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NUMERICAL ANALYSIS OF A FINITE VOLUME SCHEME FOR
A SEAWATER INTRUSION MODEL WITH CROSS-DIFFUSION
IN AN UNCONFINED AQUIFER

AHMED AIT HAMMOU OULHAJ

ABsTrACT. We consider a degenerate parabolic system modeling the flow of
fresh and saltwater in a porous medium in the context of seawater intrusion.
We propose and analyze a finite volume scheme based on two-point flux ap-
proximation with upwind mobilities. The scheme preserves at the discrete
level the main features of the continuous problem, namely the nonnegativity
of the solutions, the decay of the energy and the control of the entropy and
its dissipation. Based on these nonlinear stability results, we show that the
scheme converges towards a weak solution to the problem. Numerical results
are provided to illustrate the behavior of the model and of the scheme.

Keywords. Unsaturated porous media flow, seawater intrusion, nonlinear discretization,
entropy stability, convergence analysis, cross-diffusion, unconfined aquifer

AMS subjects classification. 65M12, 65M08, 76S05

1. INTRODUCTION

1.1. Presentation of the continuous problem. We are interested in the study
of seawater intrusion problem in coastal regions. If they are densely populated
areas, the intensive extraction of freshwater yields to local water table depression
and saltwater from the sea can enter the ground and replace the freshwater. This
causes sea intrusion problem. In these zones, the optimal exploitation of freshwa-
ter and the limitation of seawater intrusion are a challenge for the future. Since
freshwater and saltwater are miscible fluids, we have a transition zone separating
them caused by hydrodynamic dispersion. In the literature, there exists several
modelling approaches. The first approach is to assume that the fluids are immis-
cible and the domains occupied by each fluid are separated by an interface called
sharp interface. It is obtained by vertical integration based on the assumptions that
no mass transfer occurs between the fresh and the saltwater and by the so-called
Dupuit approximation. Physically, this approach is not totally correct but enables
to follow the saltwater front. We refer to [7, 8, 9, 38, 37, 3] for more details about
this first approach. The second approach consists in considering the existence of
a transition zone with variable concentrations of salt. It is difficult to tackle this
approach from theorical and numerical points of view (see [13, 35, 36]). The third
approach is to assume that the fluids are miscible, and no interface between these
fluids. This modelling approach is physically correct, but it has the disadvantage
that it is impossible to follow explicitly the interface (see [14]). The fourth approach
is a mixed approach (sharp-diffuse). Recently in [16] the authors derive this model
for seawater intrusion phenomena in unconfined aquifer. It combines the efficiency
1



2 A. AIT HAMMOU OULHAJ

of the sharp interface approach with the physical realism of the diffuse interface
one. For mathematical analysis of sharp-diffuse interfaces see [15].

In this paper, we consider the first approach, by focusing on the seawater in-
trusion model in an unconfined aquifer, obtained in [28] considering the formal as-
ymptotic limit as the aspect ratio between the thickness and the horizontal length
of the porous medium tends to zero. In our setting £ is a nonnegative function ex-
pressing the height of the interface between the saltwater and the freshwater while
h > £ is the height of the interface separating the freshwater and the dry soil. We
assume that the bottom of the porous medium, which is located at b # 0, is imper-
meable, cf. Figure 1. Moreover we assume quasi-horizontal displacements (Dupuit
approximation), hence we get a 2D-vertically averaged model. This assumption is
reasonable since the thickness of the aquifer is small compared to the horizontal
length of the aquifer.

z = h(x,t) dry soil
—

freshwater 7
z = £(x,t)
/\’_’
2= b(x) saltwater g

FIGURE 1. Description of an unconfined aquifer

The evolution of £ and h is given by the following cross-diffusion system of a
degenerate parabolic equation

) OH(h =& —V.((h—&V((L—eo)h)) =0 in Qx(0,T)=:Qr
&= V(€ -V((1—ep)h+e0f)) =0 in Qx(0,7),

with  C R? is a polygonal open bounded subset, and 7' > 0 a finite time horizon.
The parameter ¢ is given by
€0 = Ps — P )
Ps
where p, (resp. py) is the mass density of the fluid saltwater (resp. freshwater)

(assumed to be constant with 0 < p; < p). Weset f=h—¢, g=¢& —b and

2) v=1-¢0="L c(0,1).

The system (1) then rewrites:

3) 0f—=V.(wfV(f+g+b) =0 in Qx(0,T),
g —V.(9V(vf+g+b) =0 in Qx(0,7).

It is supplemented with no-flux boundary conditions

4) Vi n=Vg-n=0, on 9Qx(0,T),
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where n is the unit normal to the boundary 0f2, and initial data

(5) f|t:O = f07 9gjt=0 = 9o,
with f07.90 S LOO(Q) and
(6) f0,90>0, aexeQ.

