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THE DENSITY OF SUPERCONDUCTIVITY IN THE BULK REGIME

BERNARD HELFFER AND AYMAN KACHMAR

ABSTRACT. In the asymptotic limit of a large Ginzburg-Landau parameter, we give a new
asymptotic formula for the L2-norm of the Ginzburg-Landau order parameter. The formula is
valid in the bulk regime where the intensity of the applied magnetic field is of the same order
as the Ginzburg-Landau parameter and strictly below the second critical field. Our formula
complements the celebrated one of Sandier-Serfaty for the L*-norm.

1. INTRODUCTION AND MAIN RESULTS

The Ginzburg-Landau model. The Ginzburg-Landau functional is defined as the sum of two
functionals, the energy of the order parameter and the magnetic energy. It reads as follows,

EaL(V, A) = Eop (¥, A) + Emag(A) (1.1)

where
2
0. 8) = [ (17 int AV = 2ol + o) do,
Q 2 (1.2)
Emag(A) = RQHQ/ lcurl A — 112 dx .
Q

Here:

Q C R? is an open, bounded and simply connected set with a C* boundary; 2 is the
cross section of a cylindrical superconducting sample placed vertically.

(¥, A) € HY(Q;C) x H(£;R?) describes the state of superconductivity as follows: |12
measures the local density of the superconducting Cooper pairs and curl A measures the
induced magnetic field in the sample.

k > 0 is the Ginzburg-Landau parameter, a material characteristic of the sample.

e H > (0 measures the intensity of the applied magnetic field.

The applied magnetic field is kHe, where € = (0,0, 1).

We introduce the ground state energy of the functional in (1.1):
Egs(K, hex) = inf{EcL(¥, A) : (¢, A) € H(Q;C) x H'(Q;R?)}. (1.3)

For a given (k,H), a configuration (,A) € HYQ;C) x HY(Q;R?) satisfying
EaL(¥, A) = Egs(k, hex) is called a minimizer of the functional g1, and we will denote it by
(1, A)x g to emphasize its dependence on x and H. Such a minimizer is a solution of the
following Ginzburg-Landau equations (we use the notation V+ = (9,,, —0y,))

—(V —ikHA) Y = k(1 — |20 in Q,
—VicwlA = (kH) 'm(¢ (V —ikHA)Yp) in Q, (1.4)
v-(V—icHA)W =0 on 99, .
curlA = By on 0f).

Date: September 2, 2016.
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Gauge invariant quantities. The physically relevant quantities, density, induced magnetic
field, energy and supercurrent are invariant under the Gauge transformations. More precisely,
the following quantities

[0)?, curlA, |(V —ikHA)Y?, (1.5)
j(, A) = Re( — i) (V —ikHA)) , (1.6)

are invariant under the transformation (¢, A) ~ (eX, A — V) for every given x € H*({;R).
This gauge invariance insures that all the quantities in (1.5) and (1.6) are smooth functions (cf.
[23, Ch. 2]) when (¢, A) is a minimizer. The solution (¢, A) of (1.4) in the class such that
divA =0in Q and A - v =0 on 0f2 is indeed C*°.

Earlier results on the density. In this paper, we will study the asymptotics for the density
in the following regime
H =bk, (1.7)

where b € (0,1) is a fixed constant.

This corresponds to the situation of an external magnetic field with intensity strictly below
the second critical field H.,(k) := . The case where b > 1 in (1.7) is related to the phenomenon
of surface superconductivity which is extensively studied by many authors |4, 8, 10, 22].

When (1.7) holds, Sandier-Serfaty [25] proved the following formula for the ground state energy
in (1.3):

Egs (K, hex) = g(b)|Qk* 4+ o(k?) as k — 400, (1.8)
where ¢(b) is an implicitly defined quantity that depends only on b. Its precise definition will be
given in (2.4). In particular, it satisfies:

9(0) = —% , g(1) =0 and g(b) <0 for b e (0,1).

The convergence in (1.8) is uniform with respect to b on every interval [¢,1), € > 0. The
uniform convergence fails on the interval (0,1). More details regarding the uniformity with
respect to b are given by K. Attar in [5, 6].

