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HIGH-FREQUENCY APPROXIMATION OF THE INTERIOR
DIRICHLET-TO-NEUMANN MAP AND APPLICATIONS TO THE
TRANSMISSION EIGENVALUES

GEORGI VODEV

ABSTRACT. We study the high-frequency behavior of the Dirichlet-to-Neumann map for an
arbitrary compact Riemannian manifold with a non-empty smooth boundary. We show that far
from the real axis it can be approximated by a simpler operator. We use this fact to get new
results concerning the location of the transmission eigenvalues on the complex plane. In some
cases we obtain optimal transmission eigenvalue-free regions.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let (X,G) be a compact Riemannian manifold of dimension n = dim X > 2 with a non-
empty smooth boundary 0X and let Ax denote the negative Laplace-Beltrami operator on
(X,G). Denote also by Ayx the negative Laplace-Beltrami operator on (0X,Gg), which is a
Riemannian manifold without boundary of dimension n — 1, where Gy is the Riemannian metric
on X induced by the metric G. Given a function f € H™+1(9X), let u solve the equation

{(AX+)\2 (z))u=0 in X,

f on 0X, (L)

where A € C, 1 < |[Im)\| < Re) and n € C°(X) is a strictly positve function. Then the
Dirichlet-to-Neumann (DN) map

N(\;n): H"HOX) — H™(0X)
is defined by
Nn)f = dyulox
where v is the unit inner normal to X . One of our goals in the present paper is to approximate

the operator N'(\;n) when n(x) = 1 in X by a simpler one of the form p(—Agx) with a suitable
complex-valued function p(o), ¢ > 0. More precisely, the function p is defined as follows

=+vo—-X, Rep<O.

Our first result is the following

Theorem 1.1. Let 0 < € < 1 be arbitrary. Then, for every 0 < § < 1 there are constants
Cs,Ces > 1 such that we have

IN (A1) = p(=Dox)ll 20x) -2 0x) < OIA (1.2)
for Cs < [Im | < (ReA\)'™¢, Re X > Cos.

Note that this result has been previously proved in [11] in the case when X is a ball in R
and the metric being the Euclidean one. In fact, in this case we have a better approximation
of the operator N'(\;1). In the general case when the function n is arbitrary the DN map
can be approximated by h — WDOs, where 0 < h < 1 is a semi-classical parameter such that
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2 G. VODEV

Re (hA)?2 = 1. To describe this more precisely let us introduce the class of symbols S¥(9X),
0 < 6 < 1/2, as being the set of all functions a(z/,&’) € C*°(T*0X) satisfying the bounds

02 fa(a,€)| < Ca,gh= oM (¢) =12

for all multi-indices o and 3 with constants C, 5 independent of h. We let OPS¥(8X) denote
the set of all h — WDOs, Opj,(a), with symbol a € S¥(9X), defined as follows

(Opy(a)f) (2) = (2mh) ™" / e a(al ) f(y )y de .

T*0X
It is well-known that for this class of symbols we have a very nice pseudo-differential calculus
(e.g. see [2]). Tt was proved in [15] that for [Tm A| > [\|'/2+€, 0 < € < 1, the operator RN (\;n)
is an h — ¥DO of class OPSll/Q_e((?X) with a principal symbol

plx’ &) = \/ro(z', &) — (h\)2ng(2'), Rep <0, ngp:=n|ox,

ro > 0 being the principal symbol of —Agx. Note that it is still possible to construct a semiclas-
sical parametrix for the operator AN (A\;n) when [Im A| > |A|, 0 < € < 1, if one supposes that
the boundary 0X is strictly concave (see [16]). This construction, however, is much more com-
plex and one has to work with symbols belonging to much worse classes near the glancing region
Y ={(2,¢) € T*0X : ry(a',¢') = 1}, where ry = ny'rg. On the other hand, it seems that no
parametrix construction near ¥ is possible in the important region 1 < Const < [Im A| < |AJS.
Therefore, in the present paper we follow a different approach which consists of showing that, for
arbitrary manifold X, the norm of the operator hN(A;n)Opy(x?) is O(9) for every 0 < § < 1
independent of A, provided |[Im A| and Re A are taken big enough (see Proposition 3.3 below).
Here the function x§ € C§°(T*0X) is supported in {(2/,¢&') € T*0X : |ry(2/,€') — 1] < 26°} and
X =11in {(2/,&) € T*0X : |ry(a’, &) — 1| < 6%} (see Section 3 for the precise definition of xJ).
Theorem 1.1 is an easy consequence of the following semi-classical version.

Theorem 1.2. Let 0 < € < 1 be arbitrary. Then, for every 0 < § < 1 there are constants
Cs,Ces > 1 such that we have

Hh./\/-()\;n) — Opy(p(1 — Xg) + hb)“L2(ax)_>H}L(ax) <0 (1.3)

for Cs < [ImA| < (ReA)17¢, ReA > C.s5, where C > 0 is a constant independent of X and 0§,
and b € SY(0X) is independent of X and the function n.

Here H ,1 (0X) denotes the Sobolev space equipped with the semi-classical norm (see Section
3 for the precise definition). Thus, to prove (1.3) (resp. (1.2)) it suffices to construct semi-
classical parametrix outside a 62- neighbourhood of ¥, which turns out to be much easier and
can be done for an arbitrary X. In the elliptic region {(z/,&') € T*0X : ry(2/, &) > 1 + 6%}
we use the same parametrix construction as in [15] with slight modifications. In the hyperbolic
region {(z/,¢') € T*0X : ry(a’,&') < 1 — §?}, however, we need to improve the parametrix
construction of [15]. We do this in Section 4 for 1 < Const < [Im A| < [A|'"¢. Then we show
that the difference between the operator AN (A\;n) microlocalized in the hyperbolic region and
its parametrix is O (e*mImM) + Oc.m (])\]*M), where 8 > 0 is some constant and M > 1 is
arbitrary. So, we can do it small by taking |Im A| and |A| big enough.

This kind of approximations of the DN map are important for the study of the location
of the complex eigenvalues associated to boundary-value problems with dissipative boundary
conditions (e.g. see [9]). In particular, Theorem 1.2 leads to significant improvements of the
eigenvalue-free regions in [9]. In the present paper we use Theorem 1.2 to study the location
of the interior transmission egenvalues (see the next section). We improve most of the results



HIGH-FREQUENCY APPROXIMATION OF THE INTERIOR DIRICHLET-TO-NEUMANN MAP 3

in [15] as well as those in [11], [16], and provide a simpler proof. In some cases we get optimal
transmission eigenvalue-free regions (see Theorem 2.1). Note that for the applications in the
anisotropic case it suffices to have an weaker analogue of the estimate (1.3) with the space H}
replaced by L?, in which case the operator Op,,(hb) becomes negligible. In the isotropic case,
however, it is essential to have in (1.3) the space H} and that the function b does not depend
on the refraction index n.

Note finally that Theorem 1.2 can be also used to study the location of the resonances for the
exterior transmission problems considered in [1] and [3]. For example, it allows to simplify the
proof of the resonance-free regions in [1] and to extend it to more general boundary conditions.

