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Abstract

Motivated by the study of the time evolution of random dynamical systems arising in a
vast variety of domains — ranging from physics to ecology —, we establish conditions for the
occurrence of a non-trivial asymptotic behaviour for these systems in the absence of an ellipt-
icity condition. More precisely, we classify these systems according to their type and — in the
recurrent case — provide with sharp conditions quantifying the nature of recurrence by estab-
lishing which moments of passage times exist and which do not exist. The problem is tackled
by mapping the random dynamical systems into Markov chains on R with heavy-tailed in-
novation and then using powerful methods stemming from Lyapunov functions to map the

resulting Markov chains into positive semi-martingales.

Keywords: Markov chains, recurrence, heavy tails, moments of passage times, random dy-

namical systems.
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1 Introduction

1.1 Motivation and description of the model

Dynamical systems arise in several applied domains (economy, ecology,
etc.) as models of evolution. We study in this paper the combined ac-
tion of randomness and systematic deterministic bias that leads to a subtle
competition of two antagonistic effects.

Suppose that there exists a universal mapping f : R* — R™ — veri-
tying certain conditions that will be precised later — and consider the
following random dynamical system X, 11 = A,4+1Xnf(An+1Xn), where
(An)n>1 are a sequence of independent and identically distributed R -
valued random variables with law v and X,, € R™ for all n > 0. Not
to complicate unnecessarily the model, we assume that v has always a
density, with respect to either the Lebesgue measure on the non-negative
axis or the counting measure of some infinitely denumerable unbounded
subset of RT. We address the question about the asymptotic behaviour
of X, as n — oo. The situtation lim;,_, X;, = 0 has a special signific-
ance since can be interpreted as the extinction of certain natural resources,
or the bankruptcy of certain financial assets, etc. The dual situation of
lim, 0 X; = oo can also be interpreted as the proliferation of certain
species, or the creation of instabilities due to the formation of speculative
bubbles, etc. (see [2] for instance).

Since the previous Markov chain is multiplicative, it is natural to work
at logarithmic scale and consider the additive version of the dynamical
system 11 = Cn + &py1 + P(Cn + ay1), with a, = In A, and ¢(z) =
Inf(e*), for z € R. Therefore, the Markov chain becomes now an R-
valued one reading ;1 = Cn + a1 + P(&n + ay41). Obviously, &, —
+xas. & X, - +ooas.and ¢, - —oas. & X, — 0a.s.

An important class of non-uniformly elliptic random dynamical sys-
tems are those (X,) that — when considered at logarithmic scale as above
—have (t) = £|t|7, for 0 < v < 1and t € R". Now using the element-
ary inequalities (see [5, §19, p. 28], for instance) a” — |b|" < (a+b)7 <
a7 + |b|7, it turns out that the dynamical system reads ;1 = &n + a1 =
|Cn + anp1]? = &+ apgr £ 8a|” + O(a)), ). Now, for y €]0,1], the term
O(a’ ;) in the above expression turns out to be subdominant.

«
n+1
For the aforementioned reasons, we study in this paper the Markov



chains on X = R™ defined by one of the following recursions

Cnt1 = (gn + a1 — gZ)—i—/ or
Cnr1 = (Cn+api1 + Q)Jrr

with v €]0,1] and {y = x a.s.; here z7 = max(0,z) and x € X. The
sequence (&, ),>1 are a family of independent R-valued random variables
having common distribution. This distribution can be supposed discrete
or continuous but will always be assumed having one- or two-sided heavy
tails. The heaviness of the tails is quantified by the order of the fractional
moments failing to exist.

1.2 Main results

In all statements below, we make the

Global assumption 1.1. The sequence («,),eN are independent and identic-
ally distributed real random variables. The common law is denoted by u
and is supposed to be u < A where A is a reference measure on R; we

denote by m = g—K the corresponding density. Additionally, u is supposed
to be heavy-tailed (preventing thus integrability of the random variables

Ky).

Let ({n)nen be a Markov chain on a measurable space (X, X'); de-
note, as usual, by IP, the probability on the trajectory space conditioned
to {o = x and, for A € X, define 74 = inf{n > 1:{, € A}. Our pa-
per is devoted in establishing conditions under which the time 74 is finite
(a.s.) or infinite (with strictly positive probability) and in case it is a.s. finite
which of its moments exist. These results constitute the first step toward
establishing more general results on the Markov chain like recurrence or
transience, positive recurrence and existence of invariant probability, etc.
However, the latter need more detailed conditions on the communication
structure of states of the chain like ¢-accessibility, ¢-recurrence, maximal
irreducibility measures and so on (see [9, 8, 7] for instance). All those ques-
tions are important but introduce some technicalities that blur the picture
that we wish to reveal here, namely that questions on 74 can be answered
with extreme parsimony on the hypotheses imposed on the Markov chain,
by using Lyapunov functions. As a matter of fact, the only communication



property imposed on the Markov chain is mere accessibility whose defin-
ition is recalled here for the sake of completeness.

Definition 1.2. Let (Z,) be a Markov chain on (X, X’) with stochastic ker-
nel P and A € X. Denote by IP the probability on its trajectory space
induced by P and by PP, the law of trajectories conditioned on {Zy = x}.
We say that A is accessible from x ¢ A, if Py (74 < 00) > 0.

