description of the system is given by Fidedch domain will be
designated with a’ when it refers to its time-dependenttpmsi

Fig. 1 Structure partially
filled with liquid

2.1 Local equations of the fluid

We consider an inviscid heavy fluid with a free surfacaside a deformable struc-
ture. The tank ullage is filled by an inert pressurized gasplnase or chemical
transformations are taken into account). The local eqoatie written on the de-
formed configuration, denoted by .
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F v F ; /
F:_[L(Per g in Qf (1a)
F
dg’t FpFONVF =0 in Q! (1b)
P=P° onr’ (1c)
vianL +vin;=0 onz (1d)

Equation (1a) is the balance momentum equation of the idviszavy fluid and
equation (1b) expresses the mass conservation of the floidigoity equation).
Equation (1c) is the equilibrium equation of the fluid freeface when capillarity
forces are neglected. Equation (1d) yields the sliding @@ don the structure wall
for an inviscid fluid. In addition to this set of differentiafjuations, Cauchy’s initial
conditions have to be added.

2.2 Local equations of the structure

The structure is supposed elastit enotes the tensor of elastic coefficients) and
submitted to external surface forces, including the exieaind internal pressures.

Div, 0 + p°g=p°a in Q4 (2a)
O=HE¢ in QL (2b)
1 .
€ =3 (D(U9) + (%) in Q4 (2c)
O n =t p™n, on %} (2d)
O ng= —P°nj onzx, (2e)
o ng=—Png ons/ (2f)

Equation (2a) is the local balance of momentum (in a fixed &afreference)
wherea s the structure acceleration. Equations (2b) and (2cjiyied classical defi-
nition of the Cauchy’s stress tens@rand strain tensog, and their relation through
Hooke’s law. In equation (2dR®Xis the external pressure (the atmospheric pres-
sure for instance) an® are additional local surface loads (thrust or aerodynamic
forces for instance).

2.3 Local equations in the tank ullage gas

The tank ullage being supposed to be pressurized by a gaspiesjas behavior
model will be used to represent its effect on the dynamickefluid-structure sys-
tem. As the acoustic phenomena in the gas enclosed in thellagle are generally
decoupled from the low frequency fluid-structure vibrasiarhich are the frequency
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range of interest of the present paper, the acoustic fieltigas will be indeed rep-
resented by an uniform vall®(t) in Qg and the isentropic law of transformation
of a perfect gas will be used [12, 18] :

PelQgY = F5|Qq|"  in Qg (3)

wherey is the heat capacity ratio of the gas.

3 Reference equilibrium configuration for the coupled systm

The geometry of the reference state will be described byahaivieX. In the refer-
ence configuration, the structure and fluid are supposedafTige local equations
defining this reference state are then :

\/g =0 in Q (4a)
WPo=p59 in O (4b)

Po=F§ onlr (4c)

\/8 =0 in Qg (4d)

Divy 0o+ p39=0 in Qs (4e)
O =H & (ug) in Qg (4f)

£x(u3) = 5 (Dx(ud) + Dy (u§)) nQ. (g

Oons = t&— P™ng onzXg (4h)

Oons= —P§nsg on Xy (40)
Oons= —Pons onZz; (4))

wheret§ is the stationary part of the external loads. The exterredgureP®! is
supposed to be a constant field. To solve this problem, ameanliterative proce-
dure is generally needed since these equations are writtelomains whose posi-
tion depends on the unknowfis;, ug) [16].

4 Linearized local equations

The solution of the static problem (4) is supposed known a@are interested here
in the small amplitude response of the coupled system arthisdtatic reference
state (described by the variabtg. Using the procedure developed in [20], a first
order Taylor expansion of the nonlinear dynamic equatiriz 8) around the equi-
librium position yield the expression of the linearized atjons. In the following,
o[h](u) will denote the Fréchet derivative of a functibrwith respect to the dis-
placementJ, at the static positiokd = 0 and in directioru.
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4.1 Linearization of the fluid equations

To linearize equation (1a), we first need to differentiateghadient terni P which
is a spatial derivative with respect to the coordinatex the deformed fluid do-
main, depending, by definition, on the displacemégmincex = X 4+ U. Using the
following relation :

SITPI(u") = Tk S[P)(UF) — O (G Ro-) (5)
and the value of} Py given by (4b), we finally obtain:
S[CkPJ(u”) = D py (u”) — Ok (g g-U7) (6)

wherep,(u”) = d[P](uf) is the Lagrangian pressure fluctuation in the liquid, i.e.
the variation of the pressure observed when following a fhadicle.