Now suppose that (1.7) holds and that (¢, A), g is a minimizer of the functional in (1.1).
The magnetic energy satisfies [5]:

/-{2H2/ lcurl A — 112dz < C&7/4, (1.9)
Q

for k > kg, where kg and C are two constants that depend only on the domain €2 and the constant
bin (1.7). Hence its contribution in the ground state energy is relatively small as kK — 400
Again, if b € [e, 1) for some € > 0, the constants ko and C can be selected independently from
b, but they will depend on e. More details can be found in [5, 6], where it is allowed for e to
depend on k, € = €(k), and approach 0 as kK — +00.
Using the Ginzburg-Landau equation for v (see (1.4)), we get the following simple relation
between the energy and the L?-norm of the density:

/412
o 8) =5 [ (o)l da, (1.10)

where &, is the energy of the order parameter introduced in (1.2). Consequently, combining
the estimates in (1.8) and (1.9), we deduce the following formula regarding the L?-norm of the
density [25]:

/ﬂ ()|t dr = —2g(b)|Q +o(1) as k — +oo, (1.11)

where the function o(1) is dominated by a function s(k) such that s(k) is independent of the
choice of the minimizer (¢, A),. i and s(k) — 0 as K — +0o. When b € [¢, 1) for some € > 0, the
function s(x) can be selected independently from b. More details can be found in [5, 6], where
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the case € = €(k) tending to 0 is considered. In particular the comparison of €(x) with the first
critical field Hy, (k) ~ "% could play a role.
Furthermore, Sandler Serfaty obtained the following weak-convergence of |¢|* as kK — +o0 in
the sense of distributions [25]:
W[t = —2¢(b) in D'(Q). (1.12)

Open questions. Note that for b =0 in (1.7), i.e. H = 0, every minimizer (¢, A), g satisfies
|| = 1 and curl A = 1. This is consistent with (1.11) and (1.9). Indeed, as b — 04, we know
that g(b) — —1.

The regime b — 04 (which corresponds to H < k, see (1.7)) is thoroughly analyzed by
Sandier-Serfaty in |26, 24|. In particular, it is proved that, for any minimizer (¢, A), g, the
density |¢|? satisfies [1)|> — 1 in L?(Q) and it is close to 1 everywhere except in narrow regions
of area O(k~1). The region where |1|? is not close to 1 consists of small defects accommodating
isolated zeros of v, called vortices. These vortices are evenly distributed in the domain §2 along
a lattice, and the distance between two vortices is ~ H~!, much larger than x~!, the core size
of the vortex.

The detailed analysis of the distribution of vortices is missing when (1.7) holds for a fixed
constant b € (0,1), even for small values of b. This is a challenging problem mainly for the
following reason. For a minimizer (¢, A), g, it is expected that ) will have isolated zeros/vortices
filling up all the domain €2, but these zeros are separated by a distance O(H~!) = O(k71). At
the same time, the core-size of every vortex is equal to O(k~!). Consequently, detecting the
vortices in this regime becomes harder than when H < k (i.e. b — 04 in (1.7)).

This problem is related to the one of the Abrikosov state near the critical field H¢, := «, where
the transition to the normal state in the bulk occurs. This is visualized in the regime b — 1_
(1.7) and is analyzed in many papers, [3, 12, 18, 19]. The same difficulty is encountered when
trying to detect the vortices by the methods of Sandier-Serfaty, so that the analysis is shifted to
the distribution of the density |¢|? instead.

In this paper, we complement the results of Sandier-Serfaty by obtaining analogues of the
formulas in (1.11) and (1.12) for the density |1|? (instead of the square of the density, |1|?), in
the regime where (1.7) holds for a fixed constant b € (0, 1). Besides that such results are new and
do not follow from the analysis by Sandier-Serfaty [25], they might be helpful in the analysis of
the vortices. Related to these results is the asymptotics of the supercurrent j(1, A) when (1.7)
holds. Even in the particular regime H < k (i.e. b < 1in (1.7)), the analysis of the distribution
of the super-current is missing. Actually, Sandier-Serfaty [23, Ch. 8, Corol. 8.1] prove only that,

in the regime % < H < K, curlj — 0in D'(Q), as k — +o0.
Main results. To state our main results, we recall some properties of g. The function g is
increasing and concave (cf. [13, Thm. 2.1]). Consequently, g has at each point left- and right-
sided derivatives ¢'(b_) and ¢'(b4) with
g'(bs) < g'(b-).
Therefore, we can introduce the set
R={be(0,1) : ¢(b)=g(b:)} (1.13)

whose complement in the interval (0,1) is countable. Assuming that b € R and (1.7) holds, we
will prove that every minimizer (¢, A), g of the G-L functional in (1.1) satisfies (compare with