Theorem 1.3. Let ({;+1) be the Markov chain defined by the recursion

Cnt1 = CQn — éz +ap41, 120,

where 0 < <y < 1and the random variables («.,) have a common law y supported
by R, satisfying the condition u([0,1]) > 0 and whose density with respect
to the Lebesque measure, for large y > 0, reads m(y) = Ir+ (y)cyy_l_e, with
6 €]0,1[. Let a > 1 and denote by A := A, = [0,a|. Then A is accessible from
any point x > a. Additionally, the following hold.

1. Assume that there exist constants 0 < by < by < oo such that by < ¢, <
by forally € X.

(a) If0 > 1 — «y then P (T < 00) = 1. Additionally,
o ifg < % then E(T}) < oo, and
o ifg > % then Ex(T}) = oo.
(b) If0 <1 —ythenPy(14 < o) < 1, and this implies transience.

2. Assume further that limy ;oo cy = c > 0and 0 =1 — 1.

(a) If crtesc(ml) < 6 then Py(T4 < o0) = 1. Additionally, there exists
a unique & €)0, 0| such that

o ifqg< 1‘1—07 then Ey(t]) < oo, and
o ifg > ﬁ_ov then E(T}) = oo

(b) If crtesc(7t0) > 0 then Py(T4 < o0) < 1, and this implies transi-
ence.

Theorem 1.4. Let ({;+1) be the Markov chain defined by the recursion
Cnv1 = (Cn + gg - D‘n+1)+

4



forn > 0, where 0 < v < 1 and the common law of the random variables
(ap) is supported by Ry and has density m with respect to the Lebesgue measure
verifying m(y) = Iry(y)eyy 170 for large y > 0, with 6 €]0,1[. Assume
further that limy_, ¢y = ¢ > 0. Then the state 0 is accessible and

1. If < 1— 7y then Ex(7]) < oo, forall g > 0.

2. If0 =1 — v then Py(19 < o0) = 1. Additionally, there exists a unique
3o €0, oo such that

o Ifg< %0 then E(7]) < oo, and
o ifqg> %0 then E(t]) = oo.
3. If0 > 1 — oy then Py(19 < 00) < 1, and this implies transience.

Remark 1.5. If by < ¢, < by but ¢, # c then the conclusions established
in the cases of strict inequalities 8 < 1 — or § > 1 — < remain valid.
Nevertheless, we are unable to treat the critical case 6 = 1 — .

Remark 1.6. In both the above theorems, the boundedness or existence
of limit conditions on (c,) imply that the tails have power decay, i.e. there

exists C such that the tail estimate P(a > y) > y% holds. Nevertheless, the

control we impose is much sharper because we wish to treat the critical
case. If we are not interested in the critical case, the control on (c,) can
be considerably weakened by assuming only the tail estimate. Results
established with such weakened control on the tails are given in theorems
1.8 and 1.9 below.

Remark 1.7. Although, in both the above theorems, the existence and
uniqueness of Jp, occurring in the critical case 8 = 1 — v, can be established
by general convexity arguments, the sharp determination of its value re-
quires the complete knowledge of the distribution function of (a,). Nev-

T(1-6)[(0—3)

ertheless, if we define K; 9 = , the value of é in 1.3 can be ap-

0T (1-9)
proximated by the solution of the transcendental equation cKs, 9 = 1. Sim-
ilarly, if we define! by Lsg = %, the value of §y in 1.4 can be ap-

proximated by the solution of the transcendental equation cLs, 9 + dp = 0.

!t is recalled that the transcendental function I, defined by I'(z) := fooo exp(—t)t>~1dt

for Rz > 0, can be analytically continued on C \ {0, —1, =2, —3,...}; its analytic continu-
ation can be expressed by I'(z) = [;°[exp(—t) — Zin—o %]tz_ldt for —(n+1) < Rz <

—nand n € IN (see [3, §1.1 (9), p. 2] for instance).
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The faster the convergence ¢, — ¢, the better are these approximations; the
determination becomes exact when ¢, is constant (depending on ). Not
to complicate the study in the sequel, we sketch the proofs (for the critical
cases) of the theorems 1.3 and 1.4 for ¢, is constant.

Theorem 1.8. Let ({y,) be the Markov chain defined by the recursive relation

Cnt1 = (gn - CZ + “n+l)+r n=>0, (1)

where 0 < vy < 1 and the random variables («,,) have common law with support
extending to both negative and positive parts of the real axis. Let a > 1 and
denote by A := A, = [0,a]|. Then A is accessible and the following statements
hold.

1. Suppose that there exist a positive constant C and a parameter 6 € |0,1]
such that P(ag > y) < Cy 9. If0 > 1 — v, then Vg < %, E.(th) <

00,

2. Suppose that there exist a positive constants C, C' and parameters 6,0 with
0<6 <6 <lsuchthatP(a; >y) > Cy and P(a; < —y) < Cy?
(the right tails are heavier than the left ones). If 0 < 1 — vy, then Py(74 <
o0) < 1, and this implies transience.

Theorem 1.9. Assume that the Markov chain ({,) is defined by the recursive
relation

Cni1= (Cn+ 00 +api1)t, n>0,

where 0 < v < 1 and the random variables (x,,) have common law with support
extending to both negative and positive parts of the real axis. Let a > 1 and
suppose that the set A :== A, = [0, a] is accessible.

1. Suppose there exist a positive constant C and a parameter 6 with 0 < 6 <
1, such that P(ay < —y) < Cy=0. If0 > 1 — v, then Py (14 < 0) < 1,
and this implies transience.

