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When Does Output Feedback Enlarge the

Capacity of the Interference Channel?

Victor Quintero, Samir M. Perlaza, Inaki Esnaola, Jean-Marie Gorce

Abstract

In this paper, the impact of additive noise over the feedback links in the two-user interference
channel is studied using linear deterministic approximations. More specifically, only one transmitter-
receiver pair is let to use feedback. Under this condition, the exact value of the signal to noise ratio
(SNR) on the feedback link beyond which the capacity region of the linear deterministic approximation
is enlarged is fully described in terms of the forward SNRs and interference to noise ratios (INRs). In
general, three scenarios can be observed depending on the exact values of the forward SNRs and INRs.
In the first case, either individual information transmission rate can be improved; in the second case,
using feedback from receiver ¢ to transmitter ¢ exclusively increases the individual rate of transmitter-
receiver pair j, with ¢ € {1,2} and j € {1,2}\ {¢}. In the third case, implementing feedback turns out
to be useless for enlarging the capacity region. The same analysis is performed for the sum-rate and
the scenarios in which the sum-rate can be improved, as well as the corresponding minimum feedback

SNR, are fully described.

Index Terms

Linear Deterministic Interference Channel, Noisy Channel-Output Feedback, Capacity Region.
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I. INTRODUCTION

Channel-output feedback is an interference management technique that significantly increases
the number of generalized degrees of freedom (GDoF) [2] for the two-user Gaussian interference
channel (IC) in most of the interference regimes [3]. Essentially, in the very strong interference
regime, the GDoF gain provided by perfect-channel output feedback can be arbitrarily large

when the interference to noise ratios (INRs) and signal to noise ratios (SNRs) grow to infinity

log INR

at a constant rate o« = Tog SNR

greater than 2. One of the reasons why feedback provides such
a surprising benefit stems from the fact that it uses interference to create alternative paths to
the existing point-to-point paths. For instance, in the two-user IC, feedback creates a path from
transmitter 1 (resp. transmitter 2) to receiver 1 (resp. receiver 2) in which symbols that are
received at receiver 2 (resp. receiver 1) are fed back to transmitter 2 (resp. transmitter 1), which
decodes the messages and retransmits them to receiver 1 (resp. receiver 2). The GDoF gain due to
feedback in the IC depends on the topology of the network and the number of transmitter-receiver
pairs in the network. For instance, in the symmetric K -user cyclic Z-interference channel, the
GDoF gain does not increase with K [4]. In particular, in the very strong interference regime,
the GDoF gain is shown to be monotonically decreasing with /. Alternatively, in the fully
connected symmetric K -user IC with perfect feedback, the number of GDoF per user is shown
to be identical to the one in the two-user case, with an exception in a particular singularity,
and totally independent of the exact number of transmitter-receiver pairs [S]. It is important to
highlight that the network topology, the number of transmitter-receiver pairs and the interference
regime are not the only parameters determining the effect of feedback. Indeed, the capacity of
the feedback links turns out to be another relevant factor [6]. As shown later in this paper, in the
case in which one transmitter-receiver pair is in a high interference regime (the interfering signal
is stronger than the intended signal) and the other is in a low interference regime (the interfering
signal is weaker than the intended signal), the use of feedback in the former does not enlarge
the capacity region, even in the case of perfect output feedback. Conversely, using feedback in
the latter might enlarge the capacity region depending on the SNR of the feedback link. In the
following the feedback links are assumed to be rate limited due to the action of additive noise.
The exact values of the feedback SNRs beyond which the capacity region is enlarged depend on

all the other channel parameters: two forward SNRs and two forward INRs. In [7], the capacity
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region of the two-user Gaussian IC (GIC) with noisy channel output feedback is approximated
to within a constant number of bits for the symmetric case. These results are generalized in [8]
for non-symmetric cases. However, from the available descriptions of the capacity regions with
and without feedback, identifying whether or not the existence of a feedback link with a given
SNR enlarges the capacity region is not a trivial task.

An alternative for dealing with the challenges described above is to study the GIC via its
linear deterministic IC (LD-IC) approximation [9], for which the capacity region is perfectly
known [8], [10]. The two-user LD-IC with noisy channel output feedback (LD-IC-NOF) is
fully described by six parameters: (711, ﬁgg, N2, N1, %11, %22) € INS. There exists a mapping
between the parameters describing the two-user LD-IC and the parameters describing the GIC.
More specifically, there are two forward SNRs (Sﬁi > 1); two forward INRs (INR;; > 1);
and two backward SNRs (éﬁ{i > 1), with ¢ € {1,2} and j € {1,2} \ {i}. In the LD-IC,
the parameters of the GIC are mapped into the number of bit-pipes between each transmitter
and its corresponding intended receiver, i.e., 7 ; = |3 logQ(ﬁi)J; between transmitter j
and receiver i ie., n; = |3logy(INR;;)]; and between each receiver and its corresponding
transmitter, i.e., 2 ; = E logQ(mi)J. An LD-IC without feedback corresponds to the case in
which %71, = %792 = 0 and the capacity region is denoted by C(ﬁn, 99, N1a, N1, 0, 0). In the
case in which feedback is available at both transmitters, %11 > () and %22 > (, the capacity is
denoted by C(ﬁn, 722, N1g, Not, WH, WQQ).

This paper presents the exact conditions on 1T (resp. 7 99) for observing an improvement
in the capacity region C(Wll, 722, Nig, Not, %11, 0) (resp. C(WH, 722,7112, Not, 0, %22)) when
compared to C(ﬁ)ll,ﬁgg,nlg,ngl,0,0), for any 4-tuple (711, o9, N1, no1) € IN*. More
specifically, it is shown that there exists a threshold for the number of bit-pipes in the feedback
link of transmitter-receiver pair 1 (resp. 2), beyond which the capacity region of the two-user
LD-IC-NOF can be enlarged, i.e., C(ﬁn,ﬁgg,nlg,ngl,(),()) C C(ﬁn, o9, Ny, Moty 11 s
0) (resp. C(ﬁn, T 99, N2, M1, 0, 0) C C(Wll, 99, 19, N1, 0, %22)), with strict inclusion. The
exact conditions on ¥ 11 (resp. $7 59) to observe an improvement on a single rate or the sum-rate
capacity, for any 4-tuple (Wll, T 99, 1o, no1) € IN* are also presented in this paper. Surprisingly,
these values can be expressed in closed-form using relatively simple expressions that depend on
some of the parameters 711, 722, n12 and na.

Based on these results, several relevant engineering questions arise in this setting. For instance,
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Fig. 1. Two-user linear deterministic interference channel with noisy channel-output feedback. The bit-pipe line number 1

represents the most significant bit.

in which of the two transmitter-receiver pairs must the feedback link be implemented if the
objective is to improve: (a) the individual rate of the transmitter-receiver pair in which feedback
is implemented; (b) the individual rate of the other transmitter-receiver pair; or (c) the sum-rate
of both transmitter-receiver pairs. In each of these scenarios, the feedback SNR, either %11 or
7 59, must be bigger than a given threshold for the improvement to be observed. Interestingly,
the answer is completely different for each of these scenarios. In addition to the results described
above, the exact values of %11 or %22 for which feedback does not enlarge the capacity region

are also identified.