Before describing more precisely our results, let us mention that the problems
of kind (3), have been the object of several studies. In particular the Muskat
problem for thin fluid layers, which models (see [20]) the movement of two fluids
with densities and viscosities in a porous medium in one dimension. The authors
in [20, 21] studied the classical solutions of such problem. Moreover, weak solutions
are established under different assumptions in [19, 29, 30].

We recall (see [19, 29, 30]) the definition of entropy functional:

H(f,9) = /Q [F(g) + %I‘(f)} dx, where I'(s) =slogs—s+1,

and of the energy functional:
v 1—-v
e(f.o) = [ [3(+9+07 + 5 g+ 07 ax
Q

1
Multiplying (formally) the first equation of (3) by —log f and the second equa-
v
tion by log g, integrating over 2 and summing both equations, yields the classical
entropy /dissipation property:
1—v

(7) %ﬁ(ﬁ 9) + B) /Q [(Vf)Q + (VQ)Q dx < ﬁ /Q(Vb)z dx.

Moreover multiplying (formally) the first equation of (3) by v(f + g + b) and the
second equation by vf 4 g + b, integrating over {2 and summing both equations,
yields that the energy functional decreases along time:

®  Seo+ /Q IV +g+)* + g(T(vf +g+b))*] dx = 0.

Let us mention that the cross-diffusion systems are extensively presented in dif-
ferent domain as ecology, biology, chemistry, and others. In [26] the author propose
and analyze a finite volume scheme for the Patlak-Keller-Segel (PKS) chemotaxis
model. In [10] the authors studie the PKS model with additional cross diffusion.
We refer to [5] for the analysis of a finite volume method for a cross diffusion model
in population dynamics. See [34, 32] for the numerical analysis for a seawater in-
trusion problem in a unconfined aquifer with finite element method approximation.
In [1] the authors propose a finite element method and a finite volume method,
and compare the results given by these two methods. In [17] the authors address
the question of global existence for the sharp interface approach. For an analysis
of a finite volume scheme for two-phase immiscible flow in porous media, used in
petroleum engineering, we can refer to these papers [33, 25].

In this work, we propose a finite volume scheme for the problem (3). This scheme
is based on a two-point flux approximation with upwind mobilities. It is designed in
order to preserve at the discrete level the main features of the continuous problem:
the nonnegativity of the solutions, the decay of the energy (8), and the control of
the entropy and its dissipation (7).
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1.2. The numerical scheme. In this section, we explicit the discretization of
the problem (3)-(4) we will study in this paper. The time discretization relies on
backward Euler scheme, while the space discretization relies on a finite volume
approach (see e.g [23]), with two-point flux approximation and upstream mobility.

Let Q C R? be an open, bounded, polygonal subset. An admissible mesh of Q) is
given by a family 7 of a control volumes (open and convex polygons), a family &
of edges, and a family of points (zx)xe7 which satisfy Definition 9.1 in [23]. This
definition implies that the straight line between two neighboring centers of cells
(xk,xr) is orthogonal to the edge o = K|L.

We distinguish the interior edges o € &t and the boundary edges o € Eex. The
set of edges £ equals the union &,y U Eeyy- For a control volume K € T, we denote
by £k the set of its edges, by £k ine the set of its interior edges, and by Ex cxt the
set of edges of K included in 0f.

Furthermore, we denote by d the distance in R? and by m the Lebesgue measure
in R? or R. We assume that the family of meshes satisfies the following regularity
requirement: there exists ¢ > 0 such that for all K € 7 and all 0 € &n x With
o = K|L, it holds

9) d(zg,0) > (d(xk,rL)

For all 0 € &g,k with 0 = K|L, we define d, = d(xx, 1) , and the transmissi-
bility coefficient

(10) Ty =

The size of the mesh is defined by

J= %g%(dlam(K)).
In order to avoid heavier notations, we restrict our study to the case of a uniform
time discretization of (0,7"). However, all the results presented in this paper can be
extended to general time discretizations without any technical difficulty. In what
follows, we assume that the spatial mesh is fixed and does not change with the time
step. Let T' > 0 be some final time and My the number of time steps. Then the

time step size and the time points are given by, respectively,
At =—, t"=nAt, 0<n< Myp.

We denote by D an admissible space-time discretization of Qp = Q x (0,7) com-
posed of an admissible mesh 7 of Q2 and the values At and Mp. The size of this
space-time discretization D is defined by n = max(d, At).