2. Suppose there exist positive constant C,C' and parameters 6 and 6/, with
0<6 <0 <1,suchthat P(ag > y) < C'y~? and P(a; < —y) >
Cy~°. If0 < 1 — vy then the state 0 is recurrent and Vq < 1, Ey(1]) < co.

Remark 1.10. Some comments are due:



1. The systematic drift term ,), although subdominant with respect to
Cn, is far from being trivial. As a matter of fact, this term is respons-
ible for the failure of uniform ellipticity when we consider the system
at exponential scale. In particular if the random innovation a,, is
integrable, then the asymptotic behaviour of the random dynamical
system is determined solely from the systematic drift term. Only
when the innovation has heavy tails, a competition between system-
atic drift and random perturbation can built-up leading to interest-
ing critical phenomena.

2. It is worth noting that the previous results establish not only recur-
rence or transience properties but a fine stratification of the the para-
meter space according to which moments of the passage time 74 ex-
ist. For the cases where moments E(77) < oo, for g > 1, exist (see
for instance theorem 1.4) the above results lead immediately to the
existence of an invariant probability.

2 Proofs

2.1 Results from the constructive theory of Markov chains

The Markov chains we consider evolve on the set X = IR;. Our proofs rely
on the possibility of constructing measurable functions g : X — R™ (with
some special properties regarding their asymptotic behaviour) that are su-
perharmonic with respect to the discrete Laplacian operator D = P — I;
consequently, the image of the Markov chain under ¢ becomes a super-
martingale outside some specific sets. For the convenience of the reader,
we state here the principal theorems from the constructive theory, de-
veloped in [4] and in [1], rephrased and adapted to the needs and notation
of the present paper. We shall use repeatedly these theorems in the sequel.

In the sequel (Z,) denotes a Markov chain on X, having stochastic
kernel P. We denote by

Dom; (P) : {f : X — R" : f measurable s.t. Vx € X'/x P(x,dy)f(y) < oo}.

We denote by D = P — I the Markov operator whose action Dom(P) >



g — Dg reads

Dg(x) = [ P(xdy)g(y) = 8(x) = E(3(Zus1) = 8(Z0)|Z0 = ).

Notice that when g is P-superharmonic, then (g(Z,)) is a positive super-
martingale.

Let f : X — R4 and a > 0. We denote by S,(f) = {x € X: f(x) <a},
the sublevel set of f. We say that the function tends to infinity, f — oo, if
Vn € IN, cardS, (f) < oo.

Theorem 2.1 (Fayolle, Malyshev, Menshikov [4, Theorems 2.2.1 and 2.2.2]).
Let (Z,) be a Markov chain on X with kernel P and for a > 0, denote by
A:=A,=0,4a].

1. If there exist a pair (f,xo), where xo > 0 and f € Dom(P) such that
f — 0o, Df(x) < 0 forall x > xg, and A := Ay, is accessible, then
]Pxo (TA < OO) — 1.

2. If there exist a pair (f, A), where A is a subset of X and f € Dom (P)
such that
(1) Df(x) <O0forx & A, and
(b) thereexistsy € A°: f(y) < infyca f(x),

then Py (T4 < 00) < 1.

Theorem 2.2 (Aspandiiarov, lasnogorodski, Menshikov [1, Theorems 1
and 2]). Let (Z,) be a Markov chain on X with kernel P and f € Dom (P)
such that f — oo.

1. If there exist strictly positive constants a, p, ¢ such that the set A := S,(f)
is accessible, fF € Domy (P), and DfP(x) < —cfP~2(x) on AS, then
Ey(t}) < coforallqg < p/2.

2. It there exist § € Dom, (P) and
(a) aconstant b > 0 such that f < bg,

(b) constants a,c1 > 0 such that Dg(x) > —cy on {g > a},

(c) constants c; > 0 and r > 1 such that §" € Dom_(P) and Dg" (x) <
¢ H(x) on {g > a},



(d) a constant p > 0 such that fF € Dom_(P) and DfP(x) > 0 on
{f > ab},

then Ex(rgab(f)) = oo forall g > p.

Notation 2.3. Fork : RT — R",p € R, wewrite h(x) =< xP, if imy_,eo h(x)x F =
1 and h(x) < xf, if there exist a function h; such that h(x) < hi(x) and
hy(x) =< xP.

2.2 Proof of the theorems 1.3 and 1.4

The main theorems are stated under the condition that the reference meas-
ure A is the Lebesgue measure on R (or on R ). To simplify notation, we
write A(dy) = dy for Lebesgue measure. The case of y having a dens-
ity with respect to the counting measure on Z requires a small technical
additional step as will be explained in the remark 2.11 below.

In the sequel, we shall use a Lyapunov function, g, depending on a
parameter 6 # 0, reading

{x‘S, x>1

ST [6<0)

g(x) =
and
g(x) = (if § > 0).

in general the choice § > 0 is made to prove recurrence and § < 0 to prove
transience. The range of values of 6 will be determined from the specific
context as explained below.

Lemma 2.4. Let ({,) be the Markov chain of the theorem 1.3 and suppose that
x is very large. For arbitrary yo > 1and 6 < 6,

Dg(x) < (x —x7)° [/{yopo[ ((1 + " _yx,y>§ - 1) m(y)dy — 5x ivxv :




Proof. Assume everywhere in the sequel that x is very large. The para-
meter 0 is allowed to be positive or negative.