II. LINEAR DETERMINISTIC INTERFERENCE CHANNEL WITH NOISY CHANNEL-OUTPUT

FEEDBACK

Consider the two-user LD-IC-NOF, with parameters 711, 722, n12, Noai, %11 and %22

described in Fig. 1. The parameters 7, n;; and 75 with i € {1,2} and j € {1,2}\{:}, are non-
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negative integers. Parameter i represents the number of bit-pipes between transmitter ¢ and
receiver ¢; parameter n;; represents the number of bit-pipes between transmitter j and receiver
1; and parameter i represents the number of bit-pipes between receiver ¢ and transmitter ¢
(feedback). At transmitter ¢, the channel-input X; ,, during channel use n, withn € {1,2,..., N},
is a g-dimensional binary vector X, ,, = (X-(l) X ,X(q))T, with

,m o “rin i,n
- =
q = max (77 11, 1 22, M12, M21) (1
and N the block-length. At receiver ¢, the channel-output 7,n during channel use n is also a

,M ,m? ,n

T
g-dimensional binary vector ?m = (7(1) 7(»2) ...,75’1)) . The input-output relation during

channel use n is given by
Y= X+ ST X @)
and the feedback signal ?i,n available at transmitter ¢ at the end of channel use n satisfies

T
((07 cee 70) ) ?:—,n> :‘S(max(ﬁ“777'1‘]')_%%)Jr ?i,n—dy (3)

where d is a finite delay, additions and multiplications are defined over the binary field, and S

is a ¢ X q lower shift matrix of the form:

(000 0 - 0]
10 0 --- 0
S=10 1 0 - t]. 4)
0
I o --- 0 1 0 |
The dimension of the vector (0, ...,0) in (3) is ¢g—min (%“, max (77 i, nw)) and the vector ?m

represents the min (ﬁ“,max(ﬁii,nij)) least significant bits of ,S'(m{"x(ﬁ”'’"“)_ﬁ“’)+ ?i,n—d-
Without any loss of generality, the feedback delay is assumed to be equal to 1 channel use. Trans-
mitter ¢ sends the message index IW; by sending the codeword X; = (X, 1, X;2,...,X;n) €
XN, The encoder of transmitter ¢ can be modeled as a set of deterministic mappings fi(l),

FO N with YW, — {0, 1} and forall n € {2,3,..., N}, £ W, x {0, 1}1-1 —

2

{0,1}9, such that
X1=f"(W;) and 5)

Xi7n:fi(n) (le ?Ll) ?iQ; BRI ?i,n—l>' (6)
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Assume that during a given communication, 7" blocks are transmitted. Hence, the decoder of
receiver 7 is defined by a deterministic function ; : {0, 1}7*¥*T — W' At the end of the
communication, receiver ¢ uses the sequence (?i,l, ?LQ, . ,7i, N T) to obtain an estimation of
the message indices. The decoding error probability in the two-user LD-IC-NOF during block
t, denoted by P*)(N), is given by

A rate pair (R, Ry) € R is said to be achievable if it satisfies the following definition.

Definition 1 (Achievable Rate Pairs): The rate pair (R, Ry) € R is achievable if there exists

at least one pair of codebooks X} and XN with codewords of size ¢ x N, and the corresponding
encoding functions fl(l), fl(z), ey fl(N) and fél), fz(z), e ,fQ(N) such that the average bit error
probability can be made arbitrarily small by letting the block length N grow to infinity.
The information capacity region is the closure of all information achievable rate pairs (R, Rz).
Denote by C(ﬁll,ﬁgg,nlg,ngl,%11,%22) the capacity region of the two-user LD-IC-NOF
with parameters 711, 722, N2, MNol, WH, and %22. Lemma 1 fully characterizes the set
C(ﬁm 7227 N2, M21, %11, %22)-

Lemma 1 (Theorem 1 in [8]): The capacity region C(ﬁll,ﬁgg,nlg,ngl,%ll,%22> of the
two-user LD-IC-NOF is the set of non-negative rate pairs (Ry, Rs) that satisfy Vi € {1,2} and
Je{l,2p\{i}:

R; <min (max (Wu, nj;) , max (ﬁu, ni;)) (8a)
R; <min (max (75, mj;) , max (ﬁ)u, i — (1, — nji)+)) : (8b)
Ri + Ry <min (max (W a2, n12) + (W11 — n12) ", max (711, m91) + (a2 — n21)+> ., (8¢)

Ry + Ry <max ( (711 - 7112)+ , a1, 711 - (maX (7117 n12) - %11)+)

+ max ( (W2 —n21)" mag, Ty — (max (Waz, na1) — Naz) " )’ (8d)
2R; + Rj<max (ﬁu, nji) + (ﬁii - ”ij)+
+ max ( (ﬁjj — nji)Jr s Mg ﬁjj - (max (ﬁjja nj’i) B %Jj)Jr ) (8e)
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III. PRELIMINARIES
A. Definitions

Let a; € Q be the interference regime of transmitter-receiver pair i, with ¢ € {1,2} and

Je{L2p\{i},
Nj;j

o = ﬁ 9)
For each transmitter-receiver pair ¢, there exist five possible interference regimes (IRs): very
weak IR (VWIR), ie., o; < 3, weak IR (WIR), ie, 3 < o; < 2, moderate IR (MIR), i.e.,
% < «; < 1, strong IR (SIR), i.e., 1 < a; < 2 and very strong IR (VSIR), i.e., o; > 2 [11].
The scenarios in which the desired signal is stronger than or equal to the interference (o; < 1),
namely VWIR, WIR and MIR, are referred to as low-interference regimes (LIRs). Conversely,
the scenarios in which the desired signal is weaker than the interference (a; > 1), namely SIR
and VSIR, are referred to as high-interference regimes (HIRs). In the two-user LD-IC, up to
twenty-five possible interference regimes might emerge, given «; and as. However, only twelve
cases are of real interest. This is because the transmitter-receiver pairs can be indifferently labeled

and thus, for instance, studying the case in which a; < 1

5 and ap > 2 is the same as studying

1
5

the case in which o7 > 2 and oy <
The main results of this paper are presented using a list of events (Boolean variables) that are
fully determined by the parameters 711, 722, n12, and nyp. For instance, given the parameters
(711, ﬁgg,mz, n91), the events (10)-(21) describe some combinations of interference regimes
that are particularly interesting. Let ¢ € {1,2} and j € {1,2} \ {i} and define the following

events:

December 27, 2016 DRAFT



E, a <l A o<1, (iandjin LIR) (10)
1
Ey,; Ozi<§ A 1 <a;<2, (iin VWIR and j in SIR) (11)
1
Es; ai<§ A\ Qj>2, (iin VWIR and j in VSIR) (12)
1 2
Ey, §<o¢z<§ A\ a;;>1, (i in WIR and j in HIR) (13)
2
Es; : §<Ozi<1 A 1 <a;<2, (iin MR and j in SIR) (14)
2
Es,; : §<ai<1 A\ Qj>2, (i in MIR and j in VSIR) (15)
1
Eq;: §<ai<1 A\ a;;>1, (i in WIR or MIR and j in HIR) (16)
Eg; : a; >1 A a;<1, (iinHIR and j in LIR) (17)
2 2
Eqg : algg A a2<§, (i and j in VWIR or WIR) (18)
2
Eyp, aiég A §<ozj<1, (i in VWIR or WIR and j in MIR) (19)
2 2
Eic §<ai<1 A ozj<§, (6 in MIR and j in VWIR or WIR) (20)
Eio; a; >2 A a;;>1, (iin VSIR and j in HIR). 21D