2. APPLICATIONS TO THE TRANSMISSION EIGENVALUES

Let Q ¢ R%, d > 2, be a bounded, connected domain with a C*> smooth boundary I" = 95).
A complex number A € C, Re A > 0, will be said to be a transmission eigenvalue if the following
problem has a non-trivial solution:

(Ver(@)V + Mni(z))uy =0 in Q,
(Vea(2)V + XNng(x)) ug =0 in Q, (2.1)

UL = Uz, €10,U1 = c20,Us on I,

where v denotes the Euclidean unit inner normal to I', ¢j,n; € C>(Q), j = 1,2 are strictly
positive real-valued functions. We will consider two cases:

ca()=co(z)=1 in Q, ni(x)#mn(zr) on I, (isotropic case) (2.2)
(c1(x) — ca(z))(c1(x)ni(x) — ca(z)n2(xz)) #0 on I'. (anisotropic case) (2.3)
In Section 6 we will prove the following

Theorem 2.1. Assume either the condition (2.2) or the condition

(c1(z) — ca(2))(c1(z)n1(x) — ca(x)ne(z)) <0 on T. (2.4)
Then there exists a constant C > 0 such that there are no transmission eigenvalues in the region
{AeC:ReA>1, ImA >C}. (2.5)

Remark. It is proven in [15] that under the condition (2.2) (as well as the condition (2.6)

below) there exists a constant C > 0 such that there are no transmission eigenvalues in the
region

{)\EC:OSRe)\gl, |Im)\|25}.

This is no longer true under the condition (2.4) in which case there exist infinitely many trans-
mission eigenvalues very close to the imaginary axis.

Note that the eigenvalue-free region (2.5) is optimal and cannot be improved in general.
Indeed, it follows from the analysis in [7] (see Section 4) that in the isotropic case when the
domain € is a ball and the refraction indices n; and no constant, there may exist infinitely
many transmission eigenvalues whose imaginary parts are bounded from below by a positive
constant. Note also that the above result has been previously proved in [11] in the case when
the domain €2 is a ball and the coefficients constant. In the isotropic case the eigenvalue-free
region (2.5) has been also obtained in [14] when the dimension is one. In the general case of
arbitrary domains transmission eigenvalue-free regions have been previously proved in [5], [6]
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and [12] (isotropic case), [15] and [16] (both cases). For example, it has been proved in [15] that,
under the conditions (2.2) and (2.4), there are no transmission eigenvalues in

{)\ €C:ReA> 1, [ImA| > C. (ReA)%+€}, C. >0,

for every 0 < ¢ < 1. This eigenvalue-free region has been improved in [16] under an additional
strict concavity condition on the boundary I' to the following one

{AeC:ReA>1, |[Im) >C.(ReN)}, C->0,

for every 0 < ¢ < 1. When the function in the left-hand side of (2.3) is strictly positive, parabolic
eigenvalue-free regions have been proved in [15] for arbitrary domains, which however are worse
than the eigenvalue-free regions we have under the conditions (2.2) and (2.4). In Section 7 we
will prove the following

Theorem 2.2. Assume the conditions
(c1(z) — ca(z))(e1(z)n1(x) — ca(x)n2(z)) >0 on T (2.6)
and
ni(z) , na(x)
c(z) © eafx)
Then there exists a constant C > 0 such that there are no transmission eigenvalues in the region

{AeC:ReA>1, ImA| > Clog(ReA+1)}. (2.8)

Note that in the case when (2.6) is fulfilled but (2.7) is not, the method developed in the
present paper does not work and it is not clear if improvements are possible compared with the
results in [15]. To our best knowledge, no results exist in the degenerate case when the function
in the left-hand side of (2.3) vanishes without being identically zero.

It has been proved in [10] that the counting function N(r) = #{\ — trans.eig. : |A| < r},
r > 1, satisfies the asymptotics

N(r) = (1 + m)rt + 0. (r*"7), Vo<e<1,

r. (2.7)

where 0 < k < 1 is such that there are no transmission eigenvalues in the region

{)\ €C:ReA>1, [ImAl> C(ReA)I*””}, C >0,

"= ], <<(:c>) >d e

wq being the volume of the unit ball in R%. Using this we obtain from the above theorems the
following

and

Corollary 2.3. Under the conditions of Theorems 2.1 and 2.2, the counting function of the
transmission eigenvalues satisfies the asymptotics

N(r) = (1 4+ m)rt 4+ 0. (r4717), Vo<e< 1. (2.9)

This result has been previously proved in [16] under an additional strict concavity condition
on the boundary I'. In the present paper we remove this additional condition to conclude that
in fact the asymptotics (2.9) holds true for an arbitrary domain. We also expect that (2.9) holds
with € = 0, but this remains an interesting open problem. In the isotropic case asymptotics for
the counting function N (r) with remainder o(r?) have been previously obtained in [4], [8], [13].
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3. A PRIORI ESTIMATES IN THE GLANCING REGION

Let A € C, ReX > 1, 1 < |Im\| < 6gRe A, where 0 < 6y < 1 is a fixed constant, and set
h = p~!, where

Im A
w=Rel/1— (R 3
Clearly, we have Re (hA)? = 1 and
M = p2(14izh), z=2u"'TmARe\ ~ 2Im \.
Given an integer m > 0, denote by H;"(X) the Sobolev space equipped with the semi-classical
norm
ol (x) = Z hlet ||y Ul 2(xy -

la]<m

We define similarly the Sobolev space H;"(0X). It is well-known that
[Vl o) ~ 10PRE) ™0l z20x) ~ IVl z2ox) + 10PR((L = MIET™)0ll 2(0x)

for any function n € C§°(T*9X) independent of h. Hereafter, (¢') = (1 + |¢/|?)'/2.
Given functions V € L?(X) and f € L?(0X), we let the function u solve the equation

> ~ReA~ |\

(Ax +Xn(z))u=AV in X, (3.1)
u=f on 0X, .
and set g = hd,u|gx. We will first prove the following
Lemma 3.1. There is a constant C' > 0 such that the following estimate holds
1/2 1/2
lull 3 (xy < CIMAI™H V]| 2 (x) + CTm A~ 1/2||f||L/2(3X)H9||L/2 X)" (3.2)
Proof. By Green’s formula we have
Tm (A%)[[n* 2wl 72 ) = T AV, u) r2(x) + Tm (Dyulox, f) 12 ax)
which implies
[Im )‘|||UH%2(X) SV exollullzzxy + 1 lz2ox) 9l 2 0x) - (3.3)
On the other hand, we have
IV xul72(x) — Re (W) [In'/ul|72 ) = —Re (AV,w) 12(x) — Re (Doulox, f) r2(ox)
which yields
IV xull72x) S llullZ2x) + OBV IIT2(x) + OBl L20x) 9]l 22 0x) - (3.4)
Since h < [Im A|~!, the estimate (3.2) follows from (3.3) and (3.4). O

We now equip X with the Riemannian metric nG. We will write the operator n ™ 'Ax in
the normal coordinates (x1,2’) with respect to the metric nG near the boundary 90X, where
0 < z1 < 1 denotes the distance to the boundary and 2’ are coordinates on 0X. Set I'(z1) =
{z € X : dist(z,0X) = 21}, I'(0) = 0X. Then I'(z1) is a Riemannian manifold without
boundary of dimension n — 1 with a Riemannian metric induced by the metric nG, which
depends smoothly in z;. It is well-known that the operator n Ay writes as follows

n'Ax =02 +Q(z1) + R

where Q(71) = Ar(,,) is the negative Laplace-Beltrami operator on I'(z1) and R is a first-
order differential operator. Clearly, Q(z1) is a second-order differential operator with smooth
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coefficients and Q(0) = A(B@z is the negative Laplace-Beltrami operator on 0X equipped with
the Riemannian metric induced by the metric ngG.