Dg(x) = [ [(x =7+ 1) = x'Im(y)dy

= (=) [ [(1+ x_yxy)é— (1+xf7x7)1 m(y)dy

e[ (o) o 1-s5%)

For arbitrary yo € R™, the integral [, in the previous formula can be
split into [, .+ |, . In the sequel we shall consider only the case
10yl Jlyo,eof

x > yo. If 6 < 0 then the function y — (1 + —%)° is decreasing, hence

x—x7

SUP, 10,1 (1+ —Y-)? < 1. On the contrary, when 6 > 0, the corresponding

function is increasing and we have sup, ¢}y, (1 + 2P < (1+ 800 <

1+6- Y %5. In any situation,

Yy \° Yo
S (1 525 iy <u10,0D) +101 22

The remaining integral can be written as

o e mn = [ (1 ) =1 o+ o <D

Replacing these expressions into the formula for Dg(x) yields

Dg(r)<(x =1 | [ (14 5255) =1 ) miway -2,

ngn is negligible compared to = fzn_ o

because, for x sufficiently large,

Remark 2.5. Note that since 0 < 7 < 1, the asymptotic majorisation
5
Dg(x) <x° {f[}/o o] <<1 + ﬁ) — 1) m(y)dy — (SXXWXW} is equivalent to the

one established in lemma 2.4.
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Lemma 2.6. Let & < 0 < 1. Suppose further that there exist constants 0 <
by < by < oo such that for all y > yo, for some yo > 0, we have by < ¢, < bo.
Then, the integral

0= [ ((1+525) 1) mwa,

asymptotically for large x, satisfies

§BlK5,9x’9 =< I(x) < 5BQK(5/9X76,
where (Bl, Bz) = (bl, bz) Zf5 > 0, and (Bl, Bz) = (bz, bl) when 6 < 0.
Proof. Write

- ¥ 5_ _ (1+xyx7)5_1
)= /[yo,oo[ <(1 " X = xy) 1) my)dy = /[yo,oo[cy ylto .

Consider first § > 0; in this case the integrand is positive, hence

blll(x) < I(x) < ble(x),

1)
= f[yo o0 %dy. We estimate then, for fixed y and

where I1(x)
large x (so, yo is small compared to x) and performing the change of vari-

able u = T

1+ £5)° -1
Il(x) = / ( > 1179) dy
[ 0,00[ y

oo ) 00 )
- e w1 o (lhu)f 1
— (X—xry) /y() Tdu-(x /0 le/l

x—x7
Now for § < 0 < 1 (recall that 6 > 0)

© u 6 _ U=00
/0 %du = —% [(1+ u)‘s —1)d(u™?)

[1 1+u —1 / 1+u
0 u9 u 0 9
ST(1—-6)r(6—9)

6 T(1-5) = 0Ksp-

=0+

11



The claimed majorisation I;(x) < x 93K ¢ is obtained immediately. The
minoration is obtained similarly. If § < 0, the integrand is negative, hence
the role of by and b, must be interchanged. O

Lemma 2.7. Let 6 < 0 < 1. Suppose further that ¢, — c. Then forall € > 0,
there exists a yo such that for x > yo we have

I(x) := /[yopo[ ((1 + 7 7)‘5 — 1) m(y)dy = coKso(x —x7) (1 +€0(1)).

X —X

1+—2L-)-1
Proof. Observe that I(x) = clj(x) + f[yo Oo[(cy — c)%dy. Now,
since ¢, — ¢, it follows that for all € > 0 one can choose y( such that
for y > yo, we have |cy —¢| < e. We then immediately conclude that the
absolute value of the above integral is majorised by €I (x). [

Lemma 2.8. 1. Let 6 €]0,1[ and c > 0. If crrcsc(mt8) < 6 then there exists
a unique &y := dy(c,0) €]0,6[ such that cKs, 9 —1 = 0.

2. Let 0 €]0,1[, ¢ > 0. Then for every fixed 6 €]0,1], Lsp + § < O for all
0 > 0 and there exists a unique o := Jo(c,8) €]0, 0o such that cLs g +
dp = 0.
Proof. For all § €] — o0, 0], the quantities K g and Ly are well defined.

1. By standard results? on I functions, K(0,0) = § csc(7). For fixed
6, the function Ky is strictly increasing and continuous in § — as
follows from its integral representation —and limgg K59 = oo, from
which follows the existence of §y €]0, 6] verifying the claimed equal-
ity.

2. From [3, §1.2, formulee (4) and (1)] follow immediately that Loy =
—% < 0 and limg_, 4 % = 1. The strict monotonicity and con-
tinuity (in 6) of the function L; g follows from its integral represent-

0
ation: Ls g + % = fol m:ﬁ#dw Hence L =< T'(—0)4? for large 4.
Since the asymptotic behaviour of Ls g is negative and sublinear in J,
it follows that there exists a sufficiently large &y for which the claimed
equality holds. Additionally, the strict monotonicity of Lsy com-
bined with the fact that Loy = —% < 0 guarantees that L;g + % <0
forall 6 > 0.

2We used the identity T'(z)['(1 — z) = mwcsc(mz), (see [3, formula §1.2 (6)] for instance).