Some other auxiliary events are considered. The event in which the signal from transmitter ¢ is

stronger in its intended receiver than in its non-intended receiver is denoted by 3, i.e.,
_>
E137i3 T35 >Tji. (22)

The event in which the sum of the number of bit-pipes in the direct links is bigger than the sum

of the number of bit-pipes in the cross-interference links is denoted by FEjy, i.e.,
Ei: Wi+ Wa>nio + nar. (23)

The event in which the number of bit-pipes in the direct link 7 is bigger than the sum of bit-pipes

in both cross-interference links is denoted by
%
E157Z‘Z T 5 >Mi + M. (24)

The event in which the sum of the number of bit-pipes in the direct links is bigger than the sum

of the number of bit-pipes in one cross-interference link and twice the number of the bit-pipes
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in the other cross-interference link is denoted by
- =
E]_ﬁﬂ;: 4+ T >Mi + 27%1 (25)

Finally, the event in which the sum of the number of bit-pipes in the direct links is bigger than

the number of bit-pipes in one cross-interference link is denoted by
— —
E17ﬂ'2 W+ 1 55<Nyj. (26)
In the following, given an event, e.g. Fi3; : 174 > nj;, the notation Ey3; implies 17, < nj;
Elgﬂ' 1mphes ﬁ” < Mjis and Ev’lgﬂ' lmphes ﬁ“ = Nji.

Combining the events (10)-(26), five main events are identified:

St (BiAEis;) V (Eai A Eig) V (Esi A Evsi A E) V (Eyi A Evsi A Evg)
V (Es5; A\ Bz N\ Eig) V (EG,i A ElB,j A E14> , (27)
So <E3,z' A ElS,j A Em) \ (Em A ElS,j A FM) \ (El A El&j) ) (28)
Sy (El A E13,¢) Vv (E2,i A E13,z’> \ <E3,z' A ElS,j A Fl?),i) \ <E4,i A E13,j A El?),i)
V (Es; A Eizj AEus;) V (Esi A Erzj) V (Ei A Eizy) V (Esy) s (29)
Syit (B9 A Eiz; A Eig;)V (B A Eisi A\ Eizj A Egi N Eie )
V (B A Evg; A Evg; A Evgi A Evg ) (30)
S5t (B A Eiri AN Eigj) V (Eoj A Evri A Evzj) . (31
For all i € {1, 2} the events S} ;, So; and Ss; exhibit the property stated by the following lemma.
Lemma 2: For all i € {1,2} and for all (ﬁ}n, ﬁgg,nlg,ngl) € IN%, only one of the events
among S1,, S2; and Ss; is true.

Proof: The proof follows from verifying that for all i € {1,2} and j € {1,2} \ {i}, the
events (27)-(29) are mutually exclusive. For instance, consider that the event (E; A Ei3;) in (27)
is true. Then, S ; is true and Ey;, Es;, Ey;, Es,, Eg,, E7; and Eg; hold false, which implies that
Ss,; and Sy ; hold false as well, since all events in (28) and (29) are false. The same verification
can be made for all the remaining events in (27). This proves that if S ; is true then S;; and Ss;

hold simultaneously false. The same verification can be done for showing that when S;; holds

true (resp. Ss3;), both events S;; and Ss; (resp. S;; and Sy ;) hold simultaneously false. Finally
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10

following the same reasoning it can be verified that if any pair of the events {57 ;, S2,, 55} is
false, the remaining event is necessarily true. This completes the proof. [ ]
For all ¢ € {1,2} the events Sy, and S5; exhibit the property stated by the following lemma.
Lemma 3: For all i € {1,2} if one of the events Sy; or Ss; holds true, then the other
necessarily holds false.
Proof: The proof of Lemma 3 follows along the same lines of the proof of Lemma 2. H
Note that Lemma 3 does not exclude the case in which both S, ; and S5 ; are simultaneously

false.

B. Rate Improvement Metrics

The rate improvements are given in terms of the following metrics [10]: (a) maximum
individual rate improvements A; and A,; and (b) maximum sum-rate improvement Y, with
A; € Ry and ¥ € R for i € {1,2}.

Let C, = C(WH, ﬁgg,nm,ngl, ﬁn, ﬁm) and Cy = 6(711,722,7112,@1,0, 0) be the capacity
region with noisy channel-output feedback and without feedback, respectively. In order to for-
mally define A;, A, and ¥, consider a two-user LD-IC-NOF with parameters 711, ﬁgg, n12,
No1, %11, and %22. The maximum improvement of the individual rate R;, Ai(ﬁn, 722, N12,
nzl,%u, %22), due to the effect of channel-output feedback with respect to the case without
feedback is

Ai(ﬁn,ﬁnﬂlu,nm, %11, %22) = gl?%{ sup {Rz} — sup {Rj}} ) (32)

J (R;,R;)€Cy (RZ,R]')GC2

and the maximum improvement of the sum rate 2(711, T 99, 1o, Not, %11, %22) with respect

to the case without feedback is

S(T 11, og, oy not, 11, M) = sup {Rl + RQ} — sup {RI + R;} (33)
(R1,R2)€Cy (RI,Rl)eCs

In the following, when feedback is exclusively used by transmitter-receiver pair ¢, i.e., >0

and %jj = 0, then the maximum improvement of the individual rate of transmitter-receiver k,

with k£ € {1,2}, and the maximum improvement of the sum rate are denoted by Ak(ﬁu, 9,

N2, No1, ﬁ“) and E(ﬁn, T 92, Mg, N1, %“) respectively. Hence, this notation Ak(ﬁn, T 90,

- - = - =
ni2, N21, %m) replaces either Ak( n 11, M 22, N12, N21, %117 0) or Ak( 11, 122, N2, N2y, 0, %22),

when ¢ = 1 or 7 = 2, respectively. The same holds for the notation E(ﬁll, %)22, N2, N1, ﬁn—)
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11

that replaces E(ﬁll,ﬁgg,nlg,ngl,%n,@) or E(ﬁu,ﬁgg,ﬂu,ﬂgl,o, %22), when ¢ = 1 or

1 = 2, respectively.

IV. MAIN RESULTS
A. Enlargement of the Capacity Region

In this subsection, the capacity region of a two-user LD-IC-NOF with parameters (711, ey
ni2, M21), when feedback is available only at transmitter-receiver pair i, i.e., %“ > 0 and
ﬁjj = 0, is denoted by C (711, 722,7112, Not, ﬁ“) instead of C (711, 722, N12, Nat, %11, 0) or
C (711, 722, N12, Nat, 0, %22), when i = 1 or ¢ = 2, respectively. Following this notation, Theo-
rem 1 identifies the exact values of %n‘ for which the strict inclusion C (711, 722, N2, No1,0,0) C
C (711, T 22, N2, Na1, 0 4;) holds, with i € {1,2}.

Theorem 1: Leti € {1,2}, j € {1,2}\ {i} and 7 € N be

%* max (77/]'1', (ﬁ“ — nij)Jr) l:fSlﬂ' = True (34)
" ﬁjj + (ﬁ” - ni]—)+ l:fSQJ' = True.

