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Abstract

We propose an unbiased Monte-Carlo estimator for E[g(Xy,,---, X, )], where X
is a diffusion process defined by a multi-dimensional stochastic differential equation
(SDE). The main idea is to start instead from a well-chosen simulatable SDE whose
coefficients are updated at independent exponential times. Such a simulatable process
can be viewed as a regime-switching SDE, or as a branching diffusion process with one
single living particle at all times. In order to compensate for the change of the coeffi-
cients of the SDE, our main representation result relies on the automatic differentiation
technique induced by Bismu-Elworthy-Li formula from Malliavin calculus, as exploited
by Fournié et al. [14] for the simulation of the Greeks in financial applications. In
particular, this algorithm can be considered as a variation of the (infinite variance)
estimator obtained in Bally and Kohatsu-Higa [3, Section 6.1] as an application of the
parametrix method.

MSC2010. Primary 65C05, 60J60; secondary 60J85, 35K10.

Key words. Unbiased simulation of SDEs, regime switching diffusion, linear parabolic
PDEs.

1 Introduction

Let d > 1, T > 0 and W be a d-dimensional Brownian motion, x : [0,7] x R? — R?
and o : [0,7] x R? — M? be the drift and diffusion coefficients, where M? denotes
the collection of all d x d dimensional matrices. Under standard assumptions on these
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coefficients, we consider the process X defined as the unique strong solution of the
multi-dimensional SDE,

Xo =m0, and dX; = ,u(t,Xt) dt + a(t,Xt) dWy, (1.1)

Our main focus in this paper is on the Monte-Carlo approximation of the expectation
Vo = El[g(Xy, -, X0)], (1.2)

for some function ¢ : R¥*” — R and discrete time grid 0 < t; < --- < t, = T.

When n = 1, the analytic formulation of the problem is obtained by the well-known
representation V) = u(0, Xy), where u is the solution of the linear PDE

1
Opu+ b(t,x) - Du+ ETr [JUT(t,x)D2u] =0, ur=g, (1.3)

In practice, the Monte-Carlo method consists in simulating N independent copies of
a discrete-time approximation of X, and then estimating Vy by the empirical mean
value of the simulations. The corresponding error analysis consists of a statistical error
induced by the central limit theorem, and a discretization error which induces a biased
Monte Carlo approximation. Under some smoothness conditions, Talay and Tubaro
[25] proved that the discretization error for the Euler scheme is controlled by a rate
CAt, where At denotes the time step discretization. Since then, many works focused
on the analysis of the discretization error under various discretization techniques, see
e.g. Kloeden and Platen [23], and Graham and Talay [17] for an overview. However,

o

the statistical error estimate N~ 2 is lost in all cases, as its combination with the
discretization error leads to an overall error estimate of the order N~3%¢ for some
e > 0.

In the context of one-dimensional homogeneous SDEs with constant volatility coef-
ficient, Beskos and Roberts [6] developed an exact simulation technique for X by using
the Girsanov change measure together with a rejection algorithm, see also Beskos, Pa-
paspiliopoulos and Roberts [7], Jourdain and Sbai [22], etc... This technique also
applies to more general SDEs by using of the so-called Lamperti transformation which
reduces the approximation problem to the unit diffusion case. We also refer to the
subsequent active literature of exact simulation of an LL°°—approximation of X, see.
e.g Blanchet, Chen and Dong [5].

An alternative approximation method for Vi was induced by the multilevel Monte-
Carlo (MLMC) algorithm introduced by Giles [15], which generalizes the statistical
Romberg method of Kebaier [18]. One of the main advantages of the MLMC algo-
rithm is to control the global error (sum of discretization error and statistical error)
with a much better rate w.r.t. the computation complexity. We refer to Giles and
Szpruch [16], Alaya and Kebaier [1], Rhee and Glynn [24] for further developments.
In particular, Rhee and Glynn [24] obtained an unbiased simulation method for SDEs
by using a random level in the estimator.

More recently, Bally and Kohatsu-Higa [3] provided a probabilistic interpretation
of the parametrix method for PDEs. In particular, when n = 1, they obtained a
representation formula for V[ in form

E[g(Xr)Wr], (1.4)
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where X is defined by a Euler scheme of X on a random discrete-time grid (the
time step follows an independent exponential distribution), and Wr is a corrective
weight function depending on X. The above representation is formally similar to
the stochastic finite element method proposed by Bompis and Gobet [8], where one
replaces X by its Euler scheme solution in (1.2) and then corrects partially the error by
some well-chosen weight functions. Notice that in the above representation of Bally and
Kohatsu-Higa [3], the process X can be exactly simulated and hence it may provide an
unbiased estimator for V. Nevertheless, the obtained weight function Wr is integrable
but has infinite variance, and hence the corresponding Monte-Carlo estimator looses
the standard central limit error estimate.

In this paper, we provide a representation of Vj in the spirit of (1.4), but with an
alternative weight function for the representation. Our results follow from completely
different arguments. More importantly, our unbiased approximation of V{ has finite
variance, and applies for a large class of SDEs.

Our main idea is to consider the Euler scheme solution X as solution to a regime-
switching SDE with some well-chosen coefficients. In order to compensate for the
change of the coefficients of the SDE, we introduce some weight functions obtained by
the automatic differentiation technique induced by Bismut-Elworthy-Li formula from
Malliavin calculus, as exploited by Fournié et al. [14] for the simulation of the Greeks
in financial applications.

The technique introduced in the present paper is inspired by the numerical algo-
rithm introduced in [19, 21], for semilinear PDEs of the form

1
Opu + §Au + Fy(t,z,u) =0, ur =g,

for some nonlinearity Fy. The main idea in [19, 21] is to use an approximation by a
branching diffusion representation induced by approximating the nonlinearity Fy by a
polynomial in u. Namely, given the nature of the linear operator, the representation
is obtained by means of a Brownian motion with branching driven by the polynomial
approximation of Fj.

Loosely speaking, the method developed in the present paper follows by reading
the PDE part of (1.3) in the following equivalent form:

1
Oru + §Au + Fi(t,z, Du, D2u) = 0,
where
1
Fi(t,z,z,y) = b(t,x) z+ §Tr[(00’T(t,:E) —I)y].

However, in contrast with the nonlinearity Fy, the above function Fj involves the
gradient and the Hessian of the solution u. Consequently the last PDE can not be
handled by the existing literature on branching diffusion representation of PDEs. The
automatic differentiation technique introduced in the present paper is an important
new idea which allows to convert Du and D?u in F; into u. Since no powers of u are
involved in the equation, this leads to a representation by means of a Brownian motion



with exactly one descendent with two different possible types revealed by the weight
function corresponding to the order of differentiation.

We believe that the automatic differentiation trick introduced here has very im-
portant consequences, beyond the particular application of the present paper. Indeed,
in our paper [20], we provide a significant extension of the branching diffusion repre-
sentation to a general class of semilinear PDEs.

The paper is organized as follows. In Section 2, we consider the SDE with constant
diffusion coefficient, and propose an unbiased estimator for V[ for both Markovian
case and path-dependent case. Then in Section 3, we consider the SDE with general
diffusion coefficient function, and obtain a similar representation formula for Vj, which
is integrable but of infinite variance. Next, in Section 4, we provide some numerical
examples. Finally, we complete some technical proofs in Section 5. In particular,
an easy example is studied in Section 5.1 to illustrate the main idea of the technical
proofs.

2 Unbiased simulation of SDE with constant
diffusion coefficient

In this section, we will restrict to the constant diffusion coefficient case, and propose
an unbiased estimator for Vy having finite variance.

2.1 The Markovian case
Let us start by the Markovian case, where the diffusion process X is defined by
Xo=mo, dXy = p(t,Xy) dt + o9 dWy, (2.1)
for some matrix oy € I\\/JId, and our objective is to compute
Vo = Elg(Xr)). (2.2)
for some function ¢ : R* — R. We impose the following conditions on p and o¢:

Assumption 2.1. The diffusion coefficient oy is non-degenerate, the drift function
w(t, z) is bounded continuous in (t,z), uniformly %—H()'lder int and uniformly Lipschitz
in x, i.e. for some constant L > 0,

wu(t,x) — u(s,y)‘ < L( t—s|+ |z — y|>, Y(s,z), (t,y) € [0,T] x R%.  (2.3)

2.1.1 The unbiased simulation algorithm

To introduce our unbiased simulation algorithm, let us first introduce a random discrete
time grid. Let 5 > 0 be a fixed positive constant, (7;);>0 be a sequence of i.i.d. £(B)-
exponential random variables. We define

Ty = ( Ti)/\T, k>0, and N, := max{k:T} <t}. (2.4)
=1



Then (IVi)o<t<7 is a Poisson process with intensity § and arrival times (T%)g>o. We
denote also Ty := 0 and ATyyq := Ty — Tk.
Let W be a d-dimensional Brownian motion independent of (7;);~0, we introduce

AWTk = WTk — Wkaw k > 0.

and a process X as the Euler scheme of X on the random discrete grid (Ty)k>0, i.e.
Xo = xp and

XTk+1 = XTk + N(Tka)?Tk)ATk+1 + UOAWTkﬂ, k=0,1,--- ,Npr. (2.5)
Then our estimator is given by
—~ Nt .
v = [9 (XT> ‘9<XTNT>1{NT>0}} s~ TI W, (2.6)
k=1
with
W — (“(Tk’XTk) — M(Tk—l,XTk,l)) (o) TAW
Wi = . (2.7)
AV IS

Theorem 2.2. Suppose that Assumption 2.1 holds true, and g is Lipschitz. Then
E[(¢))] < oo and Vo = E[4].