The initial conditions are discretized by

(11) = Z o1y, where fO = ﬁ/}{fo(x)dx, VK €T,

KeT

1
(12) @ = Z 9% 1x, where g% = 7/ go(x)de, VK €T,
KeT m(K) K
and 1k is the characteristic function on K. Denoting by fi and g} approximations
of the mean value of f(.,t") and g(.,t") on K, respectively. Taking for by the value
of b in a fixed point of K (for instance, the center of gravity of K), where b is a
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regular function, and assume that by > 0 VK € T. The discretization of problem
(3) is given by the following set of nonlinear equations:

=
m(K)iAt

(13 + Y Taf;l+1y<(fl7}+l AR R A R (N bL)> =0,

0€&int, K
and

n+1 n

9  — 9k

K JR 2 JA

m(K)=5;

(14) + > gt (V(f;’?“ — I+ (g =gt + (bk — bL)) =0,

0E€Ent, K

for K € T and 0 < n < Mp — 1, where

a5 gt JURSTGRT T R =g+ (s — ) 20,
7 (POt i (FE =)+ (g — g ™) + (b — br) < 0.
and

16) gt = JORT VIR = ) G =g 4 (b — i) 2 0
7T @ = A (g = gE ) + (i —br) <0,

where 7 = max(0,x). We next define the numerical approximation (fp,gp) of
(f.9) by

fo(z,t) = > [ M gn ey (2,t), and

KeT
0<n<Mp—1
gp(x,t) = Z g?(-‘rllKX(tnytn#»l](l‘,t).

KeT
0<n<Mp-—1

We also define approximations of the gradients VP fp and VPgp of f and g, re-
spectively. To this end, we introduce that: for K € T
o If o = K|L € &iny, k', Dk, 1 is the cell ("diamond") whose vertices are given
by zk,zr, and the end points of the edge o = K|L.
e Di o = Dk, NK is the cell ("triangle") whose vertices are given by xx
and the end points of the edge o = K|L.
The approximate gradient VP Sp (with S = f, or S = g) is a piecewise constant
function, defined in Q7 by

(17)  VPSp(x,t) = _mg?g

where v 1, is the unit vector normal to o and outward to K.

(S7tt — S Vg, @ €Dgp, t € (" 1",

1.3. Main results and outline of the paper. The scheme (13)-(16) amounts
to a nonlinear system to be solved at each time step. The existence of a solution
to this system is therefore non trivial. The first result we highlight is thus the
existence of a nonnegative solution to the scheme (13)-(16), the stability in terms
of the discrete entropy, and the decay of the discrete energy.
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Theorem 1.1. There exists (at least) one solution ( I@H,g?jl)KeT e {0, Mr—1}

to the scheme (13)-(16). Moreover, ffr > 0, g% > 0 for all K € T and for all
n €{0,...,Mr}, and there exists C depending only on Q, fo, go, v and b such that

Mr—1
swp S Y A ST [ - AR o - g
n€{0,...,Mr—1} n=0 0EEins
o=K|L
<CO+T),
and
Sup €n+1
ne{0,...,Mp—1}
Mr—1 )
Y ALY A = R + (R - g + (b — b))
n=0 S
oc=K|L
Mr—1 )
+ Z At Z ngg-‘rl (y(f;?‘l _fg-i-l) + (g;z{-&-l _gz-‘rl) + (bx _bL)) <c.
n=0 0€Einy
JZGK\L

Our second result concerns the convergence of the scheme to a weak solution of
(3)-(4). Let (D) m>0 be a family of admissible space-time discretization of Q. We
denote by (Tm)m>o the corresponding meshes of Q, with size(7,,) = §,, — 0, as
m — 0. We define (fp,g9m) := (fp,,,9p,,) the sequence of approximate solutions
constructed on the discretization D,,,. We set V™ := VPm,

Theorem 1.2. Let (D,,)m>0 be a sequence of admissible discretizations satisfying

(9) uniformly in m, and lim,, oo nm = 0. Let (fim,gm) be a sequence of finite

volume solutions to (13)-(16). Then there exists (f,g) such that, up a subsequence,
fm — f inL"(Qp),Vr <4, and V™f,, — Vf weakly in L*(Q7)?,

gm — g inL"(Qr),Vr <4, and V"g,, — Vg weakly in L*(Qr)?,
and (f,g) € L*(0,T; H(Q))? is a weak solution to (3)-({) in the following sense

T
(18) /0 /Q(fanb ~vfV(f+g+b) - Vy)dadt+ /Q fowr(.,0)dz = 0,

T
(19) /0 /Q(gatw —gV(vf+g+b) Ve)dedt + /ngqp(.,o) dz =0,

for all test functions ¢ € C§°(Q x [0,T)).

The paper is organized as follows. The existence of nonnegative solution is
shown in Section 2. Discrete counterparts of the entropy/entropy-dissipation (7)
and energy/energy-dissipation (8) relations are established in Section 3. Section 4
is devoted to the convergence proof of the scheme. This proof is based first on the
compactness of the sequence of approximate solutions and then on the identification
of the limit. We finally present numerical experiments in Section 5, to illustrate
the behaviour of the model and of the scheme.
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2. EXISTENCE OF A NONNEGATIVE DISCRETE SOLUTIONS

First all, we prove the positivity of the discrete solutions. This estimate allows
to prove the existence of a solution to the nonlinear system (13)-(16).