Let x € Cg°(R), 0 < x(t) <1, x(t) =1 for |t| < 1, x(t) = 0 for |t| > 2. Given a parameter
0 < §; < 1 independent of A and an integer k > 0, set ¢y (1) = x(27¥x1/61). Given integers
0 < 51 < sy we define the norm ||ul|s, s, % by

51 s2—{1

T P Z/O [(B0ey ) (Gr) w1, s

£1=0 £2=0
Clearly, we have
lull gz xy < lullsyson S Nl gz x)-
Throughout this paper n € C§°(T*0X),0<n<1l,n=1in | <A, n=0in|{| > A+ 1, will
be a function independent of A\, where A > 1 is a parameter we may take as large as we want.
We will now prove the following

Lemma 3.2. Let u solve the equation (3.1) with V. € H* (X)) and f € H*(0X) for some
integer s > 1. Then the following estimate holds

1/2 1/2
el s Sl g )+ 1V oot + 10PA(L = M s o 191 oGy (3:5)

Proof. Note that
lulltssie S Ml ) + skl (x)
where the function us; = Opp,((1 — n)|¢'|°)(¢ru) satisfies the equation
(h202, + W*Q(z1) + 1 +ihz) ugy, = Us,
with
Usy = [h*Q(x1), Opy (1 = )[¢'1")] (dru) + Opy (1 = m)|€']°) [A2D,, 61] dpr1u

—h?0py, (1 = 0)|€'|*) Rt + B> XOpy, (1 — 0)|€'[*) (61 V).
We also have
fs = Us klzy=0 = Op (1 = 0)[€']°) ],
gs ‘= h8$1u37k‘731:0 = Oph((l - 77)\5/18)%7
where g, := h0y, ul|,,—0. Integrating by parts the above equation and taking the real part, we
get
”haxlus,kui2(x) - <(h2Q(1'1) + 1)us,kaus,k>L2(X)
< | (Us s s ) 20y | + [ (Fs5 95) 120) |
S HuS,kHH}l(X) (V' llo,s—1.6 + llull1,s,6+1)
| OpA((L = mIEFY OPA((L = MIE )| oy sl 20 (3.6)

The principal symbol 7 of the operator —Q(zy) satisfies r(z,&') > C’|¢'|?, C' > 0, on suppoy,
provided 47 is taken small enough. Therefore, we can arrange by taking the parameter A big

enough that r—1 > C(¢) on supp (1 —1n)dg, where C > 0 is some constant. Hence, by Géarding’s
inequality we have

—{(P*Q(r) + Dt 1) 1z ) > ClIOPAED skl (37)
with possibly a new constant C' > 0. Since the norms of g and g, are equivalent, by (3.6) and
(3.7) we get

HUSJCHH}L(X) SV los—1.k + ||u‘|H}L(X) + Hus—l,k-i-lHH}L(X)
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1/2 1/2
0P (1 = M) 11720 o0) 1911 G (3.8)

We may now apply the same argument to us_qr41. Thus, repeating this argument a finite
number of times we can eliminate the term involving us_j x41 in the RHS of (3.8) and obtain
the estimate (3.5). O

Let the functions x; € C*(R), 0 < x;(t) <1, j = 1,2,3, be such that x1 + x2 + x3 = 1,
X2 =X, x1(t) = 1for t < =2, x1(t) =0 for t > —1, x3(t) =0 for t < 1, x3(t) = 1 for t > 2.
Given a parameter 0 < § < 1 independent of A, set

X5 (@', €) = xa((rg(a’,€') = 1)/6%),
x3(@'. &) = xa((ry(a’,€) = 1)/6%),
Xi (@' €) = xa((ry(a’,€) = 1)/6°),

where ry = nalro is the principal symbol of the operator —A(a)z. Since (ry — 1)’“)(2 = 0(8%),

we have
(h2ASY +1)*0p, (x3) = O(6%%) : L*(0X) — L2(0X) (3.9)
for every integer k > 0. Clearly, we also have
Op,(x3) = 0(1) : L*(0X) — H™(0X), Ym >0,
uniformly in . Using (3.9) we will prove the following

Proposition 3.3. Let u solve (3.1) with f =0 and V € H*(X) for some integer s > 0. Then
the function g = hd,ulax satisfies the estimate

1911223 (0 < C' I AI72 [V [Jo,6.6 (3.10)

with a constant C' > 0 independent of \.
Let u solve (3.1) with f replaced by Opy,(x3)f and V € H*Y2(X) for some integer s > 0.
Then the function g = hOyulgx satisfies the estimate

lgllz o) < C (8 4+ MM I 2ax) + € (82 + [mA|8) [Vifogpasre (311)
for 1 < |ImA| < §°Re ), ReX > Cs5 > 1, with a constant C > 0 independent of X and §.

Proof. Set w = ¢o(x1)u. We will first show that the estimates (3.10) and (3.11) with s > 1
follow from (3.10) and (3.11) with s = 0, respectively. This follows from the estimate

191172 0x) < 191l z20x) + 17O, Vs|wy=oll £2(0x) (3.12)
where the function vs = Op;, ((1 — n)|¢'|¥)w satisfies the equation (3.1) with V replaced by
Vs = n0py, (1 = n)|€']")don™ 'V + A" n [0~ Ax, Opy (1 = n)[€']*)do] u
We can write the commutator as
(07, + R, do(21)] Opy((1 = )€ 1) g1(21) + ¢o [Q(z1) + R, Opp((1 = n)[€'[*)] b1 (1)
Therefore, if f =0, in view of Lemmas 3.1 and 3.2, the function V; satisfies the bound
1Vslloo0 < IV llos,0 + llull1,s41,1
< HUHH}L(X) + V10,55 S 1V llo,s,5- (3.13)

Clearly, the assertion concerning (3.10) follows from (3.12) and (3.13). The estimate (3.11) can
be treated similarly. Indeed, in view of Lemma 3.2, the function V; satisfies the bound

[Vsllo22 S 1V lo,s+2.0 + llull1,s+3.1
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N HUHHI )+ 11V 0,542,542

1/2
0P (1 = 1)OPH () f 72241 53 191 20 (3.14)

Taking the parameter A big enough we can arrange that supp Xg Nsupp (1 —n) = 0. Hence
Opy, (1 = 17)0p,(x%) = O(h™) : L*(0X) — H*(0X), VYm > 0. (3.15)

By (3.14) and (3.15) together with Lemma 3.1 we conclude

00 1/2 1/2
Villo,a,a < lully )y + 1V llos2,542 + ORI 2o 191 2toy

00 1/2 1/2
S IV losszsrz + O (Im A2 4 BV 1 F1500 o lgll 5t -

We now apply (3.11) with s = 0 to the function vs and note that
Vsler=0 = Op, (1 = m)|€']*)Op (x§) f = O(h™)f.