Proof. (i) We first show that E[(@z] < oo. For simplicity, we denote AXj, :=
XTk — X*qu for k > 0. Let L, be the Lipschitz constant of the function g, and set
Ly := ‘(0'00(—']— )_1‘ > 0 by the non-degeneracy of oyg. Then using Assumption 2.1, it
follows by direct computation that

Nrp e
o o L(\/ATji1 + [AXT, )
BT k+1

le™?Ty| < Lg(\g(l’o)’ +AT+ ’AXTl‘) H BAT) 1

k=1

Then denoting IETk = E[ . !)?Tk, ATkH], we have

[CRRNIE

~ AT 1+ A)/(:T, 1 _ 2 2 _ 2
Er, | +ATk4’r1 el on 1AWy, | B[O+ uleVT + |002])|(0d) 2]
where |u|oo = Zle lil3, |wilo := sup;, |pi(t,2)], and Z is a standard centered

normal distribution in R%. This provides

~ VAT + AXp ], 1 2

< 201+ |ulooVT)? E[|(0g )" 2[°] + 2E[|00Z|?|(09) " 2|*]
= 2(1+ |pulaVT)? Tr((000g)™") + 2(3d+d(d—1)) =: 7.

We therefore get the following upper bound:
—~ L’r
E[y?] < Ce2PTePT+75~  where C = Lf]E[(|g(0)| + ATy + |AX1|)2]. (2.8)

(i) The equality Vo = E[¢)] will be proved in Section 5, with illustration of the main
idea in Section 5.1. O



2.1.2 On the choice of

Notice that the random variable {b\ in (2.6) can be exactly simulated from a sequence
of Gaussian N(0,1) and exponential £(3) random variables. Then the integrability
and representation results in Theorem 2.2 induce an unbiased simulation Monte-Carlo
method to approximate V[, with error induced by the standard central limit theorem.

We next observe that the constant S > 0 may be chosen so as to minimize the
approximation error relative to the computational effort:

e By the central limit theorem, the error induced by the Monte Carlo estimator
based on the representation 1 is characterized by the variance of 1. For tractabil-
ity reasons, we shall instead replace it by the bound (2.8).

e The computation effort is proportional to the number N of arrivals of the Poisson
process before the maturity 7', and is thus given by C'E[Np| = C'ST.

In view of this, we shall choose 8 by minimizing the ratio of the variance bound (2.8) to
the mean computational effort. This minimization problem is obviously independent
of the constants C,C’, and reduces to:

1 L?
min f(6), where f(6) := 57 P (T(ﬂ + %))
Direct computation shows that the equation f’(5) = 0 has a unique solution on (0, c0)
given by
. T
B = N yL2+T2/4 + 3

As limg o f(B) = limgoe f(B) = 00, this shows that 3* is the minimizer of the
above defined criterion, and will be taken as our “best sub-optimal” choice of 3 for
the unbiased estimator .

2.2 The path-dependent case

In this part, we would like to provide an extension of the above estimator J in (2.6)
to the path-dependent case. Let n > 0, 0 =tg < t; < --- < tp, =T, 09 € M? be a
non-degenerate matrix, and pu : [0, 7] x R¥>*" 5 R4 be a continuous function, Lipschitz
in the space variable. Let X be the unique solution of SDE, with initial condition
Xo = o,

dXt = ,U,(t,th/\t, e 7th/\t) dt + g0 th, (29)
and the objective is to compute the value,

Vo = El[g(Xy, -, X0,)] (2.10)

for some Lipschitz function g : R*" — R.



Remark 2.3. It is clear that the value ‘70 defined above can be characterized by a
parabolic PDE system. Namely, for everyk =1,--- ,n and (x1, -+ ,x5_1) € RAx(k—1)
we define

Mk(t7x) = lu(t’xly' s Tk—1, Ty 7:17)7 \V/(t,l‘) € [tk—latk] X Rd' (211)

Suppose that (uk)k=1,... n i a family of functions such that uy, is defined on [ty_1,tx] X

RY>* and 2 v ug(t,z1,- -+ ,xp_1, ) is a solution (at least in the viscosity sense) of

1
Orup, + §JOJJ:D2uk + pp-Dup = 0, (2.12)
with terminal conditions

’LLk(tk,!El,"' 7':Uk‘) :uk+l(tk7$17"' 7$k7xk)7 fO’f’ k= 17 y = 17

and up(tn, 1, - ,xy) = g(x1,--- ,x,). Then we have ‘70 = uq1(0, ).

2.2.1 The algorithm

The unbiased simulation algorithm of Vp can be obtained by an iteration of the estima-
tor (2.6) on each time interval [tg, tx1]. One should just be careful on the integrability
issue. Let us first introduce the algorithm.

Recall that W be a standard d-dimensional Brownian motion, (7;);>o is a sequence
of i.i.d. £(f)-exponential random variables independent of W. Then N = (Nj)o<s<t
and (T});>0 are defined in (2.4). Define further for every k = 1,--- ,n, N*¥ := N, —
Ny, _, the number of jump arrivals on [t;_1, 1), and Tok = t1._1 and Tf = TNtk,lJrj/\tkv

TS = TF - Ty WE = Wap, AWE=WE-WE, Wj=1. K41
Example 2.4. We give below an example for the case n = 2. In the following example,
the number of jump arrivals on [0,t1) is N1 =2, that on [t1,t2) is N2 =1, and total
number of jump arrivals is Np = 3.

For k =1, we have Tol =0, Tll =17, T21 =T, and Tgl =115 Wol =0, Wf = Wn,
Wzl = Wnp, and W?} = Wy,. For k = 2, we have T02 = t1, Tf = T3, T22 = to, and

WE =W, W2 =Wrg, and W2 = W,,.

0 T1 T2 tl T3 t2

Y

We next introduce a process ()A(:fx), Vi=0,1,--- N+ 1, foreach k =1,--- ,n

and initial condition x = (2,21, ,25_1) € R&>* by )Z'g’x := x)_1 and
Skx . Thx Sk kX\ A ok ik
Xifn = X0 4 (77, XG7) ATy + o0 AW,
Similarly, for every j = 1,---, N, we define a automatic differentiation weight, with

pu; defined by (2.11),
Wk = (M’“(jﬁ’;{f’x) - Mk(j]k—l,f(f’_xl)) ) ( 0 )_1 ﬁ//f 1
J o o A |

rk
AT,




We now introduce the algorithm for the path- dependent case, in a recursive way.

First, for x = (xg,21, - ,2,) € RAX(+1)  get ¢n+1 := g(x1,--+ ,x,). Next, for
k=1,---,n, denote

kx ._ ) kx,0
X x__ (xoyxlj... s Th—1, XNk—I—l) and X" X (x07x17-.- LTh—1, XNk {Nk>0})

Then given {Ek 41, we define

Nk

~ B x ko0 _N* oy’

P = Pl <1/11)9(+1 Ot Nk>0}> s~ Iy (2.13)
i=1

We finally obtain the numerical algorithm of the path-dependent case:

o= Y, (2.14)

2.2.2 The integrability and representation result

We notice that the algorithm in the path-dependent case is nothing else than an
iterative algorithm of the Markovian case, as suggested by the PDEs (2.12) in Remark
(2.3). When the random variable 1 in (2.14) is integrable, it is not surprising to obtain
the representation Vg = W] as a consequence of Theorem 2.2. However, because of

the renormalization term (i.e. (wgcflx Q/Jicflx 1 { Nk>0}) in (2.13)), the variance analysis

becomes less obvious. We provide here a sufficient condition to ensure that ¢ has finite
variance.

Theorem 2.5. Suppose that p : [0,T] x R™*™ = R? and g : R¥™*™ — R are differen-
tiable up to the order n, with bounded derivatives. Then

E[(¢¥)°] < oo and Vo := E[J].

We will prove the integrability result here, and leave the proof of the representation
result ‘N/o = E[{/;] in Section 5. As preparation, let us first provide two technical
lemmas. Let 71 = (0 = sp < s1 < -+ < 8, = T) be an arbitrary partition of
the interval [0,T], & : [0,T] x R? — R? a R?—valued function. We define X™* by
X" =z and

Xpto= X004 sk XPT) Asprr + Wy — W, (2.15)

Further, let ¢ : R? — R be a smooth function, £ > 0 and i = (iy,--- ,iz) € {1,--- ,d}",
we denote 8ﬁ7i<p(:r) = 85;1_1,,, L o(x).