Proposition 2.1. For all K € T,n >0,

(20) k>0, gg >0,

hence

(21) > m(E) fre =Y m(K) [ = [lfollr @),
KeT KeT

and

(22) > m(K)gi =Y m(K)ghk = llgollz o)
KeT KeT

Proof. The property (20) clearly holds for n = 0 thanks to (6). Assume now that
(20) holds at time step n, and assume that

”+1 <0, forsomeK € T.

In view of the definition (15) of f?*! one has that

Pl 3 TC,(( B[R = )+ @R g+ O =)

0EEnt, K -0

— TR = 2 + (g = i) + (b — o) ) +Ji 2 0,

yielding a contradiction, ensuring that
it >0, VK eT,vn>0.
Proving that g} > 0 for all K € T,Vn > 0, is similar. O

We will prove the existence of a solution, we follow the methodology proposed
in [22], using a topological degree argument [18, 31].

Proposition 2.2. Let D be an admissible discretization of Q x (0,T). There exists
(at least) one solution to the scheme (13)-(16).

Proof. Let p € [0,1], and define (f}‘;;}, g}?;})K as the solution of the scheme: VK €
T

m(K >fn+1 Tk
At
> T = SR+ (G = gl + (b — b)) =0,
0€Eint, K
+1
9?(#*91(
K77
m(K) =

Y Tegn (VUL = S (g = gt + (o — b)) =0,

0€Eint, K
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Reproducing the proof of Proposition 2.1, one can show that
Sl =0, and gitl >0 Vuelo,1],

hence

Z m(K)f;:Ll = Z K = ||f0HL1(Q

KeT KeT

and

Z (K)!J%Jf = Z m(K)gy = llgollL1 (-

KeT KeT
Therefore, for all K € T, one has

[follLry _ llfollia)

23 0< frtl < < =my,
(23) Tiew = T®) S mimm(k) ™

KeT
and

lgollLr) _ llgollzi(

24 0< n+1 < < = .
24) IKw = T(K) = mimm(K) 9

KeT
Define the compact subset K = [—1,m; + 1]#7 x [-1,m, + 1]#7 of R#¥7 x R#7

and define the function H((fr, 9x ), 1) : R*T x R#7T x [0,1] — R#7T x R#7 by:
VK €T,

nt1
H((fK7gK)K7M>=< (K )f At - &

Y T (R SR + ) = gD + (b = b)),

0EEint, K
g?—ul 9Kk n+1 n+1 n+1 n+l n+l
m(K) 3 gn (i F + (95— g + (b — b)),
O'Egmt K

The function H is uniformly continuous on K x [0, 1], and it follows from (23) that
for all p € [0, 1], the nonlinear system

(25) ,H((megK)Kuu) = (0’0)7

cannot admit any solution on 9K. Therefore, the corresponding topological degree
d(H, ) (u) is constant w.r.t p. For p = 0 the linear system H((fx, 9x )k, 0) admits
a unique solution, and the topological degree is equal to 1. Hence, the nonlinear
system (25) admits at least one solution for p = 1, ensuring the existence of a
solution to the scheme (13)-(16). O

3. ENTROPY AND ENERGY ESTIMATES

The goal of this section is to establish discrete counterparts to the entropy /entropy-
dissipation estimate (7) and energy/energy-dissipation estimate (8). In what fol-
lows, (fF, g% ) denotes a solution to the scheme (13)-(16). The proof of Theorem 1.1
is based on suitable estimates, which are shown below. This section also contains
some results that will be useful in the convergence proof of Section 4.
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3.1. Discrete L2(0,T; H'(Q)) semi-norm. We first have to define the space X' (D)
the solution belongs to, and the discrete L2(0,T; H!(2)) semi-norm.
Definition 3.1. We denote by X (D) the functional space:

x() = {* € L>®(Qr)/u is constant on K x (t",t" 1]
B VK € T,Yn e {0, - ,Mp—1} '

Definition 3.2. ( Discrete L*(0,T; H*(S))) semi-norm ) We define the discrete
L%(0,T; HY(Q)) semi-norm on X (D) by:

Mp—1 1/2
u|w< Z At Y r(upt - ug+1)2> .

0EEint
oc=K|L
Remark 3.3. Note that
(26) IVPul| 207y = V2lul1,p.

3.2. Entropy estimate. We introduce a discrete version of entropy functional:

9" = 9 gk) = 32 m(E) (TR +T(gk)).

KeT

Proposition 3.4. (Entropy stability) For all n € {0, ..., Mr — 1}, one has

> oGRS (0 g
0EEins
o=K|L
At
<= E —bp)>.
(27) 30+ D) 7o (brx — br)

0€Ens
o=K|L

1
L R LS

g fnJrl
Proof. We multiply (13) by At———5—

Atlog g"Jrl and summing over K € T, provides that:

and summing over K € 7, and (14) by

A+B+C=0,
where
1 n n n n
A=Y m() [ = fi)log i + (gi™ — gi) log i .
KeT

B=AtY S (U = A+ (i = gp ) + (b — b)) Tog S

KeT 0€Ent,x

C = Atz Z ngn+1( fn+1 f£z+1)+(gn+1 QZH) (bK_bL)) loggn+1.