12



O

Lemma 2.9. Let f : Ry — Ry be a given function; define the dynamical system
(Xt)ten by Xo = xo and recursively X1 = f(X¢), for t € N. Fora > 0 define
T[O,a] (XO) = inf{t Z 1: Xt S ll}.

x "
1—v-

1. If f(x) = x — x7 for some 7y €]0,1[ and xo > 1, then Tjy 5 (x0) =

2.If f(x) = x—x7" +1 for some v €]0,1], a > 1, and xo > a, then
1—y
Tro,01 (x0) = %

Proof. 1. The derivative of the function f satisfies 0 < f'(x) < 1 for
all x > 1. Therefore, successive iterates f°"(x() eventually reach the
interval [0,1] for all xo > 1 in a finite number of steps Ty 1;(x0). To
estimate this number, start by approximating, for X; = x and 1 <
x < xg, the difference X;,1 — X; = AX; = —X? by the differential
dX; = —X]dt. Then

1 1=
(xg 7= alm7) =

Tio,q) (x0) “ .
P
0

2. Using the same arguments, and denoting by F the hypergeometric
function, we estimate (see [3] for instance);

T dX 1.1 1.1 1 1,

T[o,a](x()) = L ToX = xoF(1, ;,1—|—§,xg) —aF(l,;,l—F;,aV) = ——X,

Proof of the theorem 1.3: First we need to prove accessibility of A = [0, 4],
with a > 1 from any point x > a. Denote by r := u([0,1]) > 0. Since the
dynamical system evolving according to the iteration of the functionf (x) =
x — x7 4 1 reaches A in finite time T4(x), as proven in lemma 2.9, the
Markov chain can reach A in time 74 verifying Py (14 < Tqa+1) > Crlal®) >
0, for all x > a.

We substitute the estimates obtained in lemmata 2.6 and 2.7 into the
expression for Dg obtained in lemma 2.4.

1. Assume that b; < oy < by.

13



(a) Choose 0 < 6 < 0. Then

X7
x —x7

= —(5x‘5+7’1 + 5b2K5,9x‘5*9 + O(x(sieil).

Dg(x) = (x—x")°|-6 +b0Ks(x —xM) 0+ O(x7h)

If6 > 1 — -, the dominant term reads —6xt7=1 which is neg-
ative. Hence, (¢({,)) is a supermartingale tending to infinity if
{n — 0. We conclude then by theorem 2.1.

e To prove finiteness of moments up to 8/ (1 — 1y), consider p
such that 0 < pé < 0. Then

DgP(x) < —3px®P 71 = —gpg(x)P 5 < —Cg(x)P2,

provided that % < % The latter, combined with the in-
equality pé < 0, establishes the majorisation by —Cg(x)P~2.

This allows to conclude by theorem 2.2.

e To prove the non existence of moments for g > 6/(1 — 1),

denote by f(x) = x — x7. Define Zy = x and recursively
Zy+1 = f(Z,) as in lemma 2.9; similarly the Markov chain
can be rewritten {y = x and recursively {,+1 = f({n +
®,41) aslongas g, > 1.
Now remark that Z; = f(x) < f(x + a1) = {y; a simple re-
cursion shows that Z,,11 = f°"(x + a1) < (1. Obviously
Tio1)(x 4 a1,0) < 0. Hence 19 > C(x + 1) ™7 > C(ag)' ™7
by lemma 2.9 and subsequently E (7 ) » CE(a;)70~7) = o0
whenever g(1 —y) > 6.

(b) Choose now ¢ < 0. Using the same arguments as above, we see
that the dominant term is 5b; Ks gx°~% which is again negative.
Hence (g({x)) is a bounded supermartingale. We conclude by
using theorem 2.1.

2. Assume now that 6 = 1 — and ¢, — ¢ > 0. In this situation,
for every € > 0 we can choose yg such that for y > yo, we have
asymptotically, for x > yg and every 6 # 0,

Dg(x) = éx0+771 (cK(;,g 14+ 0 hH+ 6(9(1)) :
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Therefore, the dominant term is 6(cKsg — 1)x°*7~1. The sign of ¢

will thus be multiplied by the sign of the difference cK;sy — 1.

(a) If crrese(mmh) < 6, by lemma 2.8, we can chose 6 €]0,6[, so
that that Dg(x) < 0 while g tends to infinity. We conclude by
theorem 2.1.

e To prove finiteness of moments of the time 74, for the ¢
chosen to establish recurrence, we can further choose p > 1
so that pé < ép. Then

Dg!(x) < pix?"1 = —p5g<x>P*“T” < ~Cg(x)P
whenever 352 > 2 or 1<% -+ Combining with the condi-
tion po < 50 we get p < % 50 and we conclude by theorem
2.2 that all moments up to 1 o are finite.

e To prove non-existence of moments for g > 15—07, for any

0 €10, 6p[, we check immediately Dg(x) > —e. Now, choose
r > 1 such that ré > Jy and determine under which circum-
stances Dg"(x) < Cg(x)"~!. Computing explicitly, we get

Dg' (x) = 75(0Kr(59 — Tl < Cg<x>f*1%” < Cg(x)!

whenever 2 =T >1lor equivalently 1 5 > 1 . But the latter
inequalities are always verified for 0 < (5 < do- Slmllarly,
for any p such that pé > o, i.e. for p > % > 7, we get
Dg?(x) > 0. We conclude, by theorem 2.2, that all moments
q> ‘50 of T4 fail to exist.

(b) If6 <0 and crresc(mtd) > 6, then (g(x)) is a bounded super-
martingale. We conclude by theorem 2.1.

O

Lemma 2.10. Let ({,) be the Markov chain of the theorem 1.4 and assume that
x is very large. For the Lyapunov function g with § < 6 < 1, we have

Dg(r) = (x+x7)’ /0”’”[(1— / )5—1] ()

x+ x7
() =) (0 x4 x7)) = ([ 4 7, 09]).
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Proof. Write simply

Dg(x) = A+((x+x7—y)+)5u(dy)—x5
x+x7 0
N (xﬂﬂ)é/o+ (1_x4}—/x7) p(dy) -

oo [ )

(x4 2 u((0,x + 27]) — .