Tiy
Lemma 2.6. Suppose that x — [(t,x) is differentiable up to order n with uniformly
bounded derivatives, and X™" is defined by (2.15) with initial condition X" = x.
Then x +— Xg’z 1s differentiable up to order n and there is a constant C independent
of the partition m such that

max  max L, X7 < C.
1<0<n {1, .d}* 0Zhem 1



Proof. For simplicity, we consider the one dimensional d = 1 case, while the multi-
dimensional can be deduced by almost the same arguments. First, let £ = 1, we
have

0, X;rfl = 8xX]7€T’x + 8xﬂ(8k,Xg’x)axX;r’xASk+1,

which implies that
0. X0 = 1G4 (1 + Ouii(sk, X;:’x)AskH).

Since 9,i(t, x) is uniformly bounded, it follows that 9, X, is bounded by some con-
stant C independent of 1 < k < m and the partition w. By induction, it is easy to
deduce that for £ =2,--- | n,

8% k—l—l = 85[X27m + Pg(@;lﬂ(Sk, ) 82 7rw ‘: 17 76_ 1)Ask+17

where Py is a Polynomial on &, fi(sg, X; ) and &, X" for i = 1,--- ,£ — 1, which is

uniformly bounded by some constant independent of £ = 1,--- ,m and the partition
w. Hence 86 4 * is also bounded by some constant C; independent of k =1,--- ,m
and the partltlon . O

Lemma 2.7. Let (’IZI):)lSkSn+1 be defined by (2.13). Then for every k =2,--- ,n+1,
and every x = (xg, 1, -+ ,Tp_1) € Rk the map xp_1 — Yy has derivatives up to
order k — 1 and

, ~
8xk717iw;;

max
1<<k—1

< H (NI 41y (2.16)

Proof. We will prove it by induction. First, let & = n+1, then {/;7):+1 =gz, 1, - ,xp)
and hence |0}, ¥*| < C for some constant C' and for every £ =1, -+ ,n.
Next, suppose that (2.16) holds true for ¢7, |, we know from (2.13) that

N¥ rk kX vkx
k,x k,x,0 T X ) ,Uk( X ) L~
1/} <¢1§+1 ¢1§+1 {Nk>0}> H 5A . (0’8—) 1AW}€+1
j=1 Jj+1

Then using the estimation in Lemma 2.6, we see that (2.16) is also true for QZ;;, and
we hence conclude the proof. O

Proof of Theorem 2.5 (i). By Lemma 2.7, we know that z — 5" is differentiable

and in particular uniformly Lipschitz with coefficient bounded by ZCH?ZZ(N J41)-t,

Then the definition of Q,ZTO falls into the Markovian case n = 1, but with terminal

condition x — Q,ZS " Notice that N¥* < Ny has a Poisson distribution: P(Ng = m) =
e AT Z);) It follows that, for some constant C' > 0,

EHT,ZTOF] < E[CN]‘ZLCQ H(Nj+1)2(j—1)] < E|:4O2CNT(NT_|_1)n(n—1) < o,
7j=2

which implies that {/; has finite variance. O



3 Unbiased simulation of general SDEs

Let us now consider the SDE (1.1) with general diffusion coefficient function, i.e. with
drift and diffusion coefficients 1 : [0, 7] x RY — R? and o : [0, 7] x R? — M<;

Xo=z9, and dX; = ,u(t,Xt) dt + a(t,Xt) dW;.
Our objective of study in this section is
Vo = E[g(X7)], for some function g : RY - R.
We will provide a representation result of Vj in the same spirit of that in Section 2.

Remark 3.1 (Lamperti’s transformation). We also notice that in some cases, the
above SDE (1.1) may be reduced to the constant diffusion coefficient case (2.1), by the
so-called the Lamperti transformation.

(i) When d =1 and o(t,x) > 0, let us define a function h: [0,T] x R = R by

o1
h(t,z) := /0 T dy.

Notice that for fizred t € [0,T], x + h(t,z) is strictly increasing, we denote h=*(t,")
its inverse function. Then by Ité’s formula, it is easy to obtain that Y; := h(t, Xy)
satisfies the SDE

-1
dy, = <ath(t,h—1(t,n))+%_%@U(t’h_l(tm)> L aw

whose diffusion coefficient is a constant as in SDE (2.1).

(ii) When d > 1, o is non-degenerate and satisfies some further compatibility conditions,
one can also obtain a similar transformation to reduce SDE (5.8) to the constant
diffusion coefficient case.

3.1 An estimator of infinite variance for general SDEs

Let us impose the following conditions on coefficient functions p and o.

Assumption 3.2. The function (u,0) : [0,7] x R? — R? x M? and a = oo’ :
[0, T xR% — M¢ are uniformly bounded, and are uniformly Hélder in the time variable,
uniformly Lipschitz in the space variable, i.e. for some constant L,

|(,u,0', a) (t,z) — (,u,cr, a) (S,y)‘ < L(\/|t —s|+ ‘3: — y|), (3.1)

for all (t,z),(s,y) € [0,T] x R and o(t,x) is non-degenerate such that, for some
constant g > 0,

1
a(t,z) = iaaT(t,x) > eoly, Y(t,z) €[0,T] x R

10



Recall that (T})r>0 are defined by (2.4) with a sequence of i.i.d. £(3)-exponential
random variables, and W is a Brownian motion; the increment of the Brownian motion
are defined by AW, =W, —W;, _,, and ATy, := T}, —Tj,—1. Asin (2.5), we introduce
X as solution of the Euler scheme on discrete grid by )20 =z and

XTk+1 = XTk + ﬂ(TkaXTk)ATk-i-l + U(Tk,XTk)AWTk+1 k= 0, s ,NT. (3.2)

We then introduce a representation formula by

Nr

b= T [9(Rr) = 9(Xny, ) 1pvesy) A7 [T (W), 33)
k=1

where, for each £k =1,--- , Np,

o A - T(Ty, X7.)) " AW,
Wllc = [M(Tk7XTk)_M(Tk—17Xkal):|' (U ( - AT})) Tk“’
k+1
and
Wi = [a(Ti, X1,) — a(Thor, X1,,)]
N AW AW — ATy .
: [(UT(Tk,XTk)) ! = A?:;l ° o(Ty, X1,,) 1. (3.4)
k+1

Theorem 3.3. Suppose that Assumption 3.2 holds true, and g is Lipschitz. Then

E[|[$|]] < oo and Vo=E[)].

. . AW, AWrp, AW —ATy 1,
Proof. (i) Consider the random vectors &} := \/T;}Iz and & == b A;’; , for

all k = 1,--- , Ny + 1, which are independent of AT} conditional on {AT} > 0} =
{Nr > k — 1}, and which have finite second order moment. Notice that u(t,x) and
a(t, z) are uniformly bounded, and 1/2—Hdlder-continuous in ¢ and Lipschitz in z, and

o is uniformly bounded from below above zero. Then, for each k =1,--- , Np,
(Wil < C(WVAT + | X1, — X1, |)| =it | < C(1+ VAT + €)1k 414 | o
AV ) ATk 11

where the constant C' > 0 may vary from term by term but is uniformly bounded for
all k. Similarly, one obtains that

ATy,

1
ATpi1 /AT

Wi| < C(1+ VAT, +I6})€2,4]

As ATy, < T, it follows that

AT, 1
ATy1 /ATy

for some constant C' > 0 independent of k. In addition, we have by the Lipschitz

Wi+ Vi < C(L+IEH) (1G] + 1621 1)

condition on g that
E[‘Q(XT) - Q(XTNT)‘ ‘ATNT-H} < C\/ATN41.

11



Then, it follows from the expression of {b\ in (3.3) that

} —i—C’EUg Xo)| 1 0}]

EHQZH = [H \/Wl{NT>1}

IN

} + CE Ug(:no + (0, 20)T + o (0, $0)WT)‘]

[Hm

for some constant C' > 0, where we have also used the independence of the §,i’s and
their the boundedness of their second order moments. The integrability of ¥ is now a
direct consequence of Lemma A.2.

(ii) The proof of the equality Vj = E[J] will be completed in Section 5. O

To conclude, we notice that the variable w is of order H 1/ \/m in general
cases, and the latter is integrable but of infinite variance. Therefore zb is not a good
estimator for Monte-Carlo method. Nevertheless, it should still have some theoretical
value as an alternative representation formula obtained by Bally and Kohatsu-Higa [3,
Section 6.1].

3.2 An estimator for one-dimensional driftless SDE

To overcome the problem of variance explosion of the estimator (3.3), we will consider
the higher order approximation X of X, and obtain an estimator of finite variance for
the one dimensional (d = 1) driftless SDE of form

XQ = 2o, dXt = O'(t,Xt) th, (35)
Our objective is to compute
Vo = E[g(XT)}, for some function g : R — R.