Using the classical linearization of the acceleration tétime convection term
disappears) and the fact that the Lagrangian density fltictud[p"](u") in an
incompressible liquid is null, the linearized version ofi&ts equation (1a) can be

written:
2, F

9
péd—tuz = O (P5 9" — P (UF)) (7)

Using the classical expression of the Lagrangian derigatlve mass conserva-

tion equation (1b) can be written

d F

0—F1+VF.EL(pF+pFEL(.VF:O ®8)
The linearization of this equation can be achieved with Hraesapproach as previ-
ously. Considering that the liquid is at rest in its equilifn position ¢ = 0), that
it is supposed incompressiblg[pF](uF) = 0) and that its density in the reference
state is homogeneousyp§ = 0), then the linearized form of the mass conservation
equation (8) can be written

2 (of yeur) =0 (©)

The same approach applied to equation (1d) yields the foliglinearized equa-
tion:

% (uF.nF + uS.nS) =0 (10)

We deduce therefore that the continuity of the normal dispigent is satisfied at
any timet as soon as it is satisfied by the initial conditions. The lirzeal equations
of the fluid around the reference state are finaiyg R™*):
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2uF .
Po 7 =k (P5guF —py(u)) in O (11a)
.U =0 in Q: (11b)
py = p°¢ onl (11c)
u".ne+uSng=0 onz; (11d)

wherep® = 5[P®](uF,u®) is the pressure fluctuation in the gas when the fluid and
structure are deformed. To these equations, we add inidiatly conditions. Equa-
tion (9) has been simplified by supposing that the initialditan satisfies this mass
conservation equation.

4.2 Linearization of the structural equation

The local equations of the structure (2) are now lineariz#dgithe same approach.
However, to simplify the derivation of the equations, beftre differentiation, we
use a Lagrangian transformation to write those equatiotiseimeference configu-
ration, as follows:

d?us
Divy (FS) = p5 —57 — P59 in Qs (12a)
S(US) = HE (u§ + US) (12b)
FSns = t™det(F)||'Fng|| — P*'detF)'F1ng on % (12c)
FSns= —P®detF)'F!ng on X, (12d)
FSns= —PdetF)'Fng onz; (12e)

In these equation& is the (nonlinear) Green-Lagrange strain tensor @&risl the
transformation gradient tensor, definedy= Dy (x). The linearization of (12a) is
classical and gives

2,,S
Divy (D (1) + HEQ()) = p % (13)
where
0o =HE(u$) (14)
€o(u®) = S[EJ(U®) (15)

For the differentiation of equation (12e), the followingrtehas to be computed:
S[PdetF)'F Y (u®) = 5[P](u®) | + Py &[detF) 'F1](u®) (16)

In the first term of this expression, we recognize a Lagrangizctuation of the
pressure on the fluid-structure interface which is denoyepfp(u®). Let us remark
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that this term is defined as a pressure fluctuation relatedttoietural point and then
is different from the Lagrangian pressure fluctuatpp(u®) defined previously in
equation (6) for a fluid particle. This difficulty is a consegqee of the sliding of the
inviscid liquid on the structure wall.

To explicit the second term of (16), we use the following egsions:

o[detF)](u) = Tr[Dyu]l a7
S['FY(u) = —'Dyu (18)
Then, we obtain

(%) = (C.u%) | — D (u) (19)

d .
s (detF)'F ) O

Using this relation in (16) yields the linearized expreasi6 (12¢):
(DX(uS)O‘o+H So(us)) ns = —p%(U%) ns— Py T(Uu®) (20)
where the vector is defined as

T(u®) = (Ok.u%)ns— "Dy (U°) s (21)

The comparison of this expression with the following ona tlre would have ob-
tained by a direct differentiation of the right-hand ternequation (2f):

O[—Pn5dZ’](u®) = —p%(u®)nsdZ — Py S[n5dZ’] (u®) (22)
shows thatr can be interpreted as the linearization of the normal vectation:
T(u%) dZ = 3[nLd’)(u®) (23)
The same treatment can be applied to equation (12d). Howmreequation
(12c), we have to deal with the external force tafff. The differentiation of this
term yields:
5|2 detF)|'F~n| ] (u) = B[t (u) + 155 | detF) |'FIndll | (1) (24)
A direct computation of the second term can be avoided if weeraber that
6[del(F)||tF*1n5||} (US) dS = 5[dS](u) (25)
where and 8 are respectively the elementary surfaces on the referenttha

actual geometries. Since, from (23), we hape®)dS= d[n'dS](u®) = d[n'](uS)dS+
n 4[dS](u®) andn.d[n’](uS) = 0, we can deduce from (21) that