]

Proof of the theorem 1.4: First we need to establish accessibility of the state
0. But this is obvious since from any x > 0 the P(a; > x 4+ x7) > 0.

We only sketch the proof since it uses the same arguments as the proof
of the theorem 1.3. It is enough to consider the case ¢, = c since the case
cy — ¢ will give rise to an additional corrective term that will be negli-
gible. With this proviso, the integral appearing in the right hand side of
the expression for Dg(x) in the previous lemma 2.10 reads

/()Hﬂ [(1 N xfxv)é - 1] u(dy) = c(x+x7)~" /01 [ _ui)rz_ D,

1

o)

where L; g is defined in lemma 2.8.. It is further worth noting that L5y < 0,
for all § € R;.. Therefore,

= c(x+x7) (Lo +

1. If & < 1 — v, then the dominant terms in the expression of Dg are
those with x’~%, hence, choosing 6 > 0, we get Dg(x) < cx’¥Lsy.
Since the value of Dg(x) is always negative i.e. the process (g({y)) is
a supermartingale tending to infinity. We conclude by theorem 2.1.

To establish the existence of all moments, it is enough to check that
DgP(x) < CXPJ_GLP(S,Q < —Cg(x)”_% < —Cg(x)P2

whenever § > 6/2. But since L; ¢ is defined and negative for all pos-
itive 6, we conclude that all positive moments of 1j exist by theorem
2.2.
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2. When 6 = 1 — v, then all terms are of the same order and Dg(x) <
x°%(cLsp + 6). From lemma 2.8, for fixed 6 and ¢ > 0, there exists
dp > 0 such that cLs, g + 69 = 0. We conclude then that asymptotic-
ally, for large x,

Dg(x) <x"%(cLsg — 1),

the sign of the discrete Laplacian is negative (positive) depending on
the value of é being smaller (larger) than &y.
0

Choose 6 > 0 and p such that pé < &p. Then DgP(x) < —Cg(x)P~s <
—Cg(x)P~2 whenever § < 3 and, consequently, p < %. Then we

conclude by theorem 2.2 that lEx(Tg ) <ocoforallg < %0 as claimed.

To show that moments higher than %0 fail to exist, choose 6 < Jy.
It is then evident that Dg(x) < —Cx°~? > —¢, for some € > 0.
There exists then r > 1 such that 7§ > Jy; estimating then Dg"(x) =<

Cg(x)r_g we conclude immediately that 0 < Dg"(x) < Cg(x)" !
whenever ¢ > 1. We conclude then by theorem 2.2 that for all g > %0,
we have ]Ex(Tg) = 0.

3. If & > 1— v, the dominant term is 5x°~7"+14([0, x + x7]) that can
be made negative by choosing § < 0 and x sufficiently large. We
conclude by theorem 2.1.

O

Remark 2.11. In this subsection, we assumed that the law u of the ran-
dom variables (&) is absolutely continuous with respect to the Lebesgue
measure on R™. If instead the law is absolutely continuous with respect
to the counting measure on the positive integers, the integrals in the ex-
pression of Dg become sums. Now, the sums over the positive integers
can be replaced by integrals. It turns out that the error committed in such
a replacement is always a subleading term in the expression of Dg, leaving
the conclusion unaffected.

Remark 2.12. The two previous theorems have been established by as-
suming that the random variables («,) are always positive and act in the
opposite direction of the systematic drift x7. By examining the proofs of
the theorems however, it is evident that nothing will change if the random
variables are both sided, even with both sided heavy tails, provided that

17



the heaviest tail is the one acting in the opposite direction of the systematic
drift x7.

2.3 Proof of the theorems 1.8 and 1.9

Here the control is only through the tail decay and consequently, the es-
timates are considerably more involved. The subsection relies on methods
developed in [6] to deal with heavy tails when only tail control is available.

Lemma 2.13. Let Z be a positive random variable, ¢ : RT™ — R™ an increasing
function, and 0 < a < b < co. Then

E((Z)1(3(2)) = /Ww(b)[uv(z > ¢ (1))dt — p(B)P(Z > b) +p(a)P(Z > a).

Proof. Denote by v the law of Z. Then
P(Z > f)dt — / E(1, ((Z))dt
JyPE>0 o Ensi(2)
= /IR+X]R+ ]l}t’oo[(z)]l[a,b[(t) dt U(dZ)
= /R+X]R+1L[a,z/\(b—)](t) dt v(dz)
— /[ [ A (b-) —alv(ds)
a,00
~ E (Z]l[u,b[(Z)> +BP(Z > b) —aP(Z > a).
On denoting Y = ¢(Z), we conclude by remarking that
E (9(2)110(2)) = E (YL 00 90 (Y))

]

Remark 2.14. When b = oo in the above formula and the random variable
Z is almost surely finite, then the term bIP(Z > b) reads oo P(Z = o) = 0;
otherwise the value is o0 and the random variable Z cannot be then almost
surely finite.
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In the sequel, we shall partition the real axis into R = U} | A; with
Ay =] —oo,—xFl, Ay =[-xF,0 Az =[0x"] As=[xF,00]

with some parameter § (verifying 0 < v < B < 1) that will be specified
later. On denoting, for every choice of the Lyapunov function g, by d; =
E(8(Cn+1)14,(an+1)|Cn = x), the above partition induces a decomposition
of the conditional increment as

4
Dg(x) = ;(di — 8(x)p(Ai)).

1

Proof of the theorem 1.9.