Recall (T})r>0 has been introduced in (2.4) from a sequence of i.i.d. exponential
random variables, independent of the Brownian motion W. We next define X by

~

Xo = o,
dX, = (a(Tk,f(Tk) + 0p0(Ti, X1, ) (X, — )A(Tk)>th, on [Ty, Thr1l,  (3.6)
for k=0,1,--- , Np. By denoting
&= o(Ty, X1,) — 050 (Th, X1,) X1, and  ¢§ := 0,0(Ty, X1,.), (3.7)
then the above linear SDE (3.6) has an explicit solution which is given by
X, = X1y + 0(Th, X1 ) AWr,,,,  if & =0, (3.8)

and

oy
X1y, = — =
2

(

k

1

_k

Co

+ Xy exp ( N CQAWTW) itk £0. (3.9)

12



We then define 1Z by

~

Nt

~ o _ 52

b= T g(Rr) — 9Ky, gy | A7 T (3.10)
k=1

where the automatic differentiation weight is given by (see Lemma 5.9 below)

2 a(Ti, Xr) AWr,, — AWZ  — AT

— ~
We = ) (— 8,0 (Th, X ) 3.11
F ZG(Tk,XTk) ( y Tk) ATk+1 AT]?_H ( )
with a(-) := 30%(-), @ = 467 and &4 := o(Tj—1, X1, _,) + 020 (Th—1, X1, ) (X7, —

Similarly to the discussion at the end of Section 3.1 (see also Remark 5.8 below),
the variable ¢ in (3.10) is integrable but of infinite variance in general. To make the
variance finite, we introduce an alternative estimator using an antithetic variable. Let
X}; be an antithetic variable of X’T defined by

~

XJ_" = XTNT - U(TNT755TNT)AWTNT7 if CéVT =0,

and

NT NT NT 2
~_ c c
XT = — —}VT + }V e ( ( 22 ) ATNT-H — CéVTAWTNT+1>

Cy Cy

N
v (62 T)2 Nt . Nt
+ XTNT exp ( — ATN 41— Cy AVVTNT+1 , if ;" #0.

Denote Wy, :zWi fork=1,--- ,Np—1and

A i 2
a(TNT s XNT) — QNp ( = AWTNT+1 AWTNT+1 ACZ—']VT‘f‘l )

2G(TNT,XNT) v ( r T) ATNT-FI AT]%[T‘l'l

Wy, =
We then introduce

b+
2

~

Nr
7= 7) = 9y sy | 87 [ Wi (312)
k=1

with 12_ = T [g(

Notice that the Brownian motion is symmetric, thus 12_ has exactly the same distri-
bution as 1, and it serves as an antithetic variable.

Assumption 3.4. The diffusion coefficient o(-) satisfies o(t,z) > € > 0 for all (t,z) €
[0,T] x R, o(t,z) is bounded and Lipschitz in (t,x), Oyo(t,x) is bounded continuous
in (t,x) and uniformly Lipschitz in x. Further, the terminal condition function g(-) €

Ci(R).
Theorem 3.5. Suppose that Assumption 3.4 holds true. Then

EHJH + E[Wm < o0; and Vo = E[?ﬂ = E[m (3.13)

We will complete the proof in Section 5.4.
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Remark 3.6. (i) As ¢ has finite variance, we may use the representation of The-
orem 3.5 to built an unbiased Monte-Carlo estimator of Vy. However, given the as-
sumed regularity conditions, and the restriction to the one-dimensional setting, such
a Monte-Carlo approximation is mot competitive with the corresponding PDE based
approximation methods. However, we believe that the present methodology is open to
potential improvements, and we hope to improve our results in some future work so as
to address the higher dimensions.

(ii) For a general SDE with drift function and/or d > 1, we can also consider a similar
choice of (f1,6), which leads to [i(t,z) = ¢1 + cox and 6(t,x) = c3 + cax and a linear
SDE

dX; = (a1 +C2)A(t)dt + (cs —1—04)@)th, (3.14)

where ¢; € R?, ¢9,c5 € M? and ¢4 is linear operator from R% to M®. However, to the
best of our knowledge, the exact simulation of linear SDE (3.14) in high dimensional
case, as well as the associated automatic differentiation (Malliavin) weight as in (3.11)
(see also Lemma 5.9 below), is still an open question.

4 Numerical examples

Notice that our estimator ¢ given by (2.6) (resp. ¥ given by (2.13) and (2.14)) is an
unbiased estimator for Vy in (2.2) (resp. Vp in (2.10)). Then the error analysis of the
Monte-Carlo approximation reduces to the statistical error. Hence the computation
cost to achieve the accuracy O(e) for the approximation of Vj (resp. ‘70) is of order
O(e72), thus avoiding of the dependence on the discretization error.

By combining different level of simulations, the MultiLevel Monte Carlo (MLMC)
method proposed by Giles [15] achieves a computation cost of order O(e~2(log €)?) or
O(e72) depending on the strong discretization error rate. In particular, by considering
a randomization of the level, Rhee and Glynn [24] obtained an unbiased estimator.
In the following, we provide some numerical results and comparisons between our
unbiased simulation method with the Euler based MLMC method proposed by [15].

4.1 Two one-dimensional SDEs

Let W be a one-dimensional standard Brownian motion, we consider the SDE given
by
1
So =1, dsS; = 0.1(\/M A S; — 1)Stdt + §Stth,

where M is a large constant introduced in order to guarantee the Lipschitz property
of the drift coefficient (in our numerical implementation, we have observed that the
value of M is not relevant for large M, and that the numerical finding are not changed
by taking M = oo; this hints that our results may be extended beyond the case of
Lipschitz coefficients). Applying Lemperti’s transformation X; := log(S;), we reduce
the above SDE to the constant diffusion coefficient case, in form of (2.1),

Xo=0, X, = (0.1(VA A —1) ~1/8)dt + %th. (4.1)

14



Mean value | Statistical error | Computation time
US (N = 10°) 0.204864 0.00140709 0.016814
MLMC 0.204993 0.000949166 0.032017
US (N = 109) 0.205396 0.000444462 0.171835
MLMC 0.205602 0.000308634 0.234526
US (N = 107) 0.20552 0.000142554 1.63013
MLMC 0.205648 0.0001 1.96197
US (N = 10%) 0.205641 4.52282e-05 16.2189
MLMC 0.205638 3.18855e-05 18.3833

Table 1: Numerical results for Vj in (4.2) (case d = 1), US denotes our unbiased simulation
algorithm with § = 0.1, the computation times are expressed in second.

We implement our unbiased simulation method for the two following expectations:
Vo = E[(Sr — K)4], and ¥ := E[(l f: Sy, — K) ] (4.2)
9 n k:1 k + )

where we choose K = 1, T = 1, n = 10 and t; := %T. Notice that the path-
dependent example does not satisfy the differentiability sufficient condition in Theorem
2.5. However, our numerical findings do not show any numerical difficulty in the
present setting.

Using different numbers N of simulations, we obtain the standard deviation as
(statistical) error of our estimator. Next, using the errors obtained by our unbiased
simulation method, we implement the MLMC algorithm in Section 5 of Giles [15], and
we compare the computation time (in second) of the two methods. More precisely,

the statistical error of the unbiased simulation method is given by \/Var[im /N, where

Var[@] denotes the estimated variance of 1. For the implementation of MLMC, we
choose M = 4, N;, = 10* and use equation (10) in [15] as criteria to stop the loop in
MLMC (see more details in Section 5 of [15] for the meaning of M and Np,).

The numerical results are given in Tables 1 and 2. We observe that with the same
Monte-Carlo error, both methods have very close performance. In the present partic-
ular example, the computational time of our methods is slightly smaller. However, the
conclusion may change depending on the nature of the example. Let us consider the
problem

Vo = E[sin(X7)], (4.3)
where X is defined by SDE, for some constant pg € R,
1
Xo =0, dX; = pocos(Xy)dt + §th'

We implement the MLMC algorithm and our unbiased simulation method with dif-
ferent value of 3, but with a given fixed error ¢ = 0.0002. The two methods provide

15



Mean value | Statistical error | Computation time
US (N = 10°) 0.127032 0.000762635 0.144998
MLMC 0.127053 0.000536248 0.323337
US (N = 109) 0.126363 0.000241231 1.40843
MLMC 0.126747 0.000169842 1.8194
US (N = 107) 0.126703 7.6418e-05 13.9005
MLMC 0.126643 5.37691e-05 16.7499

Table 2: Numerical results for V, in (4.2) (case d = 1), US denotes our unbiased simulation
algorithm with § = 0.05, the computation times are expressed in second.

very close estimation of value V{y, so we give a comparison on the computation time
in Figure 1. We can observe that £ in the unbiased simulation method should not be
too big nor too small, to minimize the computation effort. When pg = 0.2, the com-
putation time of MLMC method is slightly longer than the US method with 8 ~ 0.05.
However, when po = 0.5, the computation time MLMC method is always smaller than
the US method for any choice of § > 0. This shows that, in the context of the present
example, the performance of our unbiased simulation method is of the order of that of
the multilevel Monte Carlo method.