(L11))
/\w VP dx = ( '(b) —2¢g(b )>\Q]+0(1) as Kk — +00. (1.14)

The formula in (1.14) is consistent with the one given in [18, Eq. (1.6)] which is valid as b — 1_.
We have indeed (see below (2.7)),

g(b) ~ Eap(b—1)%,
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where Eap € [— ,O) is a universal constant.
More prec1sely, our main result is:

Theorem 1.1. Let b € (0,1). There exist kg > 0 and a function \ : Ry — Ry such that
lim A(k) = 0 and the following is true.

K— 00

If (Y, A)x g is a minimizer of the functional in (1.1) for H = bk and k > kKo, then

(1)

(0 =) < e [ (V= inE)A) d < /(b-) + A(w).
2)
9 (64) = 20(0) = A) < g [ [9@) do < 0-) = 29(0) + M) a5 oo
9l Jo

(3) If b € R, then as k — oo, the following convergence holds in the sense of distributions

[¥]* — ¢'(b) — 29(b) in D'(Q).

(4) The supercurrent satisfies

nﬁm /Q (W, AP dz < g'(b-) + (k)

and

g L 150 Alde < 0 () = 2000) + ).

Remark 1.2. [On the leading order term]
The coefficient of the leading term in (1.14) does not vanish. Actually, ¢’(b) > 0 since g is
increasing, and g(b) < 0 for b € (0,1).

Remark 1.3. [On the L?-norm of 1 — ||?]
Using (1.11) and Holder’s inequality, we get, for fixed b and as k — +o0,

1 N 1 )
'Q'/ﬂwwdwgm' 2(/9'””“’)'%) < (=29(b))% +0(1).

Combined with the lower bound in (1.14) we get (we use that ¢'(by) > 0)

1
~29(0) —o(1) < o [ 0@ < (<200 +0(1).
Now we find the following estimate for the L?-norm of 1 — [4|?,
with the principal term on the rlght hand side approaching 0 as b — 0, since
1
lim g(b) = —=.
b—1>0+ 9(b) 2

This is consistent with the behavior |¢/|> — 1 in L?(Q) obtained in [26].

Remark 1.4. [On the potential energy]
When b € R (see (1.13)), we get from Theorem 1.1 that the potential energy satisfies

@ [ (Sl + glol) de =2 (s(0) - /®) 1910 + o).
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2. PRELIMINARIES

2.1. The bulk energy. Here we give the definition of the reference bulk energy g¢(-). This
energy first appeared in [25] and was then extensively studied in [2, 13, 6, 7, 17].
Consider b € (0,+00), 7 >0 and Q, = (—r/2,7/2) x (—r/2,7/2). Define the functional,

1
Fy o, (u) = / (b (V —iAg)ul? — ul> + 2\u|4> de, foruec HY(Q,). (2.1)
Qr
Here, Ag is the magnetic potential,
1
Ap(x) = 5(—x2,x1), for x = (r1,12) € R%. (2.2)

Define the two ground state energies,

ep(b,r) =inf{Fyq (u) : ve H&(QT)},

. 1 (2-3)
en(b,r) =inf{Fy g, (u) : ve H(Qr)}.
The function g(-) may be defined as follows (cf. [13, 25, 6]),
b b
Vb0, gb)= lim L&), v (2.4)

r—-+o0o ‘Qr| B r—00 |Qr‘ ’

where |Q,| denotes the area of Q. (|Q,| = 7?). Furthermore, there exists a constant C' such that,
for all » > 1 and b € (0, 1),

ep(b,r)
90 =g,

Various properties satisfied by the function g(-) are established in [7, 13, 20, 25]. In particular,
the function g(+) is a non decreasing continuous and locally Lipschitz function such that

< g(b) + c\? and ep(b,R) — Crvb < ex(b,7) < ep(b,r). (2.5)

1
g(0) = —5 and g(b) =0 when b > 1, (2.6)

and

Tim (bg_(”f)Q = Bay € [-5.0). 2.7)

2.2. A priori estimates and Gauge tranformations. Here we collect useful estimates re-

garding the critical points of the Ginzburg-Landau functional (cf. [10, Prop. 10.3.1 and 11.4.4]).