1) del(F)HtF*lnSH} (uS) = ns.T(u®) = 0;.uS — Ns.Dy (US)Ng (26)
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Finally, the linearized expression of (12c) can be written
(Dx(U9)T0+ HEQ(U) Jns =t + T+ (N T(US) — PT(U)  (27)

where we have distinguished two terms in the variation okttiernal surface loads
5[t (uS): a dynamic time-depend paftand a displacement dependant péauf).
Let us verify that if the external surface lotf! is a pressure, i.¢®'= —Rng, then
equations (24) and (25) lead to coherent expressions o&&¥}20):

St dX +t§'ns.1d> = [—Rny dZ — Ponsd[dX’]
= —9d[R]nsdZ — Pg d[ngdX’] (28)
By using (23), we denote then that expressions (20) and (2@quivalent.

The linearized equations of the structure establishedignsibction are summa-
rized hereafter:

ZUS

Divys(u®) = p§ =5 2 in Qs (29a)
S(US) =Dy (u ) Oop+HE&Ep(u S) in Qg (29b)
sns = t9+T(uS) + t&%s.T(uS) — P (US) on X (29¢c)
sng= —p°(us,u”) ng—PS T(U®) on Xy (29d)
sng= —p%(U°)ns— Py T(u®) ons; (29¢)
To these equations, Cauchy conditions have to be added.
4.3 Linearization of the gas equations
The differentiation of the gas equation (3) yields
SIPY](u°,u") | QoY + Sy 1Qs]Y 2 5[ 24 ] (u%,u") = 0 (30)
Since the gas volumig/;| is defined by
Q’:/ dQ’:/ detF) dQ 31
Q] = [, d@'= | detF) (1)
Using the relation (17) and Stokes theorem, we obtain
5104 we / O.udQ — 7/ uS.nSde/ Fnedr (32)
2y r

Finally the linearized equation of the gas can be written



Modal Analysis of Liquid-Structure Interaction 9

G
p®(us,uf) = oy </ us.nst+/ ut.ne dl') in Qg (33)
|-QG| 2y r
Equations (11), (29) and (33) form the coupled problem wetwarsolve. In
these equations, all the spatial derivatives are carrieédithn respect to the coordi-
nate vectoX and then, for sake of convenience, this subscipill be omitted in
the following.

5 Resolution of the coupled fluid-structure problem

5.1 Variational formulation for a potential incompressilelfluid

Taking the curl of equation (11a) shows that the small matignof an incompress-
ible fluid are irrotational and then can be represented bygthdient of a displace-
ment potentialh defined by

OAuF=0 = u " =0¢ (34)

However, this relation does not ensure the uniquenegsiierefore, it is necessary
to specify an unicity condition o, generically written¢(¢) = 0, where/ is a
linear form such that(1) # 0. This unicity condition will be chosen explicitly in
the following.

This new variablep can be substituted 10" in the fluid equations, in particular
in (11a) which yields, after integration with respeci®o

2
by = 05000 - pESE +n (3)

wherertis an integration constant which represents a uniform press the fluid
whose value depends on the choice of the unicity conditigr). The expression
(35) of p, as a function otp allows to eliminatep ., from the equations. However,
before establishing the variational formulation, we cletmsintroduce a scalar vari-
ablen to describe the normal component of the fluid free surfagal@iement:

n=u".ne=0¢.nc onl (36)

Sincengs =i, on [, the local equations of the boundary problem (11) are now
written for an incompressible fluid in terms @, ), 7, p©) as follows:
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Ap=0 in Qr (37a)
ne.0¢ = us.ng on (37b)
n:.0¢ =n onl (37¢)

02
pPo9N =—ph ?‘f +m-p° onl” (37d)
G
c_ Fov uS.nsd< in Qg (37e)
|QG| 2iUZg
((9)=0 (371)
(379)

where equation (37e) has been obtained from (33) by comsglére following
relation given by the integration of property (11b) on thédfldomain:

o= [ une dZ+/ UF e dr (38)
X r
The equation (37€) shows that, due to the incompressibilitlye fluid, p® is now a
function depending only of the tank wall deformation
From the local equations (37a),(37b) and (37c), we can whédollowing vari-
ational formulation for the liquid, Wher@é, is the admissible space of solutiops
defined by