Hence
1002, veler=oll20x) < OB fllz2ox) + O (82 + [Em A8 [[Vyllo.22
< O (62 4 ATV Vifossaz + O (A2 5%) | FI 5 ol olon) (3:16)

Therefore, the assertion concerning (3.11) follows from (3.12) and (3.16).
We now turn to the proof of (3.10) and (3.11) with s = 0. In view of Lemma 3.1, the function

U:=h(n""Ax + X)w = hln " Ax, ¢o(x1)]u + han~ gV
satisfies the bound
U z20x) S Nullap o) + 1V 2 )
1/2 1/2
S IVilza) + O (JimA- 1/2) 115G 915 (3.17)
Observe now that the derivative of the function

E(x1) = ||hdz,w|* + ((F*Q(z1) + 1) w, w),
|- |l and (-,-) being the norm and the scalar product in L?(0X), satisfies
E'(z1) = 2Re <(h2(9§1 +h2Q(z1) + 1) w, Oy, w) + (h*Q (z1)w, w)
= 2Re ((U —izw — hRw) , hOy, w) + <h2Q (z1)w,w).
If we put g, := h0y, u|z, =0, we have

oo + ( (12553 + 1) 0ps 37 Om () ) = E0) = = [~ E'(an)ioy

S (10N2x) + lelllwl zacx) + 1hBwll 2 (x)) 1RO wll 2y + 1wl
< O(|2D)1hde, wll 2 x) lw] p2 ) + O (Tm AI7H) F2 (3.18)
where we have used Lemma 3.1 together with (3.17) and we have put
F =[£Il + 1V 2 x)-

Clearly, (3.10) with s = 0 follows from (3.18) applied with f = 0 and Lemma 3.1. To prove
(3.11) with s = 0, observe that (3.9) and (3.18) lead to

lgll < 0@ +0 (JmA[2) F

1/2 1/2
+O([Tm A[2)[[B, w55 ]l o ) (3.19)



HIGH-FREQUENCY APPROXIMATION OF THE INTERIOR DIRICHLET-TO-NEUMANN MAP 9

We need now to better bound the norm [|hd,,wl|[z2(x) in the RHS of (3.19) than what the
estimate (3.2) gives. To this end, observe that integrating by parts yields

1hdz, w72 x) = ((F*Q(x1) +1) w,w) 5«
= ~hRe {(U ~ hBw),w) 1o, — WRe (f,9)
< Ol xy + OMUIZ x) + OM I fllgll < O(R)F?. (3.20)
By (3.19) and (3.20) together with Lemma 3.1 we get
lgll < O@)I£]l + Otm A2 Jewn | o l1wll o
(h1/4|1m)\|1/2)F1/2||w||1/2 L0 <|Im)\| 1/2)
OO)IIfIl + (9(|1Hl>\|1/8)||wlHl/4 P
+O (|Im)\| 1/2 +h1/4|1m)\|1/4> (3.21)
where we have put w; := (h?Q(21) + 1) w. We need now the following
Lemma 3.4. The function wy satisfies the estimate
L A2 | || g2x) < O (6% + [ImA|~1 + 1) | £]/2 9]/
+0 (W) [1£11+ 0 (ImA72) [V o 5, (3.22)
Let us see that this lemma implies the estimate (3.11) with s = 0. Set

F=1"291"? + Vo2 > F.
By (3.21) and (3.22),

lgl < O (8) £l +0O (82 + [ A|7H/5 4 ) F

+O (R5) (1] + F) + O (Itm A 72 4 Y4 m A[4) F

<0 (5 + h1/8) £l + 0 (51/2 + |ImA|7Y8 + B8 4 h1/4|1m)\|1/4) F. (3.23)
Since by assumption h'/4|Im /4 = O (51/2), one can easily see that (3.11) with s = 0 follows
from (3.23). O

Proof of Lemma 3.4. Observe that the function w, satisfies the equation
(h*02, + h*Q(x1) + 1 + ih2) wy = hU;
where
Uy == (h*Q(x1) + 1) (U — hRw) + 21*Q' (21) 0y, w + h3Q" (z1)w.
We also have
f1 2= wila=0 = (h*Q(0) + 1)Op, (x§)

g1 = "z, wilz =0 = (K*Q(0) + 1)g, + h*Q'(0)Op, (x5) /-
Integrating by parts the above equation and taking the imaginary part, we get

|Z|Hw1||L2(X (U1, w1)r2(x { + [(f1, 91)|
< U2 x) wr [l 22 ) + OQ) [[(R2Q(0) + 1)*Opy (x9) £ 19l
1) (0P () || 2 o) H(hZQ(O) +1)0p;, () f||
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< Uil 2o lwillzzx) + OEHI£Igl + O£
where we have used (3.9). Hence

[llwilFe ey < O (12171 10172y + Q@£ gl + ORIIFI. (3.24)

Recall that the function U is of the form (2h0,, + a(z))¢1(z1)u + hAn~1¢oV, where a is some
smooth function. Hence the function U; satisfies the estimate

101l 2x) S llullisa + 1V 020
1/2 1/2
< ull gy + 1V o2 + OB o 913240 (3.25)
where we have used Lemma 3.2 together with (3.15). By (3.24) and (3.25),
[ llwnl7zc0) < O (1217 lullfpy ) + O (27 1V G 2,2

+0(8* +h=) | fllgll + OMIIFII>. (3.26)
Clearly, (3.22) follows from (3.26) and Lemma 3.1. O

4. PARAMETRIX CONSTRUCTION IN THE HYPERBOLIC REGION

Let A be as in Theorems 1.1 and 1.2, and let h, z, d, ro, no, 73, X and x5 be as in the previous
sections. Set § = Im (h)\)2 = hz = O(h°), |9| > h, and

= /ro(z',€") — (1 +if)ng(z'), Rep < 0.
It is easy to see that pxy € Sg(@X ). In this section we will prove the following

Proposition 4.1. There are constants C,Cy > 0 depending on § but independent of A such that
AN s m)OPLOG ) = OB (0X5 ) 200y o) < € (B + 7Y (4.1)

Proof. To prove (4.1) we will build a parametrix near the boundary of the solution to the
equation (1.1) with f replaced by Opy,(x; )f. Let ¢ = (x1,2"), 1 > 0, be the normal coordinates
with respect to the metric G, which of course are different from those introduced in the previous
section. In these coordinates the operator Ax writes as follows

Ax =8 +Q+R

where @ < 0 is a second-order differential operator with respect to the variables ' and Risa
first-order differential operator with respect to the variables x, both with coefficients depending
smoothly on z. Let (2°,£%) € supp X; and let Y C T*0X be a small open neighbourhood
of (2°,£°%) contained in {ry < 1 —6%/2}. Take a function ¢ € C§°(U). We will construct a
parametrix u,, of the solution of (1.1) with u[s,—0 = Op,(¢)f in the form w, = ¢(z1)K™ f,
where ¢(z1) = x(x1/01), 0 < §; < 1 being a parameter independent of X\ to be fixed later on
depending on 9§, and