Proposition 2.1. Let b € (0,1). There exist two constants C > 0 and kg > 0 such that, if
K > ko, H="0r% and (1, A), g is a critical point of (1.3), then:
[¥llo <1, (2.8)
[(V —icHA))| @) < Ck, 2
C

|| curl A — 1”01@) (2.10)

As a consequence of Proposition 2.1, we may pick a useful gauge transformation in every ball
with small radius:

Proposition 2.2. Let b € (0,1). There exist two constants C > 0 and kg > 0 such that, for any
wo € §, there exists a function pg € C1(Q) such that

Ve, ‘A(:p) — (Ag(z — m0) — Vgoo(a:))‘ < %max (Iﬂc — xg|, |z — xo\z) ;

where A is the vector field introduced in (2.2).



6 BERNARD HELFFER AND AYMAN KACHMAR

Proof. Let B = curl A. Choose a convex and open set U C R? such that Q C U. We may extend
the function B to a function Bey : U — R such that

supp(BeXt) cU and HVBEXtHLOO(U) <C HVBHLoo(Q) s (211)

where C is a constant that depends solely on 2 and U (i.e. it is independent of B).
Define the vector field in €2

G(z)=2 (/01 5Bext (s(x —xo) + mo) ds) Ap(x — x0) .

It is easy to check that
curlG = Beyt = B in Q).

Consequently, since {2 is simply connected, there exists a smooth function g such that,
A(z) = G(z) — Vigo(z) .

Using (2.10), (2.11) and the mean value theorem, we get further
c 2
|G (z) — Bo(xo)Ao(z — z0)| < E!x —xol*.
Again, using (2.10), we write |(Bo(zo) — 1)A0(a;—a:0)’ < Ok~ |z —mo|. This yields the inequality

C
|G(z) — Ag(x — zp)| < — max <\:U — x|, |x — x0|2) .
K
|

Remark 2.3. We will use the inequality in Proposition 2.2 for |z — zg| < £ and ¢ < 1, which in
turn reads as follows

’A(l‘) — (Ao(z — ) — VSOO(x))‘ < %5-

3. ON THE LOCAL ENERGY OF MINIMIZERS

For any open set D C €2, we define the following local energy
2
f.) = [ (1V - iwHa) P U7+ G 111Y) do. (5.)
D

For 29 € R? and £ > 0, Qu(x) = xo + (—£/2,£/2)? denotes the square of center zy and side-
length £.
We will need the following result, essentially proved in [5] modulo a few adjustments.

Proposition 3.1. Ifb € (0,1), there exist positive constants C', Ry, and kg > 0, such that for
k>ko, H=0br, Ror 1 << K,O_l, xo € Q, and if Qu(xg) C 2, then the following inequalities
hold

1 ikHpg z0. B
MQ@@fﬂeH¢%A“Q4%U—H%wﬂ§0@+m@1%ﬁ

and

— 44 b
Qe@0)] Joyon v (x)|" dz + 2g(b)

where Ag°(z) = Ag(z — x0), Ag is the vector field in (2.2), and g is the function constructed
in Proposition 2.2.

‘ ! <o(t+ k0™,
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Proof. In [5, Prop. 4.2 and 6.2], it is proved that
1

———& (v, A; Qu(z0) ) — K2g(b

‘ TRED] 0(1/1 Qi 0)) g(b)

The estimate of the remainder term in [5] was worse because the magnetic field was assumed non-
constant and a variant of the inequality in Proposition 2.2 was used (with a worse error as well).
However, in our case of a constant magnetic field, we insert the inequality in Proposition 2.2 into
the proof given in [5] and get the better remainder as in (3.2).