Assume that Ss3; = True. Then, for all %“ e NN, C(ﬁn, 722, N12, Na1, 0, 0) = C(ﬁu,

- - - - - =
C(”ll; ”22;”12,7121,070) = C(”lh 71227”12,”217%1'1') and for all %u > ﬁ* C(nn, n 22,

- o
ni2, Nai, 0, 0) C C(nn, 1 29, N2, Noa1, %m)

ﬁzz, N12, N1, %”> Assume that either S, ,; = True or Sy; = True. Then, for all %“ < S

Proof: The proof of Theorem 1 is presented in Appendix A. [ ]
Theorem 1 shows that under event Ss; in (29), implementing feedback in transmitter-receiver
pair 7 does not bring any capacity region enlargement. Alternatively, under events S;; in (27)
and S ; in (28), the capacity region can be enlarged when i > %;‘Z That is, there exists a
threshold on the SNR of the feedback link beyond which it is possible to observe a capacity
region enlargement. Consider the following example.

Example 1: Consider a case in which transmitter-receiver pair 1 is in SIR (1 < a3 < 2),
transmitter-receiver pair 2 is in VWIR (g < %) and 722 > nig. In this case, the event Ly
holds true (and so does Ss ;). Thus, implementing feedback in the transmitter-receiver pair 1
does not enlarge the capacity region. Note also that the events Eso and Ey39 hold true (and
so does S, 2). In view of this, implementing feedback in transmitter-receiver pair 2 enlarges the

capacity region whenever the feedback link 2 satisfies that %22 > max (n12, (722 — n21)+>.
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Ry (bits/channel use)

- -

~N
o]

Ry (bits/channel use)

Fig. 2. Capacity regions of C(7,7,3,5,0,0) (thick red line) and C(7,7,3,5,6,0) (thin blue line).

It is important to highlight that in the cases in which feedback might potentially enlarge the
capacity region of the two-user LD-IC-NOF, that is, in events S 1, S2,1, S1,2 or S 2, the following
is always true for all i € {1,2} and j € {1,2}\ {i}:

The inequality in (35) unveils the fact that feedback is useful for enlarging the capacity region
of the two-user LD-IC-NOF when at least one receiver is capable of feeding back to its intended
transmitter at least part of the information transmitted by the other transmitter. Essentially, when
%Z—Z— < (ﬁ“ — n;;)T, the noise over the feedback link ¢ impairs all the bit-pipes that contain
information sent by transmitter j. This implies that transmitter ¢ cannot obtain any information
sent by transmitter j, see for instance Fig. 1. Another interesting observation is that the threshold
%;‘i beyond which feedback is useful is different under event \5; ; in (27) and event Sy ; in (28).
In general when S, holds true, the enlargement of the capacity region is due to the fact that
feedback allows using interference as side information [12]. Alternatively, when Ss; in (28)

holds true, the enlargement of the capacity region occurs thanks to the fact that some of the bits
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Fig. 3. (a) Achievability of the rate pair (4,4) in an LD-IC with parameters T =7 Moz=T,m12=3n21=5 111 =0
and %722 = 0. (b) Achievability of the rate pair (5,4) in an LD-IC with parameters 7711 = 7, 722 = 7, n12 = 3, na1 = b,
$711 = 6 and Tr22 = 0. (¢) Achievability of the rate pair (4,5) in an LD-IC with parameters T =7 Mo =7, nia = 3,
na1 =5, 11 = 6 and T2z = 0.

that cannot be transmitted directly from transmitter j to receiver j, can arrive to receiver j via
an alternative path: transmitter j - receiver ¢ - transmitter ¢ - receiver j. Consider the following
examples.

Example 2: Consider the parameters ﬁu =1, ﬁ)gg =17, nig = 3, and nyy = 5. This implies
that both Sy, and S 2 hold true. Hence, according to Theorem 1, it follows that the capacity
region can be enlarged by either using feedback in transmitter-receiver pair 1 or in transmitter-
receiver pair 2, with $711 > max (ngl, (711 - n12)+) = 50r 9 > max <n12, (722 — n21)+) =
3, respectively. Figure 2 shows the capacity region of C(7,7,3,5,0,0) (thick red line) and
C(7,7,3,5,6,0) (thin blue line).

Note that in example 2, the capacity region is enlarged when 11 = 6, with respect to the
case in which %271, = 0. Figure 3a shows the achievability of (4,4) without feedback, whereas
Figures 3b and 3c show the achievability of (5,4) and (4, 5) with feedback in transmitter-receiver
pair 1, respectively. More specifically, when feedback is used at transmitter-receiver pair 1 and
ﬁn > max (n217 (711 — n12)+), transmitter 1 obtains part of the information sent by transmitter
2. This information can be re-transmitted by transmitter 1 to cancel the interference it produced at
receiver 1 when it was first transmitted by transmitter 2. Interestingly, the interference perceived
at receiver 2 due to this re-transmission can be cancelled given that this information was reliably
decoded when it was first sent by transmitter 2. This allows transmitter-receiver pair 1 or 2 to

improve its individual rate.
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Fig. 4. (a) Capacity regions of C(5, 1, 3,4,0,0) (thick red line) and C(5,1,3,4,4,0) (thin blue line). (b) Achievability of the
rate pair (3,1) in an LD-IC with parameters Wi =5, Moo =1, ni2 =3, na1 =4, w11 = 0 and 5722 = 0 (no feedback
links). (c) Achievability of the rate pair (3,2) in an LD-IC with parameters Wi1=5 Hoo=1n12=3,n01 =4, 11 =4
and %722 = 0.

Example 3: Consider the parameters 711 =5, 722 =1, ﬁlg =3, and 721 = 4. In this case,
So.1 in (28) and S35 in (29) hold true. Hence from Theorem 1, it follows that the capacity region
cannot be enlarged by using feedback in transmitter-receiver pair 2 (Ss o holds true). At the same
time, it follows that the capacity region can be enlarged using feedback in transmitter-receiver
pair 1, whenever %11 > ng + (711 — n12)+ = 3 (52,1 holds true).

Figure 4a shows the capacity region of C(5,1,3,4,0,0) (thick red line) and C(5,1,3,4,4,0)
(thin blue line). Note that the capacity region is indeed enlarged when 711 = 4, with respect
to 211 = 0. Figure 4b and Figure 4c show the achievability of the rate pairs (3,1) and (3,2)
without and with feedback, respectively. Note that the main difference between both schemes is
that the existence of a feedback link between transmitter 1 and receiver 1, with %11 = 4, allows
transmitter 2 to send an additional bit per channel use, i.e., bits bs, by, bg, . . ., via the alternative
path (transmitter 2 - receiver 1 - transmitter 1 - receiver 2). This accounts for transmitter-receiver

pair 2 increasing its rate from one to two bits per channel use.

B. Improvement of the Individual Rate R; by Using Feedback in Link i

Implementing channel output feedback in transmitter-receiver pair < might allow increasing the
individual rate of either transmitter-receiver pair ¢ or j. Theorem 2 identifies the exact values of
%M- for which the individual rate R; can be improved, given the parameters (711, 722, N1, N21)

and ?jj = ( in the two-user LD-IC-NOF.
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Theorem 2: Let i € {1,2}, j € {1,2}\ {i} and |, € N be
%; — Imax (nﬂ, (ﬁ“ — n,-j)+) . (36)

Assume that either Sy ; = True or Ss; = True. Then, for all W“ e N, Ai(ﬁn, 722, N12, Na1,
%“) = 0. Assume that S,; = True. Then, when 14 < %L it holds that Ai(ﬁll, 99, N1,
no1, ?u) = 0; and when v ;; > %L, it holds that Ai(ﬁu, T 99, Ny, Mol ?u) > 0.