Cy = {6 € #1(Qr) /() =0} (39)
fort e R*, 3¢ € Cy such tha/ 5¢ € C,
F(9,09) —A(n,0¢) =€ (5¢,u°) (40)
with 7 (¢,8¢) = pE /QF 0¢.05¢ dQ (41)
#(n.59) = o5 [ napar (42)
(50,u°) = pf /Z uene5pds (43)

In this expression# is the symmetric positive semi-definite bilinear form asso-
ciated with the fluid kinetic energy arid is the classical fluid-structure coupling
operator.

We also consider the following relation equivalent to (38hjch expresses the
incompressibility of the fluid:

~%(n,1) = €(1,u°) (44)

The variational formulation corresponding to the local&ipn (37d) is written
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fort e R",3n € C, suchthat'dn € €, (45)

9? m p®
Sy(n,on)+ % 5n,ﬁ ——=%#0n,1)+-—+%(dn,1) =0
Po Po

with #4(n,dn) = pg 9 / néndr (46)
JIr

whereC), is the admissible space fay, defined as?;, = {n € £3(I")} and.%,
is the symmetric positive definite bilinear form associaréth the fluid gravity
potential energy.

A final equation is obtained from the expression (37e)%f

(€]
X B~ 20,1 = GLw) (a7)

Po
with %y(36,U%) = P /Z USns 39 dS (48)

g
F2
e _ P51

andx® = 7ng (49)

5.2 Variational formulation for the structure

From the local equations of the structure given in (29), aati@nal formulation
for the structure can be written, wheltg = {uS € %1(03)3} denotes the space of
the kinematically admissible solutions. In the followitige fluid pressur&, in the
reference configuration will be replaced by its expressibtaioed from (4b) and
(4c):

Po(X) = Pg +p6 9-X (50)

whereQ is a point of the liquid free surface.
Then the variational principle for the structure is written

Jus € Gy such that/ du € Gy,
p

G
P Gy(Lu)
pg 9( )

02us
(%+%+%+%)(us,5U)+///( e ,6U) +

+/z- P (US)Ns.8u + (p§ g.X)T(u%).0ud> = F¥%(éu) (51)
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with g (US, ou) = /Q H £0(u®) : D(8u) dQ (52)
Ao (U8, 8u) = /Q D,(U%) O : D,(8u) dQ (53)
Ao (U5, 8u) — / Perr(u)ouds+ [ PST(US).6uds  (54)

JZ¢ J 29Uz
(S, 8u) = — i t(uS).0u+ns.T(uS)teouds (55)
(U, 8u) = /Q pSUS.3udQ (56)
feou) = [ td.ouds (57)

J25

where 7t is the elastic stiffness operator of the structure deforiméd static con-
figuration. If these initial deformations; are small,€o tends to€ and. %% is then
the standard symmetric positive stiffness operatér.is the classical symmetric
positive definite operator associated to the mass of thetateiand#; is the sym-
metric operator, due to the initial prestradg in the structure, classically known as
the geometric stiffness#p is the stiffness operator arising from the follower force
effect of the initial pressures applied on the structuremdl and internal walls (the
external pressurB®! and the pressurizatioRf§). % is a similar term due to the
presence of a static external surface [g&twhich can be also a follower forcé®*

is a linear form representing the dynamic part of this load.

We need now an expression i, (u) as a function of the unknowns andu®.
This expression is obtained by considering a fluid partitkointact with a structural
point of the fluid interface in the reference configuratiohtifet, the pressure at
this structural point i2(U®) and the pressure of the same fluid particl®{&").
The difference can be written as follows:

P(U®) — P(UF) = O P.(US—UF) (58)

By differentiating this expression at the reference comfijan and in the direction
(uS,u”), we obtain:

p% (U%) — P& (UF) = OcRy.(US—uf) = p§ g.(uS—u") (59)

Since the expression @f, is given by (35), we can write the following expres-
sion:
S S F S F 024’
Py (U%) = po g.u “Pogz T (60)
By introducing this relation into the previously given \ational formulation of
the structure, we obtain:
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Jus € Gy such that/ du € Gy, (61)
G 2,s 2
s P _ o°u 970 su) — e
7 (u®;0u) + o0 6y(1,0u) o ‘5(1,6u)+//1< Fe ,6u) +‘€<dt2 ,ou | = (o)
with 77 (U, 8u) = (HE + Ao+ Jp + 4 + Hg) (uS, du) (62)
Aol d0) = [ (PFaunsdu+ (pEgX) (U Sudz  (63)
DX

where 7y is the stiffness operator related to the follower force @figf the fluid
hydrostatic pressure on the structure wall (it can be shbatithis operator is sym-
metric [18]).