KeT 0€€int, K

By the convexity of I', we find that

Gl _gn — Z m(K) {l(r( n+1) T(f2)) + (g n+1) — F(g?()} < A.

v
KeT
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We can rewrite B and C as:

B=At Y m fit (= ) + (g5 = gi ) + (b — i)

0€Eint
o=K|L

(log fr*! —log f711),

C=At Y gt (VU = F) + (g = gi ) + (b — b)) %

0€Eint
o=K|L

(log g5 —log g7 ™).
It follows from the convexity of exp that
a(loga —logb) > a—b > b(loga —logh) Va,b € [0, +oc],

where we have used the convention log(0) = —oo and 0log(0) = 0. Hence, in view
of the definition (15) and (16) of the upwind mobilities, one has

B2 Y (R -+ G - g R - )

0€Eint
o=K|L

+ (b = o) (FR = Si),

02t Y w((@ - gt + vl - T - )

0EEint
o=K|L

+ (b = bu)(gi — g2 ).

Combining these inequalities, one deduces that

- AL Y (T T A Y (e gpt)?

0€&nt o€Ent
oc=K|L o=K|L
+ W+ DAL Y (T = e -9 < D,
0€Eint
oc=K]|L

where

D =—-At Z 7o (bx —br) {( I??rl _ f£z+1) + (g;z(ﬂ _ngrl)]

o€Eint
o=K|L
Using the Young inequality, one has
1 € n+1 n+1 n+1 n+1 2
D < iAt Z Ta(bK_bL)2+§At Z Ta[( R A R o )] ;

0EEint 0€Eint
o=K|L o=K|L
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for all ¢ > 0. We choose ¢ = 1 4 v, we have

1
D< —— At To (b — br)?
ST R
O'—KITL
1
V—Q‘r At Z Tg’[( 172+1_ £+1)2+<g?(+1 ngrl)}
o€Eint
oc=K|L
DA Y 7 [ - R - g ).
o€&int
o=K|L

Finally, one has

1
ﬁn-&-l — "+ § : Tg( Iry»l _ E+1)2
o€Eint
oc=K|L
N M L IV DR O
2 K ~2w+1)
0EEint o€&int
o=K|L o=K|L
where 1 — v > 0 thanks to (2). O

Corollary 3.5. There exists C1 depending only on T, S, fo, go,v and b such that
1

(28) 9+ —=(1fol o +lgnlin) < Ci.

Proof. Summing (27) over n =0, ..., M7 — 1 provides

, M1
HMT + Z At Z . {( nbl _ pntly2 g (ool —92“)2}
0EEint
o=K|L
Mr—1
Sf') V+1 ZAtUeZglngbK—bL).
oc=K|L

As a consequence of Jensen’s inequality, one has

50 = [ [7rm0+To] dr < [ [0 +Tla)] de < +oc,

and
Mr—1
Z At Y 7o(bk —br)? < TIQI[|VD]I2,
0E€Eint
o=K|L
concluding the proof of Corollary 3.5. O

We obtain immediately thanks to (26), the following discrete L%(§27) estimate
on the discrete gradients:

(29) IV? folli2r) + V290220, < 2C1.
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3.3. Energy estimate. The current subsection is devoted to the proof of the dis-
crete energy estimate. We introduce a discrete version of energy functional:

€= C(fR,gk) = D m(K)(g(f}é + gk +bx)? + 1_Ty(g}2 + bK)2)-
KeT

Proposition 3.6. For alln € {0,..., My — 1}, one has

2
(30) @4 AL Y ity ((f};“ — P+ (gt = gt + (bx — bL))

0€Eint
o=K|L
A n+1 n+1 n+1 n+1 n+1 b o b 2 < an
+AE Y 190 L)+ —9rT )+ (b —bL)) <€
0€Eint
oc=K]|L

Proof. We multiply (13) (resp. (14)) by Atv(fit 4+ g7t +bg) (resp. At(vft! +
"H + bk)) and sum over K € 7. Summing both equalities and reorganizing the
sums we get A+ B =0, where

A= 3" mE) [ = F) i + g™+ bie)]

KeT
+ 3 mE) (g5 = gl + gi 4 b)),
KeT

2
B = At Z Tgf;l-‘rlyQ ((flré+1 _ Irj+1) + (g?{Jrl _ngrl) + (bK . bL))

o€Eint

o=K|L
2
+ At Z ngn+1( fn+1 fZH) + (g;z(+1 _gzﬂ) + (bx _bL)) .