Proof: The proof of Theorem 2 is presented in Appendix B. [ ]
Theorem 2 highlights that under events S, ; in (28) and S ; in (29), the individual rate R; cannot
be improved by using feedback in transmitter-receiver pair i, i.e., Ai(ﬁn, 722, N19, Nat, ?u) =
0. Alternatively, under event S, in (27), the individual rate R; can be improved, i.e., Ai(ﬁn,
T 99, N9y Nol, %”) > 0, whenever % ;; > max (nji, (ﬁ)“ — nz-j)Jr).

An example in which for all (R}, R,) € C (ﬁll,ﬁgg,nlg,ngl,0,0) there always exists a rate
pair (Ry, Rs) € C(ﬁn, T 99, N, Mot T 11, 0) such that R} < R; and R, = R», is presented in
Fig. 2.

It is worth noting that under event Ss; in (29), the capacity region cannot be improved via
feedback (Theorem 1) and thus, none of the individual rates can be improved as suggested by
Theorem 2. Alternatively, under event S, ; in (28), the capacity region can be enlarged (Theorem
1) but the individual rate R; cannot be improved (Theorem 2). This implies that the capacity
improvement occurs due to the fact that [?; can be improved. More specifically, in this case:
Ai(ﬁn,ﬁm,nm,ngl, %”) =0 and Aj(ﬁn, 99, 19, Mot %”) > 0. This implies that using
feedback in transmitter-receiver pair ¢ is exclusively beneficial for transmitter-receiver pair j, as

shown in the following section.

C. Improvement of the Individual Rate R; by Using Feedback in Link i

Implementing channel output feedback in transmitter-receiver pair ¢ might allow increasing
the individual rate of transmitter-receiver pair ¢ or j; or both individual rates. This reveals the
altruistic nature of implementing feedback as suggested in [13], [14]. Theorem 3 identifies the
exact values of 77;; for which the individual rate R; can be improved by using feedback in
transmitter-receiver pair ¢, given the parameters (711, 722, N2, No1) and %jj = 0 in the two-

user LD-IC-NOF.
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Theorem 3: Let i € {1,2}, j € {1,2}\ {i} and 0}, € N be

1 max (njl-, (ﬁm - nij)+) lf Sl,i = True (37)
" ﬁ)jj + (W” - nij)Jr l'fSQﬂ' = True.

Assume that Ss; = True. Then, for all 1, €N, Aj(ﬁn, T 99, N1z, Nol, %“) = 0. Assume that
either Sy ; = True or Sy; = True. Then, when %“ < %i, it holds that Aj(ﬁn, 722, n19, N21,
%“) = 0; and when v ;; > ﬁi it holds that Aj(ﬁn, 99, N1, Mol ﬁn) > 0.

Proof: The proof of Theorem 3 follows along the same lines of the proof on Theorem 2 in
Appendix B. The difference is that the analysis is focused on the individual rate R?,. [ ]
Theorem 3 shows that under event S5 ; in (29), implementing feedback in transmitter-receiver pair
¢ does not bring any improvement on the rate [2;. This is in line with the results of Theorem 1 that
states that under event S3; in (29), implementing feedback in transmitter-receiver pair ¢ does not
enlarge the capacity region. In contrast, under events S; ; in (27) and Sy ; in (28), the individual
rate 7; can be improved (Aj(ﬁn, 722, N12, No1, %“) > () whenever W“ > %i It is important
to highlight that under event S, ;, the threshold on %m for increasing the individual rate R; i.e.,

(%L), and R; ie., (%i), are identical, see Theorem 2 and Theorem 3. This shows that in this
i

case, the use of feedback in transmitter-receiver pair 4, with % ;; > WL = %n, simultaneously
improves both individual rates. Under event .Sy ;, using feedback in transmitter-receiver pair 7,
with 77 > %fi, exclusively benefits transmitter-receiver pair j, which can improve its own
individual rate. An example in which for all (R}, R,) € C (711, T 99, N1a, ns1,0,0) there always
exists a rate pair (Ry, Ry) € C(ﬁn, T 92, Mg, N1, %11,0) such that R, < Ry, is presented in

Fig. 4a.

D. Improvement of the Sum-Capacity

Implementing channel output feedback in transmitter-receiver pair ¢ increases the sum-capacity
under certain conditions. Theorem 4 identifies the exact values of 2 ;; for which the sum-capacity
can be improved, for parameters (%)117 ﬁgg, N2, No1) and %jj = 0 in the two-user LD-IC-NOF.

Theorem 4: Let i € {1,2}, j € {1,2}\ {i} and 0}, € N be

k43

+ max (njz’> (74 — nij)+> if S4; = True
T N (38)
5 4 (14 — nij) if S5, = True.

Assume that S,; = False and Ss; = False. Then, for all %“ e N, E(Wll, 722, N1, No1,
%“) = 0. Assume that Sy; = True or S5; = True. Then, when %u < vt it holds that

i1
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Without feedback
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Fig. 5. Generalized Degrees of Freedom (GDoF) as a function of parameters o and 3, with 0 < a < 3 and 8 € {%, 5,2}

of the symmetric LD-IC-NOF. The plot without feedback is obtained from [11] and the plot with perfect-output feedback is

obtained from [3].

E(ﬁll, ﬁgg, n12,Naq, %z”» = 0; and when %“ > %
0.

&, it holds that Z(ﬁu, T 99, Mg, N1, W“) >
Proof: The proof of Theorem 4 is presented in Appendix C. [ ]
Theorem 4 identifies the conditions under which implementing feedback in transmitter-receiver
pair ¢ improves the sum-capacity whenever v ;; > 55, that is, 2(7 11, 7 22, n12, 21, 7045) > 0.
Theorem 4 highlights that one of the necessary but not sufficient conditions for improving
the sum-capacity by implementing feedback in transmitter-receiver pair i is that either (a) at
least one transmitter-receiver pair must be in VWIR or WIR; or (b) both transmitter-receiver
pairs must be in VSIR. This follows immediately from observing that for S,; or S5, to hold
true, at least one of the events Ey, Eyg;, E71,; or £ must hold true. An example in which
Clum (011, 22,112,121, 0,0) < Clum (711, W22, M2, o1, 11, 0), with w1y > Tty is pre-
sented in Fig. 2.
Interestingly, Theorem 4 shows that if at least one transmitter-receiver pair is in SIR, then the
sum-capacity cannot be improved. Finally, note that the thresholds ﬁfl in the events S,; and

S5,; coincide with those observed in Theorem 1.