4.2 A multi-dimensional SDE

We next consider a d-dimensional SDE with d = 4. Let W = (W', ... W4T be a
4-dimensional standard Brownian motion, and oy the 4 x 4 be the lower triangular
matrix such that

1 1/2 1/2 1)2

/2 1 1/2 1/2

ol — | 1 /2 1
/2 1/2 1 1/2
/2 1/2 1/2 1

We consider the SDE
dX; = pt, Xo)dt + oodW;, Xi=0,i=1,---,4,

with drift function u(t,z) = (ui(t,z), ¢ = 1,---,4) be given by p;(t,z1,-- ,x4) =

0.1(\/% exp(z;) + texp(z) — 1) — %, where exp(z) := ("' + -+ + e%)/4. We then
consider two problems:

v E[(L e k) ], and B —B[(L S k) |,y
1=1 )

where we choose K = 1, T =1, n = 10 and ¢, := %T and M is a large number

so as to ensure that the terminal condition is Lipschitz. As in the one-dimensional
case, we implement our unbiased simulation method using different sample sizes N.
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Figure 1: Comparison of the computation time of MLMC method and unbiased simulation
method for problem (4.3), with the same given error.

Then, we use the errors, obtained from our unbiased simulation method, in the MLMC
algorithm in Section 5 of Giles [15], and we compare the computation time (in second)
of the two methods.

The numerical results are given in Tables 3 and 4. We observe that both meth-
ods have very similar performance, with a slightly small advantage for our method.
However, similar to the one-dimensional case, the MLMC algorithm could be better
in other examples.

4.3 A one-dimensional driftless SDE

Finally, we provide an example of a one-dimensional driftless SDE. We recall that
under the assumed regularity in Theorem 3.5, we are not expecting our method to be
competitive with the PDE based approximations. Instead, our objective is to study
numerically the performance of the estimator (3.12).
Let us consider the SDE
20

Xo=1, dXy =———dW, 4.5
0 ) t 1+Xt2 ts ( )

and we aim to compute

Vo = E[(Xr — K) (4.6)

4
We implemented the simple Euler scheme with time step At = 1/10 and simulation
number N = 10°, and next the unbiased simulation method (3.12) with 8 = 0.1 and
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Mean value | Statistical error | Computation time
US (N = 109) 0.739374 0.00921078 0.109151
MLMC 0.732707 0.00568921 0.136884
US (N = 109) 0.735745 0.00239613 1.06639
MLMC 0.733539 0.00176862 1.15886
US (N =107) 0.73659 0.000831597 10.6957
MLMC 0.737087 0.000578058 12.171

Table 3: Numerical results for Vj in (4.4) (case d = 4), US denotes our unbiased simulation
algorithm with § = 0.5, the computation times are expressed in second.

Mean value | Statistical error | Computation time
US (N = 10°) 0.382186 0.00247547 0.769847
MLMC 0.381071 0.00167112 2.07589
US (N = 109) 0.382846 0.000762393 7.65796
MLMC 0.383107 0.000535905 10.8444
US (N = 107) 0.383282 0.000244861 85.0265
MLMC 0.383653 0.00017245 104.223

Table 4: Numerical results for Vy in (4.4) (case d = 4), US denotes our unbiased simulation
algorithm with § = 0.05, the computation times are expressed in second.
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Mean value | Statistical error | Computation time
Euler scheme || 0.161483 0.000196733 0.570541
US 0.160362 9.34729e-05 0.201904
MLMC 0.16057 6.61696e-05 6.65799

Table 5: Numerical results for V4 in (4.6) (case d = 1), US denotes the unbiased simulation
algorithm (3.12) with 8 = 0.1, the computation times are expressed in second. Notice
also that the unbiased algorithm (3.12) contains implicitly an antithetic variance reduction,
which makes its statistical even error smaller than that of the Eurler scheme.

simulation number N = 10%, and then the MLMC scheme using the statistical error
obtained from the unbiased simulation method. The results are given in Table 5,
and we can observe that all three methods provides very similar estimation of 4. In
particular, the unbiased simulation method has a significant advantage.

5 Proofs

5.1 A toy example

Before completing the technical part of the proofs for Theorems 2.2, 2.5 and 3.3, we
would like to illustrate the main idea by studying a simplified example in the one
dimensional case with unit diffusion:

X() = Xo, dXt == ,u(t,Xt)dt + th

Let b € R and 8 > 0, we define a sequence of i.i.d. random variable (73);>1 of
distribution (). Then let (Tx)r>1, ATky1 = Thy1 — T and AWy gy := Wr, — W,
be defined in and below (2.4), we introduce X by

~

X, = xz9 + bt + W,

and then define

ks (N(TkaXTk) —b)AWg,,,

_ AT (R
v ‘ g(XT),;E[l BAT 41

(5.1)

Proposition 5.1. Let u(-,-) and g(-) be both bounded smooth functions in CZ. Then
for all constants B >0 and B > 0, one has

E[[¢|]] < oo and E[g(Xr)] = E[¢].

Proof. Since p and g are uniformly bounded, and for some constant C' > 0, the
conditional expectation Ear, ., [[AWr,,,[] < C//ATjq, then by Lemma A.2, it is
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obvious that v is integral. Then it is enough to prove that E[g(XT)] = E[w] In
preparation, let us introduce

Nan (M(Tk7 XTk) - b)AWTk+1

— ﬁTnJrl
v ‘ kl;[l BAT41
~ _b ~
(9(Fr) L nt (F5=000) (T, K Lavon )

for all n > 0, with the convention ngl = 1. It is clear that (¢,,)n>0 are all integrable
by Lemma A.2.

(i) Notice that p and g are both smooth functions, then by Feynmann-Kac formula,
we know E[g(X7)] = u(0,z0), where u € C;°([0,T] x R) is a smooth function of PDE

Owu(t,z) + %8§xu(t,x) + wu(t,x)o0u(t,z) = 0, forall (t,z)€ [0,T) x R,

with terminal condition u(T,z) = g(z). Rewriting the above PDE in the following
equivalent way:

1
Owu(t,x) + bOyu(t,z) + gﬁixu(t,x) + (u(t,z) — b)dyu(t,z) =0,
it follows from the Feynmann-Kac formula that
o~ T o~ o~
u(0,20) = E|g(Xr) + / (1e(t, K1) = b) By (t, Ko )t
0

eBTl

B

- E[GBTQ(XT)l{leT}JF
= E[ﬂk)])

where the second equality follows from the fact that 73 = T'A 71, and 71 is a random

(1(T1, X1,) = 0)0su(Th, Xy ) Ly <y | (5:2)

variable independent of X , with density function ﬂe‘ﬁtl{tzo}.

(ii) Next, notice that for any ¢ and bounded continuous function ¢y, one has by
integration by parts that

B,E[do( + bt + Wy)] = Elao(e +bi + WQ?}. (5.3)

Notice also that AWy, = Wy, ATy =17 and XT1 = xo + 011 + Wrp,. It follows by
Lemma A.3 that

AW -~ w—>b ~
axu(o7 xO) = E [eﬁAﬂ WZH (Q(XT) 1{T§T1} + TaxU(Tl, XTl) 1{T1<T}>] . (54)

Changing the initial condition (0, zg) to (77, )?Tl), one obtains that, whenever T} < T,

= AW ~ —b ~ -
Oru(Ty, X1y ) = E[GBATQF? (g(XT)l{T§T2}+MTawu(T2’XTz)l{T2<T}) ‘TI’XTl]‘

Plugging the above expression of Oxu(Tl,)?Tl) into the r.h.s. of (5.2), and using the
fact that 7" < T is equivalent to Np— < 1, and P[{Np_ < 1} \ {Np < 1}] =0, it
follows that u(0,z¢) = E[¢)1].
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(iii) Next, changing the initial condition in (5.4) from (0, z) to (T, X7,) when Ty < T

and then plugging the corresponding expression of 9, u(Ts, X1,) into 1, it follows that
u(0,20) = E[t)2]. Repeating the procedure, we have for all n > 0,

Elg(X1)] = u(0,20) = E[hn].

Finally sending n — oo, and using Lemma A.2 together with the dominated conver-
gence theorem, it follows that E[g(X7)] = E[limp, 0 tn] = E[4). O

Remark 5.2. We can also interpret formally the representation v in (5.1) as the
expansion of the diffusion process X around a Brownian motion. Let b = 0 and
w(t,z) = po for some constant py € R, so that X’t = Wy and Xy = pot + Wy, Using
the fact that P(Np = k) = e_BT(ﬁkL!)k, Yk >0, it follows formally that

oo (o) _ [ HoAW
E[g(Xr)] = E LZ:O o g<k><WT>] =5 | govn) 7, (M5 | )

where the second equality follows by the fact that

P[Ny = k] = eﬁT%, and E[g(k)<zk:AWi+1>} = E[g(iAWH—l)H?:l AAI;/Z:;]
i=0 i=0 '

In particular, the r.h.s. of (5.5) is exactly E[?/)] defined by (5.1) in this case.

To conclude this part, we notice that ¢ in (5.1) is integrable, but has an infinite
variance in general. In the next subsection, we exploit the arbitrariness of the constant
b which is involved in the definition of . More precisely, we shall choose different
constants b at each time T}, in an adaptive way. This will lead to the estimator 1Z in
Theorems 2.2 and 3.3.