Zsam,
One has
A=3 m(E) [ (e + g5+ i) = (e + g + i) ) (S + g™ + b ) |
KeT

+ 30 ) [(1=w) (5 + bxe) = (g + b)) (957 + )|

KeT
1
We use the following inequality: (a — b)a > §(a2 —b?), Va,b € R, to get
Az Y m(E) S ((F + g5 + 000 = (fe + gk +bx0)?) |
KeT
I-v n n n n
+ > ) [ (0 +b00)% = (g5 +b)?) | = € — e

KeT
[l

Remark 3.7. In the discrete counterpart (30) of (8), the equality is remplaced by an
inequality. But as well as in the continuous setting, the function € decreases along
time.
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Corollary 3.8. There exists Cy depending only on fo, go,b, v and Q such that

Il foll o 0,752 () + gDl o< (0,722 () < Co

Proof. Summing (30) over n = 0, ..., Mp — 1, we obtain immediately thanks the
positivity of f2*! and g?*! that

en < @Y,

Using the Cauchy-Schwarz inequality, we obtain

v+ 2
<y m(K)( (FR)° +2(g%)* + 2b%<>.
Moreover, for s = f, or g one has

> mE)(s§)® < llsollfa(y, and Y m(E)bi < |2[b]1%.

KeT KeT

Hence
€ < [ follZ2 () + 2llg0lI22(0) + 21QIIIBIIE, < +oo.
On the other hand since bk, fx and gx are nonnegative for all K € T, then we

have
e > > mE) [(FR) + (957

We deduce that

2 2
> mlE)| () + (6)?] < T < e,
KeT
concluding the proof of Corollary 3.8. O

Then we deduce from Proposition 3.6 that
Corollary 3.9. There exists Cs depending only on fo, go,b,v and 0 such that

Mr—1 )

Z At Z Tofn+1 2<(fn+1 f£+1)+(g?(+1_gz+1)+(bK—bL)> +

" JEE

MT 1 9

3 A0 Y gt (WU - T R - ) + - ) < O
JEE

4. CONVERGENCE ANALYSIS

This section is devoted to the compactness of the approximate solution. Our
goal is to show the strong compactness of the sequences (f,,)m>0 and (gm)m>o in
L?(927) and the weak compactness in L?(Q7)? of the approximate gradient of f,,
and g,, defined by (17). As a first step, we show in §4.1 the appropriate compactness
properties on the reconstructed discrete solutions. Then we identify in §4.2 the limit
value (whose existence is ensured thanks to the compactness properties) as the weak
solution to the problem (3).
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4.1. Compactness properties of discrete solutions. As it is classical for un-
steady problems, we need to prove some time-compactness for the approximate
solutions. We make use of the time-compactness result for degenerate parabolic
equations proposed in [6], as an alternative to the classical technique that consists
in estimating the time-translates (see [4] in the continuous setting and [23] in the
discrete setting).

Lemma 4.1. There exists Cy depending only on (,T, fo, 9o,V and b such that

Mr—1

B > > mE)fET - )o@k tar1) < Call Vel ¢ € C(Qr).
n=0 KeT
Mr—1

32) > Y mE) g = gi)e(ri, tnir) < Cil|Velle @, @ € C2(Qr).
n=0 KeT

Proof. For the sake of readability, we denote by ¢ = p(xx,t,y1) for all K € T
and all n € {0, ..., My — 1}. We multiply the scheme (13) by At¢’x™ and sum for
KeT, forne {0 My — 1} . This yields:

A=B,
where
N
A=30% mE) S - Fert,
n=0 KeT
and
Mp—1
B=—v Z At Z T, fH] {(f}é+l — FH) 4 (gt - gnty
n o€Einy
oc=K|L

+ (b — b)) | (P — T,

Using the Cauchy-Schwarz inequality, we get

Mr—1
B < > At Y wfi TRt - et
n= 0€&int
o=K|L
Mp—1 2
<N AN TR (R - )+ (g - g + (b — b
0€Eint
a'=€K\L
Moreover f2+1 € [min(fEt", f74), max(fit, f7)], hence
(33) 0< frrt < fatt 4 ot Vo e & Vne{0,..., My —1}.
Using Corollary 3.9 , we get
Mp—1
B <Cs Y At > (T + ek, 20) Vel e -
n=0 o€E;nt

o=K|L



A SEAWATER INTRUSION PROBLEM IN A UNCONFINED AQUIFER 15

Observe that in two space dimensions,

(34) oY dem(o) <2 m(K)

KeT 0€€int, K KeT
By (10), (9) one has
Mrp—1
Z At Z T(r n+1+fn+1) (LUK,JJL)Q
0EEint
o=K|L
Mp—1
< DALY mlo)d(zi,an) (T + Y
n=0 0€Eint
o=K|L
Mr—1
< > ALY YT me)d(ek, xr)
n=0 KeT oEEim K
Z < ?HfOHLl(Q)a
KeT

thanks the mass conservation (21). Hence
Mr—1

2T
(35) Z At Y m(o)d(wr,xn) f7 < = Ifollz @
o gmt
o 6I(\L
This concludes the proof of (31). The proof of (32) is similar. O