December 27, 2016 DRAFT



18

V. GENERALIZED DEGREES OF FREEDOM

This section focuses on the analysis of the number of GDoF of the LD-IC-NOF for studying

the case in which feedback is simultaneously implemented in both transmitter-receiver pairs.
Moreover, the analysis is only performed for the symmetric case, i.e., o= 711 = ﬁ)gg,
m = nyy = ngy, and 0 = 11 = N, with (7, m, ) € IN3. The results in Lemma 1 allow
a more general analysis of the GDoF, e.g., non-symmetric case. However, the symmetric case
captures some of the most important insights about how the capacity region is enlarged when
feedback is used in both transmitter-receiver pairs.
Essentially, given the parameters ﬁ), m and ﬁ, with o = Z and 8= %, the number of GDoF,
denoted by D(a, (), is the ratio between the symmetric capacity, i.e., Csym (7, m, 77) = sup{R :
(R,R) € C (W, w,m,m, %)}, and the individual interference-free point-to-point capacity,
i.e., 77, when (W, m, %) — (00, 00, 00) at constant ratios o = & and 3 = % More specifically,
the number of GDoF is

%
Caym ”_n;m’ ) . (39)

Theorem 5 determines the number of GDoF for the two-user LD-IC-NOF.
Theorem 5: The number of GDoF for the two user symmetric LD-IC-NOF with parameters

a and § is given by
D(a, f)=min (max(l, a),max (1,8 — (1 —a)"), ; (max(1,a)+ (1—a)"),
max ((1 —a)",a,1— (max(1,0) — 8)7),
;<max(1,a) +(1—a)" + max <(1 — a)+ ca, 1 — (max (1, ) — 5)*)).(40)

Proof: The proof of Theorem 5 is presented in Appendix D. [ ]
The result in Theorem 5 can also be obtained from Theorem 1 in [7]. The following properties
are a direct consequence of Theorem 5.

Corollary 1: The number of GDoF for the two user symmetric LD-IC-NOF with parameters
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« and [ satisfies the following properties:

Vo € o,g and # <1, max (;5> < D(a,8) < 1, (41a)
Va € {og and 8>1, D(a,8)=1- % (41b)
Vo € (; 2| and B € [0,00), D(a,0) = D(a, ) = D(a,max(1,0)),  (4lc)
Va € (2,00) and 3>1, 1< D(a,3) < min (%6) , (41d)
Va € (2,00) and B <1, D(a,B)=1. (41e)

Properties (41a) and (41b) highlight the fact that the existence of feedback links in the symmetric
LD-IC in the VWIR and WIR does not have any impact in the GDoF when g < %, and the
GDoF is equal to the case with perfect-output feedback when /5 > 1. Property (41c) underlines
that in the symmetric LD-IC in MIR and SIR, the number of GDoF is identical in both extreme
cases: without feedback (8 = 0) and with perfect-output feedback (5 = max(l,a)). Finally,
from (41d) and (41e), it follows that for observing an improvement in the GDoF of the LD-IC-
NOF in VSIR, the following condition must be met: 5 > 1. That is, the number of bit-pipes in
the feedback links must be strictly bigger than the number of bit-pipes in the direct links.

Figure 5 shows the number of GDOF for the two user symmetric LD-IC-NOF for the case in

which 0 <o <3 and € {2,3, ¢}

VI. CONCLUSIONS

This paper presented the exact conditions on the feedback parameters ﬁn and WQQ, be-
yond which the capacity region of the two-user LD-IC-NOF can be enlarged for any 4-tuple
(711, 722,77,12,7121) € IN*. More specifically, the exact values of i (resp. $792) for which
C(WH, T 99, N2, Mol 0,0) C C(WH, T 99, Nigs Mol %11, 0) (resp. C(WH, 722, N2, No1,0,0) C
C (711, 722, N12, Moy, 0, %22)>, with strict inclusion. The exact conditions on %1, (resp. 57 90)
to observe an improvement on a single rate or the sum-rate capacity, for any 4-tuple (WH, o,
n12, n21> € IN* were also presented. Interestingly, there exist conditions in the two-user LD-IC-
NOF in which the use of feedback does not enlarge the capacity region. The gain in the capacity
of the two user LD-IC-NOF under symmetric conditions and for the VSIR can be bounded by

the noise in the feedback links. Finally, closed-form expressions for the number of GDoF are
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presented in the case of symmetric LD-IC-NOF. As observed before in [3] and [11], the number
of GDoF is invariant with respect to the use of output feedback links in both moderate and
strong interference regimes. In all the other interference regimes, the exact improvement on the

GDoF is perfectly identified.

APPENDIX A
PROOF OF THEOREM 1: ENLARGEMENT OF THE CAPACITY REGION BY USING FEEDBACK IN

ONE TRANSMITTER-RECEIVER PAIR

The proof of Theorem 1 is obtained by comparing C(ﬁn, ﬁgz, N12, No1, ﬁn,O) (resp.
C(Wll, 92, N2, Moy, 0, %22» and C(Wll, o9, N1z, Moy, 0, 0), for all possible parameters
711, 722, N1, N9, and %11 (resp. 711, 722, N1, M9y, and %22). More specifically, for
each tuple (711, ﬁgg, 19, ngl), the exact value %’{1 (resp %;2) for which any %11 > %“{1
(resp 00 > %32) ensures C(ﬁ)n, 9, N1, Mol 0,0) C C(Wu, o9, N1z, Moy, %11,0)
(resp. C(Wll, WQQ, nig,Na1,0,0) C C(ﬁ)n, 722,7112, Not, 0, %22)) is calculated. This procedure

is tedious and repetitive, and thus, in this appendix only one combination of interference regimes

is fully studied, e.g., VWIR - VWIR.

Proof:
Consider that both transmitter-receiver pairs are in VWIR, that is,
5D 1 Noy 1
ayp = <-and ap = = < - 42
1 ;TL N X 9 2 7 9 X 9 ( )

Under conditions (42), C (711, T 99, N, M1, 0, 0) is the set of non-negative rate pairs (R, R»)

that satisfy

ngﬁll 29, (43a)
Ry<T 90 2 60, (43b)

Ry + Ry<min (max (7227 Nig) + 711 — Ny2,Max (7117 No1) + 722 — Noy) = 03, (43c)

R; + Ro<max (711 — Nia, n21) + max (722 — Nay, n12) = 04, (43d)
2PL1 + Rgémax (711, 7121) + ﬁll — N2 + max (%)22 — Na1, nlg) é @5, (436)
Ry 4+ 2Ry<max (722, nig) + 722 — Ng1 + max (no, 711 — N1a) = 0. (43f1)

Note that for all (711,722,7112,7121,%22) S N5 and %11 > max (Wll,nlz), it follows that

6(7117722,7112,”217%11,%22) = C(ﬁn,722,71127nzlamax(ﬁll,nm),%22) Hence, in the
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following, the analysis is restricted to the following condition:
11 < max (W11, na2) - (44)

Under conditions (42) and (44), C (Wll,ﬁgg,nn,ngl,%n,()) is the set of non-negative rate

pairs (R, Ry) that satisfy

Ry, (452)

Ry<T 99, (45b)

Ry 4 Ry<min (max (22, n12) + 711 — nuo, max (711, n91) + 1oz — no1),  (45¢)
Ry + Ry<max (711 — N2, Nai, %11) + max (%}22 — N1, ni2) = b7, (45d)
2R + Ro<max (711, m91) + 711 — nyo + max (792 — N1, N12) (45¢e)
Ry + 2Ry<max (7227 nig) + Moz — Moy +max (711 — N, Nar, W 1) 2 s, (451)

When Comparing C(Wu, %)22, N12,MN21, O, 0) and C(ﬁn, %)22, N12,MN21, %11, O), note that (433.),
(43b), (43c), and (43e) are equivalent to (45a), (45b), (45¢), and (45e), respectively. Under these
observations, the region C(ﬁn, 722, N12, N2, %11, 0) is greater than the region C(ﬁn, 722,

N2, N1, 0, 0) if at least one of the following conditions is true:
min(03, 94) < min(é’g, 87) < b+ 92, (46a)
96 < min (987 91 + 292, 92 + 93, 92 + 94) < min (91 + 292, 02 + 93, 92 + 97) . (46b)

Condition (46a) implies that the active sum-rate bound in C (%}11, %)22, N19, Na1, %11, 0) is greater
than the active sum-rate bound in C (711, T 99, Mg, N1, 0, 0). Condition (46b) implies that the
active weighted sum-rate bound on Ry + 2R5 in C(ﬁn, 722, N12, ngl,%n,()) is greater than
the active weighted sum-rate bound on R; + 2R, in C(%}H, T 99, N1, N2, 0, 0).