1. Let B €]y,1[and 6 > 0 and define

{ x 0 x>1,

§(x) = 1, x<1.

The parameter ¢ (together with B) will be chosen later; we get then

4= [ g((r+x7+ ) )y,

i

For x sufficiently large we have
di < u(4y),

_ X7y 0
d = x 5/A (1+ xy) u(dy)
2

X
=
o
=
—~
S
N
N~—
|
>,
=
<,
+
2
L
=
—~
BN
N
~—
+
>,
=
<,
p—
—
=
=
—~~
[
<
E_/

dy = 3 Op(Ag) = o T () = ox 7 [ yay),
3

dy < (x4 x74+xP)70u(Ay)
= x%u(Ag) — ox 0T Iu(Ay) — ox 0P TLU(AY).

Replacing into the expression for Dg, we get
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Dg(x) < () + v [ lylu(ey)

—ox T (Ag) + p(Aa) + p(Ag)] — x| ().

Note that in the previous inequality, the terms on the first line are
positive, while the terms appearing in the second line are negative.
In order that Dg be negative, we need to show that the positive terms
are subdominant in the expression of Dg(x) for sufficiently large x.
Now, (A1) = P(a; < —xP) < Cx=P?, while, by lemma 2.13,

xP
/A Il(dy) = Bl Mg (a5) < /0 P(a] > t)dt — xPP(a; > xP) < xP — CxP1=0) (2P,

Combining, we see that we get a supermartingale if we satisfy sim-
ultaneously the inequalities
—-0p<y—d—1land —0—-1+B<y—-6—-1

that — for & > 1 — ¢ — have a solution for f 6]1_77,1[ and ¢ €
10, B0 — (1 — )[. We conclude by theorem 2.2.

. Let B > 0,5 €]0,0], and g(x) = x°. The possible values of the para-
meters  and J will be further delimited later. We proceed now with

the partition R = LI} | A;, where A; =] — oo, —xP[, A; = [—xFP,0],
As = [0,xP], and Ay = [xP, o[, we introduce also the sets Ay =
[—x — x7,—xP[C Ajand B = Ay \ Ag =] — 00, —x — x7[. Using sim-

ilar arguments as in the first part of the theorem we estimate

5
di= [ () nldy) = [ ey uldy)
1 0
< (x+ 27 = 2P)°p(Ag) = x°p(Ag) +0x" u(Ag) — 6x° TP u(Ay),
leading further to the estimate

dy — (A1) < —x°u(B) 4+ 6x° T 1u(Ag) — ox* TP 1 u(Ay).
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The estimates of the other terms are obtained using the similar argu-
ments:

iy — WOp(A2) = —6x T (|t Ly (1)) + 861 Tu(Ag) < 861 Tu(Ag),
d3 — x°u(Az) < 0x°'E (011 a,(1)) + ox0 1Ty (A3),
dy — x‘s]/t(A4) =<E (oc(lsllA4(o¢)> + x75]1(A4) <E (0&‘15]1,44(04)) 4 Cx VOB

where, we have used [5, §2.10, p. 28] to establish the inequality (a +
b+c)? < a’ 4+ b 4 ¢ that has been used to obtain the estimate for
ds. Using lemma 2.13, we get

xB
E (a114,(a1)) =E <zxf]l[0,x5} (zx{“)) = (/0 P(aj” > t)dt — xPIP(a] > xﬁ)>
< C'xP(1 - p(As)),
E (“‘fﬂm(wl)) =k <(“1+)511[xﬁ,oo} (“T)> - /Z P(a’ > t1/%)dt + xPP(a” > xP)

< /: =0 /041 4 CIxBO=0) . gPo—0)
X

where K = C’ 9,9—7/5. (Mind that 6 < 6 < 6'). Using the fact that

1#(B) <Cx~% and u(A4) < C'x P and grouping the terms together,
we get

Dg(x) < —Cx00 o x0T x0T 1HB o Oy VOB L kP66

This conditional increment will be negative for sufficiently large x,
provided that the following inequalities

0—0>0-1+7y0<1-—vy
0—0>0—-1+B&=p<1-0

) L e—pe

5-0>15—p¢ & "l <o
_ /

5—9>ﬁ(5—9')<:>91_5§ <

have a non-empty set of solutions. Now, the first inequality is auto-
matically verified by the hypothesis of the theorem. Recalling that
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0—po’
1=y
tions for § provided that 8 € I :=]y§,1—0[; but I # @, hence such

0’s exist. Finally, the inequalities G%ﬁg < 0 < 6 have automatically

6 < 6, the inequalities

< 6 < 0 have a non-empty set of solu-

a non-empty set of solutions since 8’ > 6. Therefore, Vp € | :=
]v&,1— 6], we can choose & €]b, ] — where b := max(%, %)
so that Dg(x) < —Cx?~°.

To establish the existence of moments, choose p > 0 such that g¥ €
Dom (P), i.e. 6p < 0. From the previous statements, we can choose
B € ] for b to be arbitrarily close to 0. Now Dg”(x) < —CxP~% <
—Cg(x)P~2 provided that p — g > p — 2 or equivalently % < %. From
the condition pd < 6 we get p < 2 hence, by theorem 2.2, E.(7]) <
oo forallg < 1.