(K7N)(@) = (2mh) n“/ / R o D)o (3, ¢ N) £y ) dy

The phase ¢ is complex-valued such that ¢|,,—0 = —(2’,&’) and satisfies the eikonal equation
mod O(6M):

(al‘l @)2 + <B(.%')V$/(p7 Vx’()o> = (1 + z@)n(m) + HMRM (4'2)
where M > 1 is an arbitrary integer, the function R, is bounded uniformly in 6, and B is a
matrix-valued function such that r(x,&') = (B(z)¢&', &), r(x,£") > 0 being the principal symbol



HIGH-FREQUENCY APPROXIMATION OF THE INTERIOR DIRICHLET-TO-NEUMANN MAP 11

of the operator —Q. We clearly have ro(a/,&') = r(0,2/,¢'). Let us see that for (z/,¢') € U,
0 < x1 < 301, the equation (4.2) has a smooth solution safisfying
Oy Plar—0 = —ip + O(OM/?) (4.3)

provided d; and U are small enough. We will be looking for ¢ in the form
M-1
o= (i) p;(x,¢)
j=0

where ¢; are real-valued functions depending only on the sign of 6 and satisfying the equations

(O2100)” + (B(2)Varpo, Varigo) = n(a), (4.4)
k k
Zaxlapjam%,j + Z (B(x)Varj, Varop—j) =epn(z), 1<k M -1, (4.5)
J=0 j=0

©0lzi=0 = —(2',&), ©jlz,=0 = 0 for j > 1, where &1 = 1, g, = 0 for k > 2. It is easy to check
that with this choice the function ¢ satisfies (4.2) with R s being polynomial in 6.

Clearly, if @ is a solution to (4.4), then we have (0, @ols,—0)° = no(x’) —ro(z', &) > ¢’ with
some constant C’ > 0 depending on §. It is well-known that the equation (4.4) has a local (that is,
for 61 and U small enough) real-valued solution ¢ such that 9y, o7 |.,—0 = £v/n0 — r0. We now
define the function ¢g by ¢o = g if 6 > 0, po = ¢y if < 0. Hence |0y, p0(z,&)| > Const > 0
for z1 small enough. Therefore, the equations (4.5) can be solved locally. Taking 1 = 0 in the
equation (4.5) with £ =1 we find

0] Clo|

002, 01]21=0 = 010 (202, Pola1—0) ' = 5 no(no — ro) /2 > 5 (4.6)
on U, where C' = min y/ng(2’). Hence
_ 2y < ClY]
Im 6931(:0’901:0 - 083&1@1’3&1:0 + 0(6 ) > 3 (4.7)

if || is taken small enough. On the other hand, taking x; = 0 in the equation (4.2) we find
(O pler=0)* = (i) + O(6M) = (ip)*(1 + O(6™)) (4.8)

where we have used that |p| > Const > 0 on U. Since Rep < 0, we get (4.3) from (4.7) and
(4.8). By (4.6) we also get

Czq|0 Czq|0
9@1(271,2?/,5,) = Hxlamlgpl(O,x’,g’) +O(9'I%) > w21‘ ’ _O(|9|x%) 2 x?)l‘ ’
provided x is taken small enough. This implies
Cz1/|0
Im p(z,£,0) = 01 (z1, 2, &) + OO%z,) > a:41| | (4.9)

The amplitude a is of the form

m
a= thak(x,§',9)
k=0
where m > 1 is an arbitrary integer and the functions aj satisfy the transport equations mod

O(HM):
210, 00, g, + 2i (B(x) Vo, Varag) + i (Axp) ag + Axap_y = 0¥ 0<k<m, (4.10)
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aglz,=0 = ¥, aglz,—0 = 0 for k > 1, where a_; = 0. Let us see that the transport equations have
smooth solutions for (2/,&') € U, 0 < x1 < 381, provided §; and U are taken small enough. As
above, we will be looking for ax in the form

We let ay, ; satisfy the equations
J J
27 Z amlgpyaxlakd‘_y + 2 Z <B(£C)Vx/g0,,, vgglak,j_ﬁ +1 (Axgpj) ag.j + AXak—l,j =0, (4.11)
v=0 v=0

0<j5<M-—1,a00|z,=0 =¥, agjlz;=0 = 0 for £+ j > 1. Then the functions a;, satisfy (4.10)

with Qg\lf[) being polynomial in 6. As in the case of the equations (4.5) one can solve (4.11)
locally. Then we can write

Vo =0T (WA + (L +if)n(x))iy, = Ky f+ Ky f

where

Kff = h[AXa ¢]’C_f = h(2¢’(a:1)8$1 + C(x)gb”(xl))lc_f
= eyt [ [ S 47 o ) 0 il

¢ being some smooth function,
AT = 2i¢'adyy  + hed” O,y a
and
(15 Pla) = at)y 41 [ [ b 45 (0,6 2 5y
where

Ay = ¢(x1) (hleMRMa +0M S nkoll) + hm“AXam> :

Let us see that Proposition 4.1 follows from the following
Lemma 4.2. The function V_ satisfies the estimate

IVl oo S N7+ O (W) 1]+ Onr (1M 1] (112)
with some constant C > 0.

Indeed, if Uy, denotes the solution to the equation (1.1) with f replaced by Op,(¢)f and 17;0

is the parametrlx built above, then the function v = u,, —u,, satisfies the equation (3.1) with
f =0. Therefore, by the estimates (3.10) and (4.12) we have

HhN(A; n)Opy, () — T e~ CImN L O (™) 4+ Opy (M) (4.13)

L2(6X)—>H1(6X)
where the operator TJ is defined by
T_f = h0z, K™ flz,=0-

Hence, in view of (4.3),

i

(750) @) = ny 41 [ [ b0 500, 000, €1,6) + 1s,0(0,0', €. 0) £ )dE ]
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= Opy(pvp + OOM2) f + " h* 1 Opy, (92, ak(0,27,',0)) £.
k=0
Since
Opy 9z, ax(0,2,€',0)) = O(1) : L*(9X) — H;(9X)
uniformly in 6, it follows from (4.13) that

[N (A; ) Opy () — Oph(pw)HLQ(aX)aH}L(aX) S e~ CltmAl 4 O(h). (4.14)

On the other hand, using a suitable partition of the unity we can write the function xj as
ijl Y, where each function v; has the same properties as the function ¢ above. In other
words, we have (4.14) with ¢ replaced by each v;, which after summing up leads to (4.1). O

Proof of Lemma 4.2. Let a be a multi-index such that |a| < 1. Since
ila| Ay 0% + (hdy)* Ay = O, (K™) + Op (M)

and Imp > 0, the kernel of the operator (hd,)*K, : L*(0X) — L*X) is Op (™) +
Ownm (hEM _"), and hence so is its norm. Since the function A is supported in the interval
[01/2, 361] with respect to the variable x1, to bound the norm of the operator Ky , := (hd,)*Ky :
L*(0X) — L*(X) it suffices to show that

1K allz20x)=220x) < e G0t L O(h*) (4.15)

for every fixed x; € [61/2,301] uniformly in z;. Since |0|/h ~ [Im A|, (4.15) will imply (4.12).
We would like to consider ICi o as an h—FIO with phase Re ¢ and amplitude

Ap = e MM (§|a] AT 0% + (hdy)* A7) .