To simplify the inequalities containing the operator max(-,-) in (45) and (43), the following 4

cases are identified:

Case 1 :711 — n1g < No; and ng — Nop < Nqo; A
Case 2 : 711 — n12 < nop and TWas — Ny > Nyo; (48)
Case 3: 711 — My > ny; and 722 — n91 < Nnqo; and (49)
Case 4: 711 — N9 > No; and ng — Ng1 > Nqa. (50)
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Case 1: Under assumptions (42) and (47), this case is not possible by contradiction.
Case 2: Under assumptions (42) and (48), this case is possible.
Plugging (48) into (45) yields:

Ry + Ry<min (722 + 711 — Np2,Max (%)117 No1) + 722 — Na1), (51a)
Ry + Ry<max (noy, %11) + T 9y — N1, (51b)
R1 + 2R2<2ﬁ>22 — Nio1 + Mmax (7121, %11) . (51C)

Plugging (48) into (43) yields:
Ry + Ry<Ti g, (52a)
Ry + 2Ry <2 9. (52b)

To simplify the inequalities containing the operator max(-,-) in (51), the following 2 cases are

identified:

Case 2a :711 > ngp; and (53)
Case 2b : 711 < oy (54)

Case 2a: Plugging (53) into (51) yields:

Ry + Ry<T 1y + s — Noat, (55a)
Ry + Ry<max (no, %11) + T 92 — oy, (55b)
R1 + 2R2<2ﬁ>22 — N91 + mMax (TLQl, %11) . (55C)

Comparing inequalities (55a) and (55b) with inequality (52a), it can be verified that min (711 +
722 — N1, Max (ngl, ﬁn) + 722 — n21) > 722, 1.e., condition (46a) holds, when WH > Noq.
Comparing inequalities (55¢) and (52b), it can be verified that 2N 99 — Moy + Max (nar, ﬁll) >
2722, i.e., condition (46b) holds, when %11 > nagy. Therefore, %{1 = n9; under assumptions
(42), (44), (48), and (53).

Case 2b: Plugging (54) into (51) yields:

Ry + Rzgﬁm, (56a)
Ry + Ro<max (o1, %11) + Ty — Noat, (56b)
Rl + 2R2<2%>22 — N91 + max (7121, %11) . (56C)
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Comparing inequalities (56a) and (56b) with inequality (52a), it can be verified that min (722,
max (77,21, Wll) +ﬁ>22 —ngl) = %}22, 1.e., condition (46a) does not hold, for all %11 € N. Com-
paring inequalities (56¢) and (52b) it can be verified that 2722 — N9 + max (nay, %11) > 2722,
when %71, > noy, which implies that $71, > max (711, ni2). However, under the assumptions
(42), (44), (48), and (54), the bounds (52b) and (56¢) are not active. Hence, condition (46b) does
not hold. Therefore, for all %, € NN, the capacity region cannot be enlarged under assumptions
(42), (44), (48), and (54).

Case 3: Under assumptions (42) and (49), this case is possible.

Plugging (49) into (45) yields:

Ry + Ry<min (max (722, nig) + Wy — ni2, Wi+ Moo — No1), (57a)
Ry + Ro<max (%)11 — N2, %11) + nq2, (57b)
R1 + 2R2<max (722, nlg) + ﬁgg — N91 + mMmax (711 — N2, %11) . (570)

Plugging (49) into (43) yields:
Ry + Ro< 1, (58a)
Ry 4+ 2Ry<max (722, ni2) + a9 — Ny + T 11 — Nio. (58b)

To simplify the inequalities containing the operator max(-,-) in (57) and (58), the following 2

cases are identified:

Case 3a :722 > nqo; and 59)

Case 3b : 79y < N1o. (60)

Case 3a: Plugging (59) into (57) yields:

Ry + Ro<T oy + 111 — N2, (61a)
R; + Ry<max (ﬁn — N2, %11) + N2, (61b)
Ry + 2Ry <27 95 — gy + max (711 — N2, %11) . (61c)

Plugging (59) into (58) yields:
Ry + Ry<Ti 11, (62a)
Ry + 2Ry<27T 95 — nigy + 11 — Naa- (62b)
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Comparing inequalities (61a) and (61b) with inequality (62a), it can be verified that min (722 +
711 —MNj19, MaxX (711 —N19, %11> +n12> > Wll, i.e., condition (46a) holds, when ﬁll > 711 —
n1o. Comparing inequalities (61c) and (62b), it can be verified that 2722 —N91 +max (ﬁ)u — 199,
T 11) > 270 22 — g1 + 7 11 — n1a, ie., condition (46b) holds, when %711 > 71, — nio. Therefore,
%’{1 = 711 — n1o under assumptions (42), (44), (49), and (59).

Case 3b: Plugging (60) into (57) yields:

Ry + Ro< 11, (63a)
Ry + Ry<max (711 — N2, %11) + ni9, (63b)
Ry +2Ry<nyp + 722 — No1 + mMax (711 — N2, %11) . (63¢)

Plugging (59) into (58) yields:
Ry + Ro<Ti 11, (64a)
Ry 4 2Ry< 99 — nigy + 11 (64b)

Comparing inequalities (63a) and (63b) with inequality (64a), it can be verified that min (ﬁn,

max (ﬁn — N9, W11> + nu) = ﬁn, i.e., condition (46a) does not hold, for all %11 € N.
Comparing inequalities (63c) and (64b), it can be verified that 1 —i—ﬁQQ — N9 +max (711 — N9,
ﬁH) > ﬁ)gg — No1 + 711, i.e., condition (46b) holds, when %11 > 711 — nqq. Therefore,
2%, = 711 — ny, under conditions (42), (44), (49), and (60).

Case 4: Under conditions (42) and (50), this case is possible.

Plugging (50) into (45) yields:

R; + Ry<min (%}22 + T — ni2, Wi+ Moo — no1), (65a)
Ry + Ro<max (711 — N2, %11) + gy — N91, (65b)
Rl + 2R2<2722 — Nop + Max (ﬁll — N9, %11) . (650)

Plugging (50) into (43) yields:
Ry + Ro<T 11 — o + Tog — nan, (66a)
Ry + 2Ry <27 99 — ngy + W11 — naa. (66b)
Comparing inequalities (65a) and (65b) with inequality (66a), it can be verified that min (min (ﬁgg

— - = — — — —
+ i —nig, Tt 7122—”21), HlaX(nn—le, %11>+ n22—n21) > 111 — N2+ Moz —Nai,
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1.e., condition (46a) holds, when %11 > 711 — n12. Comparing inequalities (65¢) and (66b),
it can be verified that: 2722 — Ngp + Max (ﬁ}n — N12, %11) > 2722 — No1 + 711 — Ny, 1.€.,
condition (46b) holds, when Wll > 711 — ny9. Therefore, W’{l = ﬁ)ll — n19 under conditions
(42), (44), and (50).