We can apply the [6, Theorem 3.9], we conclude that

Proposition 4.2. Let (Dy,)m>1 be a family of admissible space-time discretization
of Qr such that (9) holds. Let (fm)m and (gm)m be the corresponding sequence
of discrete solution to the scheme (13)-(16), then up to an unlabeled subsequence,
there exits f € L2(0,T; HY(Q)) and g € L*(0,T; H'(Q2)) such that

fm — f, aein Qpr, and g, — g, a.ein Qp.
m——+oo m——+00

(fm)m>0 and (gm)ms>o are uniformly bounded in L°°(0;T,L?(f2)) thanks to
Corollary 3.8. By Corollary 3.5 and Sobolev embedding, ( fin)m>0 and (gm)m>o are
bounded in L2(0,T; LP(f2)), with p < +o0o. Then, thanks to Riez-Thorin theorem,
(fm)m>0 and (gm)m>0 are bounded in L"(r) with 2 < r < 4. Hence (fn)m>o0 and
(gm)m>0 are equi-integrable in L™ (7). Applying the Vitali’s convergence theorem
we deduce that

Lemma 4.3. Keeping the assumption and notations of Proposition 4.2 , one has

fm — f, strongly in L"(Qr), for all r <4,

m——+00

and
gm — g, stronglyin L"(Qr), for all r < 4.

m——+0o0

We show now the weak compactness in L?(Q7)? of the approximate gradient of
fm and g, defined in (17):
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Proposition 4.4. Keeping the assumption and notations of Proposition /.2 , one

has

V™ f — Vf weakly in L*(Qr)?, and V™g,, — Vg weakly in L*(Qr)>.
m—+00 m—+00

Proof. Thanks to (29) VP fp and VPgp are bounded in L?(Qr)?, then there exists

a subsequence of VP fp and of VPgp (still labeled VP fp and VPgp) and two
function ©, = € L?(Q7)? such that

V"fm — O, weaklyin L*(Qr)?

m—+00
and
V"Gm — E, weaklyin L?(Qr)?.
m—s+ oo
We refer to [12, 24] to prove that © = Vf and = = Vg. O

4.2. Identification as a weak solution.

Proposition 4.5. Let (f,g) be as in Proposition 4.2, then f and g are the weak
solution to (3)-(4) in the sense of (18) and (19).

Proof. Let ¢ € C§°(Q x [0,T)) be a test function and ¢7" = ¥(zx,t,41) for all
K € T and n € {0,..., My — 1}. We first establish (18) from (13), and to obtain
(19) from (14) is similar. In order to prove that f is a weak solution, we multiply
(13) by Atpy% and sum over n € {0,..., My — 1} and K € T, we obtain

A, + B, =0,
where
MTfl
Ap = > m(K)(fi = 1)k,
n=0 KeT
MTfl

Bu=v Y0 At 3w 0 mofs R F R — g+ — b)),
n=0 KeT o€,k
Note that w%T =0 for all K € T, then a discrete integration parts yields

Mr—1

n+1_ n
A== 3 At S () P ST ()
TL:O m

KeT KeT

T
- / fm(6Y)mdxdt — [ f24h,,(.,0) d,
0 Q Q

n+1

where the function 0y, (zx,t) = KT_Q/JK, if (z,t) € K x (t",t""1). Thanks
m

to the regularity of v, the function 61, converges uniformly towards 0;¢ on Q.
Moreover, we have

fm — f in L*(Qr) as m — oo.

Therefore

(36) /OT/Qfm(éz/J)mdmdt—>/OT/Qf(x)8t1/)dxdt as m — 0o.
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Moreover, fO converges strongly in L'(Q) towards the initial data fy and ,,(.,0)
converges uniformly towards v(.,0). Therefore, we get that

(37) Afg¢m(. 0)dz — / fo(z 0)dz m — oo.
We deduce from (36) and (37) that
Ay — — / /f 8twda:dt—/fo 0)dz m — oc.
We introduce the term
E, = A ?Dmeum -V dzdt,

where
fplz,t)= 20 V(t,z) € (", " x Dg,r, and u= f+g+b.
We have f,, —+> f, strongly in L?(Q27). Let us to prove that
m——+00

o, =T m [, strongly in L*(Qr).

Since lfm = flzz@r) < W = fmllz2@r) + | fm = Fll 2205, it is sufficient to prove
that ”fm - f1rL||L2(QT) — 0, asoinm _>—+> 0. One has

Mp—1

1 fm = frull 22y = Z Aty Y m@r) (R -

KeT 0€&nt, Kk

Mp—1
STNY Y @t
KeT 0€&int, Kk
Mr—1
< Z At Z @KL)( I?Hf E+1)2
0€Eint
oc=K|L
MT 1 C
<3 2 A 3D mUfR - f T <
€&y 2
oc=K|L

Since V™u,, converges weakly in L2(Qr) to Vu, since f,, converges strongly in
L?(Qr) to f, we have

E, — fVu-Viypdedt asm — oo.
Qr
Let us to prove E,, — E,, tends to 0 as m — oo, where

Mr—1

Bu= Y. AU S 2 — ) W — vp).