To do so, we need to have that the phase satisfies the condition

0’Re ¢ ~
det > 4.1
e <0x’8§’>'_c>0 (4.16)

for |f] small enough, where C is a constant independent of 6. Since Re ¢ = ¢o+O(|6]), it suffices
to show (4.16) for the phase ¢g. This, however, is easy to arrange by taking x; small enough
because pg = —(x/, &) + O(z1) and (4.16) is trivially fulfilled for the phase —(z/,&’). On the
other hand, using that Imy = O(|0]) together with (4.9) we get the following bounds for the
amplitude:

k
“95155214&‘ <Chp D (LZ|> e < g e B (4.17)
0<k<|B1]+B|
for all multi-indices 51 and fq. It follows from (4.16) and (4.17) that, mod O(h*°), the operator
(K1a)*Ki, is an h — ¥DO in the class OPS)(0X) uniformly in 6 with a symbol which is
@ (6*20|9‘/ h) together with all derivatives, where C' > 0 is a new constant. Therefore, its norm
is also O (6_2()'9‘/’1), which clearly implies (4.15). 0

5. PARAMETRIX CONSTRUCTION IN THE ELLIPTIC REGION

We keep the notations from the previous sections and note that pxj{ € S{(0X). Tt is easy

also to see that 0 < C1(¢') < |p| < C2(¢’) on supp xi, where C; and Cy are constants depending
on J. In this section we will prove the following
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Proposition 5.1. There is a constant C > 0 depending on § but independent of A such that
[P (X )Opy (x5) = OPw(pXy + 10) || L2050y 1 (03) < CP (5.1)
where b € S§(0X) does not depend on X and the function n.

Proof. The estimate (5.1) is a consequence of the parametrix built in [15]. In what follows
we will recall this construction. We will first proceed locally and then we will use partition
of the unity to get the global parametrix. Fix a point 2? € 90X and let Uy C OX be a small
open neighbourhood of 2°. Let (x1,2'), #1 > 0, 2’ € Uy, be the normal coordinates used in the
previous section. Take a function 1/10 e C§° (Z/Io) and set ¢ = 1/10 As in the previous section,
we will construct a parametrix uw of the solution of (1.1) with uﬂwl 0 = Opy(¥)f in the form

w = ¢(x1)KT f, where ¢(x1) = x(21/61), 0 < 61 < 1 being a parameter independent of \ to
be fixed later on, and

(F ) = (2a) i [ [ b0 ote Dt g 0) ()
The phase ¢ is complex-valued such that ¢|,,—0 = —(2’,&’) and satisfies the eikonal equation
mod O(x}M):
(0219)” + (B(2)Varp, Varp) — (L +i6)n(z) = 2] Ry (5:2)
where M > 1 is an arbitrary integer, the function R is smooth up to the boundary x; = 0. It

is shown in [15], Section 4, that for (z/,¢’) € supp, the equation (5.2) has a smooth solution
of the form

M—1
wien(a’,€,0), @ =—{a',€),
k=0
safisfying
Oy Pl =0 = 1 = —ip. (5.3)
Moreover, taking §; small enough we can arrange that
Imyp > —%Rep > Cxy(¢'), C>0, (5.4)

for 0 < z1 <361, (2/,&') € supp®. The amplitude a is of the form

a= Z Waj(z, &, 0)

J=0

where m > 1 is an arbitrary integer and the functions a; satisfy the transport equations mod
O(zM):

210, 00, a5 + 2 (B(x)Varp, Vaa;) +i(Axp)a; + Axaj =20 0<j<m, (55)

aglz, =0 = ¥, aj]m:o =0 for j > 1, where a_; = 0 and the functions ég\jd) are smooth up to the
boundary x; = 0. It is shown in [15], Section 4, that the equations (5.5) have unique smooth

solutions of the form
M—1
k
CL] = Z xlak,j(x',gl,ﬂ)
k=0

with functions ay ; € Sy 7(X) uniformly in 6. We can write

Vi = h ' (2 Ax + (1 +i)n(@)a = K f + K3 f



HIGH-FREQUENCY APPROXIMATION OF THE INTERIOR DIRICHLET-TO-NEUMANN MAP

where
Ki f = hlAx, QIKT f = h(2¢ (21)0s, + c(x)¢" (x1))CT f
= r) 1 [ [ @S0 1 0 € g
Af = 2i¢' a0y, p + hed” Oy, a
and
(K$ £)(x) = (2mh) ! //e%«y'vf')*“’(’”’fl’g))A;(x,5’,A)f(y’)d{’dy’
where

AT = ¢(x1) (hlx{‘/[ﬁ,Ma + 2M Z hjég\{[) + hm+1AXam) .
=0

As in the previous section, we will derive Proposition 5.1 from (5.3) and the following

Lemma 5.2. The function Vi satisfies the estimate

15

Vil o) < Om (B ") L+ Oar (RH77) 11 (5.6)

Proof. Let a be a multi-index such that |a| < 1. In view of (5.4) we have

e'e/h (i\a!Af@o‘(p—i— hOy O‘A+ ‘

< sup e e <OV Z 0y ((h)(E)M)
01/2<x1<361

for every integer M > 1. Therefore, the kernel of the operator (hd,)*K{ : L?(0X) — L*(X) is

Onm (hM*"H), and hence so is its norm. By (5.4) we also have

Vertmelh < pe=Cor€)/h = 0y (h/(E)M).

1
This implies that

eI (ilalAF 05 + (hd2)*AT) = On ((h/ENY ) + O ((h/(€)™)

which again implies the desired bound for the norm of the operator (hd, )y . 0
By the estimates (3.10) and (5.6) we have
I (A;n)O 7 < Op (K™) 4 Opr (WM 5.7
s m0mu ) = Ty S Om () O (1) (5.7)
where the operator TJ is defined by
TJf = hdy, K flzy=0-
In view of (5.3), we have
(1) @) = nty st [ [R50, 60,4, €'.0) + Wy a0, € V) ()

= Opy(p¥) f + Z W1 0py (a1,5(2', €, 0)) f

j=0
where a1 ; € ng(aX). Hence
Opy(ar;) = O1) : L*(0X) — HL(0X).
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Therefore it follows from (5.7) that
[N (A;n)Opy, (¥) — Opy (pt + ha/LO)HLQ(aX)*)H}IL(aX) < O(h). (5.8)
We need now the following
Lemma 5.3. There exists a function b° € SS(OX) independent of A and n such that
aro —b° € S;HOX). (5.9)

Proof. We will calculate the function a g explicitly. Note that this lemma (resp. Proposition
5.1) is also used in [15], but the proof therein is not correct since a; ¢ is calculated incorrectly.
Therefore we will give here a new proof. Clearly, it suffices to prove (5.9) with a; ¢ replaced by
(1 —n)a1p with some function n € C§°(T*9X) independent of h. Since p = —/rg (1 + O(Tal))
as rg — 00, it is easy to see that

(L=mp " = (1 =n)(=v/ro) " € 5,5 1(0X) (5.10)

for every integer k > 0, provided 7 is taken such that n = 1 for [¢/| < A with some A > 1 big
enough. We will now calculate the function (o from the eikonal equation. To this end, write

B(z) = Bo(2') + 21 B1(2)) + O(z?), n(z) = no(a) + z1ni(a’) + O(a?)
and observe that the LHS of (5.2) is equal to
1 (4p102 + 2(BoVarpo, Varpr) + (B1Varo, Varpo) — (14 i0)n1) + O(x7).