From all the observations above, when both transmitter-receiver pairs are in VWIR (event F;
is True), it follows that when %21, > %%, and 713 > ng (event Ejsy is True) with with
%Tl = max(ﬁn - 7112,”21), then C(WH, 722, ni2, Noi, 0, 0) - C(Wu, 722, ni2, N21, %11,
0). Otherwise C(ﬁn, T 99, M1y Mot 0, 0) = C(%)H, T 99, N1y No1s 011, 0). Note that when
events [V; and Ei3; hold simultaneously true, then the event S ; is true, which verifies the
statement of Theorem 1. The same procedure can be applied for all the other combinations of

interference regimes. This completes the proof. [ ]

APPENDIX B
PROOF OF THEOREM 2: IMPROVEMENT OF THE INDIVIDUAL RATE R; BY USING FEEDBACK

IN LINK ¢

The proof of Theorem 2 is obtained by comparing C(%)ll, o9, N2y Mol %11,0) (resp.
C(WH, o9, N2, Moy, 0, ?22)) and C(ﬁn, o9, N1z, Mo, 0, 0), for all possible parameters
ﬁn, 722, N12, No1, and %11 (resp. 711, 722, N1, No1, and %22). More specifically, for each
tuple (711, T 9, N2, n21>, the exact value %L (resp %;2) for which any i > %L (resp
ng > %;2) ensures an improvement on R; (resp. Rs) , i.e., Al(ﬁn, ﬁ)gg, N12, Na1, %11,
0) > 0 (resp. Ag(ﬁn, M99, Mg, Nap, 0, %22) > 0), is calculated. This procedure is tedious
and repetitive, and thus, in this appendix only one combination of interference regimes is fully
studied, e.g., VWIR - VWIR.

Proof:

Consider that both transmitter-receiver pairs are in VWIR, i.e., conditions (42) hold. Under
these conditions, the capacity regions C(ﬁn, 99, N2, Nat, 0, 0) and C(ﬁ)n, o9, N1z, Moy,
711, 0) are given by (43) and (45), respectively. When comparing C(ﬁn, T 99, N1a, N1, 0, 0) and
C(T 11, T a2, n12, nar, 711, 0), note that (43a), (43b), (43c), and (43e) are equivalent to (45a),
(45b), (45c), and (45¢), respectively. In this case any improvement on R; is produced by an
improvement on Ry + Ry (condition (46a)) or 2R; 4+ Rs (condition (46a)), and thus, the proof of

Theorem 2 in these particular interference regimes follows exactly the same steps in Theorem

December 27, 2016 DRAFT



26

1. This completes the proof. [ ]

APPENDIX C
PROOF OF THEOREM 4: IMPROVEMENT OF THE SUM-RATE CAPACITY BY USING FEEDBACK

IN ONE TRANSMITTER-RECEIVER PAIR

The proof of Theorem 4 is obtained by comparing C(WH, T 99, Mo, Mo, ﬁll,O) (resp.
C(Wll, o9, N2, Moy, 0, ng)) and C(Wll, o9, N1z, Mo, 0, 0), for all possible parameters
ﬁn, 722, N12, N9y, and %11 (resp. 711, 722, N19, N9y, and %22). More specifically, for each
tuple (ﬁn, T 99, N1, na1), the exact value v, (resp n3,) for which any %711 > Wi, (resp
29y > %;2) ensures an improvement on R; + R, i.e., E(ﬁll, T 99, N1y Moty 111, 0) > 0 (resp.
2(711, 722, N12, Na1, 0, %22) > (), is calculated. This procedure is tedious and repetitive, and
thus, in this appendix only one combination of interference regimes is fully studied, e.g., VWIR
- VWIR.

Proof:

Consider that both transmitter-receiver pairs are in VWIR, i.e., conditions (42) hold. Under
these conditions, the capacity regions C(Wll, 99, N1z, Mo, 0, 0) and C(Wll, M99, N2, Moy,
11, 0) are given by (43) and (45), respectively. When comparing C(ﬁn, ﬁgg,nm,ngl,0,0)
and C(7 11, T 22, N2, N2y, 011, 0), note that (43a), (43b), (43c), and (43e) are equivalent to (45a),
(45b), (45¢), and (45e), respectively. In this case, the proof is focused on any improvement on
Ry + Ry (condition (46a)), and thus, the proof of Theorem 4 in these particular interference
regimes follows exactly the same steps in Theorem 1.

From the analysis presented in Appendix A, it follows that:

Case 2a: condition (46a) holds true, when %11 > no; under assumptions (42), (44), (48), and
(53).

Case 2b: condition (46a) does not hold true, under assumptions (42), (48), and (54).

Case 3a: condition (46a) holds true, when %11 > 711 — n1o under assumptions (42), (44), (49),
and (59).

Case 3b: condition (46a) does not hold true, when ﬁn > 711 — n1o under assumptions (42),
(44), (49), and (60).

Case 4: condition (46a) holds true, when %11 > ﬁ)n — n12 under assumptions (42), (44), and
(50).
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From all the observations above, when both transmitter-receiver pairs are in VWIR (event £y is
True), it follows that when %11 > %ﬁ, 711 > ng; (event Ey3; is True) and 722 > nio (event
Fi34 is True) with W = max (71, — nig, o), then (7011, Tz, N2, N2y, 111, 0) > 0.
Otherwise Z(ﬁ)n, o9, Nioy Not, 111, 0) = 0. Note that when events Ey, Ey3; and Ej39
hold simultaneously true, then the event S, ; is true, which verifies the statement of Theorem 4.
The same procedure can be applied for all the other combinations of interference regimes. This

completes the proof. [ ]

APPENDIX D

PROOF OF THEOREM 5: GENERALIZED DEGREES OF FREEDOM

This appendix provides a proof to Theorem 5 for the two user LD-IC-NOF.
Proof:
Under symmetric conditions i.e., = 711 = ﬁgg, m = Nyg = No; and = %11 = ﬁgg,

from (8a) and (8b) with : = 1 and j = 2, it follows that:
Ry < min (max (7, m) , max (ﬁ), - (7 — m)+)) 2 ay; (67)

from (8c) and (8d), it follows that:
Ry + Re<min (max (7, m) + (1 —m)",2max ( (W —m)",m, 7 — (max (7, m) — )" ))

éaQ; (68)
and from (8e) with © = 1 and j = 2, it follows that:
2R; + Ry<max (7, m) + (7 —m)" + max ( (W —m)",m, @ — (max (7, m) — W)Jr) 2 a3

(69)

The symmetric sum-capacity, C’Sym(ﬁ, m, W) =sup{R: (R,R) € C(7, 7 ,m,m, %, %)}, can
be obtained from (67), (68) and (69) as follows

as CL3 CL4)

C’sym:min(al, 5573

=min | max ( K , M) , max (_> o — (_> — m)+) ;
max ( m, W — (max (77, m) — %)Jr)
max ( m, W — (max (7, m) — %)Jr)
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Plugging (70) into (39) yields

Dy (e, f)=min | max (1, ), max (1,6 —(1- 04)+) ; ; (max(l, a)+ (1 — 04)+> ,

max (1= a)* 0,1 — (max (L,a) — )" ), ;<max(1,0z) +(l—a)t
+max((1—a)+,a,1— (max(1,a)—5)+)> : (71)
where o = & and 3 = % and this completes the proof. [ ]
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