0€Eint
oc=K|L
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Using the definition of discrete gradient (17), we have

Mrp—1 g1

E,, = Z Z fnJrl/ / :D (u?(-‘rl n+1)vw VLKd.Tdt
KL

n=0 oE&mns
oc=K]|L

Therefore by the definition of 7,

Mrp—1 g+l Vi —
By — B — mlo) 3 g -ty [ (e
T;) U;;m K L tn d(xKa-TL)

oc=K|L

1
- — V- v g de | dt.
m(D,r) /@K,L Vv >

On the one hand, since the straight line (zx,zy) is orthogonal to o, we have
zx — 2 =d(rk,zr)vr k. It follows from the regularity of ¢ that

Vi — VL n ,
m —Vw(t ,QJL) VL K + 0(5)
=Vi(t,z) -vp g +O0(n), V(t,z) € (", ") x D 1.

By taking the mean value over D r,, there exists a constant Cs > 0, depending
only on %, such that

tn+1
Vi — VL 1 /
— Vi - dx | d¢
/tn (d(xk,m‘L) m(Dk,L) DL Vv de

On the other hand, one has m(o) = /7,n/m(0)d(zk,xr). Hence by Cauchy-

schwarz inequality, we have

S C5At’l7.

2

Mp—1
1 1 1
Z At Z )fnJr ( n+ _uz+)
o€Eint
oc=K|L
Mr—1 Mr—1
S D A8 D R ST 3 AL S oyl e
n=0 oc€Eint o€Eny
oc=K]|L oc=K]|L

Using Corollary 3.9 and (35) we conclude that
— 2T
|Ep — B < ?”fOHLl(Q)CQCgT]Q — 0, asn—0.
This ensures that B,,, converges towards VfQT fVu-Viydadt, as m — +oo. O

5. NUMERICAL RESULTS

Let us provide some illustrations of the behavior of the numerical scheme (13)-
(16). The scheme leads to a nonlinear system that we solve thanks to the Newton-
Raphson method. In our test case, the domain is the unit square, i.e., Q = (0,1)2.
We consider an admissible triangular mesh made of 14336 triangles. An illustration
of a mesh type used here is given in Figure 2. The numerical analysis of the scheme
was carried out for a uniform time discretization of (0,7") only in order to avoid
heavy notations. In order to increase the robustness of the algorithm and to ensure
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the convergence of the Newton-Raphson iterative procedure, we used an adaptive
time step procedure in the practical implementation. More precisely, we associate a
maximal time step Atax = 0.00004 for the mesh . If the Newton-Raphson method
fails to converge after 30 iterations —we choose that the ¢°° norm of the residual
has to be smaller than 107'0 as stopping criterion—, the time step is divided by
two. If the Newton-Raphson method converges, the time step is multiplied by two
and projected on [0, Atyax]. The time step At is equal to Aty in the test case
presented below. We perform the numerical experiments with the following data

FIGURE 2. Mesh type used in the numerical test

b(z,y) = max <0, %(1 —16(z — 1/2)2> ((cos(wy) + 2))7 v =0.9.

As an initial condition we take

1 1 1 1 1

= ifx < - b(f,())—bz, —(x—f) ife <=,
folw,y) = 2 1 golzy) =4 \2 (#:3) 2 2

0 elsewhere, 0 elsewhere.

Figure 3 shows the evolution of b, = b+ g and h =b+ g+ f at time t = 0,t =
0.2, = 0.72, and t = 12. There is convergence towards an equilibrium state, with
horizontal interfaces as expected (see [19]).

Figure 4 shows the evolution of the energy along time

6. CONCLUSION

We proposed and analyzed a finite volume scheme for solving the seawater in-
trusion model. It preserves at the discrete level the main features of the continuous
problem: the nonnegativity of the solutions, the decay of the energy, and the con-
trol of the entropy and its dissipation. Moreover, we were able to carry out a full
convergence analysis based on compactness arguments.

Let us mention that to derive the problem (3), the authors in [28] assume that,
for simplification, the porous medium is isotropic. Moreover in our work the mesh
satisfies the so-called orthogonality condition (see, e.g., 23, Definition 9.1] so that
the two-point flux approximation is consistent. We know that the finite volume
method with two-point flux approximation, used here, does not allow to handle the
anisotropic case. Nevertheless in order to treat this case, we can use for instance a
Control Volume Finite Element scheme (CVFE) [27, 11, 2].
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FI1GURE 3. Behaviour of the model at t =0, t =0.2, t =0.72, t = 12

time

FI1GURE 4. Evolution of the energy along time
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