5.2 A regime switching diffusion representation

For d > 1, T >0, let (i1,0) : [0,T] x R = R? x M? be bounded continuous functions
satisfying
|u(t, @) — p(t,y)| + |o(t,2) —o(t,y)| < Llz—yl; (tz.y) € [0,T] x R x RY, (5.6)
for some constant L > 0. We start by considering a linear parabolic PDE
du + p-Du + a:D*u = 0, on [0,T) xR, (5.7)

with terminal condition u(T,z) = g(z), where a(-) := 300 "(:), A: B := Tr(ABT)
for any two d x d dimensional matrices A, B € M?, and D, D? denote the gradient
and Hessian operators with respect to the space variable x. Next, let us consider the
diffusion process (XS’IO) sefo,7] defined as unique strong solution of the SDE

Xo=x9, and dX,; = ,u(s,XS) ds+a(s,X8) dWs, s€[0,T]. (5.8)

When PDE (5.7) admits a classical solution in C; 3([0, 7] xRY), i.e. the collection of all
functions ¢(t, ) such that ¢, 9;¢, D¢, D*¢ and D3¢ all exit and bounded continuous,
it follows by Feynmann-Kac formula that Vj := E[g(X%xO)] = u(0, zg).
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Remark 5.3. For technical reason, we will assume that u € C;’?’([O,T] x R?) rather
than in C;’%[O,T] x RY). But by approzimating the coefficient i, o with smooth func-
tions, one can relax this reqularity condition in more concrete context.

Recall that for 5 > 0, (7;);>0 is a sequence of i.i.d. &(f)-exponential random
variables, which is independent of the Brownian motion W. We define

k
Ty = (Zn) AT, k>0, and N; := max{k: Ty < t}.

i=1
Then (N¢)o<t<7 is a Poisson process with intensity 8 and arrival times (T} )x>0, and
Ty = 0. We also introduce, for all k > 0, AW} := W, _1+orm, — Wy, - 1t is clear
that the sequence of processes (AW,k)k>0 are mutually independent.

Let (71,6) : (s,y,t,2) € [0, T] x R¥ x [0, T] x R* — R% x M? be uniformly bounded,

and continuous in ¢, Lipschitz in x, we define X by

Xo =z and dX; = (O, t, Xp)dt + (0, t, X;)dW, (5.9)
with ©; = (TNt,)A(TNt). In other words, the process X is defined recursively by,
Xo = 0 and for all k > 0,

Tht1

i (Th, Xy, 5, X )ds + / & (T, X1y, 5, X ) AW
Tk

~ N Tt
XTk+1 = X1, +/T
ko

Example 5.4. (i) Let (1,0)(s,y,t,x) = (u,0)(s,y), then X is defined as a Euler
scheme as in (3.2), i.e. Xg = g, and

XTk+1 = XTI@ + /L(Tkv XTk)ATk—i—l + O-(Tky )?Tk)AWTkJFl-

(ii) When fi(-) =0 and 6(s,y,t,x) = o(s,y) + 0,0(s,y)(x —y), then SDE (5.9) turns
to be a linear SDE, whose solution is given explicitly in (3.8).

We first formulate an assumption on the existence of automatic differentiation
weights associated to SDE (5.9). Let 6 € [0,T) x R? and (t,z) € [0,T] x R, the
process (Xﬁ’x’e)se[tﬂ is defined by SDE

XpP0i=w, dXE0 = (0,5, X0 ds + 6(60,s, XE00)dW, (5.10)

Assumption 5.5. There is a pair of measurable functions ()7\/\91(), )7\/\92()) , called auto-
matic differentiation weights, taking values in RYxM¢?, such that, for all§ € [0, T) xR,
(t,2) € [0,T) x R, s > t, one has (Wé(t,:n,s —t,(We = Wi)relrg]), @ = 1,2) are both
integrable. Moreover, for all bounded continuous function ¢ : R* — R,

DE[o(XL)] = E[o(XL7) Wh(t,z,5 — t,(Wr = Worepa) |, = 1,2

where D, D? denote the gradient and Hessian operators with respect to the variable x.
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Let a(") == 200" () and a(-) := 366" (-), we denote
©o = (t,z) and then O = (Té,XTk), for all £ > 0.
and then for k > 0,
Afr = (na) (T X1,) — (,a)(O4_1,Th, X1,,) € R? x MY,
and for k > 0,
Wi i= (WS W3 ) (T X1y, Tier, AWFH) € RY e M,

with the weight functions ()7\/\91(), )7\/\92()) given in Assumption 5.5. We then define

Nr
v o= (9(XT)—9(XTNT)1{NT>0}) e | (G TS) (5.11)
k=1

where (p, P) e (¢,Q) :=p-q+ P : Q for all p,q € R%, P,Q € M? Here we use the
convention ngl = 1. Finally, for all n > 1, we also introduce

NpAn
Uy = eﬁTnH H (5_1Afkowk) [(g(XT) _Q(XTNT)I{NT>0})1{NTSn}
k=1

47! (A fair e (Du, D*u) (Tpi1, XTHl)) 1 NT>n}(]5.12)

Assumption 5.6. (i) The sequence (¥ )n>0 is uniformly integrable.

(ii) Let (€;)i=1,... a denote the canonical basis of R%. There is some g9 > 0, such that
for all (t,z) € [0,T)xR? and § € [0,T) xR, n >0 andi=1,--- ,d, all the following
random vectors is integrable:

17\/\ (t, o, 7 AT = 1), (W — Wi)relt, (t4m)AT1])

sup [We (t,a+ees,m1 A (T — 1), (W. — W) = Wi (t, 2,71 A (T — 1), (W, — Wt))}
ee(0,e0] €

and
Afns1 e (Du, D*u) (Thi1, X1y ) W

Theorem 5.7. Suppose that the PDE (5.7) has a classical solution u € C ([O,T] X
Rd), suppose in addition that Assumptions 5.5 and 5.6 hold true. Then w 18 integrable
and u(0, xq) qﬂ

Remark 5.8. (i) The condition that u € 05’3([0,T] x R?) may be relaxed in the
concrete applications of Theorem 5.7. This will be indeed performed in Section 3.3
by exploiting the integrability of the automatic differentiation weights (17\/\(},17\/\92) of
Assumption 5.5.

(ii) By definition, the automatic differentiation weight satisfies E[Wk] =0, then QZ in
(5.11) has the same mean than the estimator

Nr

T g(Xr) 87V T (Afx e W)

k=1
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However, in practice, the weight function W\k is typically of infinity variance, or even
not integrable, in general. Indeed, as we will see in the following, W; is generally

of order ATi - = Tkﬂl—Tk’ where conditioning on Ny = n, (Ty,--- ,Tn, ) follows the
law of statistic order of uniform distribution on [0,7]. Then by direct computation,
one knows E[1/ATy,4+1] = co. In the definition of ¢ in (5.11), the additional term
—g (XTNT)l{ Nr>0} can be seen as a control variate so as to guarantee the integrability

of 1;
(iii) As a consequence of the integrability problems raised in (ii), Assumption 5.6 is
in fact implicitly a restriction on the choice of the coefficients i and &, and we cannot

expect a representation for u(t,z) with arbitrary i and &, see Section 5.3 below.

Proof of Theorem 5.7. (i) Recall that u € C;’?’([O,T] x R?) is a classical solution
of PDE (5.7). Denote (fig,a9)(-) = (f1,a)(0,-), one can rewrite (5.7) in the following
equivalent way:

—Ou — fig - Du— ag : D*u — ((,u — fig) - Du+ (a — ag) : Dzu) = 0. (5.13)

Using Feynmann-Kac formula, it follows that
~ T ~
u(0,z9) = E[g(XCOF’xO’g) +/ (1 — f1g) - Du+ (a— ag) : D2u) (s,Xg’xO"g)ds], (5.14)
0

where X000 is defined by (5.10), which coincides with X in (5.9) on [0, 7}] whenever
0= (0, :E(]).

Recall that T} = 7 A T, where 7, is a random variable of density fe=?* 15501
independent of the Brownian motion W. Fixing 6 = (0, z¢), it follows that

u(0,z0) =E [eﬁTl (Q(XT)l{NT:O} + B 'Afy o (Du, D*u)(Th, XTl)l{NT>O}>] =E[t)o)-

(ii) Let us now go back to the expression (5.14), and derive an expression for the
derivatives Du(0,z0) and D?u(0,zq). First, for Du(0,z0), we use the integrability
condition in Assumption 5.6 with Lemma A.3, and also the fact the Du(-) is continuous,
it follows that

Du(0,20) = E|g(X3"")Wj(x0,T)
T ~ —~
4 [ (= ) Dt (o) D) (s, 070 W o, 5)ds],
0

where we simplify the notation VV\(}(O,xO, s, (Wi — Wi)yrefo,s]) to 17\/\(} (zo,s). Then by
the independence of 71 to the Brownian motion W, and setting 6 = (0, z¢), it follows
that

Du(0,20) = EWO W 0 (0, 20, T1, AW | (5.15)

Next, for D?u(0,2¢), we use again Lemma A.3 together with the integrability
condition in Assumption 5.6 and Lipschitz property of @ — ((u — ft) - Du+ (a — agp) :
D?u)(s,x), and the continuity of D?u(-) that

~ T ~
D?u(0, ) = D?COE[g(X%xO’e)]—i—/O DgoE[((u—ﬂg)-Dm(a—a@) : D2u)(s,X2’x°’9)]ds.
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Setting 0 = (0, z¢) and using Assumption 5.5, it leads to
D2u(0,30) = E|o W .0 20, 71, AWH).