O
Proof of the theorem 1.8. Accessibility of A follows using the same argu-
ments as those used in the proof of theorem 1.4. We use again the parti-
tion R = I_I§L:1Ai, with A; =] — oo, —xﬁ[, Ay = [—xﬁ,O[, Az = [0, xﬁ[, and
Ay =]xP, 00|, with provisional choice of the parameter 8 €]0, 1[; its domain
of variation will be further delimited later. For appropriately chosen g, we
decompose the conditional drift Dg(x) = Y ,(d; — g(x))u(4;), where

di = [, 8((x = x7 +y)")pu(dy).

1. Let g(x) = x%, with 6 €]0,0[ (the domain of 6 will be further delim-
ited later). We get

di < (x =27 = xP)°u(Ar) = 2p(Ar) = 6x° T pu(Ar) = ox* M Pu(Ay),
d;i < xX°u(A;) — 6x° 1V u(Ay) + (5x‘51/ yu(dy), fori =2,3,
A
dy < (x—x7)° + /A ¥’ p(dy)
4

= x%u(Ay) — ox° 1V u(Ay) + |:/x.3‘5 P(aj > t1/0)dt + xPP(af > xP)

< xX°u(Ag) — 6x° 1T (Ay) + KxPOP9, where K = C(1 + G(ST(S)
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Now

/Az yu(dy) <0

xP
[, mtey) = [ Plaf > Dt = ¥Pu(Ag) < 21— p(A),
3
so that, grouping all terms together, we get
Dg(x) < —8x° 717 4 CoxO~ 1P 1 KPO=FY,

This conditional increment will lead to a supermartingale tending to
infinity whenever the system of inequalities

0—1+y>6—-1+B& B <7, and
1—v—p0

O~ 149> p5—po o> ——

have a non-empty set of solutions. Recalling that § < 6, the second
inequality defines a non-empty domain for ¢ provided that 1_17__9[5 b <
0 < 0 > 1 — v which is satisfied by hypothesis. Hence, picking any
B €]0,y[and é € | :=] 1_17__956,6[ guarantees that Dg(x) < —x7~17¢
and shows that (g({x))x is a positive supermartingale, while g — oo.
We conclude from theorem 2.1 that the chain is recurrent.

To establish the existence of moments, pick again any B €10, y[ and
6,p > O such that dp € J. Then, by the previous results,

Dg? (x) < —3px 710 = _gpg(x)P 5 < —dpg(x)P 2

whenever % < % We conclude by the theorem 2.2 that the mo-
ments IEX(TZ) < oo, Vg < %. Since 6 > 1 — v, this result establishes

in particular that the passage time is integrable.

- Let now g(x) = x %13 (%) + Lpg(x), with 6 > 0 and choose
B €]0,1[ (the domains of § and 6 will be further delimited later).
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Estimate then

dy < u(Aq),

dy = /A (x —x7+y)°u(dy) < x °u(Az) +6x 01 u(Ay) + 6x°71 /A lylu(dy),
) 2

ds = [ (e =7 +y) P uldy) = xOn(Ag) +6x (g —ox 0 [ ylay),
3 3
dy < (x — 27 +xP)Pu(Ay) =< x%u(Ag) + x0T u(Ay) — ox 01 Pu(AY).

The integrals appearing in the above majorisations can be further
estimated — using lemma 2.13 — as

B

[, olntdy) = [Pl > Ddt+ 2Pl > 2) < X1+ pu(Ar)
B

/A3 yi(dy) = /0 P(af > t)dt + PP (af > xF) > xP(1+ ju(Ay)).

Grouping all terms together, we obtain
Dg(x) < C'x P 4 5x— 07147 4 Clox 0 1HP0-0) _ oy —0-14p(1-0)

Only the last term in the above expression is negative. For the im-
age of ({,) through g to be a supermartingale, we must choose the
parameters B and 0 so that Dg(x) < 0 for x large enough. The set of
solutions to the following inequalities

—5—1+B(1-0)>—-6—-1+B1-0)=0<0,
—5—1+ﬁ(1—9)>—5—1+7@ﬁ>ﬁ,

—5—1+B(1—0)>—pY = 5<p(1—(0—0)—1

have a non-empty set of solutions. In fact, the first inequality is sat-
isfied by hypothesis; the second imposes reducing the initial domain
of B to p > 155 Since & must be strictly positive, the last inequal-
ity defines a non-empty domain for ¢ provided that § > %.
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Hence, picking any 8 €]b, 1] with b = max{y/(1—6),1/[1 — (6/ —
6)]} and any § €]0,8(1+ 0 — 6’) — 1] guarantees that (¢(Zx), is a
bounded positive supermartingale. We conclude from theorem 2.1.

O

3 Conclusion and open problems

We have examined the asymptotic behaviour of the chains () evolving
on RT. The cases we reported in this paper demonstrate an interesting
phenomenon of antagonism between the heaviness of the tail (quanti-
fied by ) of the innovation part of the Markov chain and the strength of
the systematic drift (quantified by ). It is precisely this antagonism that
makes the model non trivial; if instead of heavy-tailed random variables,
integrable ones are used, then the systematic drift totally determines the
asymptotic behaviour of ().

Note also that the study of the chain () is sufficient for determining
whether the limiting behaviour of the original random dynamical system
(Xn) is towards 0 or co. Nevertheless, the Markov chain obtained by look-
ing at the (X},) on logarithmic scales is not (,;) (evolving on R™) but (&,)
(evolving on R). Interesting problems concern random dynamical systems
in higher dimension driven by non-integrable random matrices.
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