5.3 Finite element discretization and matrix form

The classical Rayleigh-Ritz finite element method can bdieghpo discretize the
space part of the unknown fields. We consider here compatieies for the struc-
ture and the fluid. Sincé¢ belongs to@fi,, the conditioré(¢) = 0 have to be taken
into account in strong form. One way to do is to choé@) such that one compo-
nenti of ¢ is equal to 0{(¢) = ¢, = 0). Then, all the row and columns associated
to these zero values are removed from the matrix systemnili§y the notations,
vectors of non-discarded nodal values will be denoted bys#imee letter as the as-
sociated continuous variablé(x, w), ¢ (x,w) andn(x,w). In the same way, the
(non-discarded part of) matrix operators associated teg¢bquilinear forms will be
denoted by the same capital letter, and the linear and ragdiliforms by a lower
case letter, as for example

A(0n,¢) = n*Bo and #(0n,1) = dn*b (64)

The fluid equation (40) shows th@tcan be expressed as a functiomo@ndus.
After a finite element discretization of this equation, sifkcis invertible [13], we
obtain the following expression:

¢ =FCu*+F 'Bn (65)

After a Fourier transform and a finite element discretizatibequations (61), (45),
(44) and (47), we introduce this relation to eliminate th&nown ¢ and obtain the
following symmetric matrix system:

Kr 0 —c ¢ M +CF-1tC CF-'B 00 us fext
0 & -b b »| 'BFC 'BF1BO0O n | o
tctho o | ¢ 0 0 00 ek | T | o
‘g b 0 —x© 0 0 00 p°/ Pk 0
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6 Applications

In order to compute the vibrations of a pressurized elasticgire containing an
inviscid incompressible liquid with a free surface, one tmsolve equation (66)
in the frequency domain (and then obtain the time responsnbigverse Fourier
transform). To reduce the computing times, a modal syrsghmethod could be used
[20]. Itis based on the projection of the liquid equationaits sloshing eigenmodes
which are the eigensolutions of the liquid to equations (87)a rigid motionless
cavity (uS = 0). Equation (37e) shows that, if the structure is undefornpéd= 0.
Then, the sloshing modég,, Ty ) cog wyt) are solutions of:

(1% 0] -® %)) () - () e

If the matrix'BF 1B is denoted b -, we deduce that the sloshing eigenmodes
of the liquid are only described by their free surface nordigpplacementy , which
are the solutions of the eigenvalue probl&ym, = w2 Mr n, with 'tbn, =0,
whereSy is the gravity potential energy operatdt,- is the mass operator of the
liquid in a rigid motionless cavity, condensed on its fredfate, andt has the role
of a Lagrange multiplier associated to the incompresgjbdonditiontb n, = 0
(which represents the fluid volume invariance). SiSgandM  are symmetric, the
eigenmodeg) , are real, orthogonal and form a basis for the liquid freeasigide-
formations. Let us also remark thgg being non singular, there is no zero-frequency
sloshing modes.

Several examples of application of the linearized fluidistiure formulation pre-
sented here have been published during the past few yea goBsibility to predict
the coupling between the vibrations of the structure anéig@ sloshing using this
formulation has been illustrated on test cases and on some nealistic examples
[7, 19] and then validated by comparison with experimergautts [18]. An appli-
cation to the specific case of free structures containingdgjand a validation by
comparison with some benchmark results have been publistjéd]. The nonlin-
ear effect of the hydrostatic pressure on the hydroelagti@tions of a plate has
also been analyzed in [16].

7 Conclusions and perspectives

This paper presents a new way of deriving the linearizedatiarial formulation for
fluid-structure problems involving a deformable structarel an internal inviscid
liquid with a free surface. Damping phenomena in the fluid ahthe interfaces
(fluid-structure and free surface) are of prime importamzkare under analysis [11,
22]. From numerical point of view, isogeometric analysitdBuld be worthwhile
of investigation for tanks of complex geometry.
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