Recall that E[?

(0,.20) (0,20, T, AW.)] = 0, we then obtain

D?u(0,20) = E| (Yo — ¢ g(0)1py=0)) Wi o) 020,71, AWH]. (5.16)

(iii) Changing the initial condition (0,z¢) in (5.15) and (5.16) by (71, X;) (remember
1o dependent also on the initial condition (0,z)), then plugging the expression of
D'u(Ty, X1) and D?u(Ty, X;) into the definition of 1y in (5.12), it follows by identifying

the term that

u(0,z0) = E[¢].

~

(iv) Repeating the arguments by replacing the initial condition (0, z¢) by (Tr+1, Xpn+1)
in (5.15) and (5.16) and then plugging the corresponding expression into the definition
of vy, etc., we obtain that u(0,z¢) = E[¢,] for all n > 0. Then letting n — oo, we
obtain

w(0,20) = lim E[¢,] = E[lim ¢,] = E[J],

n—o0 n—oo

which concludes the proof. [l

5.3 Proof of the representation results in Theorems 2.2,
2.5 and 3.3.

Using the results in Theorem 5.7, we can easily complete the proof of the representation
results in Theorems 2.2, 2.5 and 3.3.

Proof of Theorems 2.2 (ii) and 3.3 (ii). (i) In the context of Theorems 2.2 and 3.3,
the increment XTk o )A(Tk, conditional on (7}, )A(Tk), is Gaussian. And the estimator
1) corresponds to the estimator in Theorem 5.7 with automatic differentiation weights
function

ybw
ot

-
17\/\6} (-, 0t, 0w) = (o) and Wg(',dt,dw) = (UJ)_1WO’0—1.(5.17)
In particular, it is clear that Assumption 5.5 holds true with the above choice of
automatic differentiation weight functions in (5.17).

(ii) Besides, the uniform integrability conditions and integrability conditions in As-
sumption 5.6 can be easily obtained following the lines in the first part of the proof of
Theorems 2.2 and 2.2, using Lemma A.2.

(iii) Now, suppose in addition that u, o and g are bounded smooth functions with
bounded continuous derivatives, so that u € C; 3([0,T]) x RY). Tt follows by Theorem

5.7 that Vo = E[¢].
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(iv) Finally, when p(-) and o(-) satisfy the Lipschitz condition (3.1) and g is Lipschitz,
we can find a sequence of bounded smooth functions (p.(+), o(+), g-(+)) which converges
locally uniformly to (u(-),o(),g()) as € — 0. Let X< be the solution of

AXF = pe(t, XP)dt + o-(t, XE)dW,;.

Then by the stability of SDEs together with dominated convergence theorem, it follows
that

Vs = E[g-(X7)] — Vo:=E[g(Xr)], ase — 0.

Moreover, by Lemma A.2 together with dominated convergence theorem, it is easy to
prove that E[°] — E[¢)] as ¢ — 0, where ¢° denotes the estimator of the algorithm
(3.3) associated to the coefficient (u,0¢,g:). We then conclude the proof. O

Proof of Theorem 2.5 (ii). For the path-dependent case, it is enough to use the
same arguments as in Theorem 2.2, together with the PDE system (2.12) in Remark
2.3. O

5.4 Proof of Theorem 3.5
To introduce the algorithm in the context of Theorem 5.7, we propose to choose
() =0 and o(s,y,t,x) =o(s,y) + 00(s,y)(x —y).

Before providing the proof of Theorem 3.5, we first give a lemma which justifies
our choice of the automatic differentiation weight function Wz in (3.11), as well as
some related estimations. Let ¢q,co,x € R be constants such that ¢; + cox # 0, we
denote by X" solution of the SDE

70 =, dyt = (Cl + CZYt)dWh (518)
whose solution is given explicitly by

2

0 _ - a + (i—;+$)exp<—%2t—|—02Wt>, if cg #0,
=

x + Cth, if Cy = 0.

(5.19)

Consider also its antithetic variable )Z'tx defined by

2

e _[ma (@ rn)en(-Fioam), iz
0w _

z — Wy, if co = 0.

Lemma 5.9. Let x € R, (c1,c2) € R? be two constants such that ¢ + cox # 0,
¢ : R — R a bounded continuous function.
(i) Then for all t € (0,7,

REBE)] = B[ s (—et + Y] 62



(ii) Suppose in addition that ¢(-) € CZ(R). Then there is some constant C independent
of (t,z) such that, for all (t,z) € [0,T] x R,

)

E[(o(X07) — o))" (54) ] + B[ (6(K07) — 200) + (X0 (M1

t
< Cleg + ez)?

Proof. (i) First, when co = 0, it is clear that result is correct (see e.g. Lemma 2.1 of
Fahim, Touzi and Warin [13]). Next, when ¢y # 0, denote v(z) := E[QS(Y?’m)], then
with the expression of Y,?”” in (5.19), it follows that

C1 C1 czt/2 oty 1 y2/2
— — +(— + 2 — dy.
U(x) /]R ¢< C2 (02 x) ¢ > \/2_7Te Y

Suppose that ¢(-) € CZ(R), then using integration by parts, it follows that

/ _ A 2 —c3t/2+caVty | ,—cit/2+caV/ty 1 —y2/2d
v'(x) /]RQS( 62+<62—|—x)e )e —¢ Y

21

B c1 c1 —c2t/2+02\ﬂy> 1 y Ly
= - — + <— + :E>e 2 - € d
/IR¢< C9 C9 Cl+c2x\/g\/277 Y
1 %}

c1+cx t

_07
= E[o(X;")
Similarly, still using integration by parts, and by direct computation, we obtain

/" o 0,2
Vi) = B[

c1 + 1)

(ot )

When ¢(-) is only a bounded continuous function, one can approximate ¢(-) by a
sequence of smooth function ¢.(-) which converges to ¢(-) uniformly, and ¢, and ¢’
are bounded continuous. We then obtain

0,2
ve(z) = E[¢-(X,7)] — wv(2).
Moreover, the limit lim._,v.(z), lim._ov”(z) exist, thus v”(z) also exists and

Vi(z) = limol(z) = E[¢(Y?’x)m

1 ( Wy N W2 — t)}
—co— .
> 2
(ii) When ¢y = 0, the estimation in (ii) of the statement is clear true since ¢' and ¢”
are uniformly bounded.

When ¢z # 0, denote |¢'|o := sup, |¢’(z)|, we obtain, by direct computation, that

2[(6050) o) ()] < o[ 2 -]

—2t/24ea W
= ‘¢,’0E[(Cl + CQx)2(e el - 1>2Wt2(C2Wt — C%t/2)2}
oWy — c3t/2 72 ;

which is clearly uniformly bounded by C/(c; + cax)? for some constant C' independent
of (t,x) € [0,T] x R%
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Next, denote ((y) = (z + 2—;) (e‘cgt/“”y — 1), and define ¢(y) = ¢(z + £(y)).
Then

O"(y) = ¢"(x +L(y))(co + clzn)ze_cgtﬂmy + ¢ (x +L(y))(co + cl$)026_c§t/2+czy.(5.21)

It follows by the definition of ¢ as well as its derivative, together with direct compu-
tation, that

B [(67) - 20001+ o50) " (M) ]
= B :((p(Wt) + (= W) = 20(0))" (Wt;_ t)z} + E[Q(CP(O) - <Z5(x))2<Wi2_ t>2}
CT2(T2
< E _(W) 2 lZISSH‘%tI gD”(Z)]
+ E[2(o(x+ Cl—lc—%(e—cgtﬁ e ¢(x)>2<Wi2— t)?
which is also uniformly bounded by C(c; + cax)? for some constant C' > 0, -