We write

€04, A Qe(ao) ) = €0 (4, A7 — Voo + (A — A + Vipo): Qe(a0) )
> (1-0) &1, AT = Veou; Qulo) )

—Elf<;2H2/Q( )\A—Ago —i—Vgoo]ZWJ]Qdm—EﬁQ/ |2 da .
£(Zo

Qe(z0)

< c(z + (m)*l)ﬁ . (3.2)

Using the gauge invariance, the bound |¢)| < 1 and the inequality in Proposition 2.2, we get the
following lower bound

€ (v, A Qulw0)) = (1= ) & (900, AT Qulao) ) — O
In a similar fashion, we prove the upper bound
€ (v A Qulwo)) < (1+0) & (e 905, AFo; Qulwo) ) + CrE

Inserting the foregoing lower and upper bounds into (3.2), we get the first inequality in Propo-
sition 3.1.

Now we prove the second inequality in Proposition 3.1. We multiply the first G-L equation in
(1.4) by ¢ and integrate by parts in the integral over Q(zg). We get

/<L2

— @) dr = & (0, As Qulro)) + / D (v (V — inHA)) do(z) .
Qe(o) 0Q¢(z0)

Using the bounds |¢| < 1 and |(V—ikHA)y| < Ck in Proposition 2.1, we get that the boundary

term is bounded by Ckl, where C is a constant.
Now, using (3.2), we get

/€2 B
-5 /QMO) W (2)|* dz — g(b)x2|Qelzo)|| < C (g+ () 1>ﬁ2|Qe(xo)\.

4. PROOF OF THEOREM 1.1

Our proof of Theorem 1.1 has some similarities with the analysis of diamagnetism [11] and
the computation of the quantum supercurrent [9].
For the proof of Theorem 1.1, it is easier to work with rescaled variables.

Definition 4.1. Let z9 € Q, £> 0 and f € H'(Q) and suppose that Q,(zg) C Q. We define the
new function f on @, 7 = Q, /7(0) as follows:

f(y)=f(:co+y>-

VeH
For H = bk and R = (vVkH , we have the following relation:
1 1 L
— & ,AIO; T - _ bV —iA 2 2_|_7 4)d. 41
oA Q) = g [ (U = a1 ) )
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Lemma 4.2. Forb € (0,1), there exist kg, Ry > 0 and a positive-valued function (-, -) such that
lim-1 o0 1(t,8) = 0 and the inequality

g'(by) —r(R,0) < (V —iAo)fIPdy < g'(b=) +1(R, ),

- m Qr
holds for (cf. Prop. 3.1)

f(a) = ooy (a)
R=(/kH, Rorn" ' <l < /{51, k > ko, H = bk and (¢, A), g is a minimizer of the functional
in (1.1).

Proof. Recall the definition of the function F} g, in (2.1). By (4.1) and Proposition 3.1,

Fy0n(f) < 9(0)|Qr| + C(R + €R2).
Let € € R\ {0} such that b+ e € (0,1). Using (2.5), we get

Forer(f) > en(b+e,R) > g(b+¢€)|Qr| — CR.

It is easy to notice that

e/Q (V- z'Ao)f]2 dy = Fyre,r(f) — Fy.r(f)

> (g(b+ )~ 90))|Qnl — C(R + (R?).

For € > 0, we infer from (4.2) the lower bound

/ (V= iAg)fl2dy » 0+ =900
Qr

€

Q| — Ce™ (R + £R2> :
Choosing € = max <R*1/2,€1/2), we get further

/Q (V — iA)fP dy > ¢/ (b:)|Qr| — 11(R.0)|Qrl

where

r1(R,0) = C(R-W + 41/2) + 'g(b“)_g(b) —g'(b)|—=0as (RL,0)—0.

In a similar fashion, we choose ¢ = —max (R_1/2,€1/2> < 0 and infer from (4.2) the upper
bound

/Q (V — iA0)F12 dy < ¢/ (b_)|Qrl + r2(R)| Q.

where

g(b+e€) —g(b)

€

ra(R, () = 0(3*1/2 - 51/2) + ' - g’(b_)‘ —0as (R71,0)—0.
To conclude, we choose r(R) = max <r1 (R,0),ra(R, E))
(I

Lemma 4.3. There exists a function ©(-,-) such that limy-1 g_,oT(t,s) = 0 and, under the
assumptions in Lemma 4.2, the following inequality holds

g'(by) (R, 0) < [f)]* dy < ¢'(b-) +E(R, ).