Hence, taking into account that ¢g = —(2/,&’) and p; = —ip, we get
P2 = (20)"{(Bog', Varp) + (4ip) N (Br€', &) — (14 0)(4ip) "' ma.
Using the identity
20V ip =Vurg — (1 + iQ)Vx/nO

we can write @9 in the form

2 = (2p)"(Bo€, Vrro) + (4ip) " (Bi€', &)

(14 08)(2p) 2 (Bo€', Varmo) — (1 + i0)(dip) na.

By (5.10) we conclude that, mod Sy *(0X),

(1- n% = —id™ (1 = )y P (Bog!, Varro) + (1 — ) (4r0) " (Br€, ). (5.11)

Write now the operator Ax in the form
Ax =02, + (BoVar, Var) + qi(a")8, + (a2(a”), Var) + O(a1)
and observe that
Axo =203 + qip1 — (q2(2"), &) + O(a).

We now calculate the LHS of the equation (5.5) with j = 0 modulo O(z). Recall that ag o = .
We obtain

2ip1a1,0 + 2i(Bo Vo, Varao) + i(Axe)aoo
= 2ip1a1,0 + 2i(Bo&’, Vb)) + (202 + qro1 — (q2(2'), &)

Since the RHS is O(z}?), the above function must be identically zero. Thus we get the following
expression for the function aj :

a1,0 = —1 (Bo&, V) — (07 02 + 27 g1 — (2001) e (2), €))0. (5.12)
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Taking into account that 1 = 1° on supp (1 — ), we find from (5.10), (5.11) and (5.12) that
(5.9) holds with

B = i1 =g *(Bog', Vo)
—47 (1= (=i 2 (Bog’, Vo) + 15 (Bi€,€) + 200+ 25 @a(0),. €)) . (5.13)
Clearly, v° € S§(0X) is independent of A and n, as desired. O
Lemma 5.3 implies that
Opy (a1 —b°) = O(1) : L*(90X) — H}(0X). (5.14)

Now, using a suitable partition of the unity on 0X we can write 1 = ijl 1/1?. Hence, we can
write the function Xj{ as Z}'le Yj, where 9; = ¢?x§L. Since we have (5.8) and (5.14) with
replaced by each v;, we get (5.1) by summing up all the estimates. a

It follows from the estimate (3.11) applied with V' = 0 that
AN (A;n)Opy,(x%) = O(6) : L*(0X) — H} (0X) (5.15)

provided [Im A| > §=% and Re A > Cs > 1. Now Theorem 1.2 follows from (5.15) and Proposi-
tions 4.1 and 5.1. Let us now see that Theorem 1.1 follows from Theorem 1.2. Since the operator
—h?Apx > 0 is self-adjoint, we have the bound

[hp(=Aax)x2((—h*Aox —1)072)||
= V=R =T =i (k2 a0k - 1572

<sup Vo —1—ifx((c —1)d2)| < sup Ve =11+ 10|

>0 82<|o—1]<2482

< O+ |0)?) = 06 + h/?). (5.16)

On the other hand, it is well-known that the operator hp(—Apx )(1 — x2)((—=h%2Asx — 1)672) is
an h — UDO in the class OPS}(8X) with principal symbol p(1 — x9). This implies the bound

(=B ) (1 — o) (—H2ax — 1)572) — Opp(p(1 — xQ) = O(h) : I3(@X) — I(2X). (5.17)
It is easy to see that Theorem 1.1 follows from (1.3) together with (5.16) and (5.17). O

6. PROOF OF THEOREM 2.1
Define the DN maps Nj()), j = 1,2, by
NN f = dvuslr
where v is the Euclidean unit normal to I' and u; is the solution to the equation
{ (Vej(2)V 4+ Xnj(z))uj =0 in Q,
uj = f on T,

and consider the operator
T()\) = ClNl()\) — CQNQ()\).

Clearly, ) is a transmission eigenvalue if there exists a non-trivial function f such that T'(\) f = 0.
Therefore Theorem 2.1 is a consequence of the following
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Theorem 6.1. Under the conditions of Theorem 2.1, the operator T'(\) sends H#(I’) into
H%(I’), where k = —1 if (2.2) holds and k = 1 if (2.4) holds. Moreover, there exists a
constant C' > 0 such that T'(\) is invertible for ReA > 1 and |Im\| > C with an inverse
satisfying in this region the bound
-1 <y kst
7O 155 0y 15y S (62

where the Sobolev spaces are equipped with the classical norms.

Proof. We may suppose that A € Ac = {A € C:ReA > Cc> 1, |ImA < A}, 0< e 1,
since the case when A € {ReA > 1} \ A, follows from the analysis in [15]. We will equip
the boundary I' with the Riemannian metric induced by the Euclidean metric gg in 2 and will
denote by rq the principal symbol of the Laplace-Beltrami operator —Ar. We would like to apply
Theorem 1.2 to the operators N;j()). However, some modifications must be done comming from
the presence of the function ¢; in the equation (6.1). Indeed, in the definition of the operator
N(X;n) in Section 1 the normal derivative is taken with respect to the Riemannian metric
g; = c}lgE, while in the definition of the operator Nj(\) it is taken with respect to the metric
ge. The first observation to be done is that the glancing region corresponding to the problem

(6.1) is defined by X; := {(/,¢') € T*T : rj(2/,¢') = 1}, where r; := mj*lro, mj = Z—J]h‘ We

define now the cut-off functions x? ; by replacing in the definition of Xg the function 4 by 7;.
Secondly, the function p must be replaced by

pj(’, &) = \/7“0(3:’,5’) — (1 +40)m;(z’), Rep; <O0.
With these changes the operator Nj(\) satisfies the estimate (1.3). Set

5 = cipr(1 = xg1) — cap2(l — X§2) = T — c1pixss + C2p2X52

where ) ) .
ez (cg(x)ro(a’, &) — 1 — 10
e —eap = ) — 1 i0) 63
c1p1 + c2p2
where ¢ and ¢y are the restrictions on I' of the functions
2 _ 2
1 — &

am —ceny - and o —
1701 — €272

respectively. Clearly, under the conditions of Theorem 2.1, we have ¢(2’) # 0, Va’ € T'. Moreover,
(2.2) implies ¢y = 0, while (2.4) implies c¢o(2’) < 0, Va’ € T'. Hence,
0<(Cr < |60T0—1—i9| < Oy,
if (2.2) holds, and
0< Cl<’l“0> < |CoT’0 —1- 29| < Cg<7’0>,
if (2.4) holds. Using this together with (6.3) and the fact that p; ~ —/r as ro — oo, we get