Proof of Theorem 3.5. (i) Let us first prove that E[Ez] < oo for 1 defined by
(3.12). First, we notice that 17\/\,; = 17\/\,3 forall k =1,--- ,Np — 1, g € CZ(R), and
with the choice of ¥ and c§ in (3.7), one has cf + CSXTk = U(Tk,)A(Tk), which is
uniformly bounded. By considering the conditional expectation over (X'TNT yATN11)

using items (ii) of Lemma 5.9, we have E[Wm is bounded by

- X1,) — @ AW2Z — AT\ 42
—2Ny a(Ty, X1,) —ak [ T 5o AT 2 .
C’E[ﬂ ]};[2 20(T0. %) ( 0x0(Ty, X13,) AT, + AT? )} }7

for some constant C'. Further, by denoting A)?Tk = X’Tk — XTk717 one has
|a(Tk, XTk) — C~Lk| § (’O”o + |8x0'(Tk_1, XTk,l)AXTk |/2>
<|8tO'|OATk + ‘agmU‘O(AXTk)2>7

where |o|o := sup, , [o(t, z)|. Notice that ¢ > & > 0, 0 and 9,0 are uniformly bounded,
then to prove that 1) is of finite variance, it is enough to prove that, for some C' > 0
large enough, the expectation of

ij; [C (C + ‘8:BO'(TI€—17 Xqu)A)fka D ’ (C + AA)/;\V%C >2 <C|AWTk ‘ + AAI/;/"fk + 1) 2} (5.22)

is finite. Similarly to the computation in item (ii) of Lemma 5.9, we have

AXr, = Xp —Xp,,
exp ( — 8900'(Tk_1, XTk,1)2ATk/2 + 8900(Tk_1, XTk,l)AWTk) -1

= O Tk_ ,XT, X
(Th—1, X7 ,) 020 (Th—1, Xi—1)
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Notice again that o(-) and 0,0(-) are uniformly bounded, it follows that

AXZ

E{ [(C + 050 (The1, X1y, )AXT, |> (C + =7 ) <C|AWTk| + AALT%C + 1)]2

‘ XTk,NTk—l,ATk} <

for some constant C’ > 0 independent of XTk—l , Tx—1, ATy. Then the variance of (5.22)
is bounded by CE[(C")"7] < co and hence ¢ in (3.12) is of finite variance.

(ii) Let us now consider the estimator J By the same computation, we obtain that

E[$|NT,AT1,---,ATNT+1] < CNr for some C' > 0,

where the r.h.s. is integrable but of infinite variance (see Lemma A.2). Similarly, it is
easy to check the uniform integrability condition in Assumption 5.6 for ¢ in (3.10).

(iii) Finally, using Lemma 5.9 (i), it follows that Assumption 5.5 holds true. Moreover,
with the regularity condition on (¢, z) and ¢ in Assumption 3.4, we know u € C’I} ’S(R).

We then conclude the proof of u(0,z0) = E[¢)] = E[¢] by Theorem 5.7. O

A Appendix

We first provide an estimation on the order statistics of uniform distribution on [0, 1],
which induces an estimation on a functional of the arrival times (T} )r~o of the Poisson
process. We next provide a technical result on the automatic differentiation function
related to a SDE.

Lemma A.1. Let p € (0,1), (Ug)g=1,....m be a sequence of i.i.d. random variable of
uniform distribution on [0,1], and Uy € Uy < -+ < Ugy be the associated order
statistics. Then

1 1 1 p 1
Gy = E < ml
v [(Ua) Ug)—=Un)y  Upn —U(m—1)> ] (1—p)m

Proof. First, we notice that for any x € (0, 1),

/1( Loyog, — =2 1 (A1)

uU—x 1—p - 1-p
Then, since the density of the order statistics (U(l), -+, Upyy) is provided by
f(u17 T 7um) = m! 1{0<u1<u2<---<um<1}7

it follows by direct computation that

1,1 1
1 1 1 P 1
Gm:m!//---/ <— > duy -+ - duy, < m! ———,
0 Jug Sy \UTUZ— UL Uy — Ui (1—p)m

where the last inequality follows from (A.1). O
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Let N = (Nj)s>0 be a Poisson process with arrival times (T})x~0, denote ATy 1 :=
Tpi1 — Tk Let 0 =tg <t; <--- <t, =T < oo be a discrete time grid, we define
further

Ty = min(Tk,t;), whenever Ty_q € [t;—1,t;) for some i =1,--- ,n,
and
ATy, = T, —Tj_q forevery k=2,--- Np+1.

Lemma A.2. Let p € (0,1), then for every constant C' > 0, one has

[H ] < =

Proof. (i) Notice that we can always add points into the time grid 0 = tp < t; <
- < t, =T, which makes ATZ-H smaller. Therefore, one can suppose without loss of

generality that t, —t,_1 < (268C)P~! for every k =1,--- ,n

(ii) For every k = 1,---,n, we denote N¥ := #{i : T; € [tp_1,tx)}, and TF :=

Ty, with ki == 33, N/ i for i = 1,--- \N¥ 4+ 1, and ATF := TF - TF . By

the memoryless property of the exponential distribution, it is clear that (ATZ-I, i =

2,---N' 4+ 1), S (ATZ-", 1=2,---N"+ 1) are mutually independent. Moreover, we
have
N n NF
C C
— = — . (A.2)
i (ATqq)P kl;[l ,1;[1 (ATE )P
Next, the law of (Tf, =1, ,Nk) conditioning on N* = m is the law of order
statistics of uniform distribution on [t;_1,%;]. Then it follows by Lemma A.1 that for
every k=1,--- ,n,
Nk % m
E H L < e Bltk—tr1) Z (Bt — tk—l))mm!2m <L>
1 (ATE )P - m! (tk — tg—1)P

3
Il
=)

— ¢ Bltr—tr1)

M8

(2BC (t —tk—l)l_p)m < 00,

3
Il
=)

where the last inequality follows by the fact t; —t,_1 < (268C)P~!. We then conclude
the proof by (A.2). O

Let X® be the solution of SDE
Xg =z, dX}7 = p(t,X7)dt + o(t, X{)dWry,

where (y, ) : [0, T] x RY — RY x M? is continuous and in addition Lipschitz continuous
in z.
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Lemma A.3. Suppose that for all t € [0,T] and bounded continuous function ¢ :
[0, 7] x R? — R, the derivatives ((%iE[(;S(t,Xf)] 02 [(ﬁ(t,Xt””)])ij

o2 exist; and

=1,-,d
there is some measurable R%-valued function Wt (m,t, (WS)SE[O,t]) such that for

asz[qb(t’ th)] = E[¢(tv th)ﬁ\)zl ($, t, (WS)SE[O,t})]a =1, ’d‘

Let F(dt) be some probability measure on [0, T].
(i) Suppose that for each x € R i=1,---,d,

T
| B[t o) | Pt < .
and the continuous function ¢ : [0,T] x R? = R (which may be unbounded) satisfies
T —
| B lott X0 ot (Wo)oepoa) | Flat) < o
Then
T —~
o, / ot X7 FGe) = [ B0l XP)W 0t Wo)cnn) | Flde). (A3)

(ii) Suppose in addition that ¢(t,x) is bounded continuous function and Lipschitz in
x, and for each x € R%, i,j =1,---d,

/ \/ |W1 z,t, (We)sepo.n)| }F(dt) < o0,

and

— o~

T
1
| s B[+ eejit, (Wseinn) = Wt Wosepoa)]|Fldt) < oo, (A)
0 e€f0e0] '€

for some g9 > 0, where (€j)j=1.... 4 denotes the canonical basis of R?. Then

T T
0., | Eloe.xn)]Pan = [ o2, Elow xp) P, (A5)

where, in particular, the partial derivative at the l.h.s. and the integration at the r.h.s.
are well defined.

Proof. (i) First, let us notice that (¢,2) — (u,0)(t,x) is Lipschitz in z, then by

standard analysis (see e.g. Chapter 7.8 of [17]), there is some constant C' independent
ofe >0andi=1,---d, such that

Xx-l—aei — X2
BT
€

] < O(1+ . (A.6)

(ii) Suppose that ¢(t,z) is bounded continuous and Lipschitz in 2. It follows that
T

. 1 r+ee; x

lim [ ZE[(6(, X750 — 0(e, XP) | F(d)
= Tl' =5 Xpree X7))|F(d
= [t 2B [0t X7 — e, X)) | ()

= E [ /OT o(t, XPYWH(a, ¢, (Ws)se[o,t})F(dt)] ;
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where the first equality follows by the Lipschitz property of z +— ¢(t, x) and (A.6). We
hence proved (A.3) when z — ¢(t, ) is Lipschitz.

(iii) When ¢ is only continuous, it is enough to approximate it by a sequence (¢, )n>1
which are all bounded, and Lipschitz in . Then by the integrability of )//\72-1 (z,t, (Ws)selo,)
as well as that of ¢(t, Xf))//\zl (z,t, (Ws)sepo,q) under P(dw) x F'(dt), it follows that (A.3)
holds true for continuous function ¢.

(iv) To prove (A.5), let us use (A.3) and obtain that

T T
liml[({)xj /0 E[¢(t, X759 F(dt) — 0y, /0 E[o(t, X7)] F(dt)

e—0¢
T
1 L~ —~
= lim -E |:¢(t7 XtIE+€61)W]l (.Z' +ee;t, ) - (b(t? th)le (.Z', t ):| F(dt)
e—0 0 E

T
= / lim l]E |:¢(t7 Xf—i—eel)ﬂ\)jl(x +ee;t, ) - (b(t? th)ﬂ\)]l(x7 t ):| F(dt) (A7)
0

e—0 ¢

where the first equality follows by the Lipschitz property of x +— ¢(¢t,z) and the
estimation (A.6) together with (A.4), and in particular, the integrable in the last term
of (A.7) is well defined, and hence the limit of the first term of (A.7) exists. O
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