~ |Qrl Jo,
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Proof. By (4.1) and Proposition 3.1,
’Fb,QR(f) - g(b)IQR\\ < CR32.

By the formula for the L*-norm of 1) in Proposition 3.1 and a change of variables, we have
|| 1Rty + 2000 < (4 B 0a
R

Combining the aforementioned formulae and the one in (4.2), we get the formula for the integral
of |f]?. O

By rescaling, we deduce from Lemma 4.3:

Theorem 4.4. Let b € (0,1). There exist C, Ry, ko > 0 and a positive-valued function \(-) such
that lirf Ak) = 0 and the following is true.
K—r+00

Suppose that
e k> kg and H = bk ;
e Ry <l <kyt;
e Q is the interior of a square of side length ¢ satisfying Q; C €2 ;
o (¢, A), g is a minimizer of the functional in (1.1).
Then the following inequalities hold

¢ (b2) — 2g(b) — A(r) < —

g -
Q| Jo,

Theorem 4.4 improves the results in [25|, where only a non-optimal upper bound on the
integral of [t|? is given (see [25, Eq. (1.18)]). In Theorem 4.4, we not only prove a lower bound
on the integral of |¢|2, but also a matching upper bound in the case where b € R (i.e. when

g'(by) = g'(b-)).

Proof of Theorem 1.1. The proof of the statements (2) and (3) regarding the estimate of the
L?-norm of 1 and the weak convergence of || both follow from Theorem 4.4 in a standard
manner, see e.g. [5, Proof of Thm. 4.1].

Now, the proof of statement (1) regarding the L2-norm of the magnetic gradient is a conse-
quence of statement (1) and the formulas in (1.10) and (1.11).

The first inequality in statement (4) regarding the supercurrent results from statement (1)
and the following inequality

[¥(2)” de < g'(b-) = 29(b) + A(x) .

7(¥, A) < [(V —icHA)Y],
which is a consequence of the definition of the supercurrent in (1.6) and the inequality in (2.8).
The other inequality for the L'-norm of the supercurrent results from the inequality

7, A < [ [(V — inHA)Y],
the Cauchy-Schwarz inequality and the conclusions in Statements (1) and (2). O

5. NEW PROPERTIES OF THE FUNCTION g

5.1. Universal estimates of g(b). As a by-product of the result in Theorem 1.1, we get new
properties of the function g(-) introduced in (2.4).
Using the classical bound |¢| <1 (see (2.8)), we deduce from (1.14) that

Vbe(0,1), g¢'(by)—29(b) <1. (5.1)
We can obtain an upper bound on the left-derivative of g as well by expanding the square in the

inequality /(1 — [¢(2)|?)* dz > 0 then using (1.11) and (1.14):
Q

Whe(0,1), gb)< % +g(b). (5.2)
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Note that (5.2) is better than (5.1) since ¢/(b4) < ¢/(b-), g(b) > —3, hence 3 +g(b) < 1+2g(b).

5.2. On the behavior of ¢g(b) as b — 0,. Taking the limit as b — 04 in (5.1) and noticing
that ¢/(b+) > 0 and g(0) = —1 , we get

lim ¢'(bs)=0.
bg&g(i) 0

Consequently, there exists a sequence (by)n>1 C R such that b, — 0 and ¢'(b,) — 0 (R is
defined in (2.5)). On the other hand, it is proved in [20] that as b — 04,

1

b, 1 1
g(b)——2—|—4lnb—|—0<blnb) . (5.3)

We deduce from this that:
o (0,) = +o0;
e the function b — ¢'(b;) is not continuous at 0;
e The asymptotics in (5.3) can not be differentiated, i.e. the formula

1 1
/ — —_—
g'(b) 4lnb 1

does not hold as b ﬁ 0. Simply, the aforementioned sequence (b,,) violates this formula.
€

5.3. The radial symmetry. Next we try to extract more information about the function g by
exploiting the radial symmetry. The function g may be expressed as follows

Vbe(0,1), gb)= lim S®R)