0 < CH{EN < Crlro)™? < |7| < Calro)™? < CY(€)* (6.4)

where k£ = —1 if (2.2) holds, k = 1 if (2.4) holds. Let n € C§°(T*T") be such that n = 1 on
1€l < Aynp=0on || > A+ 1, where A > 1 is a big parameter independent of A and §.
Taking A big enough we can arrange that (1 — n)7s = (1 — n)7. On the other hand, we have
nts = 7 + O(8 + |0|*/?). Therefore, taking § and || small enough we get from (6.4) that the
function 75 satisfies the bounds

CL(EY* < |ms| < Ca(€)E (6.5)
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with positive constants Ci and C independent of § and #. Furthermore, one can easily check
that (1 — )7 € SE(T) and nrs € Sy *(T'). Hence, 75 € SE(T), which in turn implies that the
operator Opy,(7s5) sends H =2 (T') into H T (T"). Moreover, it follows from (6.5) that the operator

1tk 1k
Opy(7s) : H,? (I') = H,* (I') is invertible with an inverse satisfying the bound

HOph(Tg)_lu 1—k e <C (6.6)

H,Z (0)—H,? T)
with a constant C' > 0 independent of A and 6. We now apply Theorem 2.1 to the operators
N;(XN). We get, for X € A, [ImA| > C5 > 1, ReA > Cc 5 > 1, that
[T (A) = Opu(78)ll 20y 2 () < €0 (6.7)
in the anisotropic case, and
IPT(X) = Opp(78)ll L2 0y 112 (ry < €6 (6.8)
in the isotropic case, where C' > 0 is a constant independent of A and . Introduce the operators
A1(A) = (hRT(A) — Opy(75)) Opy(75) ",
As(A) = Opy(75) " (KT (X) = Opy,(75)) -
It follows from (6.6), (6.7) and (6.8) that in the anisotropic case we have the bound
AL (Ml 20y L2y < €9 (6.9)
while in the isotropic case we have the bound
A2l 2y 12y < €70 (6.10)

where C’ > 0 is a constant independent of A and §. Hence, taking § small enough we can arrange
that the operators 1+ .4;()) are invertible on L?(T") with inverses whose norms are bounded by
2. We now write the operator hT'(\) as

AT (A) = (1 + A1 (\)Opy,(75)
in the anisotropic case, and as
hT(X) = Opy(75)(1 + A2(}))
in the isotropic case. Therefore, the operator hT'()\) is invertible in the desired region and by

(6.6) we get the bound

H(hT(A))‘lHH%(FHH#(F) < 2C. (6.11)

Passing from semi-classical to classical Sobolev norms one can easily see that (6.11) implies
(6.2). O

7. PROOF OF THEOREM 2.2
We keep the notations from the previous section. Theorem 2.2 is a consequence of the following

Theorem 7.1. Under the conditions of Theorem 2.2, there exists a constant C > 0 such that
the operator T(\) : HY(I') — L*(T") is invertible for Re A > 1 and |Im \| > C'log(Re A + 1) with
an inverse satisfying in this region the bound

| T(A <1 (7.1)

)71HL2(F)—>L2(F) ~
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Proof. As in the previous section we may suppose that A € A.. We will again make use of the
identity (6.3) with the difference that under the condition (2.6) we have co(z’) > 0, V' € T'. This
means that |7| can get small near the characteristic variety ¥ = {(2/,¢&’') € T*T : r(a’,&') = 1},
where 7 := ¢org. Clearly, the assumption (2.7) implies that 37 N X9 = (). This in turn implies
that X N¥; =0, j = 1,2. Indeed, if we suppose that there is a exn Yjforj=1orj=2,
then it is easy to see that (¥ € ¥1 N s, which however is impossible in view of (2.7). Therefore,
we can choose a cut-off function x* € C*°(T*T) such that x° = 1 in a small neighbourhood of
¥, xY = 0 outside another small neighbourhood of ¥, and supp x° N ¥j =0,j =1,2. This
means that supp x" belongs either to the hyperbolic region {r; <1- 62} or to the elliptic region
{rj > 1+ 62}, provided § > 0 is taken small enough. Therefore, we can use Propositions 4.1
and 5.1 to get the estimate

||PNG(X)Opy (X°) — Oph(ijO)HL2(r)_>L2(r) < e Ol
which implies
[KT(N)OPR(X") = OPR(TX)| 2y oy S B+ e A, (7.2)

It follows from (6.3) that near ¥ the function 7 is of the form 7 = 79(r — 1 — i) with some
smooth function 75 # 0. We now extend 7y globally on T*T" to a function 7 € 58 (T") such that
7o = 7o on supp X" and |7y| > Const > 0 on T*T'. Hence, we can write the operator Opy,(7x")
as follows

Opy(1x") = Opy,(x”)Opy (70) (B — i6) + O(h)
where B = 10p;,(r — 1) + $Op,(r — 1)* is a self-adjoint operator. Hence
(B—i0)"t =0(6]7") : L¥(I') — LX(I).
Since 7y is globally elliptic, we also have
Opy, (7o) " = O(1) : L*(I') — L*(T).
This implies
K1 2= Op, (x")(B = i0) "' 0py (7o)~ = O(10]™") « L*(T') — L*(T)
and (7.2) leads to the estimate

IRT )KL = 05 ()| gy oy S 16170 (€N

<|m A~ +Rede MMM <5 (7.3)

for any 0 < 6 < 1, provided [Im A| > Cjlog(ReA), Re A > Cj with some constants Cs, C5 > 0.
On the other hand, by Theorem 1.2 we have, for A € A, [ImA| > Cs > 1, ReA > Cc 5> 1,

IAT()OPA(L = X°) = Opw(rs(L = X[ paqr oy < OO (7.4)
As in the proof of (6.5) one can see that the function 75 satisfies
Ci{E) < Il < Ca{€) on supp (1 —x") (7.5)

with positive constants C; and Cy independent of & and 6. Moreover, 75 € S3(T). We extend
the function 75 on the whole T*T to a function 75 € S§(T") such that 75(1 —x°) = 75(1 — x°) and

Ci(¢) < [@] < C(¢) on T°T. (7.6)

Hence

Hoph(;(s)iluL%F)_)LQ(F) <C (77)
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with a constant C' > 0 independent of A and 6. By (7.4) and (7.7) we obtain
[AT(\) K2 = Oy (1 = X°)| p2ry -y 2y < €0 (7.8)
with a new constant C > 0 independent of A and §, where
Ky := Opp(1 — x")Opy(75) ' = O(1) : L*(T) — L*(T).
By (7.3) and (7.8),
[T (A) (K1 + Ka) — 1HL2(F)—>L2(F) < (C+1)o. (7.9)

It follows from (7.9) that if ¢ is taken small enough, the operator hT()) is invertible with an
inverse satisfying the bound

H(hT()‘))_luL2(p)_>L2(p) <2 ”K1HL2(F)~>L2(F) +2 HK2|’L2(F)~>L2(F) 5 ’0‘_1 + 1. (7'10)
It is easy to see that (7.10) implies (7.1) 0
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