Rooo  TR? (54)

where
edisc(b, R) = inf{Fy p,(u) : u€ Hy(Dr)}, (5.5)
Dr = {z € R? : |z| < R} and F, p,, is the functional introduced in (2.1). The proof of
(5.4) is standard (see [2, 13]). It follows by covering the disc D(0, R) with squares (Qrs j); with
side-length 1 < R’ < R and using the estimates in (2.5) (for » = R’). We omit the technical
details.
We restrict the functional Fj p,(u) on configurations of the form

u(r,0) = eimef(r) , (5.6)

where f: (0,R) — C, m € Z and (r,0) denote the polar coordinates.
Note that u € H}((B(0, R)) if and only if f € D, g, where

D= {J VPSS f € L2(0.RER), S(R) =0}, (5.7)

Furthermore,
Fypr(w) = Gupr(f),
where
R 1012 mo7\?2 2 2 1 4
Crpr(D)=2r [ (WO 40" = DY @P ~ F@P + SO ) rdr. (55)
0 T 2 2
Consequently, we define the following ground state energy
e'P(m, b, R) = inf{Gp,m.r(f) : f € Dmnr} (5.9)

A minimizer f,,p r exists, can be selected real-valued and non-negative (because |fp, r| is a

minimizer too) and satisfies the following ODE
1 m r\2 1 .
- #L,b,R(T) - ;f’(r) + <7 - 5) fm,b,R(T‘) = 5(1 - ’fm,b,R(T')P)fm,b,R(r) in (0,R). (5.10)
When the magnetic field is absent (i.e. the term I is dropped from (5.10)) and R = +oo0,

(5.10) has been studied in many papers, for example [16].
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Now we define

P (m, b, R)
m(b) = 1i —_— 5.11
oml®) = limst @)
We then have,
Vbe (0,1), VmeZ, gb)<gmn(d). (5.12)

Remark 5.1. A natural question is then to determine if for any b € (0, 1) there exists m € Z such
that g(b) = g (b) and if the discontinuity of ¢’ corresponds to the case when two m’s satisfy this
property.

6. EXTENSION TO THREE DIMENSIONAL DOMAINS

The result in Theorem 1.1 can be easily extended to the three dimensional Ginzburg-Landau
model. In this section, Q C R? denotes a bounded smooth open set with a smooth boundary.
We introduce the Ginzburg-Landau functional in §2 as follows 10, 21|,

2
£ 4) = 56, 8) = [ (7~ iAW = 2l + 1ol | do

+R2H2/Rs|curlAﬁ|2dx, (6.1)

where 5 = (0,0,1).

The configuration (¢, A) belongs to the space H!(2;C) x H&iV,F (R3) with Héiv’F(R?’) defined as
follows. Let H'(R?) be the homogeneous Sobolev space, i.e. the closure of C2°(R?) under the
norm u HuHHl(Rg;) = |[Vul|r2®s). Let further F(z) = (—=x2/2,21/2,0). Clearly divF = 0.
We define the space,

Hip(R®) ={A : divA =0, and A—Fec H'(R%}. (6.2)
Now we define the ground state energy,
Egs(#, hex) (ki H) = inf {E%P (), A) = (¢, A) € H'(Q;C) x Hgy, p(R%)} . (6.3)

This energy is estimated in [13] when H = bk, b € (0,1) is a fixed constant and k — co. Using
the methods in [13], we may easily adapt the proof of Theorems 1.1 and 4.4 to get the following
result:

Theorem 6.1. For b € (0,1), there exist C, Ry, ko > 0 and a positive-valued function \(-) such
that lim A(k) = 0 and the following is true.

K——+00

Suppose that
e k> kg and H = bk ;
e Ry <l <kyt;
e Qq is the interior of a cube of side length ¢ satisfying Qp C Q ;
o (¢, A), g is a minimizer of the functional in (6.1).
Then the following inequalities hold

¢ (by) — 29(b) — A(k) < |Q1£| /Q e < o(0-) ~20(0) + X().

As a consequence of Theorem 6.1, we can get that the minimizer (i, A), g satisfies the
following weak convergence for H = bk, b € R and k — 00

[W[* — ¢'(b) — 2g(b) in D'(Q).

This result is complementary to the results in [14] and [19] devoted respectively to the regimes
b > 1 (surface superconductivity) and b — 1_ (bulk superconductivity near H¢,) for three
dimensional superconducting samples.
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